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		Welcome to Pre-Health Sciences Mathematics 1!

								

	
				[image: ]
 Welcome to Pre-Health Sciences (PHS), and in particular, to MATH-1024!
 In this course, we will cover the following topics.
 	Unit 1: The Real Numbers and Introduction to Algebra
 	Unit 2: Measurement and Rounding Rules
 	Unit 3: Solving Linear Equations, Graphs of Linear Equations, and Applications of Linear Functions
 	Unit 4: Systems of Linear Equations
 	Unit 5: Introduction to Polynomials
 	Unit 6: Geometry and Trigonometry
 
 Through our coverage of those topics, we will have the main goal of developing resilience, critical thinking skills, and self-directed learning skills. In addition to these transferable skills, we will aim to develop your attention to detail, determination, time management skills, as well as your mental mathematics skills.
 In health care, making a small calculation error can be life threatening, and therefore, it is essential that we develop our intuition with numbers and mathematics throughout the PHS math program. To do this, we will often work without a calculator to improve on our mathematical abilities.
 Mathematics can be challenging, and it is critical that students keep an open-mind and remain positive. Remember that it takes a lot of practice to develop these foundational skills, so if you do not succeed right away, stay patient, ask for help, and keep working hard!
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		About This Book

								

	
				Changes From Adapted Resource
 Overall significant work was done on this version of the text to improve the accessibility and format from the import from Open Stax and other resources.
 All mathematical notation was written in LaTeX  to allow for MathJax functionality. MathJax provides the following accessibility features:
 	Automatic magnification on hover
 	Text-to-speech options
 	Collapsible math
 	Highlight, foreground, and background customization
 	The ability to translate math into other syntaxes
 	MathJax options in over 20 languages
 
 See the full extent of MathJax’s accessibility features in their documentation.
 In addition the following formatting changes were made:
 	The majority of images that included math where replaced with LaTeX
 	Images were recolored for contrast
 	Examples were reformatted into steps for ease of understanding
 
 Specific content changes from the adapted resources can be found in the table below.
 	Unit 1 	All sections from Elementary Algebra 2e  Combined the Fractions sections into one. 
 	Unit 2 	Section 2.1 – Combined parts from Elementary Algebra 2e Section 1.10 with Mathematics for Public and Occupational Health Professionals (1.3 Measurement Systems) and Business/Technical Mathematics (6.1) examples related to health care taken and included in section. Order of the parts was changed as well to put metric system first and then the U.S./Imperial system. Extended some tables to include extra metric prefixes. Edited for readability.
 Section 2.2 -Added some content on exact vs inexact numbers, and rounding with mixed operations.
 Section 2.3– Added small section on scientific notation and significant figures and some examples to include how to preserve significant figures in scientific notation and decimal notation.
 Section 2.4 – Examples and content from Rounding Rules When Converting Within the Same System of Measurement created. 
 	Unit 3 	Most sections are adapted from Elementary Algebra 2e. Some sections were combined from chapters 3 and 4 and some content was rearranged. 
 	 	 
 	Unit 4 	All sections adapted from Elementary algebra chapter 5. Some sections combined. 
 	 	 
 	Unit 5 	All sections from Elementary Algebra 2e chapter 6.
 Section 5.8 was created. Graphs created using desmos.com graphing calculator. 
 	Unit 6 	Images added to provide a health profession perspective. 
 	 	 
 	 	 
  
 Accessibility Statement
 We are actively committed to increasing the accessibility and usability of the textbooks we produce. Every attempt has been made to make this OER accessible to all learners and is compatible with assistive and adaptive technologies. We have attempted to provide closed captions, alternative text, or multiple formats for on-screen and off-line access.
 The web version of this resource has been designed to meet Web Content Accessibility Guidelines 2.0, level AA. In addition, it follows all guidelines in Appendix A: Checklist for Accessibility of the Accessibility Toolkit – 2nd Edition.
 In addition to the web version, additional files are available in a number of file formats including PDF, EPUB (for eReaders), and MOBI (for Kindles).
 If you are having problems accessing this resource, please contact us at oer@fanshawec.ca.
 Please include the following information:
 	The location of the problem by providing a web address or page description
 	A description of the problem
 	The computer, software, browser, and any assistive technology you are using that can help us diagnose and solve your issue (e.g., Windows 10, Google Chrome (Version 65.0.3325.181), NVDA screen reader)
 
 
 Feedback
 To provide feedback on this text please contact oer@fanshawec.ca.
 
 Pedrosa, L. (2019, July 10). MathJax: now available on PressbooksEDU.  Pressbooks. https://pressbooks.com/new-features/mathjax-now-available-on-pressbooksedu/
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		1.0 Introduction

								

	
				 [image: This is an image of a building undergoing construction.]Figure 1.0.1 In order to be structurally sound, the foundation of a building must be carefully constructed. Photo by Open Stax CC-BY 4.0 
 In order to be structurally sound, the foundation of a building must be carefully constructed. Just like a building needs a firm foundation to support it, your study of algebra needs to have a firm foundation. To ensure this, we begin this book with a review of arithmetic operations with whole numbers, integers, fractions, and decimals, so that you have a solid base that will support your study of algebra.
 
	

			
			


		
	
		
			
	
		

		1.1 Introduction to Whole Numbers

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use place value with whole numbers
 	Identify multiples and apply divisibility tests
 	Find prime factorizations and least common multiples
 
 
 
 As we begin our study of elementary algebra, we need to refresh some of our skills and vocabulary. This chapter will focus on whole numbers, integers, fractions, decimals, and real numbers. We will also begin our use of algebraic notation and vocabulary.
 
 Use Place Value with Whole Numbers
 The most basic numbers used in algebra are the numbers we use to count objects in our world: 1, 2, 3, 4, and so on. These are called the counting numbers. Counting numbers are also called natural numbers. If we add zero to the counting numbers, we get the set of whole numbers.
 Counting Numbers: 1, 2, 3, …
 Whole Numbers: 0, 1, 2, 3, …
 The notation “…” is called ellipsis and means “and so on,” or that the pattern continues endlessly.
 [image: \\\xleftarrow{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;smaller\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}\\\overleftrightarrow{o\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;1\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;2\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\overset{\xrightarrow[{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;Larger\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}]{}}{3\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;4\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;5\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;6}\;\;\;\;\;\;\;\;\;\;}]
 The numbers on the number line get larger as they go from left to right and smaller as they go from right to left. While this number line shows only the whole numbers 0 through 6, the numbers keep going without end.
 Our number system is called a place value system, because the value of a digit depends on its position in a number. Figure 1.1 shows the place values. The place values are separated into groups of three, which are called periods. The periods are ones, thousands, millions, billions, trillions, and so on. In a written number, commas separate the periods.
 [image: This figure is a table illustrating the number 5,278,194 within the place value system. The table is shown with a header row, labeled “Place Value”, divided into a second header row labeled “Trillions”, “Billions”, “Millions”, “Thousands” and “Ones”. Under the header “Trillions” are three labeled columns, written from bottom to top, that read “Hundred trillions”, “Ten trillions” and “Trillions”. Under the header “Billions” are three labeled columns, written from bottom to top, that read “Hundred billions”, “Ten billions” and “Billions”. Under the header “Millions” are three labeled columns, written from bottom to top, that read “Hundred millions”, “Ten millions” and “Millions”. Under the header “Thousands” are three labeled columns, written from bottom to top, that read “Hundred thousands”, “Ten thousands” and “Thousands”. Under the header “Ones” are three labeled columns, written from bottom to top, that read “Hundreds”, “Tens” and “Ones”. From left to right, below the columns labeled “Millions”, “Hundred thousands”, “Ten thousands”, “Thousands”, “Hundreds”, “Tens”, and “Ones”, are the following values: 5, 2, 7, 8, 1, 9, 4. This means there are 5 millions, 2 hundred thousands, 7 ten thousands, 8 thousands, 1 hundreds, 9 tens, and 4 ones in the number five million two hundred seventy-nine thousand one hundred ninety-four."]Figure 1.1 
 Example 1.1.1
  In the number 63,407,218, find the place value of each digit:
 	7
 	0
 	1
 	6
 	3
 
 
 Solution Place the number in the place value chart:
 
 [image: This figure is a table illustrating the number 5,278,194 within the place value system. The table is shown with a header row, labeled “Place Value”, divided into a second header row labeled “Trillions”, “Billions”, “Millions”, “Thousands” and “Ones”. Under the header “Trillions” are three labeled columns, written from bottom to top, that read “Hundred trillions”, “Ten trillions” and “Trillions”. Under the header “Billions” are three labeled columns, written from bottom to top, that read “Hundred billions”, “Ten billions” and “Billions”. Under the header “Millions” are three labeled columns, written from bottom to top, that read “Hundred millions”, “Ten millions” and “Millions”. Under the header “Thousands” are three labeled columns, written from bottom to top, that read “Hundred thousands”, “Ten thousands” and “Thousands”. Under the header “Ones” are three labeled columns, written from bottom to top, that read “Hundreds”, “Tens” and “Ones”. From left to right, below the columns labeled “Millions”, “Hundred thousands”, “Ten thousands”, “Thousands”, “Hundreds”, “Tens”, and “Ones”, are the following values: 5, 2, 7, 8, 1, 9, 4. This means there are 5 millions, 2 hundred thousands, 7 ten thousands, 8 thousands, 1 hundreds, 9 tens, and 4 ones in the number five million two hundred seventy-nine thousand one hundred ninety-four]Figure 1.2 	The 7 is in the thousands place.
 
 	The 0 is in the ten-thousands place.
 
 	The 1 is in the tens place.
 
 	The 6 is in the ten-millions place.
 
 	The 3 is in the millions place.
 
  
 
 
 
 
 Try It
  1) For the number 27,493,615, find the place value of each digit:
 	2
 	1
 	4
 	7
 	5
 
 Solution 	ten millions
 	tens
 	hundred thousands
 	millions
 	ones
 
  2) For the number 519,711,641,328, find the place value of each digit:
 	9
 	4
 	2
 	6
 	7
 
 
 Solution 	billions
 	ten thousands
 	tens
 	hundred thousands
 	hundred millions
 
  
 
 
 When you write a check, you write out the number in words as well as in digits. To write a number in words, write the number in each period, followed by the name of the period, without the s at the end. Start at the left, where the periods have the largest value. The ones period is not named. The commas separate the periods, so wherever there is a comma in the number, put a comma between the words (see below). The number 74,218,369 is written as seventy-four million, two hundred eighteen thousand, three hundred sixty-nine.
 [image: \underbrace{74\;}_{millions},\underbrace{218\;}_{thousands},\;\underbrace{369\;}_{ones}\xleftarrow{periods}\\74\xrightarrow[{}]{}Seventy-four\;million,\\\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;218\xrightarrow[{}]{}two\;hundred\;eighteen\;thousand,\\\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;369\xrightarrow[{}]{}three\;hundred\;sixty\;nine\\]
 
 HOW TO
 Name a Whole Number in Words
 
 	Start at the left and name the number in each period, followed by the period name.
 	Put commas in the number to separate the periods.
 	Do not name the ones period
 
 
 
 Example 1.1.2 
  Name the number 8,165,432,098,710 using words.
 Solution Step 1: Name the number in each period, followed by the period name.
 [image: \underbrace{\;\;\;\;8\;\;\;\;}_{trillions}\;,\underbrace{\;\;\;\;\;\;\;\;165\;\;\;\;\;\;}_{billions}\;,\underbrace{\;\;\;\;\;\;\;\;\;432\;\;\;\;\;\;\;}_{millions},\;\underbrace{\;\;\;\;\;\;098\;\;\;\;\;\;}_{thousands},\;\underbrace{\;\;\;\;\;\;710\;\;\;\;\;}_{ones}\;\;\;\\8\xrightarrow[{}]{}Eight\;trillion,\\165\xrightarrow[{}]{}One\;hundred\;sixty-five\;billion,\\432\xrightarrow[{}]{}Four\;hundred\;thrity-two\;million,\;\\098\xrightarrow[{}]{}Ninety-eight\;thousad,\\710\xrightarrow[{}]{}seven\;hundred\;ten]
 Step 2: Put the commas in to separate the periods.
 So, 8,165,432,098,710 is named as eight trillion, one hundred sixty-five billion, four hundred thirty-two million, ninety-eight thousand, seven hundred ten.
  
 
 
 Try It
  3) Name the number 9,258,137,904,061 using words.
 
 Solution Nine trillion, two hundred fifty-eight billion, one hundred thirty-seven million, nine hundred four thousand, sixty-one.
  
 
 
 4) Name the number 17,864,325,619,004 using words.
 
 Solution Seventeen trillion, eight hundred sixty-four billion, three hundred twenty-five million, six hundred nineteen thousand four.
  
 
 
 
 
 We are now going to reverse the process by writing the digits from the name of the number. To write the number in digits, we first look for the clue words that indicate the periods. It is helpful to draw three blanks for the needed periods and then fill in the blanks with the numbers, separating the periods with commas.
 HOW TO
 Write a Whole Number Using Digits
 		Identify the words that indicate periods. (Remember, the ones period is never named.)
 	Draw three blanks to indicate the number of places needed in each period. Separate the periods by commas.
 	Name the number in each period and place the digits in the correct place value position.
 
 
 
 
 Example 1.1.3
  Write nine billion, two hundred forty-six million, seventy-three thousand, one hundred eighty-nine as a whole number using digits.
 
 Solution Step 1: Identify the words that indicate periods.
 Except for the first period, all other periods must have three places. Draw three blanks to indicate the number of places needed in each period.
 Step 2: Separate the periods by commas.
 Then write the digits in each period.
 [image: \underbrace{\;\;\;\;\;billions\;\;\;\;\;}_{nine\;billion}\;,\underbrace{\;\;\;\;\;\;\;\;\;\;\;millions\;\;\;\;\;\;\;\;\;\;}_{two\;hundred\;forty-six\;million}\;,\underbrace{\;\;\;\;\;\;\;\;\;\;thousands\;\;\;\;\;\;\;\;\;}_{seventy-three\;thousand},\;\underbrace{\;\;\;\;\;\;\;\;\;\;\;\;ones\;\;\;\;\;\;\;\;\;\;}_{one\;hundred\;eity-nine},\;\\\;\;\;\;\;\;\;\;\;\\\begin{array}{ccc}\;\;\;\;&&\end{array}9\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;246\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;073\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;189\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;]
 The number is 9,246,073,189.
  
 
 
 Try It
  5) Write the number two billion, four hundred sixty-six million, seven hundred fourteen thousand, fifty-one as a whole number using digits.
 
 Solution 2,466,714,051
  
 
 
 6) Write the number eleven billion, nine hundred twenty-one million, eight hundred thirty thousand, one hundred six as a whole number using digits.
 
 Solution 11,921,830,106
  
 
 
 
 
 In 2013, the U.S. Census Bureau estimated the population of the state of New York as 19,651,127. We could say the population of New York was approximately 20 million. In many cases, you don’t need the exact value; an approximate number is good enough.
 
 
 The process of approximating a number is called rounding. Numbers are rounded to a specific place value, depending on how much accuracy is needed. Saying that the population of New York is approximately 20 million means that we rounded to the millions place.
 Example 1.1.4
  Round 23,658 to the nearest hundred.
 Solution Step 1: Locate the given place value with an arrow. All digits to the left do not change. 
 Locate the hundreds place 23,658.
 {\color[rgb]{1.0, 0.0, 0.0}\text{Hundredths}}\text{ place.}\;23,{\color[rgb]{1.0, 0.0, 0.0}\underset\uparrow6}58
 Step 2: Underline the digit to the right of the given place value. 
 Underline the 5, which is to the right of the hundreds place.
 {\color[rgb]{1.0, 0.0, 0.0}\text{Hundredths}}\text{ place.}\;23,{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{0.0, 0.0, 1.0}\underline5}8
 Step 3: Is this digit greater than or equal to 5?
 Yes – add 1 to the digit in the given place value.
 Add 1 to the 6 in the hundred place, since 5 is greater than or equal to 5.
 [image: \text{Add 1.}\;23,{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{0.1, 0.1, 0.1}5}8]
 Step 4: Replace all digits to the right of the given place with zeros.
 Replace all digits to the right of the hundreds place with zeros.
 [image: \text{Replace with zeros.}\;23,{\color[rgb]{0.0, 0.0, 1.0}700}]
  
 
 
 
 Try It
  7) Round to the nearest hundred: 17,852.
 
 Solution 17,900
  
 
 
 8) Round to the nearest hundred: 468,751.
 
 Solution 468,800
  
 
 
 
 
 
 
 
 Round Whole Numbers.
 	Locate the given place value and mark it with an arrow. All digits to the left of the arrow do not change.
 	Underline the digit to the right of the given place value.
 	Is this digit greater than or equal to 5? 	Yes–add 1  to the digit in the given place value.
 	No–do not change the digit in the given place value.
 
 
 	Replace all digits to the right of the given place value with zeros.
 
 
 Examples 1.1.5
  Round 103,978 to the nearest:
 	hundred
 	thousand
 	ten thousand
 
 
 Solution a. 
 Step 1: Locate the hundreds place in 103,978.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\text{Hundreds place:}}\;103,\boxed{\color[rgb]{1.0, 0.0, 0.0}9}78]
 Step 2: Underline the digit to the right of the hundreds place.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\text{Hundreds place:}}\;103,\boxed{\color[rgb]{1.0, 0.0, 0.0}9}\underline78]
 Step 3: Since 7 is greater than or equal to 5, add 1 to the 9. Replace all digits to the right of the hundreds place with zeros.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\text{Hundreds place:}}\;103,\boxed{\underbrace{\color[rgb]{1.0, 0.0, 0.0}9}_{Add\;1\;\;\\9+1=10\\replace\;9\;with\;0\\and\;carry\;the\;1}}\underbrace{\underline78}_{\;replace\;with\;0s\\}=\;104,000]
 So, 104,000 is 103,978 rounded to the nearest hundred.
 
 b. 
 Step 1: Locate the thousands place and underline the digit to the right of the thousands place.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\text{Thousands place:}}\;10\;\boxed{\color[rgb]{1.0, 0.0, 0.0}3},\underline978]
 
 Step 2: Since 9 is greater than or equal to 5, add 1 to the 3. Replace all digits to the right of the hundreds place with zeros.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\text{Thousands place:}}\;10\;\boxed{\underbrace{\color[rgb]{1.0, 0.0, 0.0}3}_{Add\;1\;\;\\3+1=4\\replace\;3\;with\;4}}\underbrace{\underline978}_{\;replace\;with\;0s\\}=\;104,000]
 
 So, 104,000 is 103,978 rounded to the nearest thousand.
 
 c. 
 Step 1: Locate the ten thousands place and underline the digit to the right of the ten thousands place.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\text{Ten thousands place:}}\;1\boxed{\color[rgb]{1.0, 0.0, 0.0}0}3,978]
 
 Step 2: Since 3 is less than 5, we leave the 0 as is, and then replace the digits to the right with zeros.
 [image: 100,000]
 
 So, 100,000 is 103,978 rounded to the nearest ten thousand.
  
 
 
 
 
 
 Try It
  9) Round 206,981 to the nearest:
 	hundred
 	thousand
 	ten thousand.
 
 Solution 	207,000
 	207,000
 	210,000
 
  10) Round 784,951 to the nearest:
 	hundred
 	thousand
 	ten thousand.
 
 Solution 	785,000
 	785,000
 	780,000
 
  
 
 Identify Multiples and Apply Divisibility Tests
 The numbers 2, 4, 6, 8, 10, and 12 are called multiples of 2. A multiple of 2 can be written as the product of a counting number and 2.
 	2 	2 · 1 
 	4 	2 · 2 
 	6 	2 · 3 
 	8 	2 · 4 
 	10 	2 · 5 
 	12 	2 · 6 
  
 Similarly, a multiple of 3 would be the product of a counting number and 3.
 	3 	3 · 1 
 	6 	3 · 2 
 	9 	3 · 3 
 	12 	3 · 4 
 	15 	3 · 5 
 	18 	3 · 6 
  
 We could find the multiples of any number by continuing this process.
 Table. 1.1 shows the multiples of 2 through 9 for the first 12 counting numbers.
 Table 1.1 	Counting Number 	1 	2 	3 	4 	5 	6 	7 	8 	9 	10 	11 	12 
  	Multiples of 2 	2 	4 	6 	8 	10 	12 	14 	16 	18 	20 	22 	24 
 	Multiples of 3 	3 	6 	9 	12 	15 	18 	21 	24 	27 	30 	33 	36 
 	Multiples of 4 	4 	8 	12 	16 	20 	24 	28 	32 	36 	40 	44 	48 
 	Multiples of 5 	5 	10 	15 	20 	25 	30 	35 	40 	45 	50 	55 	60 
 	Multiples of 6 	6 	12 	18 	24 	30 	36 	42 	48 	54 	60 	66 	72 
 	Multiples of 7 	7 	14 	21 	28 	35 	42 	49 	56 	63 	70 	77 	84 
 	Multiples of 8 	8 	16 	24 	32 	40 	48 	56 	64 	72 	80 	88 	96 
 	Multiples of 9 	9 	18 	27 	36 	45 	54 	63 	72 	81 	90 	99 	108 
 	Multiples of 10 	10 	20 	30 	40 	50 	60 	70 	80 	90 	100 	110 	120 
  
 Multiple of a Number
 A number is a multiple of [image: n] if it is the product of a counting number and [image: n].
 
 
 Another way to say that 15 is a multiple of 3 is to say that 15 is divisible by 3. That means that when we divide 3 into 15, we get a counting number. In fact, [image: 15\div3] is [image: 5], so [image: 15] is [image: 15\times3].
 Divisible by a Number
 If a number [image: m] is a multiple of [image: n], then [image: m] is divisible by [image: n].
 
 
 
 Look at the multiples of 5 in Table 1.1. They all end in 5 or 0. Numbers with last digit of 5 or 0 are divisible by 5. Looking for other patterns in Table 1.1 that shows multiples of the numbers 2 through 9, we can discover the following divisibility tests:
 Divisibility Tests
 A number is divisible by:
 	2 if the last digit is 0, 2, 4, 6, or 8.
 	3 if the sum of the digits is divisible by 3.
 	5 if the last digit is 5 or 0.
 	6 if it is divisible by both 2 and 3.
 	10 if it ends with 0.
 
 
 
 
 Example 1.1.6
  Is 5,625 divisible by 2? By 3? By 5? By 6? By 10?
 
 Solution
  Step 1: Is 5,625 divisible by 2?
 No.
 Step 2: Does it end in 0,2,4,6, or 8?
 5,625 is not divisible by 2.
 Step 3: Is 5,625 divisible by 3?
 Yes. 5,625 is divisible by 3.
 Step 4: What is the sum of the digits?
 [image: 5+6+2+5=18]
 
 Step 5: Is the sum divisible by 3?
 Yes, 18 is divisible by 3.
 Step 6: Is 5,625 divisible by 5 or 10?
 5,625 is divisible by 5 but not by 10.
 
 Step 7: What is the last digit?
 It is 5.
 Step 8: Is 5,625 divisible by 6?
 No, it is not.
 Step 9: Is it divisible by both 2 or 3?
 No, 5,625 is not divisible by 2, but it is divisible by 3.
 
 
  
 
 
 
 
 
 Try It
  11) Determine whether 4,962 is divisible by 2, by 3, by 5, by 6, and by 10.
 
 Solution By 2, 3, and 6.
  
 
 
 12) Determine whether 3,765 is divisible by 2, by 3, by 5, by 6, and by 10.
 
 Solution By 3 and 5.
  
 
 
 
 
 Find Prime Factorizations and Least Common Multiples
 
 
 
 In mathematics, there are often several ways to talk about the same ideas. So far, we’ve seen that if [image: m] is a multiple of [image: n], we can say that [image: m] is divisible by [image: n]. For example, since 72 is a multiple of 8, we say 72 is divisible by 8. Since 72 is a multiple of 9, we say 72 is divisible by 9. We can express this still another way.
 Since [image: 8\times9=72], we say that 8 and 9 are factors of 72. When we write [image: 72=8\times9], we say we have factored 72.
 [image: \underbrace{8\times9}_{factors}=\underbrace{72}_{product}]
 Other ways to factor 72 are 1·72, 2·36, 3·24, 4·18, and 6·12. Seventy-two has many factors: 1, 2, 3, 4, 6, 8, 9, 12, 18, 36, and 72.
 Factors
 If [image: a\cdot b=m] then [image: a] and [image: b] are factors of [image: m].
 
 
 
 Some numbers, like 72, have many factors. Other numbers have only two factors.
 A prime number is a counting number greater than 1, whose only factors are 1 and itself.
 A composite number is a counting number that is not prime. A composite number has factors other than 1 and itself.
 The counting numbers from 2 to 19 are listed in the below table, with their factors. Make sure to agree with the “prime” or “composite” label for each!
 
 	Number 	Factors 	Prime or Composite 
  	2 	1,2 	Prime 
 	3 	1,3 	Prime 
 	4 	1,2,4 	Composite 
 	5 	1,5 	Prime 
 	6 	1,2,3,6 	Composite 
 	7 	1,7 	Prime 
 	8 	1,2,4,8 	Composite 
 	9 	1,3,9 	Composite 
 	10 	1,2,5,10 	Composite 
 	11 	1,11 	Prime 
 	12 	1,2,3,4,6,12 	Composite 
 	13 	1,13 	Prime 
 	14 	1,2,7,14 	Composite 
 	15 	1,3,5,15 	Composite 
 	16 	1,2,4,8,16 	Composite 
 	17 	1,17 	Prime 
 	18 	1,2,3,6,9,18 	Composite 
 	19 	1,19 	Prime 
  
 The prime numbers less than 20 are 2, 3, 5, 7, 11, 13, 17, and 19. Notice that the only even prime number is 2.
 A composite number can be written as a unique product of primes. This is called the prime factorization of the number. Finding the prime factorization of a composite number will be useful later in this course.
 Prime Factorization
 The prime factorization of a number is the product of prime numbers that equals the number. These prime numbers are called the prime factors.
 
 
 
 To find the prime factorization of a composite number, find any two factors of the number and use them to create two branches. If a factor is prime, that branch is complete. Circle that prime!
 If the factor is not prime, find two factors of the number and continue the process. Once all the branches have circled primes at the end, the factorization is complete. The composite number can now be written as a product of prime numbers.
 Example 1.1.7
  Factor 48.
 
 Solution 4 and 8 are not prime. Break them each into two factors.
 2 and 3 are prime, so circle them.
 Step 1: Find two factors whose product is the given number. Use these numbers to create two branches.
 [image: 48=2\times24\;\;\;\;\;\;\;\;\;\;\overbrace{2\;\;\;\;\;\;\;\;\;24}^{48}]
 Step 2: If a factor is prime, that branch is complete. Circle the prime. 
 2 is prime. Circle the prime.
 
 [image: \overbrace{\boxed2\;\;\;\;\;\;\;\;\;\;\;\;\;\;24}^{48}]
 Step 3: If a factor is not prime, write it as the product of two factors and continue the process.
 
 24 is not prime break it into 2 more factors.4 and 6 are not prime. Break them each into two factors.
 [image: \overbrace{\boxed2\;\;\;\;\;\;\;\;\;\;\;\;\;\;\overbrace{4\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;6}^{24}}^{48}]
 2 and 3 are prime, so circle them.
 [image: \overbrace{\boxed2\;\;\;\;\;\;\;\;\overbrace{\overbrace{\boxed2\;\;\;\;\;\;\;\;\boxed2}^4\;\;\;\;\;\;\;\;\;\;\;\;\overbrace{\boxed2\;\;\;\;\;\;\;\;\;\boxed3}^6}^{24}}^{48}]
 Step 4: Write the composite number as the product of all the circled primes.
 [image: 48=2\times2\times2\times2\times3]
 
 We say 2·2·2·2·3 is the prime factorization of 48. We generally write the primes in ascending order. Be sure to multiply the factors to verify your answer!
 If we first factored 48 in a different way, for example as 6·8, the result would still be the same. Finish the prime factorization and verify this for yourself.
  
 
 
 
 
 
 Try It
  13) Find the prime factorization of 80. 
 
 Solution 2·2·2·2·5
  
 
 
 14) Find the prime factorization of 60.
 
 Solution 2·2·3·5
  
 
 
 
 
 Find the Prime Factorization of a Composite Number.
 
 
 
 	Find two factors whose product is the given number, and use these numbers to create two branches.
 	If a factor is prime, that branch is complete. Circle the prime, like a bud on the tree.
 	If a factor is not prime, write it as the product of two factors and continue the process.
 	Write the composite number as the product of all the circled primes.
 
 
 Example 1.1.8
  Find the prime factorization of 252.
 
 Solution Step 1: Find two factors whose product is 252. 12 and 21 are not prime.
 Break 12 and 21 into two more factors. Continue until all primes are factored.
 [image: 252\left\{\begin{array}{l}12\left\{\begin{array}{l}6\left\{\begin{array}{l}3\\2\end{array}\right.\\2\end{array}\right.\\21\left\{\begin{array}{l}3\\7\end{array}\right.\end{array}\right.]
 
 Step 2: Write 252 as the product of all the circled primes.
 [image: 252=2·2·3·3·7]
  
 
 
 
 
 
 
 
 Try It
  15) Find the prime factorization of 126.
 Solution 2·3·3·7
  
 
 
 16) Find the prime factorization of 294.
 
 Solution 2·3·7·7
  
 
 
 
 
 One of the reasons we look at multiples and primes is to use these techniques to find the least common multiple of two numbers. This will be useful when we add and subtract fractions with different denominators. Two methods are used most often to find the least common multiple and we will look at both of them.
 
 
 
 The first method is the Listing Multiples Method. To find the least common multiple of 12 and 18, we list the first few multiples of 12 and 18:
 12: 12, 24, 36, 48, 60, 72, 84, 96, 108…
 18: 18, 36, 54, 72, 90, 108…
 Common Multiples: 36, 72, 108…
 Least Common Multiple: 36
 Notice that some numbers appear in both lists. They are the common multiples of 12 and 18.
 We see that the first few common multiples of 12 and 18 are 36, 72, and 108. Since 36 is the smallest of the common multiples, we call it the least common multiple. We often use the abbreviation LCM.
 Least Common Multiple
 The least common multiple (LCM) of two numbers is the smallest number that is a multiple of both numbers.
 
 The procedure box lists the steps to take to find the LCM using the prime factors method we used above for 12 and 18.
 
 
 HOW TO
 Find the Least Common Multiple by Listing Multiples.
 	List several multiples of each number.
 	Look for the smallest number that appears on both lists.
 	This number is the LCM.
 
 
 
 
 Example 1.1.9
  Find the least common multiple of 15 and 20 by listing multiples.
 
 Solution Step 1: Make lists of the first few multiples of 15 and of 20, and use them to find the least common multiple.
 15: 15, 30, 45, 60, 75, 90, 105, 120
 20: 20, 40, 60, 80, 100, 120, 140, 160
 Step 2: Look for the smallest number that appears in both lists.
 
 The first number to appear on both lists is 60, so 60 is the least common multiple of 15 and 20.
 
 Notice that 120 is in both lists, too. It is a common multiple, but it is not the least common multiple.
 
  
 
 
 
 
 
 Try It
  17) Find the least common multiple by listing multiples: 9 and 12.
 
 Solution 36
  
 
 
 18) Find the least common multiple by listing multiples: 18 and 24.
 
 Solution 72
  
 
 
 
 
 Our second method to find the least common multiple of two numbers is to use The Prime Factors Method. Let’s find the LCM of 12 and 18 again, this time using their prime factors.
 
 
 
 Example 1.1.10
  Find the Least Common Multiple (LCM) of 12 and 18 using the prime factors method.
 
 Solution Step 1: Write each number as a product of primes.
 [image: \overbrace{\boxed3\;\;\;\;\;\;\;\;\;\overbrace{\boxed2\;\;\;\;\;\;\boxed{\;3}}^6}^{18}]
 [image: \overbrace{\boxed3\;\;\;\;\;\;\;\;\;\overbrace{\boxed2\;\;\;\;\;\;\boxed{\;2}}^4}^{12}]
 Step 2: List the primes of each number. Match primes vertically when possible.
 
 List the primes of 12.
 [image: 12=2\times2\times3]
 List the primes of 18. Line up with the primes of 12 when possible. If not create a new column.
 [image: 18=2\times3\times3]
 Step 3: Bring down the number from each column.
 [image: \begin{eqnarray*}12&=&2\times2\times3\\18&=&2\times3\times3\\LCM&=&2\times2\times3\times3\end{eqnarray*}]
 Step 4: Multiply the factors.
 [image: LCM=36]
  
 
 
 
 
 
 Notice that the prime factors of 12 (2·2·3) and the prime factors of 18 (2·3·3) are included in the LCM (2·2·3·3). So 36 is the least common multiple of 12 and 18.
 By matching up the common primes, each common prime factor is used only once. This way you are sure that 36 is the least common multiple.
 Try It
  19) Find the LCM using the prime factors method: 9 and 12.
 
 Solution 36
  
 
 
 20) Find the LCM using the prime factors method: 18 and 24.
 
 Solution 72
  
 
 
 
 
 
 
 
 HOW TO
 Find the Least Common Multiple Using the Prime Factors Method.
 	Write each number as a product of primes.
 	List the primes of each number. Match primes vertically when possible.
 	Bring down the columns.
 	Multiply the factors.
 
 
 
 
 Example 1.1.11
  Find the Least Common Multiple (LCM) of 24 and 36 using the prime factors method.
 
 Solution Step 1: Find the primes of 24 and 36.
 Match primes vertically when possible.
 Step 2: Bring down all columns.
 
 [image: \begin{eqnarray*}24&=&2\times2\times2\times3\\36&=&2\times2\times3\times3\end{eqnarray*}]
 Step 3: Multiply the factors.
 [image: \begin{eqnarray*}LCM&=&2\times2\times2\times3\times3\\LCM&=&72\end{eqnarray*}]
 The LCM of 24 and 36 is 72.
  
 
 
 
 
 
 Try It
  21) Find the LCM using the prime factors method: 21 and 28.
 
 Solution 84
  
 
 
 22) Find the LCM using the prime factors method: 24 and 32.
 
 Solution 96
  
 
 
 
 
 
 
 
 
 Key Concepts
  	Place Value
 	Name a Whole Number in Words 	Start at the left and name the number in each period, followed by the period name.
 	Put commas in the number to separate the periods.
 	Do not name the ones period.
 
 
 	Write a Whole Number Using Digits 	Identify the words that indicate periods. (Remember the ones period is never named.)
 	Draw 3 blanks to indicate the number of places needed in each period. Separate the periods by commas.
 	Name the number in each period and place the digits in the correct place value position.
 
 
 	Round Whole Numbers 	Locate the given place value and mark it with an arrow. All digits to the left of the arrow do not change.
 	Underline the digit to the right of the given place value.
 	Is this digit greater than or equal to 5? 	Yes—add 1 to the digit in the given place value.
 	No—do not change the digit in the given place value.
 
 
 	Replace all digits to the right of the given place value with zeros.
 
 
 	Divisibility Tests: A number is divisible by: 	2 if the last digit is 0, 2, 4, 6, or 8.
 	3 if the sum of the digits is divisible by 3.
 	5 if the last digit is 5 or 0.
 	6 if it is divisible by both 2 and 3.
 	10 if it ends with 0.
 
 
 
 	Find the Prime Factorization of a Composite Number 	Find two factors whose product is the given number, and use these numbers to create two branches.
 	If a factor is prime, that branch is complete. Circle the prime, like a bud on the tree.
 	If a factor is not prime, write it as the product of two factors and continue the process.
 	Write the composite number as the product of all the circled primes.
 
 
 	Find the Least Common Multiple by Listing Multiples 	List several multiples of each number.
 	Look for the smallest number that appears on both lists.
 	This number is the LCM.
 
 
 	Find the Least Common Multiple Using the Prime Factors Method 	Write each number as a product of primes.
 	List the primes of each number. Match primes vertically when possible.
 	Bring down the columns.
 	Multiply the factors.
 
 
 
 
 
 Self Check
 After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=60#h5p-1 
 
 
 Glossary
  	composite number
 	A composite number is a counting number that is not prime. A composite number has factors other than 1 and itself.
 
 	counting numbers
 	The counting numbers are the numbers 1, 2, 3, …
 
 	divisible by a number
 	If a number [image: m] is a multiple of [image: n], then [image: m] is divisible by [image: n]. (If 6 is a multiple of 3, then 6 is divisible by 3.)
 
 	factors
 	If [image: a\;\times\;b\;=\;m], then ([image: a] and [image: b]) are factors of [image: m]. Since [image: 3 \times 4 = 12], then 3 and 4 are factors of 12.
 
 	least common multiple
 	The least common multiple of two numbers is the smallest number that is a multiple of both numbers.
 
 	multiple of a number
 	A number is a multiple of [image: n] if it is the product of a counting number and [image: n].
 
 	number line
 	A number line is used to visualize numbers. The numbers on the number line get larger as they go from left to right, and smaller as they go from right to left.
 
 	origin
 	The origin is the point labelled 0 on a number line.
 
 	prime factorization
 	The prime factorization of a number is the product of prime numbers that equals the number.
 
 	prime number
 	A prime number is a counting number greater than 1, whose only factors are 1 and itself.
 
 	whole numbers
 	The whole numbers are the numbers 0, 1, 2, 3, ….
 
 
 
 
	

			
			


		
	
		
			
	
		

		1.2 Introduction to the Language of Algebra

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use variables and algebraic symbols
 	Simplify expressions using the order of operations
 	Evaluate an expression
 	Identify and combine like terms
 	Translate an English phrase to an algebraic expression
 
 
 
 
 Use Variables and Algebraic Symbols
 
 Suppose this year Greg is 20 years old and Alex is 23. You know that Alex is 3 years older than Greg. When Greg was 12, Alex was 15. When Greg is 35, Alex will be 38. No matter what Greg’s age is, Alex’s age will always be 3 years more, right? In the language of algebra, we say that Greg’s age and Alex’s age are variables and the 3 is a constant. The ages change (“vary”) but the 3 years between them always stays the same (“constant”). Since Greg’s age and Alex’s age will always differ by 3 years, 3 is the constant.
 In algebra, we use letters of the alphabet to represent variables. So if we call Greg’s age [image: g], then we could use [image: g+3] to represent Alex’s age.
 	Greg’s age 	Alex’s age 
  	[image: 12] 	[image: 15] 
 	[image: 20] 	[image: 23] 
 	[image: 35] 	[image: 38] 
 	[image: g] 	[image: g+3] 
  
 Variable
 A variable is a letter that represents a number whose value may change.
 
 Constant
 A constant is a number whose value always stays the same.
 
 To write algebraically, we need some operation symbols as well as numbers and variables. There are several types of symbols we will be using.
 There are four basic arithmetic operations: addition, subtraction, multiplication, and division. We’ll list the symbols used to indicate these operations below table. You’ll probably recognize some of them.
 	Operation 	Notation 	Say: 	The result is… 
  	Addition 	[image: a+b] 	[image: a] plus [image: b] 	the sum of [image: a] and [image: b] 
 	Subtraction 	[image: a-b] 	[image: a] minus [image: b] 	the difference of [image: a] and [image: b] 
 	Multiplication 	[image: a\times b] 	[image: a] times [image: b] 	the product of [image: a] and [image: b] 
 	Division 	[image: a\div b] 	[image: a] divided by [image: b] 	the quotient of [image: a] and [image: b], [image: a] is called the dividend, and [image: b] is called the divisor 
  
 We perform these operations on two numbers. When translating from symbolic form to English, or from English to symbolic form, pay attention to the words “of” and “and.”
 	The difference of  9 and 2 means subtract 9 and 2, in other words, 9 minus 2, which we write symbolically as [image: 9-2] .
 	The product of  4 and 8 means multiply 4 and 8, in other words 4 times 8, which we write symbolically as [image: 4\times8].
 
 In algebra, the cross symbol, [image: \times], is not used to show multiplication because that symbol may cause confusion. Does [image: 3xy] mean [image: 3\times y] (‘three times [image: y]’) or ([image: 3\times x\times y]) (‘three times [image: x] times [image: y]‘) To make it clear, use · or parentheses for multiplication.
  When two quantities have the same value, we say they are equal and connect them with an equal sign.
 Equality Symbol
 [image: a=b] is read “a is equal to b”
 The symbol “=” is called the equal sign.
 
 On the number line, the numbers get larger as they go from left to right. The number line can be used to explain the symbols “<” and “>”.
 
 Inequality Symbols
 [image: a < b] is read “a is less than b”.
 This means a is to the left of b on the number line.
 [image: \;\;\;\overleftrightarrow{\;\;\;\;\;\;\;\;a\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;b\;\;\;\;\;\;}]
 [image: a > b] is read a is greater than b.
 This means a  is to the right of b on the number line.
 [image: \;\;\;\overleftrightarrow{\;\;\;\;\;\;\;\;b\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;a\;\;\;\;\;\;}]
 
 
 The expressions [image: a < b] or [image: a > b] can be read from left to right or right to left, though in English we usually read from left to right (Figure 1.2). In general, [image: a < b] is equivalent to [image: a > b]. For example [image: 7<11] is equivalent to [image: 11>7]. And [image: a > b] is equivalent to [image: a < b]. For example [image: 17>4] is equivalent to [image: 4<17].
 
 
 Figure 1.2 	Inequality Symbols 	Words 
  	[image: a\neq b] 	[image: a] is not equal to [image: b] 
 	[image: a < b] 	[image: a] is less than [image: b] 
 	[image: a\leq b] 	[image: a] is less than or equal to [image: b] 
 	[image: a > b] 	[image: a] is greater than [image: b] 
 	[image: a\geq b] 	[image: a] is greater than or equal to [image: b] 
  
 Example 1.2.1
  Translate from algebra into English:
 	[image: 17<26]
 	[image: 8\neq17]
 	[image: 12\geq(27\div3)]
 	[image: y+7\leq19]
 
 Solution a. [image: 17<26]
 17 is less than or equal to 26
 b. [image: 8\neq17]
 8 is not equal to 17 minus 3
 c. [image: 12\geq(27\div3)]
 12 is greater than 27 divided by 3
 d. [image: y+7\leq19]
 [image: y] plus 7 is less than 19
  
 
 Try It
  1) Translate from algebra into English:
 	[image: 14\le 27]
 	[image: 19-2\ne 8]
 	[image: 12>4\div2]
 	[image: x-7<1]
 
 
 Solution 	14 is less than or equal to 27
 	19 minus 2 is not equal to 8
 	12 is greater than 4 divided by 2
 	[image: x] minus 7 is less than 1
 
  2) Translate from algebra into English:
 	[image: 19\ge 15]
 	[image: 7=12-5]
 	[image: 15\div 3<8]
 	[image: y+3>6]
 
 
 Solution 	19 is greater than or equal to 15
 	7 is equal to 12 minus 5
 	15 divided by 3 is less than 8
 	[image: y] plus 3 is greater than 6
 
  
 
 
 
 Grouping symbols in algebra are much like the commas, colons, and other punctuation marks in English. They help to make clear which expressions are to be kept together and separate from other expressions. We will introduce three types now.
 Grouping Symbols
 Parentheses ()
 Brackets []
 Braces {}
 
 
 
 Here are some examples of expressions that include grouping symbols. We will simplify expressions like these later in this section.
 [image: 8(14-8)]
 What is the difference in English between a phrase and a sentence? A phrase expresses a single thought that is incomplete by itself, but a sentence makes a complete statement. “Running very fast” is a phrase, but “The football player was running very fast” is a sentence. A sentence has a subject and a verb. In algebra, we have expressions and equations.
 Expression
 An expression is a number, a variable, or a combination of numbers and variables using operation symbols.
 
 
 An expression is like an English phrase. Here are some examples of expressions:
 	Expression 	Words 	English Phrase 
  	[image: 3+5] 	3 plus 5 	the sum of three and five 
 	[image: n-1] 	[image: n] minus one 	the difference of [image: n] and one 
 	[image: 6\times7] 	6 times 7 	the product of six and seven 
 	[image: \frac xy] 	[image: x] divided by [image: y] 	the quotient of [image: x] and [image: y] 
  
 Notice that the English phrases do not form a complete sentence because the phrase does not have a verb.
 An equation is two expressions linked with an equal sign. When you read the words the symbols represent in an equation, you have a complete sentence in English. The equal sign gives the verb.
 Equation
 An equation is two expressions connected by an equal sign.
 
 
 
 Here are some examples of equations.
 	Equation 	English Sentence 
  	[image: 3+5=8] 	The sum of three and five is equal to eight. 
 	[image: n-1=14] 	[image: n] minus one equals fourteen. 
 	[image: 6\times7=42] 	The product of six and seven is equal to forty-two. 
 	[image: x=53] 	[image: x] is equal to fifty-three. 
 	[image: y+9=2y-3] 	[image: y] plus nine is equal to two [image: y] minus three. 
  
 Example 1.2.2
  1) Determine if each is an expression or an equation:
 	[image: 2\left(x+3\right)=10]
 	[image: 4\left(y-1\right)+1]
 	[image: x\div25]
 	[image: y+8=40]
 
 Solution a. [image: 2\left(x+3\right)=10]. This is an equation—two expressions are connected with an equal sign.
 b. [image: 4\left(y-1\right)+1]. This is an expression—no equal sign.
 c. [image: x\div25]. This is an expression—no equal sign.
 d. [image: y+8=40]. This is an equation—two expressions are connected with an equal sign.
  
 
 
 Try It
  3) Determine if each is an expression or an equation: 
 	[image: 3\left(x-7\right)=27]
 	[image: 5\left(4y-2\right)-7]
 
 
 
 
 
 Solution 	equation
 	expression
 
  
 4) Determine if each is an expression or an equation:
 	[image: y^3 \div 14]
 	[image: 4x-6=22]
 
 Solution 	expression
 	equation
 
  
 
 
 
 Suppose we need to multiply 2 nine times. We could write this as [image: 2\times2\times2\times2\times2\times2\times2\times2\times2]. This is tedious and it can be hard to keep track of all those 2s, so we use exponents. We write [image: 2\times2\times2] as [image: 2^3] and [image: 2\times2\times2\times2\times2\times2\times2\times2\times2] as [image: 2^9]. In expressions such as [image: 2^3] the 2 is called the base and the 3 is called the exponent. The exponent tells us how many times we need to multiply the base.
 [image: base\leftarrow2^{3\rightarrow\;exponent}]
 means multiply 2 by itself, three times, as in [image: 2\times2\times2]
 We read [image: 2^3] as “two to the third power” or “two cubed.”
 We say [image: 2^3] is in exponential notation and [image: 2\times2\times2] is in expanded notation.
 Exponential Notation
 [image: a^n] means multiply [image: a] by itself, [image: n] times.
 [image: base\leftarrow a^{n\rightarrow\;exponent}]
 [image: a^n=\underset\smile{a\times a\times a\times...\times a}\\\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;n\;factors]
 The expression [image: a^n] is read [image: a] to the nth power.
 
 While we read [image: a^n] as “[image: a] to the nth power,” we usually read:
 	[image: a^2] “[image: a] squared”
 	[image: a^3] “[image: a] cubed”
 
 We’ll see later why [image: a^2] and [image: a^3] have special names.
 
 
 
 The table below shows how we read some expressions with exponents.
 	Expression 	In Words 
  	[image: 7^2] 	7 to the second power or 7 squared 
 	[image: 5^3] 	5 to the third power or 5 cubed 
 	[image: 9^4] 	9 to the fourth power 
 	[image: 12^5] 	12 to the fifth power 
  
 Example 1.2.3
  Simplify: [image: 3^4]
 Solution Step 1: Expand the expression.
 [image: \begin{eqnarray*}3^4&=&3\;\times3\times3\times3\end{eqnarray*}]
 Step 2: Multiply left to right.
 [image: 9\times3\times3]
 Step 3: Multiply.
 [image: 27\times3]
 Step 4: Multiply.
 [image: 81]
  
 
 Try It
  5) Simplify
 	[image: 5^3]
 	[image: 1^7]
 
 
 
 
 Solution 	125
 	1
 
  6) Simplify:
 	[image: 7^2]
 	[image: 0^5]
 
 
 Solution 	49
 	0
 
  
 
 
 
 
 Simplify Expressions Using the Order of Operations
 To simplify an expression means to do all the math possible. For example, to simplify [image: 4\times2+1] we’d first multiply [image: 4\times2] to get 8 and then add the 1 to get 9. A good habit to develop is to work down the page, writing each step of the process below the previous step. The example just described would look like this:
 [image: \begin{eqnarray*}4\;\times\;2\;&+&\;1\\8\;&+&\;1\\&=&\;9\end{eqnarray*}]
 By not using an equal sign when you simplify an expression, you may avoid confusing expressions with equation.
 Simplify an Expression
 To simplify an expression, do all operations in the expression.
 
 We’ve introduced most of the symbols and notation used in algebra, but now we need to clarify the order of operations. Otherwise, expressions may have different meanings, and they may result in different values. For example, consider the expression:
 [image: 4+3\times7]
 If you simplify this expression, what do you get?
 
 	Some students say 49, 	 
  	 	[image: 4+3\times7] 
 	since [image: 4+3] gives [image: 7]. 	[image: 7\times7] 
 	[image: 7\times7] is 49 	[image: 49] 
 	Others say 25, 	 
 	 	[image: 4+3\times7] 
 	Since [image: 3\times7] is 21. 	[image: 4+21] 
 	And [image: 21+4] makes 25. 	[image: 25] 
  
 Imagine the confusion in our banking system if every problem had several different correct answers!
 The same expression should give the same result. So mathematicians early on established some guidelines that are called the Order of Operations.
 HOW TO
 Perform the Order of Operations.
 	Parentheses and Other Grouping Symbols 	Simplify all expressions inside the parentheses or other grouping symbols, working on the innermost parentheses first.
 
 
 	Exponents 	Simplify all expressions with exponents.
 
 
 	Multiplication and Division 	Perform all multiplication and division in order from left to right. These operations have equal priority.
 
 
 	Addition and Subtraction 	Perform all addition and subtraction in order from left to right. These operations have equal priority.
 
 
 
 
 
 Doing the Manipulative Mathematics activity “Game of 24” gives you practice using the order of operations.
 Students often ask, “How will I remember the order?” Here is a way to help you remember: Take the first letter of each keyword and substitute the silly phrase: “Please Excuse My Dear Aunt Sally.”
 	Keyword 	Mnemonic 
  	Parentheses 	Please 
 	Exponents 	Excuse 
 	Multiplication Division 	My Dear 
 	Addition Subtraction 	Aunt Sally 
  
 It’s good that “My Dear” goes together, as this reminds us that multiplication and division have equal priority. We do not always do multiplication before division or always do division before multiplication. We do them in order from left to right.
 Similarly, “Aunt Sally” goes together and so reminds us that addition and subtraction also have equal priority and we do them in order from left to right.
 Let’s try an example.
 Example 1.2.4
  Simplify:
 a. [image: 4+3\times7]
 b. [image: 4+(3\times7)]
 
 Solution a.
 Step 1: Are there any parentheses? 
 No.
 Step 2: Are there any exponents? 
 No.
 Step 3: Is there any multiplication or division? 
 Yes.
 Step 4: Multiply first. 
 [image: 4+3\times7]
 Step 5: Add. 
 [image: 4+21=25]
 
 b.
 Step 1: Are there any parentheses?
 Yes.
 [image: (4+3)\times7]
 Step 2: Simplify inside the parentheses.
 [image: (7)\times7]
 Step 3: Are there any exponents?
 No.
 Step 4: Is there any multiplication or division?
 Yes.
 Step 5: Multiply.
 [image: 49]
  
 
 
 
 
 
 Try It
  7) Simplify:
 	[image: 12-5\times2]
 	[image: (12-5)\times2]
 
 
 Solution 	2
 	14
 
  
 
 
 8) Simplify:
 	[image: 8+3\times9]
 	[image: (8+3)\times9]
 
 Solution 	35
 	99
 
  
 
 
 
 
 Example 1.2.5
  Simplify: [image: 18\div6+4\left(5-2\right)]
 
 Solution Step 1: Parentheses? 
 Yes, subtract first.
 [image: \begin{eqnarray*}18\div6&+&4\left(5-2\right)\\18\div6&+&4\left(3\right)\end{eqnarray*}]
 Step 2: Exponents?
 No.
 Step 3: Multiplication or division?
 Yes.
 Step 4: Divide first because we multiply and divide left to right.
 [image: 18\div6+4\left(3\right)]
 Step 5: Any other multiplication or division?
 Yes.
 Step 6: Multiply.
 [image: 3+4\left(3\right)]
 Step 7: Any other multiplication or division?
 No.
 Step 8: Any addition or subtraction?
 Yes, add.
 [image: 3+12=15]
  
 
 
 
 
 
 
 
 Try It
  9) Simplify: [image: 30\div5+10(3-2)]
 Solution 16
  
 
 
 10) Simplify: [image: 70\div10+4\left(6-2\right)]
 Solution 23
  
 
 
 
 
 When there are multiple grouping symbols, we simplify the innermost parentheses first and work outward.
 Example 1.2.6
  Simplify: [image: 5+2^3+3\lbrack6-3(4-2)\rbrack]
 
 Solution Step 1: Are there any parentheses (or other grouping symbol)? 
 Yes.
 Step 2: Focus on the parentheses that are inside the brackets.
 [image: 5+2^3+3\lbrack6-3(4-2)\rbrack]
 Step 3: Subtract.
 [image: 5+2^3+3\lbrack6-3(2)\rbrack]
 Step 4: Continue inside the brackets and multiply.
 [image: 5+2^3+3\lbrack6-6\rbrack]
 Step 5: Continue inside the brackets and subtract.
 The expression inside the brackets requires no further simplification.
 [image: 5+2^3+3\lbrack0\rbrack]
 Step 6: Are there any exponents?
 Yes.
 Step 7: Simplify exponents. 
 [image: 5+(8)+3\lbrack0\rbrack]
 Step 8: Is there any multiplication or division?
 Yes, multiply.
 [image: 5+8+(3 \times 0 = 0)]
 Step 9: Is there any addition or subtraction?
 Yes, add.
 [image: 5+8+0=13]
  
 
 
 
 
 
 Try It
  11) Simplify: [image: 9+5^3-\left[4\left(9+3\right)\right]]
 
 Solution 86
  
 
 
 12) Simplify: [image: 7^2-2\left[4\left(5+1\right)\right]]
 Solution 1
  
 
 
 
 
 Evaluate an Expression
 In the last few examples, we simplified expressions using the order of operations. Now we’ll evaluate some expressions—again following the order of operations. To evaluate an expression means to find the value of the expression when the variable is replaced by a given number.
 To evaluate an expression means to find the value of the expression when the variable is replaced by a given number.
 To evaluate an expression, substitute that number for the variable in the expression and then simplify the expression.
 Example 1.2.7
  Evaluate [image: 7x-4], when
 	[image: x=5] and,
 	[image: x=1]
 
 
 Solution a.
 Step 1: Substitute 5 for [image: x] in the expression. 
 Simplify the expression.
 [image: 7\times5-4]
 Step 2: Multiply. 
 [image: 35-4]
 Step 3: Subtract.
 [image: 31]
 
 b.
 Step 1: Substitute 1 for [image: x] in the expression. 
 Simplify the expression.
 [image: 7\times1-4]
 Step 2: Multiply.
 [image: 7-4]
 Step 3: Subtract.
 [image: 3]
  
 
 
 
 
 
 Try It
  13) Evaluate [image: 8x-3],  when
 	[image: x=2]
 	[image: x=1]
 
 
 Solution 	13
 	5
 
  
 
 
 14) Evaluate [image: 4y-4], when
 	[image: y=3]
 	[image: y=5]
 
 
 Solution 	 8
 	16
 
  
 
 
 
 
 Example 1.2.8
  Evaluate [image: x=4],  when
 	[image: x^2]
 	[image: 3^x]
 
 
 Solution a.
 Step 1: Replace [image: x] with [image: 4]. 
 [image: 4^2]
 Step 2: Use definition of exponent.
 [image: 4\times4]
 Step 3: Simplify.
 [image: 16]
 
 b.
 Step 1: Replace [image: x]with [image: 4].
 [image: 3^4]
 Step 2: Use definition of exponent.
 [image: 3\times3\times3\times3]
 Step 3: Simplify.
 [image: 81]
  
 
 
 
 
 
 Try It
  15) Evaluate
 	[image: x^2]
 	[image: 4^x]
 
 when [image: x=3]
 
 Solution 	[image: 9 ]
 	[image: 64]
 
 
  
 
 16) Evaluate
 	[image: x^3]
 	[image: 2^x]
 
 when [image: x=6]
 
 Solution 	[image: 216]
 	[image: 64]
 
  
 
 
 
 
 Example 1.2.9
  Evaluate [image: 2x^2+3x+8] when [image: x=4]
 
 Solution Step 1: Substitute [image: x=4].
 [image: 2(4)^2+3(4)+8]
 Step 2: Follow the order of operations.
 [image: \begin{eqnarray*}2(16)&+&12+8\\32&+&12+8=52\end{eqnarray*}]
  
 
 
 
 
 
 
 Try It
  17) Evaluate [image: 3x^2+4x+1] when [image: x=3]
 
 Solution [image: 40]
  
 
 
 18) Evaluate [image: 6x^2-4x-7] when [image: x=2]
 
 Solution [image: 9]
  
 
 
 
 
 Identify and Combine Like Terms
 Term
 Algebraic expressions are made up of terms. A term is a constant or the product of a constant and one or more variables.
 
 Examples of terms are [image: 7], [image: y], [image: 5x^2], [image: 9a], [image: b^5]
 The constant that multiplies the variable is called the coefficient.
 
 Coefficient
 The coefficient of a term is the constant that multiplies the variable in a term.
 
 
 Think of the coefficient as the number in front of the variable. The coefficient of the term [image: 3x] is 3. When we write [image: x], the coefficient is 1, since [image: x=1x].
 
 
 Example 1.2.10
  Identify the coefficient of each term:
 	[image: 14y]
 	[image: 15x^2]
 	[image: a]
 
 
 Solution 	The coefficient of [image: 14y] is [image: 14].
 
 	The coefficient of [image: 15x^2] is [image: 15].
 
 	The coefficient of [image: a] is [image: 1] since [image: a=1a]
 
  
 
 
 
 
 
 Try It
  19) Identify the coefficient of each term:
 	[image: 17x]
 	[image: 41b^2]
 	[image: z]
 
 
 Solution 	14
 	41
 	1
 
  
 
 
 20) Identify the coefficient of each term:
 	[image: 9p]
 	[image: 13a^3]
 	[image: y^3]
 
 
 Solution 	9
 	13
 	1
 
  
 
 
 
 
 Some terms share common traits. Look at the following 6 terms. Which ones seem to have traits in common?
 [image: 5x]          [image: 7]           [image: n^2]            [image: 4]         [image: 3x]         [image: 9n^2]
 The [image: 7] and the [image: 4] are both constant terms.
 The [image: 5x] and the [image: 3x] are both terms with [image: x].
 The [image: n^2]  and the [image: 9n^2] are both terms with [image: n^2]
 When two terms are constants or have the same variable and exponent, we say they are like terms.
 	[image: 7] and [image: 4] are like terms.
 	[image: 5x] and [image: 3x] are like terms.
 	[image: x^2] and [image: 9x^2] are like terms.
 
 Like Terms
 Terms that are either constants or have the same variables raised to the same powers are called like terms.
 
 
 Example 1.2.11
  Identify the like terms: [image: y^3], [image: 7x^2], [image: 14], [image: 23], [image: 4y^3], [image: 9x], [image: 5x^2]
 
 
 Solution 
 [image: y^3] and [image: 4y^3] are like terms because both have [image: y^3] the variable and the exponent match.
 [image: 7x^2] and [image: 5x^2] are like terms because both have [image: x^2] the variable and the exponent match.
 [image: 14] and [image: 23] are like terms because both are constants.
 There is no other term like [image: 9x]
  
 
 
 
 
 
 
 Try It
  21) Identify the like terms: [image: 9], [image: 2x^3], [image: y^2], [image: 8x^3], [image: 15], [image: 9y], [image: 11y^2]
 
 Solution [image: 9] and [image: 15], [image: y^2] and [image: 11y^2], [image: 2x^3] and [image: 8x^3]
  
 
 
 22) Identify the like terms: [image: 4x^3], [image: 8x^2], [image: 19], [image: 3x^2], [image: 24], [image: 6x^3]
 
 Solution [image: 19] and [image: 24], [image: 8x^2] and [image: 3x^2], [image: 4x^3] and [image: 6x^3]
  
 
 
 
 
 Adding or subtracting terms forms an expression. In the expression [image: 2x^2+3x+8] when [image: x=4] from Example 1.2.9, the three terms are [image: 2x^2], [image: 3x], and [image: 8].
 Example 1.2.12
  Identify the terms in each expression.
 	[image: 9x^2+7x+12]
 	[image: 8x+3y]
 
 
 Solution 	The terms of [image: 9x^2+7x+12] are [image: 9x^2],  [image: 7x], and [image: 12].
 
 	The terms of [image: 8x+3y] are [image: 8x] and [image: 3y]
 
  
 
 
 
 
 
 
 
 Try It
  23) Identify the terms in the expression [image: 4x^2+5x+17]
 Solution [image: 4x^2], [image: 5x], [image: 17]
  
 
 
 24) Identify the terms in the expression [image: 5x+2y]
 
 Solution [image: 5x], [image: 2y]
  
 
 
 
 
 If there are like terms in an expression, you can simplify the expression by combining the like terms. What do you think [image: 4x+7x+x] would simplify to? If you thought 12, you would be right!
 [image: 4x+7x+x]
 [image: x+x+x+x]         [image: +\;x+x+x+x+x+x+x]         [image: +\;x]
 [image: 12x]
 
 
 
 Add the coefficients and keep the same variable. It doesn’t matter what [image: x] is—if you have 4 of something and add 7 more of the same thing and then add 1 more, the result is 12 of them. For example, 4 oranges plus 7 oranges plus 1 orange is 12 oranges. We will discuss the mathematical properties behind this later.
 Simplify: [image: 4x+7x+x].
 Add the coefficients. [image: 12x]
 
 Example 1.2.13
  How To Combine Like Terms:
 Simplify: [image: 2x^2+3x+7+x^2+4x+5]
 Solution Step 1: Identify the like terms
 [image: 2x^2+3x+7+x^2+4x+5]
 [image: \boxed{2x^2}+\boxed{3x}+7+\boxed{x^2}+\boxed{4x}+5]
 Step 2: Rearrange the expression so the like terms are together.
 [image: \boxed{2x^2}+\boxed{x^2}+\;\boxed{3x}+\boxed{4x}+7+5]
 Step 3: Combine like terms.
 [image: 3x^2+7x+12]
  
 
 Try It
  25) Simplify: [image: 3x^2+7x+9+7x^2+9x+8]
 
 Solution [image: 10x^2+16x+17]
  
 
 
 26) Simplify: [image: 4y^2+5y+2+8y^2+4y+5]
 
 Solution [image: 12y^2+9y+7]
  
 
 
 
 
 HOW TO
 Combine Like Terms.
 	Identify like terms.
 	Rearrange the expression so like terms are together.
 	Add or subtract the coefficients and keep the same variable for each group of like terms.
 
 
 
 
 
 Translate an English Phrase to an Algebraic Expression
 In the last section, we listed many operation symbols that are used in algebra, then we translated expressions and equations into English phrases and sentences. Now we’ll reverse the process. We’ll translate English phrases into algebraic expressions. The symbols and variables we’ve talked about will help us do that. Below table summarizes them.
 	Operation 	Phrase 	Expression 
  	Addition 	[image: a] plus [image: b]
 the sum of [image: a] and [image: b]
 [image: a] increased by [image: b]
 [image: b] more than [image: a]
 the total of [image: a] and [image: b]
 [image: b] added to [image: a] 	[image: a+b] 
 	Subtraction 	[image: a] minus [image: b]
 the difference of [image: a] and [image: b]
 [image: a] decreased by [image: b]
 [image: b] less than [image: a]
 [image: b] subtracted from [image: a] 	[image: a-b] 
 	Multiplication 	[image: a] times [image: b]
 the product of [image: a] and [image: b]
 twice [image: a] 	[image: a\times b], [image: ab], [image: a(b)], [image: (a)(b)], [image: 2a] 
 	Division 	[image: a] divided by [image: b]
 the quotient of [image: a] and [image: b]
 the ratio of [image: a] and [image: b]
 [image: b] divided into [image: a] 	[image: a\div b], [image: \frac ab], [image: b)\overline a] 
  
 Look closely at these phrases using the four operations:
 the sum of [image: a] and [image: b]
 the difference of [image: a] and  [image: b]
 the product of [image: a] and  [image: b]
 the quotient of [image: a] and  [image: b]
 Each phrase tells us to operate on two numbers. Look for the words of, and to find the numbers.
 
 Example 1.2.14
  Translate each English phrase into an algebraic expression:
 	the difference of [image: 17x] and [image: 5]
 	the quotient of [image: 10x^2] and [image: 7]
 
 Solution a. 
 Step 1: The key word is “difference”, which tells us the operation is subtraction.
 The difference of [image: 17x] and [image: 5].
 Step 2: Look for the words of and and find the numbers to subtract. 
 The difference of [image: 17x] and [image: 5].
 Step 3: Find the difference of [image: 17x] and [image: 5]
 [image: 17x-5]
 
 b.
 Step 1: The key word is “quotient,” which tells us the operation is division.
 The quotient of [image: 10x^2] and [image: 7].
 Step 2: Divide [image: 10x^2] by [image: 7]
 [image: 10x^2\div7]
 This can also be written [image: 10x^2/7] or [image: \frac{10x^2}{7}].
  
 
 Try It
  27) Translate the English phrase into an algebraic expression:
 	the difference of [image: 14x^2] and [image: 13]
 	the quotient of [image: 12x] and [image: 2]
 
 Solution 	[image: 14x^2-13]
 	[image: 12x\div2]
 
  
 
 
 28) Translate the English phrase into an algebraic expression:
 	the sum of [image: 17y^2] and [image: 19]
 	the product of [image: 7] and [image: y]
 
 
 Solution 	[image: 17y^2+19]
 	[image: 7y]
 
  
 
 
 
 
 
 
 
 How old will you be in eight years? What age is eight more years than your age now? Did you add 8 to your present age? Eight “more than” means 8 added to your present age. How old were you seven years ago? This is 7 years less than your age now. You subtract 7 from your present age. Seven “less than” means 7 subtracted from your present age.
 Example 1.2.15
  Translate the English phrase into an algebraic expression:
 	Seventeen more than [image: y]
 	Nine less than [image: 9x^2]
 
 Solution a.
 Step 1: The key words are more than.
 They tell us the operation is addition. More than means “added to.”
 Step 2: Seventeen more than [image: y].
 Step 3: Seventeen added to [image: y].
 [image: y+17]
 
 b.
 Step 1: The key words are less than.
 They tell us to subtract. Less than means “subtracted from.”
 Step 2: Nine less than [image: 9x^2]
 Step 3: Nine subtracted from [image: 9x^2]
 [image: 9x^2-9]
  
 
 Try It
  29) Translate the English phrase into an algebraic expression:
 	Eleven more than [image: x]
 	Fourteen less than [image: 11a]
 
 
 Solution 	[image: x+11]
 	[image: 11a-14]
 
  
 
 
 30) Translate the English phrase into an algebraic expression:
 	[image: 13] more than [image: z]
 	[image: 18] less than [image: 8x]
 
 
 Solution 	[image: z+13]
 	[image: 8x-18]
 
  
 
 
 
 
 
 Example 1.2.16
  Translate the English phrase into an algebraic expression:
 	five times the sum of [image: m] and [image: n]
 	the sum of five times [image: m] and [image: n]
 
 Solution a.
 Step 1: There are two operation words—times tells us to multiply and sum tells us to add.
 Step 2: Because we are multiplying 5 times the sum we need parentheses around the sum of [image: m] and [image: n], [image: (m+n)].
 This forces us to determine the sum first. (Remember the order of operations.)
 Step 3: Five times the sum of [image: m] and [image: n].
 [image: 5(m+n)]
 
 b.
 Step 1: To take a sum, we look for the words “of” and “and” to see what is being added.
 Here we are taking the sum of five times [image: m] and [image: n].
 Step 2: The sum of five times [image: m] and [image: n].
 [image: 5m+n]
  
 
 Try It
  31) Translate the English phrase into an algebraic expression:
 	 four times the sum of [image: p] and [image: q]
 	the sum of four times [image: p] and [image: q]
 
 
 Solution 	[image: 4(p+q)]
 	[image: 4p+q]
 
  
 
 
 
 32) Translate the English phrase into an algebraic expression:
 	the difference of two times [image: x] and 8
 	two times the difference of [image: x] and 8
 
 
 Solution 	[image: 2x-8]
 	[image: 2(x-8)]
 
  
 
 
 
 
 
 Later in this course, we’ll apply our skills in algebra to solving applications. The first step will be to translate an English phrase to an algebraic expression. We’ll see how to do this in the next two examples.
 Example 1.2.17
  The length of a rectangle is 6 less than the width. Let [image: w] represent the width of the rectangle. Write an expression for the length of the rectangle.
 Solution Step 1: Write a phrase about the length of the rectangle.
 6 less than the width
 Step 2: Substitute [image: w] for “the width.”
 6 less than [image: w]
 Step 3: Rewrite “less than” as “subtracted from.”
 6 subtracted from [image: w]
 Step 4: Translate the phrase into algebra.
 [image: w-6]
  
 
 Try It
  33) The length of a rectangle is [image: 7] less than the width. Let [image: w] represent the width of the rectangle. Write an expression for the length of the rectangle.
 Solution [image: w-7]
  34) The width of a rectangle is [image: 6] less than the length. Let [image: l] represent the length of the rectangle. Write an expression for the width of the rectangle.
 Solution [image: l-6]
  
 
 Example 1.2.18
  June has dimes and quarters in her purse. The number of dimes is three less than four times the number of quarters. Let [image: q] represent the number of quarters. Write an expression for the number of dimes.
 Solution Step 1: Write a phrase about the number of dimes.
 three less than four times the number of quarters
 Step 2: Substitute [image: q] for the number of quarters.
 3 less than 4 times [image: q]
 Step 3: Translate “4 times [image: q]“.
 3 less than [image: 4q]
 Step 4: Translate the phase into algebra.
 [image: 4q-3]
  
 
 Try It
  35) Geoffrey has dimes and quarters in his pocket. The number of dimes is eight less than four times the number of quarters. Let [image: q] represent the number of quarters. Write an expression for the number of dimes.
 
 Solution [image: 4q-8]
  
 
 
 36) Lauren has dimes and nickels in her purse. The number of dimes is three more than seven times the number of nickels. Let [image: n] represent the number of nickels. Write an expression for the number of dimes.
 
 Solution [image: 7n+3]
  
 
 
 
 
 
 Key Concepts
  	Notation                           The result is…
  	[image: a+b] 	the sum of [image: a] and [image: b] 
 	[image: a-b] 	the difference of [image: a] and [image: b] 
 	[image: ab], [image: a \times b], [image: (a)(b)], [image: (a)b], [image: a(b)] 	the product of [image: a] and [image: b] 
 	[image: a/b], [image: a\div b], [image: \frac ab], [image: b\overline)a] 	the quotient of [image: a] and [image: b] 
  
 
 	Inequality
  	[image: a<b] is read “a is less than b” 	[image: a] is to the left of [image: b] on the number line 
 	[image: a<b] is read “a is greater than b” 	[image: a] is to the right of [image: b] on the number line 
  
 
 	Inequality Symbols                Words
  	[image: a\neq b] 	[image: a] is not equal to [image: b] 
 	[image: a< b] 	[image: a] is less than [image: b] 
 	[image: a\leq b] 	[image: a] is less than or equal to [image: b] 
 	[image: a>b] 	[image: a] is greater than [image: b] 
 	[image: a\geq b] 	[image: a] is greater than or equal to [image: b] 
  
 
 	Grouping Symbols 	Parentheses ()
 	Brackets []
 	Braces {}
 
 
 	Exponential Notation 	[image: a^n] means multiply [image: a] by itself, [image: n] times. The expression [image: a^n] is read [image: a] to the [image: n]th power.
 
 
 	Order of Operations: When simplifying mathematical expressions perform the operations in the following order: 	Parentheses and other Grouping Symbols: Simplify all expressions inside the parentheses or other grouping symbols, working on the innermost parentheses first.
 	Exponents: Simplify all expressions with exponents.
 	Multiplication and Division: Perform all multiplication and division in order from left to right. These operations have equal priority.
 	Addition and Subtraction: Perform all addition and subtraction in order from left to right. These operations have equal priority.
 
 
 	Combine Like Terms 	Identify like terms.
 	Rearrange the expression so like terms are together.
 	Add or subtract the coefficients and keep the same variable for each group of like terms.
 
 
 
 
 
 Self Check:
 a. Use this checklist to evaluate your mastery of the objectives of this section.
 	the quotient of [image: 10x^2] and [image: 7]
 	divide [image: 10x^2] by [image: 7]
 	[image: 10x^2\div7]
 
 b. After reviewing this checklist, what will you do to become confident for all objectives?
 
 
 Glossary
  	coefficient
 	The coefficient of a term is the constant that multiplies the variable in a term.
 
 	constant
 	A constant is a number whose value always stays the same.
 
 	equality symbol
 	The symbol “=” is called the equal sign. We read [image: a=b] as “a is equal to b.”
 
 	equation
 	An equation is two expressions connected by an equal sign.
 
 	evaluate an expression
 	To evaluate an expression means to find the value of the expression when the variable is replaced by a given number.
 
 	expression
 	An expression is a number, a variable, or a combination of numbers and variables using operation symbols.
 
 	like terms
 	Terms that are either constants or have the same variables raised to the same powers are called like terms.
 
 	simplify an expression
 	To simplify an expression, do all operations in the expression.
 
 	term
 	A term is a constant or the product of a constant and one or more variables.
 
 	variable
 	A variable is a letter that represents a number whose value may change.
 
 
 
 
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		1.3 Integers

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use negatives and opposites
 	Simplify: expressions with absolute value
 	Add integers
 	Subtract integers
 	Multiply integers
 	Divide integers
 	Simplify expressions with integers
 	Evaluate variable expressions with integers
 	Translate English phrases to algebraic expressions
 	Use integers in applications
 
 
 
 
 Use Negatives and Opposites
 
 Our work so far has only included the counting numbers and the whole numbers. But if you have ever experienced a temperature below zero or accidentally overdrawn your checking account, you are already familiar with negative numbers. Negative numbers are numbers less than 0. The negative numbers are to the left of zero on the number line.
 The number line shows the location of positive and negative numbers.
 [image: \overleftrightarrow{\;\;\;\;\underbrace{\;\;−4\;\;\;\;\;\;\;\;\;\;−3\;\;\;\;\;\;\;\;\;\;−2\;\;\;\;\;\;\;\;\;\;−1}\;\;\;\;\;\;\;\;\;\;\underline0\;\;\;\;\;\;\;\;\;\;\;\underbrace{1\;\;\;\;\;\;\;\;\;\;\;2\;\;\;\;\;\;\;\;\;\;\;3\;\;\;\;\;\;\;\;\;\;\;4\;\;\;\;}\;\;\;\;}\\\\\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;Negative\;numbers\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;Zero\;\;\;\;\;\;\;\;\;\;\;\;Positive\;numbers\;]
 The arrows on the ends of the number line indicate that the numbers keep going forever. There is no biggest positive number, and there is no smallest negative number.
 Is zero a positive or a negative number? Numbers larger than zero are positive, and numbers smaller than zero are negative. Zero is neither positive nor negative.
 Consider how numbers are ordered on the number line. Going from left to right, the numbers increase in value. Going from right to left, the numbers decrease in value.
 The numbers on a number line increase in value going from left to right and decrease in value going from right to left.
 [image: \overleftrightarrow{\xleftarrow[{smaller}]{−4\;\;\;\;\;\;\;\;\;\;−3\;\;\;\;\;\;\;\;\;\;−2\;\;\;\;\;\;\;\;\;\;−1}\;\;\;\;\;\;0\;\;\;\;\;\xrightarrow[{Larger}]{\;\;\;\;\;\;1\;\;\;\;\;\;\;\;\;\;\;\;\;\;2\;\;\;\;\;\;\;\;\;\;\;\;\;3\;\;\;\;\;\;\;\;\;\;\;\;\;4}}]
 Remember that we use the notation:
 [image: a < b] (read “a is less than b”) when [image: a] is to the left of [image: b] on the number line.
 [image: a > b] (read “a is greater than b”) when [image: a] is to the right of [image: b] on the number line.
 Now we need to extend the number line which showed the whole numbers to include negative numbers, too. The numbers marked by points in figure 1.3.1 are called the integers. The integers are the numbers  {…}−3,−2,−1,0,1,2,3{…}
 All the marked numbers are called integers.
 [image: ]Figure 1.3.1 
 
 
 Example 1.3.1
  Order each of the following pairs of numbers, using < or >:
 	[image: 14\underline{\hspace{0.5cm}}6]
 	[image: -1\underline{\hspace{0.5cm}}9]
 	[image: -1\underline{\hspace{0.5cm}}-4]
 	[image: 2\underline{\hspace{0.5cm}}-20]
 
 
 [image: A number line ranges from negative twenty to fifteen with ticks marks between numbers. Every fifth tick mark is labeled a number. Points are plotted at points negative twenty, negative 4, negative 1, 2, 6, 9 and 14.]Figure 1.3.2 Solution It may be helpful to refer to the number line shown.
 a. 14 is to the right of 6 on the number line.
 [image: 14\underline{\hspace{0.5cm}}6]         [image: 14>6]
 b. −1 is to the left of 9 on the number line.
 [image: −1\underline{\hspace{0.5cm}}9]        [image: −1<9]
 c. −1 is to the right of −4 on the number line.
 [image: −1\underline{\hspace{0.5cm}}−4]         [image: −1>−4]
 d. 2 is to the right of −20 on the number line.
 [image: 2\underline{\hspace{0.5cm}}−20]        [image: 2>−20]
  
 
 
 Try It
  1) Order each of the following pairs of numbers, using < or >:
 	[image: 15\underline{\hspace{0.5cm}}7]
 	[image: −2\underline{\hspace{0.5cm}}5]
 	[image: −3\underline{\hspace{0.5cm}}−7]
 	[image: 5\underline{\hspace{0.5cm}}−17]
 
 
 Solution 	>
 	<
 	>
 	>
 
  
 
 
 2) Order each of the following pairs of numbers, using < or >:
 	[image: 8\underline{\hspace{0.5cm}}13]
 	[image: 3\underline{\hspace{0.5cm}}−4]
 	[image: −5\underline{\hspace{0.5cm}}−2]
 	[image: 9\underline{\hspace{0.5cm}}−21]
 
 
 Solution 	<
 	>
 	<
 	>
 
  
 
 
 
 
 You may have noticed that, on the number line, the negative numbers are a mirror image of the positive numbers, with zero in the middle. Because the numbers 2 and −2 are the same distance from zero, they are called opposites. The opposite of 2 is −2 and the opposite of −2 is 2.
 Opposite
 The opposite of a number is the number that is the same distance from zero on the number line but on the opposite side of zero.
 
 Figure 1.3.2  illustrates the definition.
 The opposite of 3 is −3.
 
 
 [image: A number line ranges from negative 4 to 4. There are two brackets above the number line. The bracket on the left spans from negative three to 0. The bracket on the right spans from zero to three. Points are plotted on both negative three and three]Figure 1.3.3 
 Sometimes in algebra, the same symbol has different meanings. Just like some words in English, the specific meaning becomes clear by looking at how it is used. You have seen the symbol “−” used in three different ways.
 
 	[image: 10-4] 	Between two numbers, it indicates the operation of subtraction. We read [image: 10-4] as ” 10 minus 4.” 
 	[image: -8] 	In front of a number, it indicates a negative number. We read −8 as “negative eight.” 
 	[image: -x] 	In front of a variable, it indicates the opposite. We read [image: -x] as “the opposite of [image: x].” 
 	[image: -(-2)] 	Here there are two “−” signs. The one is the parentheses tells us the number is negative 2. and the one outside the parentheses tells us to take the opposite of −2. We read (−2) as “the opposite of negative two.” 
  
 Opposite Notation
 [image: −a] means the opposite of the number [image: a].
 The notation [image: −a] is read as “the opposite of [image: a].”
 
 
 
 Example 1.3.2
  Find:
 		the opposite of [image: 7]
 	the opposite of [image: −10]
 	the opposite of [image: -6]
 
 
 
 Solution a. [image: -7] is the same distance from [image: 0] as [image: 7], but on the opposite side of [image: 0]
 [image: \xleftarrow[{-7\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}]{\overbrace{\;\;7\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}}0\xrightarrow[{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;7}]{\overbrace{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;7}}]
 The opposite of [image: 7] is [image: −7].
 
 b. [image: 10] is the same distance from [image: 0] as [image: -10], but on the opposite side of [image: 0].
 [image: \xleftarrow[{-10\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}]{\overbrace{\;10\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}}0\xrightarrow[{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;10}]{\overbrace{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;10}}]
 The opposite of [image: −10] is [image: 10].
 
 c. [image: -(-6)]
 [image: \xleftarrow[{-6\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}]{\overbrace{\;6\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}}0\xrightarrow[{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;6}]{\overbrace{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;6}}]
 The opposite of [image: -(-6)] is [image: -6].
  
 
 Try It
  3) Find:
 	the opposite of [image: 4]
 	the opposite of [image: -3]
 	[image: -(-1)]
 
 
 Solution 	[image: -4]
 	[image: 3]
 	[image: 1]
 
  
 
 
 4) Find:
 	the opposite of [image: 8]
 	the opposite of [image: −5]
 	[image: -(-5)]
 
 
 Solution 	[image: -8]
 	[image: 5]
 	[image: 5]
 
  
 
 
 
 
 Our work with opposites gives us a way to define the integers. The whole numbers and their opposites are called the integers. The integers are the numbers −3,−2,−1,0,1,2,3
 
 
 
 Integers
 The whole numbers and their opposites are called the integers.
 
 
 The integers are the numbers −3,−2,−1,0,1,2,3
 
 When evaluating the opposite of a variable, we must be very careful. Without knowing whether the variable represents a positive or negative number, we don’t know whether [image: x] is positive or negative. We can see this in the below figure.
 
 Example 1.3.3
  Evaluate
 	[image: -x], when [image: x=8]
 	[image: -x], when [image: x=-8].
 
 Solution a.
 To evaluate when [image: x=8] means to substitute [image: 8] for [image: x].
 Step 1: Substitute [image: 8] for [image: x]. 
 [image: -(8)]
 Step 2: Write the opposite of [image: 8].
 [image: -8]
 
 b.
 To evaluate when [image: x=-8] means to substitute [image: -8] for [image: x].
 Step 1: Substitute [image: -8] for [image: x]. 
 [image: -(-8)]
 Step 2: Write the opposite of [image: -8].
 [image: 8]
  
 
 Try It
  5) Evaluate [image: -n] when 
 	[image: n=4] 
 	[image: n=-4]
 
 Solution 	[image: −4]
 	[image: 4]
 
  
 
 
 6) Evaluate [image: -m] when
 	[image: m=11]
 	[image: m=-11]
 
 
 Solution 	[image: -11]
 	[image: 11]
 
  
 
 
 
 
 
 Simplify: Expressions with Absolute Value
 We saw that numbers such as 2 and −2 are opposites because they are the same distance from 0 on the number line. They are both two units from 0. The distance between 0 and any number on the number line is called the absolute value of that number.
 Absolute Value
 The absolute value of a number is its distance from 0 on the number line.
 The absolute value of a number [image: n] is written as [image: \left|n\right|].
 
 For example,
 
 	[image: −5] is [image: 5] units away from [image: 0], so [image: \left|−5\right|=5].
 	5 is 5 units away from 0, so [image: \left|5\right|=5].
 
 The figure below illustrates this idea. The integers 5 and −5 are 5 units away from 0.
 [image: \xleftarrow[{-5\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}]{\overbrace{\;5\;units\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;}}0\xrightarrow[{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;5}]{\overbrace{\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;5units}}]
 The absolute value of a number is never negative (because distance cannot be negative). The only number with absolute value equal to zero is the number zero itself, because the distance from 0 to 0 on the number line is zero units.
 Property of Absolute Value
 [image: \left|n\right|\geq0] for all numbers
 Absolute values are always greater than or equal to zero!
 
 Mathematicians say it more precisely, “absolute values are always non-negative.” Non-negative means greater than or equal to zero.
 
 Example 1.3.4
  7) Simplify:
 	[image: \left|3\right|]
 	[image: \left|-44\right|]
 	[image: \left|0\right|]
 
 Solution The absolute value of a number is the distance between the number and zero. Distance is never negative, so the absolute value is never negative.
 a. [image: \left|3\right|=3]
 
 b. [image: \left|-44\right|=44]
 
 c. [image: \left|0\right|=0]
  
 
 
 
 Try It
  7) Simplify:
 	[image: \left|4\right|]
 	[image: \left|-28\right|]
 	[image: \left|0\right|]
 
 
 Solution 	4
 	28
 	0
 
  
 
 
 8) Simplify:
 	[image: \left|-13\right|]
 	[image: \left|47\right|]
 	[image: \left|0\right|]
 
 
 Solution 	 13
 	47
 	0
 
  
 
 
 
 
 
 In the next example, we’ll order expressions with absolute values. Remember, positive numbers are always greater than negative numbers!
 Example 1.3.5
  Fill in [image: <],[image: >] or [image: =] for each of the following pairs of numbers:
 	[image: \left|-5\right|\underline{\hspace{0.5cm}}-\left|-5\right|]
 	[image: 8\underline{\hspace{0.5cm}}-\left|-8\right|]
 
 	[image: -9\underline{\hspace{0.5cm}}-\left|-9\right|]
 
 	[image: -\left(-16\right)\underline{\hspace{0.5cm}}\left|-16\right|]
 
 Solution a. 
 Step 1: Simplify.
 [image: -5\underline{\hspace{0.5cm}}--5]
 Step 2: Order.
 [image: 5>-5]
 [image: \left|5\right|>-\left|-5\right|]
 
 b.
 Step 1: Simplify.
 [image: 8\underline{\hspace{0.5cm}}--8]
 Step 2: Order.
 [image: 8>-8]
 [image: \left|8\right|>-\left|-8\right|]
 
 c. 
 Step 1: Simplify.
 [image: −9\underline{\hspace{0.5cm}}−−9]
 Step 2: Order.
 [image: \begin{align*}-9&=-9\\\left|9\right|&=-\left|-9\right|\end{align*}]
 
 d. 
 Step 1: Simplify.
 [image: --16\underline{\hspace{0.5cm}}-16|]
 Step 2: Order.
 [image: 16>−16]
 [image: −\left(−16\right)>−\left|-16\right|]
  
 
 
 
 
 
 
 Try It
  9) Fill in [image: <], [image: >], or [image: =] for each of the following pairs of numbers:
 	[image: \left|-9\right|\underline{\hspace{0.5cm}}-\left|-9\right|]
 	[image: \left|2\right|\underline{\hspace{0.5cm}}-\left|-2\right|]
 	[image: \left|-8\right|\underline{\hspace{0.5cm}}\left|-8\right|]
 	[image: -\left(-9\right)\underline{\hspace{0.5cm}}-\left|-9\right|]
 
 
 Solution 	 >
 	>
 	<
 	>
 
  
 
 
 10) Fill in [image: <], [image: >], or [image: =] for each of the following pairs of numbers:
 	[image: \left|7\right|\underline{\hspace{0.5cm}}-\left|-7\right|]
 	[image: -\left(-10\right)\underline{\hspace{0.5cm}}-\left|-10\right|]
 	[image: \left|-4\right|\underline{\hspace{0.5cm}}-\left|-4\right|]
 	[image: \left|-1\right|\underline{\hspace{0.5cm}}\left|-1\right|]
 
 
 Solution 	 >
 	>
 	>
 	<
 
  
 
 
 
 
 
 We now add absolute value bars to our list of grouping symbols. When we use the order of operations, first we simplify inside the absolute value bars as much as possible, then we take the absolute value of the resulting number.
 Grouping Symbols
 Parentheses ()                 Braces {}
 Brackets []          Absolute value ||
 
 
 
 In the next example, we simplify the expressions inside absolute value bars first, just like we do with parentheses.
 
 Example 1.3.6
  Simplify: [image: 24-\left|19-3(6-2)\right|]
 Solution Step 1: Work inside parentheses first: subtract 2 from 6.
 [image: 24-\left|19-3(4)\right|]
 Step 2: Multiply 3(4).
 [image: 24-\left|19-12\right|]
 Step 3: Subtract inside the absolute value bars.
 [image: 24-\left|7\right|]
 Step 4: Take the absolute value.
 [image: 24-7]
 Step 5: Subtract
 [image: 17]
  
 
 Try It
  11) Simplify: [image: 19-\left|11-4(3-1)\right|]
 
 Solution [image: 16]
  
 
 
 12) Simplify: [image: 9-\left|8-4(7-5)\right|]
 
 Solution [image: 9]
  
 
 
 
 
 Example 1.3.7
  Evaluate:
 	[image: \left|x\right|] when [image: x=-35]
 	[image: \left|-y\right|] when [image: y=-20]
 	[image: -\left|u\right|] when [image: u=12]
 	[image: -\left|p\right|] when [image: p=-14]
 
 Solution a.
 Step 1: Substitute [image: -35]for [image: x].
 [image: \left|-35\right|]
 Step 2: Take the absolute value.
 [image: 35]
 
 b.
 Step 1: Substitute [image: -20] for [image: y].
 [image:  \left|-(-20)\right|]
 Step 2: Simplify.
 [image: \left|20\right|]
 Step 3: Take the absolute value.
 [image: 20]
 
 c.
 Step 1: Substitute [image: 12] for [image: u].
 [image: -\left|12\right|]
 Step 2: Take the absolute value.
 [image: -12]
 
 d.
 Step 1: Substitute [image: -14] for [image: p].
 [image: -\left|-14\right|]
 Step 2: Take the absolute value
 [image: -14]
 
  
 
 Try It
  13) Evaluate:
 	[image: \left|x\right|] when [image: x=-17]
 	[image: \left|-y\right|] when [image: y=39]
 	[image: -\left|m\right|] when [image: m=22]
 	[image: -\left|p\right|] when [image: p=-11].
 
 
 Solution 	17
 	39
 	−22
 	−11
 
  
 
 
 14) Evaluate:
 	[image: \left|y\right|] when [image: y=-23]
 	[image: \left|-y\right|] when [image: y=-21]
 	[image: -\left|n\right|] when [image: n=37]
 	[image: -\left|q\right|] when [image: q=-49]
 
 
 Solution 	23
 	21
 	−37
 	−49
 
  
 
 
 
 
 Add Integers
 Most students are comfortable with the addition and subtraction facts for positive numbers. But doing addition or subtraction with both positive and negative numbers may be more challenging.
 We will use two colour counters to model addition and subtraction of negatives so that you can visualize the procedures instead of memorizing the rules.
 We let one colour (blue) represent positive. The other colour (red) will represent the negatives. If we have one positive counter and one negative counter, the value of the pair is zero. They form a neutral pair. The value of this neutral pair is zero.
 [image: ]Figure 1.3.4 We will use the counters to show how to add the four addition facts using the numbers 5,−5 and 3,−3.
 [image: 5+3]          [image: -5+(-3)]              [image: -5+3]             [image: 5+(-3)]
 To add [image: 5+3], we realize that [image: 5+3] means the sum of 5 and 3.
 	We start with 5 positives. 	[image: The image shows 5 blue circles.]Figure 1.3.5  
 	And then we add 3 positives. 	[image: The image shows 5 blue circles on the left and 3 blue circles on the right.]Figure 1.3.6  
 	We now have 8 positives. The sum of 5 and 3 is 8. 	[image: the image shows 8 blue circles and describes them as 8 positives.]Figure 1.3.7  
  
 Now we will add [image: -5+(-3)]. Watch for similarities to the last example [image: 5+3=8].
 To add [image: -5+(-3)], we realize this means the sum of −5 and −3.
 	We start with 5 negatives. 	[image: This image shows 5 red circles.]Figure 1.3.8  
 	And then we add 3 negatives. 	[image: This image shows 5 red circles on the left and 3 red circles on the right.]Figure 1.3.9  
 	We now have 8 negatives. The sum of −5 and −3 is −8. 	[image: This image shows 8 red circles and describes them as 8 negatives.]Figure 1.3.10  
  
 In what ways were these first two examples similar?
 	The first example adds 5 positives and 3 positives—both positives.
 	The second example adds 5 negatives and 3 negatives—both negatives.
 
 In each case we got 8—either 8 positives or 8 negatives.
 When the signs were the same, the counters were all the same colour, and so we added them.
 [image: This figure is divided into two columns. In the left column there are eight blue counters in a horizontal row. Under them is the text “8 positives.” Centered under this is the equation 5 plus 3 equals 8. In the right column are eight red counters in a horizontal row which are labled below with the phrase “8 negatives”. Centered under this is the equation negative 5 plus negative 3 equals negative 8, where negative 3 is in parentheses.]Figure 1.3.11 Example 1.3.8
  Add:
 	[image: 1+4]
 	[image: -1+(-4)] 
 
 Solution 
 a.
 [image: This image shows 1 blue circle on the left and 4 blue circles on the right side.]Figure 1.3.12 1 positive plus 4 positives is 5 positives.
 
 b.
 [image: There is one red circle on the left and 4 circles are in the right side of the image.]Figure 1.3.13  1 negative plus 4 negatives is 5 negatives.
  
 
 Try It
  15) Add:
 	[image: 2+4]
 	[image: -2+(-4)]
 
 
 Solution 	 6
 	−6
 
  
 
 
 16) Add:
 	[image: 2+5]
 	[image: -2+(-5)]
 
 
 Solution 	 7
 	−7
 
  
 
 
 
 
 So what happens when the signs are different? Let’s add −5+3. We realize this means the sum of −5 and 3. When the counters were the same colour, we put them in a row. When the counters are a different colour, we line them up under each other.
 
 
 
 	 	−5 + 3 means the sum of −5 and 3. 
 	We start with 5 negatives. 	[image: This image shows 5 red circles.]Figure 1.3.14  
 	And then we add 3 positives. 	[image: this image shows two rows of circles. on the first row there are 5 red circles. on the second row there are 3 blue circles.]Figure 1.3.15  
 	We remove any neutral pairs. 	[image: there are two rows of circles. on top row there are 5 red circles and on the bottom row there are three blue circles. the first 3 red circles are paired with the blue circles.]Figure 1.3.16  
 	We have 2 negatives left. 	[image: there are two red circles. description says two negatives.]Figure 1.3.17  
 	The sum of −5 and 3 is −2. 	[image: −5+3 =−2] 
  
 Notice that there were more negatives than positives, so the result was negative.
 Let’s now add the last combination, [image: 5+(−3)].
 	 	5 + (−3) means the sum of 5 and −3. 
 	We start with 5 positives. 	[image: This image shows 5 blue circles.]Figure 1.3.18  
 	And then we add 3 negatives. 	[image: this image shows two rows of circles. on the first row there are 5 blue circles. on the second row there are 3 red circles.]Figure 1.3.19  
 	We remove any neutral pairs. 	[image: there are two rows of circles. on top row there are 5 blue circles and on the bottom row there are three red circles. the first 3 blue circles are paired with the red circles.]Figure 1.3.20  
 	We have 2 positives left. 	[image: there are two blue circles. description says two positives.]Figure 1.3.21  
 	The sum of 5 and −3 is 2. 	[image: 5+(−3)=2] 
  
 When we use counters to model addition of positive and negative integers, it is easy to see whether there are more positive or more negative counters. So we know whether the sum will be positive or negative.
 [image: Two images are shown and labeled. The left image shows five red counters in a horizontal row drawn above three blue counters in a horizontal row, where the first three pairs of red and blue counters are circled. Above this diagram is written “negative 5 plus 3” and below is written “More negatives – the sum is negative.” The right image shows five blue counters in a horizontal row drawn above three red counters in a horizontal row, where the first three pairs of red and blue counters are circled. Above this diagram is written “5 plus negative 3” and below is written “More positives – the sum is positive.”]Figure 1.3.22 
 Example 1.3.9
  Add:
 	[image: -1+5]
 	[image: 1+(-5)]
 
 
 Solution a.
 [image: this image contains of two rows of circles. on first row there is one red circle. on second row there are 5 blue circles.the red circle is paired with the first blue circle.]Figure 1.3.23 There are more positives, so the sum is positive.
 [image: -1+5=4]
 
 b.
 [image: this image contains of two rows of circles. on first row there is one blue circle. on second row there are 5 red circles.the blue circle is paired with the first red circle.]Figure 1.3.24 There are more negatives, so the sum is negative.
 [image: 1+(-5)=-4]
  
 
 
 Try It
  17) Add:
 	[image: -2+4]
 	[image: 2+(-4)]
 
 
 Solution 	[image: 2]
 	[image: -2]
 
  
 
 
 18) Add:
 	[image: -2+5]
 	[image: 2+(-5)]
 
 
 Solution 	 [image: 3]
 	[image: -3]
 
  
 
 
 
 
 Now that we have added small positive and negative integers with a model, we can visualize the model in our minds to simplify problems with any numbers.
 When you need to add numbers such as [image: 37+(-53)], you really don’t want to have to count out 37 blue counters and 53 red counters. With the model in your mind, can you visualize what you would do to solve the problem?
 Picture 37 blue counters with 53 red counters lined up underneath. Since there would be more red (negative) counters than blue (positive) counters, the sum would be negative. How many more red counters would there be? Because [image: 53-37=16], there are 16 more red counters.
 Therefore, the sum of [image: 37+(-53)] is −16.
 [image: 37+(-53)=-16]
 Let’s try another one. We’ll add [image: -74+(−27)]. Again, imagine 74 red counters and 27 more red counters, so we’d have 101 red counters. This means the sum is −101.
 [image: -74+(−27)=-101]
 Let’s look again at the results of adding the different combinations of 5,−5 and 3,−3.
 Addition of Positive and Negative Integers
 	[image: 5+3] 	[image: -5+(-3)] 
 	[image: 8] 	[image: -8] 
 	both positive, sum positive 	both negative, sum negative 
  
 When the signs are the same, the counters would be all the same colour, so add them.
 
 	[image: -5+3] 	[image: 5+(-3)] 
 	[image: -2] 	[image: 2] 
 	different signs, more negatives, sum negative 	different signs, more positives, sum positive 
  
 When the signs are different, some of the counters would make neutral pairs, so subtract to see how many are left.
 Visualize the model as you simplify the expressions in the following examples.
 
 Example 1.3.10
  Simplify
 	[image: 19+(-47)]
 	[image: -14+(-36)]
 
 Solution a. Since the signs are different, we subtract 19 from 47. The answer will be negative because there are more negatives than positives.
 Step 1: Subtract 
 [image: 19+(-47)]
 [image: -28]
 
 b.  Since the signs are the same, we add. The answer will be negative because there are only negatives.
 Step 1: Add
 [image: -14+(-36)]
 [image: -50]
  
 
 Try It
  19) Simplify:
 	[image: -31+(-19)]
 	[image: 15+(-32)]
 
 
 Solution 	[image: -50]
 	[image: -17]
 
  
 
 
 20) Simplify:
 	[image: -42+(-28)]
 	[image: 25+(-61)]
 
 
 Solution 	[image: -70]
 	[image: -36]
 
  
 
 
 
 
 The techniques used up to now extend to more complicated problems, like the ones we’ve seen before. Remember to follow the order of operations!
 
 Example 1.3.11
  Simplify: [image: -5+3(-2+7)]
 Solution Step 1: Simplify inside the parentheses.
 [image: -5+3(5)]
 Step 2: Multiply.
 [image: -5+15]
 Step 3: Add left to right.
 [image: 10]
  
 
 Try It
  21) Simplify: [image: -2+5(-4+7)]
 Solution 13
  22) Simplify: [image: -4+2(-3+5)]
 
 Solution 0
  
 
 
 
 
 
 Subtract Integers
 We will continue to use counters to model subtraction. Remember, the blue counters represent positive numbers and the red counters represent negative numbers.
 Perhaps when you were younger, you read “5−3” as “5 take away 3”. When you use counters, you can think of subtraction the same way!
 We will model the four subtraction facts using the numbers 5 and 3.
 [image: 5-3]        [image: -5-(-3)]         [image: -5-3]         [image: 5-(-3)]
 To subtract 5-3, we restate the problem as “5 takes away 3”.
 	We start with 5 positives. 	[image: there are five blue circles in this image.]Figure 1.3.25  
 	We ‘take away’ 3 positives. 	[image: there are five blue circles in this image. the first three blue circles are selected.]Figure 1.3.26  
 	We have 2 positives left. 	The difference of 5 and 3 is 2. 
  
 Now we will subtract [image: -5-(-3)]. Watch for similarities to the last example [image: 5-3=2].
 To subtract [image: -5-(-3)], we restate this as “−5 take away −3”.
 	We start with 5 negatives. 	[image: there are five red circles in this image.]Figure 1.3.27  
 	We ‘take away’ 3 negatives. 	[image: there are five red circles in this image. the first three red circles are selected.]Figure 1.3.28  
 	We have 2 negatives left. 	The difference of −5 and −3 is −2. 
  
 Notice that these two examples are much alike: The first example, we subtract 3 positives from 5 positives and end up with 2 positives.
 In the second example, we subtract 3 negatives from 5 negatives and end up with 2 negatives.
 Each example used counters of only one colour, and the “take away” model of subtraction was easy to apply.
 [image: Two images are shown and labeled. The first image shows five blue counters, three of which are circled with an arrow. Above the counters is the equation “5 minus 3 equals 2.” The second image shows five red counters, three of which are circled with an arrow. Above the counters is the equation “negative 5, minus, negative 3, equals negative 2.”]Figure 1.3.29 
  
 Example 1.3.12
  Subtract:
 	[image: 7-5]
 	[image: -7-(-5)]
 
 Solution a.
 Step 1: Take 5 positive from 7 positives and get 2 positives.
 [image: 7-5=2]
 
 b.
 Step 1: Take 5 negatives from 7 negatives and get 2 negatives.
 [image: -7-(-5)=-2]
  
 
 Try It
  23) Subtract:
 	[image: 6-4]
 	[image: -6-(-4)]
 
 
 Solution 	[image: 2]
 	[image: -2]
 
  
 
 
 24) Subtract:
 	[image: 7-4]
 	[image: -7-(-4)]
 
 
 Solution 	[image: 3]
 	[image: -3]
 
  
 
 
 
 
 What happens when we have to subtract one positive and one negative number? We’ll need to use both white and red counters as well as some neutral pairs. Adding a neutral pair does not change the value. It is like changing quarters to nickels—the value is the same, but it looks different.
 
 
 
 	To subtract [image: -5-3], we restate it as −5 take away 3.
 
 We start with 5 negatives. We need to take away 3 positives, but we do not have any positives to take away.
 Remember, a neutral pair has value zero. If we add 0 to 5 its value is still 5. We add neutral pairs to the 5 negatives until we get 3 positives to take away.
 	We start with 5 negatives. 	[image: the image shows 5 red circles.]Figure 1.3.30  
 	We now add the neutrals needed to get 3 positives. 	[image: the image has two rows of circles. on first row there are 8 red circles and on second row there are 3 blue circles. Three red circles are paired with three blue circles.]Figure 1.3.31  
 	We remove the 3 positives. 	[image: the image has two rows of circles. on first row there are 8 red circles and on second row there are 3 blue circles. Three blue circles are selected.]Figure 1.3.32  
 	We are left with 8 negatives. 	[image: This image shows 8 red circles. the description says "8 negatives".]Figure 1.3.33  
 	The difference of −5 and 3 is −8. 	[image: −5− 3=−8] 
  
 And now, the fourth case, [image: 5-(-3)]. We start with 5 positives. We need to take away 3 negatives, but there are no negatives to take away. So we add neutral pairs until we have 3 negatives to take away.
 	We start with 5 positives. 	[image: the image shows 5 blue circles.]Figure 1.3.34  
 	We now add the needed neutrals pairs. 	[image: the image has two rows of circles. on first row there are 8 blue circles and on second row there are 3 red circles. Three red circles are paired with three blue circles.]Figure 1.3.35  
 	We remove the 3 negatives. 	[image: the image has two rows of circles. on first row there are 8 blue circles and on second row there are 3 red circles. Three red circles are selected.]Figure 1.3.36  
 	We are left with 8 positives. 	[image: This image shows 8 blue circles. the description says "8 Positives".]Figure 1.3.37  
 	The difference of 5 and −3 is 8. 	[image: 5-(-3) = 8] 
  
 Example 1.3.13
  Subtract:
 	[image: -3-1]
 	[image: 3-(-1)].
 
 
 Solution a. 
 Step 1: Take 1 positive from the one added neutral pair.
 
 [image: This image shows 4 red circles.]Figure 1.3.38 [image: -3-1]
 [image: ]1.3.39 [image: -4]
 
 b.
 Step 1: Take 1 negative from the one added neutral pair.
 [image: The image shows 4 blue circles.]1.3.40 [image: 3-(-1)]
 [image: The image shows one red circle that is selected.]Figure 1.3.41 [image: 4]
  
 
 
 
 
 
 Try It
  25) Subtract:
 	[image: -6-4]
 	[image: 6-(-4)]
 
 
 Solution 	[image: -10]
 	[image: 10]
 
  
 
 
 26) Subtract:
 	[image: -7-4]
 	[image: 7-(-4)]
 
 
 Solution 	[image: -11 ]
 	[image: 11]
 
  
 
 
 
 
 Have you noticed that subtraction of signed numbers can be done by adding the opposite? In example 1.3.13 (above),  [image: -3-1] is the same as [image: -3+(-1)] and [image: 3-(-1)] is the same as [image: 3+1]. You will often see this idea, the subtraction property, written as follows:
 Subtraction Property
 [image: a-b=a+(-b)]
 Subtracting a number is the same as adding its opposite.
 
 
 Look at these two examples.
 
 
 [image: Two images are shown and labeled. The first image shows four gray spheres drawn next to two gray spheres, where the four are circled in red, with a red arrow leading away to the lower left. This drawing is labeled above as “6 minus 4” and below as “2.” The second image shows four gray spheres and four red spheres, drawn one above the other and circled in red, with a red arrow leading away to the lower left, and two gray spheres drawn to the side of the four gray spheres. This drawing is labeled above as “6 plus, open parenthesis, negative 4, close parenthesis” and below as “2.”]Figure 1.3.42 [image: 6-4] gives the same answer as [image: 6+(-4)].
 Of course, when you have a subtraction problem that has only positive numbers, like [image: 6-4], you just do the subtraction. You already knew how to subtract [image: 6-4] long ago. But knowing that [image: 6-4] gives the same answer as [image: 6+(-4)] helps when you are subtracting negative numbers. Make sure that you understand how [image: 6-4] and [image: 6+(-4)] give the same results!
 
 Example 1.3.14
  Simplify:
 	[image: 13-8] and [image: 13+(-8)]
 	[image: -17-9] and [image: -17+(-9)]
 
 Solution a.
 Step 1: Subtract.
 [image: \begin{align*}13-8&=5\\13+(-8)&=5\end{align*}]
 
 b.
 Step 1: Subtract.
 [image: \begin{align*}-17-9&=-26\\-17+(-9)&=-26\end{align*}]
  
 
 Try It
  27) Simplify: 
 	[image: 21-13] and [image: 21+(-13)]
 	[image: -11-7] and [image: -11+(-7)].
 
 Solution 	[image: 8]
 	[image: −18]
 
  
 
 
 28) Simplify:
 	[image: 15-7] and [image: 15+(-7)]
 	[image: -14-8] and [image: -14+(-8)].
 
 
 Solution 	[image: 8]
 	[image: -22]
 
  
 
 
 
 
 
 Look at what happens when we subtract a negative.
 [image: This figure is divided vertically into two halves. The left part of the figure contains the expression 8 minus negative 5, where negative 5 is in parentheses. The expression sits above a group of 8 blue counters next to a group of five blue counters in a row, with a space between the two groups. Underneath the group of five blue counters is a group of five red counters, which are circled. The circle has an arrow pointing away toward bottom left of the image, symbolizing subtraction. Below the counters is the number 13. The right part of the figure contains the expression 8 plus 5. The expression sits above a group of 8 blue counters next to a group of five blue counters in a row, with a space between the two groups. Underneath the counters is the number 13.]Figure 1.3.43 [image: 8-(-5)] gives he same answer as [image: 8+5]
 Subtracting a negative number is like adding a positive!
 You will often see this written as [image: a-b=a+b].
 Does that work for other numbers, too? Let’s do the following example and see.
 
 Example 1.3.15
  Simplify:
 	[image: 9-(-15)] and [image: 9+15]
 	[image: -7-(-4)] and [image: -7+4]
 
 Solution a.
 Step 1: Subtract.
 [image: \begin{align*}9-(-15)&=24\\9+15&=24\end{align*}]
 
 b.
 Step 1: Subtract.
 [image: \begin{align*}-7-(-4)&=-3\\-7+4&=-3\end{align*}]
  
 
 Try It
  29) Simplify
 	[image: 6-(-13)] and [image: 6+13]
 	[image: -5-(-1)] and [image: -5+1]
 
 
 Solution 	[image: 19]
 	[image: -4]
 
  
 
 
 30) Simplify:
 	[image: 4-(-19)] and [image: 4+19]
 	[image: -4-(-7)] and [image: -4+7]
 
 
 Solution 	[image: 23]
 	[image: 3]
 
  
 
 
 
 
 Let’s look again at the results of subtracting the different combinations of 5,−5 and 3,−3.
 
 
 
 Subtraction of Integers
 	[image: 5-3]
 [image: 2]
 5 positives take 3 positives
 2 positives
  	[image: -5-(-3)]
 [image: -2]
 5 negatives take away 3 negatives
 2 negatives
  
  
 When there would be enough counters of the colour to take away, subtract.
 
 
 	[image: -5-3]
 [image: -8]
 5 negatives, want to take away 3 positives
 need neutral pairs
  	[image: 5-(-3)]
 [image: 8]
 5 positives, want to take away 3 negatives
 need neutral pairs
  
  
 When there would be not enough counters of the colour to take away, add.
 What happens when there are more than three integers? We just use the order of operations as usual.
 
 Example 1.3.16
  Simplify: [image: 7-(-4-3)-9]
 Solution Step 1: Simplify inside the parentheses first.
 [image: 7-(-7)-9]
 Step 2: Subtract left to right
 [image: 14-9]
 Step 3: Subtract
 [image: 5]
  
 
 Try It
  31) Simplify: [image: 8-(-3-1)-9]
 
 Solution [image: 3]
  
 
 
 32) Simplify: [image: 12-(-9-6)-14]
 
 Solution [image: 13]
  
 
 
 
 
 
 Multiply Integers
 Since multiplication is mathematical shorthand for repeated addition, our model can easily be applied to show multiplication of integers. Let’s look at this concrete model to see what patterns we notice. We will use the same examples that we used for addition and subtraction. Here, we will use the model just to help us discover the pattern.
 We remember that [image: a\times b]  means add [image: a], [image: b] times. Here, we are using the model just to help us discover the pattern.
 [image: Two images are shown side-by-side. The image on the left has the equation five times three at the top. Below this it reads “add 5, 3 times.” Below this depicts three rows of blue counters, with five counters in each row. Under this, it says “15 positives.” Under thisis the equation“5 times 3 equals 15.” The image on the right reads “negative 5 times three. The three is in parentheses. Below this it reads, “add negative five, three times.” Under this are fifteen red counters in three rows of five. Below this it reads” “15 negatives”. Below this is the equation negative five times 3 equals negative 15.”]Figure 1.3.44 The next two examples are more interesting.
 What does it mean to multiply 5 by −3? It means subtract 5, 3 times. Looking at subtraction as “taking away,” it means to take away 5, 3 times. But there is nothing to take away, so we start by adding neutral pairs on the workspace. Then we take away 5 three times.
 [image: This figure has two columns. In the top row, the left column contains the expression 5 times negative 3. This means take away 5, three times. Below this, there are three groups of five red negative counters, and below each group of red counters is an identical group of five blue positive counters. What are left are fifteen negatives, represented by 15 red counters. Underneath the counters is the equation 5 times negative 3 equals negative 15. In the top row, the right column contains the expression negative 5 times negative 3. This means take away negative 5, three times. Below this, there are three groups of five blue positive counters, and below each group of blue counters is an identical group of five red negative counters. What are left are fifteen positives, represented by 15 blue counters. Underneath the blue counters is the equation negative 5 times negative 3 equals 15.]Figure 1.3.45 In summary:
 
 
 	[image: 5\times3=15] [image: 5\times-3=-15]
 	[image: -5\times3=-15] [image: -5\times-3=15]
 
  
 
 Notice that for multiplication of two signed numbers, when the:
 	signs are the same, the product is positive.
 	signs are different, the product is negative.
 
 We’ll put this all together in the chart below.
 Multiplication of Signed Numbers
 For multiplication of two signed numbers:
 	Same signs 	Product 	Example 
  	Two positives
 Two negatives 	Positive
 Positive 	[image: 7\times4=28]
 [image: -8\times-6=48] 
  
 If the signs are the same, the result is positive.
 
 
 	Different signs 	Product 	Example 
  	Positive and negative
 Negative and positive 	Negative
 Negative 	[image: 7\times-9=-63]
 [image: -5\times10=-50] 
  
 If the signs are different, the result is negative.
 Example 1.3.17
  	[image: 9\times3]
 	[image: -2(-5)]
 	[image: 4(-8)]
 	[image: 7\times6]
 
 Solution a.
 Step 1: Multiply, noting that the signs are different so the product is negative.
 [image: 9\times3=-27]
 
 b.
 Step 1: Multiply, noting that the signs are the same so the product is positive.
 [image: -2(-5)=10]
 
 c.
 Step 1: Multiply, with different signs.
 [image: 4(-8)=-32]
 
 d.
 Step 1: Multiply, with same signs.
 [image: 7\times6=42]
  
 
 
 
 Try It
  33) Multiply:
 	[image: -6\times8]
 	[image: -4(-7)]
 	[image: 9(-7)]
 	[image: 5\times12]
 
 
 Solution 	[image: -48]
 	[image: 28]
 	[image: -63]
 	[image: 60]
 
  
 
 
 34) Multiply:
 	[image: -8\times7]
 	[image: -6(-9)]
 	[image: 7(-4)]
 	[image: 3\times13]
 
 
 Solution 	[image: -56]
 	[image: 54]
 	[image: -28]
 	[image: 39]
 
  
 
 
 
 
 When we multiply a number by 1, the result is the same number. What happens when we multiply a number by −1. Let’s multiply a positive number and then a negative number by −1 to see what we get.
 Each time we multiply a number by −1, we get its opposite!
 
 Multiplication by −1
 [image: -1a=-a]
 Multiplying a number by −1 gives its opposite.
 Example 1.3.18
  Multiply:
 	[image: -1\times7]
 	[image: -1(-11)]
 
 Solution a.
 Step 1: Multiply, noting that the signs are different so the product is negative.
 [image: -1\times7=-7]
 [image: -7] is the opposite of [image: 7].
 
 b.
 Step 1: Multiply, noting that the signs are the same so the product is positive.
 [image: -1(-11)=11]
 [image: 11] is the opposite of [image: -11].
  
 
 
 
 
 
 Try It
  35) Multiply:
 	[image: -1\times9]
 	[image: -1(-17)]
 
 
 Solution 	[image: -9]
 	[image: 17]
 
  
 
 
 36) Multiply:
 	[image: -1\times8]
 	[image: -1(-16)]
 
 
 Solution 	[image: -8]
 	[image: 16]
 
  
 
 
 
 
 Divide Integers
 What about division? Division is the inverse operation of multiplication. So, [image: 15\div3=5] because [image: 5\times3=15] In words, this expression says that 15 can be divided into three groups of five each because adding five three times gives 15. Look at some examples of multiplying integers, to figure out the rules for dividing integers.
 Division follows the same rules as multiplication!
 For division of two signed numbers, when the:
 	signs are the same, the quotient is positive.
 	signs are different, the quotient is negative.
 
 
 And remember that we can always check the answer of a division problem by multiplying.
 Multiplication and Division of Signed Numbers
 For multiplication and division of two signed numbers:
 	If the signs are the same, the result is positive.
 	If the signs are different, the result is negative.
 
 	Same signs 	Result 
  	Two positives
 Two negatives 	Positive
 Positive 
 	If the signs are the same, the result is positive. 
  
 	Different signs 	Result 
  	Positive and negative
 Negative and positive 	Negative
 Negative 
 	If the signs are different, the result is negative. 
  
 Example 1.3.19
  Divide:
 	[image: (-27)\div3]
 	[image: -100\div(-4)]
 
 Solution a.
 Step 1: Divide. With different signs, the quotient is negative.
 [image: -27\div3=-9]
 
 b.
 Step 1: Divide. With signs that are the same, the quotient is positive.
 [image: -100\div(-4)= 25]
  
 
 
 Try It
  37) Divide:
 	[image: -42\div6]
 	[image: -117\div-3]
 
 Solution 	[image: -7]
 	[image: 39]
 
  
 
 
 38) Divide:
 	[image: -63\div7]
 	[image: -115\div-5]
 
 
 Solution 	[image: -9]
 	[image: 23]
 
  
 
 
 
 
 Simplify Expressions with Integers
 
 
 
 
 What happens when there are more than two numbers in an expression? The order of operations still applies when negatives are included. Remember My Dear Aunt Sally?
 Let’s try some examples. We’ll simplify expressions that use all four operations with integers—addition, subtraction, multiplication, and division. Remember to follow the order of operations.
 
 Example 1.3.20
  Simplify: [image: 7(-2)+4(-7)-6].
 Solution Step 1: Multiply first.
 [image: -14+(-28)-6]
 Step 2: Add.
 [image: -42-6]
 Step 3: Subtract.
 [image: -48]
 
 
  
 
 Try It
  39) Simplify: [image: 8(-3)+5(-7)-4]
 
 Solution [image: -63]
  
 
 
 40)  Simplify: [image: 9(-3)+7(-8)-1]
 
 Solution [image: -84]
  
 
 
 
 
 
 
 
 
 
 Example 1.3.21
  Simplify:
 	[image: (-2)^4]
 	[image: -2^4]
 
 Solution a.
 Step 1: Write in expanded from.
 [image: (-2)(-2)(-2)(-2)]
 Step 2: Multiply.
 [image: 4(-2)(-2)]
 Step 3: Multiply.
 [image: -8(-2)]
 Step 4: Multiply.
 [image: 16]
 
 b.
 Step 1: Write in expanded form. We are asked to find the opposite of [image: 2^4].
 [image: -(2\times2\times2\times2)]
 Step 2: Multiply.
 [image: -(4\times2\times2)]
 Step 3: Multiply.
 [image: -(8\times2)=-16]
 
 Notice the difference in parts a and b. In part a, the exponent means to raise what is in the parentheses, the (−2) to the 4th power. In part b, the exponent means to raise just the 2 to the 4th power and then take the opposite.
  
 
 Try It
  41) Simplify:
 	[image: (-3)^4]
 	[image: -3^4]
 
 
 Solution 	81
 	−81
 
  
 
 
 42) Simplify:
 	[image: (-7)^2]
 	[image: -7^2]
 
 
 Solution 	49
 	−49
 
  
 
 
 
 
 The next example reminds us to simplify inside parentheses first.
 Example 1.3.22
  Simplify: [image: 12-3(9-12)]
 Solution Step 1: Subtract in parentheses first.
 [image: 12-3(-3)]
 Step 2: Multiply.
 [image: 12-(-9)]
 Step 3: Subtract.
 [image: 21]
  
 
 Try It
  43) Simplify: [image: 17-4(8-11)]
 
 Solution [image: 29]
  
 
 
 44) Simplify: [image: 16-6(7-13)]
 
 Solution [image: 52]
  
 
 
 
 
 
 
 
 Example 1.3.23
  Simplify: [image: 8(-9)\div(-2)^3]
 Solution Step 1: Exponents first.
 [image: 8(-9)\div(-8)]
 Step 2: Multiply
 [image: -72\div-8]
 Step 3: Divide.
 [image: 9]
  
 
 Try It
  45) Simplify: [image: 12(-9)\div(-3)^3]
 
 Solution [image: 4]
  
 
 
 46) Simplify: [image: 18(-4)\div(-2)^3]
 
 Solution [image: 9]
  
 
 
 
 
 Example 1.3.24
  Simplify: [image: -30\div+2+(-3)(-7)]
 Solution Step 1: Multiply and divide left to right, so divide first.
 [image: -15+(-3)(-7)]
 Step 2: Add.
 [image: -15+21=6]
  
 
 Try It
  47) Simplify [image: -27\div3+(-5)(-6)]
 Solution [image: 21]
  48) Simplify [image: -32\div4+(-2)(-7)]
 Solution [image: 6]
  
 
 Evaluate Variable Expressions with Integers
 Remember that to evaluate an expression means to substitute a number for the variable in the expression. Now we can use negative numbers as well as positive numbers.
 
 
 
 Example 1.3.25
  When [image: n=-5], evaluate:
 	[image: n+1]
 	[image: -n+1]
 
 Solution a. 
 Step 1: Substitute [image: -5] for [image: n].
 [image: -5+1]
 Step 2: Simplify.
 [image: -4]
 
 b. 
 Step 1: Substitute [image: -5] for [image: n].
 [image: -(-5)+1]
 Step 2: Simplify.
 [image:  5+1]
 Step 3: Add.
 [image: 6]
  
 
 Try It
  49) When [image: n=-8], evaluate
 	[image: n+2]
 	[image: -n+2]
 
 
 Solution 	[image: -6]
 	[image: 10]
 
  
 
 
 50) When [image: y=-9], evaluate
 	[image: y+8]
 	[image: -y+8].
 
 
 Solution 	[image: -1]
 	[image: 17]
 
  
 
 
 
 
 
 
 
 Example 1.3.26
  Evaluate [image: (x+y)^2] when [image: x=-18] and [image: y=24].
 Solution Step 1: Substitute [image: -18] for [image: x] and [image: 24] for [image: y].
 [image: (-18+24)^2]
 Step 2: Add inside parentheses.
 [image: (6)^2]
 Step 3: Simplify.
 [image: 36]
  
 
 Try It
  51) Evaluate [image: (x+y)^2] when [image: x=-15] and [image: y=29]
 
 Solution [image: 196]
  
 
 
 52) Evaluate [image: (x+y)^3] when [image: x=-8] and [image: y=10]
 
 Solution [image: 8]
  
 
 
 
 
 
 
 
 
 Example 1.3.27
  Evaluate [image: 20-z] when
 	[image: z=12]
 	[image: z=-12]
 
 Solution a. 
 Step 1: Substitute [image: 12] for [image: z].
 [image: 20-12]
 Step 2: Subtract.
 [image: 8]
 
 b. 
 Step 1: Substitute [image: -12] for [image: z].
 [image: 20-(-12)]
 Step 2: Subtract.
 [image: 32]
  
 
 Try It
  53) Evaluate: [image: 17-k] when
 	[image: k=19]
 	[image: k=-19]
 
 
 Solution 	[image: -2]
 	[image: 36]
 
  
 
 
 54) Evaluate: [image: -5-b] when
 	[image: b=14]
 	[image: b=-14]
 
 
 Solution 	[image: -19]
 	[image: 9]
 
  
 
 
 
 
 Example 1.3.28
  Evaluate: [image: 2x^2+3x+8] when [image: x=4].
 Solution Substitute [image: 4] for [image: x]. Use parentheses to show multiplication.
 Step 1: Substitute.
 [image: 2(4)^2+3(4)+8]
 Step 2: Evaluate exponents.
 [image: 2(16)+3(4)+8]
 Step 3: Multiply.
 [image: 32+12+8]
 Step 4: Add.
 [image: 52]
  
 
 
 Try It
  55) Evaluate: [image: 3x^2-2x+6] when [image: x=-3].
 
 Solution [image: 39]
  
 
 
 56) Evaluate: [image: 4x^2-x-5] when [image: x=-2].
 
 Solution [image: 13]
  
 
 
 
 
 
 
 
 
 Translate Phrases to Expressions with Integers
 Our earlier work translating English to algebra also applies to phrases that include both positive and negative numbers.
 Example 1.3.29
  Translate and simplify: the sum of [image: 8] and [image: -12], increased by [image: 3].
 Solution Step 1: Translate.
 [image: [8+(-12)]+3]
 Step 2: Simplify. Be careful not to confuse the brackets with an absolute value sign.
 [image: (-4)+3]
 Step 3: Add.
 [image: -1]
  
 
 Try It
  57) Translate and simplify the sum of [image: 9] and [image: -16], increased by [image: 4].
 
 Solution [image: (9-16)+4=3]
  
 
 
 58) Translate and simplify the sum of [image: -8] and [image: -12], increased by [image: 7].
 
 Solution [image: (-8-12)+7=-13]
  
 
 
 
 
 When we first introduced the operation symbols, we saw that the expression may be read in several ways. They are listed below.
 	[image: a-b]
 	[image: a] minus [image: b]
 	the difference of [image: a] and [image: b]
 	[image: b] subtracted from [image: a]
 	[image: b] less than [image: a]
 
 
 Be careful to get [image: a] and [image: b] in the right order!
 Example 1.3.30
  Translate and then simplify
 	The difference of [image: 13] and [image: -21]
 	Subtract [image: 24] from [image: -19]
 
 Solution a.
 Step 1: Translate.
 [image: 13-(-21)]
 Step 2: Simplify.
 [image: 34]
 
 b.
 Step 1: Translate. Remember, “subtract [image: b] from [image: a]” means [image: a-b].
 [image: -19-24]
 Step 2: Simplify.
 [image: -43]
  
 
 Try It
  59) Translate and simplify
 	the difference of [image: 14] and [image: -23]
 	subtract [image: 21] from [image: -17]
 
 
 Solution 	[image: 14-(-23)=37]
 	[image: -17-21=-38]
 
  
 
 
 60) Translate and simplify
 	the difference of [image: 11] and [image: -19]
 	subtract [image: 18] from [image: -11].
 
 
 Solution 	[image: 11-(-19)=30]
 	[image: -11-18=-29]
 
  
 
 
 
 
 Once again, our prior work translating English to algebra transfers to phrases that include both multiplying and dividing integers. Remember that the keyword for multiplication is “product” and for division is “quotient.”
 
 
 
 
 Example 1.3.31
  Translate to an algebraic expression and simplify if possible: the product of [image: -2] and [image: 14].
 Solution Step 1: Translate.
 [image: (-2)(14)]
 Step 2: Simplify.
 [image: -28]
  
 
 Try It
  61) Translate to an algebraic expression and simplify if possible: the product of [image: -5] and [image: 12].
 
 Solution [image: -5(12)=-60]
  
 
 
 62) Translate to an algebraic expression and simplify if possible: the product of [image: 8] and [image: -13].
 
 Solution [image: 8(-13)=-104]
  
 
 
 
 
 
 
 
 
 Example 1.3.32
  Translate to an algebraic expression and simplify if possible: the quotient of [image: -56] and [image: -7].
 Solution Step 1: Translate.
 [image: -56 \div -7]
 Step 2: Simplify.
 [image: 8]
  
 
 Try It
  63) Translate to an algebraic expression and simplify if possible: the quotient of [image: -63] and [image: -9].
 
 Solution [image: -63\div -9=7]
  
 
 
 64) Translate to an algebraic expression and simplify if possible: the quotient of [image: -72] and [image: -9].
 
 Solution [image: -72\div -9=8]
  
 
 
 
 
 Use Integers in Applications
 
 
 
 
 We’ll outline a plan to solve applications. It’s hard to find something if we don’t know what we’re looking for or what to call it! So when we solve an application, we first need to determine what the problem is asking us to find. Then we’ll write a phrase that gives the information to find it. We’ll translate the phrase into an expression and then simplify the expression to get the answer. Finally, we summarize the answer in a sentence to make sure it makes sense.
 
 
 How to Apply a Strategy to Solve Applications with Integers
 Example 1.3.33
  The temperature in Urbana, Illinois one morning was [image: 11] degrees. By mid-afternoon, the temperature had dropped to [image: −9] degrees. What was the difference of the morning and afternoon temperatures?
 
 Solution Step 1: Read the problem. Make sure all the words and ideas are understood.
 Step 2: Identify what we are asked to find.
 The difference of the morning and afternoon temperatures.
 Step 3: Write a phrase that gives the information to find it.
 The difference of  [image: 11] and [image: −9].
 Step 4: Translate the phrase to an expression.
 [image: 11-(-9)]
 Step 5: Simplify the expression.
 [image: 20]
 Step 6: Write a complete sentence that answers the question.
 The difference in temperatures was 20 degrees.
  
 
 
 Try It
  65) The temperature in Anchorage, Alaska one morning was [image: 15] degrees. By mid-afternoon the temperature had dropped to [image: 30] degrees below zero. What was the difference in the morning and afternoon temperatures?
 
 Solution The difference in temperatures was [image: 45] degrees.
  
 
 
 66) The temperature in Denver was [image: -6] degrees at lunchtime. By sunset the temperature had dropped to [image: -15] degrees. What was the difference in the lunchtime and sunset temperatures?
 
 Solution The difference in temperatures was [image: 9] degrees.
  
 
 
 
 
 HOW TO
 Apply a Strategy to Solve Applications with Integers.
 	Read the problem. Make sure all the words and ideas are understood
 	Identify what we are asked to find.
 	Write a phrase that gives the information to find it.
 	Translate the phrase to an expression.
 	Simplify the expression.
 	Answer the question with a complete sentence.
 
 
 
 
 Example 1.3.34
  The Mustangs football team received three penalties in the third quarter. Each penalty gave them a loss of fifteen yards. What is the number of yards lost?
 Solution Step 1: Read the problem. Make sure all the words and ideas are understood.
 Step 2: Identify what we are asked to find.
 The number of yards lost.
 Step 3: Write a phrase that gives the information to find it.
 Three times a [image: 15]-yard penalty.
 Step 4: Translate the phrase to an expression.
 [image: 3(-15)]
 Step 5: Simplify the expression.
 [image: -45]
 Step 6: Answer the question with a complete sentence.
 The team lost [image: 45] yards.
  
 
 Try It
  67) The Bears played poorly and had seven penalties in the game. Each penalty resulted in a loss of [image: 15] yards. What is the number of yards lost due to penalties?
 
 
 
 Solution The Bears lost [image: 105] yards.
  
 
 
 68) Bill uses the ATM on campus because it is convenient. However, each time he uses it he is charged a $2 fee. Last month he used the ATM eight times. How much was his total fee for using the ATM?
 
 Solution A $16 fee was deducted from his checking account.
  
 
 
 
 
 
 
 
 
 
 
 Key Concepts
  	Multiplication and Division of Two Signed Numbers 	Same signs—Product is positive
 	Different signs—Product is negative
 
 
 	Strategy for Applications 	Identify what you are asked to find.
 	Write a phrase that gives the information to find it.
 	Translate the phrase to an expression.
 	Simplify the expression.
 	Answer the question with a complete sentence
 
 
 	Addition of Positive and Negative Integers
 
 
 	[image: 5+3=8]
 both positive,
 sum positive 	[image: -5+(-3)=-8]
 both negative,
 sum negative 
 	[image: -5+3=-2]
 different signs,
 more negatives
 sum negative 	[image: 5+(-3)=2]
 different signs,
 more positives
 sum positive 
  
 	Property of Absolute Value:  [image: \left|n\right|\geq0] for all numbers. Absolute values are always greater than or equal to zero!
 	Subtraction of Integers
 
 
 	[image: 5-3=2]
 5 positives
 take away 3 positives
 2 positive 	[image: -5-(-3)=-2]
 5 negatives,
 take away 3 negatives
 2 negatives 
 	[image: -5-3=-8]
 5 negatives, want to
 subtract 3 positives
 need neutral pairs 	[image: 5-(-3)=2]
 5 positives, want to
 subtract 3 negatives
 need neutral pairs 
  
 	Subtraction Property: Subtracting a number is the same as adding its opposite.
 	Multiplication and Division of Two Signed Numbers 	Same signs—Product is positive
 	Different signs—Product is negative
 
 
 	Strategy for Applications
 
 			Identify what you are asked to find.
 	Write a phrase that gives the information to find it.
 	Translate the phrase to an expression.
 	Simplify the expression.
 	Answer the question with a complete sentence.
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=178#h5p-3 
 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
 Glossary
  	absolute value
 	The absolute value of a number is its distance from 0 on the number line. The absolute value of a number [image: n] is written as [image: \left|n\right|].
 
 	integers
 	The whole numbers and their opposites are called the integers: …−3, −2, −1, 0, 1, 2, 3…
 
 	opposite
 	The opposite of a number is the number that is the same distance from zero on the number line but on the opposite side of zero: [image: −a] means the opposite of the number [image: a]. The notation [image: −a] is read as “the opposite of [image: a].
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		1.4 Fractions

								

	
				  Learning Objectives
  By the end of this section, you will be able to:
 	Find equivalent fractions
 	Simplify fractions
 	Multiply fractions
 	Divide fractions
 	Simplify expressions written with a fraction bar
 	Translate phrases to expressions with fractions
 	Add or subtract fractions with a common denominator
 	Add or subtract fractions with different denominators
 	Use the order of operations to simplify complex fractions
 	Evaluate variable expressions with fractions
 
 
 
 
 Find Equivalent Fractions
 Fractions are a way to represent parts of a whole. The fraction [image: \frac13] means that one whole has been divided into 3 equal parts and each part is one of the three equal parts. See (Figure 1.4.1). The fraction [image: \frac23] represents two of three equal parts. In the fraction [image: \frac23] the 2 is called the numerator and the 3 is called the denominator.
 The circle on the left has been divided into 3 equal parts. Each part is [image: \frac13] of the 3 equal parts. In the circle on the right, [image: \frac23] of the circle is shaded (2 of the 3 equal parts).
 [image: Two circles are shown, each divided into three equal pieces by lines. The left hand circle is labeled “one third” in each section. Each section is shaded. The circle on the right is shaded in two of its three sections.]Figure 1.4.1. The circle on the left has been divided into 3 equal parts. Each part is 13 of the 3 equal parts. In the circle on the right, 23 of the circle is shaded (2 of the 3 equal parts). 
 
 Fraction
 A fraction is written [image: \frac{a}{b}] where [image: b\ne 0] and
 	[image: a] is the numerator and [image: b] is the denominator
 
 
 A fraction represents parts of a whole. The denominator [image: b] is the number of equal parts the whole has been divided into, and the numerator [image: a] indicates how many parts are included.
 
 If a whole pie has been cut into 6 pieces and we eat all 6 pieces, we ate [image: \frac66] pieces, or, in other words, one whole pie.
 [image: A circle is shown and is divided into six section. All sections are shaded.]Figure 1.4.2 So [image: \frac{6}{6}=1]. This leads us to the property of one that tells us that any number, except zero, divided by itself is 1.
 
 Property of One
 [image: \begin{array}{cccc}\frac{a}{a}=1\hfill & &\left(a\ne 0\right)\hfill \end{array}]. Any number, except zero, divided by itself is one.
 
 
 If a pie was cut in 6 pieces and we ate all 6, we ate [image: \frac{6}{6}] pieces, or, in other words, one whole pie. If the pie was cut into 8 pieces and we ate all 8, we ate [image: \frac{8}{8}] pieces, or one whole pie. We ate the same amount—one whole pie.
 
 The fractions [image: \frac{6}{6}] and [image: \frac{8}{8}] have the same value, 1, and so they are called equivalent fractions. Equivalent fractions are fractions that have the same value.
 Let’s think of pizzas this time. Figure 1.4.2 shows two images: a single pizza on the left, cut into two equal pieces, and a second pizza of the same size, cut into eight pieces on the right. This is a way to show that [image: \frac{1}{2}] is equivalent to [image: \frac{4}{8}]. In other words, they are equivalent fractions.
 Since the same amount is of each pizza is shaded, we see that [image: \frac{1}{2}] is equivalent to [image: \frac{4}{8}]. They are equivalent fractions.
 [image: A circle is shown that is divided into eight equal wedges by lines. The left side of the circle is a pizza with four sections making up the pizza slices. The right side has four shaded sections. Below the diagram is the fraction four eighths.]Figure 1.4.3. Since the same amount is of each pizza is shaded, we see that [latex]\frac{1}{2}[/latex] is equivalent to [latex]\frac{4}{8}[/latex]. They are equivalent fractions. 
 Equivalent Fractions
 Equivalent fractions are fractions that have the same value.
 
 How can we use mathematics to change [image: \frac{1}{2}] into [image: \frac{4}{8}]? How could we take a pizza that is cut into 2 pieces and cut it into 8 pieces? We could cut each of the 2 larger pieces into 4 smaller pieces! The whole pizza would then be cut into 8 pieces instead of just 2. Mathematically, what we’ve described could be written like this as [image: \frac{1\times4}{2\times4}=\frac{4}{8}]. See Figure. 1.4.3.
 Cutting each half of the pizza into [image: 4] pieces, gives us pizza cut into 8 pieces: [image: \frac{1\times4}{2\times4}=\frac{4}{8}].
 
 
 [image: A circle is shown and is divided in half by a vertical black line. It is further divided into eighths by the addition of dotted red lines.]1.4.4. Cutting each half of the pizza into 4 pieces, gives us pizza cut into 8 pieces. 
 This model leads to the following property:
 Equivalent Fractions Property
 If [image: a,b,c] are numbers where [image: b\ne 0,c\ne 0], then
 [image: \frac{a}{b}=\frac{ac}{bc}] and [image: \frac{ac}{bc}=\frac{a}{b}]
 
 If we had cut the pizza differently, we could get
 [image: \frac{1\cdot2}{2\cdot2}=\frac24]   so   [image: \frac12=\frac24]
 [image: \frac{1\cdot3}{2\cdot3}=\frac36]   so   [image: \frac12=\frac36]
 [image: \frac{1\cdot10}{2\cdot10}=\frac{10}{20}]   so   [image: \frac12=\frac{10}{20}]
 
 
 So, we say [image: \frac{1}{2},\frac{2}{4},\frac{3}{6},\text{and}\frac{10}{20}] are equivalent fractions.
 
 
 Example 1.4.1
  Find three fractions equivalent to [image: \frac{2}{5}]
 
 Solution To find a fraction equivalent to [image: \frac{2}{5}], we multiply the numerator and denominator by the same number. We can choose any number, except for zero. Let’s multiply them by 2, 3, and then 5.
 [image: \begin{eqnarray*}\frac{2\;\times\;2}{5\;\times\;2}=\frac4{10}\;\;\;\;\;\;\;\;\;\;\;\;\frac{2\;\times\;3}{5\;\times\;3}=\frac6{15}\;\;\;\;\;\;\;\;\;\;\;\;\frac{2\;\times\;5}{5\;\times\;5}=\frac{10}{25}\end{eqnarray*}]
 So, [image: \frac{4}{10},\frac{6}{15},\text{and}\frac{10}{25}] are equivalent to [image: \frac{2}{5}].
  
 
 
 
 Try It
  1) Find three fractions equivalent to [image: \frac{3}{5}]
 
 Solution [image: \frac{6}{10},\frac{9}{15},\frac{12}{20}]; answers may vary
  
 
 
 2) Find three fractions equivalent to [image: \frac{4}{5}]
 
 Solution [image: \frac{8}{10},\frac{12}{15},\frac{16}{20}]; answers may vary
  
 
 
 
 
 Simplify Fractions
 
 
 
 
 A fraction is considered simplified if there are no common factors, other than 1, in its numerator and denominator.
 
 
 
 
 
 
 For example,
 			[image: \frac{2}{3}] is simplified because there are no common factors of 2 and 3.
 	[image: \frac{10}{15}] is not simplified because 5 is a common factor of 10 and 15.
 
 
 
 
 
 Simplified Fraction
 A fraction is considered simplified if there are no common factors in its numerator and denominator.
 
 The phrase reduce a fraction means to simplify the fraction. We simplify, or reduce, a fraction by removing the common factors of the numerator and denominator. A fraction is not simplified until all common factors have been removed. If an expression has fractions, it is not completely simplified until the fractions are simplified.
 In Example 1.4.2, we used the equivalent fractions property to find equivalent fractions. Now we’ll use the equivalent fractions property in reverse to simplify fractions. We can rewrite the property to show both forms together.
 Equivalent Fractions Property
 If [image: a,b,c] are numbers where [image: b\ne 0,c\ne 0], then [image: \frac{a}{b}=\frac{ac}{bc}] and [image: \frac{ac}{bc}=\frac{a}{b}]
 
 
 
 
 
 Example 1.4.2
  Simplify: [image: -\frac{32}{56}].
 
 Solution Step 1: Rewrite the numerator and denominator showing the common factors.
 [image: -\frac{4\times8}{7\times8}]
 Step 2: Simplify using the equivalent fractions property.
 [image: -\frac{4}{7}]
 Notice that the fraction [image: -\frac{4}{7}] is simplified because there are no more common factors.
  
 
 
 
 
 Try It
  3) Simplify: [image: -\frac{42}{54}]
 
 Solution [image: -\frac{7}{9}]
  
 
 
 4) Simplify: [image: -\frac{45}{81}]
 
 Solution [image: -\frac{5}{9}]
  
 
 
 
 
 
 
 
 Sometimes it may not be easy to find common factors of the numerator and denominator. When this happens, a good idea is to factor the numerator and the denominator into prime numbers. Then divide out the common factors using the equivalent fractions property.
 
 Example 1.4.3
  Simplify: [image: -\frac{210}{385}]
 
 Solution Step 1: Rewrite the numerator and denominator to show the common factors. If needed, factor the numerator and denominator into prime numbers first.
 Rewrite 210 and 385 as the product of the primes.
 [image: \begin{eqnarray*}&=&-\frac{210}{385}\\&=&-\frac{2\;\times\;3\;\times\;5\;\times\;7}{5\;\times\;7\;\times\;11}\end{eqnarray*}]
 Step 2: Simplify using the equivalent fractions property by dividing out common factors.
 Mark the common factors 5 and 7. Divide out the common factors.
 [image: \begin{eqnarray*}&=&\;-\frac{2\;\times\;3\;\times\cancel{\;8\;}\times\cancel{\;7}}{\cancel{8\;}\times\;\cancel{7\;}\times\;11}\\&=&-\frac{2\;\times\;3}{11}\end{eqnarray*}]
 Step 3: Multiply the remaining factors, if necessary.
 [image: -\frac{6}{11}]
  
 
 
 
 Try It
  5) Simplify: [image: -\frac{69}{120}]
 
 Solution [image: -\frac{23}{40}]
  
 
 
 6) Simplify: [image: -\frac{120}{192}]
 
 Solution [image: -\frac{5}{8}]
  
 
 
 
 
 We now summarize the steps you should follow to simplify fractions.
 
 
 
 HOW TO
 Simplify a Fraction.
 	Rewrite the numerator and denominator to show the common factors.
  If needed, factor the numerator and denominator into prime numbers first.
 	Simplify using the equivalent fractions property by dividing out common factors.
 	Multiply any remaining factors, if needed.
 
 
 
 Example 1.4.4
  Simplify: [image: \frac{5x}{5y}].
 
 Solution Step 1: Rewrite showing the common factors, then divide out the common factors.
 [image: \frac{\cancel{5\;}\times\;x}{\cancel{5\;}\times\;y}]
 Step 2: Simplify.
 [image: \frac{x}{y}]
  
 
 
 Try It
  7) Simplify: [image: \frac{7x}{7y}]
 
 Solution [image: \frac{x}{y}]
  
 
 
 8)Simplify: [image: \frac{3a}{3b}]
 
 Solution [image: \frac{a}{b}]
  
 
 
 
 
 
 Multiply Fractions
 
 
 
 
 Many people find multiplying and dividing fractions easier than adding and subtracting fractions. So we will start with fraction multiplication.
 We’ll use a model to show you how to multiply two fractions and to help you remember the procedure. Let’s start with [image: \frac{3}{4}].
 [image: A rectangle made up of four squares in a row. The first three squares are shaded.]Figure 1.4.5 Now we’ll take [image: \frac{1}{2}] of [image: \frac{3}{4}].
 [image: A rectangle made up of four squares in a row. The first three squares are shaded. The bottom halves of the first three squares are shaded darker with diagonal lines.]Figure 1.4.6 Notice that now, the whole is divided into 8 equal parts. So [image: \frac12\times\frac34=\frac38]
 To multiply fractions, we multiply the numerators and multiply the denominators.
 Fraction Multiplication
 If [image: a,b,c\;\text{and}\;d] are numbers where [image: b\ne 0\;\text{and}\;d\ne 0], then [image: \frac{a}{b}\times\frac{c}{d}=\frac{ac}{bd}].
 To multiply fractions, multiply the numerators and multiply the denominators.
 
 When multiplying fractions, the properties of positive and negative numbers still apply, of course. It is a good idea to determine the sign of the product as the first step. In Example 1.4.5, we will multiply negative and positive, so the product will be negative.
 
 
 Example 1.4.5
  Multiply: [image: -\frac{11}{12}\times\frac{5}{7}]
 
 Solution The first step is to find the sign of the product. Since the signs are the different, the product is negative.
 Step 1: Determine the sign of the product; multiply.
 [image: -\frac{11\;\times\;5}{12\;\times\;7}]
 Step 2: Are there any common factors in the numerator and the denominator? No.
 [image: -\frac{55}{84}]
  
 
 
 Try It
  9) Multiply: [image: -\frac{10}{28}\times\frac{8}{15}]
 
 Solution [image: -\frac{4}{21}]
  
 
 
 10) Multiply: [image: -\frac{9}{20}\times\frac{5}{12}]
 
 Solution [image: -\frac{3}{16}]
  
 
 
 
 
 When multiplying a fraction by an integer, it may be helpful to write the integer as a fraction. Any integer, [image: a], can be written as [image: \frac{a}{1}]. So, for example, [image: 3=\frac{3}{1}].
 Example 1.4.6
  Multiply: [image: -\frac{12}{5}\left(-20x\right)]
 
 Solution Determine the sign of the product. The signs are the same, so the product is positive.
 Step 1: Write [image: 20x] as a fraction.
 [image: \frac{12}{5}\left(\frac{20x}{1}\right)]
 Step 2: Multiply.
 Step 3: Rewrite 20 to show the common factor 5 and divide it out.
 [image: \frac{12\;\times\;4\;\times\;\cancel5x}{\cancel5\;\times\;1}]
 Step 4: Simplify.
 [image: 48x]
  
 
 
 
 
 
 Try It
  11) Multiply: [image: \frac{11}{3}\left(-9a\right)]
 
 Solution [image: -33a]
  
 
 
 12) Multiply: [image: \frac{13}{7}\left(-14b\right)]
 
 Solution [image: -2b]
  
 
 
 
 
 
 
 
 
 Divide Fractions
 Now that we know how to multiply fractions, we are almost ready to divide. Before we can do that, that we need some vocabulary.
 The reciprocal of a fraction is found by inverting the fraction, placing the numerator in the denominator and the denominator in the numerator. The reciprocal of [image: \frac{2}{3}] is [image: \frac{3}{20}].
 Notice that [image: \frac{2}{3}\cdot\frac{3}{2}=1]. A number and its reciprocal multiply to 1.
 To get a product of positive 1 when multiplying two numbers, the numbers must have the same sign. So reciprocals must have the same sign.
 The reciprocal of [image: -\frac{10}{7}] is [image: -\frac{7}{10}], since [image: -\frac{10}{7}\left(-\frac{7}{10}\right)=1].
 Reciprocal
 The reciprocal of [image: \frac{a}{b}] is [image: \frac{b}{a}].
 A number and its reciprocal multiply to one [image: \frac ab\times\frac ba=1]
 
 To divide fractions, we multiply the first fraction by the reciprocal of the second.
 
 Fraction Division
 If [image: a,b,c\;\text{and}\;d] are numbers where [image: b\ne 0,c\ne 0\;\text{and}\;d\ne 0], then
 [image: \frac{a}{b}\div \frac{c}{d}=\frac{a}{b}\times\frac{d}{c}]
  
 To divide fractions, we multiply the first fraction by the reciprocal of the second.
 
 We need to say [image: b\ne 0,c\ne 0\;\text{and}\;d\ne 0] to be sure we don’t divide by zero!
 
 
 
 Example 1.4.7
  Divide: [image: -\frac{2}{3} \div \frac{n}{5}].
 
 Solution Step 1: To divide, multiply the first fraction by the reciprocal of the second.
 [image: -\frac{2}{3}\times\frac{5}{n}]
 Step 2: Multiply.
 [image: -\frac{10}{3n}]
  
 
 
 Try It
  13) Divide: [image: -\frac{3}{5}\div \frac{p}{7}]
 
 Solution [image: -\frac{21}{5p}]
  
 
 
 14) Divide: [image: -\frac{5}{8}\div \frac{q}{3}]
 
 Solution [image: -\frac{15}{8q}]
  
 
 
 
 
 
 
 Example 1.4.8
  Find the quotient: [image: -\frac{7}{8}\div \left(-\frac{14}{27}\right)].
 
 Solution Step 1: To divide, multiply the first fraction by the reciprocal of the second.
 [image: -\frac{7}{18}\times\ -\frac{27}{14}]
 Step 2: Determine the sign of the product, and then multiply.
 [image: \frac{7\times\ 27}{18\times\ 14}]
 Step 3: Rewrite showing common factors.
 [image: \frac{\cancel{7\;}\times\cancel{\;9\;}\times\;3}{\cancel{9\;}\times\;2\;\times\cancel{\;7\;}\times\;2}]
 Step 4: Remove common factors.
 [image: \frac3{2\;\times\;2}]
 Step 5: Simplify.
 [image: \frac{3}{4}]
  
 
 
 
 Try It
  15) Find the quotient: [image: -\frac{7}{27}\div \left(-\frac{35}{36}\right)]
 
 Solution [image: \frac{4}{15}]
  
 
 
 16) Find the quotient: [image: -\frac{5}{14}\div \left(-\frac{15}{28}\right)]
 
 Solution [image: \frac{2}{3}]
  
 
 
 
 
 
 
 
 There are several ways to remember which steps to take to multiply or divide fractions. One way is to repeat the call outs to yourself. If you do this each time you do an exercise, you will have the steps memorized.
 	“To multiply fractions, multiply the numerators and multiply the denominators.”
 	“To divide fractions, multiply the first fraction by the reciprocal of the second.”
 
 Another way is to keep two examples in mind:
 [image: This is an image with two columns. The first column reads “One fourth of two pizzas is one half of a pizza. Below this are two pizzas side-by-side with a line down the center of each one representing one half. The halves are labeled “one half”. Under this is the equation “2 times 1 fourth”. Under this is another equation “two over 1 times 1 fourth.” Under this is the fraction two fourths and under this is the fraction one half. The next column reads “there are eight quarters in two dollars.” Under this are eight quarters in two rows of four. Under this is the fraction equation 2 divided by one fourth. Under this is the equation “two over one divided by one fourth.” Under this is two over one times four over one. Under this is the answer “8”.]Figure 1.4.7 The numerators or denominators of some fractions contain fractions themselves. A fraction in which the numerator or the denominator is a fraction is called a complex fraction.
 Complex Fraction
 A complex fraction is a fraction in which the numerator or the denominator contains a fraction.
 
 Some examples of complex fractions are:
 
 
 [image: \frac{\frac{6}{7}}{3}\phantom{\rule{1em}{0ex}}\frac{\frac{3}{4}}{\frac{5}{8}}\phantom{\rule{1em}{0ex}}\frac{\frac{x}{2}}{\frac{5}{6}}]
 To simplify a complex fraction, we remember that the fraction bar means division. For example, the complex fraction [image: \frac{\frac{3}{4}}{\frac{5}{8}}] means [image: \frac{3}{4}\div \frac{5}{8}].
 
 Example 1.4.9
  Simplify: [image: \frac{\frac{3}{4}}{\frac{5}{8}}]
 
 Solution Step 1: Rewrite as division.
 [image: \frac34\div\frac58]
 Step 2: Multiply the first fraction by the reciprocal of the second.
 [image: \frac{3}{4}\times \frac{8}{5}]
 Step 3: Multiply.
 [image: \frac{3\;\times\;8}{4\;\times\;5}]
 Step 4: Look for common factors.
 [image: \frac{3\;\times\;\cancel4\;\times\;2}{\cancel{4\;}\times\;5}]
 Step 5: Divide out common factors and simplify.
 [image: \frac{6}{5}]
  
 
 
 Try It
  17) Simplify: [image: \frac{\frac{2}{3}}{\frac{5}{6}}]
 
 Solution [image: \frac{4}{5}]
  
 
 
 18) Simplify: [image: \frac{\frac{3}{7}}{\frac{6}{11}}]
 
 Solution [image: \frac{11}{14}]
  
 
 
 
 
 
 
 Example 1.4.10
  Simplify: [image: \frac{\frac{x}{2}}{\frac{xy}{6}}]
 
 Solution Step 1: Rewrite as division.
 [image: \frac x2\div\frac{xy}6]
 Step 2: Multiply the first fraction by the reciprocal of the second.
 [image: \frac{x}{2}\times \frac{6}{xy}]
 Step 3: Multiply.
 [image: \frac{x\;\times\;6}{2\;\times\;xy}]
 Step 4: Look for common factors.
 [image: \frac{\cancel{x\;}\times\;3\;\times\;\cancel2}{\cancel{2\;}\times\cancel{\;x\;}\times\;y}]
 Step 5: Divide out common factors and simplify.
 [image: \frac{3}{y}]
  
 
 
 
 Try It
  19) Simplify: [image: \frac{\frac{a}{8}}{\frac{ab}{6}}]
 
 Solution [image: \frac{3}{4b}]
  
 
 
 20) Simplify: [image: \frac{\frac{p}{2}}{\frac{pq}{8}}]
 
 Solution [image: \frac{4}{2q}]
  
 
 
 
 
 
 Simplify Expressions with a Fraction Bar
 
 
 
 
 The line that separates the numerator from the denominator in a fraction is called a fraction bar. A fraction bar acts as grouping symbol. The order of operations then tells us to simplify the numerator and then the denominator. Then we divide.
 To simplify the expression [image: \frac{5-3}{7+1}], we first simplify the numerator and the denominator separately. Then we divide.
 
 [image: \begin{eqnarray*}&=&\frac{5-3}{7+1}\\&=&\frac28\\&=&\frac14\end{eqnarray*}]
 
 
 HOW TO
 Simplify an Expression with a Fraction Bar.
 	Simplify the expression in the numerator.
 	Simplify the expression in the denominator.
 	Simplify the fraction.
 
 
 
 Example 1.4.11
  Simplify: [image: \frac{4-2\left(3\right)}{{2}^{2}+2}]
 Solution Step 1: Use the order of operations to simplify the numerator and the denominator.
 [image: \frac{4-6}{4+2}]
 Step 2: Simplify the numerator and the denominator.
 [image: \frac{-2}{6}]
 Step 3: Simplify. A negative divided by a positive is negative.
 [image: -\frac{1}{3}]
  
 
 Try It
  21) Simplify: [image: \frac{6-3\left(5\right)}{{3}^{2}+3}]
 
 Solution [image: -\frac{3}{4}]
  
 
 
 22) Simplify: [image: \frac{4-4\left(6\right)}{{3}^{2}+3}]
 
 Solution [image: -\frac{2}{3}]
  
 
 
 
 
 
 
 
 Where does the negative sign go in a fraction? Usually the negative sign is in front of the fraction, but you will sometimes see a fraction with a negative numerator, or sometimes with a negative denominator. Remember that fractions represent division. When the numerator and denominator have different signs, the quotient is negative.
 [image: \begin{array}{cccccc}\frac{-1}{3}=-\frac{1}{3}\hfill & & & & & \frac{\text{negative}}{\text{positive}}=\text{negative}\hfill \\ \frac{1}{-3}=-\frac{1}{3}\hfill & & & & & \frac{\text{positive}}{\text{negative}}=\text{negative}\hfill \end{array}]
 Placement of Negative Sign in a Fraction
 For any positive numbers [image: a] and [image: b],
 [image: \frac{\text{−}-a}{b}=\frac{a}{\text{−}-b}=-\frac{a}{b}]
 
 
 
 
 Example 1.4.12
  Simplify: [image: \frac{4\left(-3\right)+6\left(-2\right)}{-3\left(2\right)-2}]
 
 Solution Step 1: Multiply.
 [image: \frac{-12+\left(-12\right)}{-6-2}]
 Step 2: Simplify.
 [image: \frac{-24}{-8}]
 Step 3: Divide.
 [image: 3]
  
 
 
 
 Try It
  23) Simplify: [image: \frac{8\left(-2\right)+4\left(-3\right)}{-5\left(2\right)+3}]
 
 Solution 4
  
 
 
 24) Simplify: [image: \frac{7\left(-1\right)+9\left(-3\right)}{-5\left(3\right)-2}]
 
 Solution 2
  
 
 
 
 
 
 Translate Phrases to Expressions with Fractions
 
 
 
 
 Now that we have done some work with fractions, we are ready to translate phrases that would result in expressions with fractions.
 The English words quotient and ratio are often used to describe fractions. Remember that “quotient” means division. The quotient of [image: a] and [image: b] is the result we get from dividing [image: a] by [image: b], or [image: \frac{a}{b}].
 
 Example 1.4.13
  Translate the English phrase into an algebraic expression: the quotient of the difference of [image: m] and [image: n], and [image: p].
 
 Solution We are looking for the quotient of  the difference of [image: m] and [image: n], and [image: p]. This means we want to divide the difference of [image: m] and [image: n] by [image: p].
 [image: \frac{m-n}{p}]
  
 
 
 Try It
  25) Translate the English phrase into an algebraic expression: the quotient of the difference of [image: a] and [image: b], and [image: cd].
 
 Solution [image: \frac{a-b}{cd}]
  
 
 
 26) Translate the English phrase into an algebraic expression: the quotient of the sum of [image: p] and [image: q], and [image: r]
 
 Solution [image: \frac{p+q}{r}]
  
 
 
 
 
 Add or Subtract Fractions with a Common Denominator
 When we multiplied fractions, we just multiplied the numerators and multiplied the denominators right straight across. To add or subtract fractions, they must have a common denominator.
 Fraction Addition and Subtraction
 If [image: a,b,\;\text{and}\;c] are numbers where [image: c\ne 0], then
 [image: \frac{a}{c}+\frac{b}{c}=\frac{a+b}{c}\phantom{\rule{1em}{0ex}}\text{and}\phantom{\rule{1em}{0ex}}\frac{a}{c}-\frac{b}{c}=\frac{a-b}{c}]
 To add or subtract fractions, add or subtract the numerators and place the result over the common denominator.
 
 
 
 Example 1.4.14
  Find the sum: [image: \frac{x}{3}+\frac{2}{3}].
 
 Solution Step 1: Add the numerators and place the sum over the common denominator.
 [image: \frac{x+2}{3}]
  
 
 
 
 Try It
  27) Find the sum: [image: \frac{x}{4}+\frac{3}{4}]
 
 Solution [image: \frac{x+3}{4}]
  
 
 
 28) Find the sum: [image: \frac{y}{8}+\frac{5}{8}]
 
 Solution [image: \frac{y+5}{8}]
  
 
 
 
 
 
 
 Example 1.4.15
  Find the difference: [image: -\frac{23}{24}-\frac{13}{24}].
 Solution Step 1: Subtract the numerators and place the difference over the common denominator.
 [image: \frac{-23-13}{24}]
 Step 2: Simplify.
 [image: \frac{-36}{24}]
 Step 3: Simplify. Remember, [image: -\frac{a}{b}=\frac{\text{−}a}{b}].
 [image: -\frac{3}{2}]
  
 
 Try It
  29) Find the difference: [image: -\frac{19}{28}-\frac{7}{28}]
 
 Solution [image: -\frac{26}{28}]
  
 
 
 30) Find the difference: [image: -\frac{27}{32}-\frac{1}{32}]
 
 Solution [image: -\frac{7}{8}]
  
 
 
 
 
 
 
 Example 1.4.16
  Simplify: [image: -\frac{10}{x}-\frac{4}{x}]
 
 Solution Step 1: Subtract the numerators and place the difference over the common denominator.
 [image: \frac{-14}{x}]
 Step 2: Rewrite with the sign in front of the fraction.
 [image: -\frac{14}{x}]
  
 
 
 
 
 Try It
  31) Find the difference: [image: -\frac{9}{x}-\frac{7}{x}]
 
 Solution [image: -\frac{16}{x}]
  
 
 
 32) Find the difference: [image: -\frac{17}{a}-\frac{5}{a}]
 
 Solution [image: -\frac{22}{a}]
  
 
 
 
 
 
 
 
 Now we will do an example that has both addition and subtraction.
 Example 1.4.17
  Simplify: [image: \frac{3}{8}+\left(-\frac{5}{8}\right)-\frac{1}{8}]
 
 Solution Step 1: Add and subtract fractions—do they have a common denominator? Yes.
 [image: \frac{3}{8}+\left(-\frac{5}{8}\right)-\frac{1}{8}].
 Step 2: Add and subtract the numerators and place the difference over the common denominator.
 [image: \frac{3+\left(-5\right)-1}{8}]
 Step 3: Simplify left to right.
 [image: \frac{-2-1}{8}]
 Step 4: Simplify.
 [image: -\frac{3}{8}]
  
 
 
 Try It
  33) Simplify: [image: \frac{-2}{9}+\left(-\frac{4}{9}\right)-\frac{7}{9}]
 
 Solution [image: -1]
  
 
 
 34) Simplify: [image: \frac{5}{9}+\left(-\frac{4}{9}\right)-\frac{7}{9}]
 
 Solution [image: -\frac{2}{3}]
  
 
 
 
 
 
 
 
 
 Add or Subtract Fractions with Different Denominators
 As we have seen, to add or subtract fractions, their denominators must be the same. The least common denominator  (LCD) of two fractions is the smallest number that can be used as a common denominator of the fractions. The LCD of the two fractions is the least common multiple (LCM) of their denominators.
 Least Common Denominator
 The least common denominator (LCD) of two fractions is the least common multiple (LCM) of their denominators.
 
 After we find the least common denominator of two fractions, we convert the fractions to equivalent fractions with the LCD. Putting these steps together allows us to add and subtract fractions because their denominators will be the same!
 
 
 
 
 Example 1.4.18
  Add: [image: \frac{7}{12}+\frac{5}{18}]
 
 Solution Step 1: Do they have a common denominator?
 [image: \begin{eqnarray*}\left.\begin{array}{r}12\;=\;2\;\times\;2\;\times\;3\\18\;=\;2\;\times\;3\;\times\;3\end{array}\right\}\;\text{LCD}=2\;\times\;2\;\times\;3\;\times\;3\;=\;36\end{eqnarray*}]
 No – rewrite each fraction with the LCD (least common denominator).
 [image: \begin{eqnarray*}&=&\frac7{12}+\frac5{18}\\&=&\frac{7\;\times\;3}{12\;\times\;3}+\frac{5\;\times\;2}{18\;\times\;2}\\&=&\;\frac{21}{36}+\frac{10}{36}\;\text{Do not simplify LCD fractions.}\\\end{eqnarray*}]
  
 Step 2: Add or subtract the fractions.
 Add.
 [image: \frac{31}{36}]
 Step 3: Simplify, if possible.
 Because 31 is a prime number, it has no factors in common with 36. The answer is simplified.
  
 
 
 
 Try It
  35) Add: [image: \frac{7}{12}+\frac{11}{15}]
 
 Solution [image: \frac{79}{60}]
  
 
 
 36) Add: [image: \frac{13}{15}+\frac{17}{20}]
 
 Solution [image: \frac{103}{60}]
  
 
 
 
 
 
 
 
 HOW TO
 Add or Subtract Fractions.
 	Do they have a common denominator? 	Yes—go to step 2.
 	No—rewrite each fraction with the LCD (least common denominator). Find the LCD. Change each fraction into an equivalent fraction with the LCD as its denominator.
 
 
 	Add or subtract the fractions.
 	Simplify, if possible.
 
 
 
 When finding the equivalent fractions needed to create the common denominators, there is a quick way to find the number we need to multiply both the numerator and denominator. This method works if we found the LCD by factoring into primes.
 Look at the factors of the LCD and then at each column above those factors. The “missing” factors of each denominator are the numbers we need.
 [image: The number 12 is factored into 2 times 2 times 3 with an extra space after the 3, and the number 18 is factored into 2 times 3 times 3 with an extra space between the 2 and the first 3. There are arrows pointing to these extra spaces that are marked “missing factors.” The LCD is marked as 2 times 2 times 3 times 3, which is equal to 36. The numbers that create the LCD are the factors from 12 and 18, with the common factors counted only once (namely, the first 2 and the first 3).]Figure 1.4.8 In the above figure the LCD, 36, has two factors of 2 and two factors of 3.
 The numerator 12 has two factors of 2 but only one of 3—so it is “missing” one 3—we multiply the numerator and denominator by 3.
 The numerator 18 is missing one factor of 2—so we multiply the numerator and denominator by 2.
 We will apply this method as we subtract the fractions in Example 1.4.19
 
 Example 1.4.19
  Subtract: [image: \frac{7}{15}-\frac{19}{24}]
 
 Solution Step 1: Find the LCD.
 Do the fractions have a common denominator? No, so we need to find the LCD.
 
 Notice, 15 is “missing” three factors of 2 and 24 is “missing” the 5 from the factors of the LCD. So we multiply 8 in the first fraction and 5 in the second fraction to get the LCD.
 [image: \begin{eqnarray*}\left.\begin{array}{r}15\;&=&\;3\;\times\;5\\24\;&=&\;2\;\times\;2\;\times\;2\;\times\;3\end{array}\right\}\;LCD=\;2\;\times\;2\;\times\;2\;\times\;3\;\times\;5\;=\;120\end{eqnarray*}]
 [image: \begin{eqnarray*}&=&\frac7{15}-\frac{19}{24}\\&=&\;\frac{7\;\times\;8}{15\;\times\;8}-\frac{19\;\times\;5}{24\;\times\;5}\end{eqnarray*}]
 Step 2: Rewrite as equivalent fractions with the LCD.
 [image: \frac{56}{120}-\frac{95}{120}]
 Step 3: Subtract.
 [image: \frac{39}{120}]
 Step 4: Check to see if the answer can be simplified.
 [image: \frac{13\;\times\;3}{40\;\times\;3}]
 Step 5: Simplify.
 Both 39 and 120 have a factor of 3.
 [image: \frac{13}{40}]
 Do not simplify the equivalent fractions! If you do, you’ll get back to the original fractions and lose the common denominator!
  
 
 
 Try It
  37) Subtract: [image: \frac{13}{24}-\frac{17}{32}]
 
 Solution [image: \frac{1}{96}]
  
 
 
 38) Subtract: [image: \frac{21}{32}-\frac{9}{28}]
 
 Solution [image: \frac{75}{224}]
  
 
 
 
 
 In the next example, one of the fractions has a variable in its numerator. Notice that we do the same steps as when both numerators are numbers.
 Example 1.4.20
  Add: [image: \frac{3}{5}+\frac{x}{8}]
 
 Solution The fractions have different denominators.
 
 Step 1: Find the LCD.
 [image: \left.\begin{array}{r}5\;&=&\;5\\8\;&=&\;2\;\times\;2\;\times\;2\end{array}\right\}LCD=\;2\;\times\;2\;\times\;2\;\times\;5\;=\;40]
 Step 2: Rewrite as equivalent fractions with the LCD.
 [image: \frac{3\;\times\;8}{5\;\times\;8}+\frac{x\;\times\;5}{8\;\times\;5}]
 Step 3: Simplify.
 [image: \frac{24}{40}+\frac{5x}{40}]
 Step 4: Add.
 [image: \frac{24+5x}{40}]
 Remember, we can only add like terms: [image: 24] and [image: 5x] are not like terms.
  
 
 
 
 
 
 Try It
  39) Add: [image: \frac{y}{6}+\frac{7}{9}]
 
 Solution [image: \frac{9y+42}{54}]
  
 
 
 40) Add: [image: \frac{x}{6}+\frac{7}{15}]
 
 Solution [image: \frac{15x+42}{135}]
  
 
 
 
 
 We now have all four operations for fractions. The table below summarizes fraction operations.
 
 
 
 	Fraction Multiplication 	Fraction Division 
 	[image: \frac{a}{b}\times\frac{c}{d}=\frac{ac}{bd}]
 
 Multiply the numerators and multiply the denominators 	[image: \frac{a}{b}\div \frac{c}{d}=\frac{a}{b}\times\frac{d}{c}]
 
 Multiply the first fraction by the reciprocal of the second. 
 	Fraction Addition 	Fraction Subtraction 
 	[image: \frac{a}{c}+\frac{b}{c}=\frac{a+b}{c}]
 
 Add the numerators and place the sum over the common denominator. 	[image: \frac{a}{c}-\frac{b}{c}=\frac{a-b}{c}]
 
 Subtract the numerators and place the difference over the common denominator. 
 	To multiply or divide fractions, an LCD is NOT needed.
  To add or subtract fractions, an LCD is needed. 
  
 Example 1.4.21
  Simplify:
 	[image: \frac{5x}{6}-\frac{3}{10}]
 	[image: \frac{5x}{6}\times\frac{3}{10}]
 
 
 Solution First ask, “What is the operation?” Once we identify the operation that will determine whether we need a common denominator. Remember, we need a common denominator to add or subtract, but not to multiply or divide.
 a. What is the operation? The operation is subtraction.
 Step 1: Do the fractions have a common denominator? No.
 [image: \frac{5x}{6}-\frac{3}{10}]
 Step 2: Rewrite each fraction as an equivalent fraction with the LCD.
 [image: \frac{5x\times5}{6\times5}-\frac{3\times3}{10\times3}]
 Step 3: Subtract the numerators and place the difference over the common denominators.
 [image: \frac{25x}{30}-\frac{9}{30}]
 Step 4: Simplify, if possible There are no common factors. The fraction is simplified.
 [image: \frac{25x-9}{30}]
 
 b. What is the operation? Multiplication.
 
 Step 1: To multiply fractions, multiply the numerators and multiply the denominators.
 [image: \frac{5x\times3}{6\times10}]
 Step 2: Rewrite, showing common factors.
 [image: \frac{\cancel5x\;\times\;\cancel3}{2\;\times\;\cancel3\;\times\;2\;\times\;\cancel5}]
 Step 3: Remove common factors.
 Step 4: Simplify.
 [image: \frac{x}{4}]
 Notice we needed an LCD to add [image: \frac{5x}{6}-\frac{3}{10}], but not to multiply [image: \frac{5x}{6}\times\frac{3}{10}].
  
 
 
 
 
 Try It
  41) Simplify:
 a. [image: \frac{3a}{4}-\frac{8}{9}]
 b. [image: \frac{3a}{4}\times\frac{8}{9}]
 
 Solution a. [image: \frac{27a-32}{36}]
 b. [image: \frac{2a}{3}]
  
 
 
 42) Simplify:
 a. [image: \frac{4k}{5}-\frac{1}{6}]
 b. [image: \frac{4k}{5}\times\frac{1}{6}]
 
 Solution a. [image: \frac{24k-5}{30}]
 b. [image: \frac{2k}{15}]
  
 
 
 
 
 
 Use the Order of Operations to Simplify Complex Fractions
 
 
 
 
 We have seen that a complex fraction is a fraction in which the numerator or denominator contains a fraction. The fraction bar indicates division. We simplified the complex fraction [image: \frac{\frac{3}{4}}{\frac{5}{8}}] by dividing [image: \frac{3}{4}] by [image: \frac{5}{8}].
 Now we’ll look at complex fractions where the numerator or denominator contains an expression that can be simplified. So we first must completely simplify the numerator and denominator separately using the order of operations. Then we divide the numerator by the denominator.
 
 Example 1.4.22
  Simplify: [image: \frac{{\left(\frac{1}{2}\right)}^{2}}{4+{3}^{2}}].
 
 Solution Step 1: Simplify the numerator.
 *Remember, [image: \left(\frac12\right)^2] means [image: \frac12\cdot\frac12]
 [image: \begin{eqnarray*}&=&\frac{\left({\displaystyle\frac12}\right)^2}{4+3^2}\\&=&\;\frac{\displaystyle\frac14}{4+3^2}\end{eqnarray*}]
 Step 2: Simplify the denominator.
 [image: \begin{eqnarray*}&=&\frac{\displaystyle\frac14}{4+9}\\&=&\;\frac{\displaystyle\frac14}{13}\end{eqnarray*}]
 Step 3: Divide the numerator by the denominator. Simplify if possible.
 *Remember, [image: 13=\frac{13}{1}]
 [image: \begin{eqnarray*}&=&\frac14\div13\\&=&\;\frac14\times\frac1{13}\\&=&\frac1{52}\end{eqnarray*}]
  
 
 
 
 Try It
  43) Simplify: [image: \frac{{\left(\frac{1}{3}\right)}^{2}}{{2}^{3}+2}]
 
 Solution [image: \frac{1}{90}]
  
 
 
 44) Simplify: [image: \frac{1+{4}^{2}}{{\left(\frac{1}{4}\right)}^{2}}]
 
 Solution [image: 272]
  
 
 
 
 
 Simplify Complex Fractions
 
 
 
 	Simplify the numerator.
 	Simplify the denominator.
 	Divide the numerator by the denominator. Simplify if possible.
 
 Example 1.4.23
  Simplify: [image: \frac{\frac{1}{2}+\frac{2}{3}}{\frac{3}{4}-\frac{1}{6}}]
 
 Solution It may help to put parentheses around the numerator and the denominator.
 Step 1: Simplify the numerator (LCD = 6) and simplify the denominator (LCD = 12).
 [image: \frac{\left(\frac{3}{6}+\frac{4}{6}\right)}{\left(\frac{9}{12}-\frac{2}{12}\right)}]
 Step 2: Simplify.
 [image: \frac{\left(\frac{7}{6}\right)}{\left(\frac{7}{12}\right)}]
 Step 3: Divide the numerator by the denominator.
 [image: \frac{7}{6}\times\frac{12}{7}]
 Step 4: Simplify.
 Step 5: Divide out common factors.
 [image: \frac{7\times6\times2}{6\times7}]
 Step 6: Simplify.
 [image: 2]
  
 
 
 
 Try It
  45) Simplify: [image: \frac{\frac{1}{3}+\frac{1}{2}}{\frac{3}{4}-\frac{1}{3}}]
 
 Solution 2
  
 
 
 46) Simplify: [image: \frac{\frac{2}{3}-\frac{1}{2}}{\frac{1}{4}+\frac{1}{3}}]
 
 Solution [image: \frac{2}{7}]
  
 
 
 
 
 
 
 
 
 Evaluate Variable Expressions with Fractions
 We have evaluated expressions before, but now we can evaluate expressions with fractions. Remember, to evaluate an expression, we substitute the value of the variable into the expression and then simplify.
 
 Example 1.4.24
  Evaluate [image: x+\frac{1}{3}] when
 a. [image: x=-\frac{1}{3}]
 b. [image: x=-\frac{3}{4}]
 
 Solution a. To evaluate [image: x+\frac{1}{3}] when [image: x=-\frac{1}{3}], substitute [image: -\frac{1}{3}] for [image: x] in the expression.
 
 Step 1: Substitute [image: -\frac13] for [image: x].
 [image: -\frac13+\frac13]
 Step 2: Simplify.
 [image: 0]
 
 b. To evaluate [image: x+\frac{1}{3}] when [image: x=-\frac{3}{4}], we substitute [image: -\frac{3}{4}] for [image: x] in the expression.
 
 Step 1: Substitute [image: -\frac34] for [image: x].
 [image: -\frac34+\frac13]
 Step 2: Rewrite as equivalent fractions with the LCD, [image: 12].
 [image: -\frac{3\;\times\;3}{4\;\times\;3}+\frac{1\;\times\;4}{3\;\times\;4}]
 Step 3:Simplify.
 [image: -\frac9{12}+\frac4{12}]
 Step 4:Add.
 [image: -\frac{5}{12}]
  
 
 
 Try It
  47) Evaluate [image: x+\frac{3}{4}] when
 a. [image: x=-\frac{7}{4}]
 b. [image: x=-\frac{5}{4}]
 
 Solution a. [image: -1]
 b. [image: \frac{1}{2}]
  
 
 
 48) Evaluate [image: y+\frac{1}{2}] when
 a. [image: y=\frac{2}{3}]
 b. [image: y=-\frac{3}{4}]
 
 Solution a. [image: \frac{7}{6}]
 b. [image: -\frac{1}{12}]
  
 
 
 
 
 Example 1.4.25
  Evaluate [image: -\frac{5}{6}-y] when [image: y=-\frac{2}{3}]
 
 Solution Step 1:  Substitute [image: -\frac23] for [image: y].
 [image: -\frac56-\left(-\frac23\right)]
 Step 2: Rewrite as equivalent fractions with the LCD, [image: 6].
 [image: -\frac56-\left(-\frac46\right)]
 Step 3: Subtract.
 [image: -\frac{5-\left(-4\right)}6]
 Step 4: Simplify.
 [image: -\frac{1}{6}]
  
 
 
 
 
 
 Try It
  49) Evaluate [image: -\frac{1}{2}-y] when [image: y=-\frac{1}{4}]
 
 Solution [image: -\frac{1}{4}]
  
 
 
 50) Evaluate [image: -\frac{3}{8}-y] when [image: x=-\frac{5}{2}]
 
 Solution [image: -\frac{17}{8}]
  
 
 
 
 
 Example 1.4.26
  Evaluate [image: 2{x}^{2}y] when [image: x=\frac{1}{4}] and [image: y=-\frac{2}{3}]
 
 Solution Substitute the values into the expression.
 
 Step 1: Substitute[image: \frac14] for [image: x] and [image: -\frac23] for [image: y].
 [image: 2\left(\frac14\right)^2\left(-\frac23\right)]
 Step 2: Simplify exponents first.
 [image: 2\left(\frac{1}{16}\right)\left(-\frac{2}{3}\right)]
 Step 3: Multiply. Divide out the common factors. Notice we write [image: 16] as [image: 2\cdot 2\cdot 4] to make it easy to remove common factors.
 [image: \frac{\cancel2\;\times\;1\;\times\;\cancel2}{\cancel2\;\times\;\cancel2\;\times\;4\;\times\;3}]
 Step 4: Simplify.
 [image: \frac{1}{12}]
  
  
 
 
 
 
 
 Try It
  51) Evaluate [image: 3a{b}^{2}] when [image: a=-\frac{2}{3}] and [image: b=-\frac{1}{2}]
 
 Solution [image: -\frac{1}{2}]
  
 
 
 52) Evaluate [image: 4{c}^{3}d] when [image: c=-\frac{1}{2}] and [image: d=-\frac{4}{3}]
 
 Solution [image: \frac{2}{3}]
  
 
 
 
 
 The next example will have only variables, no constants.
 Example 1.4.27
  Evaluate [image: \frac{p+q}{r}] when [image: p=-4,q=-2,\text{and}r=8]
 
 Solution To evaluate [image: \frac{p+q}{r}] when [image: p=-4,q=-2,\text{and}r=8], we substitute the values into the expression.
 
 Step 1: Substitute [image: −4] for [image: p], [image: −2] for [image: q], and [image: 8] for [image: r].
 [image: \frac{-4+\left(-2\right)}8]
 Step 2: Add in the numerator first.
 [image: \frac{-6}{8}]
 Step 3: Simplify.
 [image: -\frac{3}{4}]
  
 
 
 
 
 
 Try It
  53) Evaluate [image: \frac{a+b}{c}] when [image: a=-8,b=-7,\text{and}c=6]
 
 Solution [image: -\frac{5}{2}]
  
 
 
 54) Evaluate [image: \frac{x+y}{z}] when [image: x=9,y=-18,\text{and}z=-6]
 
 Solution [image: \frac{3}{2}]
  
 
 
 
 
 
 
 
 
 
 
 
 Key Concepts
  	Equivalent Fractions Property: If [image: a,b,c] are numbers where [image: b\ne 0,c\ne 0], then
  [image: \frac{a}{b}=\frac{a\times c}{b \times c}] and [image: \frac{a \times c}{b \times c}=\frac{a}{b}].
 	Fraction Division: If [image: a,b,c\;\text{and}\;d] are numbers where [image: b\ne 0,c\ne 0,\;\text{and}\;d\ne 0], then [image: \frac{a}{b}\div\frac{c}{d}=\frac{a}{b}\times\frac{d}{c}]. To divide fractions, multiply the first fraction by the reciprocal of the second.
 	Fraction Multiplication: If [image: a,b,c\;\text{and}\;d] are numbers where [image: b\ne 0,\;\text{and}\;d\ne 0], then [image: \frac{a}{b}\times\frac{c}{d}=\frac{ac}{bd}]. To multiply fractions, multiply the numerators and multiply the denominators.
 	Placement of Negative Sign in a Fraction: For any positive numbers [image: a\text{ and }b], [image: \frac{-a}{b}=\frac{a}{-b}=-\frac{a}{b}].
 	Property of One: [image: \frac{a}{a}=1]; Any number, except zero, divided by itself is one.
 	Simplify a Fraction 	Rewrite the numerator and denominator to show the common factors. If needed, factor the numerator and denominator into prime numbers first.
 	Simplify using the equivalent fractions property by dividing out common factors.
 	Multiply any remaining factors.
 
 
 	Simplify an Expression with a Fraction Bar 	Simplify the expression in the numerator. Simplify the expression in the denominator.
 	Simplify the fraction.
 
 
 	Fraction Addition and Subtraction: If [image: a,b,\;\text{and}\;c] are numbers where [image: c\ne 0], then [image: \frac{a}{c}+\frac{b}{c}=\frac{a+b}{c}] and [image: \frac{a}{c}-\frac{b}{c}=\frac{a-b}{c}].
  To add or subtract fractions, add or subtract the numerators and place the result over the common denominator.
 	Strategy for Adding or Subtracting Fractions 	Do they have a common denominator?
  Yes—go to step 2.
  No—Rewrite each fraction with the LCD (Least Common Denominator). Find the LCD. Change each fraction into an equivalent fraction with the LCD as its denominator.
 	Add or subtract the fractions.
 	Simplify, if possible. To multiply or divide fractions, an LCD IS NOT needed. To add or subtract fractions, an LCD IS needed.
 
 
 	Simplify Complex Fractions 	Simplify the numerator.
 	Simplify the denominator.
 	Divide the numerator by the denominator. Simplify if possible.
 
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=230#h5p-4 
 
 b. After looking at the checklist, do you think you are well-prepared for the next chapter? Why or why not?
 
 
 Glossary
  	complex fraction
 	A complex fraction is a fraction in which the numerator or the denominator contains a fraction.
 
 	denominator
 	The denominator is the value on the bottom part of the fraction that indicates the number of equal parts into which the whole has been divided.
 
 	equivalent fractions
 	Equivalent fractions are fractions that have the same value.
 
 	fraction
 	A fraction is written [image: \frac{a}{b}], where [image: b\ne 0] [image: a] is the numerator and [image: b] is the denominator. A fraction represents parts of a whole. The denominator [image: b] is the number of equal parts the whole has been divided into, and the numerator [image: a] indicates how many parts are included.
 
 	numerator
 	The numerator is the value on the top part of the fraction that indicates how many parts of the whole are included.
 
 	reciprocal
 	The reciprocal of [image: \frac{a}{b}] is [image: \frac{b}{a}]. A number and its reciprocal multiply to one: [image: \frac{a}{b}·\frac{b}{a}=1].
 
 	simplified fraction
 	A fraction is considered simplified if there are no common factors in its numerator and denominator.
 
 	least common denominator
 	The least common denominator (LCD) of two fractions is the Least common multiple (LCM) of their denominators.
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		1.5 Decimals

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Name and write decimals
 	Round decimals
 	Add and subtract decimals
 	Multiply and divide decimals
 	Convert decimals, fractions, and percents
 
 
 
 
 Name and Write Decimals
 
 Decimals are another way of writing fractions whose denominators are powers of 10.
 	[image: 0.1=\frac1{10}] 	[image: 0.1] is “one tenth” 
 	[image: 0.01=\frac1{100}] 	[image: 0.01] is “one hundredth” 
 	[image: 0.001=\frac1{1000}] 	[image: 0.001] is “one thousandth” 
 	[image: 0.0001=\frac1{10000}] 	[image: 0.0001] is “one ten-thousandth” 
  
 
 Notice that “ten thousand” is a number larger than one, but “one ten-thousandth” is a number smaller than one. The “th” at the end of the name tells you that the number is smaller than one.
 When we name a whole number, the name corresponds to the place value based on the powers of ten. We read 10,000 as “ten thousand” and 10,000,000 as “ten million.” Likewise, the names of the decimal places correspond to their fraction values. (Figure 1.5.1) shows the names of the place values to the left and right of the decimal point.
 Place value of decimal numbers are shown to the left and right of the decimal point.
 [image: A table is shown with the title Place Value. From left to right the row reads “Hundred thousands,” “Ten thousands,” “Thousands,” “Hundreds,” “Tens,” and “Ones.” Then there is a blank cell and below it is a decimal point. To the right of this, the cells read “Tenths,” “Hundredths,” “Thousandths,” “Ten-thousandths,” and “Hundred-thousandths.”]Figure 1.5.1 
 
 Example 1.5.1
  Name the decimal 4.3.
 
 Solution Step 1: Name the number to the left of the decimal point.
 4 is to the left of the decimal point.
 [image: \begin{eqnarray*}&4.3&\\&\text{four ___________}&\\\end{eqnarray*}]
 Step 2: Write ‘and’ for the decimal point.
 [image: \begin{eqnarray*}&\text{four and ________}&\end{eqnarray*}]
 Step 3: Name the ‘number’ part to the right of the decimal point as if it were a whole number.
 3 is to the right of the decimal point.
 [image: \begin{eqnarray*}\text{four and three ________}\end{eqnarray*}]
 Step 4: Name the decimal place.
 Four and three tenths.
  
 
 
 
 Try It
  1) Name the decimal: 6.7
 
 Solution Six and seven tenths.
  
 
 
 2) Name the decimal: 5.8
 
 Solution Five and eight tenths.
  
 
 
 
 
 
 
 
 We summarize the steps needed to name a decimal below.
 HOW TO
 Name a Decimal.
 	Name the number to the left of the decimal point.
 	Write “and” for the decimal point.
 	Name the “number” part to the right of the decimal point as if it were a whole number.
 	Name the decimal place of the last digit.
 
 
 
 Example 1.5.2
  Name the decimal: -15.571
 
 Solution Step 1: Name the number to the left of the decimal point.
 [image: \begin{eqnarray*}&\text{negative fifteen _________}&\end{eqnarray*}]
 Step 2: Write “and” for the decimal point.
 [image: \begin{eqnarray*}&\text{negative fifteen and ______}&\end{eqnarray*}]
 Step 3: Name the number to the right of the decimal point.
 [image: \begin{eqnarray*}&\text{negative fifteen and five hundred seventy-one __________}&\end{eqnarray*}]
 Step 4: The 1 is in the thousandths place.
 Negative fifteen and five hundred seventy-one thousandths.
  
 
 
 
 Try It
  3) Name the decimal: -13.461
 
 Solution Negative thirteen and four hundred sixty-one thousandths.
  
 
 
 4) Name the decimal: -2.053.
 
 Solution Negative two and fifty-three thousandths.
  
 
 
 
 
 
 
 
 When we write a check we write both the numerals and the name of the number. Let’s see how to write the decimal from the name.
 
 Example 1.5.3
  Write “fourteen and twenty-four thousandths” as a decimal.
 
 Solution Step 1: Look for the word ‘and’; it locates the decimal point. Place a decimal point under the word ‘and’.
 Translate the words before ‘and’ into the whole number and place to the left of the decimal point.
 [image: A table is given with four steps. The first step reads “Step 1: Look for the work ‘and’ – it locates the decimal point. Place a decimal point under the word ‘and’. Translate the words before ‘and’ into the whole number and place it to the left of the decimal point.” To the right of this, we have the words “fourteen and twenty-four thousandths.” Below this word, we have “fourteen and twenty-four thousandths” with the word “and” underlined. Below this word, we have a small blank space separated from a larger blank space by a decimal point. Under this, we have 14 in the small blank space followed by the decimal point and the larger blank space.]Figure 1.5.2 Step 2: Mark the number of decimal places needed to the right of the decimal point by noting the place value indicated by the last word.
 [image: The second step reads “Step 2: Mark the number of decimal places needed to the right of the decimal point by noting the place value indicated by the last word.” To the right of this it reads “The last word is thousandths.” To the right of this there is the number 14 followed by a decimal point and three small blank spaces. Under the blank spaces, the words “tenths,” “hundredths,” and “thousandths” are written.]Figure 1.5.3 Step 3: Translate the words after ‘and’ into the number to the right of the decimal point. 
 Write the number in the spaces — putting the final digit in the last place.
 [image: Step 3: Translate the words after ‘and’ into the number to the right of the decimal point. Write the number in the spaces – putting the final digit in the last place.” To the right of this, we have 14 followed by a decimal followed by a blank space followed by 2 and 4 on the other two previously blank spaces.]Figure 1.5.4 Step 4: Fill in zeros for empty place holders as needed. 
 Zeros are needed in the tenths place.
 
 [image: Step 4: Fill in zeros for empty place holders as needed.” To the right of this, it reads “Zeros are needed in the tenths place.” To the right of this, we have 14 followed by a decimal point followed by 0, 2, and 4, respectively, on the blank spaces. Below this, we have “fourteen and twenty-four thousandths is written 14.024.]Figure 1.5.5  
 
 
 
 Try It
  5) Write as a decimal: thirteen and sixty-eight thousandths.
 
 Solution 13.68
  
 
 
 6) Write as a decimal: five and ninety-four thousandths.
 
 Solution 5.94
  
 
 
 
 
 
 
 
 We summarize the steps to writing a decimal.
 HOW TO
 Write a decimal.
 	Look for the word “and”—it locates the decimal point. 	Place a decimal point under the word “and.” Translate the words before “and” into the whole number and place it to the left of the decimal point.
 	If there is no “and,” write a “0” with a decimal point to its right.
 
 
 	Mark the number of decimal places needed to the right of the decimal point by noting the place value indicated by the last word.
 	Translate the words after “and” into the number to the right of the decimal point. Write the number in the spaces—putting the final digit in the last place.
 	Fill in zeros for place holders as needed.
 
 
 Round Decimals
 
 
 
 Rounding decimals is very much like rounding whole numbers. We will round decimals with a method based on the one we used to round whole numbers.
 
 Example 1.5.4
  Round 18.379 to the nearest hundredth.
 
 Solution Step 1: Locate the given place value and mark it with an arrow. 
 [image: A table is given with four steps. The first step reads “Step 1: Locate the given place value and mark it with an arrow.” To the right of this, we have the number 18.379; above it, are the words hundreds place, which has an arrow pointing to the 7.]Figure 1.5.6 Step 2: Underline the digit to the right of the given place value.
 [image: Step 2: Underline the digit to the right of the given place value.” To the right of this, we have 18.379 with the 9 underlined]Figure 1.5.7 Step 3: Is this digit greater than or equal to 5?
 Yes: Add 1 to the digit in the given place value.
 No: Do not change the digit in the given place value.
 [image: Step 3. Is this digit greater than or equal to 5? Below this reads, “Yes: add 1 to the digit in the given place value.” Below this reads, “No: do not change the digit in the given place value.” To the right of this, it says “Because 9 is greater than or equal to ” To the right of this, we have the number 18.379 with the 9 marked “delete” and the 7 marked “add 1.”]Figure 1.5.8 Step 4: Rewrite the number, removing all digits to the right of the rounding digit. 
 [image: Finally, the last step reads “Step 4. Rewrite the number, removing all digits to the right of the rounding digit.” To the right of this, we have 18.38 followed by “18.38 is 18.379 rounded to the nearest hundredth."]Figure 1.5.9  
 
 
 
 Try It
  7) Round to the nearest hundredth: 1.047
 
 Solution 1.05
  
 
 
 8) Round to the nearest hundredth: 9.173
 
 Solution 9.17
  
 
 
 
 
 
 
 
 We summarize the steps for rounding a decimal here.
 HOW TO
 Round Decimals.
 	Locate the given place value and mark it with an arrow.
 	Underline the digit to the right of the place value.
 	Is this digit greater than or equal to 5? 	Yes—add 1 to the digit in the given place value.
 	No—do not change the digit in the given place value.
 
 
 	Rewrite the number, deleting all digits to the right of the rounding digit.
 
 
 Example 1.5.5
  Round 18.379 to the nearest
 a. tenth
 b. whole number.
 
  
 Solution Round 18.379
 a. to the nearest tenth
 
 Step 1: Locate the tenths place with an arrow.
 [image: ]Figure 1.5.10 Step 2: Underline the digit to the right of the given place value.
 [image: .]Figure 1.5.11 Step 3: Because 7 is greater than or equal to 5, add 1 to the 3.
 [image: .]Figure 1.5.12 Step 4: Rewrite the number, deleting all digits to the right of the rounding digit.
 [image: 18.4]
 Step 5: Notice that the deleted digits were NOT replaced with zeros.
 So, [image: 18.379] rounded to the nearest tenth is [image: 18.4].
 
 b. to the nearest whole number
 
 Step 1: Locate the ones place with an arrow.
 [image: .]Figure 1.5.13 Step 2: Underline the digit to the right of the given place value.
 [image: .]Figure 1.5.14 Step 3: Since 3 is not greater than or equal to 5, do not add 1 to the 8.
 [image: .]Figure 1.5.15 Step 4: Rewrite the number, deleting all digits to the right of the rounding digit.
 So, 18.379 rounded to the nearest whole number is 18.
  
 
 
 
 Try It
  9) Round 6.582 to the nearest
 a. hundredth
 b. tenth
 c. whole number.
 
 Solution a. 6.58
 b. 6.6
 c. 7
  
 
 
 10) Round 15.2175 to the nearest
 a. thousandth
 b. hundredth
 c. tenth.
 
 Solution a. 15.218
 b. 15.22
 c. 15.2
  
 
 
 
 
 
 
 
 
 Add and Subtract Decimals
 To add or subtract decimals, we line up the decimal points. By lining up the decimal points this way, we can add or subtract the corresponding place values. We then add or subtract the numbers as if they were whole numbers and then place the decimal point in the sum.
 HOW TO
 Add or Subtract Decimals.
 	Write the numbers so the decimal points line up vertically.
 	Use zeros as place holders, as needed.
 	Add or subtract the numbers as if they were whole numbers. Then place the decimal point in the answer under the decimal points in the given numbers.
 
 
 
 Example 1.5.6
  Add: [image: 23.5+41.38]
 
 Solution Step 1: Write the numbers so the decimal points line up vertically.
 [image: \begin{array}{lllll}\;\;\;23.50\\ \underline{+41.38}\\ \end{array}]
 Step 2: Put 0 as a placeholder after the 5 in 23.5. Remember, [image: \frac5{10}=\frac{50}{100}] so, [image: 0.5 = 0.50].
 [image: \begin{array}{lllll}\;\;\;23.50\\ \underline{+41.38}\\ \end{array}]
 Step 3: Add the numbers as if they were whole numbers. Then place the decimal point in the sum.
 [image: \begin{array}{lllll}\;\;\;23.50\\ \underline{+41.38}\\ \;\;\;64.88 \end{array}]
  
 
 
 
 
 
 Try It
  11) Add: [image: 4.8+11.69]
 
 Solution 16.49
  
 
 
 12) Add: [image: 5.123+18.47]
 
 Solution 23.593
  
 
 
 
 
 Example 1.5.7
  Subtract: [image: 20-14.65]
 
 Solution Step 1: Write the numbers so the decimal points line up vertically.
 [image: \begin{array}{lllll}\;\;\;20.\\ \underline{-14.65}\\ \end{array}]
 Step 2: Put in zeros to the right as placeholders.
 Remember, 20 is a whole number, so place the decimal point after the 0.
 [image: \begin{array}{lllll}\;\;\;20.00\\ \underline{-14.65}\\ \end{array}]
 Step 3: Subtract and place the decimal point in the answer.
 [image: ]
  
 
 
 
 
 
 Try It
  13) Subtract [image: 10-9.58].
 
 Solution 0.42
  
 
 
 14) Subtract: [image: 50-37.42].
 
 Solution 12.58
  
 
 
 
 
 
 Multiply and Divide Decimals
 
 
 
 
 Multiplying decimals is very much like multiplying whole numbers—we just have to determine where to place the decimal point. The procedure for multiplying decimals will make sense if we first convert them to fractions and then multiply.
 So let’s see what we would get as the product of decimals by converting them to fractions first. We will do two examples side-by-side. Look for a pattern!
 	 	[image: (0.\underset{1\;place}{\underbrace3)}\;\;\;\;\;\;\;\;(0.\underset{1\;place}{\underbrace7)}]
  	[image: (0.\underset{1\;place}{\underbrace2)}\;\;\;\;\;\;\;\;(0.\underset{2\;places}{\underbrace{46})}] 
 	Convert to fractions. 	[image: \frac3{10}\cdot\frac7{10}] 	[image: \frac2{10}\cdot\frac{46}{100}] 
 	Multiply. 	[image: \frac{21}{100}] 	[image: \frac{92}{1000}] 
 	Convert to decimals. 	[image: (0.\underset{2\;places}{\underbrace{21})}] 	[image: (0.\underset{3\;places}{\underbrace{096})}] 
  
 Notice, in the first example, we multiplied two numbers that each had one digit after the decimal point and the product had two decimal places. In the second example, we multiplied a number with one decimal place by a number with two decimal places and the product had three decimal places.
 We multiply the numbers just as we do whole numbers, temporarily ignoring the decimal point. We then count the number of decimal points in the factors and that sum tells us the number of decimal places in the product.
 The rules for multiplying positive and negative numbers apply to decimals, too, of course!
 When multiplying two numbers,
 	if their signs are the same the product is positive.
 	if their signs are different the product is negative.
 
 
 When we multiply signed decimals, first we determine the sign of the product and then multiply as if the numbers were both positive. Finally, we write the product with the appropriate sign.
 HOW TO
 Multiply Decimals
 	Determine the sign of the product.
 	Write in vertical format, lining up the numbers on the right. Multiply the numbers as if they were whole numbers, temporarily ignoring the decimal points.
 	Place the decimal point. The number of decimal places in the product is the sum of the number of decimal places in the factors.
 	Write the product with the appropriate sign.
 
 
 Example 1.5.8
  Multiply: [image: (-3.9)(4.075)]
 
 Solution Step 1: The signs are different. The product will be negative.
 Step 2: Write in vertical format, lining up the numbers on the right.
 [image: \begin{align*} 4.075&\\ \underline{\times\;\;3.9}&\\ \end{align*}]
 Step 3: Multiply.
 [image: \begin{align*}4.075&\\ \underline{\times\;\;3.9}&\\158925&\end{align*}]
 Step 4: Add the number of decimal places in the factors [image: (1 + 3)].
 [image: (-3.\underbrace{9}_{1\;place})]   [image: (4.\underbrace{075}_{3\;places})]
 Step 5: Place the decimal point 4 places from the right.
 [image: \begin{align*} 4.075\\ \underline{\times\;\;3.9}\\15.\underbrace{8925}&\\ \;\;\;\;\text{4 places}\end{align*}]
 Step 6: The signs are different, so the product is negative.
 [image: (−3.9)(4.075) = −15.8925]
  
 
 
 
 Try It
  15) Multiply: [image: -4.5(6.107)]
 
 Solution -27.4815
  
 
 
 16) Multiply: [image: -10.79(8.12)]
 
 Solution -87.6148
  
 
 
 
 
 
 
 
 In many of your other classes, especially in the sciences, you will multiply decimals by powers of 10 (10, 100, 1000, etc.). If you multiply a few products on paper, you may notice a pattern relating the number of zeros in the power of 10 to number of decimal places we move the decimal point to the right to get the product.
 HOW TO
 Multiply a Decimal by a Power of Ten
 	Move the decimal point to the right the same number of places as the number of zeros in the power of 10.
 	Add zeros at the end of the number as needed.
 
 
 
 Example 1.5.9
  Multiply 5.63
 a. by 10
 b. by 100
 c. by 1,000
 
 Solution By looking at the number of zeros in the multiple of ten, we see the number of places we need to move the decimal to the right.
 a.
 
 Step 1: There is 1 zero in 10, so move the decimal point 1 place to the right.
 [image: 5.63(10)]
 [image: ]Fig. 1.5.16 
 b.
 Step 1: There are 2 zeros in 100, so move the decimal point 2 places to the right.
 
 [image: 5.63(100)]
 [image: .]Figure 1.5.17 
 c.
 Step 1: There are 3 zeros in 1,000, so move the decimal point 3 places to the right.
 
 [image: 5.63(1000)]
 [image: .]Figure 1.5.18 Step 2: A zero must be added at the end.
 [image: 5,630]
  
 
 
 Try It
  17) Multiply 2.58
 a. by 10
 b. by 100
 c. by 1,000
 
 Solution a. 25.8
 b. 258
 c. 2,580
  
 
 
 18) Multiply 14.2
 a. by 10
 b. by 100
 c. by 1,000
 
 Solution a. 142
 b. 1,420
 c. 14,200
  
 
 
 
 
 
 
 
 Just as with multiplication, division of decimals is very much like dividing whole numbers. We just have to figure out where the decimal point must be placed.
 To divide decimals, determine what power of 10 to multiply the denominator by to make it a whole number. Then multiply the numerator by that same power of [image: 10]. Because of the equivalent fractions property, we haven’t changed the value of the fraction! The effect is to move the decimal points in the numerator and denominator the same number of places to the right. For example:
 [image: \frac{0.8}{0.4}]
 [image: \frac{0.8(10)}{0.4(10)}]
 [image: \frac{8}{4}]
 We use the rules for dividing positive and negative numbers with decimals, too. When dividing signed decimals, first determine the sign of the quotient and then divide as if the numbers were both positive. Finally, write the quotient with the appropriate sign.
 We review the notation and vocabulary for division:
 [image: a divided by b equals c. Then "a" is dividend and "b" is divisor and "c" is quotient.]Figure 1.5.19 
 We’ll write the steps to take when dividing decimals, for easy reference.
 HOW TO
 Divide Decimals.
 	Determine the sign of the quotient.
 	Make the divisor a whole number by “moving” the decimal point all the way to the right. “Move” the decimal point in the dividend the same number of places—adding zeros as needed.
 	Divide. Place the decimal point in the quotient above the decimal point in the dividend.
 	Write the quotient with the appropriate sign.
 
 
 
 Example 1.5.10
  Divide: [image: -25.56\div (-0.06)]
 
 Solution Remember, you can “move” the decimals in the divisor and dividend because of the Equivalent Fractions Property.
 Step 1: The signs are the same.
 The quotient is positive.
 Step 2: Make the divisor a whole number by “moving” the decimal point all the way to the right.
 Step 3: “Move” the decimal point in the dividend the same number of places.
 
 [image: .]Figure 1.5.20 Step 4: Divide.
 Place the decimal point in the quotient above the decimal point in the dividend.
 [image: .]Figure 1.5.21 Step 5: Write the quotient with the appropriate sign.
 [image: -25.65\div (-0.06)=427.5]
  
 
 
 
 Try It
  19) Divide: [image: -23.492\div (-0.04)]
 
 Solution 687.3
  
 
 
 20) Divide: [image: -4.11\div (-0.12)]
 
 Solution 34.25
  
 
 
 
 
 A common application of dividing whole numbers into decimals is when we want to find the price of one item that is sold as part of a multi-pack. For example, suppose a case of 24 water bottles costs $3.99. To find the price of one water bottle, we would divide $3.99 by 24. We show this division in Example 1.5.13. In calculations with money, we will round the answer to the nearest cent (hundredth).
 
 
 
 Example 1.5.11
  Divide: [image: \$3.99\div 24].
 
 Solution Step 1: Place the decimal point in the quotient above the decimal point in the dividend.
 Step 2: Divide as usual.
 When do we stop? Since this division involves money, we round it to the nearest cent (hundredth.) To do this, we must carry the division to the thousandths place.
 [image: .]Figure 1.5.22 Step 3: Round to the nearest cent.
 [image: \begin{eqnarray*}0.166&\approx&0.17\\\$3.99\div24&\approx&\$0.17\end{eqnarray*}]
  
 
 
 Try It
  21) Divide: [image: \$6.99\div 36]
 
 Solution 0.19
  
 
 
 22) Divide: [image: \$4.99\div 12]
 
 Solution 0.42
  
 
 
 
 
 
 Convert Decimals, Fractions, and Percents
 
 
 
 
 We convert decimals into fractions by identifying the place value of the last (farthest right) digit. In the decimal 0.03 the 3 is in the hundredths place, so 100 is the denominator of the fraction equivalent to 0.03.
 [image: 0.03=\frac{3}{100}]
 Notice, when the number to the left of the decimal is zero, we get a fraction whose numerator is less than its denominator. Fractions like this are called proper fractions.
 The steps to take to convert a decimal to a fraction are summarized in the procedure box.
 HOW TO
 Convert a Decimal to a Proper Fraction.
 	Determine the place value of the final digit.
 	Write the fraction. 	numerator—the “numbers” to the right of the decimal point
 	denominator—the place value corresponding to the final digit
 
 
 
 
 
 
 Example 1.5.12
  Write [image: 0.374] as a fraction.
 
 Solution Step 1: Determine the place value of the final digit.
 [image: .]Figure 1.5.23 Step 2: Write the fraction for 0.374:
 	The numerator is 374.
 	The denominator is 1,000.
 
 [image: \frac{374}{1000}]
 Step 3: Simplify the fraction.
 [image: \frac{2\;\times\;187}{2\;\times\;500}]
 Step 4: Divide out the common factors.
 [image: \frac{187}{500}]
 So, [image: 0.374=\frac{187}{500}].
 
 Did you notice that the number of zeros in the denominator of [image: \frac{374}{1,000}] is the same as the number of decimal places in [image: 0.374]?
  
 
 
 Try It
  23) Write [image: 0.234] as a fraction.
 
 Solution [image: \frac{117}{500}]
  
 
 
 24)Write [image: 0.024] as a fraction.
 
 Solution [image: \frac{3}{125}]
  
 
 
 
 
 
 
 
 We’ve learned to convert decimals to fractions. Now we will do the reverse—convert fractions to decimals. Remember that the fraction bar means division. So [image: \frac{4}{5}] can be written [image: 4\div5] or 5[image: \overline)4] . This leads to the following method for converting a fraction to a decimal.
 HOW TO
 Convert a Fraction to a Decimal.
 To convert a fraction to a decimal, divide the numerator of the fraction by the denominator of the fraction.
 
 
 
 Example 1.5.13
  Write [image: \frac{5}{8}] as a decimal.
 Solution Step 1: Since a fraction bar means division, we begin by writing [image: \frac{5}{8}] as [image: 8\overline)5] 
 Step 2: Now divide.
 [image: This is a long division problem with 8 dividing 5.000 and 0.625 as the quotient. Below 5.000 we have 48, a solid horizontal line, 20, 16, a solid horizontal line, 40, 40, and a final horizontal line. So five eighths equals 0.625.]Figure 1.5.24  
 
 Try It
  25) Write [image: \frac{-7}{8}] as a decimal.
 
 Solution [image: -0.875]
  
 
 
 26) Write [image: \frac{-3}{8}] as a decimal.
 
 Solution [image: -0.375]
  
 
 
 
 
 
 
 
 When we divide, we will not always get a zero remainder. Sometimes the quotient ends up with a decimal that repeats. A repeating decimal is a decimal in which the last digit or group of digits repeats endlessly. A bar is placed over the repeating block of digits to indicate it repeats.
 Repeating Decimal
 A repeating decimal is a decimal in which the last digit or group of digits repeats endlessly.
 
 
 A bar is placed over the repeating block of digits to indicate it repeats.
 
 Example 1.5.14
  Write [image: \frac{43}{22}] as a decimal.
 
 Solution [image: The number 43/22 is given. The direction is given to “Divide 43 by 22.” A long division problem is given with 22 dividing 43.00000 with 1.95454 as the quotient. Below 43.00000 we have 22, a solid horizontal line, 210, 198, a solid horizontal line, 120, 110, a horizontal line, 100, 88, a solid horizontal line, 120, 110, a solid horizontal line, 100, 88, a solid horizontal line, and then three dots. It is noted that the 120 repeats and that the 100 repeats. This is further explicated as “The pattern repeats, so the numbers in the quotient will repeat as well. At the end, we are given the statement that 43/22 equals 1.954 with a small horizontal line over the 54.]Figure 1.5.25  
 
 
 Try It
  27) Write [image: \frac{27}{11}] as a decimal.
 
 Solution [image: 2.\bar{45}]
  
 
 
 28) Write [image: \frac{51}{22}] as a decimal.
 
 Solution [image: 2.3\bar{18}]
  
 
 
 
 
 
 
 
 Sometimes we may have to simplify expressions with fractions and decimals together.
 
 Example 1.5.15
  Simplify: [image: \frac{7}{8}+6.4]
 
 Solution First we must change one number so both numbers are in the same form. We can change the fraction to a decimal, or change the decimal to a fraction. Usually it is easier to change the fraction to a decimal.
 
 Step 1: Change [image: \frac{7}{8}] to a decimal.
 [image: .]Figure 1.5.26 Step 2: Add.
 [image: 0.875+6.4 = 7.275]
 So, [image: \frac{7}{8}+6.4=7.275]
  
 
 
 Try It
  29) Simplify: [image: \frac{3}{8}+4.9]
 
 Solution [image: 5.275]
  
 
 
 30) Simplify: [image: 5.7+\frac{13}{20}]
 
 Solution [image: 6.35]
  
 
 
 
 
 A percent is a ratio whose denominator is 100. Percent means per hundred. We use the percent symbol, %, to show percent.
 
 
 
 Percent
 A percent is a ratio whose denominator is 100.
 
 Since a percent is a ratio, it can easily be expressed as a fraction. Percent means per 100, so the denominator of the fraction is 100. We then change the fraction to a decimal by dividing the numerator by the denominator.
 	 	[image: 6\%] 	[image: 78\%] 	[image: 135\%] 
 	Write as a ratio with denominator 100. 	[image: \frac{6}{100}] 	[image: \frac{78}{100}] 	[image: \frac{135}{100}] 
 	Change the fraction to a decimal by dividing the numerator by the denominator. 	[image: 0.06] 	[image: 0.78] 	[image: 1.35] 
  
 Do you see the pattern? To convert a percent number to a decimal number, we move the decimal point two places to the left.
 [image: The first part of this figure shows 6% with an arrow drawn from between the 6 and the percentage sign to the space to the left of 6 and then to the space further to the left of that space. Below this, the number 0.06 is given. The second part of this figure shows 78% with an arrow drawn from between the 8 and the percentage sign to the space between the 7 and the 8 and then to the space to the left of the 7. Below this, the number 0.78 is given. The third part of this figure shows 2.7% with an arrow drawn from the decimal point to the space to the left of the 2 and then to the space further to the left of that space. Below this, the number 0.027 is given. The fourth part of this figure shows 135% with an arrow drawn from between the 5 and the percentage sign to the space between 3 and 5 and then to the space between 1 and 3. Below this, the number 1.35 is given.]Figure 1.5.27 
 Example 1.5.16
  Convert each percent to a decimal:
 a. [image: 62\%]
 b. [image: 135\%]
 c. [image: 35.7\%]
 
 Solution a.
 Step 1: Move the decimal point two places to the left.
 [image: .]Figure 1.5.28 [image: 0.62]
 
 b.
 Step 1: Move the decimal point two places to the left.
 [image: .]Figure 1.5.29 [image: 1.35]
 
 c.
 Step 1: Move the decimal point two places to the left.
 [image: .]Figure 1.5.30 [image: 0.057]
  
 
 
 Try It
  31) Convert each percent to a decimal:
 a. [image: 9\%]
 b. [image: 87\%]
 c. [image: 3.9\%]
 
 Solution a. [image: 0.09]
 b. [image: 0.87]
 c. [image: 0.039]
  
 
 
 32) Convert each percent to a decimal:
 a. [image: 3\%]
 b. [image: 91\%]
 c. [image: 8.3\%]
 
 Solution a. [image: 0.03]
 b. [image: 0.91]
 c. [image: 0.083]
  
 
 
 
 
 Converting a decimal to a percent makes sense if we remember the definition of percent and keep place value in mind.
 
 
 
 To convert a decimal to a percent, remember that percent means per hundred. If we change the decimal to a fraction whose denominator is 100, it is easy to change that fraction to a percent.
 	 	[image: 0.83] 	[image: 1.05] 	[image: 0.075] 
 	Write as a fraction. 	[image: \frac{83}{100}] 	[image: \frac{5}{100}] 	[image: \frac{75}{1000}] 
 	The denominator is 100. 	 	[image: \frac{105}{100}] 	[image: \frac{7.5}{100}] 
 	Write the ratio as a percent. 	[image: 83\%] 	[image: 105\%] 	[image: 7.5\%] 
  
 Recognize the pattern? To convert a decimal to a percent, we move the decimal point two places to the right and then add the percent sign.
 [image: The first part of this figure shows 0.05 with an arrow drawn from the decimal point to the space between 0 and 5 and then to the space after 5. Below this, the number 5% is given. The second part of this figure shows 0.83 with an arrow drawn from the decimal point to the space between 8 and 3 and then to the space after 3. Below this, the number 83% is given. The third part of this figure shows 1.05 with an arrow drawn from the decimal point to the space between 0 and 5 and then to the space after 5. Below this, the number 105% is given. The fourth part of this figure shows 0.075 with an arrow drawn from the decimal point to the space between 0 and 7 and then to the space between 7 and 5. Below this, the number 7.5% is given. The fifth part of this figure shows 0.3 with an arrow drawn from the decimal point to the space after 3 and then to space further to the right of that 3. Below this, the number 30% is given.]Figure 1.5.31 Example 1.5.17
  Convert each decimal to a percent:
 a. [image: 0.51]
 b. [image: 1.25]
 c. [image: 0.093]
 
 Solution a.
 Step 1: Move the decimal point two places to the right.
 [image: .]Figure 1.5.32 [image: 51\%]
 
 b.
 Step 1: Move the decimal point two places to the right.
 [image: .]Figure 1.5.33 [image: 125\%]
 
 c.
 Step 1: Move the decimal point two places to the right.
 [image: .]Figure 1.5.34 [image: 9.3\%]
  
 
 
 Try It
  33) Convert each decimal to a percent:
 a. [image: 0.17]
 b. [image: 1.75 ]
 c. [image: 0.0825]
 
 Solution a. [image: 17\%]
 b. [image: 175\%]
 c. [image: 8.25\%]
  
 
 
 34) Convert each decimal to a percent:
 a. [image: 0.41 ]
 b. [image: 2.25]
 c. [image: 0.0925]
 
 Solution a. [image: 41\%]
 b. [image: 225\%]
 c. [image: 9.25\%]
  
 
 
 
 
 
 
 
 
 Key Concepts
  	Name a Decimal 	Name the number to the left of the decimal point.
 	Write ”and” for the decimal point.
 	Name the “number” part to the right of the decimal point as if it were a whole number.
 	Name the decimal place of the last digit.
 
 
 	Write a Decimal 	Look for the word ‘and’—it locates the decimal point. Place a decimal point under the word ‘and.’ Translate the words before ‘and’ into the whole number and place it to the left of the decimal point. If there is no “and,” write a “0” with a decimal point to its right.
 	Mark the number of decimal places needed to the right of the decimal point by noting the place value indicated by the last word.
 	Translate the words after ‘and’ into the number to the right of the decimal point. Write the number in the spaces—putting the final digit in the last place.
 	Fill in zeros for place holders as needed.
 
 
 	Round a Decimal 	Locate the given place value and mark it with an arrow.
 	Underline the digit to the right of the place value.
 	Is this digit greater than or equal to 5? Yes—add 1 to the digit in the given place value. No—do not change the digit in the given place value.
 	Rewrite the number, deleting all digits to the right of the rounding digit.
 
 
 	Add or Subtract Decimals 	Write the numbers so the decimal points line up vertically.
 	Use zeros as place holders, as needed.
 	Add or subtract the numbers as if they were whole numbers. Then place the decimal in the answer under the decimal points in the given numbers.
 
 
 	Multiply Decimals 	Determine the sign of the product.
 	Write in vertical format, lining up the numbers on the right. Multiply the numbers as if they were whole numbers, temporarily ignoring the decimal points.
 	Place the decimal point. The number of decimal places in the product is the sum of the decimal places in the factors.
 	Write the product with the appropriate sign.
 
 
 	Multiply a Decimal by a Power of Ten 	Move the decimal point to the right the same number of places as the number of zeros in the power of 10.
 	Add zeros at the end of the number as needed.
 
 
 	Divide Decimals 	Determine the sign of the quotient.
 	Make the divisor a whole number by “moving” the decimal point all the way to the right. “Move” the decimal point in the dividend the same number of places – adding zeros as needed.
 	Divide. Place the decimal point in the quotient above the decimal point in the dividend.
 	Write the quotient with the appropriate sign.
 
 
 	Convert a Decimal to a Proper Fraction 	Determine the place value of the final digit.
 	Write the fraction: numerator—the ‘numbers’ to the right of the decimal point; denominator—the place value corresponding to the final digit.
 
 
 	Convert a Fraction to a Decimal Divide the numerator of the fraction by the denominator
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=316#h5p-5 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
 Glossary
  	decimal
 	A decimal is another way of writing a fraction whose denominator is a power of ten.
 
 	percent
 	A percent is a ratio whose denominator is 100.
 
 	repeating decimal
 	A repeating decimal is a decimal in which the last digit or group of digits repeats endlessly.
 
 
 
 
	

			
			


		
	
		
			
	
		

		1.6 The Real Numbers

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Simplify expressions with square roots
 	Identify integers, rational numbers, irrational numbers, and real numbers
 	Locate fractions on the number line
 	Locate decimals on the number line
 
 
 
 Simplify Expressions with Square Roots
 Remember that when a number [image: n] is multiplied by itself, we write [image: {n}^{2}] and read it “n squared.” The result is called the square of [image: n]. For example,
 [image: 8^2] read [image: \text{8 squared}]
 [image: 64] is called the square of [image: 8]
 Similarly, 121 is the square of 11, because [image: {11}^{2}] is 121.
 Square of a Number
 If [image: {n}^{2}=m,] then [image: m] is the square of [image: n].
 
 Complete the following table to show the squares of the counting numbers 1 through 15.
 	Number 	[image: n] 	1 	2 	3 	4 	5 	6 	7 	8 	9 	10 	11 	12 	13 	14 	15 
 	Square 	[image: n^2] 	 	 	 	 	 	 	 	64 	 	 	121 	 	 	 	 
  
 The numbers in the second row are called perfect square numbers. It will be helpful to learn to recognize the perfect square numbers.
 The squares of the counting numbers are positive numbers. What about the squares of negative numbers? We know that when the signs of two numbers are the same, their product is positive. So the square of any negative number is also positive.
 [image: \begin{array}{cccccccccc}{\left(-3\right)}^{2}=9\hfill & & & {\left(-8\right)}^{2}=64\hfill & & & {\left(-11\right)}^{2}=121\hfill & & & {\left(-15\right)}^{2}=225\hfill \end{array}]
 Did you notice that these squares are the same as the squares of the positive numbers?
 Sometimes we will need to look at the relationship between numbers and their squares in reverse. Because [image: {10}^{2}=100], we say 100 is the square of 10. We also say that 10 is a square root of 100. A number whose square is [image: m] is called a square root of [image: m].
 Square Root of a Number
 If [image: {n}^{2}=m], then [image: n] is a square root of [image: m].
 
 Notice [image: {\left(-10\right)}^{2}=100] also, so [image: -10] is also a square root of 100. Therefore, both [image: 10] and [image: -10] are square roots of 100.
 So, every positive number has two square roots—one positive and one negative. What if we only wanted the positive square root of a positive number? The radical sign, [image: \sqrt{m}], denotes the positive square root. The positive square root is called the principal square root. When we use the radical sign that always means we want the principal square root.
 We also use the radical sign for the square root of zero. Because [image: {0}^{2}=0,] [image: \sqrt{0}=0]. Notice that zero has only one square root.
 Square Root Notation
 [image: \sqrt{m}] is read “the square root of [image: m]”
 [image: radical\;sign\rightarrow\sqrt m\leftarrow radicand]
 If [image: m={n}^{2}], then [image: \sqrt{m}=n], for [image: n\ge 0].
 The square root of [image: m], [image: \sqrt{m}], is the positive number whose square is [image: m].
 
 Since 10 is the principal square root of 100, we write [image: \sqrt{100}=10]. You may want to complete the following table to help you recognize square roots.
 
 	[image: \sqrt1] 	[image: \sqrt4] 	[image: \sqrt9] 	[image: \sqrt{16}] 	[image: \sqrt{25}] 	[image: \sqrt{36}] 	[image: \sqrt{49}] 	[image: \sqrt{64}] 	[image: \sqrt{81}] 	[image: \sqrt{100}] 	[image: \sqrt{121}] 	[image: \sqrt{144}] 	[image: \sqrt{169}] 	[image: \sqrt{196}] 	[image: \sqrt{225}] 
 	 	 	 	 	 	 	 	 	 	10 	 	 	 	 	 
  
 Try It
  Simplify:
 1) [image: \sqrt{25}]
 2) [image: \sqrt{121}]
 Solution 1) Since [image: {5}^{2}=25]
 [image: \begin{array}{c}\sqrt{25}=5\end{array}]
 2)Since [image: {11}^{2}=121]
 [image: \begin{array}{c}\sqrt{121}=11\end{array}]
  
 
 Try It
  Simplify:
 3) [image: \sqrt{36}]
 4) [image: \sqrt{169}]
 Solution 3) [image: 6]
 4) [image: 13]
  
 
 Try It
  Simplify:
 5) [image: \sqrt{16}]
 6) [image: \sqrt{196}]
 Solution 5) [image: 4]
 6) [image: 14]
  
 
 We know that every positive number has two square roots and the radical sign indicates the positive one. We write [image: \sqrt{100}=10]. If we want to find the negative square root of a number, we place a negative in front of the radical sign. For example, [image: -\sqrt{100}=-10]. We read [image: -\sqrt{100}] as “the opposite of the square root of 10.”
 Try It
  Simplify:
 7) [image: -\sqrt{9}]
 8) [image: -\sqrt{144}]
 Solution 7) The negative is in front of the radical sign. [image: \begin{array}{c}-\sqrt{9}=-3\end{array}]
 8) The negative is in front of the radical sign. [image: \begin{array}{c}-\sqrt{144}=-12\end{array}]
  
 
 Try It
  Simplify:
 9) [image: -\sqrt{4}]
 10) [image: -\sqrt{225}]
 Solution 9) [image: -2]
 10) [image: -15]
  
 
 Try It
  Simplify:
 11) [image: -\sqrt{81}]
 12) [image: -\sqrt{100}]
 Solution 11) [image: -9]
 12) [image: -10]
  
 
 Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers
 We have already described numbers as counting numbers, whole numbers, and integers. What is the difference between these types of numbers?
 [image: \begin{array}{cccccc}\text{Counting numbers}\hfill & & & & & 1,2,3,4,\text{…}\hfill \\ \text{Whole numbers}\hfill & & & & & 0,1,2,3,4,\text{…}\hfill \\ \text{Integers}\hfill & & & & & \text{…}-3,-2,-1,0,1,2,3,\text{…}\hfill \end{array}]
 What type of numbers would we get if we started with all the integers and then included all the fractions? The numbers we would have form the set of rational numbers. A rational number is a number that can be written as a ratio of two integers.
 Rational Number
 A rational number is a number of the form [image: \frac{p}{q}], where [image: p] and [image: q] are integers and [image: q\ne 0].
 A rational number can be written as the ratio of two integers.
 
 All signed fractions, such as [image: \frac{4}{5},-\frac{7}{8},\frac{13}{4},-\frac{20}{3}] are rational numbers. Each numerator and each denominator is an integer.
 Are integers rational numbers? To decide if an integer is a rational number, we try to write it as a ratio of two integers. Each integer can be written as a ratio of integers in many ways. For example, 3 is equivalent to [image: \frac{3}{1},\frac{6}{2},\frac{9}{3},\frac{12}{4},\frac{15}{5}\text{…}]
 An easy way to write an integer as a ratio of integers is to write it as a fraction with denominator one.
 [image: \begin{array}{ccccccc}\hfill 3=\frac{3}{1}\hfill & & & \hfill -8=-\frac{8}{1}\hfill & & & \hfill 0=\frac{0}{1}\hfill \end{array}]
 Since any integer can be written as the ratio of two integers, all integers are rational numbers! Remember that the counting numbers and the whole numbers are also integers, and so they, too, are rational.
 What about decimals? Are they rational? Let’s look at a few to see if we can write each of them as the ratio of two integers.
 We’ve already seen that integers are rational numbers. The integer [image: -8] could be written as the decimal [image: -8.0]. So, clearly, some decimals are rational.
 Think about the decimal 7.3. Can we write it as a ratio of two integers? Because 7.3 means [image: 7\frac{3}{10}], we can write it as an improper fraction, [image: \frac{73}{10}]. So 7.3 is the ratio of the integers 73 and 10. It is a rational number.
 In general, any decimal that ends after a number of digits (such as [image: 7.3] or [image: -1.2684]) is a rational number. We can use the place value of the last digit as the denominator when writing the decimal as a fraction.
 Example 1.6.1
  Write as the ratio of two integers:
 	−27
 	7.31
 
 Solution a.
 Step 1: Write it as a fraction with denominator 1.
 [image: -27=\frac{-27}1]
 
 b.
 Step 1: Write it as a mixed number.
 Remember, 7 is the whole number and the decimal part, 0.31, indicates hundredths.
 [image: 7\frac{31}{100}]
 Step 2: Convert to an improper fraction.
 [image: \frac{731}{100}]
 So we see that [image: -27] and [image: 7.31] are both rational numbers, since they can be written as the ratio of two integers.
  
 
 Try It 
  Write as the ratio of two integers:
 13) [image: -24]
 14) [image: 3.57]
 Solution 13) [image: \frac{-24}{1}]
 14) [image: \frac{357}{100}]
  
 
 Try It 
  Write as the ratio of two integers:
 15) [image: -19]
 16) [image: 8.41]
 Solution 15) [image: \frac{-19}{1}]
 16) [image: \frac{841}{100}]
  
 
 Let’s look at the decimal form of the numbers we know are rational.
 We have seen that every integer is a rational number, since [image: a=\frac{a}{1}] for any integer, [image: a]. We can also change any integer to a decimal by adding a decimal point and a zero.
 [image: \begin{array}{ccccccccccccccccccccc}\text{Integer}\hfill & & & & & -2\hfill & & & -1\hfill & & & 0\hfill & & & 1\hfill & & & 2\hfill & & & 3\hfill \\ \text{Decimal form}\hfill & & & & & -2.0\hfill & & & -1.0\hfill & & & 0.0\hfill & & & 1.0\hfill & & & 2.0\hfill & & & 3.0\hfill \end{array}]
 [image: \text{These decimal numbers stop.}]
 We have also seen that every fraction is a rational number. Look at the decimal form of the fractions we considered above.
 [image: \begin{array}{ccccccccccccccc}\text{Ratio of integers}\hfill & & & & & \frac{4}{5}\hfill & & & -\frac{7}{8}\hfill & & & \frac{13}{4}\hfill & & & -\frac{20}{3}\hfill \\ \text{The decimal form}\hfill & & & & & 0.8\hfill & & & -0.875\hfill & & & 3.25\hfill & & & \begin{array}{}\\ -6.666\text{…}\hfill \\ -6.\stackrel{\text{–}}{6}\hfill \end{array}\hfill \end{array}]
 [image: \text{These decimals either stop or repeat.}]
 What do these examples tell us?
 Every rational number can be written both as a ratio of integers, [image: \frac{p}{q}], where p and q are integers and [image: q\ne 0], and as a decimal that either stops or repeats.
 Here are the numbers we looked at above expressed as a ratio of integers and as a decimal:
 
 	  	Fractions 	Integers 	  	  	  	  	  	  
  	Number 	[image: \frac{4}{5}] 	[image: -\phantom{\rule{0.2em}{0ex}}\frac{7}{8}]  	[image: \frac{13}{4}] 	[image: -\phantom{\rule{0.2em}{0ex}}\frac{20}{3}] 	[image: -2] 	[image: -1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	Ratio of Integers 	 [image: \frac{4}{5}] 	[image: -\phantom{\rule{0.2em}{0ex}}\frac{7}{8}] 	[image: \frac{13}{4}] 	[image: -\phantom{\rule{0.2em}{0ex}}\frac{20}{3}] 	[image: -\phantom{\rule{0.2em}{0ex}}\frac{2}{1}] 	 [image: -\phantom{\rule{0.2em}{0ex}}\frac{1}{1}] 	[image: \frac{0}{1}] 	[image: \frac{1}{1}] 	 [image: \frac{2}{1}] 	 [image: \frac{3}{1}] 
 	Decimal Form 	 [image: 0.8] 	 [image: -0.875] 	[image: 3.25] 	[image: -6.\stackrel{\text{–}}{6}] 	[image: -2.0] 	[image: -1.0] 	[image: 0.0] 	[image: 1.0] 	[image: 2.0] 	[image: 3.0] 
  
 Rational Number
 A rational number is a number of the form [image: \frac{p}{q}], where [image: p] and [image: q] are integers and [image: q\ne 0].
 Its decimal form stops or repeats.
 
 Are there any decimals that do not stop or repeat? Yes!
 The number [image: \pi] (the Greek letter pi, pronounced “pie”), which is very important in describing circles, has a decimal form that does not stop or repeat.
 [image: \pi =3.141592654...]
 We can even create a decimal pattern that does not stop or repeat, such as
 [image: 2.01001000100001\dots]
 Numbers whose decimal form does not stop or repeat cannot be written as a fraction of integers. We call these numbers irrational.
 Irrational Number
 An irrational number is a number that cannot be written as the ratio of two integers.
 Its decimal form does not stop and does not repeat.
 
 Let’s summarize a method we can use to determine whether a number is rational or irrational.
 Rational or Irrational?
 If the decimal form of a number
 	repeats or stops, the number is rational.
 	does not repeat and does not stop, the number is irrational.
 
 
 Example 1.6.2
  Given the numbers [image: 0.58\bar{3}], [image: 0.47], [image: 3.605551275...] list the
 	rational numbers
 	irrational numbers
 
 Solution a.
 Step 1: Look for decimals that repeat or stop.
 The [image: 3] repeats in [image: 0.58\bar{3}].
 The decimal [image: 0.47] stops after the [image: 7].
 So [image: 0.58\bar{3}] and [image: 0.47] are rational.
 
 b.
 Step 1: Look for decimals that repeat or stop.
 [image: 3.605551275...] has no repeating block of digits and it does not stop.
 So [image: 3.605551275...] is irrational.
  
 
 Try It 
  For the given numbers list the:
 17) rational numbers
 18) irrational numbers
 [image: 0.29], [image: 0.81\bar{6}], [image: 2.515115111...]
 Solution 17) [image: 0.29,0.81\bar{6}]
 18) [image: 2.515115111...]
  
 
 Try It 
  For the given numbers list the:
 19) rational numbers
 20) irrational numbers
 [image: 2.6\bar{3}], [image: 0.125], [image: 0.418302...]
 Solution 19) [image: 2.6\bar{3}], [image: 0.125]
 20) [image: 0.418302...]
  
 
 Try It 
  For each number given, identify whether it is rational or irrational:
 21) [image: \sqrt{36}]
 22) [image: \sqrt{44}]
 Solution 21) Recognize that [image: 36] is a perfect square, since [image: {6}^{2}=36]. So [image: \sqrt{36}=6,] therefore [image: \sqrt{36}] is rational.
 22) Remember that [image: {6}^{2}=36] and [image: {7}^{2}=49,] so [image: 44] is not a perfect square. Therefore, the decimal form of [image: \sqrt{44}] will never repeat and never stop, so [image: \sqrt{44}] is irrational.
  
 
 Try It 
  For each number given, identify whether it is rational or irrational:
 23) [image: \sqrt{81}]
 24) [image: \sqrt{17}]
 Solution 23) rational
 24) irrational
  
 
 Try It 
  For each number given, identify whether it is rational or irrational:
 25) [image: \sqrt{116}]
 26) [image: \sqrt{121}]
 Solution 25) irrational
 26) rational
  
 
 We have seen that all counting numbers are whole numbers, all whole numbers are integers, and all integers are rational numbers. The irrational numbers are numbers whose decimal form does not stop and does not repeat. When we put together the rational numbers and the irrational numbers, we get the set of real numbers.
 Real Number
 A real number is a number that is either rational or irrational.
 
 All the numbers we use in elementary algebra are real numbers. Figure 1.6.1 illustrates how the number sets we’ve discussed in this section fit together.
 [image: This figure consists of a Venn diagram. To start there is a large rectangle marked Real Numbers. The right half of the rectangle consists of Irrational Numbers. The left half consists of Rational Numbers. Within the Rational Numbers rectangle, there are Integers …, negative 2, negative 1, 0, 1, 2, …. Within the Integers rectangle, there are Whole Numbers 0, 1, 2, 3, … Within the Whole Numbers rectangle, there are Counting Numbers 1, 2, 3, …]Figure 1.6.1. This chart shows the number sets that make up the set of real numbers. Does the term “real numbers” seem strange to you? Are there any numbers that are not “real,” and, if so, what could they be? This chart shows the number sets that make up the set of real numbers. Does the term “real numbers” seem strange to you? Are there any numbers that are not “real,” and, if so, what could they be?
 Can we simplify [image: \sqrt{-25}]? Is there a number whose square is [image: -25]?
 [image: {\left(\text{}\phantom{\rule{0.5em}{0ex}}\right)}^{2}=-25]?
 None of the numbers that we have dealt with so far has a square that is [image: -25]. Why? Any positive number squared is positive. Any negative number squared is positive. So we say there is no real number equal to [image: \sqrt{-25}].
 The square root of a negative number is not a real number.
 Try It
  For each number given, identify whether it is a real number or not a real number:
 27) [image: \sqrt{-169}]
 28) [image: -\sqrt{64}]
 Solution 27) There is no real number whose square is [image: -169]. Therefore, [image: \sqrt{-169}] is not a real number.
 28) Since the negative is in front of the radical, [image: -\sqrt{64}] is [image: -8]. Since [image: -8] is a real number, [image: -\sqrt{64}] is a real number.
  
 
 Try It
  For each number given, identify whether it is a real number or not a real number:
 29) [image: \sqrt{-196}]
 30) [image: \text{−}\sqrt{81}]
 Solution 29) not a real number
 30) real number
  
 
 Try It
  For each number given, identify whether it is a real number or not a real number:
 31) [image: \text{−}\sqrt{49}]
 32) [image: \sqrt{-121}]
 Solution 31) real number
 32) not a real number
  
 
 Example 1.6.3
  Given the numbers [image: -7,\frac{14}{5},8,\sqrt{5},5.9,\text{−}\sqrt{64}], list the:
 	whole numbers
 	integers
 	rational numbers
 	irrational numbers
 	real numbers
 
 Solution a. Remember, the whole numbers are 0, 1, 2, 3, … and 8 is the only whole number given.
 
 b. The integers are the whole numbers, their opposites, and 0. So the whole number 8 is an integer, and [image: -7] is the opposite of a whole number so it is an integer, too. Also, notice that 64 is the square of 8 so [image: \text{−}\sqrt{64}=-8]. So the integers are [image: -7,8,\text{−}\sqrt{64}].
 
 c. Since all integers are rational, then [image: -7,8,\text{−}\sqrt{64}] are rational. Rational numbers also include fractions and decimals that repeat or stop, so [image: \frac{14}{5}\;\text{and}\;5.9] are rational. So the list of rational numbers is [image: -7,\frac{14}{5},8,5.9,-\sqrt{64}].
 
 d. Remember that 5 is not a perfect square, so [image: \sqrt{5}] is irrational.
 
 e. All the numbers listed are real numbers.
  
 
 Try It
  For the given numbers, list the:
 33) whole numbers
 34) integers
 35) rational numbers
 36) irrational numbers
 37) real numbers
 [image: -3,\text{−}\sqrt{2},0.\bar{3},\frac{9}{5},4,\sqrt{49}].
 Solution 33) [image: 4,\sqrt{49}]
 34) [image: -3,4,\sqrt{49}]
 35) [image: -3,0.\bar{3},\frac{9}{5},4,\sqrt{49}]
 36) [image: \text{−}\sqrt{2}]
 37) [image: -3,\text{−}\sqrt{2},0.\bar{3},\frac{9}{5},4,\sqrt{49}]
  
 
 Try It
  For the given numbers, list the:
 38) whole numbers
 39) integers
 40) rational numbers
 41) irrational numbers
 42) real numbers
 [image: \text{−}\sqrt{25},-\frac{3}{8},-1,6,\sqrt{121},2.041975\text{…}]
 Solution 38) [image: 6,\sqrt{121}]
 39) [image: \text{−}\sqrt{25},-1,6,\sqrt{121}]
 40) [image: \text{−}\sqrt{25},-\frac{3}{8},-1,6,\sqrt{121}]
 41) [image: 2.041975\text{…}]
 42) [image: \text{−}\sqrt{25},-\frac{3}{8},-1,6,\sqrt{121},2.041975\text{…}]
  
 
 Locate Fractions on the Number Line
 The last time we looked at the number line, it only had positive and negative integers on it. We now want to include fractions and decimals on it.
 Let’s start with fractions and locate [image: \frac{1}{5},-\frac{4}{5},3,\frac{7}{4},-\frac{9}{2},-5,\;\text{and}\;\frac{8}{3}] on the number line.
 We’ll start with the whole numbers [image: 3] and [image: -5], because they are the easiest to plot. See Figure 1.6.2
 The proper fractions listed are [image: \frac{1}{5}\;\text{and}\;-\frac{4}{5}]. We know the proper fraction [image: \frac{1}{5}] has value less than one and so would be located between [image: 0\;\text{and}\;1]. The denominator is 5, so we divide the unit from 0 to 1 into 5 equal parts [image: \frac{1}{5},\frac{2}{5},\frac{3}{5},\frac{4}{5}]. We plot [image: \frac{1}{5}]. See Figure 1.6.2.
 Similarly, [image: -\frac{4}{5}] is between [image: 0] and [image: -1]. After dividing the unit into 5 equal parts we plot [image: -\frac{4}{5}]. See Figure 1.6.2
 Finally, look at the improper fractions [image: \frac{7}{4},-\frac{9}{2},\frac{8}{3}]. These are fractions in which the numerator is greater than the denominator. Locating these points may be easier if you change each of them to a mixed number. See Figure. 1.6.2.
 [image: \begin{array}{ccccccc}\hfill \frac{7}{4}=1\frac{3}{4}\hfill & & & \hfill -\frac{9}{2}=-4\frac{1}{2}\hfill & & & \hfill \frac{8}{3}=2\frac{2}{3}\hfill \end{array}]
 Figure 1.6.2 shows the number line with all the points plotted.
 [image: There is a number line shown that runs from negative 6 to positive 6. From left to right, the numbers marked are negative 5, negative 9/2, negative 4/5, 1/5, 4/5, 8/3, and 3. The number negative 9/2 is halfway between negative 5 and negative 4. The number negative 4/5 is slightly to the right of negative 1. The number 1/5 is slightly to the right of 0. The number 4/5 is slightly to the left of 1. The number 8/3 is between 2 and 3, but a little closer to 3.]Figure 1.6.2 Example 1.6.4
  Locate and label the following on a number line: [image: 4,\frac{3}{4},-\frac{1}{4},-3,\frac{6}{5},-\frac{5}{2},\;\text{and}\;\frac{7}{3}].
 Solution Locate and plot the integers, [image: 4,-3]
 Step 1: Locate the proper fraction [image: \frac{3}{4}] first.
 The fraction [image: \frac{3}{4}] is between [image: 0] and [image: 1].
 Step 2:  Divide the distance between 0 and 1 into four equal parts then, we plot [image: \frac{3}{4}].
 Similarly plot [image: -\frac{1}{4}].
 Step 3: Now locate the improper fractions [image: \frac{6}{5},-\frac{5}{2},\frac{7}{3}]. 
 [image: \begin{eqnarray*}\frac65&=&1\frac15\\-\frac52&=&-2\frac12\\\frac73&=&2\frac13\end{eqnarray*}]
 It is easier to plot them if we convert them to mixed numbers and then plot them as described above:
 [image: There is a number line shown that runs from negative 4 to positive 4. From left to right, the numbers marked are negative 3 and 1/2, negative 3, negative 8/3, negative 2, negative 1, negative 3/4, negative 2/3, and negative 1/4. The number negative 3 and 1/2 is between negative 4 and negative 3 The number negative 8/3 is between negative 3 and negative 2, but closer to negative 3. The numbers negative 3/4, negative 2/3, and negative 1/4 are all between negative 1 and 0.]Figure 1.6.3  
 
 Try It 
  43) Locate and label the following on a number line: [image: -1,\frac{1}{3},\frac{6}{5},-\frac{7}{4},\frac{9}{2},5,-\frac{8}{3}].
 Solution [image: There is a number line shown that runs from negative 4 to positive 5. From left to right, the numbers marked are negative 8/3, negative 7/4, negative 1, 1/3, 6/5, 9/2, and 5. The number negative 8/3 is between negative 3 and negative 2 but slightly closer to negative 3. The number negative 7/4 is slightly to the right of negative 2. The number 1/3 is slightly to the right of 0. The number 6/5 is slightly to the right of 1. The number 9/2 is halfway between 4 and 5.]Figure 1.6.4  
 
 Try It 
  44) Locate and label the following on a number line: [image: -2,\frac{2}{3},\frac{7}{5},-\frac{7}{4},\frac{7}{2},3,-\frac{7}{3}].
 Solution [image: There is a number line shown that runs from negative 4 to positive 5. From left to right, the numbers marked are negative 7/3, negative 2, negative 7/4, 2/3, 7/5, 3, and 7/2. The number negative 7/3 is between negative 3 and negative 2 but slightly closer to negative 2. The number negative 7/4 is slightly to the right of negative 2. The number 2/3 is slightly to the left of 1. The number 7/5 is between 1 and 2, but closer to 1. The number 7/2 is halfway between 3 and 4.]Figure 1.6.5  
 
 In Example 1.6.5, we’ll use the inequality symbols to order fractions. In previous chapters we used the number line to order numbers.
 			[image: a < b] “[image: a] is less than [image: b]” when [image: a] is to the left of [image: b] on the number line
 	[image: a > b] “[image: a] is greater than [image: b]” when [image: a] is to the right of [image: b] on the number line
 
 
 
 
 
 As we move from left to right on a number line, the values increase.
 Example 1.6.5
  Order each of the following pairs of numbers, using [image: <] or [image: >]. It may be helpful to refer Figure 1.6.6.
 	[image: -\frac{2}{3}\underline{\hspace{0.5cm}}-1]
 	[image: -3\frac{1}{2}\underline{\hspace{0.5cm}}-3]
 	[image: -\frac{3}{4}\underline{\hspace{0.5cm}}-\frac{1}{4}]
 	[image: -2\underline{\hspace{0.5cm}}-\frac{8}{3}]
 
 [image: There is a number line shown that runs from negative 4 to positive 4. From left to right, the numbers marked are negative 3 and 1/2, negative 3, negative 8/3, negative 2, negative 1, negative 3/4, negative 2/3, and negative 1/4. The number negative 3 and 1/2 is between negative 4 and negative 3 The number negative 8/3 is between negative 3 and negative 2, but closer to negative 3. The numbers negative 3/4, negative 2/3, and negative 1/4 are all between negative 1 and 0.]Figure 1.6.6 Solution a.
 Step 1: [image: -\frac{2}{3}] is to the right of [image: -1] on the number line.
 [image: -\frac23\;\_\_\_\;-1\;=\;-\frac23\;>\;-1]
 
 b.
 Step 1: [image: -3\frac{1}{2}] is to the right of [image: -3] on the number line.
 [image: -3\frac12\;\_\_\_\;-3\;=\;-3\frac12<\;-3]
 
 c.
 Step 1: [image: -\frac{3}{4}] is to the right of [image: -\frac{1}{4}] on the number line.
 [image: -\frac34\_\_\_-\frac14\;=\;-\frac34<-\frac14]
 
 d.
 Step 1: [image: -2] is to the right of [image: -\frac{8}{3}] on the number line.
 [image: -2\;\_\_\_-\frac83\;=\;-2\;>\;-\frac83]
  
 
 Try It 
  Order each of the following pairs of numbers, using < or >:
 45) [image: -\frac{1}{3}\underline{\hspace{0.5cm}}-1]
 46) [image: -1\frac{1}{2}\underline{\hspace{0.5cm}}-2]
 47) [image: -\frac{2}{3}\underline{\hspace{0.5cm}}-\frac{1}{3}]
 48) [image: -3\underline{\hspace{0.5cm}}-\frac{7}{3}]
 Solution 45) [image: >]
 46) [image: >]
 47) [image: <]
 48) [image: <]
  
 
 Try It 
  Order each of the following pairs of numbers, using < or >:
 49) [image: -1\underline{\hspace{0.5cm}}-\frac{2}{3}]
 50) [image: -2\frac{1}{4}\underline{\hspace{0.5cm}}-2]
 51) [image: -\frac{3}{5}\underline{\hspace{0.5cm}}-\frac{4}{5}]
 52) [image: -4\underline{\hspace{0.5cm}}-\frac{10}{3}]
 Solution 49) [image: <]
 50) [image: <]
 51) [image: >]
 52) [image: <]
  
 
 Locate Decimals on the Number Line
 Since decimals are forms of fractions, locating decimals on the number line is similar to locating fractions on the number line.
 Example 1.6.6
  Locate [image: 0.4] on the number line.
 Solution Step 1: A proper fraction has value less than one.
 The decimal number [image: 0.4] is equivalent to [image: \frac{4}{10}], a proper fraction, so [image: 0.4] is located between [image: 0] and [image: 1].
 Step 2: On a number line, divide the interval between 0 and 1 into 10 equal parts.
 Step 3: Now label the parts 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0.
 We write [image: 0] as [image: 0.0] and [image: 1] and [image: 1.0], so that the numbers are consistently in tenths.
 Step 4: Finally, mark 0.4 on the number line. See Figure 1.6.7.
 [image: There is a number line shown that runs from 0.0 to 1. The only point given is 0.4, which is between 0.3 and 0.5.]Figure 1.6.7 
  
 
 Try It
  53) Locate on the number line: [image: 0.6].
 Solution [image: There is a number line shown that runs from 0.0 to 1. The only point given is 0.6, which is between 0.5 and 0.7.]Figure 1.6.8  
 
 Try It 
  54) Locate on the number line: [image: 0.9].
 Solution [image: There is a number line shown that runs from 0.0 to 1. The only point given is 0.9, which is between 0.8 and 1.]Figure 1.6.9  
 
 Example 1.6.7
  Locate [image: -0.74] on the number line.
 Solution Step 1: The decimal [image: -0.74] is equivalent to [image: -\frac{74}{100}], so it is located between [image: 0] and [image: -1].
 Step 2: On a number line, mark off and label the hundredths in the interval between [image: 0] and [image: -1]. See Figure 1.6.10.
  
 [image: There is a number line shown that runs from negative 1.00 to 0.00. The only point given is negative 0.74, which is between negative 0.8 and negative 0.7.]Figure 1.6.10  
 
 Try It
  55) Locate on the number line: [image: -0.6].
 Solution [image: There is a number line shown that runs from negative 1.00 to 0.00. The only point given is negative 0.6, which is between negative 0.8 and negative 0.4.]Figure 1.6.11  
 
 Try It 
  56) Locate on the number line: [image: -0.7].
 Solution [image: There is a number line shown that runs from negative 1.00 to 0.00. The only point given is negative 0.7, which is between negative 0.8 and negative 0.6.]Figure 1.6.12  
 
 Which is larger, [image: 0.04] or [image: 0.40]? If you think of this as money, you know that [image: \$0.40] (forty cents) is greater than [image: \$0.04] (four cents). So, [image: 0.40>0.04].
 Again, we can use the number line to order numbers.
 		[image: a < b] “[image: a] is less than [image: b]” when [image: a] is to the left of [image: b] on the number line
 	[image: a > b] “[image: a] is greater than [image: b]” when [image: a] is to the right of [image: b] on the number line
 
 
 
 Where are [image: 0.04] and [image: 0.40] located on the number line? See Figure 1.6.13.
 [image: There is a number line shown that runs from negative 0.0 to 1.0. From left to right, there are points 0.04 and 0.4 marked. The point 0.04 is between 0.0 and 0.1. The point 0.4 is between 0.3 and 0.5.]Figure 1.6.13 We see that [image: 0.40] is to the right of [image: 0.04] on the number line. This is another way to demonstrate that [image: 0.40 > 0.04].
 How does [image: 0.31] compare to [image: 0.308]? This doesn’t translate into money to make it easy to compare. But if we convert [image: 0.31] and [image: 0.308] into fractions, we can tell which is larger.
 
 	Steps 	0.31 	 0.308 
  	Convert to fractions. 	[image: \frac{31}{100}] 	[image: \frac{308}{1000}] 
 	We need a common denominator to compare them. 	[image: \frac{31\times10}{100\times10}] 	[image: \frac{308}{1000}] 
 	 	[image: \frac{310}{1000}] 	[image: \frac{308}{1000}] 
  
 Because [image: 310 > 308], we know that [image: \frac{310}{1000}>\frac{308}{1000}]. Therefore, [image: 0.31 > 0.308].
 Notice what we did in converting [image: 0.31] to a fraction—we started with the fraction [image: \frac{31}{100}] and ended with the equivalent fraction [image: \frac{310}{1000}]. Converting [image: \frac{310}{1000}] back to a decimal gives [image: 0.310]. So [image: 0.31] is equivalent to [image: 0.310]. Writing zeros at the end of a decimal does not change its value!
 [image: \frac{31}{100}=\frac{310}{1000}\phantom{\rule{1em}{0ex}}\text{and}\phantom{\rule{1em}{0ex}}0.31=0.310]
 We say [image: 0.31] and [image: 0.310] are equivalent decimals.
 Equivalent Decimals
 Two decimals are equivalent if they convert to equivalent fractions.
 
 We use equivalent decimals when we order decimals.
 The steps we take to order decimals are summarized here.
 HOW TO
 Order Decimals
 Step 1: Write the numbers one under the other, lining up the decimal points.
 Step 2: Check to see if both numbers have the same number of digits. If not, write zeros at the end of the one with fewer digits to make them match.
 Step 3: Compare the numbers as if they were whole numbers.
 Step 4: Order the numbers using the appropriate inequality sign.
 
 Example 1.6.8
  Order [image: 0.64\underline{\hspace{0.5cm}}0.6] using [image: <] or [image: >].
 Solution Step 1: Write the numbers one under the other, lining up the decimal points.
 [image: \begin{array}{c}0.64\\ 0.6\end{array}]
 Step 2: Add a zero to 0.6 to make it a decimal with 2 decimal places.
 Now they are both hundredths.
  [image: \begin{array}{c}0.64\\ 0.60\end{array}]
 Step 3: 64 is greater than 60.
 [image: 64>60]
 Step 4: 64 hundredths is greater than 60 hundredths.
  [image: 0.64>0.60]
  
 
 Try It
  57) Order each of the following pairs of numbers, using [image: <\text{or}>\text{:}0.42\underline{\hspace{0.5cm}}0.4].
 Solution [image: >]
  
 
 Try It
  58) Order each of the following pairs of numbers, using [image: <\text{or}>\text{:}0.18\underline{\hspace{0.5cm}}0.1].
 Solution [image: >]
  
 
 Example 1.6.9
  Order [image: 0.83\underline{\hspace{0.5cm}}0.803] using [image: <] or [image: >].
 Solution Step 1: Write the numbers one under the other, lining up the decimals.
 Step 2: They do not have the same number of digits.
 [image: \begin{eqnarray*}0&.&83\\0&.&803\end{eqnarray*}]
 Step 3: Write one zero at the end of [image: 0.83].
 [image: \begin{eqnarray*}0&.&830\\ 0&.&803\end{eqnarray*}]
 Step 4: Since [image: 830>803], [image: 830] thousandths is greater than [image: 803] thousandths.
 [image: 0.830>0.803]
 [image: 0.83>0.803]
  
 
 Try It
  59) Order the following pair of numbers, using [image: <\text{or}>\text{:}0.76\underline{\hspace{0.5cm}}0.706].
 Solution [image: >]
  
 
 Try It
  60) Order the following pair of numbers, using [image: <\text{or}>\text{:}0.305\underline{\hspace{0.5cm}}0.35].
 Solution [image: <]
  
 
 When we order negative decimals, it is important to remember how to order negative integers. Recall that larger numbers are to the right on the number line. For example, because [image: -2] lies to the right of [image: -3] on the number line, we know that [image: -2>-3]. Similarly, smaller numbers lie to the left on the number line. For example, because [image: -9] lies to the left of [image: -6] on the number line, we know that [image: -9<-6]. See Figure 1.6.14.
 [image: There is a number line shown that runs from negative 10 to 0. There are not points given and the hashmarks exist at every integer between negative 10 and 0.]Figure 1.6.14 If we zoomed in on the interval between [image: 0] and [image: -1], as shown in Figure 1.6.6, we would see in the same way that [image: -0.2>-0.3] and [image: -0.9<-0.6].
 Example 1.6.10
  Use [image: <] or [image: >] to order [image: -0.1\underline{\hspace{0.5cm}}-0.8].
 Solution Step 1: Write the numbers one under the other, lining up the decimal points.
 They have the same number of digits. [image: \begin{array}{c}-0.1\\ -0.8\end{array}]
 Since [image: -1>-8], [image: −1] tenth is greater than [image: −8] tenths. [image: -0.1>-0.8]
  
 
 Try It
  61) Order the following pair of numbers, using < or >: [image: -0.3\underline{\hspace{0.5cm}}-0.5].
 Solution [image: >]
  
 
 Try It 
  62) Order the following pair of numbers, using < or >: [image: -0.6\underline{\hspace{0.5cm}}-0.7].
 Solution [image: >]
  
 
 Key Concepts
  Square Root Notation
 [image: \sqrt{m}] is read ‘the square root of [image: m].’ If [image: m={n}^{2}], then [image: \sqrt{m}=n], for [image: n\ge 0].
 Order Decimals
 	Write the numbers one under the other, lining up the decimal points.
 	Check to see if both numbers have the same number of digits. If not, write zeros at the end of the one with fewer digits to make them match.
 	Compare the numbers as if they were whole numbers.
 	Order the numbers using the appropriate inequality sign.
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objective of this section.
 b. On a scale of [image: 1-10,] how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 Glossary
  equivalent decimals
 Two decimals are equivalent if they convert to equivalent fractions.
 irrational number
 An irrational number is a number that cannot be written as the ratio of two integers. Its decimal form does not stop and does not repeat.
 rational numberA rational number is a number of the form [image: \frac{p}{q}], where [image: p] and [image: q] are integers and [image: q\ne 0]. A rational number can be written as the ratio of two integers. Its decimal form stops or repeats.
 radical sign
 A radical sign is the symbol [image: \sqrt{m}] that denotes the positive square root.
 real number
 A real number is a number that is either rational or irrational.
 square and square root
 If [image: {n}^{2}=m], then [image: m] is the square of [image: n] and [image: n] is a square root of [image: m].
 
 
 
	

			
			


		
	
		
			
	
		

		1.7 Properties of Real Numbers

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use the commutative and associative properties
 	Use the identity and inverse properties of addition and multiplication
 	Use the properties of zero
 	Simplify expressions using the distributive property
 
 
 
 
 Use the Commutative and Associative Properties
 Think about adding two numbers, say [image: 5] and [image: 3]. The order we add them doesn’t affect the result, does it?
 	[image: 5+3] 	[image: 3+5] 
 	[image: 8] 	[image: 8] 
 	[image: 5+3] 	[image: 3+5] 
  
 
 The results are the same.
 As we can see, the order in which we add does not matter!
 What about multiplying [image: 5] and [image: 3]?
 	[image: 5\times3] 	[image: 3\times5] 
 	[image: 15] 	[image: 15] 
  
 [image: 5\times3=3\times5]
 Again, the results are the same!
 The order in which we multiply does not matter!
 These examples illustrate the commutative property. When adding or multiplying, changing the order gives the same result.
 Commutative Property
 
 
 	of Addition 	if [image: a], [image: b] are real numbers, then [image: a+b=b+a] 
 	of Multiplication 	if [image: a], [image: b] are real numbers, then [image: a \times b = b \times a] 
  
 
 When adding or multiplying, changing the order gives the same result.
 
 
 
 
 The commutative property has to do with order. If you change the order of the numbers when adding or multiplying, the result is the same.
 What about subtraction? Does order matter when we subtract numbers? Does [image: 7-3] give the same result as [image: 3-7]?
 	[image: 7-3] 	[image: 3-7] 
 	[image: 4] 	[image: -4] 
  
 
 [image: 4\neq-4]
 [image: 7-3\neq-3-7]
 The results are not the same.
 Since changing the order of the subtraction did not give the same result, we know that subtraction is not commutative.
 Let’s see what happens when we divide two numbers. Is division commutative?
 	[image: 12\div4] 	[image: 14\div12] 
 	[image: \frac{12}4] 	[image: \frac{4}{12}] 
 	[image: 3] 	[image: \frac{1}3] 
  
 [image: 3\neq\frac13]
 [image: 12\div4\neq4\div12]
 The results are not the same. Since changing the order of the division did not give the same result, division is not commutative.
 The commutative properties only apply to addition and multiplication!
 	Addition and Multiplication are commutative.
 	Subtraction and Division are not commutative.
 
 
 If you were asked to simplify this expression, how would you do it and what would your answer be?
 
 [image: 7+8+2]
 Some people would think [image: 7+8] is [image: 15] and then [image: 15+2] is [image: 17]. Others might start with [image: 8+2] makes [image: 10] and then [image: 7+10] makes [image: 17].
 Either way gives the same result. Remember, we use parentheses as grouping symbols to indicate which operation should be done first.
 [image: \begin{align*} &\text{Add}\;7+8&(7+8)+2\\ &\text{Add}\;&15+2\\ &\;&17 \end{align*}]
 [image: \begin{align*} &\text{Add}\;8+2&7+(8+2)\\ &\text{Add}\;&7+10\\ &\;&17 \end{align*}]
 [image: (7+8)+2=7+(8+2)]
 When adding three numbers, changing the grouping of the numbers gives the same result.
 This is true for multiplication, too.
 [image: \begin{align*} &\text{Multiply}\;5\cdot\frac13&\left(5\times\frac13\right)\times3\\ &\text{Multiply.}\;&\frac53\times3\\ &\;&5\end{align*}]
 [image: \begin{align*} &\text{Multiply}\;\frac13\cdot3&5\times\left(\frac13\times3\right)\\ &\text{Multiply.}\;&5\times1\\ &\;&5 \end{align*}]
 [image: (5\times\frac{1}{3})\times3=5\times(\frac{1}{3}\times3)]
 When multiplying three numbers, changing the grouping of the numbers gives the same result.
 You probably know this, but the terminology may be new to you. These examples illustrate the associative property.
 Associative Property
 	of Addition 	If [image: a], [image: b], [image: c] are real numbers, then [image: (a+b)+c=a+(b+c)] 
 	of Multiplication 	If [image: a], [image: b], [image: c] are real numbers, then [image: (a\times b)\times c=a\times(b\times c)] 
  
 When adding or multiplying, changing the grouping gives the same result.
 
 
 Let’s think again about multiplying [image: 5\times\frac{1}{3}\times3]. We got the same result both ways, but which way was easier? Multiplying [image: \frac{1}{3}] and [image: 3] first, as shown above on the right side, eliminates the fraction in the first step. Using the associative property can make the math easier!
 
 The associative property has to do with grouping. If we change how the numbers are grouped, the result will be the same. Notice it is the same three numbers in the same order—the only difference is the grouping.
 We saw that subtraction and division were not commutative. They are not associative either.
 When simplifying an expression, it is always a good idea to plan what the steps will be. In order to combine like terms in the next example, we will use the commutative property of addition to write the like terms together.
 
 Example 1.7.1
  Simplify: [image: 18p+6q+15p+5q]
 
 Solution Step 1: Use the commutative property of addition to re-order so that like terms are together.
 Step 2: Add like terms.
 [image: 33p+11q]
  
 
 
 Try It
  1) Simplify: [image: 23r+14s+9r+15s]
 
 Solution [image: 32r+29s]
  
 
 
 2) Simplify: [image: 37m+21n+4m-15n]
 
 Solution [image: 41m+6n]
  
 
 
 
 
 
 
 
 When we have to simplify algebraic expressions, we can often make the work easier by applying the commutative or associative property first, instead of automatically following the order of operations. When adding or subtracting fractions, combine those with a common denominator first.
 
 Example 1.7.2
  Simplify: [image: (\frac5{13}+\frac34)+\frac14]
 Solution Step 1: Notice that the last [image: 2] terms have a common denominator, so change the grouping.
 [image: \frac5{13}+(\frac34+\frac14)]
 Step 2: Add in parentheses first.
 [image: \frac5{13}+(\frac44)]
 Step 3: Simplify the fraction.
 [image: \frac5{13}+(1)]
 Step 4: Add.
 [image: 1\frac5{13}]
 Step 5: Convert to an improper fraction.
 [image: \frac{18}{13}]
  
 
 Try It
  3) Simplify: [image: (\frac{7}{15}+\frac{5}{8})+\frac{3}{8}]
 
 Solution [image: 1\frac{7}{15}]
  
 
 
 4) Simplify: [image: (\frac{2}{9}+\frac{7}{12})+\frac{5}{12}]
 
 Solution [image: 1\frac{2}{9}]
  
 
 
 
 
 
 
 Example 1.7.3
  Use the associative property to simplify [image: 6(3x)].
 
 Solution Step 1: Change the grouping.
 [image: (6\times3)x]
 Step 2: Multiply in the parentheses.
 [image: 18x]
 Notice that we can multiply [image: 6\times 3] but we could not multiply [image: 3x] without having a value for [image: x].
  
 
 
 
 Try It
  5) Use the associative property to simplify [image: 8(4x)]
 
 Solution [image: 32x]
  
 
 
 6) Use the associative property to simplify [image: -9(7y)]
 
 Solution [image: -63y]
  
 
 
 
 
 Use the Identity and Inverse Properties of Addition and Multiplication
 
 
 
 
 What happens when we add [image: 0] to any number? Adding [image: 0] doesn’t change the value. For this reason, we call [image: 0] the additive identity.
 For example,
 
 	[image: 13+0] 	[image: -14+0] 	[image: 0+(-8)] 
 	[image: 13] 	[image: -14] 	[image: -8] 
  
 
 These examples illustrate the Identity Property of Addition that states that for any real number, [image: a], [image: a+0=a] and [image: 0+a=a].
 What happens when we multiply any number by one? Multiplying by [image: 1] doesn’t change the value. So we call [image: 1] the multiplicative identity.
 For example,
 	[image: 43\times1] 	[image: -27\times1] 	[image: 1\times\frac{3}{5}] 
 	[image: 43] 	[image: -27] 	[image: \frac{3}{5}] 
  
 
 These examples illustrate the Identity Property of Multiplication that states that for any real number, [image: a], [image: a\cdot 1=a] and [image: 1\cdot a=a].
 We summarize the Identity Properties below.
 Identity Property
 	of addition for any real number [image: a]:
 [image: 0] is the additive identity 	[image: a+0=a] 	[image: 0+a=a] 
 	of multiplication for any real number [image: a]:
 [image: 1] is the additive identity 	[image: a\times1=a] 	[image: 1\times a=a] 
  
 
 
 
 What number added to [image: 5] gives the additive identity, [image: 0]?
 [image: 5+\underline{\hspace{0.5cm}}=0]     We know that [image: 5+\left(-5\right)=0]
 What number added to [image: −6] gives the additive identity, [image: 0]?
 [image: -6+\underline{\hspace{0.5cm}}=0]      We know [image: \left(-6\right)+6=0]
 Notice that in each case, the missing number was the opposite of the number!
 We call [image: −a] the additive inverse of [image: a]. The opposite of a number is its additive inverse. A number and its opposite add to zero, which is the additive identity. This leads to the Inverse Property of Addition that states for any real number, [image: a], [image: a+(-a)=0]. Remember, a number and its opposite add to zero.
 What number multiplied by [image: \frac{2}{3}] gives the multiplicative identity, [image: 1]? In other words, [image: \frac{2}{3}] times what results in [image: 1]?
 [image: \frac23\cdot\underline{\hspace{0.5cm}}=1]     We know [image: \frac23\cdot\frac32=1]
 What number multiplied by [image: 2] gives the multiplicative identity, [image: 1]? In other words [image: 2] times what results in [image: 1]?
 [image: 2\cdot\underline{\hspace{0.5cm}}=1]     We know [image: 2\cdot\frac12=1]
 Notice that in each case, the missing number was the reciprocal of the number!
 We call [image: \frac{1}{a}] the multiplicative inverse of [image: a]. The reciprocal of a number is its multiplicative inverse. A number and its reciprocal multiply to one, which is the multiplicative identity. This leads to the Inverse Property of Multiplication that states that for any real number, [image: a], [image: a\neq0], [image: a\times\frac{1}{a}=1].
 We’ll formally state the inverse properties here:
 Inverse Property
 	of addition 	For any real number [image: a],
 [image: -a] is the additive inverse of [image: a].
 A number and its opposite add to zero. 	[image: a+(-a)=0] 
 	of multiplication 	For any real number [image: a], 
 [image: \frac{1}{a}] is the multiplicative inverse of [image: a]. 
 A number and its reciprocal multiply to one. 	[image: a\times\frac{1}{a}=1] 
  
 
 
 
 
 Example 1.7.4
  Find the additive inverse of
 a. [image: \frac{5}{8}]
 b. [image: 0.6]
 c. [image: -8]
 d. [image: \frac{4}{3}]
 Solution To find the additive inverse, we find the opposite.
 a. The additive inverse of [image: \frac{5}{8}] is the opposite of [image: \frac{5}{8}] The additive inverse of [image: \frac{5}{8}] is [image: -\frac{5}{8}]
 
 
 b. The additive inverse of [image: 0.6] is the opposite of [image: 0.6]. The additive inverse of [image: 0.6] is [image: -0.6].
 
 
 c. The additive inverse of [image: -8] is the opposite of [image: -8]. We write the opposite of [image: -8] as [image: -(-8)], and then simplify it to [image: 8]. Therefore, the additive inverse of [image: -8] is [image: 8].
 
 
 d. The additive inverse of [image: -\frac{4}{3}] is the opposite of [image: -\frac{4}{3}]. We write this as [image: -(-\frac{4}{3})] and then simplify to [image: \frac{4}{3}]. Thus, the additive inverse of [image: -\frac{4}{3}] is [image: \frac{4}{3}].
  
 
 Try It
  7) Find the additive inverse of:
 a. [image: \frac{7}{9}]
 b. [image: 1.2]
 c. [image: -14]
 d. [image: -\frac{9}{4}]
 
 Solution a.[image: -\frac{7}{9}]
 b.[image: -1.2]
 c.[image: 14]
 d.[image: \frac{9}{4}]
  
 
 
 8) Find the additive inverse of:
 a. [image: \frac{7}{13}]
 b. [image: 8.4]
 c. [image: -46]
 d. [image: -\frac{5}{2}]
 
 Solution a. [image: -\frac{7}{13}]
 b.[image: -8.4]
 c.[image: 46]
 d.[image: \frac{5}{2}]
  
 
 
 
 
 Example 1.7.5
  Find the multiplicative inverse of
 a. [image: 9]
 b. [image: -\frac{1}{9}]
 c. [image: 0.9]
 
 Solution To find the multiplicative inverse, we find the reciprocal.
 a. The multiplicative inverse of [image: 9] is the reciprocal of [image: 9], which is [image: \frac{1}{9}]. Therefore, the multiplicative inverse of [image: 9] is [image: \frac{1}{9}].
 
 b. The multiplicative inverse of [image: -\frac{1}{9}] is the reciprocal of [image: -\frac{1}{9}] which is [image: -9]. Thus, the multiplicative inverse of [image: -\frac{1}{9}] is [image: -9].
 
 c.
 Step 1: To find the multiplicative inverse of [image: 0.9], we first convert [image: 0.9] to a fraction
 [image: \frac{9}{10}]
 Step 2: Then we find the reciprocal of the fraction.
 The reciprocal of [image: \frac{9}{10}] is [image: \frac{10}{9}].
 So the multiplicative inverse of [image: 0.9] is [image: \frac{10}{9}].
  
 
 
 
 
 
 Try It
  9) Find the multiplicative inverse of
 a. [image: 4]
 b. [image: -\frac{1}{7}]
 c. [image: 0.3]
 
 Solution a. [image: \frac{1}{4}]
 b. [image: -7]
 c. [image: \frac{10}{3}]
  
 
 
 10) Find the multiplicative inverse of
 a. [image: 18]
 b. [image: -\frac{4}{5}]
 c. [image: 0.6]
 
 Solution a. [image: \frac{1}{18}]
 b. [image: -\frac{5}{4}]
 c. [image: \frac{5}{3}]
  
 
 
 
 
 
 Use the Properties of Zero
 
 
 
 
 The identity property of addition says that when we add [image: 0] to any number, the result is that same number. What happens when we multiply a number by [image: 0]? Multiplying by [image: 0] makes the product equal zero.
 Multiplication by Zero
 For any real number [image: a],
 [image: 0\times\ a=0]        [image: a\times 0=0]
  
 The product of any real number and [image: 0] is [image: 0].
 
 
 
 What about division involving zero? What is [image: 0\div 3]? Think about a real example: If there are no cookies in the cookie jar and [image: 3] people are to share them, how many cookies does each person get? There are no cookies to share, so each person gets [image: 0] cookies. So, [image: 0\div 3=0]
 We can check division with the related multiplication fact.
 [image: 12\div 6=2] because [image: 2\times6=12]
 So we know [image: 0\div 3=0] because [image: 0\times3=0].
 Division of Zero
 For any real number, [image: a], except [image: 0],
 [image: \frac{0}{a}=0] and [image: 0\div a=0].
 Zero is divided by any real number except zero is zero.
 
 
 Now think about dividing by zero. What is the result of dividing [image: 4] by [image: 0]? Think about the related multiplication fact: [image: 4\div 0=?] means [image: ?\times0=4]  Is there a number that multiplied by [image: 0] gives [image: 4]? Since any real number multiplied by [image: 0] gives [image: 0], there is no real number that can be multiplied by [image: 0] to obtain [image: 4].
 We conclude that there is no answer to [image: 4\div 0] and so we say that division by [image: 0] is undefined.
 Division by Zero
 For any real number [image: a], except [image: 0],
 [image: \frac{a}{0}] and [image: a\div 0] are undefined.
 Division by zero is undefined.
 
 
 We summarize the properties of zero below.
 Properties of Zero
 Multiplication by Zero: For any real number [image: a],
 	[image: a\times0=0]           [image: 0\times a=0] 	The product of any number and [image: 0] is [image: 0]. 
  
 Division by Zero: For any real number [image: a], where [image: a\neq0]
 	[image: \frac{0}{a}=0] 	Zero divided by any real number except itself is zero. 
 	[image: \frac{a}{0}] is undefined 	Division by zero is undefined. 
  
 
 
 
 
 Example 1.7.6
  Simplify:
 a. [image: -8\times0]
 b. [image: \frac{0}{-2}]
 c. [image: \frac{-32}{0}]
 Solution a.
 Step 1: The product of any real number and [image: 0] is [image: 0].
 [image: \begin{align*}&-8\times0\\&0\end{align*}]
 
 b.
 Step 1:  The product of any real number and [image: 0] is [image: 0].
 [image: \begin{align*}&\frac{0}{-2}\\&0\end{align*}]
 
 c.
 Step 1:  Division by [image: 0] is undefined.
 [image: \begin{align*}&\frac{-32}{0}\\&\text{Undefined}\end{align*}]
  
 
 Try It
  11) Simplify:
 a. [image: -14\cdot 0]
 b. [image: \frac{0}{-6}]
 c.[image: \frac{-2}{0}]
 
 Solution a. [image: 0]
 b. [image: 0]
 c. undefined
  
 
 
 12) Simplify:
 a. [image: 0(-17)]
 b.[image: \frac{0}{-10}]
 c. [image: \frac{-5}{0}]
 
 Solution a. [image: 0]
 b. [image: 0]
 c. undefined
  
 
 
 
 
 
 
 
 We will now practice using the properties of identities, inverses, and zero to simplify expressions.
 
 Example 1.7.7
  Simplify:
 a. [image: \frac{0}{n+5}], where [image: {n}\neq{-5}]
 b. [image: \frac{10-3p}{0}], where [image: {10-3p}\neq{0}]
 
 Solution a.
 Step 1: Zero divided by any real number except itself is [image: 0].
 [image: \begin{align*}&\frac{0}{n+5}\\&0\end{align*}]
 
 b.
 Step 1: Division by [image: 0] is undefined.
 [image: \begin{align*}&\frac{10-3p}{0}\\&\text{Undefined}\end{align*}]
  
 
 
 Example 1.7.8
  Simplify: [image: -84n+(-73n)+84n]
 
 Solution Step 1:  Notice that the first and third terms are opposites; use the commutative property of addition to re-order the terms.
 [image: -84n+84n+(-73n)]
 Step 2:  Add left to right.
 [image: 0+(-73)]
 Step 3:  Add.
 [image: -73n]
  
 
 
 Try It
  13) Simplify: [image: -27a+(-48)+27a]
 
 Solution [image: -48a]
  
 
 
 14) Simplify: [image: 39x+(-92x)+(-39x)]
 
 Solution [image: -92x]
  
 
 
 
 
 
 
 
 Now we will see how recognizing reciprocals is helpful. Before multiplying left to right, look for reciprocals—their product is [image: 1].
 
 Example 1.7.9
  Simplify: [image: \frac{7}{15}\times\frac{8}{23}\times\frac{15}{7}]
 
 Solution Step 1: Notice that the first and third terms are reciprocals, so use the commutative property of multiplication to re-order the factors.
 [image: \frac{7}{15}\times\frac{15}{7}\times\frac{8}{23}]
 Step 2: Multiply left to right.
 [image: \frac{8}{23}]
  
 
 
 Try It
  15) Simplify: [image: \frac{9}{16}\times\frac{5}{49}\times\frac{16}{9}]
 
 Solution [image: \frac{5}{49}]
  
 
 
 16) Simplify: [image: \frac{6}{17}\times\frac{11}{25}\times\frac{17}{6}]
 
 Solution [image: \frac{11}{25}]
  
 
 
 
 
 
 
 
 Try It
  17) Simplify:
 a. [image: \frac{0}{m+7}], where [image: m\neq\text{−7}]
 b. [image: \frac{18-6c}{0}], where [image: 18-6c\neq0]
 
 Solution a. [image: 0]
 b. undefined
  
 
 
 18) Simplify:
 a. [image: \frac{0}{d-4}], where [image: d\neq4]
 b. [image: \frac{15-4q}{0}], [image: 15-4q\neq0]
 
 Solution a. [image: 0]
 b. undefined
  
 
 
 
 
 Example 1.7.10
  Simplify: [image: \frac{3}{4}\times\frac{4}{3}(6x+12)]
 
 Solution Step 1: There is nothing to do in the parentheses, so multiply the two fractions first—notice, they are reciprocals.
 [image: 1(6x+12)]
 Step 2: Simplify by recognizing the multiplicative identity.
 [image: (6x+12)]
  
 
 
 
 
 
 Try It
  19) Simplify: [image: \frac{2}{5}\times\frac{5}{2}(20y+50)]
 
 Solution [image: 20y+50]
  
 
 
 20) Simplify: [image: \frac{3}{8}\times\frac{8}{3}(12z+16)]
 
 Solution [image: 12z+16]
  
 
 
 
 
 
 Simplify Expressions Using the Distributive Property
 
 
 
 
 Suppose that three friends are going to the movies. They each need [image: \$9.25]—that’s [image: 9] dollars and [image: 1] quarter—to pay for their tickets. How much money do they need all together?
 You can think about the dollars separately from the quarters. They need [image: 3] times [image: \$9] so [image: \$27], and [image: 3] times [image: 1] quarter, so [image: 75] cents. In total, they need [image: \$27.75]. If you think about doing the math in this way, you are using the distributive property.
 Distributive Property
 
 [image:  a(b+c)=ab+ac]
 	If [image: a], [image: b], [image: c] are real numbers, then 	 
 	Also, 	[image: (b+c)a=ba+ca] [image: a(b-c)=ab-ac]
 [image: (b-c)a=ba-ca]
 
  
 
 Back to our friends at the movies, we could find the total amount of money they need like this:
 
 [image: \begin{align*} &3(9.25)\\&3(9+0.25)\\&3(9)+3(0.25)\\&27+0.75\\&27.75 \end{align*}]
 In algebra, we use the distributive property to remove parentheses as we simplify expressions.
 For example, if we are asked to simplify the expression [image: 3(x+4)] the order of operations says to work in the parentheses first. But we cannot add [image: x] and [image: 4], since they are not like terms. So we use the distributive property, as shown in Example 1.7.11.
 Some students find it helpful to draw in arrows to remind them how to use the distributive property. Then the first step in  Example 1.7.11 would look like this:
 [image: We have the expression 3 times (x plus 4) with two arrows coming from the 3. One arrow points to the x, and the other arrow points to the 4.]Figure 1.7.1 Example 1.7.11
  Simplify: [image: 3(x+4)]
 
 Solution Step 1: Distribute
 [image: 3\times{x}+3\times4]
 Step 2: Multiply.
 [image: 3x+12]
  
 
 
 Try It
  21) Simplify: [image: 4(x+2)]
 
 Solution [image: 4x+8]
  
 
 
 22) Simplify: [image: 6(x+7)]
 
 Solution [image: 6x+42]
  
 
 
 
 
 
 
 
 Example 1.7.12
  Simplify: [image: 8(\frac{3}{8}x+\frac{1}{4})]
 
 Solution [image: 8(3 over 8 x + 1 over 4). Arrow from 8 to 3 over 8 x and from 8 to 1 over 4]Figure 1.7.2 Step 1: Distribute.
 [image: 8\cdot\frac38x+8\cdot\frac14]
 Step 2: Multiply.
 [image: 3x+2]
  
 
 
 Try It
  23) Simplify: [image: 6(\frac{5}{6}y+\frac{1}{2})]
 Solution [image: 5y+3]
  
 
 
 24) Simplify: [image: 12(\frac{1}{3}n+\frac{3}{4})]
 
 Solution [image: 4n+9]
  
 
 
 
 
 Using the distributive property as shown in Example 1.7.13 will be very useful when we solve money applications in later chapters.
 
 
 
 Example 1.7.13
  Simplify: [image: 100(0.3+0.25q)]
 
 Solution [image: To the right of this, we have the expression 100 times (0.3 plus 0.25 times q) with two arrows coming from the 100. One arrow points to the 0.3, and the other arrow points to the 0.25 times q.]Figure 1.7.3 Step 1: Distribute.
 [image: 100\left(0.3\right)+100\left(0.25q\right)]
 Step 2: Multiply.
 [image: 30+25q]
  
 
 
 Try It
  25) Simplify: [image: 100(0.7+0.15p)]
 Solution [image: 70+15p]
  
 
 
 26) Simplify: [image: 100(0.04+0.35d)]
 
 Solution [image: 4+35d]
  
 
 
 
 
 
 
 
 When we distribute a negative number, we need to be extra careful to get the signs correct!
 
 Example 1.7.14
  Simplify: [image: -2(4y+1)]
 
 Solution [image: To the right of this, we have the expression negative 2 times (4y plus 1) with two arrows coming from the negative 2. One arrow points to the 4y, and the other arrow points to the 1.]Figure 1.7.4 Step 1: Distribute.
 [image: -2\cdot4y+\left(-2\right)\cdot1]
 Step 2: Multiply.
 [image: -8y-2]
  
 
 
 Try It
  27) Simplify: [image: -3(6m+5)]
 
 Solution [image: -18m-15]
  
 
 
 28) Simplify: [image: -6(8n+11)]
 
 Solution [image: -48n-66]
  
 
 
 
 
 Example 1.7.15
  Simplify: [image: -11(4-3a)]
 
 Solution Step 1: Distribute.
 [image: -11 with arrows to 4 and -3a]Figure 1.7.5 Step 2: Multiply.
 [image: \begin{align*} &-11\cdot4-\left(-11\right)\cdot13a\\&-44-\left(-33a\right) \end{align*}]
 Step 3: Simplify.
 [image: -44+33a]
 Notice that you could also write the result as [image: 33a-44]. Do you know why?
  
 
 
 
 
 
 
 
 Try It
  29) Simplify: [image: -5(2-3a)]
 
 Solution [image: -10+15a]
  
 
 
 30) Simplify: [image: -7(8-15y)]
 
 Solution [image: -56+105y]
  
 
 
 
 
 Example 1.7.16 will show how to use the distributive property to find the opposite of an expression.
 
 
 
 Example 1.7.16
  Simplify: [image: -(y+5)]
 
 Solution Step 1: Multiplying by [image: −1] results in the opposite.
 [image: -1(y+5)]
 Step 2: Distribute.
 [image: -1\times{y}+{-1}\times5]
 Step 3: Simplify.
 [image: \begin{align*} &-y+(-5)\\&-y-5 \end{align*}]
  
 
 
 Try It
  31) Simplify: [image: −(z-11)]
 
 Solution [image: -z+11]
  
 
 
 32) Simplify: [image: -(x-4)]
 
 Solution [image: -x+4]
  
 
 
 
 
 
 
 
 There will be times when we’ll need to use the distributive property as part of the order of operations. Start by looking at the parentheses. If the expression inside the parentheses cannot be simplified, the next step would be multiply using the distributive property, which removes the parentheses. The next two examples will illustrate this.
 Example 1.7.17
  Simplify:  [image: 8-2(x+3)]
 Be sure to follow the order of operations. Multiplication comes before subtraction, so we will distribute the [image: 2] first and then subtract.
 
 Solution Step 1: Distribute.
 [image: 8-2\times{x}-2\times{3}]
 Step 2: Multiply.
 [image: 8-2x-6]
 Step 3: Combine like terms.
 [image: -2x+2]
  
 
 
 Try It
  33) Simplify: [image: 9-3(x+2)]
 
 Solution [image: 3-3x]
  
 
 
 34) Simplify: [image: 7x-5(x+4)]
 
 Solution [image: 2x-20]
  
 
 
 
 
 
 Example 1.7.18
  Simplify: [image: 4(x-8)-(x+3)]
 
 Solution Step 1: Distribute.
 [image: 4x-32-x-3]
 Step 2: Combine like terms.
 [image: 3x-35]
  
 
 
 
 
 Try It
  35) Simplify: [image: 6(x-9)-(x+12)]
 
 Solution [image: 5x-66]
  
 
 
 36) Simplify: [image: 8(x-1)-(x+5)]
 
 Solution [image: 7x-13]
  
 
 
 
 
 
 
 
 All the properties of real numbers we have used in this chapter are summarized in the table below.
 
 	
 Commutative Property
 
 	of addition:
  If [image: a], [image: b] are real numbers, then  	[image: a+b=b+a]  
 	of multiplication:
  If [image: a], [image: b] are real numbers, then 	[image: a\times b=b\times a] 
 	
 Associative Property
 
 	of addition 
  If [image: a], [image: b], [image: c] are real numbers, then 	[image: (a+b)+c=a+(b+c)] 
 	of multiplication 
  If [image: a], [image: b], [image: c] are real numbers, then 	[image: (a\times b)\times c=a\times(b\times c)] 
 	
 Distributive Property
 
 	If [image: a], [image: b], [image: c] are real numbers, then 	[image: a(b+c)=ab+ac] 
 	
 Identity Property
 
 	of addition 
  For any real number [image: a]: 0 is the additive identity 	[image: a+0=a] [image: 0+a=a]
 
 	of multiplication 
  For any real number [image: a]: 1 is the multiplicative identity 	[image: 1\times{a}=a] [image: a\times{1}=a]
 
 	
 Inverse Property
 
 	of addition 
  For any real number [image: a], [image: -a] is the additive inverse of [image: a] 	[image: a+\left(-a\right)=0] 
 	of multiplication 
  For any real number[image: a], [image: a\neq 0]
  [image: \frac{1}{a}] is the multiplicative inverse of [image: a] 	[image: a\times\frac{1}{a}=1] 
 	
 Properties of Zero
 
 	For any real number [image: a], [image: a\times0=0] 	[image: a\times0=0] 
 	For any real number [image: a],[image: a\neq 0]  	[image: \frac{0}{a}=0] [image: \frac{a}{0}] is undefined
 
  
 Key Concepts
  	Commutative Property of 	Addition: If [image: a], [image: b], are real numbers, then [image: a+b=b+a].
 	Multiplication: If [image: a], [image: b], are real numbers, then [image: a\cdot b=b\cdot a]. When adding or multiplying, changing the order gives the same result.
 
 
 	Associative Property of 	Addition: If [image: a], [image: b], [image: c] are real numbers, then [image: (a+b)+c=a+(b+c)]
 	Multiplication: If [image: a], [image: b], [image: c] are real numbers, then [image: (a\cdot b)\cdot c=a\cdot (b\cdot c)]
  When adding or multiplying, changing the grouping gives the same result.
 
 
 	Distributive Property: If [image: a], [image: b], [image: c] are real numbers, then 	[image: a(b+c)=ab+ac]
 	[image: (b+c)a=ba+ca]
 	[image: a(b-c)=ab-ac]
 	[image: (b-c)a=ba-ca]
 
 
 	Identity Property 	of Addition: For any real number [image: a+0=a],  [image: 0+a=a]
  [image: 0] is the additive identity
 	of Multiplication: For any real number [image: a\cdot 1=a], [image: 1\cdot a=a]
 [image: 1] is the multiplicative identity
 
 
 	Inverse Property 	of Addition: For any real number [image: a], [image: a+(−a)=0]. A number and its opposite add to zero. [image: −a] is the additive inverse of [image: a].
 	of Multiplication: For any real number [image: a], [image: a\neq0]  [image: \frac{1}{a}=1]. A number and its reciprocal multiply to one. [image: \frac{1}{a}] is the multiplicative inverse of [image: a].
 
 
 	Properties of Zero 	For any real number [image: a],
 [image: a\cdot 0=0], [image: 0\cdot a=0] – The product of any real number and [image: 0] is [image: 0].
 	[image: \frac{0}{a}=0] for [image: a\neq 0] – Zero divided by any real number except zero is zero.
 	[image: \frac{a}{0}] is undefined – Division by zero is undefined.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=363#h5p-7 
 
 b. After reviewing this checklist, what will you do to become confident for all objectives?
 
 
 Glossary
  	additive identity
 	The additive identity is the number [image: 0]; adding [image: 0] to any number does not change its value.
 
 	additive inverse
 	The opposite of a number is its additive inverse. A number and it additive inverse add to [image: 0].
 
 	multiplicative identity
 	The multiplicative identity is the number [image: 1]; multiplying 1 by any number does not change the value of the number.
 
 	multiplicative inverse
 	The reciprocal of a number is its multiplicative inverse. A number and its multiplicative inverse multiply to one.
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				Unit 1 Sources 
 1.0 “Foundations – Introduction” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.1  “Foundations – Introduction to Whole Numbers” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.2 “Foundations – use the Language of Algebra” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.3 “Foundations Add and Subtract Integers”  and “Foundations Multiple and Divide Integers ” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.4 “Foundations – Visualize Fractions”  and “Foundations – Add and Subtract Fractions” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.5 “Foundations – Decimals” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.6 “Foundations – The Real Numbers” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 1.7 “Foundations – The Properties of Real Numbers” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
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		2.0 Introduction

								

	
				 [image: Crescent Moon, Earth's Atmosphere (NASA, International Space Station Science, 09/04/10)]Figure 2.0.1. The distance from Earth to the Moon may seem immense, but it is just a tiny fraction of the distance from Earth to other celestial bodies. “ Crescent Moon, Earth’s Atmosphere (NASA, International Space Station Science, 09/04/10)” by NASA’s Marshall Space Flight Center is licensed under CC BY-NC 2.0.  The range of objects and phenomena studied in physics is immense. From the incredibly short lifetime of a nucleus to the age of the Earth, from the tiny sizes of sub-nuclear particles to the vast distance to the edges of the known universe, from the force exerted by a jumping flea to the force between Earth and the Sun, there are enough factors of 10 to challenge the imagination of even the most experienced scientist. Giving numerical values for physical quantities and equations for physical principles allows us to understand nature much more deeply than does qualitative description alone. To comprehend these vast ranges, we must also have accepted units in which to express them. And we shall find that (even in the potentially mundane discussion of meters, kilograms, and seconds) a profound simplicity of nature appears—all physical quantities can be expressed as combinations of only four fundamental physical quantities: length, mass, time, and electric current.
 
	

			
			


		
	
		
			
	
		

		2.1 Systems of Measurement

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Name the units in the Metric system (SI) and recognize their prefixes and their values.
 	Perform metric-to-metric unit conversions using the decimal point method.
 	Perform metric-to-metric unit conversions using dimensional analysis.
 	Add and subtract SI units.
 	Know and use the relationship between mL, g, and, cm3.
 	Recognize the U.S. system of units.
 	Perform U.S. system-to-U.S. system conversions using dimensional analysis.
 	Perform unit conversions (from any system) using dimensional analysis.
 	Convert between Fahrenheit and Celsius temperatures.
 
 
 
 
 Measurement Systems
 
 The Metric System
 Metric system (SI – international system of units): the most widely used system of measurement in the world. It is based on the basic units of meter, kilogram, second, etc.
 
 In the metric system, units are related by powers of 10. The roots words of their names reflect this relation. For example, the basic unit for measuring length is a meter. One kilometer is 1,000 meters; the prefix kilo means thousand. One centimeter is [image: \frac{1}{100}] of a meter, just like one cent is [image: \frac{1}{100}] of one dollar.
 SI common units:
 Table 2.1.1 	Quantity
  	Unit 	Unit Symbol 
 	Length 	meter 	m 
 	Mass (or weight) 	gram 	kg 
 	Volume 	litre 	L 
 	Time 	second 	s 
 	Temperature 	degree (Celsius) 	°C 
  
 Metric prefixes (SI prefixes):  large and small numbers are made by adding SI prefixes, which is based on multiples of 10.
 Metric conversion table:
 Table 2.1.2 	Prefix 	Symbol (abbreviation) 	Power of 10 	Multiple value 	Example 
 	giga 	G 	109 	1,000,000,000 	1 Gm = 1,000,000,000 m 
 	mega 	M 	106 	1,000,000 	1 Mm = 1,000,000 m 
 	kilo- 	k 	103 	1,000 	1 km = 1,000 m 
 	hecto- 	h 	102 	100 	1 hm = 100 m 
 	deka- 	da 	101 	10 	1 dam = 10 m 
 	meter/gram/litre 	 	1 (100) 	 	 
 	deci- 	d 	10-1 	0.1 	1 m = 10 dm 
 	centi- 	c 	10-2 	0.01 	1 m = 100 cm 
 	milli- 	m 	10-3 	0.001 	1 m = 1,000 mm 
 	micro 	µ or mc 	10-6 	0.000 001 	1 m = 1,000,000 µm 
 	nano 	n 	10-9 	0.000 000 001 	1 m = 1,000,000,000 nm 
 	pico 	p 	10-12 	0.000 000 000 001 	1 m = 1,000,000,000,000pm 
  
 A good way to remember the order of the metric prefixes is by using a mnemonic device such as “Great Mighty King Henry died by drinking chocolate malted milk not poison”. Notice that the first letter of each word reminds you of the metric prefix, and the word “by” represents the base units. Feel free to use this particular mnemonic device, or come up with your own!
 Metric prefix for length, weight and volume:
 Table 2.1.3 	Prefix 	Length (m – meter) 	Weight (g – gram) 	Liquid volume (L – litre) 
 	giga (G) 	Gm                    (Gigameter) 	Gg                  (Gigagram) 	GL                  (Gigalitre) 
 	mega (M) 	Mm                   (Megameter) 	Mg                  (Megagram) 	ML                 (Megalitre) 
 	kilo (k) 	km                     (Kilometer) 	kg                   (Kilogram) 	kL                   (Kilolitre) 
 	hecto (h) 	hm                     (hectometer) 	hg                   (hectogram) 	hL                   (hectolitre) 
 	deka (da) 	dam                   (dekameter) 	dag                 (dekagram) 	daL                 (dekalitre) 
 	meter/gram/litre 	m                       (meter) 	g                     (gram) 	L                     (litre) 
 	deci (d) 	dm                     (decimeter) 	dg                   (decigram) 	dL                   (decilitre) 
 	centi (c) 	cm                     (centimeter) 	cg                   (centigram) 	cL                   (centilitre) 
 	milli (m) 	mm                    (millimeter) 	mg                  (milligram) 	mL                  (millilitre) 
 	micro (µ or mc) 	µm  or mcm      (micrometer) 	µg or mcg      (microgram) 	µL or mcL      (microlitre) 
 	nano (n) 	nm                     (nanometer) 	ng                   (nanogram) 	nL                   (nanolitre) 
 	pico (p) 	pm                     (picometer) 	pg                   (picogram) 	pL                   (picolitre) 
  
 The more commonly used equivalencies of measurements in the metric system are shown in Table 2.1.4. The common abbreviations for each measurement are given in parentheses. Please note, that you will need to be able to convert the units outside of this table as well.
 Metric System of Measurement
 Table 2.1.4 	Length 	Mass 	Capacity 
  	1 kilometer (km) = 1,000 m
 
  1 hectometer (hm) = 100 m
 
  1 dekameter (dam) = 10 m
 
  1 meter (m) = 1 m
 
  1 decimeter (dm) = 0.1 m
 
  1 centimeter (cm) = 0.01 m
 
  1 millimeter (mm) = 0.001 m 	1 kilogram (kg) = 1,000 g
 
  1 hectogram (hg) = 100 g
 
  1 dekagram (dag) = 10 g
 
  1 gram (g) = 1 g
 
  1 decigram (dg) = 0.1 g
 
  1 centigram (cg) = 0.01 g
 
  1 milligram (mg) = 0.001 g 	1 kiloliter (kL) = 1,000 L
 
  1 hectoliter (hL) = 100 L
 
  1 dekaliter (daL) = 10 L
 
  1 liter (L) = 1 L
 
  1 deciliter (dL) = 0.1 L
 
  1 centiliter (cL) = 0.01 L
 
  1 milliliter (mL) = 0.001 L 
 	1 meter = 100 centimeters
 
  1 meter = 1,000 millimeters 	1 gram = 100 centigrams
 
  1 gram = 1,000 milligrams 	1 liter = 100 centiliters
 
  1 liter = 1,000 milliliters 
  
 Performing Metric to Metric Conversions
 One of the most convenient things about the metric system is that we can use its decimal nature to convert from one unit to the other simply by moving the decimal point to the left or to the right.
 Steps for metric conversion:
 	Identify the number of places to move the decimal point.
 
 – Convert a smaller unit to a larger unit: move the decimal point to the left.
 – Convert a larger unit to a smaller unit:  move the decimal point to the right.
 
 Example 2.1.1
  326 mm = (?) m
 Solution Step 1: Identify mm (millimeters) and m (meters) on the conversion table.
 Step 2: Count places from mm to m:
 3 places left
 [image: meter . d c m with swoops between each set of letters. the three swoops are identified with 3,2,1]Figure 2.1.1 Step 3: Move 3 decimal places.
 Convert a smaller unit (mm) to a larger (m) unit: move the decimal point to the left.
 [image: (1 m = 1000 mm)]
 Step 4: Move the decimal point three places to the left.
 [image: 326. mm = 0.326 m]
  
 
 Example 2.1.2
  4.675 hg = (?) g
 Solution Step 1: Identify hg (hectograms) and g (grams) on the conversion table.
 Step 2: Count places from hg to g: 
 2 places right
 [image: h da gram with swoops between each set of letters. the two swoops are identified with 1, 2]Figure 2.1.2 Step 3: Move 2 decimal places.
 [image: (1 hg = 100 g)]
 Step 4: Convert a larger unit (hg) to a smaller (g) unit.
 Move the decimal point to the right.
 Step 5: Move the decimal point two places to the right.
 [image: 4.765 hg = 476.5 g]
  
 
 Try It
  1) Convert 0.2744kg to micrograms.
 Solution 274,400,000 mcg (or 274,400,00 µg)
  2) Convert 12,940,000 nL to decilitres.
 Solution 0.1294 dL
  
 
 Being able to convert units by shifting the decimal point left or right is convenient and does work for a lot of our metric to metric conversions. However, as we will see later in the section, converting more complex units may be confusing if we are using the decimal point method. Thus, it is important to have an understanding of the technique of Dimensional Analysis (or the Unit Factor Method).
 Dimensional Analysis (or the Unit Factor Method)
 
 Convert units using the dimensional analysis or (the Unit Factor Method) 
 Step 1: Write the original term as a fraction (over 1).
 Example:  10g can be written as [image: \frac{10g}{1}]
 Step 2: Write the conversion formula as a fraction, [image: \frac{1}{(    )}] or [image: \frac{(         )}{1}]
 Example:  1m = 100 cm can be written as [image: \frac{1m}{(100cm)}] or [image: \frac{(100cm)}{1m}]
 Step 3: Put the desired or unknown unit on the top.
 Step 4: Multiply the original term by [image: \frac{1}{(    )}] or [image: \frac{(         )}{1}] (Cancel out the same units)
 
 Example 2.1.3
  1200 g = (?) kg
 Solution Step 1: Write the original term (the left side) as a fraction.
 [image: 1200 g = \frac{1200 g}{1}]
 Step 2: Write the conversion formula as a fraction.
 “kg” is the desired unit.
 [image: 1 kg = 1000g:\frac{1 kg}{(1000 g)}]
 Step 3: Multiply.
 The units “g” cancel out.
 [image: \begin{eqnarray*}1200 g &=& \frac{1200 \bcancel{g}}{1} \times{\frac{1 kg}{(1000 \bcancel{g})}}\\&=& \frac{1200 kg}{1000}\\&=& 1.2 kg\end{eqnarray*}]
  
 
 Example 2.1.4
  30 cm = (?) mm
 Solution Step 1: Write the original term (the left side) as a fraction.
 [image: 30 cm = \frac{30 cm}{1}]
 Step 2: Write the conversion formula as a fraction.
 “mm” is the desired unit.
 [image: 1 cm = 10 mm: \frac{(10 mm)}{1cm}]
 Step 3: Multiply.
 The units “cm” cancel out.
 [image: \begin{eqnarray*}30 cm &=& \frac{30 \bcancel{cm}}{(1 mm)} \times{\frac{(10 mm)}{1 \bcancel{cm}}}\\&=& \frac{(30)(10) mm}{1}\\&=& 300 mm\end{eqnarray*}]
  
 
 Try It
  Use dimensional analysis to convert the following units:
 3) Convert 28.4 dag to g.
 Solution 284 g
  4) Convert 0.00485kL to dL.
 Solution 48.5 dL
  
 
 Example 2.1.5
  Have you ever run a 5K or 10K race? The length of those races are measured in kilometers. The metric system is commonly used in the United States when talking about the length of a race.
 Nick ran a 10K race. How many meters did he run?
 
 Solution We will convert kilometers to meters using the identity property of multiplication.
 
 Step 1: Multiply the measurement to be converted by 1.
 [image: 10\;\text{kilometers}\;\times\;1]
 Step 2: Write 1 as a fraction relating kilometers and meters.
 [image: 10\;\text{kilometers}\cdot\frac{1,000\;\text{meters}}{1\;\text{kilometers}}]
 Step 3: Simplify.
 [image: \frac{10\;\cancel{\text{kilometers}}\cdot1,000\;m}{1\;\cancel{\text{kilometer}}}]
 Step 4: Multiply.
 [image: 10,000] meters. Nick ran [image: 10,000] meters.
  
 
 
 Try It
  5) Sandy completed her first 5K race! How many meters did she run?
 
 Solution 5,000 meters
  
 
 
 6) Herman bought a rug 2.5 meters in length. How many centimeters is the length?
 
 Solution 250 centimeters
  
 
 
 
 
 
 
 
 Example 2.1.6
  Eleanor’s newborn baby weighed 3,200 grams. How many kilograms did the baby weigh?
 
 Solution We will convert grams into kilograms.
 
 Step 1: Multiply the measurement to be converted by 1.
 [image: 3,200\;\text{grams}\;\times\;1]
 Step 2: Write 1 as a function relating kilograms and grams.
 [image: 3,200\;\text{grams}\cdot\frac{1kg}{1,000\;\text{grams}}]
 Step 3: Simplify.
 [image: 3,200\;\cancel{\text{grams}}\;\cdot\;\frac{1kg}{1,000\;\cancel{\text{grams}}}]
 Step 4: Multiply.
 [image: \frac{3,200\;\text{kilograms}}{1,000}]
 Step 5: Divide.
 [image: 3.2] kilograms. The baby weighed [image: 3.2] kilograms.
  
 
 
 
 
 
 
 
 Try It
  7) Kari’s newborn baby weighed 2,800 grams. How many kilograms did the baby weigh?
 
 Solution 2.8 kilograms
  
 
 
 8) Anderson received a package that was marked 4,500 grams. How many kilograms did this package weigh?
 
 Solution 4.5 kilograms
  
 
 
 
 
 
 
 
 Example 2.1.7
  Samadia took 800mg of Ibuprofen for her inflammation. How many grams of Ibuprofen did she take?
 Solution We will convert milligrams to grams using the identity property of multiplication.
 Step 1: Multiply the measurement to be converted by 1.
 [image: 800\;\text{milligrams}\times1]
 Step 2: Write 1 as a fraction relating kilometres and metres.
 [image: 800\;\text{milligrams}\times\frac{1\;\text{gram}}{1000\;\text{milligrams}}]
 Step 3: Simplify.
 [image: 800\;\text{milligrams}\times\frac{1\;\text{gram}}{1000\;\text{milligrams}}]
 Step 4: Multiply.
 [image: 0.8\;\text{grams}]
 Samadia took [image: 0.8] grams of Ibuprofen.
  
 
 Example 2.1.8
  Dena’s recipe for lentil soup calls for 150 milliliters of olive oil. Dena wants to triple the recipe. How many liters of olive oil will she need?
 
 
 
 Solution We will find the amount of olive oil in millileters then convert to liters.
 Step 1: Translate to algebra.
 [image: 3\times{150}]
 Step 2: Multiply.
 [image: 450 mL]
 Step 3: Convert to liters.
 [image: 450 mL\times{\frac{0.001L}{1 mL}}]
 Step 4: Simplify.
 [image: 0.45 L]
 Dena needs 0.45 liters of olive oil.
  
 
 
 
 
 
 
 
 Try It
  9) Klaudia took 0.125 grams of Ibuprofen for his headache. How many milligrams of the medication did she take?
 Solution 125 milligrams
  10) A recipe for Alfredo sauce calls for 250 milliliters of milk. Renata is making pasta with Alfredo sauce for a big party and needs to multiply the recipe amounts by 8. How many liters of milk will she need?
 
 Solution 2 liters
  
 
 
 11) To make one pan of baklava, Dorothea needs 400 grams of filo pastry. If Dorothea plans to make 6 pans of baklava, how many kilograms of filo pastry will she need?
 
 Solution 2.4 kilograms
  
 
 
 
 
 Example 2.1.9
  The volume of blood coursing throughout an adult human body is about 5 litres. Convert it to millilitres.
 
 Solution We will convert litres to millilitres. In the Metric System of Measurement table, we see that 1 litre = 1,000 millilitres.
 Step 1: Multiply by 1, writing 1 as a fraction relating litres to millilitres.
 [image: 5 L\times{\frac{1000 mL}{1L}}]
 Step 2: Simplify.
 [image: 5\cancel L\times\frac{1000mL}{1\cancel L}\;=\;5\;\times\;1000mL]
 Step 3: Multiply.
 [image: 5000 mL]
  
 
 
 
 As we saw before, when we are converting metric to metric units, you may see a pattern. Since the system is based on multiples of ten, the calculations involve multiplying by multiples of ten. We have learned how to simplify these calculations by just moving the decimal.
 Remember that to multiply by 10, 100, or 1,000, we move the decimal to the right one, two, or three places, respectively. To multiply by 0.1, 0.01, or 0.001, we move the decimal to the left one, two, or three places, respectively.
 We can apply this pattern when we make measurement conversions in the metric system. In Figure 2.1.1 , we changed 3,200 grams to kilograms by multiplying by [image: \frac{1}{1000}] (or 0.001). This is the same as moving the decimal three places to the left.
 [image: We have the statement 3200 g times the fraction 1 kg over 1000 g, with the g’s crossed out. Below this, we have 3.2. We also have the statement 3200 times 1/1000, with an arrow drawn from the right of the final 0 in 3200 to the space between the 0’s, to the space between the 2 and the 0, and then to the space between the 3 and the 2. Below this, we have 3.2]Figure 2.1.3 Example 2.1.10
  Convert:
 a. 350 L to kiloliters
 b. 4.1 L to milliliters.
 
 Solution a. We will convert liters to kiloliters. In Table 2.1.4, we see that 1 kiloliter= 1,000 liters.
 Step 1: Multiply by 1, writing 1 as a fraction relating liters to kiloliters.
 [image: 350 L\cdot\frac{1 kL}{1,000 L}]
 Step 2: Simplify.
 [image: 350\;\cancel L\;\cdot\;\frac{1kL}{1,000\;\cancel L}]
 Step 3: Move the decimal 3 units to the left.
 [image: 0.35 kL]
 
 b. We will convert liters to milliliters. From Table 2.1.4 we see that 1 liter=1,000 milliliters.
 
 Step 1: Multiply by 1, writing 1 as a fraction relating liters to milliliters.
 [image: 4.1 L\cdot\frac{1,000 mL}{1 L}]
 Step 2: Simplify.
 [image: 4.1\;\cancel L\;\cdot\;\frac{1,000 mL}{1,000\;\cancel L}]
 Step 3: Move the decimal 3 units to the right.
 [image: 4{\color[rgb]{1.0, 0.0, 0.0}\overrightarrow.}1_{\color[rgb]{1.0, 0.0, 0.0}1}0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}3}\;=\;4,100{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{0.1, 0.1, 0.1}m}{\color[rgb]{0.1, 0.1, 0.1}L}]
  
 
 
 
 
 
 
 
 Try It
  12) Convert:
 a. 725 L to kiloliters
 b. 6.3 L to milliliters
 
 Solution a 7,250 kiloliters
 b 6,300 milliliters
  
 
 
 13) Convert:
 a. 350 hL to liters
 b. 4.1 L to centiliters
 
 Solution a 35,000 liters
 b 410 centiliters
  
 
 
 
 
 As we see, even when doing dimensional analysis, we can use the pattern of multiplying by powers of ten and shift our decimal point to the left or right accordingly to find our answers and make our calculations more simple. However, what might we do if we needed to convert from milligrams per decilitre to grams per litre. When we use these types of units, it can make it more difficult to simply move the decimal point to the left and right. In the following example, we see how dimensional analysis can help us stay organized and convert these types of units.
 Example 2.1.11
  100 m/s  = (?) km/h
 Solution Step 1: Write the original term (the left side) as a fraction.
 [image: 100 m/s=\frac{100m}{1s}]
 Step 2: Write the conversion formulas required as fractions.
 “km/h” is the desired unit
 [image: 1000m=1km\;\text{and}\;1h=3600s]
 [image: \frac{1km}{1000m}\;\text{and}\;\frac{3600s}{1h}]
 Step 3: Multiply.
 The units “m” and “s” cancel out.
 [image: \begin{align*} 100m/s&=\frac{100\cancel m}{1\cancel s}\times\frac{1km}{1000\cancel m}\times\frac{3600\cancel s}{1h}\\ &=\frac{100\times3600km}{1\times1000h}\\ &=360km/h \end{align*}]
  
 
 
 
 
 Try It
  14) Convert 0.000005kg/L to micrograms per decilitre.
 Solution 500 mcg/dL or 500 mu g/dL.
  
 
 Adding and subtracting SI measurements:
 Example 2.1.12
  Combine after converting to the same unit.
 a. [image: \begin{align*} 3m\;\;\;&\\ \underline{-2000mm}& \end{align*}]
 b.[image: \begin{align*} 25kg&\\ \underline{ \;\;\;4g}& \end{align*}]
 Solution a.
 Step 1: Convert to the same unit.
 [image: 1 m = 1,000 mm]
 Step 2: Subtract.
 [image: \begin{align*} 3000mm&\\ \underline{-2000mm}&\\ 1000mm& \end{align*}]
 
 b.
 Step 1: Convert to the same unit.
 [image: 1 kg = 1000 g]
 Step 2: Add.
 [image: \begin{align*} 25000g&\\ \underline{ \;\;\;\;\;4g}&\\ 25004g& \end{align*}]
  
 
 The Relationship between mL, g, and cm3
 How are mL, g, and cm3 related?
 [image: ]Figure 2.1.4 	A cube takes up 1 cm3 of space (1 cm × 1 cm × 1 cm = 1cm3).
 	A cube holds 1 mL of water and has a mass of 1 gram at 4°C.
 	1 cm3 = 1 mL = 1 g
 
 
 Example 2.1.13
  Convert.
 a. 16cm3 = ( ? ) g
 b. 9 L = ( ? ) cm3
 c. 35 cm3 = (?) cL
 d. 450 kg = (?) L
 Solution a. 16cm3 = ( ? ) g
 Step 1: Covert cm3 to g.
 [image: \begin{eqnarray*}1\;cm^3\;&=&\;\;1g\\16\;cm^3\;&=&\;16g\end{eqnarray*}]
 
 b. 9 L = ( ? ) cm3
 Step 1: Convert L to mL.
 [image: \begin{eqnarray*}1\;L\;&=&\;\;1,000\;mL\\9\;L\;&=&\;9,000\;mL\end{eqnarray*}]
 Step 2: Convert mL to cm3
 [image: \begin{eqnarray*}1\;mL\;&=&\;\;1\;cm^3\\&=&\;9000\;cm^3\end{eqnarray*}]
 
 c. 35 cm3 = (?) cL
 Step 1: Convert cm3 to mL.
 [image: \begin{eqnarray*}1\;cm^3\;&=&\;1\;mL\\35\;cm^3\;&=&\;35\;mL\end{eqnarray*}]
 Step 2: Move 1 decimal place left.
 [image: = 3.5 cL]
 
 d. 450 kg = (?) L
 Step 1: Convert kg to g.
 [image: \begin{eqnarray*}1\;kg\;&=&\;1,000\;g\\450\;kg\;&=&\;450,000\;g\end{eqnarray*}]
 Step 2: Convert g to mL.
 [image: \begin{eqnarray*}1\;g\;&=&\;1\;mL\\&=&\;450,000\;mL\end{eqnarray*}]
 Step 3: Covert mL to L.
 [image: \begin{eqnarray*}1\;L\;&=&\;1,000\;mL\\&=&\;450\;L\end{eqnarray*}]
  
 
 Example 2.1.14
  A swimming pool measures 10 m by 8 m by 2 m. How many kilolitres of water will it hold?
 Solution Step 1: Find the volume in [image: m^3].
 [image: 160\;m^3\;=\;(\;?\;)\;kL]
 [image: V\;=\;w\times\;l\;\times\;h\;=\;(8m)\;(10m)\;(2m)\;=\;160\;m^3]
 Step 2: Convert to cm3
 [image: 1 m = 100 cm], [image: 3 × 2 = 6], move [image: 6] places right for volume.
 [image: 160m^3\;=\;160,000,000\;cm^3]
 Step 3: Convert to mL
 [image: \begin{eqnarray*}1\;mL\;&=&\;1\;cm^3\\160,000,000\;cm^3\;&=&\;160,000,000\;mL\end{eqnarray*}]
 Step 4: Convert to kL.
 [image: \begin{eqnarray*}160,000,000\;mL\;&=&\;160\;kL\\1\;kL\;&=&\;1,000,000\;mL\\160\;m^3\;&=&\;160\;kL\\\end{eqnarray*}]
 The swimming pool will hold 160 kL of water.
  
 
 Use Mixed Units of Measurement in the Metric System
 Performing arithmetic operations on measurements with mixed units of measures in the metric system requires care. Make sure to add or subtract like units.
 Example 2.1.15
  Ryland is 1.6 meters tall. His younger brother is 85 centimeters tall. How much taller is Ryland than his younger brother?
 
 Solution We can convert both measurements to either centimeters or meters. Since meters is the larger unit, we will subtract the lengths in meters. We convert 85 centimeters to meters by moving the decimal 2 places to the left.
 Step 1: Write the 85 centimeters as meters.
 85cm is 0.85m.
 Step 2: Subtract.
 [image: \begin{align*} 1.6m&\\ \underline{-0.85m}&\\ 0.75m& \end{align*}]
 Ryland is 0.75 m taller than his brother.
  
 
 
 
 
 Try It
  15) Mariella is 1.58 meters tall. Her daughter is 75 centimeters tall. How much taller is Mariella than her daughter? Write the answer in centimeters.
 
 Solution 83 centimeters
  
 
 
 16) The fence around Hank’s yard is 2 meters high. Hank is 96 centimeters tall. How much shorter than the fence is Hank? Write the answer in meters.
 
 Solution 1.04 meters
  
 
 
 
 
 Make Unit Conversions in the U.S. System
 
 
 
 There are two systems of measurement commonly used around the world. Most countries use the metric system. The U.S. uses a different system of measurement, usually called the U.S. system. We will look at the U.S. system now.
 The U.S. system of measurement uses units of inch, foot, yard, and mile to measure length and pound and ton to measure weight. For capacity, the units used are cup, pint, quart, and gallons. Both the U.S. system and the metric system measure time in seconds, minutes, and hours.
 The equivalencies of measurements are  following, also shows, in parentheses, the common abbreviations for each measurement.
 Table 2.1.5 	Length 	1 foot  (ft.)   = 12 inches (in.) 	Volume 	3 teaspoons (t)      = 1 tablespoon (T) 
 	 	1 yard (yd.)  = 3 feet (ft.) 	 	16 tablespoons(T) = 1 cup (C) 
 	 	1 mile (mi.)   = 5,280 feet (ft.) 	 	1 cup (C)                  = 8 fluid ounces (fl. oz.) 
 	 	 	 	1 pint (pt.)               = 2 cups (C) 
 	 	 	 	1 quart (qt)             =  2 pints (pt.) 
 	 	 	 	1 gallon (gal)           = 4 quarts (qt.) 
 	Weight 	1 pound (lb.) = 16 ounces (oz.) 	Time 	1 minute                  = 60 seconds (sec) 
 	 	1 ton               = 2000 	 	1 hour (hr)               = 60 minutes (min) 
 	 	 	 	1 day                        = 24 hours (hr) 
 	 	 	 	1 week (wk)            = 7 days 
 	 	 	 	1 year (yr)                = 365 days 
  
 In many real-life applications, we need to convert between units of measurement, such as feet and yards, minutes and seconds, quarts and gallons, etc. We will use the identity property of multiplication to do these conversions. We’ll restate the identity property of multiplication here for easy reference.
 Identity Property of Multiplication
 For any real number [image: a]:                    [image: a\cdot 1=a]               [image: 1\cdot a=a]
 1 is the multiplicative identity
 
 
 
 As we saw earlier in the section, dimensional analysis can be used to convert units. In the U.S System, since it is not a decimal system, it is best that we always use dimensional analysis to convert our units. Here, we elaborate on that concept.
 To use the identity property of multiplication, we write 1 in a form that will help us convert the units. For example, suppose we want to change inches to feet. We know that 1 foot is equal to 12 inches, so we will write 1 as the fraction [image: \frac{1 foot}{12 inch}] When we multiply by this fraction we do not change the value, but just change the units.
 But [image: \frac{1 foot}{12 inch}] also equals 1. How do we decide whether to multiply by [image: \frac{1 foot}{12 inch}] or [image: \frac{1 foot}{12 inch}]? We choose the fraction that will make the units we want to convert from divide out. Treat the unit words like factors and “divide out” common units like we do common factors. If we want to convert 66 inches to feet, which multiplication will eliminate the inches?
 [image: 66\;inches\cdot\frac{1\;foot}{12\;inches}]     or     [image: \xcancel{66\;inches\cdot\frac{12\;inches}{1\;foot}}]
 The first form works since [image: 66\;\cancel{inches}\cdot\frac{1\;foot}{12\;\cancel{inches}}]
 The inches divide out and leave only feet. The second form does not have any units that will divide out and so will not help us.
 Example 2.1.16
  MaryAnne is 66 inches tall. Convert her height into feet.
 Solution Step 1: Multiply the measurement to be converted by 1; write 1 as a fraction relating the units given and the units needed.
 Multiply 66 inches by 1, writing 1 as a fraction relating inches and feet. We need inches in the denominator so that the inches will divide out!
 [image: 66\;\text{inches}\operatorname{×}1=66\;\text{inches }\times\frac{1\;\text{foot}}{12\;\text{inches}}\\]
 Step 2: Multiply.
 Think of 66 inches as [image: \frac{66\;\text{inches}}1]
 [image: \frac{66\;\text{inches}\;\times1\;\text{foot}}{12\;\text{inches}}]
 Step 3: Simplify the fraction.
 Notice: inches divide out.
 [image: 66\;\cancel{\text{inches}}\times\frac{1\text{ foot}}{12\;\cancel{\text{inches}}}=\frac{66\;\text{inches}}{12}]
 Step 4: Simplify.
 [image: \text{Divide}\;66\;\text{by}\;12.]
 [image: 5.5 feet]
  
 
 
 
 
 
 Try It
  17) Lexie is 30 inches tall. Convert her height to feet.
 
 Solution 2.5 feet
  
 
 
 18) Rene bought a hose that is 18 yards long. Convert the length to feet.
 
 Solution 54 feet
  
 
 
 
 
 
 
 
 How To
 
 
 
 Make Unit Conversions.
 	Multiply the measurement to be converted by 1; write 1 as a fraction relating the units given and the units needed.
 	Multiply.
 	Simplify the fraction.
 	Simplify.
 
 
 
 
 
 
 When we use the identity property of multiplication to convert units, we need to make sure the units we want to change from will divide out. Usually this means we want the conversion fraction to have those units in the denominator.
 Example 2.1.17
  Eli’s six months son is 102.4 ounces. Convert his weight to pounds.
 Solution To convert ounces into pounds we will multiply by conversion factors of 1.
 Step 1: Write 1 as [image: \frac{1\;\text{pound}}{16\;\text{ounces}}].
 [image: 102.4\;\text{ounces}\times\frac{1\;\text{pound}}{16\;\text{ounces}}]
 Step 2: Divide out the common units.
 [image: 102.4\;\cancel{\text{ounces}}\times\frac{1\;\text{pound}}{16\;\cancel{\text{ounces}}}]
 Step 3: Simplify the fraction.
 [image: \frac{102.4\;\text{ounces}}{16\;\text{ounces}}]
 Step 4: Simplify.
 [image: 6.4\;\text{pounds}]
 Eli’s six months son weights 6.4 pounds.
  
 
 Example 2.1.18
  Ndula, an elephant at the San Diego Safari Park, weighs almost 3.2 tons. Convert her weight to pounds.
 
 Solution We will convert 3.2 tons into pounds. We will use the identity property of multiplication, writing 1 as the fraction:
 [image: \frac{2000\;\text{pounds}}{1\;\text{ton}}]
 
 Step 1: Multiply the measurement to be converted, by 1.
 [image: 3.2\;\text{tons}\times1]
 Step 2: Write 1 as a fraction relating tons and pounds.
 [image: 3.2\;\text{tons}\times\frac{2,000\;\text{pounds}}{1\;\text{ton}}]
 Step 3: Simplify.
 [image: \frac{3.2\;\cancel{\text{tons}\;}\times\;2,000\;\text{pounds}}{1\;\cancel{\text{ton}}}]
 Step 4: Multiply.
 [image: 6,400\;\text{pounds}]
  
 
 
 
 
 
 Try It
  19) Arnold’s SUV weighs about 4.3 tons. Convert the weight to pounds.
 
 Solution 8,600 pounds
  
 
 
 20) The Carnival Destiny cruise ship weighs 51,000 tons. Convert the weight to pounds.
 
 Solution 102,000,000 pounds
  21) One year old girl weights 11 pounds. Convert her weight to ounces.
 Solution 176 ounces.
  
 
 
 
 
 As was the case with the metric system, sometimes, to convert from one unit to another, we may need to use several other units in between, so we will need to multiply several fractions.
 
 
 
 Example 2.1.19
  Juliet is going with her family to their summer home. She will be away from her boyfriend for 9 weeks. Convert the time to minutes.
 
 Solution To convert weeks into minutes we will convert weeks into days, days into hours, and then hours into minutes. To do this we will multiply by conversion factors of 1.
 
 Step 1: Write 1 as [image: \frac{7\;\text{days}}{1\;\text{week}}] , [image: \frac{24\;\text{hours}}{1\;\text{day}}], and [image: \frac{60\;\text{minutes}}{1\;\text{hour}}].
 [image: \frac{9 wk}{1}\times \frac{7 days}{1 wk}\times \frac{24 hr}{1 day}\times \frac{60 min}{1 hr}]
 Step 2: Divide out the common units.
 [image: \frac{9\;\cancel{wk}}1\cdot\frac{7\;{\color[rgb]{0.0, 0.0, 1.0}\cancel{days}}}{1\cancel{wk}}\cdot\frac{24\;{\color[rgb]{1.0, 0.0, 0.0}\cancel{hr}}}{1\;{\color[rgb]{0.0, 0.0, 1.0}\cancel{day}}}\cdot\frac{60\;min}{1\;{\color[rgb]{1.0, 0.0, 0.0}\cancel{hr}}}]
 Step 3: Multiply.
 [image: \frac{9\;\times\;7\;\times\;24\;\times\;60\;\text{min}}{1\;\times\;1\;\times\;1\;\times\;1}\;=90,720\;\text{minutes}]
 Step 4: Multiply.
 Juliet and her boyfriend will be apart for 90,720 minutes (although it may seem like an eternity!).
  
 
 
 
 
 
 Try It
  22) The distance between the earth and the moon is about 250,000 miles. Convert this length to yards.
 
 Solution 440,000,000 yards
  
 
 
 23) The astronauts of Expedition 28 on the International Space Station spend 15 weeks in space. Convert the time to minutes.
 
 Solution 151,200 minutes
  
 
 
 
 
 
 
 
 Example 2.1.20
  How many ounces are in 1 gallon?
 
 Solution We will convert gallons to ounces by multiplying by several conversion factors. Refer to Table 2.1.5.
 
 Step 1: Multiply the measurement to be converted by 1.
 [image: \frac{1\;\text{gallon}}1\times\frac{4\;\text{quarts}}{1\;\text{gallon}}\times\frac{2\;\text{pints}}{1\;\text{quart}}\times\frac{2\;\text{cups}}{1\;\text{pint}}\times\frac{8\;\text{ounces}}{1\;\text{cup}}]
 Step 2: Use conversion factors to get to the right unit.
 Simplify.
 [image: \frac{1\;\cancel{\text{gallon}}}1\times\frac{4\;\cancel{quarts}}{1\;\cancel{\text{gallon}}}\times\frac{2\;\cancel{\text{pints}}}{1\;\cancel{\text{quarts}}}\times\frac{2\;\cancel{\text{cups}}}{1\;\cancel{\text{pint}}}\times\frac{8\;\text{ounces}}{1\;\cancel{\text{cup}}}]
 Step 3: Multiply.
 [image: \frac{1\times4\times2\times2\times8\;\text{ounces}}{1\times1\times1\times1\times1}]
 Step 4: Simplify.
 [image: 128\;\text{ounces}]
 There are 128 ounces in a gallon.
  
 
 
 
 
 
 Try It
  24) How many cups are in 1 gallon?
 
 Solution 16 cups
  
 
 
 25) How many teaspoons are in 1 cup?
 
 Solution 48 teaspoons
  
 
 
 
 
 Use Mixed Units of Measurement in the U.S. System
 
 
 
 
 We often use mixed units of measurement in everyday situations. Suppose Joe is 5 feet 10 inches tall, stays at work for 7 hours and 45 minutes, and then eats a 1 pound 2 ounce steak for dinner—all these measurements have mixed units.
 Performing arithmetic operations on measurements with mixed units of measures requires care. Be sure to add or subtract like units!
 Example 2.1.21
  Seymour bought three steaks for a barbecue. Their weights were 14 ounces, 1 pound 2 ounces and 1 pound 6 ounces. How many total pounds of steak did he buy?
 
 Solution We will add the weights of the steaks to find the total weight of the steaks.
 
 Step 1: Add the ounces. Then add the pounds.
 [image: \begin{eqnarray*}&+&\;14\;\text{ounces}\\1\;\text{pound}\;&+&\;2\;\text{ounces}\\1\;\text{pound}\;&+&\;6\;\text{ounces}\\=\;2\;\text{pounds}\;&+&\;22\;\text{ounces}\end{eqnarray*}]
 Step 2: Convert 22 ounces to pounds and ounces.
 2 pounds 1 pound, 6 ounces.
 Step 3: Add the pounds.
 3 pounds, 6 ounces.
 Seymour bought 3 pounds 6 ounces of steak.
  
 
 
 
 
 
 
 
 Try It
  26) Laura gave birth to triplets weighing 3 pounds 3 ounces, 3 pounds 3 ounces, and 2 pounds 9 ounces. What was the total birth weight of the three babies?
 
 Solution 9 lbs. 8 oz
  
 
 
 27) Stan cut two pieces of crown moulding for his family room that were 8 feet 7 inches and 12 feet 11 inches. What was the total length of the moulding?
 
 Solution 21 ft. 6 in.
  
 
 
 
 
 
 
 
 Example 2.1.22
  Anthony bought four planks of wood that were each 6 feet 4 inches long. What is the total length of the wood he purchased?
 
 Solution We will multiply the length of one plank to find the total length.
 
 Step 1: Multiply the inches and then the feet.
 [image: \begin{eqnarray*} \;\;6\;feet\;\;\;4\;inches\\ \underline{\times\phantom{\rule{6em}{0ex}}4\phantom{\rule{3em}{0ex}}}\\ 24\;feet\;\;16\;inches \end{eqnarray*}]
 Step 2: Convert the 16 inches to feet.
 [image: \begin{eqnarray*}16\;\text{inches}\;-\;12\;\text{inches}\;&=&\;{\color[rgb]{1.0, 0.0, 0.0}1}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\text{foot}}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\text{inches}}{\color[rgb]{1.0, 0.0, 0.0}\;}\\{\color[rgb]{1.0, 0.0, 0.0}1}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\text{foot}}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\text{inches}}\;+\;24\;\text{feet}\;&=&\;25\;\text{feet}\;+\;4\;\text{inches}\end{eqnarray*}]
 Step 3: Add the feet.
 Anthony bought 25 feet and 4 inches of wood.
  
 
 
 
 
 
 Try It
  28) Henri wants to triple his spaghetti sauce recipe that uses 1 pound 8 ounces of ground turkey. How many pounds of ground turkey will he need?
 
 Solution 4 lbs. 8 oz.
  
 
 
 29) Joellen wants to double a solution of 5 gallons 3 quarts. How many gallons of solution will she have in all?
 
 Solution 11 gallons 2 qt.
  
 
 
 
 
 Convert Between the U.S. and the Metric Systems of Measurement
 
 
 
 Many measurements in the United States are made in metric units. Our soda may come in 2-liter bottles, our calcium may come in 500-mg capsules, and we may run a 5K race. To work easily in both systems, we need to be able to convert between the two systems.
 The table below shows some of the most common conversions.
 Conversion Factors Between U.S. and Metric Systems 
  Table 2.1.6 	Length 	Mass 	Capacity 
 	1 in.  = 2.54 cm 	1 lb. = 0.45 kg 	1 qt.      = 0.95 L 
 	1 ft.  = 0.305 m 	1 oz. = 28 g 	1 fl. oz.  = 30 mL 
 	1 yd. = 0.914 m 	1 kg = 2.2 lb. 	1 L         = 1.06 qt. 
 	1 mi. = 1.61 km 	 	 
 	1 m = 3.28 ft. 	 	 
  
 Figure 2.1.2 shows how inches and centimeters are related on a ruler.
 
 [image: A ruler with inches and centimeters.]Figure 2.1.5: This ruler shows inches and centimeters. 
 Figure 2.1.3 shows the ounce and milliliter markings on a measuring cup.
 
 [image: A measuring cup showing milliliters and ounces.]Figure 2.1.6: This measuring cup shows ounces and milliliters. 
 Figure 2.1.4 shows how pounds and kilograms marked on a bathroom scale.
 
 [image: We are given an image of a bathroom scale showing pounds and kilograms.]Figure 2.1.7: This scale shows pounds and kilograms. 
 We make conversions between the systems just as we do within the systems—by multiplying by unit conversion factors.
 Example 2.1.23
  The plastic bag used for transfusion holds 500 mL of packed red cells. How many ounces are in the bag? Round to the nearest tenth of an ounce.
 Solution Step 1: Multiply by a unit conversion factor relating mL and ounces.
 [image: 500\;\text{millilitres}\cdot\frac{1\;\text{ounce}}{30\;\text{millilitres}}]
 Step 2: Simplify.
 [image: \frac{50\;\text{ounces}}{30}]
 Step 3: Divide.
 [image: 16.7\;\text{ounces}]
 The plastic bag has 16.7 ounces of packed red cells.
  
 
 
 
 
 
 Try It
  30) Adam donated 450 ml of blood. How many ounces is that?
 Solution 15 ounces.
  31) How many quarts of soda are in a 2-L bottle?
 
 Solution 2.12 quarts
  
 32)How many liters are in 4 quarts of milk?
 Solution 3.8 liters
  
 
 
 
 
 
 Example 2.1.24
  Soleil was on a road trip and saw a sign that said the next rest stop was in 100 kilometers. How many miles until the next rest stop?
 
 Solution Step 1: Multiply by a unit conversion factor relating km and mi.
 [image: 100\;\text{kilometers}\cdot\frac{1\;\text{mile}}{1.61\;\text{kilometer}}]
 Step 2: Simplify.
 [image: \frac{100\;\text{miles}}{1.61}]
 Step 3: Divide.
 [image: 62\;\text{miles}]
 Soleil will travel 62 miles.
  
 
 
 
 
 
 Example 2.1.25
  A human brain weights about 3 pounds. How many kilograms is that? Round to the nearest tenth of a kilogram.
 
 Solution Step 1: Multiply by a unit conversion factor relating km and mi.
 [image: 3\;\text{pounds}\times\frac{1\;\text{kilogram}}{2.2\;\text{pounds}}]
 Step 2: Simplify.
 [image: \frac{3\;\text{kilograms}}{2.2}]
 Step 3: Divide.
 [image: 1.4\;\text{kilograms}]
 A human brain weights around 1.4 kilograms.
  
 
 
 Try It
  33) A human liver normally weights approximately 1.5 kilograms. Convert it to pounds.
 Solution 3.3 pounds
  34) The height of Mount Kilimanjaro is 5,895 meters. Convert the height to feet.
 
 Solution 19,335.6 feet
  
 
 
 35) The flight distance from New York City to London is 5,586 kilometers. Convert the distance to miles.
 
 Solution 8,993.46 km
  
 
 
 
 
 Convert between Fahrenheit and Celsius Temperatures
 
 
 
 
 Have you ever been in a foreign country and heard the weather forecast? If the forecast is for 22°C what does that mean?
 The U.S. and metric systems use different scales to measure temperature. The U.S. system uses degrees Fahrenheit, written °F The metric system uses degrees Celsius, written °C. Figure 2.1.5 shows the relationship between the two systems. The diagram shows normal body temperature, along with the freezing and boiling temperatures of water in degrees Fahrenheit and degrees Celsius.
 [image: Two thermometers are shown, one in Celsius (°C) and another in Fahrenheit (°F). They are marked “Water boils” at 100°C and 212°F. They are marked “Normal body temperature” at 37°C and 98.6°F. They are marked “Water freezes” at 0°C and 32°F.]Figure 2.1.8 
 Temperature Conversion
 To convert from Fahrenheit temperature, F, to Celsius temperature, C, use the formula:
 [image: C=\frac{5}{9}(F-32)]
 To convert from Celsius temperature, C, to Fahrenheit temperature, F, use the formula:
 [image: F=\frac{9}{5}C 32]
 
 
 Example 2.1.26
  Convert 50° Fahrenheit into degrees Celsius.
 
 Solution We will substitute 50°F into the formula to find C.
 
 Step 1: Substitute 50 for F.
 [image: C=\frac59\left({\color[rgb]{1.0, 0.0, 0.0}50}-32\right)]
 Step 2: Simplify in parentheses.
 [image: C=\frac59\left(18\right)]
 Step 3: Multiply.
 [image: C=10]
 So we found that 50°F is equivalent to 10°C.
  
 
 
 
 
 
 Example 2.1.27
  Before mixing, the Pfizer-BioNTech COVID-19 vaccine may be stored in an ultra-cold freezer between -112°F and -76°F. Convert the temperatures into degrees Celsius.
 Solution We will substitute a) -112°F and b) -76°F into the formula to find C.
 a.
 Step 1: Substitute -112 for F.
 [image: C=\frac{5}{9}(-112-32)]
 Step 2: Simplify in parentheses.
 [image: C=\frac{5}{9}(-144)]
 Step 3: Multiply.
 [image: C= - 80]
 So we found that -112°F is equivalent to -80°C
 
 b.
 Step 1: Substitute -76 for F.
 [image: C=\frac59(-76-32)]
 Step 2: Simplify.
 [image: \begin{eqnarray*}C&=&\frac{5}{9}(-108)\\C&=&-60\end{eqnarray*}]
 So we found that -76°F is equivalent to – 60°C.
  
 
 Try It
  36) Convert the Fahrenheit temperature to degrees Celsius: 59° Fahrenheit.
 
 Solution 15°C
  
 
 
 37) Convert the Fahrenheit temperature to degrees Celsius: 41° Fahrenheit.
 
 Solution 5°C
  
 
 
 
 
 
 
 
 Example 2.1.28
  While visiting Paris, Woody saw the temperature was 20° Celsius. Convert the temperature into degrees Fahrenheit.
 
 Solution We will substitute 20°C into the formula to find F.
 
 Step 1: Substitute 20 for C.
 [image: F=\frac95\left({\color[rgb]{1.0, 0.0, 0.0}20}\right) 32]
 Step 2: Multiply.
 [image: F=36 32]
 Step 3: Add.
 [image: F=68]
 So we found that 20°C is equivalent to 68°F.
  
 
 
 
 
 
 Example 2.1.29
  Once mixed, the Pfizer-BioNTech COVID-19 vaccine can be left at room temperature 2°C to 25°C. Convert the temperatures into degrees Fahrenheit.
 Solution We will substitute a) 2°C and b) 25°C into the formula to find F.
 a.
 Step 1: Substitute 2 for C.
 [image: F=\frac{9}{5}\times \text{2} 32]
 Step 2: Simplify.
 [image: F= 35.6]
 So we found that 2°C is equivalent to 35.6°F.
 
 b.
 Step 1: Substitute 25 for C.
 [image: F=\frac{9}{5}\times\text{25} 32]
 Step 2: Simplify.
 [image: F= 77]
 So we found that 25°C is equivalent to 77°F.
  
 
 Try It
  38) Convert the Celsius temperature to degrees Fahrenheit: the temperature in Helsinki, Finland, was 15° Celsius.
 
 Solution 59°F
  
 
 
 39) Convert the Celsius temperature to degrees Fahrenheit: the temperature in Sydney, Australia, was 10° Celsius.
 
 Solution 50°F
  
 
 
 
 
 
 
 
 Key Concepts
  	Metric System of Measurement
 
 
 
 Metric System of Measurement 	Length 	Mass 	Capacity 
  	1 kilometer (km) = 1,000 m
 
  1 hectometer (hm) = 100 m
 
  1 dekameter (dam) = 10 m
 
  1 meter (m) = 1 m
 
  1 decimeter (dm) = 0.1 m
 
  1 centimeter (cm) = 0.01 m
 
  1 millimeter (mm) = 0.001 m 	1 kilogram (kg) = 1,000 g
 
  1 hectogram (hg) = 100 g
 
  1 dekagram (dag) = 10 g
 
  1 gram (g) = 1 g
 
  1 decigram (dg) = 0.1 g
 
  1 centigram (cg) = 0.01 g
 
  1 milligram (mg) = 0.001 g 	1 kiloliter (kL) = 1,000 L
 
  1 hectoliter (hL) = 100 L
 
  1 dekaliter (daL) = 10 L
 
  1 liter (L) = 1 L
 
  1 deciliter (dL) = 0.1 L
 
  1 centiliter (cL) = 0.01 L
 
  1 milliliter (mL) = 0.001 L 
 	1 meter = 100 centimeters
 
  1 meter = 1,000 millimeters 	1 gram = 100 centigrams
 
  1 gram = 1,000 milligrams 	1 liter = 100 centiliters
 
  1 liter = 1,000 milliliters 
  
 	Temperature Conversion 	To convert from Fahrenheit temperature, F, to Celsius temperature, C, use the formula [image: C=\frac{5}{9}(F-32)]
 	To convert from Celsius temperature, C, to Fahrenheit temperature, F, use the formula [image: F=\frac{9}{5}C 32]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Self Check
 
 
 
 
 
 
 
 
 
 
 
 
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6020#h5p-34 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next Chapter? Why or why not?
 
 
 
 
 
 
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		2.2 Accuracy, Precision, and Rounding Rules

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Identify exact and inexact numbers.
 	Recognize the number of significant figures in a given quantity.
 	Identify the number of decimal places.
 	Understand the difference between accuracy and precision.
 	Calculate the percent uncertainty of a measurement.
 	Apply the concept of significant figures to limit mathematical results to the proper number of digits.
 
 
 
 Exact and Inexact Numbers
 When considering measurement, we must consider the nature of the numbers that we are using in our calculations.
 A number is exact if it is known with complete certainty. An exact number is a number that you can get by counting. Exact numbers have infinitely many significant figures and decimal places. For example, there are exactly 100 centimeters in one meter and exactly 4 quarts in a gallon.
 A number is inexact if it has uncertainty associated with it. This uncertainty can arise due to measurement or rounding. Some examples would be a person’s height or weight.
 Accuracy and Precision of a Measurement
 Science is based on observation and experiment—that is, on measurements. Accuracy is how close a measurement is to the correct value for that measurement. For example, let us say that you are measuring the length of standard computer paper. The packaging in which you purchased the paper states that it is 11.0 inches long. You measure the length of the paper three times and obtain the following measurements: 11.1 in., 11.2 in., and 10.9 in. These measurements are quite accurate because they are very close to the correct value of 11.0 inches. In contrast, if you had obtained a measurement of 12 inches, your measurement would not be very accurate.
 The precision of a measurement system is refers to how close the agreement is between repeated measurements (which are repeated under the same conditions). Consider the example of the paper measurements. The precision of the measurements refers to the spread of the measured values. One way to analyze the precision of the measurements would be to determine the range, or difference, between the lowest and the highest measured values. In that case, the lowest value was 10.9 in. and the highest value was 11.2 in. Thus, the measured values deviated from each other by at most 0.3 in. These measurements were relatively precise because they did not vary too much in value. However, if the measured values had been 10.9, 11.1, and 11.9, then the measurements would not be very precise because there would be significant variation from one measurement to another.
 The measurements in the paper example are both accurate and precise, but in some cases, measurements are accurate but not precise, or they are precise but not accurate. Let us consider an example of a GPS system that is attempting to locate the position of a restaurant in a city. Think of the restaurant location as existing at the centre of a bull’s-eye target, and think of each GPS attempt to locate the restaurant as a black dot. In Figure 2.2.1 you can see that the GPS measurements are spread out far apart from each other, but they are all relatively close to the actual location of the restaurant at the centre of the target. This indicates a low precision, high accuracy measuring system. However, in Figure 2.2.2 the GPS measurements are concentrated quite closely to one another, but they are far away from the target location. This indicates a high precision, low accuracy measuring system.
 [image: A pattern similar to a dart board with few concentric circles shown in white color on a red background. In the innermost circle, there are four black points on the circumference showing the positions of a restaurant. They are far apart from each other.]Figure 2.2.1. A GPS system attempts to locate a restaurant at the center of the bull’s-eye. The black dots represent each attempt to pinpoint the location of the restaurant. The dots are spread out quite far apart from one another, indicating low precision, but they are each rather close to the actual location of the restaurant, indicating high accuracy. (credit: Dark Evil). 
 [image: A pattern similar to a dart board with a few concentric circles shown in white color on a red background. Near the outermost white circles there are four black points showing the positions of a restaurant. The black points are very close to each other.]Figure 2.2.2. In this figure, the dots are concentrated rather closely to one another, indicating high precision, but they are rather far away from the actual location of the restaurant, indicating low accuracy. (credit: Dark Evil).  Accuracy, Precision, and Uncertainty
 The degree of accuracy and precision of a measuring system are related to the uncertainty in the measurements. Uncertainty is a quantitative measure of how much your measured values deviate from a standard or expected value. If your measurements are not very accurate or precise, then the uncertainty of your values will be very high. In more general terms, uncertainty can be thought of as a disclaimer for your measured values. For example, if someone asked you to provide the mileage on your car, you might say that it is 45,000 miles, plus or minus 500 miles. The plus or minus amount is the uncertainty in your value. That is, you are indicating that the actual mileage of your car might be as low as 44,500 miles or as high as 45,500 miles, or anywhere in between. All measurements contain some amount of uncertainty. In our example of measuring the length of the paper, we might say that the length of the paper is 11 in., plus or minus 0.2 in. The uncertainty in a measurement, [image: A], is often denoted as [image: \delta A] (“delta [image: A]”), so the measurement result would be recorded as [image: A\pm \delta A]. In our paper example, the length of the paper could be expressed as [image: 11 in. \pm 0.2].
 The factors contributing to uncertainty in a measurement include:
 	Limitations of the measuring device,
 	The skill of the person making the measurement,
 	Irregularities in the object being measured,
 	Any other factors that affect the outcome (highly dependent on the situation).
 
 
 In our example, such factors contributing to the uncertainty could be the following: the smallest division on the ruler is 0.1 in., the person using the ruler has bad eyesight, or one side of the paper is slightly longer than the other. At any rate, the uncertainty in a measurement must be based on a careful consideration of all the factors that might contribute and their possible effects.
 Making Connections: Real World Connections – Fever or Chills?
 Uncertainty is a critical piece of information, both in physics and in many other real-world applications. Imagine you are caring for a sick child. You suspect the child has a fever, so you check his or her temperature with a thermometer. What if the uncertainty of the thermometer were 3.0 °C? If the child’s temperature reading was 37.0 °C (which is normal body temperature), the “true” temperature could be anywhere from a hypothermic 34.0 °C to a dangerously high 40.0 °C. A thermometer with an uncertainty of 3.0 °C would be useless.
 
 
 Percent Uncertainty
 One method of expressing uncertainty is as a percent of the measured value. If a measurement [image: A] is expressed with [image: uncertainty], [image: \delta A], the percent uncertainty (%unc) is defined to be:
 [image: \textbf{% unc}=\frac{\boldsymbol{\delta}\textbf{A}}{\textbf{A}}\times \textbf{100%}]
   Example 2.2.1 
  A grocery store sells 5-lb bags of apples. You purchase four bags over the course of a month and weigh the apples each time. You obtain the following measurements:
 	Week 1 weight: 4.8 lb
 	Week 2 weight: 5.3 lb
 	Week 3 weight: 4.9 lb
 	Week 4 weight: 5.4 lb
 
 You determine that the weight of the 5-lb bag has an uncertainty of ±0.4 lb. What is the percent uncertainty of the bag’s weight?
 Strategy
 First, observe that the expected value of the bag’s weight, [image: A], is 5 lb. The uncertainty in this value, [image: \delta A], is 0.4 lb. We can use the following equation to determine the percent uncertainty of the weight:
 [image: \textbf{% unc}=\frac{\boldsymbol{\delta}\textbf{A}}{\textbf{A}}\times \textbf{100%}]
 
 Solution Plug the known values into the equation:
 [image: \begin{eqnarray*}\text{% unc}\;&=&\;\frac{0.4\;\text{lb}}{5\;\text{lb}}\;\times\;100\%\\\text{% unc}\;&=&\;8\%\end{eqnarray*}]
 Discussion 
 We can conclude that the weight of the apple bag is 5 lb ±8%. Consider how this percent uncertainty would change if the bag of apples were half as heavy, but the uncertainty in the weight remained the same. Hint for future calculations: when calculating percent uncertainty, always remember that you must multiply the fraction by 100%. If you do not do this, you will have a decimal quantity, not a percent value.
  
 
 
 Uncertainties in Calculations
 There is an uncertainty in anything calculated from measured quantities. For example, the area of a floor calculated from measurements of its length and width has an uncertainty because the length and width have uncertainties. How big is the uncertainty in something you calculate by multiplication or division? If the measurements going into the calculation have small uncertainties (a few percent or less), then the method of adding percents can be used for multiplication or division. This method says that the percent uncertainty in a quantity calculated by multiplication or division is the sum of the percent uncertainties in the items used to make the calculation. For example, if a floor has a length of 4.00 m and a width of 3.00 m, with uncertainties of 2% and 1%, respectively, then the area of the floor is 12.0 m and has an uncertainty of 3%. (Expressed as an area this is 0.36 m2, which we round to 0.4 m2 since the area of the floor is given to a tenth of a square meter.)
 Try It
  1) A high school track coach has just purchased a new stopwatch. The stopwatch manual states that the stopwatch has an uncertainty of ±0.05 s. Runners on the track coach’s team regularly clock 100-m sprints of 11.49 s to 15.01 s. At the school’s last track meet, the first-place sprinter came in at 12.04 s and the second-place sprinter came in at 12.07 s. Will the coach’s new stopwatch be helpful in timing the sprint team? Why or why not?
 Solution No, the uncertainty in the stopwatch is too great to effectively differentiate between the sprint times.
  
 
 
 Precision of Measuring Tools and Significant Figures
 An important factor in the accuracy and precision of measurements involves the precision of the measuring tool. In general, a precise measuring tool is one that can measure values in very small increments. For example, a standard ruler can measure length to the nearest millimeter, while a caliper can measure length to the nearest 0.01 millimeter. The caliper is a more precise measuring tool because it can measure extremely small differences in length. The more precise the measuring tool, the more precise and accurate the measurements can be.
 When we express measured values, we can only list as many digits as we initially measured with our measuring tool. For example, if you use a standard ruler to measure the length of a stick, you may measure it to be 36.7 cm. You could not express this value as 36.71 cm because your measuring tool was not precise enough to measure a hundredth of a centimeter. It should be noted that the last digit in a measured value has been estimated in some way by the person performing the measurement. For example, the person measuring the length of a stick with a ruler notices that the stick length seems to be somewhere in between 36.6 cm and 36.7 cm, and he or she must estimate the value of the last digit. Using the method of significant figures, the rule is that the last digit written down in a measurement is the first digit with some uncertainty. In order to determine the number of significant digits in a value, start with the first measured value at the left and count the number of digits through the last digit written on the right. For example, the measured value 36.7 cm has three digits, or significant figures. Significant figures indicate the precision of a measuring tool that was used to measure a value.
 Significant Figures: Zeros
 Special consideration is given to zeros when counting significant figures. The zeros in 0.053 are not significant, because they are only placekeepers that locate the decimal point. There are two significant figures in 0.053. The zeros in 10.053 are not placekeepers but are significant—this number has five significant figures. The zeros in 1300 may or may not be significant depending on the style of writing numbers. They could mean the number is known to the last digit, or they could be placekeepers. So 1300 could have two, three, or four significant figures. (To avoid this ambiguity, write 1300 in scientific notation.) Zeros are significant except when they serve only as placekeepers.
 Try It
  2) Determine the number of significant figures in the following measurements:
 a) 0.0009
 b) 15,450.0
 c) 6×103
 d) 87.990
 e) 30.42
 Solution a) 1
 b) 6
 c) 1
 d) 5
 e) 4
  
 
 As you have probably realized by now, the biggest issue in determining the number of significant figures in a value is the zero. Is the zero significant or not? One way to unambiguously determine whether a zero is significant or not is to write a number in scientific notation. Scientific notation will include zeros in the coefficient of the number only if they are significant. Thus, the number 8.666 × 106 has four significant figures. However, the number 8.6660 × 106 has five significant figures. That last zero is significant; if it were not, it would not be written in the coefficient. So when in doubt about expressing the number of significant figures in a quantity, use scientific notation and include the number of zeros that are truly significant. We will learn more about scientific notation in a later section in the text.
 Significant Figures
 If you use a calculator to evaluate the expression [image: \frac{337}{217}], you will get the following:
 [image: \frac{337}{217}=1.55299539171...]
 and so on for many more digits. Although this answer is correct, it is somewhat presumptuous. You start with two values that each have three digits, and the answer has twelve digits? That does not make much sense from a strict numerical point of view.
 Consider using a ruler to measure the width of an object, as shown in Figure 2.2.3 “Expressing Width”. The object is definitely more than 1 cm long, so we know that the first digit in our measurement is 1. We see by counting the tick marks on the ruler that the object is at least three ticks after the 1. If each tick represents 0.1 cm, then we know the object is at least 1.3 cm wide. But our ruler does not have any more ticks between the 0.3 and the 0.4 marks, so we can’t know exactly how much the next decimal place is. But with a practised eye we can estimate it. Let us estimate it as about six-tenths of the way between the third and fourth tick marks, which estimates our hundredths place as 6, so we identify a measurement of 1.36 cm for the width of the object.
 [image: image]Figure 2.2.3. Expressing Width What is the proper way to express the width of this object?
 
 Does it make any sense to try to report a thousandths place for the measurement? No, it doesn’t; we are not exactly sure of the hundredths place (after all, it was an estimate only), so it would be fruitless to estimate a thousandths place. Our best measurement, then, stops at the hundredths place, and we report 1.36 cm as proper measurement.
 This concept of reporting the proper number of digits in a measurement or a calculation is called significant figures. Significant figures (sometimes called significant digits) represent the limits of what values of a measurement or a calculation we are sure of. The convention for a measurement is that the quantity reported should be all known values and the first estimated value. The conventions for calculations are discussed as follows.
 Example 2.2.2
  Use each diagram to report a measurement to the proper number of significant figures.
 	[image: image]Figure 2.2.4. Pressure gauge in units of pounds per square inch  
 
 
 	[image: Ruler]Figure 2.2.5. A measuring ruler 
 
 
 Solution 	The arrow is between 4.0 and 5.0, so the measurement is at least 4.0. The arrow is between the third and fourth small tick marks, so it’s at least 0.3. We will have to estimate the last place. It looks like about one-third of the way across the space, so let us estimate the hundredths place as 3. Combining the digits, we have a measurement of 4.33 psi (psi stands for “pounds per square inch” and is a unit of pressure, like air in a tire). We say that the measurement is reported to three significant figures.
 	The rectangle is at least 1.0 cm wide but certainly not 2.0 cm wide, so the first significant digit is 1. The rectangle’s width is past the second tick mark but not the third; if each tick mark represents 0.1, then the rectangle is at least 0.2 in the next significant digit. We have to estimate the next place because there are no markings to guide us. It appears to be about halfway between 0.2 and 0.3, so we will estimate the next place to be a 5. Thus, the measured width of the rectangle is 1.25 cm. Again, the measurement is reported to three significant figures
 
  
 
 
 Try It
  3) What would be the reported width of this rectangle?
 [image: Rectangle]Figure 2.2.6. A measuring ruler Solution 0.63cm
  
 
 
 In many cases, you will be given a measurement. How can you tell by looking what digits are significant? For example, the reported population of the United States is 306,000,000. Does that mean that it is exactly three hundred six million or is some estimation occurring?
 The following conventions dictate which numbers in a reported measurement are significant and which are not significant:
 	Any nonzero digit is significant.
 	Any zeros between nonzero digits (i.e., embedded zeros) are significant.
 	Zeros at the end of a number without a decimal point (i.e., trailing zeros) are not significant; they serve only to put the significant digits in the correct positions. However, zeros at the end of any number with a decimal point are significant.
 	Zeros at the beginning of a decimal number (i.e., leading zeros) are not significant; again, they serve only to put the significant digits in the correct positions.
 
 
 So, by these rules, the population figure of the United States has only three significant figures: the 3, the 6, and the zero between them. The remaining six zeros simply put the 306 in the millions position.
 Example 2.2.3
  Give the number of significant figures in each measurement.
 	36.7 m
 	0.006606 s
 	2,002 kg
 	306,490,000 people
 
 Solution 	By rule 1, all nonzero digits are significant, so this measurement has three significant figures.
 	By rule 4, the first three zeros are not significant, but by rule 2 the zero between the sixes is; therefore, this number has four significant figures.
 	By rule 2, the two zeros between the twos are significant, so this measurement has four significant figures.
 	The four trailing zeros in the number are not significant, but the other five numbers are, so this number has five significant figures.
 
  
 
 
 Try It
  Give the number of significant figures in each measurement.
 4) 0.000601 m
 Solution [image: 3] significant figures
  5) 65.080 kg
 Solution [image: 5] significant figures
  
 
 Significant Figures in Calculations
 How are significant figures handled in calculations? It depends on what type of calculation is being performed. If the calculation is an addition or a subtraction, the rule is as follows: limit the reported answer to the rightmost column that all numbers have significant figures in common. For example, if you were to add 1.2 and 4.71, we note that the first number stops its significant figures in the tenths column, while the second number stops its significant figures in the hundredths column. We therefore limit our answer to the tenths column.
 [image: Sig Figs 1 sum of 2 sf and 3 sf. Limit the final answer to the tenths column (2sf)]Figure 2.2.7. We drop the last digit—the 1—because it is not significant to the final answer.
 The dropping of positions in sums and differences brings up the topic of rounding. Although there are several conventions, in this text we will adopt the following rule: the final answer should be rounded up if the first dropped digit is 5 or greater and rounded down if the first dropped digit is less than 5.
 [image: Sig Figs 1 sum of 3 sf and 4sf. Limit the final answer to the tenths column and round up(3sf)]Figure 2.2.8. Example 2.2.4
  Express the final answer to the proper number of significant figures.
 	[image: 101.2 + 18.702 = ?]
 	[image: 202.88 − 1.013= ?]
 
 Solution 	If we use a calculator to add these two numbers, we would get 119.902. However, most calculators do not understand significant figures, and we need to limit the final answer to the tenths place. Thus, we drop the 02 and report a final answer of 119.9 (rounding down).
 	A calculator would answer 201.867. However, we have to limit our final answer to the hundredths place. Because the first number being dropped is 7, which is greater than 7, we round up and report a final answer of 201.87.
 
  
 
 Try It
  6) Express the answer for [image: 3.445 + 90.83 − 72.4] to the proper number of significant figures.
 Solution [image: 21.9]
  
 
 If the operations being performed are multiplication or division, the rule is as follows: limit the answer to the number of significant figures that the data value with the least number of significant figures has. So if we are dividing 23 by 448, which have two and three significant figures each, we should limit the final reported answer to two significant figures (the lesser of two and three significant figures):
 [image: \frac{23}{448}=0.051339286...=0.051]
 The same rounding rules apply in multiplication and division as they do in addition and subtraction.
 Example 2.2.5
  Express the final answer to the proper number of significant figures.
 	[image: 76.4 \times 180.4 = ?]
 	[image: 934.9\div 0.00455 = ?]
 
 Solution a. The first number has three significant figures, while the second number has four significant figures. Therefore, we limit our final answer to three significant figures:
 [image: 76.4 \times 180.4 = 13,782.56 = 13,800].
 
 b. The first number has four significant figures, while the second number has three significant figures. Therefore we limit our final answer to three significant figures:
 [image: 934.9 \div 0.00455 = 205,472.5275… = 205,000].
  
 
 
 
 Try It
   Express the final answer to the proper number of significant figures.
 7) [image: 22.4 \times 8.314 =]?
 Solution 186
  8) [image: 1.381 \div 6.02 =] ?
 Solution 0.229
  
 
    If we have to evaluate a problem with mixed operations (addition/subtraction and multiplication/division), we need to round according to the rounding rules above as we go through the operations in the order of operations. Example 2.2.6
  Express the final answer to the proper number of significant figures.
 	[image: (93.29-19.2) \times {1.2} = ?]
 	[image: 810.0 \div {2.43 + 2.4} = ?]
 
 Solution 	By the order of operations, we need to perform the subtraction first. Calculating this result would give 74.09 but we can only give our answer to the nearest tenth, so we need to round to 74.1. Then, we need to multiply 74.1 by 1.2 which gives 88.92 and we need to report this answer with two significant figures. Our answer is 89.
 	By the order of operations, we need to perform the division first. This gives us [image: 333.\bar{3}]. Since 2.43 only has 3 significant figures, we need to limit our result to 3 significant figures, which gives us 333. Then, we need to add 2.4 to get 335.4. Finally, we need to give our answer to the nearest unit, and so our answer is 335.
 
  
 
 Summary
 When combining measurements with different degrees of accuracy and precision, the number of significant digits in the final answer can be no greater than the number of significant digits in the least precise measured value. There are two different rules, one for multiplication and division and the other for addition and subtraction, as discussed below.
 1. For multiplication and division: The result should have the same number of significant figures as the quantity having the least significant figures entering into the calculation. For example, the area of a circle can be calculated from its radius using [image: A=\mathrm{πr}^2]. Let us see how many significant figures the area has if the radius has only two—say, [image: r=1.2 m]. Then,
 [image: A=\mathrm{πr}^2=3.1415927\times\left(1.2\;\mathrm m\right)^2=4.5238934\;\mathrm m^2]
 is what you would get using a calculator that has an eight-digit output. But because the radius has only two significant figures, it limits the calculated quantity to two significant figures or
 [image: A=\mathrm{πr}^2=3.1415927\times\left(1.2\;\mathrm m\right)^2=4.52\;\mathrm m^2]
 even though [image: \mathrm\pi] is good to at least eight digits.
 2. For addition and subtraction: The answer can contain no more decimal places than the least precise measurement. Suppose that you buy 7.56-kg of potatoes in a grocery store as measured with a scale with precision 0.01 kg. Then you drop off 6.052-kg of potatoes at your laboratory as measured by a scale with precision 0.001 kg. Finally, you go home and add 13.7 kg of potatoes as measured by a bathroom scale with precision 0.1 kg. How many kilograms of potatoes do you now have, and how many significant figures are appropriate in the answer? The mass is found by simple addition and subtraction:
 [image: \begin{align*} 7.56kg &\\ -6.052kg &\\ \underline{+\;\;13.7kg }&\\ 15.208kg&=15.2kg \end{align*}]
 Next, we identify the least precise measurement: 13.7 kg. This measurement is expressed to the 0.1 decimal place, so our final answer must also be expressed to the 0.1 decimal place. Thus, the answer is rounded to the tenths place, giving us 15.2 kg.
 3. For mixed operations: Round according to the rules above while following the order of operations for the calculations required. For example, perform the following operations and round to the appropriate number of significant figures.
 [image: (3.495+12.45)\div 2.4]
 We must add the values within the parentheses first, giving us 15.945. However, 12.45 is only precise to the nearest hundredth and so we need to round this result to the nearest hundredth, giving us 15.95. Then, we need to divide that by 2.4, which yields [image: 6.6458\bar{3}]. Since 15.95 has fours significant figures, and 2.4 only has two significant figures, we must round the answer to two significant figures, 6.6.
 Rounding in Practical Situations
 It is important to note that the rounding rules above are the theoretical rules used in chemical and physical laboratory papers and results. In various health care professions, the precision of the measurement tool being used will often dictate how you would round your medication dosages. In this sense, it is important to understand these theoretical rules and be aware that in practical situations, you may be taught best practices to coincide with the measurement tools available to you.
 Key Concepts:
  	Accuracy of a measured value refers to how close a measurement is to the correct value. The uncertainty in a measurement is an estimate of the amount by which the measurement result may differ from this value.
 	Precision of measured values refers to how close the agreement is between repeated measurements.
 	The precision of a measuring tool is related to the size of its measurement increments. The smaller the measurement increment, the more precise the tool.
 	Significant figures express the precision of a measuring tool.
 	Significant figures in a quantity indicate the number of known values plus one place that is estimated.
 	The following conventions dictate which numbers in a reported measurement are significant and which are not significant:
 	Any nonzero digit is significant.
 	Any zeros between nonzero digits (i.e., embedded zeros) are significant.
 	Zeros at the end of a number without a decimal point (i.e., trailing zeros) are not significant; they serve only to put the significant digits in the correct positions. However, zeros at the end of any number with a decimal point are significant.
 	Zeros at the beginning of a decimal number (i.e., leading zeros) are not significant; again, they serve only to put the significant digits in the correct positions.
 
 
 	When multiplying or dividing measured values, the final answer can contain only as many significant figures as the least precise value.
 	When adding or subtracting measured values, the final answer cannot contain more decimal places than the least precise value.
 	When performing mixed operations, round according to the rules for addition/subtraction and multiplication/division while using the order of operations.
 
 
 
  
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6816#h5p-35 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 Glossary
  	accuracy
 	the degree to which a measure value agrees with the correct value for that measurement
 
 	method of adding percents
 	the percent uncertainty in a quantity calculated by multiplication or division is the sum of the percent uncertainties in the items used to make the calculation
 
 	percent uncertainty
 	the ratio of the uncertainty of a measurement to the measure value, express as a percentage
 
 	precision
 	the degree to which repeated measurements agree with each other
 
 	significant figures
 	express the precision of a measuring tool used to measure a value
 
 	uncertainty
 	a quantitative measure of how much your measured values deviate from a standard or expected value
 
 
 
    
	

			
			


		
	
		
			
	
		

		2.3 Scientific Notation

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Recall the Laws of Exponents
 	Convert from decimal notation to scientific notation
 	Convert scientific notation to decimal form
 	Multiply and divide using scientific notation
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) What is the place value of the 6 in the number [image: 64,891]?
 2) Name the decimal: [image: 0.0012].
 3) Subtract: [image: 5-(-3)].
 
 
 Review of the Exponent Properties
 If [image: a] and [image: b] are real numbers, and [image: m] and [image: n] are integers, then:
 
 
 	Product Property 	[image: \frac{a^m}{a^n}=a^{m+n}] 
 	Power Property 	[image: ({a}^{m})^{n} = {a}^{mn}] 
 	Product to a Power 	[image: (ab)^{m} = {a}^{m}{b}^{m}] 
 	Quotient Property 	[image: \frac{a^m}{a^n}=a^{m-n}] if [image: m>n] and [image: \frac{a^m}{a^n}=\frac1{a^{n-m}}], if [image: n>m], [image: a\neq 0] 
 	Zero Exponent Property 	[image: a^0=1, a\neq 0] 
 	Quotient to a Power Property 	[image: a^{-n}=\frac{1}{a^n}] and [image: \frac{1}{a^{-n}}=a^n], [image: a\neq 0] 
 	Quotient to a Negative Exponent 	[image: \left(\frac{a}{b}\right)^{-n}=\left(\frac{b}{a}\right)^n] 
  
 Scientific Notation
 Sometimes, in real-life scenarios, we may need to deal with numbers that are very large, or numbers that are very small. Thus, when dealing with numbers like [image: 1,280,000,000] or [image: 0.00000000274], it may be beneficial to represent these numbers in a different way. We will use scientific notation to help us with this.
 Scientific Notation and Significant Figures
 Before we work on converting between forms of numbers, let’s consider the concept of significant figures and scientific notation. We can determine the number of significant figures in a number in scientific notation in the same way we would a number in decimal notation. Let’s remind ourselves of the rules for significant figures that were covered in the previous section:
 The following conventions dictate which numbers in a reported measurement are significant and which are not significant:
 	Any nonzero digit is significant.
 	Any zeros between nonzero digits (i.e., embedded zeros) are significant.
 	Zeros at the end of a number without a decimal point (i.e., trailing zeros) are not significant; they serve only to put the significant digits in the correct positions. However, zeros at the end of any number with a decimal point are significant.
 	Zeros at the beginning of a decimal number (i.e., leading zeros) are not significant; again, they serve only to put the significant digits in the correct positions.
 
 
 
 
 
 Of course, in scientific notation, we no longer have to worry about leading zeros. This is one of the benefits of using scientific notation, as the digits present are always significant.
 Example 2.3.1
  Determine the number of significant figures in the following numbers:
 a. [image: 1.41 \times 10^3]
 b. [image: 1.034 \times 10^{-5}]
 c. [image: 4.0000 \times 10^{-2}]
 Solution a. All non-zero digits are significant so there are 3 significant figures.
 b. All confined zeros are significant, as well as all non-zero digits, so there are 4 significant figures.
 c. All zeros at the end of the number after a decimal point are significant, so there are 5 significant figures.
  
 
 Try It
  4) Determine the number of significant figures in the following numbers:
 a. [image: 1.9 \times\ 10^3]
 b. [image: 4.00 \times\ 10^{-5}]
 c. [image: 5.001 \times\ 10^{-2}]
 Solution a. 2 significant figures
 b. 3 significant figures
 c. 4 significant figures
  
 
 Convert from Decimal Notation to Scientific Notation
 
 
 
 
 
 Remember working with place value for whole numbers and decimals? Our number system is based on powers of 10. We use tens, hundreds, thousands, and so on. Our decimal numbers are also based on powers of tens—tenths, hundredths, thousandths, and so on. Consider the numbers 4,000 and 0.004. We know that 4,000 means [image: 4\;\times\;1000] and [image: 0.004] means [image: 4\times \frac{1}{1,000}]
 If we write the 1000 as a power of ten in exponential form, we can rewrite these numbers in this way:
 
 	[image: 4000] [image: {4}\times{1000}]
 [image: 4\;\times\;10^3]
 	[image: 0.004] [image: 4\;\times\;\frac1{1000}]
 [image: 4\;\times\;\frac1{10^3}=4\times10^{-3}]
 
  
 When a number is written as a product of two numbers, where the first factor is a number greater than or equal to one but less than 10, and the second factor is a power of 10 written in exponential form, it is said to be in scientific notation.
 Scientific Notation
 A number is in scientific notation if it is in the form [image: M\times 10^n] where [image: 1\le M < 10].
 
 It is customary in scientific notation to use as the [image: \times] multiplication sign, even though we avoid using this sign elsewhere in algebra.
 If we look at what happened to the decimal point, we can see a method to easily convert from decimal notation to scientific notation.
 [image: 4\;\times\;10^3\;=\;\text{Decimal moved 3 to the right.}\;\;4{\color[rgb]{1.0, 0.0, 0.0}\overrightarrow.}0_{\color[rgb]{1.0, 0.0, 0.0}1}0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}3}\;=\;4000{\color[rgb]{1.0, 0.0, 0.0}.}]
 [image: 4\;\times\;10^{-3}\;=\;\text{Decimal moved 3 to the left.}\;\;0_{\color[rgb]{1.0, 0.0, 0.0}3}0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}1}4{\color[rgb]{1.0, 0.0, 0.0}\overleftarrow.}\;=\;0{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{0.1, 0.1, 0.1}004}]
 In both cases, the decimal was moved 3 places to get the first factor between 1 and 10.
 The power of 10 is positive when the number is larger than 1:                  [image: {4,000}=4\times 10^3]
 The power of 10 is negative when the number is between 0 and 1:         [image: 0.004=4\times 10^{-3}]
 Example 2.3.2
  Write in scientific notation: 37,000.
 
 Solution Step 1: Move the decimal point so that the first factor is greater than or equal to 1 but less than 10.
 Remember, there is a decimal at the end of 37,000.
 Move the decimal after the 3. 3.700 is between 1 and 10.
 Step 2: Count the number of decimal places, [image: n], that the decimal point was moved.
 The decimal place was moved 4 places to the left.
 [image: \text{Decimal moved 4 to the left. }3_{\color[rgb]{1.0, 0.0, 0.0}4}7_{\color[rgb]{1.0, 0.0, 0.0}3}0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}1}0{\color[rgb]{1.0, 0.0, 0.0}\overleftarrow.}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{0.1, 0.1, 0.1}=}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{0.1, 0.1, 0.1}3}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{0.1, 0.1, 0.1}7}]
 Step 3: Write the number as a product with a power of 10.
 If the original number is:
 Greater than 1, the power of 10 will be [image: 10^a].
 Between 0 and 1, the power of 10 will be [image: 10^{-a}].
 37,000 is greater than 1 so the power of 10 will have exponent 4.
 [image: 3.7\times10^4]
 Step 4: Check to see if your answer makes sense.
 [image: 10^4] is 10,000 and 10,000 times 3.7 will be 37,000.
 [image: 3.7\times10^4=37,000]
  
 
 
 
 
 
 
 Try It
  5) Write in scientific notation: [image: 96,000].
 Solution [image: 9.6\times \ {10^4}]
  
 
 
 6) Write in scientific notation: [image: 48,300].
 
 Solution [image: 4.83\times \ {10^4}]
  7) Write in scientific notation: [image: 54,\tilde{0}00]
 Solution [image: 5.40\times \ {10^4}]
  
 
 
 
 
 
 
 
 HOW TO
 
 
 
 Convert from decimal notation to scientific notation
 	Move the decimal point so that the first factor is greater than or equal to 1 but less than 10.
 	Count the number of decimal places, [image: n], that the decimal point was moved.
 	Write the number as a product with a power of 10.
  If the original number is: 	greater than 1, the power of 10 will be [image: 10^n].
 	between 0 and 1, the power of 10 will be [image: 10^{-n}].
 
 
 	Check.
 
 
 
 
 
 
 Example 2.3.3
  Write in scientific notation: 0.0052
 
 Solution The original number, 0.0052, is between 0 and 1 so we will have a negative power of 10.
 Step 1: Move the decimal point to get 5.2, a number between 1 and 10.
 [image: 0{\color[rgb]{1.0, 0.0, 0.0}.}0_{\color[rgb]{1.0, 0.0, 0.0}\uparrow}0_{\color[rgb]{1.0, 0.0, 0.0}\uparrow}5_{\color[rgb]{1.0, 0.0, 0.0}\uparrow}2\;=\;5{\color[rgb]{1.0, 0.0, 0.0}.}2]
 Step 2: Count the number of decimal places the point was moved.
 [image: 0{\color[rgb]{1.0, 0.0, 0.0}.}0_{\color[rgb]{1.0, 0.0, 0.0}1}0_{\color[rgb]{1.0, 0.0, 0.0}2}5_{\color[rgb]{1.0, 0.0, 0.0}3}2\;=\;\text{The decimal was moved }{\color[rgb]{1.0, 0.0, 0.0}\text{3}}\text{ places.}]
 Step 3: Write as a product with a power of 10.
 [image: 5.2\times \ {10}^{-3}]
 Step 4: Check.
 [image: \begin{eqnarray*}5.2&\times&\;10^{-3}\\5.2&\times&\frac1{10^3}\\5.2&\times&\frac1{1000}\\5.2\times0.001\;&=&\;0.0052\\0.0052&=&5.2\times\;10^{-3}\\\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  8) Write in scientific notation: [image: 0.0078]
 
 Solution [image: 7.8\times \ {10}^{-3}]
  
 
 
 9)Write in scientific notation: [image: 0.0129]
 
 Solution [image: 1.29\times \ {10}^{-2}]
  
 
 
 
 
 Preserving Significant Zeros Using Scientific Notation
 
 
 
 As we saw in the previous section, when considering a number with trailing zeros, it is not easy to determine whether or not they are significant. For example, the number 10,000 could have one significant figure only, but is is possible that some of the zeros are significant as well. One way to communicate a significant zero, when there is no decimal present, is to use a tilde to indicate its significance. For instance, [image: 10,0\tilde{0}0] indicates that the third zero is significant, which makes the zeros in between significant as well. In this sense, this number [image: 10,0\tilde{0}0] has 4 significant figures. If we wanted to put this number into scientific notation, we would need to include those significant zeros and it would be represented by [image: 1.000\times 10^4].
 Try It
  10) Convert the following numbers to scientific notation. Be sure to preserve the number of significant figures.
 a. [image: 0.002840]
 b. [image: 129.00]
 c. [image: 1800\tilde{0}]
 Solution a. [image: 2.840 \times 10^{-3}]
 b. [image: 1.2900 \times 10^2]
 c. [image: 1.8000 \times 10^4]
  
 
 Convert Scientific Notation to Decimal Form
 
 
 
 
 How can we convert from scientific notation to decimal form? Let’s look at two numbers written in scientific notation and see.
 [image: [latex]\begin{eqnarray*}9.12\;&\times&\;10^4\\9.12\;&\times&\;10^{-4}\\9.12\;&\times&\;10,000\\9.12\;&\times&\;0.0001\\91,200\;&\times&\;0.000912\end{eqnarray*}][/latex]
 If we look at the location of the decimal point, we can see an easy method to convert a number from scientific notation to decimal form.
 [image: 9.12\times\;10^4=\text{Move the decimal 4 to the right.}\;9{\color[rgb]{1.0, 0.0, 0.0}\overrightarrow.}1_{\color[rgb]{1.0, 0.0, 0.0}1}2_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}3}0_{\color[rgb]{1.0, 0.0, 0.0}4}\;=\;91,200{\color[rgb]{1.0, 0.0, 0.0}.}]
 
 [image: 9.12\times\;10^{-4}=\text{Move the decimal 4 to the left.}\;=\;0_{\color[rgb]{1.0, 0.0, 0.0}4}0_{\color[rgb]{1.0, 0.0, 0.0}3}0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}1}9{\color[rgb]{1.0, 0.0, 0.0}\overleftarrow.}12\;=\;0{\color[rgb]{1.0, 0.0, 0.0}.}000912]
 In both cases the decimal point moved 4 places. When the exponent was positive, the decimal moved to the right. When the exponent was negative, the decimal point moved to the left.
 Example 2.3.4
  Convert to decimal form: [image: 6.2\times\ {{10}^{3}}]
 Solution Step 1: Determine the exponent, [image: n], on the factor 10.
 The exponent is [image: 3].
 [image: 6.2\times10^3]
 Step 2: Move the decimal n spaces, adding zeros if needed. 
 If the exponent is positive, move the decimal point [image: n] places to the right.
 If the exponent is negative, move the decimal point [image: |n|] places to the left.
 [image: \begin{array}{c}\text{Exponent is positive so we move the decimal 3 spaces to the right, adding 2 zeros as placeholders.}\\6{\color[rgb]{1.0, 0.0, 0.0}\overrightarrow.}2_{\color[rgb]{1.0, 0.0, 0.0}1}0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}3}\;=\;6,200{\color[rgb]{1.0, 0.0, 0.0}.}\end{array}]
 Step 3: Check to see if your answer makes sense. 
 [image: 10^3] is [image: 1000] and [image: 1000] times [image: 6.2] is [image: 6,200].
  
 
 Try It
  11) Convert to decimal form: [image: 1.3 \times 10^3]
 Solution [image: {1,300}]
  
 
 
 12) Convert to decimal form: [image: 9.25 \times 10^4]
 
 Solution [image: {92,500}]
  13) Convert to decimal form: [image: 3.900 \times 10^5]
 Solution [image: 390,\tilde{0}00]
  
 
 
 
 
 
 
 
 HOW TO
 Convert scientific notation to decimal form.
 The steps are summarized below.
 
 To convert scientific notation to decimal form:
 	Determine the exponent, [image: n], on the factor 10.
 	Move the decimal [image: n] places, adding zeros if needed. 	If the exponent is positive, move the decimal point [image: n] places to the right.
 	If the exponent is negative, move the decimal point [image: \left|n\right|] places to the left.
 
 
 	Check.
 
 
 
 Example 2.3.5
  Convert to decimal form: [image: 8.9\times 10^{-2}]
 
 Solution Step 1: Determine the exponent, n, on the factor 10.
 The exponent is [image: -2].
 Step 2: Since the exponent is negative, move the decimal point 2 places to the left. 
 [image: 8.9\;\times\;10^{-2}\;=\;0_{\color[rgb]{1.0, 0.0, 0.0}2}0_{\color[rgb]{1.0, 0.0, 0.0}1}8{\color[rgb]{1.0, 0.0, 0.0}\overleftarrow.}9]
 Step 3: Add zeros as needed for placeholders. 
 [image: 8.9\;\times\;10^{-2}\;=\;0.089]
  
 
 
 
 
 
 Try It
  14) Convert to decimal form: [image: 1.2\times 10^{-4}]
 
 Solution [image: 0.00012]
  
 
 
 15) Convert to decimal form: [image: 7.5\times 10^{-2}]
 
 Solution [image: 0.075]
  
 
 
 
 
 Multiply and Divide Using Scientific Notation
 
 
 
 
 Astronomers use very large numbers to describe distances in the universe and ages of stars and planets. Chemists use very small numbers to describe the size of an atom or the charge on an electron. When scientists perform calculations with very large or very small numbers, they use scientific notation. Scientific notation provides a way for the calculations to be done without writing a lot of zeros. We will see how the Properties of Exponents are used to multiply and divide numbers in scientific notation.
 Example 2.3.6
  Multiply. Write answers in decimal form: [image: (4\times 10^{5})(2\times 10^{-7})]
 
 Solution Step 1: Use the Commutative Property to rearrange the factors.
 [image: 4 \times \ {2} \times \ 10^5 \times \ 10^{-7}]
 Step 2: Multiply. 
 [image: 8 \times \ 10^{-2}]
 Step 3: Change to decimal form by moving the decimal two places left. 
 [image: 0.08]
 
  
 
 
 
 
 
 
 
 Try It
  16) Multiply [image: (3{10}^{6})(2\times 10^{-8})]. Write answers in decimal form.
 Solution [image: 0.06]
  
 
 
 17) Multiply [image: (3\times 10^{-2})(3\times 10^{-1})]. Write answers in decimal form.
 
 Solution [image: 0.009]
  
 
 
 
 
 Example 2.3.7
  Divide. Write answers in decimal form: [image: \frac{9\times{10^3}}{3\times{10^{-2}}}]
 Solution Step 1: Separate the factors, rewriting as the product of two fractions. 
 [image: \frac{9\times{10^3}}{3\times{10^{-2}}}]
 Step 2: Divide.
 [image: 3\times\ 10^5]
 Step 3: Change to decimal form by moving the decimal five places right.
 [image: 300,000]
  
 
 
 
 
 Try It
  18) Divide [image: \frac{{8}\times 10^{4}}{2\times 10^{-1}}] Write answers in decimal form.
 
 Solution [image: 400,000]
  
 
 
 19) Divide [image: \frac{8\times 10^{2}}{4\times 10^{-2}}]. Write answers in decimal form.
 
 Solution [image: 20,000]
  
 
 
 
 
 
 
 
 Access these online resources for additional instruction and practice with integer exponents and scientific notation:
 	Negative Exponents
 	Scientific Notation
 	Scientific Notation 2
 
 
 
 
 Key Concepts
  	To convert a decimal to scientific notation: 	Move the decimal point so that the first factor is greater than or equal to 1 but less than 10.
 	Count the number of decimal places, [image: n], that the decimal point was moved.
 	Write the number as a product with a power of 10. If the original number is: 	greater than 1, the power of 10 will be [image: {10}^{n}]
 	between 0 and 1, the power of 10 will be [image: {10}^{−n}]
 
 
 	Check.
 
 
 
 	To convert scientific notation to decimal form: 	Determine the exponent, [image: n], on the factor 10.
 	Move the decimal [image: n] places, adding zeros if needed. 	If the exponent is positive, move the decimal point [image: n] places to the right.
 	If the exponent is negative, move the decimal point [image: \left|n\right|] places to the left.
 
 
 	Check.
 
 
 	Use a tilde to indicate a significant zero when necessary.
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=4449#h5p-35 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 Glossary
  scientific notation
 	A number is expressed in scientific notation when it is of the form [image: M\times 10^n] where [image: 1\le M < 10] and [image: n] is an integer.
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		2.4 More Unit Conversions and Rounding Rules

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Perform unit conversions while respecting the appropriate rounding rules for accuracy and precision.
 	Perform operations with scientific notation while respecting the appropriate rounding rules for accuracy and precision.
 
 
 
 Consider a simple example: how many feet are there in 4 yards? Most people will almost automatically answer that there are 12 feet in 4 yards. How did you make this determination? Well, if there are 3 feet in 1 yard and there are 4 yards, then there are 4 × 3 = 12 feet in 4 yards.
 This is correct, of course, but it is informal. Let us formalize it in a way that can be applied more generally. We know that 1 yard (yd) equals 3 feet (ft):
 1 yd = 3 ft
 In math, this expression is called an equality. The rules of algebra say that you can change (i.e., multiply or divide or add or subtract) the equality (as long as you don’t divide by zero) and the new expression will still be an equality. For example, if we divide both sides by 2, we get
 [image: \frac12yd\;=\;\frac32ft]
 We see that one-half of a yard equals 3/2, or one and a half, feet—something we also know to be true, so the above equation is still an equality. Going back to the original equality, suppose we divide both sides of the equation by 1 yard (number and unit):
 [image: \frac{1yd}{1yd}\;=\;\frac{3ft}{1yd}]
 The expression is still an equality, by the rules of algebra. The left fraction equals 1. It has the same quantity in the numerator and the denominator, so it must equal 1. The quantities in the numerator and denominator cancel, both the number and the unit:
 [image: \frac{\cancel1\cancel{yd}}{\cancel1\cancel{yd}}\;=\;\frac{3ft}{1yd}]
 When everything cancels in a fraction, the fraction reduces to 1:
 [image: 1=\frac{3ft}{1yd}]
 We have an expression, 3 ft1 yd, that equals 1. This is a strange way to write 1, but it makes sense: 3 ft equal 1 yd, so the quantities in the numerator and denominator are the same quantity, just expressed with different units. The expression 3 ft 1 yd is called a conversion factor, and it is used to formally change the unit of a quantity into another unit. (The process of converting units in such a formal fashion is sometimes called dimensional analysis or the factor label method.)
 To see how this happens, let us start with the original quantity:
 4 yd
 Now let us multiply this quantity by 1. When you multiply anything by 1, you don’t change the value of the quantity. Rather than multiplying by just 1, let us write 1 as 3 ft1 yd:
 [image: 4yd\;\times\;\frac{3ft}{1yd}]
 The 4 yd term can be thought of as [image: \frac{4 yd}{1}]; that is, it can be thought of as a fraction with 1 in the denominator. We are essentially multiplying fractions. If the same thing appears in the numerator and denominator of a fraction, they cancel. In this case, what cancels is the unit yard:
 [image: 4\cancel{yd}\times\frac{3ft}{1\cancel{yd}}]
 [image: \frac{4\times3ft}1=\frac{12ft}1=12ft]
 That is all that we can cancel. Now, multiply and divide all the numbers to get the final answer:
 Again, we get an answer of 12 ft, just as we did originally. But in this case, we used a more formal procedure that is applicable to a variety of problems.
 How many millimeters are in 14.66 m? To answer this, we need to construct a conversion factor between millimeters and meters and apply it correctly to the original quantity. We start with the definition of a millimeter, which is
 [image: 1 mm = \frac{1}{1,000 m}]
 The 1/1,000 is what the prefix milli- means. Most people are more comfortable working without fractions, so we will rewrite this equation by bringing the 1,000 into the numerator of the other side of the equation:
 1,000 mm = 1 m
 Now we construct a conversion factor by dividing one quantity into both sides. But now a question arises: which quantity do we divide by? It turns out that we have two choices, and the two choices will give us different conversion factors, both of which equal 1:
 [image: \frac{1000mm}{1000mm}=\frac{1m}{1000mm}\;or\;\frac{1000mm}{1m}=\frac{1m}{1m}]
 [image: 1=\frac{1m}{1000mm}\;or\;\frac{1000mm}{1m}=1]
 Which conversion factor do we use? The answer is based on what unit you want to get rid of in your initial quantity. The original unit of our quantity is meters, which we want to convert to millimeters. Because the original unit is assumed to be in the numerator, to get rid of it, we want the meter unit in the denominator; then they will cancel. Therefore, we will use the second conversion factor. Cancelling units and performing the mathematics, we get
 [image: 14.66\cancel m\;\times\;\frac{1000mm}{1\cancel m}=14660mm]
 Note how m cancels, leaving mm, which is the unit of interest.
 The ability to construct and apply proper conversion factors is a very powerful mathematical technique in chemistry. You need to master this technique if you are going to be successful in this and future courses.
 Example 2.4.1
  a. Convert 35.9 kL to liters.
 b. Convert 555 nm to meters.
 Solution a.
 Step 1: We will use the fact that [image: 1kL=1,000L].
 Of the two conversion factors that can be defined, the one that will work is [image: \frac{1,000L}{1kL}].
 Step 2: Applying this conversion factor, we get:
 [image: 35.9\cancel{kL}\;\times\;\frac{1000L}{1\cancel{kL}}=35900L]
 
 b.
 Step 1: We will use the fact that [image: 1nm=\frac{1}{1,000,000,000m}], which we will rewrite as 1,000,000,000 nm = 1 m, or 10 nm = 1 m.
 Step 2: Of the two possible conversion factors, the appropriate one has the nm unit in the denominator.
 [image: \frac{1m}{10^9nm}]
 Step 3: Applying this conversion factor, we get:
 [image: 555nm\;\times\;\frac{1m}{10^9nm}=0.000000555m]
 Step 4: In the final step, we expressed the answer in scientific notation.
 [image: =5.55\times10^{-7}m]
  
 
 Try It
  1) Convert [image: 67.08 μL] to liters. Give your answer in scientific notation.
 2) Convert [image: 56.8 m] to kilometers. Give your answer in scientific notation.
 Solution 	6.708 × 10−5 L
 	5.68 × 10−2 km
 
  
 
 What if we have a derived unit that is the product of more than one unit, such as m2? Suppose we want to convert square meters to square centimeters? The key is to remember that m2 means m × m, which means we have two meter units in our derived unit. That means we have to include two conversion factors, one for each unit. For example, to convert 17.6 m2 to square centimeters, we perform the conversion as follows:
 [image: 17.6m^2=17.6\left(\cancel m\times\cancel m\right)\times\frac{100cm}{1\cancel m}\times\frac{100cm}{1\cancel m}=17000cm\times cm=1.76\times10^5cm^2]
 Example 2.4.2
  How many cubic centimeters are in 0.883 m3?
 Solution With an exponent of 3, we have three length units, so by extension we need to use three conversion factors between meters and centimeters. Thus, we have
 [image: 0.833\cancel{m^3}\times\;\frac{100cm}{1\cancel m}\times\frac{100cm}{1\cancel m}\times\frac{100cm}{1\cancel m}=883000cm^3=8.83\times10^5cm^3]
 You should demonstrate to yourself that the three meter units do indeed cancel.
  
 
 Try It
  3) How many cubic millimeters are present in 0.0923 m3? Give your answer in scientific notation.
 Solution 9.23 × 107 mm3
  
 
 Suppose the unit you want to convert is in the denominator of a derived unit; what then? Then, in the conversion factor, the unit you want to remove must be in the numerator. This will cancel with the original unit in the denominator and introduce a new unit in the denominator. The following example illustrates this situation.
 
 Example 2.4.3
  Convert 88.4 m/min to meters/second.
 Solution Step 1: We want to change the unit in the denominator from minutes to seconds.
 Because there are 60 seconds in 1 minute (60 s = 1 min), we construct a conversion factor so that the unit we want to remove, minutes, is in the numerator: [image: 1 min/60]s.
 Step 2:  Apply and perform the math.
 [image: \frac{88.4m}{min}\times\frac{1min}{60s}=1.47m/s]
 
 Notice how the 88.4 automatically goes in the numerator. That’s because any number can be thought of as being in the numerator of a fraction divided by 1.
 [image: A common garden snail moves at a rate of about 0.2 m/min, which is about 0.003 m/s, which is 3 mm/s! Source: “Grapevine snail”by Jürgen Schoneris licensed under the Creative Commons Attribution-Share Alike 3.0 Unported license.]Figure 2.4.1. How Fast Is Fast? A common garden snail moves at a rate of about 0.2 m/min, which is about 0.003 m/s, which is 3 mm/s!
Source: “Grapevine snail”by Jürgen Schoneris licensed under the Creative Commons Attribution-Share Alike 3.0 Unported license. 
  
 
 Try It
  4) Convert 0.203 m/min to meters/second. Give your answer in scientific notation.
 Solution 0.00338 m/s or 3.38 × 10−3 m/s
  
 
 Sometimes there will be a need to convert from one unit with one numerical prefix to another unit with a different numerical prefix. How do we handle those conversions? Well, you could memorize the conversion factors that interrelate all numerical prefixes. Or you can go the easier route: first convert the quantity to the base unit, the unit with no numerical prefix, using the definition of the original prefix. Then convert the quantity in the base unit to the desired unit using the definition of the second prefix. You can do the conversion in two separate steps or as one long algebraic step. For example, to convert 2.77 kg to milligrams:
 [image: 2.77\cancel{kg}\;\times\frac{1000g}{1\cancel{kg}}=2770g\;\left(convert\;to\;the\;base\;unit\;of\;grams\right)]
 [image: 2770\cancel g\;\times\frac{1000mg}{1\cancel g}=2770000mg=2.77\times10^6\;mg\;\left(convert\;to\;the\;desired\;unit\right)]
 Alternatively, it can be done in a single multistep process:
 
 [image: 2.77\cancel{kg}\times\frac{1000\cancel g}{1\cancel{kg}}\times\frac{1000mg}{1\cancel g}=2770000m=2.77\times10^6mg]
 You get the same answer either way.
 Example 2.4.4
  How many nanoseconds are in 368.09 μs?
 Solution You can either do this as a one-step conversion from microseconds to nanoseconds or convert to the base unit first and then to the final desired unit. We will use the second method here, showing the two steps in a single line. Using the definitions of the prefixes micro- and nano-,
 [image: 368.09\cancel{\mu s}\times\frac{1\cancel s}{10^6\cancel{\mu s}}\times\frac{10^9ns}{1\cancel s}=368090ns=3.6809\times10^5ns]
  
 
 
 Try It
  5) How many milliliters are in 607.8 kL? Give your answer in scientific notation.
 Solution 6.078 × 108 mL
  
 
 When considering the significant figures of a final numerical answer in a conversion, there is one important case where a number does not impact the number of significant figures in a final answer—the so-called exact number. An exact number is a number from a defined relationship, not a measured one. For example, the prefix kilo- means 1,000—exactly 1,000, no more or no less. Thus, in constructing the conversion factor
 [image: \frac{1000g}{1kg}]
 neither the 1,000 nor the 1 enter into our consideration of significant figures. The numbers in the numerator and denominator are defined exactly by what the prefix kilo- means. Another way of thinking about it is that these numbers can be thought of as having an infinite number of significant figures, such as
 [image: \frac{1000.0000000000...g}{1.0000000000...kg}]
 The other numbers in the calculation will determine the number of significant figures in the final answer.
 
 Example 2.4.5
  A rectangular plot in a garden has the dimensions 36.7 cm by 128.8 cm. What is the area of the garden plot in square meters? Express your answer in the proper number of significant figures.
 Solution Area is defined as the product of the two dimensions, which we then have to convert to square meters and express our final answer to the correct number of significant figures, which in this case will be three.
 [image: 36.7\cancel{cm}\times128.8\cancel{cm}\times\frac{1m}{100\cancel{cm}}\times\frac{1m}{100\cancel{cm}}=0.472696m^2=0.473m^2]
 The 1 and 100 in the conversion factors do not affect the determination of significant figures because they are exact numbers, defined by the centi- prefix.
  
 
 Try It
  6) What is the volume of a block in cubic meters whose dimensions are 2.1 cm × 34.0 cm × 118 cm?
 Solution 0.0084 m3
  
 
 In the examples above, the answers provided are all consistent with the rounding rules from the previous section, but we did not emphasize what choices were being made while reporting our answers. In the next sections, we will go through a series of examples to combine what we’ve learned over the last few sections. Throughout this section (and for the rest of the course), be sure to always pay attention to the instructions so that you are always rounding appropriately. Sometimes, you will be required to follow the rounding rules for accuracy and precision, and other times, you will be asked to round to a specific place value. It is always important to pay attention to detail and to answer questions with care.
 Rounding Rules When Converting Within the Same System of Measurement
 When considering metric-to-metric or U.S. System-to-U.S. System conversions, we must first realize that our conversion equations within each system are exact. For example, [image: 100cm=1m] means that there are exactly 100 centimeters in 1 meter and [image: 1ft=12in] means that there are exactly 12 inches in 1 foot. Since these conversion equations are exact, this means that the numbers involved have infinitely many significant figures and infinitely many decimal places. As such, when we are performing metric-to-metric or U.S. System-to-U.S. System conversions, we will use the measurement that we are converting to determine the appropriate number of significant figures to include in our answer. Please note that metric-to-metric conversion equations must be recreated by memory, whereas units from the U.S. system will always be provided in our course.
 Example 2.4.6
  Convert 31.5 meters per minute to meters per second. Give your answer with the appropriate number of significant figures.
 Solution Step 1: Write down any relevant unit conversion equations.
 [image: 1 min = 60 s]
 Step 2: Convert the units using dimensional analysis. 
 [image: \begin{eqnarray*}&=&\frac{31.5m}{1min}\times\frac{1min}{60s}\\&=&\frac{31.5m}{60s}\\&=&0.525\;m/s\end{eqnarray*}]
 Step 3: Be sure that the answer is given to the proper number of significant figures.
 Since the operations we performed were all multiplications and divisions, we need to round to the least number of significant figures. The unit conversion equation used, [image: 1 min = 60 s], is exact so there are infinitely many significant figures in those values. In this case, we need to look at the measurement given. Since [image: 31.5 m/min] has 3 significant figures, our answer should have 3 significant figures as well. So our answer of [image: 0.525 m/s] is appropriate.
  
 
 Example 2.4.7
  Convert [image: 18\tilde{0} mg/dL] to g/L. Give your answer with the appropriate number of significant figures.
 Solution Step 1: Write down any relevant unit conversion equations.
 [image: 1000mg=1g] and [image: 10dL=1L]
 For the purpose of the work, we will make note that there is a tilde over the zero and so [image: 18\tilde{0}] has 3 significant figures.
 Step 2: Convert the units using dimensional analysis.
 [image: \begin{eqnarray*}&=&\frac{180mg}{1dL}\times\frac{10dL}{1L}\times\frac{1g}{1000mg}\\&=&\frac{180\;\times10g}{1\;times\;1000L}\\\\&=&1.8\;g/L\\\end{eqnarray*}]
 Step 3: Be sure that the answer is given to the proper number of significant figures.
 The operations we used in this question were multiplications and divisions, and so we need to round to the least number of significant figures in our values. Our calculator gives us [image: 1.8 g/L], but we need to take into account the fact that our measurement had 3 significant figures. Thus, our answer in this case should have 3 significant figures.
 Our answer in this case is that [image: 18\tilde{0} mg/dL = 1.80 g/L].
  
 
 Example 2.4.8
  Convert 32.8 ounces to cups. Give your answer with the appropriate number of significant figures.
 Solutions The following unit conversion equations may be useful for this example: [image: 1 cup = 8 oz].
 Step 1: Write down any relevant unit conversion equations.
 Note, that the U.S. system conversion equation is given.
 Step 2: Convert the units using dimensional analysis. 
 [image: \begin{eqnarray*}&=&\frac{32.8oz}1\times\frac{1cup}{8oz}\\&=&\frac{32.8\;cup}{1\cdot8}\\&=&4.1\;cups\\\end{eqnarray*}]
 Step 3: Be sure that the answer is given to the proper number of significant figures. 
 The operations we used in this question were multiplications and divisions, and so we need to round to the least number of significant figures in our values. Our calculator does not take into account significant figures. Since our unit conversion equation is exact (i.e. there are exactly 8 ounces in 1 cup), those numbers have infinitely many significant figures. Thus, we need to look to our measurement to decide how many significant figures our answer needs. 32.8 ounces has 3 significant figures, so our answer must also have 3 significant figures.
 Therefore, [image: 32.8 oz = 4.10 cups].
  
 
 Example 2.4.9
  Convert 161.8 miles per hour to feet per second. Give your answer with the appropriate number of significant figures.
 Solution The following unit conversion equations may be useful for this example: [image: 1 mi = 5280 ft].
 Step 1: Write down any relevant unit conversion equations.  
 Note, that the U.S. system conversion equation is given. To convert from hours to seconds, we need to know: [image: 1h=3600s].
 Step 2: Convert the units using dimensional analysis. 
 [image: \begin{eqnarray*}&=&\frac{161.8mi}{1h}\times\frac{5280ft}{1mi}\times\frac{1h}{3600s}\\&=&\frac{161.8\cdot5280\;ft}{1\cdot3600s}\\&=&237.30\overline6ft/s\\\end{eqnarray*}]
 Step 3: Be sure that the answer is given to the proper number of significant figures.
 The operations we used in this question were multiplications and divisions, and so we need to round to the least number of significant figures in our values. Our calculator does not take into account significant figures. Since our unit conversion equation is exact, the numbers involved in the conversion equations have infinitely many significant figures. Thus, we need to look to our measurement to decide how many significant figures our answer needs. 161.8 mi/h has 4 significant figures, so our answer must also have 4 significant figures.
 Therefore,[image: 161.8mi/h = 237.2 ft/s].
  
 
 As we have seen in the examples above, when we are converting metric-to-metric or U.S. System-to-U.S. System units, we round according to the measurement that we are converting.
 Rounding Rules When Converting Between Two Different Systems of Measurement
 When considering the unit conversion equations that establish relationships between two units of different measurement systems, it is important to note the number of significant figures present in the equations. This is due to the fact that when we convert from the metric system to the U.S. system of measurement, the relationships between the units are not exact, but are rather approximations. For example, if we wanted to convert between grams (metric) and pounds (U.S. system), we may be given one of the following unit conversion equations.
 Unit Conversion Equations for Converting Between Grams and Pounds
 [image: 1.00lb=454g]
 [image: 1.000lb=453.6g]
 [image: 1.0000lb=453.59g]
 [image: 1.00000lb=453.592g]
 
 The equations above show that the precision of the unit conversion equation depends on the precision of the measurement tool that was used. Therefore, these numbers in these unit conversion equations are approximate and will be taken into account while performing our unit conversions.
 Example 2.4.10
  Convert 8.4 miles to kilometers. Give your answer with the appropriate number of significant figures.
 Solution The following unit conversion equations may be useful for this example: [image: 1.0000 mi = 1.6093 km].
 Step 1: Write down any relevant unit conversion equations. 
 Note, that the U.S. system to metric conversion equation is provided.
 Step 2: Convert the units using dimensional analysis. 
 [image: \begin{eqnarray*}&=&\frac{8.4mi}1\times\frac{1.6093km}{1.0000mi}\\&=&\frac{8.4\cdot1.6093km}1\\&=&13.51812km\end{eqnarray*}]
 Step 3: Be sure that the answer is given to the proper number of significant figures. 
 All the operations in our conversion above were multiplications and divisions, so we need to round to the least number of significant figures. Don’t forget, our calculator does not take into account significant figures. Since our unit conversion is 1.0000 mi = 1.6093 km, each of those numbers has 5 significant figures, whereas our measurement of 8.4mi has only 2 significant figures. Thus, we need to round our final answer to 2 significant figures.
 Therefore, [image: 8.4mi = 14km].
  
 
 Example 2.4.11
  Convert 20.18 kilogram per liter to pound per gallon. Give your answer with the appropriate number of significant figures.
 Solution The following unit conversion equations may be useful for this example: [image: 1.00kg =2.20lbs] and [image: 1.00L=0.264 gal (U.S)].
 Step 1: Write down any relevant unit conversion equations. 
 Note, that the U.S. system to metric conversion equations are provided.
 Step 2: Convert the units using dimensional analysis. 
 [image: \begin{eqnarray*}&=&\frac{20.18kg}{1L}\times\frac{2.20lbs}{1.00kg}\frac{1.00L}{0.264gal}\\&=&\frac{20.18\times\;2.20\times\mathrm{\ }1.00lbs}{1\times\;1.00\times\;0.264gal}\\&=&168.1\overline6lbs/gal\end{eqnarray*}]
 Step 3: Be sure that the answer is given to the proper number of significant figures. 
 All the operations in our conversion above were multiplications and divisions, so we need to round to the least number of significant figures. Don’t forget, our calculator does not take into account significant figures. Since our unit conversions are [image: 1.00kg =2.20lbs] and [image: 1.00L=0.264 U.S. gal], each of those numbers have 3 significant figures, whereas our measurement of 20.18 kg/L has 4 significant figures. Thus, we need to round our final answer to 3 significant figures.
 Therefore, [image: 20.18 kg/L = 168 lbs/gal].
  
 
 Rounding Rules With Scientific Notation
 Now that we know how to use scientific notation, we can combine this with our knowledge of our rounding rules to round appropriately. In the following examples, we will perform the indicated operations and round according to the instructions provided.
 Example 2.4.12
  Perform the indicated operations. Give your answer with the appropriate number of significant figures.
 a. [image: 3.92\times 10^4 + 2.3 \times 10^4]
 b. [image: 1.9 \times 10^{-2} - 1.49\times 10^{-1}]
 c. [image: (5.8\times 10^5)\times (2.84\times 10^{-7})]
 d. [image: \frac{(3.8\times 10^2)(2.93\times 10^3)}{(8\times 10^{-3})(8.935\times 10^3)}]
 Solution a.
 Step 1: Since the powers of ten are the same, we can simply add the values. 
 [image: 3.92\times 10^4 + 2.3 \times 10^4=6.22\times 10^4]
 Step 2: As we were adding, we need to round to the correct precision. This means, we need to round according to the [image: 2.3 \times 10^4] which has 2 significant figures. 
 Thus, the answer is: [image: 6.2\times 10^4]
 
 b.
 Step 1: First, we need to write the numbers with the same power of ten. 
 [image: \begin{eqnarray*}&=&1.9\times10^{-2}-1.49\times10^{-1}\\&=&0.19\times10^{-1}-1.49\times10^{-1}\\&=&-1.3\times10^{-1}\\\end{eqnarray*}]
 Step 2: Our answer already has the correct precision, so no further rounding is necessary.
 
 c.
 Step 1: To multiply scientific notation, multiply the coefficients and add the exponents on the tens. 
 [image: \begin{eqnarray*}&=&(5.8\times10^5)\times(2.84\times10^{-7})10^{-1}\\&=&(5.8\cdot2.84)\times10^{5+(-7)}\\&=&16.472\times10^{-2}\\\end{eqnarray*}]
 Step 2: Before we round, we need to write this number in correct scientific notation. 
 [image: =1.6472 \times 10^{-1}]
 Step 3: Now, since we multiplied to get this result, we need to round to the least number of significant figures, which in this case is 2.
 [image: =1.6 \times 10^{-1}]
 
 d.
 Step 1: To answer this question, let’s first perform the multiplications in the numerator and denominator, and then we will do the division.
 [image: \frac{(3.8\times 10^2)(2.93\times 10^3)}{(8\times 10^{-3})(8.935\times 10^3)}]
 [image: =\frac{3.8\times \ 2.93\times 10^{2+3}}{8\times \  8.935 \times 10^{-3+3}}]
 [image: =\frac{11.134\times 10^{5}}{71.48 \times 10^{0}}]
 Step 2: Now, we can perform the division of the coefficients and subtract the exponents on the tens.
 [image: =0.15576385\times 10^5]
 Step 3: Finally, let’s put this into correct scientific notation before we round appropriately.
 [image: =1.5576385\times 10^4]
 Step 4: Since the 8 in the initial problem only has 1 significant figure, our answer should only have 1 significant figure.
 [image: =2\times 10^4]
  
 
 Important Note
 Instructions on rounding expectations will always be given on evaluations. Be sure to read instructions carefully to know if you are expected to use the rounding rules covered in this section, or if there are any other expectations. If questions are vague and do not specify rounding instructions, do not round your answer.
 
 Key Concepts
  	Units can be converted to other units using the proper conversion factors.
 	Conversion factors are constructed from equalities that relate two different units.
 	Conversions can be a single step or multistep.
 	Unit conversion is a powerful mathematical technique in chemistry, physics, and mathematics, that must be mastered.
 	Exact numbers do not affect the determination of significant figures.
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6819#h5p-35 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 
	

			
			


		
	
		
			
	
		

		2.5 Unit Sources

								

	
				Unit 2 Sources 
 2.1 Up to & Including Example 2.1.4. taken from “Measurement Systems” from Mathematics for Public and Occupational Health Professionals is licensed under a Creative Commons Attribution-ShareAlike 4.0 International License, except where otherwise noted.
 2.1 Example 21.5 to  Systems of Measurement” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 2.1 “Measurement; Health Applications” from Business/Technical Mathematics by Izabela Mazur and Kim Moshenko is licensed under a Creative Commons Attribution 4.0 International License, except where otherwise noted.
 2.2 Douglas College Physics 1104 Custom Textbook – Winter and Summer 2020 by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 2.3 “Integer Exponents and Scientific Notation” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 2.4 Douglas College Physics 1104 Custom Textbook – Winter and Summer 2020 by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 
	

			
			


		
	
		
			
	
		

		Unit 3: Solving Linear Equations, Graphs of Linear Equations, and Applications of Linear Functions

	

	
		 Chapter Outline
 3.0 Introduction
 3.1 Solve Equations Using the Subtraction and Addition Properties of Equality
 3.2 Solve Equations using the Division and Multiplication Properties of Equality
 3.3 Solve Equations with Variables and Constants on Both Sides
 3.4 Use a General Strategy to Solve Linear Equations
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		3.0 Introduction

								

	
				If we carefully placed more rocks of equal weight on both sides of this formation, it would still balance. Similarly, the expressions in an equation remain balanced when we add the same quantity to both sides of the equation. In this chapter, we will solve equations, remembering that what we do to one side of the equation, we must also do to the other side.
 [image: This is a photo of several rocks carefully stacked to achieve balance.]Figure 3.0.1 : The rocks in this formation must remain perfectly balanced around the center for the formation to hold its shape Photo by Robert Anasch Unsplash License Mathematical formulas model phenomena in every facet of our lives. They are used to explain events and predict outcomes in fields such as transportation, business, economics, medicine, chemistry, engineering, and many more. In this chapter, we will apply our skills in solving equations to solve problems in a variety of situations.
 [image: A photo of cars on two directions with different flow.]Figure 3.0.2 :Sophisticated mathematical models are used to predict traffic patterns on our nation’s highways. Photo  by Derek Lee  Unsplash License Graphs are found in all areas of our lives—from commercials showing you which cell phone carrier provides the best coverage, to bank statements and news articles, to the boardroom of major corporations. In this chapter, we will study the rectangular coordinate system, which is the basis for most consumer graphs. We will look at linear graphs, slopes of lines, equations of lines, and linear inequalities.
 [image: This is a drawing of a graph. The x-axis ranges from 1994 through 2010 in two-year increments. The y-axis is labeled 0 to 30 million in increments of 5 millon per year. The y-axis is labeled “Annual Vehicle Sales (MM/year)” There are three line graphs. The first shows the annual sale of gas motorcyles from 5 million in 1994 to about 15 million in 2010. The next line is a green line labled EV for electric vehicles. It shows sales were null from 1994 through 2002, but they quickly rose to more than 25 million in sales per year. The last line is labeled gas cars and starts at 0 in 1994 and slowly rises from 2002 to 2010 to just over 10 million.]Figure 3.0.3: This graph illustrates the annual vehicle sales of gas motorcycles, gas cars, and electric vehicles from 1994 to 2010. It is a line graph with x- and y-axes, one of the most common types of graphs. Image by Steve Jurvetson CC-BY-2.0 
 
	

			
			


		
	
		
			
	
		

		3.1 Solve Equations Using the Subtraction and Addition Properties of Equality

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Verify a solution of an equation
 	Solve equations using the Subtraction and Addition Properties of Equality
 	Solve equations that require simplification
 	Translate to an equation and solve
 	Translate and solve applications
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Evaluate [image: x+4] when [image: x=-3].
 2) Evaluate [image: 15-y] when [image: y=-5].
 3) Simplify [image: 4(4n+1)-15n].
 4) Translate into algebra “[image: 5] is less than [image: x]”.
 
 
 Verify a Solution of an Equation
 
 Solving an equation is like discovering the answer to a puzzle. The purpose in solving an equation is to find the value or values of the variable that make each side of the equation the same – so that we end up with a true statement. Any value of the variable that makes the equation true is called a solution to the equation. It is the answer to the puzzle!
 Solution of an equation
 A solution of an equation is a value of a variable that makes a true statement when substituted into the equation.
 
 HOW TO
 To determine whether a number is a solution to an equation.
 	Substitute the number in for the variable in the equation.
 	Simplify the expressions on both sides of the equation.
 	Determine whether the resulting equation is true (the left side is equal to the right side) 	If it is true, the number is a solution.
 	If it is not true, the number is not a solution.
 
 
 
 
 
 
 
 Example 3.1.1
  Determine whether [image: x=\frac{3}{2}] is a solution of [image: 4x-2=2x+1].
 
 Solution Since a solution to an equation is a value of the variable that makes the equation true, begin by substituting the value of the solution for the variable.
 Step 1: Substitute [image: \frac32] for [image: x].
 [image: 4\left({\color[rgb]{1.0, 0.0, 0.0}\frac32}\right)-2\overset?=2\left({\color[rgb]{1.0, 0.0, 0.0}\frac32}\right)+1]
 Step 2: Multiply.
 [image: 6-2\overset?=3+1]
 Step 3: Subtract.
 [image: 4=4\checkmark]
 Since [image: x=\frac{3}{2}] results in a true equation (4 is in fact equal to 4), [image: \frac{3}{2}] is a solution to the equation [image: 4x-2=2x+1]
  
 
 
 Try It
  5) Is [image: y=\frac{4}{3}] a solution of [image: 9y+2=6y+3?]
 
 Solution no
  
 
 
 6) Is [image: y=\frac{7}{5}] a solution of [image: 5y+3=10y-4]?
 
 Solution yes
  
 
 
 
 
 
 
 
 
 Solve Equations Using the Subtraction and Addition Properties of Equality
 We are going to use a model to clarify the process of solving an equation. An envelope represents the variable – since its contents are unknown – and each counter represents one. We will set out one envelope and some counters on our workspace, as shown in Figure 3.1.1. Both sides of the workspace have the same number of counters, but some counters are “hidden” in the envelope. Can you tell how many counters are in the envelope?
 The illustration shows a model of an equation with one variable. On the left side of the workspace is an unknown (envelope) and three counters, while on the right side of the workspace are eight counters.
 
 [image: This image illustrates a workspace divided into two sides. The content of the left side is equal to the content of the right side. On the left side, there are three circular counters and an envelope containing an unknown number of counters. On the right side are eight counters.]Figure 3.1.1 The illustration shows a model of an equation with one variable. On the left side of the workspace is an unknown (envelope) and three counters, while on the right side of the workspace are eight counters. 
 What are you thinking? What steps are you taking in your mind to figure out how many counters are in the envelope?
 Perhaps you are thinking: “I need to remove the 3 counters at the bottom left to get the envelope by itself. The 3 counters on the left can be matched with 3 on the right and so I can take them away from both sides. That leaves five on the right—so there must be 5 counters in the envelope.” See  Figure 3.1.2. for an illustration of this process.
 The illustration shows a model for solving an equation with one variable. On both sides of the workspace remove three counters, leaving only the unknown (envelope) and five counters on the right side. The unknown is equal to five counters.
 
 [image: This figure contains two illustrations of workspaces, divided each into two sides. On the left side of the first workspace there are three counters circled in purple and an envelope containing an unknown number of counters. On the right side are eight counters, three of which are also circled in purple. An arrow to the right of the workspace points to the second workspace. On the left side of the second workspace, there is just an envelope. On the right side are five counters. This workspace is identical to the first workspace, except that the three counters circled in purple have been removed from both sides.]Figure 3.1.2-The illustration shows a model for solving an equation with one variable. On both sides of the workspace remove three counters, leaving only the unknown (envelope) and five counters on the right side. The unknown is equal to five counters. 
 What algebraic equation would match this situation? In Figure 3.1.3 each side of the workspace represents an expression and the centre line takes the place of the equal sign. We will call the contents of the envelope [image: x].
 The illustration shows a model for the equation [image: x+3=8].
 [image: This image illustrates a workspace divided into two sides. The content of the left side is equal to the content of the right side. On the left side, there are three circular counters and an envelope containing an unknown number of counters. On the right side are eight counters. Underneath the image is the equation modeled by the counters: x plus 3 equals 8.]3.1.3 – The illustration shows a model for the equation 𝑥+3=8. 
 Let’s write algebraically the steps we took to discover how many counters were in the envelope:
 	 	[image: x+3=8] 
 	First, we took away three from each side. 	[image: x+3{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}=8{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}] 
 	Then we were left with five. 	[image: x=5] 
 	Check: 	Five in the envelope plus three more does equal eight! 
 	 	[image: 5+3=8] 
  
 Our model has given us an idea of what we need to do to solve one kind of equation. The goal is to isolate the variable by itself on one side of the equation. To solve equations such as these mathematically, we use the Subtraction Property of Equality.
 Subtraction Property of Equality
 For any numbers [image: a], [image: b], and [image: c],
 if              [image: a=b],
 then        [image: a-c=b-c]
 When you subtract the same quantity from both sides of an equation, you still have equality.
 
 
 
 Let’s see how to use this property to solve an equation. Remember, the goal is to isolate the variable on one side of the equation. And we check our solutions by substituting the value into the equation to make sure we have a true statement.
 
 Example 3.1.2
  Solve: [image: y+37=-13].
 
 Solution To get [image: y] by itself, we will undo the addition of 37 by using the Subtraction Property of Equality.
 Step 1: Subtract 37 from each side to ‘undo’ the addition.
 [image: y+37{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}37}=-13{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}37}]
 Step 2: Simplify.
 [image: y=-50]
 Step 3: Check:
 [image: y+37=-13]
 Step 4: Substitute [image: y=-50]
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}50}+37&=-13\\ -13&\overset?=-13\checkmark \end{align*}]
 Since [image: y=-50] makes [image: y+37=-13] a true statement, we have the solution to this equation.
  
 
 
 Try It
  7) Solve: [image: x+19=-27].
 
 Solution [image: x=-46]
  
 
 
 8) Solve: [image: x+16=-34].
 
 Solution [image: x=-50]
  
 
 
 
 
 
 
 
 What happens when an equation has a number subtracted from the variable, as in the equation [image: x-5=8]? We use another property of equations to solve equations where a number is subtracted from the variable. We want to isolate the variable, so to ‘undo’ the subtraction we will add the number to both sides. We use the Addition Property of Equality.
 Addition Property of Equality
 For any numbers [image: a], [image: b], and [image: c],
 if                    [image: a=b],
 then              [image: a+c=b+c]
 When you add the same quantity to both sides of an equation, you still have equality.
 
 
 In Example 3.1.2, 37 was added to the [image: y] and so we subtracted 37 to ‘undo’ the addition. In 3.1.3, we will need to ‘undo’ subtraction by using the Addition Property of Equality.
 Example 3.1.3
  Solve: [image: a-28=-37].
 
 Solution Step 1: Add 28 to each side to ‘undo’ the subtraction.
 [image: a-28{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}28}=-37{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}28}]
 Step 2: Simplify.
 [image: a=-9]
 Step 3: Check:
 [image: a-28=-37]
 Step 4: Substitute [image: a=-9]
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}9}-28&=37\\ -37&\overset?=-37\checkmark \end{align*}]
 The solution to [image: a-28=-37] is [image: a=-9].
  
 
 
 Try It
  9) Solve: [image: n-61=-75].
 
 Solution [image: n=-14]
  
 
 
 10) Solve: [image: p-41=-73].
 
 Solution [image: p=-32]
  
 
 
 
 
 Example 3.1.4
  Solve: [image: x-\frac{5}{8}=\frac{3}{4}]
 
 Solution Step 1: Use the Addition Property of Equality.
 [image: x-\frac58{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\frac58}=\frac68{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\frac58}]
 Step 2: Find the LCD to add the fractions on the right.
 [image: \begin{align*}&\;&x-\frac58+\frac58&=\frac68+\frac58\\ &\text{Simplify}\;&x&=\frac{11}8\\ \end{align*}]
 Step 3: Check:
 [image: x-\frac58=\frac34]
 Step 4: Substitute [image: x=\frac{11}{8}].
 [image: \begin{align*}&\;&{\color[rgb]{1.0, 0.0, 0.0}\frac{11}8}-\frac58&\overset?=\frac34 \\&\text{Subtract.}\;&\frac68&\overset?=\frac34\\ &\text{Simplify.}\;&\frac34&=\frac34\checkmark \end{align*}]
 The solution to [image: x-\frac{5}{8}=\frac{3}{4}]  is   [image: x=\frac{11}{8}]
  
 
 
 
 
 
 Try It
  11) Solve: [image: p-\frac{2}{3}=\frac{5}{6}]
 
 Solution [image: p=\frac{3}{2}]
  
 
 
 12) Solve: [image: q-\frac{1}{2}=\frac{5}{6}]
 
 Solution [image: q=\frac{4}{3}]
  
 
 
 
 
 
 
 
 The next example will be an equation with decimals.
 Example 3.1.5
  Solve: [image: n-0.63=-4.2].
 
 Solution Step 1: Use the Addition Property of Equality.
 [image: \begin{align*}&\;&n-0.63{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}63}&=-4.2{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}63} \\&\text{Add.}\;&n&=-3.57\end{align*}]
 Step 2: Check:
 [image: n=-3.57]
 Step 3: Let [image: n=-3.57].
 [image: \begin{align*}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3.57}-0.63&\overset?={\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}4}{\color[rgb]{0.1, 0.1, 0.1}.}{\color[rgb]{0.1, 0.1, 0.1}2}\\ -4.2&-4.2\checkmark\end{align*}]
  
 
 
 Try It
  13) Solve: [image: b-0.47=-2.1].
 
 Solution [image: b=-1.63]
  
 
 
 14) Solve: [image: c-0.93=-4.6].
 
 Solution [image: c=-3.67]
  
 
 
 
 
 
 Solve Equations That Require Simplification
 
 
 
 
 In the previous examples, we were able to isolate the variable with just one operation. Most of the equations we encounter in algebra will take more steps to solve. Usually, we will need to simplify one or both sides of an equation before using the Subtraction or Addition Properties of Equality.
 You should always simplify as much as possible before you try to isolate the variable. Remember that to simplify an expression means to do all the operations in the expression. Simplify one side of the equation at a time. Note that simplification is different from the process used to solve an equation in which we apply an operation to both sides.
 
 Example 3.1.6
  Solve: [image: 9x-5-8x-6=7].
 
 Solution Step 1: Simplify the expressions on each side as much as possible.
 Rearrange the terms, using the Commutative Property of Addition.
 [image: \begin{align*} &\text{Combine like terms.}\;&9x-5-8x-6&=7 \\ &\;&9x-8x-5-6&=7\\ &\;&x-11&=7 \end{align*}]
 Notice that each side is now simplified as much as possible.
 Step 2: Isolate the variable.
 Now isolate [image: x].
 [image: \text{Undo subtraction by adding 11 to both sides.}\;x-11{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}11}=7{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}11}]
 Step 3: Simplify the expressions on both sides of the equation.
 [image: x=18]
 Step 4: Check the solution.
 Substitute [image: x=18]
 [image: \begin{align*} 9x-5-8x-6&=7 \\ 9{\color[rgb]{1.0, 0.0, 0.0}\left(18\right)}-5-8{\color[rgb]{1.0, 0.0, 0.0}\left(8\right)}-6&\overset?=7\\ 162-5-144-6&\overset?=7\\ 157-144&\overset?=7\\ 13-6&\overset?=7\\ 7&=7\checkmark \end{align*}]
 The solution to [image: 9x-5-8x-6=7] is [image: x=18]
  
 
 
 
 Try It
  15) Solve: [image: 8y-4-7y-7=4].
 
 Solution [image: y=15]
  
 
 
 16) Solve: [image: 6z+5-5z-4=3].
 
 Solution [image: z=2]
  
 
 
 
 
 Example 3.1.7
  Solve: [image: 5(n-4)-4n=-8].
 
 Solution We simplify both sides of the equation as much as possible before we try to isolate the variable.
 Step 1: Distribute on the left.
 [image: 5n-20-4n=-8]
 Step 2: Use the Commutative Property to rearrange terms.
 [image: \begin{align*} &\;&5n-4n-20&=-8\\ &\text{Combine like terms.}\;&n-20&=-8\\ \end{align*}]
 Step 3: Each side is as simplified as possible. Next, isolate [image: n].
 Step 4: Undo subtraction by using the Addition Property of Equality.
 [image: \begin{align*} &\;&n-20{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}20}&=-8{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}20}\\ &\text{Add.}\;&n&=12\\ \end{align*}]
 Step 5: Check.
 Substitute [image: n=12].
 [image: \begin{align*} 5(n-4)-4n&=-8 \\ 5({\color[rgb]{1.0, 0.0, 0.0}12}-4)-4({\color[rgb]{1.0, 0.0, 0.0}12})&\overset?=-8\\ 5(8)-48&\overset?=-8\\ 40-48&\overset?=-8\\ -8&=-8\checkmark \end{align*}]
 The solution to [image: 5(n-4)-4n=-8] is [image: n=12].
  
 
 
 
 
 
 Try It
  17) Solve: [image: 5(p-3)-4p=-10].
 
 Solution [image: p=5]
  
 
 
 18) Solve: [image: 4(q+2)-3q=-8].
 
 Solution [image: q=-16]
  
 
 
 
 
 
 
 Example 3.1.8
  Solve: [image: 3(2y-1)-5y=2(y+1)-2(y+3)].
 
 Solution We simplify both sides of the equation before we isolate the variable.
 Step 1: Distribute on both sides.
 [image: 6y-3-5y=2y+2-2y-6]
 Step 2: Use the Commutative Property of Addition.
 [image: \begin{align*} &\;&6y-5y-3&=2y-2y+2-6\\ &\text{Combine like terms.}\;&y-3&=-4\\ \end{align*}]
 Step 3: Each side is as simplified as possible. Next, isolate [image: y].
 Step 4: Undo subtraction by using the Addition Property of Equality.
 [image: \begin{align*} &\;&y-3{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}3}&=-4{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}3}\\ &\text{Add.}\;&y&=-1\end{align*}]
 Step 5: Check.
 Let [image: y=-1].
 [image: \begin{align*} 3(2y-1)-5y&=2(y+1)-2(y+3) \\ 3(2({\color[rgb]{1.0, 0.0, 0.0}12}-1)-1)-5({\color[rgb]{1.0, 0.0, 0.0}-1})&\overset?=2(-1+1)-2(-1+3)\\ 3(-2-1)+5&\overset?=2(0)-2(2)\\ 3(-3)+5&\overset?=-4\\ -9+5&=-4\\ -4&=-4\checkmark \end{align*}]
 The solution to [image: 3(2y-1)-5y=2(y+1)-2(y+3)] is [image: y=-1].
  
 
 
 
 Try It
  19) Solve: [image: 4(2h-3)-7h=6(h-2)-6(h-1)]
 
 Solution [image: h=6]
  
 
 
 20) Solve: [image: 2(5x+2)-9x=3(x-2)-3(x-4)]
 
 Solution [image: x=2]
  
 
 
 
 
 
 Translate to an Equation and Solve
 
 
 
 
 To solve applications algebraically, we will begin by translating from English sentences into equations. Our first step is to look for the word (or words) that would translate to the equals sign. Below table shows us some of the words that are commonly used.
 	Equals = 	is
 is equal to
 is the same as
 the result is
 gives
 was
 will be 
  
 The steps we use to translate a sentence into an equation are listed below.
 HOW TO
 Translate an English sentence to an algebraic equation.
 	Locate the “equals” word(s). Translate to an equals sign (=).
 	Translate the words to the left of the “equals” word(s) into an algebraic expression.
 	Translate the words to the right of the “equals” word(s) into an algebraic expression.
 
 
 
 Example 3.1.9
  Translate and solve: Eleven more than [image: x] is equal to 54.
 
 Solution Step 1: Translate.
 [image: \underbrace{Eleven\;more\;than\;x}_{x+11}\;\underbrace{is\;equal\;to}_=\;\underbrace{54}_{54}]
 Step 2: Subtract 11 from both sides.
 [image: x+11{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}11}=54{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}11}]
 Step 3: Simplify.
 [image: x=43]
 Step 4: Check
 [image: \begin{align*}43+11&\overset?=54\\54&=54\end{align*}]
  
 
 
 
 Try It
  21) Translate and solve: Ten more than [image: x] is equal to 41.
 
 Solution [image: x+10=41];        [image: x=31]
  
 
 
 22) Translate and solve: Twelve less than [image: x] is equal to 51.
 
 Solution [image: y-12=51];        [image: y=63]
  
 
 
 
 
 Example 3.1.10
  Translate and solve: The difference of [image: 12t] and [image: 11t] is [image: -14].
 
 Solution Step 1: Translate.
 [image: \underbrace{The\;difference\;of\;12t\;and\;11t}_{12t-11t}\;\underbrace{is\;}_=\;\underbrace{-14}_{-14}]
 Step 2: Simplify.
 [image: t=-14]
 Step 3: Check:
 [image: \begin{align*} 12(-14)-11(-14)&\overset?=-14\\ (-168+154)&\overset?=-14\\ -14&=-14 \end{align*}]
  
 
 
 
 
 
 Try It
  23) Translate and solve: The difference of [image: 4x] and [image: 3x] is [image: 14].
 
 Solution [image: \begin{align*}4x-3x&=14\\x&=14\end{align*}]
  
 
 
 24) Translate and solve: The difference of [image: 7a] and [image: 6a] is [image: -8].
 
 Solution [image: \begin{align*}7a-6a&=-8\\a&=-8\end{align*}]
  
 
 
 
 
 
 
 
 
 Translate and Solve Applications
 Most of the time a question that requires an algebraic solution comes out of a real-life question. To begin with, that question is asked in English (or the language of the person asking) and not in math symbols. Because of this, it is an important skill to be able to translate an everyday situation into algebraic language.
 We will start by restating the problem in just one sentence, assigning a variable, and then translating the sentence into an equation to solve. When assigning a variable, choose a letter that reminds you of what you are looking for. For example, you might use [image: q] for the number of quarters if you were solving a problem about coins.
 
 Example 3.1.11
  The MacIntyre family recycled newspapers for two months. The two months of newspapers weighed a total of 57 pounds. The second month, the newspapers weighed 28 pounds. How much did the newspapers weigh the first month?
 Solution Step 1: Read the problem.
 Make sure all the words and ideas are understood.
 The problem is about the weight of newspapers.
 Step 2: Identify what we are asked to find.
 What are we asked to find?
 “How much did the newspapers wight the 2nd month?”
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let [image: w] = weight of the newspapers the 1st month
 Step 4: Translate into an equation.
 It may be helpful to restate the problem in one sentence with the important information.
 Restate the problem.
 Weight of newspapers the 1st month plus the weight of the newspapers the 2nd month equals 57 pounds.
 We know the weight of the newspapers the second month is 28 pounds.
 Weight from 1st month plus 2nd month equals 57 pounds.
 Translate into an equation, using the variable [image: w].
 [image: w+28=57]
 Step 5: Solve the equation using good algebra techniques.
 [image: \begin{align*} w+28{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}28}&=57{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}28}\\ w&=29 \end{align*}]
 Step 6: Check the answer in the problem and make sure it makes sense.
 Does 1st month’s weight plus 2nd month’s weight equal 57 pounds?
 [image: \begin{align*} 29+28&\overset?=57\\ 57&=57\checkmark \end{align*}]
 Step 7: Answer the question with a complete sentence.
 Write a sentence to answer “How much did the newspapers weigh the 2nd month?”
 The 2nd month the newspapers weighed 29 pounds.
  
 
 
 
 
 Translate into an algebraic equation and solve:
 
 
 
 HOW TO
 Solve an application.
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
 	Translate into an equation. It may be helpful to restate the problem in one sentence with the important information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 Example 3.1.12
  Randell paid [image: \$28,675] for his new car. This was [image: \$875] less than the sticker price. What was the sticker price of the car?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 “What was the sticker price of the car?”
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let [image: s] = the sticker price of the car.
 Step 4: Translate into an equation. Restate the problem in one sentence.
 [image: \$28,675] is [image: \$875] less than the sticker price
 [image: \$28,675] is [image: \$875] less than [image: s]
 Step 5: Solve the equation.
 [image: \begin{align*} 28675&=s-875\\ 28675+875&=s-875+875\\ 29550&=s \end{align*}]
 Step 6: Check the answer.
 Is [image: \$875] less than [image: \$29,550]?  Equal to [image: \$28,675]?
 [image: \begin{align*}29,550-875&\overset?=28,675\\28,675&=28,675\end{align*}]
 Step 7: Answer the question with a complete sentence.
 The sticker price of the car was [image: \$29,550].
  
 
 
 
 Try It
  25) Translate into an algebraic equation and solve:
 The Pappas family has two cats, Zeus and Athena. Together, they weigh 23 pounds. Zeus weighs 16 pounds. How much does Athena weigh?
 
 Solution 7 pounds
  
 
 
 26) Translate into an algebraic equation and solve:
 Sam and Henry are roommates. Together, they have 68 books. Sam has 26 books. How many books does Henry have?
 
 Solution 42 books
  27) Translate into an algebraic equation and solve:
 Eddie paid $19,875 for his new car. This was $1,025 less than the sticker price. What was the sticker price of the car?
 
 
 
 
 Solution $20,900
  
 
 
 28) Translate into an algebraic equation and solve:
 The admission price for the movies during the day is $7.75. This is $3.25 less the price at night. How much does the movie cost at night?
 
 Solution $11.00
  
 
 
 
 
 
 
 
 
 
 
 Key Concepts
  	To Determine Whether a Number is a Solution to an Equation 	Substitute the number in for the variable in the equation.
 	Simplify the expressions on both sides of the equation.
 	Determine whether the resulting statement is true. 	If it is true, the number is a solution.
 	If it is not true, the number is not a solution.
 
 
 
 
 	Addition Property of Equality 	For any numbers [image: a], [image: b], and [image: c], if [image: a=b], then [image: a+c=b+c].
 
 
 	Subtraction Property of Equality 	For any numbers
 	[image: a], [image: b], and [image: c], if [image: a=b], then [image: a-c=b-c].
 
 
 	To Translate a Sentence to an Equation 	Locate the “equals” word(s). Translate to an equal sign ([image: =]).
 	Translate the words to the left of the “equals” word(s) into an algebraic expression.
 	Translate the words to the right of the “equals” word(s) into an algebraic expression.
 
 
 	To Solve an Application 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
 	Translate into an equation. It may be helpful to restate the problem in one sentence with the important information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=556#h5p-8 
 
 
 
 Glossary
  	solution of an equation
 	 solution of an equation is a value of a variable that makes a true statement when substituted into the equation.
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.2 Solve Equations using the Division and Multiplication Properties of Equality

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve equations using the Division and Multiplication Properties of Equality
 	Solve equations that require simplification
 	Translate to an equation and solve
 	Translate and solve applications
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify: [image: -7\cdot \frac{1}{-7}].
 2) Evaluate [image: 9x+2] when [image: x=-3].
 
 
 
 Solve Equations Using the Division and Multiplication Properties of Equality
 
 You may have noticed that all of the equations we have solved so far have been of the form [image: x+a=b] or [image: x-a=b]. We were able to isolate the variable by adding or subtracting the constant term on the side of the equation with the variable. Now we will see how to solve equations that have a variable multiplied by a constant and so will require the division to isolate the variable.
 Let’s look at our puzzle again with the envelopes and counters in Figure 3.2.1.
 The illustration shows a model of an equation with one variable multiplied by a constant. On the left side of the workspace are two instances of the unknown (envelope), while on the right side of the workspace are six counters.
 [image: This image illustrates a workspace divided into two sides. The content of the left side is equal to the content of the right side. On the left side, there are two envelopes each containing an unknown but equal number of counters. On the right side are six counters.]Figure 3.2.1 – The illustration shows a model of an equation with one variable multiplied by a constant. On the left side of the workspace are two instances of the unknown (envelope), while on the right side of the workspace are six counters. 
 In the illustration, there are two identical envelopes that contain the same number of counters. Remember, the left side of the workspace must equal the right side, but the counters on the left side are “hidden” in the envelopes. So how many counters are in each envelope?
 How do we determine the number? We have to separate the counters on the right side into two groups of the same size to correspond with the two envelopes on the left side. The 6 counters divided into 2 equal groups gives 3 counters in each group (since [image: 6\div2=3]).
 What equation models the situation shown in Figure 3.2.2? There are two envelopes, and each contains [image: x] counters. Together, the two envelopes must contain a total of 6 counters.
 The illustration shows a model of the equation [image: 2x=6].
 [image: This image illustrates a workspace divided into two sides. The content of the left side is equal to the content of the right side. On the left side, there are two envelopes each containing an unknown but equal number of counters. On the right side are six counters. Underneath the image is the equation modeled by the counters: 2 x equals 6.]Figure 3.2.2 – The illustration shows a model of the equation [latex]2𝑥=6[/latex]. 
 	 	[image: 2x=6] 
 	If we divide both sides of the equation by 2, as we did with the envelopes and counters, 	[image: \frac{2x}2=\frac62] 
 	we get: 	[image: x=3] 
  
 We found that each envelope contains 3 counters. Does this check? We know [image: 2\cdot 3=6], so it works! Three counters in each of two envelopes do equal six!
 This example leads to the Division Property of Equality.
 The Division Property of Equality
 For any numbers [image: a], [image: b], and [image: c], if [image: a=b], and [image: c\neq 0],
 If [image: a=b],
 then [image: \frac{a}{c}=\frac{b}{c}]
 When you divide both sides of an equation by any non-zero number, you still have equality.
 
 The goal in solving an equation is to ‘undo’ the operation on the variable. In the next example, the variable is multiplied by 5, so we will divide both sides by 5 to ‘undo’ the multiplication.
 
 
 Example 3.2.1
  Solve: [image: 5x=-27].
 
 Solution Step 1: To isolate [image: x], “undo” the multiplication by 5.
 [image: 5x=-27]
 Step 2: Divide to ‘undo’ the multiplication.
 [image: \begin{align*}&\;&\frac{5x}{\color[rgb]{1.0, 0.0, 0.0}5}&=-\frac{27}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&x&=-\frac{27}{5}\\ \end{align*}]
 Step 3: Check:
 [image: 5x=-27]
 Step 5: Substitute [image: -\frac{27}{5}] for [image: x].
 \begin{eqnarray*}5\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac{27}5}\right)&\overset?=-27\\-27&=-27\checkmark\end{eqnarray*}
 Since this is a true statement, [image: x=-\frac{27}{5}] is the solution to [image: 5x=-27].
  
 
 
 Try It
  3) Solve: [image: 3y=-41].
 
 Solution [image: y=\frac{-41}{3}]
  
 
 
 4) Solve: [image: 4z=-55].
 
 Solution [image: z=-\frac{55}{4}]
  
 
 
 
 
 
 
 
 Consider the equation [image: \frac{x}{4}=3]. We want to know what number divided by 4 gives 3. So to “undo” the division, we will need to multiply by 4. The Multiplication Property of Equality will allow us to do this. This property says that if we start with two equal quantities and multiply both by the same number, the results are equal.
 The Multiplication Property of Equality
 For any numbers [image: a], [image: b], and [image: c],
 If        [image: a=b],
 Then [image: ac=bc]
 If you multiply both sides of an equation by the same number, you still have equality.
 
 
 
 
 
 Example 3.2.2
  Solve: [image: \frac{y}{-7}=-14].
 Solution Here [image: y] is divided by [image: -7]. We must multiply by [image: -7] to isolate [image: y].
 Step 1: Multiply both sides by [image: -7].
 [image: \begin{align*} &\;&\frac{5x}{\color[rgb]{1.0, 0.0, 0.0}5}&=-\frac{27}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&x&=-\frac{27}{5}\\ \end{align*}]
 Step 2: Check: [image: \frac{y}{-7}=-14]
 Step 3: Substitute [image: y=98].
 [image: \begin{align*}\frac{\color[rgb]{1.0, 0.0, 0.0}98}{-7}&\overset?=-14\\-14&=-14\checkmark\end{align*}]
  
 
 Try It
  5) Solve: [image: \frac{a}{-7}=-42].
 
 Solution [image: a=294]
  
 
 
 6) Solve: [image: \frac{b}{-6}=-24].
 
 Solution [image: b=144]
  
 
 
 
 
 Example 3.2.3
  Solve: [image: −n=9].
 
 Solution Step 1: Remember [image: -n] is equivalent to [image: -1n].
 [image: -1n=9]
 Step 2: Divide both sides by [image: -1].
 [image: \begin{align*}&\;&\frac{-1n}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}1}}&=\frac9{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}1}}\\&\text{Divide}\;&n&=-9 \end{align*}]
 Notice that there are two other ways to solve [image: -n=9]. We can also solve this equation by multiplying both sides by [image: -1] and also by taking the opposite of both sides.
 Step 3: Check:
 [image: -n=9]
 Step 4: Substitute [image: n=-9].
 [image: \begin{align*}&\;&-\left(-{\color[rgb]{1.0, 0.0, 0.0}9}\right)&\overset?=9\\&\text{Simplify}\;&9&=9\checkmark\end{align*}]
  
 
 
 Try It
  7) Solve: [image: −k=8].
 
 Solution [image: k=-8]
  
 
 
 8) Solve: [image: -g=3].
 
 Solution [image: g=-3]
  
 
 
 
 
 Example 3.2.4
  Solve: [image: \frac{3}{4}x=12].
 
 Solution Since the product of a number and its reciprocal is [image: 1], our strategy will be to isolate [image: x] by multiplying by the reciprocal of [image: \frac{3}{4}].
 Step 1: Multiply by the reciprocal of [image: \frac{3}{4}].
 [image: \begin{align*}&\;&{\color[rgb]{1.0, 0.0, 0.0}\frac43}\cdot\frac34x&={\color[rgb]{1.0, 0.0, 0.0}\frac43}\cdot12\\ &\text{Reciprocals multiply to 1}\;&1x&=\frac{4}{3}\cdot\frac{12}{1}\\ &\text{Mulitply.}\;&x&=16 \end{align*}]
 Notice that we could have divided both sides of the equation [image: \frac{3}{4}x=12] by [image: \frac{3}{4}] to isolate [image: x]. While this would work, most people would find multiplying by the reciprocal easier.
 Step 2: Check:
 Step 5: Substitute [image: x=16].
 [image: \begin{align*}\frac{3}{4}x&=12\\\frac34\cdot{\color[rgb]{1.0, 0.0, 0.0}16}&\overset?=12\\12&=12\checkmark\end{align*}]
  
 
 
 
 
 Try It
  9) Solve: [image: \frac{2}{5}n=14].
 
 Solution [image: n=35]
  
 
 
 10) Solve: [image: \frac{5}{6}y=15].
 
 Solution [image: y=18]
  
 
 
 
 
 
 
 
 In the next example, all the variable terms are on the right side of the equation. As always, our goal in solving the equation is to isolate the variable.
 Example 3.2.5
  Solve: [image: \frac{8}{15}=-\frac{4}{5}x].
 
 Solution Step 1: Multiply by the reciprocal of [image: -\frac{4}{5}].
 [image: \begin{align*}&\;&\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac54}\right)\left(\frac8{15}\right)&=\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac54}\right)\left(-\frac45x\right)\\ &\text{Reciprocals multiply to 1}\;&-\frac{\cancel5\cdot\cancel4\cdot2}{\cancel4\cdot3\cdot\cancel5}&=1x\\ &\text{Mulitply.}\;&-\frac{2}{3}&=x \end{align*}]
 Step 2: Let [image: x=-\frac{2}{3}].
 [image: \begin{align*}\frac{8}{15}&=-\frac{4}{5}x\\\frac8{15}&=-\frac45\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac23}\right)\\\frac{8}{15}&=\frac{8}{15}\checkmark\end{align*}]
  
 
 
 Try It
  11) Solve: [image: \frac{9}{25}=-\frac{4}{5}z].
 
 Solution [image: z=-\frac{9}{5}]
  
 
 
 12) Solve: [image: \frac{5}{6}=-\frac{8}{3}r]
 
 Solution [image: r=-\frac{5}{16}]
  
 
 
 
 
 
 
 
 
 Solve Equations That Require Simplification
 Many equations start out more complicated than the ones we have been working with.
 With these more complicated equations, the first step is to simplify both sides of the equation as much as possible. This usually involves combining like terms or using the distributive property.
 Example 3.2.6
  Solve: [image: 14-23=12y-4y-5y].
 
 Solution Begin by simplifying each side of the equation.
 Step 1: Simplify each side.
 [image: -9=3y]
 Step 2: Divide both sides by [image: 3] to isolate [image: y].
 [image: \begin{align*}&\;&\frac{-9}{3}&=\frac{3y}{3}\\ &\text{Divide.}\;&-3&=y\end{align*}]
 Step 3: Check:
 [image: 14-23\overset?=12y-4y-5y]
 Step 4: Substitute [image: y=-3].
 [image: \begin{align*}14-23&\overset?=12\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)-4\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)-5\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)\\14-23&\overset?=-36+12+15\\-9&=-9\checkmark \end{align*}]
  
 
 
 Try It
  13) Solve: [image: 18-27=15c-9c-3c].
 
 Solution [image: c=-3]
  
 
 
 14) Solve: [image: 18-22=12x-x-4x].
 
 Solution [image: x=-\frac{4}{7}]
  
 
 
 
 
 Example 3.2.7
  Solve: [image: -4(a-3)-7=25].
 Solution Here we will simplify each side of the equation by using the distributive property first.
 Step 1: Distribute.
 [image: \begin{align*}&\;&-4a+12-7&=25\\ &\text{Simplify.}\;&-4a+5&=25\\ &\text{Simplify.}\;&-4a&=20 \end{align*}]
 Step 2: Divide both sides by [image: -4] to isolate [image: a].
 [image: \begin{align*}&\;&\left(\frac{-4a}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}}\right)&=\left(\frac{20}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}}\right)\\ &\text{Divide.}\;&a&=-5\end{align*}]
 Step 3: Check:
 [image: -4(a-3)-7=25]
 Step 4: Substitute [image: a=-5].
 [image: \begin{align*}-4\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}-3\right)-7&\overset?=25\\-4\left(-8\right)-7&\overset?=25\\32-7&\overset?=25\\25&=25\checkmark\end{align*}]
  
 
 Try It
  15) Solve: [image: -4(q-2)-8=24].
 
 Solution [image: q=-6]
  
 
 
 16) Solve: [image: -6(r-2)-12=30].
 
 Solution [image: r=-5]
  
 
 
 
 
 
 
 
 Now we have covered all four properties of equality—subtraction, addition, division, and multiplication. We’ll list them all together here for easy reference.
 Properties of Equality
 	Subtraction Property of Equality
 for any real numbers [image: a], [image: b] and [image: c],
 If [image: a=b],
 then [image: a-c=b-c].
  	Addition Property of Equality
 for any real numbers [image: a], [image: b] and [image: c],
 If [image: a=b],
 then [image: a+c = b+c].
  
 	Division Property of Equality
 for any real numbers [image: a], [image: b] and [image: c], and
 [image: c\neq0]
 If [image: a=b],
 then [image: \frac{a}{c}=\frac{b}{c}].
  	Multiplication Property of Equality
 for any real numbers [image: a], [image: b] and [image: c],
 If [image: a=b],
 then [image: a\times c = b\times c].
  
 
 	 
  
 
 When you add, subtract, multiply, or divide the same quantity from both sides of an equation, you still have equality.
 
 
 
 
 Translate to an Equation and Solve
 In the next few examples, we will translate sentences into equations and then solve the equations. You might want to review the translation table in the previous chapter.
 Example 3.2.8
  Translate and solve: The number [image: 143] is the product of [image: -11] and [image: y].
 
 Solution Begin by translating the sentence into an equation.
 Step 1: Translate.
 [image: \underbrace{The\;number\;143}_{143}\;\underbrace{is}_=\;\underbrace{the\;product\;of\;-11\;and\;y.}_{-11y}]
 Step 2: Divide by [image: -11].
 [image: \frac{143}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}11}}=\frac{-11y}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}11}}]
 Step 3: Simplify.
 [image: -13=y]
 Step 4: Check:
 [image: \begin{align*}143&=-11y\\143&\overset?=-11(-13)\\143&=143\checkmark\end{align*}]
 
  
 
 
 Try It
  17) Translate and solve: The number [image: 132] is the product of [image: −12] and [image: y].
 
 Solution [image: 132=-12y];        [image: y=-11]
  
 
 
 18) Translate and solve: The number [image: 117] is the product of [image: −13] and [image: z].
 
 Solution [image: 117=-13z];        [image: z=-9]
  
 
 
 
 
 Example 3.2.9
  Translate and solve: [image: n] divided by [image: 8] is [image: -32].
 
 Solution Step 1: Begin by translating the sentence into an equation.
 [image: \underbrace{n\;divided\;by\;8}_\frac n8\;\underbrace{is}_=\;\underbrace{-32}_{-32}.]
 Step 2: Multiple both sides by [image: 8].
 [image: \begin{align*} &\;&{\color[rgb]{1.0, 0.0, 0.0}8}\cdot\frac n8&={\color[rgb]{1.0, 0.0, 0.0}8}\left(-32\right)\\ &\text{Simplify.}\;&n&=-256\\ \end{align*}]
 Step 3: Check:
 Is [image: n] divided by [image: 8] equal to [image: −32]?
 Step 4: Let [image: n=-256].
 [image: \begin{align*}\frac{-256}{8}&\overset?=-32\\-31&=-32\checkmark\end{align*}]
  
 
 
 
 
 
 Try It
  19) Translate and solve: [image: n] divided by [image: 7] is equal to [image: -21].
 
 Solution [image: \frac{n}{7}=-21];         [image: n=-147]
  
 
 
 20) Translate and solve: [image: n] divided by [image: 8] is equal to [image: -56].
 
 Solution [image: \frac{n}{8}=-56];          [image: n=-448]
  
 
 
 
 
 Example 3.2.10
  Translate and solve: The quotient of [image: y] and [image: -4] is [image: 68].
 
 Solution Begin by translating the sentence into an equation.
 Step 1: Translate.
 [image: \underbrace{The\;quotient\;of\;y\;and\;-4}_\frac y{-4}\;\underbrace{is}_=\;\underbrace{68.}_{68}]
 Step 2: Multiply both sides by [image: -4].
 [image: \begin{align*} &\;&{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac y{-4}\right)&={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}\left(68\right)\\ &\text{Simplify.}\;&y&=-272\\ \end{align*}]
 Step 3: Check:
 Is the quotient of [image: y] and [image: -4] equal to [image: 68]?
 Step 4: Let [image: y=-272].
 [image: \begin{align*}\frac{-272}{-4}&\overset?=68\\68&=68\checkmark\end{align*}]
  
 
 
 Try It
  21) Translate and solve: The quotient of [image: q] and [image: -8] is [image: 72].
 
 Solution [image: \frac{q}{-8}=72];          [image: q=-576]
  
 
 
 22) Translate and solve: The quotient of [image: p] and [image: -9] is [image: 81].
 
 Solution [image: \frac{p}{-9}=81];         [image: p=-729]
  
 
 
 
 
 Example 3.2.11
  Translate and solve: Three-fourths of [image: p] is [image: 18].
 
 Solution Begin by translating the sentence into an equation. Remember, “of” translates into multiplication.
 Step 1: Translate.
 [image: \underbrace{Three-fourths\;of\;p}_{\frac34p}\;\underbrace{is}_=\;\underbrace{18.}_{18}]
 Step 2: Multiply both sides by [image: \frac{4}{3}].
 [image: \begin{align*} &\;&{\color[rgb]{1.0, 0.0, 0.0}\frac43}\cdot\frac34p&={\color[rgb]{1.0, 0.0, 0.0}\frac43}\cdot18\\ &\text{Simplify.}\;&p&=24\\ \end{align*}]
 Step 3: Check:
 Is three-fourths of [image: p] equal to [image: 18]?
 Step 5: Let [image: p=24].
 Is three-fourths of [image: 24] equal to [image: 18]?
 [image: \begin{align*}\frac{3}{4}\times24&\overset?=18\\18&=18\checkmark\end{align*}]
  
 
 
 
 
 
 Try It
  23) Translate and solve: Two-fifths of [image: f] is [image: 16].
 
 Solution [image: \frac{2}{5}=16];  [image: f=40]
  
 
 
 24) Translate and solve: Three-fourths of [image: f] is [image: 21].
 
 Solution [image: \frac{3}{4}=21]; [image: f=28]
  
 
 
 
 
 Example 3.2.12
  Translate and solve: The sum of three-eighths and [image: x] is one-half.
 
 Solution Begin by translating the sentence into an equation.
 Step 1: Translate.
 [image: \underbrace{The\;sum\;of\;three-eighths\;and\;x}_{\frac38+x}\;\underbrace{is}_=\;\underbrace{\frac12}_\frac12]
 Step 2: Subtract [image: \frac{3}{8}] from each side.
 [image: \begin{align*}&\;&\frac38-{\color[rgb]{1.0, 0.0, 0.0}\frac38}+x&=\frac12-{\color[rgb]{1.0, 0.0, 0.0}\frac38}\\ &\text{Simplify and rewrite fractions with common denominators.}\;&x&=\frac{4}{8}-\frac{3}{8}\\ &\text{Simplify.}\;&x&=\frac18 \end{align*}]
 Step 3: Check:
 Is the sum of three-eighths and [image: x] equal to one-half?
 Step 4: Let [image: x=\frac{1}{8}]
 Is the sum of three-eighths and one-eighth equal to one-half?
 [image: \begin{align*}&\;&\frac{3}{8}+\frac{1}{8}&\overset?=\frac{1}{2}\\ &\text{Simplify.}\;&\frac{4}{8}&\overset?=\frac{1}{2}\\ &\text{Simplify.}\;&\frac{1}{2}&=\frac{1}{2}\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  25) Translate and solve: The sum of five-eighths and [image: x] is one-fourth.
 
 Solution [image: \frac{5}{8}+x=\frac{1}{4}];           [image: x=-\frac{3}{8}]
  
 
 
 26) Translate and solve: The sum of three-fourths and [image: x] is five-sixths.
 
 Solution [image: \frac{3}{4}+x=\frac{5}{6}];           [image: x=\frac1{12}]
  
 
 
 
 
 
 
 
 Translate and Solve Applications
 
 
 
 
 To solve applications using the Division and Multiplication Properties of Equality, we will follow the same steps we used in the last section. We will restate the problem in just one sentence, assign a variable, and then translate the sentence into an equation to solve.
 Example 3.2.13
  Denae bought [image: 6] pounds of grapes for [image: \$10.74]. What was the cost of one pound of grapes?
 
 Solution Step 1: What are you asked to find?
 The cost of 1 pound of grapes
 Step 2: Assign a variable.
 Let [image: c] = the cost of one pound.
 Step 3: Write a sentence  that gives the information to find it.
 The cost of [image: 6] pounds is [image: \$10.74].
 Step 4: Translate into an equation.
 [image: 6c=10.74]
 Step 5: Solve.
 [image: \begin{align*} \frac43(12,000) &= \frac43 \times \frac34p \\ 16,000 &= p \end{align*}]
 The grapes cost [image: \$1.79] per pound.
 Step 6: Check:
  If one pound costs [image: \$1.79], do [image: 6] pounds cost [image: \$10.74]?
 [image: \begin{align*} 6\left(1.79\right)&\overset?=10.74 \\ 10.74 &= 10.74\checkmark \end{align*}]
  
 
 
 Try It
  27) Translate and solve:
 Arianna bought a 24-pack of water bottles for [image: \$9.36]. What was the cost of one water bottle?
 
 Solution [image: \$0.39]
  
 
 
 28) Translate and solve:
 At JB’s Bowling Alley, 6 people can play on one lane for [image: \$34.98]. What is the cost for each person?
 
 Solution [image: \$5.83]
  
 
 
 
 
 Example 3.2.14
  Andreas bought a used car for [image: \$12,000]. Because the car was 4-years old, its price was [image: \frac{3}{4}] of the original price, when the car was new. What was the original price of the car?
 
 Solution Step 1: What are you asked to find?
 The original price of the car
 Step 2: Assign a variable.
  [image: p] = the original price.
 Step 3: Write a sentence that gives the information to find it.
 [image: \$12,000] is [image: \frac{3}{4}] of the original price.
 Step 4: Translate into an equation.
 [image: 12,000=\frac{3}{4}p]
 Step 5: Solve.
 [image: \begin{align*} \frac43\times \left(12,000\right)&=\frac43\times\frac34p \\ 16,000 &= p \end{align*}]
 The original cost of the car was [image: \$16,000].
 Step 6: Check:
 Is [image: \frac{3}{4}] of [image: \$16,000] equal to [image: \$12,000]?
 [image: \begin{align*} \frac34\times \left(16,000\right)&\overset?=12,000 \\ 12,000 &= 12,000\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  29) Translate and solve:
 The annual property tax on the Mehta’s house is [image: \$1,800], calculated as [image: \frac{15}{1,000}] of the assessed value of the house. What is the assessed value of the Mehta’s house?
 
 Solution [image: \$120,000]
  
 
 
 30) Translate and solve:
 Stella planted 14 flats of flowers in [image: \frac{2}{3}] of her garden. How many flats of flowers would she need to fill the whole garden?
 
 Solution 21 flats
  
 
 
 
 
 Key Concepts
  	The Division Property of Equality—For any numbers [image: a], [image: b], and [image: c], and [image: c\neq 0], if [image: a=b], then [image: \frac{a}{c}=\frac{b}{c}].
  When you divide both sides of an equation by any non-zero number, you still have equality.
 	The Multiplication Property of Equality—For any numbers [image: a], [image: b], and [image: c], if [image: a=b], then [image: ac=bc].
  If you multiply both sides of an equation by the same number, you still have equality.
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=631#h5p-16 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
 
	

			
			


		
	
		
			
	
		

		3.3 Solve Equations with Variables and Constants on Both Sides

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve an equation with constants on both sides
 	Solve an equation with variables on both sides
 	Solve an equation with variables and constants on both sides
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify: [image: 4y-9+9].
 
 
 Solve Equations with Constants on Both Sides
 
 In all the equations we have solved so far, all the variable terms were on only one side of the equation with the constants on the other side. This does not happen all the time—so now we will learn to solve equations in which the variable terms, or constant terms, or both are on both sides of the equation.
 Our strategy will involve choosing one side of the equation to be the “variable side”, and the other side of the equation to be the “constant side.” Then, we will use the Subtraction and Addition Properties of Equality to get all the variable terms together on one side of the equation and the constant terms together on the other side.
 By doing this, we will transform the equation that began with variables and constants on both sides into the form [image: ax=b]. We already know how to solve equations of this form by using the Division or Multiplication Properties of Equality.
 Example 3.3.1
  Solve: [image: 7x+8=-13]. 
 
 Solution In this equation, the variable is found only on the left side. It makes sense to call the left side the “variable” side. Therefore, the right side will be the “constant” side. We will write the labels above the equation to help us remember what goes where.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{7x+8}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{-13}]
 Since the left side is the “[image: x]”, or variable side, the [image: 8] is out of place. We must “undo” adding 8 by subtracting 8, and to keep the equality we must subtract [image: 8] from both sides.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{7x+8}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{-13}]
 Step 1: Use the Subtraction Property of Equality.
 [image: \begin{align*}&\;&7x\;+\;8\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}8}\;&=\;-13\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}8}\\&\text{Simplify}\;&7x\;&=\;-21&\end{align*}]
 Now all the variables are on the left and the constant on the right. 
 The equation looks like those you learned to solve earlier.
 Step 2: Use the Division Property of Equality.
 [image: \begin{align*}&\;&\frac{7x}{\color[rgb]{1.0, 0.0, 0.0}7}&=\frac{-21}{\color[rgb]{1.0, 0.0, 0.0}7}\\ &\text{Simplify}\;&x&=-3\end{align*}]
 
 Step 3: Check:
 [image: 7x+8=-13]
 Step 6: Let [image: x=-3].
 [image: \begin{align*}7\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)+8&\overset?=-13\\ -21+8&\overset?=-13 \\ -13 &= -13\checkmark \end{align*}]
  
 
 
 Try It
  2) Solve: [image: 3x+4=-8].
 
 Solution [image: x=-4]
  
 
 
 3) Solve: [image: 5a+3=-37].
 
 Solution [image: a=-8]
  
 
 
 
 
 Example 3.3.2
  Solve: [image: 8y-9=31].
 
 Solution Notice, the variable is only on the left side of the equation, so we will call this side the “variable” side, and the right side will be the “constant” side. Since the left side is the “variable” side, the [image: 9] is out of place. It is subtracted from the [image: 8y], so to “undo” subtraction, add [image: 9] to both sides. Remember, whatever you do to the left, you must do to the right.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{8y-9}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{31}]
 Step 1: Add [image: 9] to both sides.
 [image: \begin{align*}&\;&8y-9{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}9}&=31{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}9}\\ &\text{Simplify}\;&8y&=40\end{align*}]
 The variables are now on one side and the constants on the other.
 We continue from here as we did earlier.
 Step 2: Divide both sides by [image: 8].
 [image: \begin{align*}&\;&\frac{8y}{\color[rgb]{1.0, 0.0, 0.0}8}&=\frac{40}{\color[rgb]{1.0, 0.0, 0.0}8}\\ &\text{Simplify}\;&y&=5\end{align*}]
 Step 3: Check:
 [image: 8y-9=31]
 Step 4: Let [image: y=5].
 [image: \begin{align*} 8\cdot{\color[rgb]{1.0, 0.0, 0.0}5}-9&\overset?=31 \\ 40-9&\overset?=31 \\ 31 &= 31\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  4) Solve: [image: 5y-9=16].
 
 Solution [image: y=5]
  
 
 
 5) Solve: [image: 3m-8=19].
 
 Solution [image: m=9]
  
 
 
 
 
 
 
 
 
 Solve Equations with Variables on Both Sides
 What if there are variables on both sides of the equation? For equations like this, begin as we did above—choose a “variable” side and a “constant” side, and then use the subtraction and addition properties of equality to collect all variables on one side and all constants on the other side.
 Example 3.3.3
  Solve: [image: 9x=8x-6].
 
 Solution Here the variable is on both sides, but the constants only appear on the right side, so let’s make the right side the “constant” side. Then the left side will be the “variable” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{9x}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{8x-6}]
 Step 1: We don’t want any [image: x]’s on the right, so subtract the [image: 8x] from both sides.
 [image: \begin{align*}&\;&9x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}8}{\color[rgb]{1.0, 0.0, 0.0}x}&=8x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}8}{\color[rgb]{1.0, 0.0, 0.0}x}-6\\ &\text{Simplify}\;&x&=6\end{align*}]
 We succeeded in getting the variables on one side and the constants on the other, and have obtained the solution.
 Step 3: Check:
 [image: 9x=8x-6]
 Step 4: Let [image: x=-6].
 [image: \begin{align*} 9x\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}\right)&\overset?=8x\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}\right)-6 \\ -54&\overset?=-48-6 \\ -54 &= -54\checkmark \end{align*}]
  
 
 
 Try It
  6) Solve: [image: 6n=5n-10].
 
 Solution [image: n=-10]
  
 
 
 7) Solve: [image: -6c=-7c-1].
 
 Solution [image: c=-1]
  
 
 
 
 
 Example 3.3.4
  Solve: [image: 5y-9=8y].
 
 Solution The only constant is on the left and the [image: y]’s are on both sides. Let’s leave the constant on the left and get the variables to the right.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{5y-9}=\overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{8y}]
 Step 1: Subtract [image: 5y] from both sides.
 [image: \begin{align*}&\;&5y{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}y}-9&=8y{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}y}\\ &\text{Simplify}\;&-9&=3y\end{align*}]
 Step 2: We have the [image: y]’s on the right and the constants on the left. Divide both sides by [image: 3].
 [image: \begin{align*}&\;&\frac{-9}{\color[rgb]{1.0, 0.0, 0.0}3}&=\frac{3y}{\color[rgb]{1.0, 0.0, 0.0}3}\\ &\text{Simplify}\;&-3&=y\end{align*}]
 Step 3: Check:
 [image: 5y-9=8y]
 Step 4: Let [image: y=-3].
 [image: \begin{align*} 5\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)-9&\overset?=8\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right) \\ -15-9&\overset?=-24 \\ -24 &= -24\checkmark \end{align*}]
  
 
 
 Try It
  8) Solve: [image: 3p-14=5p].
 
 Solution [image: p=-7]
  
 
 
 9) Solve: [image: 8m+9=5m].
 
 Solution [image: m=-3]
  
 
 
 
 
 Example 3.3.5
  Solve: [image: 12x=−x+26].
 
 Solution The only constant is on the right, so let the left side be the “variable” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{12x}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{-x+26}]
 Step 1: Remove the [image: -x] from the right side by adding [image: x] to both sides.
 [image: \begin{align*}&\;&12x{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}x}&=-x{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}x}+26\\ &\text{Simplify}\;&13x&=26\end{align*}]
 Step 2: All the [image: x]’s are on the left and the constants are on the right. Divide both sides by [image: 13].
 [image: \begin{align*}&\;&\frac{13x}{\color[rgb]{1.0, 0.0, 0.0}13}&=\frac{26}{\color[rgb]{1.0, 0.0, 0.0}13}\\ &\text{Simplify}\;&1x&=2\end{align*}]
  
 
 
 Try It
  10) Solve: [image: 12j=-4j+32].
 
 Solution [image: j=2]
  
 
 
 11) Solve: [image: 8h=-4h+12].
 
 Solution [image: h=1]
  
 
 
 
 
 
 
 
 
 Solve Equations with Variables and Constants on Both Sides
 The next example will be the first to have variables and constants on both sides of the equation. It may take several steps to solve this equation, so we need a clear and organized strategy.
 Example 3.3.6
  Solve: [image: 7x+5=6x+2].
 
 Solution Step 1: Choose which side will be the “variable” side – the other side will be the “constant” side.
 The variable terms are [image: 7x] and [image: 6x].
 Since 7 is greater than 6, we will make the left side the “[image: x]” side.
 The right side will be the “constant” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{7x+5}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{6x+2}]
 Step 2: Collect the variable terms to the “variable” side of the equation, using the addition or subtraction property of equality.
 With the right side as the “constant” side, the [image: 6x] is out of place, so subtract [image: 6x] from both sides.
 [image: \begin{align*}&\;&7x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}x}+5&=6{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}x}+2 \\ &\text{Combine like terms.}\;&x+5&=2 \end{align*}]
 Now, the variable is only on the left side!
 Step 3: Collect all the constants to the other side of the equation, using the addition or subtraction property of equality.
 The right side is the “constant” side, so the 5 is out of place.
 [image: \begin{align*} &\text{Subtract from both sides.}\;&x+5{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}&=2{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&x&=-3 \end{align*}]
 Step 4: Make the coefficient of the variable equal 1, using the multiplication or division property of equality.
 The coefficient of [image: x] is one.
 The equation is solved.
 Step 5: Check.
 [image: \begin{align*} &\text{Let x=-3.}\;&7x+6&=6x+2\\ &\text{Simplify.}\;&\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)+5&=6\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)+2\\ &\text{Add.}\;&-21+5&=-18+2\\ &\;&-16&=-16\checkmark \end{align*}]
  
 
 
 
 Try It
  12) Solve: [image: 12x+8=6x+2].
 
 Solution [image: x=-1]
  
 
 
 13) Solve: [image: 9y+4=7y+12].
 
 Solution [image: y=4]
  
 
 
 
 
 
 
 
 We’ll list the steps below so you can easily refer to them. But we’ll call this the ‘Beginning Strategy’ because we’ll be adding some steps later in this chapter.
 HOW TO
 Beginning Strategy for Solving Equations with Variables and Constants on Both Sides of the Equation.
 	Choose which side will be the “variable” side—the other side will be the “constant” side.
 	Collect the variable terms to the “variable” side of the equation, using the Addition or Subtraction Property of Equality.
 	Collect all the constants to the other side of the equation, using the Addition or Subtraction Property of Equality.
 	Make the coefficient of the variable equal 1, using the Multiplication or Division Property of Equality.
 	Check the solution by substituting it into the original equation.
 
 
 
 
 In Step 1, a helpful approach is to make the “variable” side the side that has the variable with the larger coefficient. This usually makes the arithmetic easier.
 Example 3.3.7
  Solve: [image: 8n-4=-2n+6].
 
 Solution In the first step, choose the variable side by comparing the coefficients of the variables on each side.
 Step 1: Since [image: 8>-2], make the left side the “variable” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{8n-4}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{-2n+6}]
 Step 2: We don’t want variable terms on the right side—add [image: 2n] to both sides to leave only constants on the right.
 [image: \begin{align*}&\;&8n{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}n}-4&=-2n{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}n}+6\\ &\text{Combine like terms.}\;&10n-4&=6 \end{align*}]
 Step 3: We don’t want any constants on the left side, so add [image: 4] to both sides.
 [image: \begin{align*}&\;&10n-4{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}4}&=6{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}4}\\ &\text{Simplify}\;&10n&=10 \end{align*}]
 Step 4: The variable term is on the left and the constant term is on the right. To get the coefficient of [image: n] to be one, divide both sides by [image: 10].
 [image: \begin{align*}&\;&\frac{10n}{\color[rgb]{1.0, 0.0, 0.0}10}&=\frac{10}{\color[rgb]{1.0, 0.0, 0.0}10}\\ &\text{Simplify}\;&n&=1 \end{align*}]
 Step 5: Check:
 [image: 8n-4=-2n+6]
 Step 6: Let [image: n=1].
 [image: \begin{align*} 8\cdot{\color[rgb]{1.0, 0.0, 0.0}1}-4&\overset?=2\cdot{\color[rgb]{1.0, 0.0, 0.0}1}+6\\ 8-4&\overset?=-2+6\\ 4&=4\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  14) Solve: [image: 8q-5=-4q+7].
 
 Solution [image: q=1]
  
 
 
 15) Solve: [image: 7n-3=n+3].
 
 Solution [image: n=1]
  
 
 
 
 
 Example 3.3.8
  Solve: [image: 7a-3=13a+7].
 
 Solution In the first step, choose the variable side by comparing the coefficients of the variables on each side.
 Since [image: 13>7], make the right side the “variable” side and the left side the “constant” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{7a-3}=\overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{13a+7}]
 Step 1: Subtract [image: 7a] from both sides to remove the variable term from the left.
 [image: \begin{align*}&\;&7a{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}{\color[rgb]{1.0, 0.0, 0.0}a}-3&=13a{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}{\color[rgb]{1.0, 0.0, 0.0}a}+7\\ &\text{Combine like terms.}\;&-3&=6a+7 \end{align*}]
 Step 2: Subtract [image: 7] from both sides to remove the constant from the right.
 [image: \begin{align*}&\;&-3{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}&=6a+7{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}\\ &\text{Simplify.}\;&-10&=6a \end{align*}]
 Step 3: Divide both sides by [image: 6] to make [image: 1]  the coefficient of [image: a].
 [image: \begin{align*}&\;&\frac{-10}{\color[rgb]{1.0, 0.0, 0.0}6}&=\frac{6a}{\color[rgb]{1.0, 0.0, 0.0}6}\\ &\text{Simplify.}\;&-\frac53&=a \end{align*}]
 Step 4: Check:
 [image: 7a-3=13a+7]
 Step 5: Let [image: a=-\frac{5}{3}].
 [image: \begin{align*} 8\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac53}\right)-3&\overset?=13\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac53}\right)+7\\ -\frac{35}3-\frac93&\overset?=-\frac{65}3+\frac{21}3 \\-\frac{54}3&=-\frac{54}3\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  16) Solve: [image: 2a-2=6a+18].
 
 Solution [image: a=-5]
  
 
 
 17) Solve: [image: 4k-1=7k+17].
 
 Solution [image: k=-6]
  
 
 
 
 
 In the last example, we could have made the left side the “variable” side, but it would have led to a negative coefficient on the variable term. (Try it!) While we could work with the negative, there is less chance of errors when working with the positives. The strategy outlined above helps avoid the negatives!
 
 
 
 To solve an equation with fractions, we just follow the steps of our strategy to get the solution!
 Example 3.3.9
  Solve: [image: \frac{5}{4}x+6=\frac{1}{4}x-2].
 
 Solution Since [image: \frac{5}{4}>\frac{1}{4}], make the left side the “variable” side and the right side the “constant” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}}{\frac54x+6}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}}{\frac14x-2}]
 Step 1: Subtract [image: \frac{1}{4}x] from both sides.
 [image: \begin{align*}&\;&\frac54x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac14}{\color[rgb]{1.0, 0.0, 0.0}x}+6&=\frac14x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac14}{\color[rgb]{1.0, 0.0, 0.0}x}-2\\ &\text{Combine like terms.}\;&x+6&=-2 \end{align*}]
 Step 2: Subtract [image: 6] from both sides.
 [image: x+6{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}=-2{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}]
 Step 3: Simplify.
 [image: x=-8]
 Step 4: Check: Let [image: x=-8]
 [image: \begin{align*} \frac54x+6&=\frac14x-2\\ \frac54\left(-8\right)+6&\overset?=\frac14\left(-8\right)-2\\ -10+6&\overset?=-2-2\\ -4&=-4\checkmark \end{align*}]
  
 
 
 Try It
  18) Solve: [image: \frac{7}{8}x-12=-\frac{1}{8}x-2].
 
 Solution [image: x=10]
  
 
 
 19) Solve: [image: \frac{7}{6}y+11=\frac{1}{6}y+8].
 
 Solution [image: y=-3]
  
 
 
 
 
 We will use the same strategy to find the solution for an equation with decimals.
 Example 3.3.10
  Solve: [image: 7.8x+4=5.4x-8].
 
 Solution Since [image: 7.8>5.4], make the left side the “variable” side and the right side the “constant” side.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}v}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}l}{\color[rgb]{1.0, 0.0, 0.0}e}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}d}{\color[rgb]{1.0, 0.0, 0.0}e}}{7.8x+4}=\overset{{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}o}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}n}{\color[rgb]{1.0, 0.0, 0.0}t}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}s}{\color[rgb]{1.0, 0.0, 0.0}i}{\color[rgb]{1.0, 0.0, 0.0}d}{\color[rgb]{1.0, 0.0, 0.0}e}}{5.4x-8}]
 Step 1: Subtract [image: 5.4x] from both sides.
 [image: \begin{align*}&\;&7.8x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}x}+4&=5.4x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}x}-8\\ &\text{Combine like terms.}\;&2.4x+4&=-8 \end{align*}]
 Step 2: Subtract [image: 4] from both sides.
 [image: \begin{align*}&\;&2.4x+4{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}&=-8{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}\\ &\text{Simplify.}\;&2.4x&=-12 \end{align*}]
 Step 3: Use the Division Property of Equality.
 [image: \begin{align*}&\;&\frac{2.4x}{{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}4}}&=\frac{-12}{{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}4}}\\ &\text{Simplify.}\;&x&=-5 \end{align*}]
 Step 4: Check:
 [image: 7.8x+4=5.4x-5]
 Step 5: Let [image: x=-5].
 [image: \begin{align*} 7.8{\color[rgb]{1.0, 0.0, 0.0}\left(-5\right)}+4&=5.4{\color[rgb]{1.0, 0.0, 0.0}\left(-5\right)}-8\\ -39+4&\overset?=-27-8\\ -35&=-35\checkmark \end{align*}]
  
 
 
 Try It
  20) Solve: [image: 2.8x+12=-1.4x-9].
 
 Solution [image: x=-5]
  
 
 
 21) Solve: [image: 3.6y+8=1.2y-4].
 
 Solution [image: y=-5]
  
 
 
 
 
 Key Concepts
  Beginning Strategy for Solving an Equation with Variables and Constants on Both Sides of the Equation
 		Choose which side will be the “variable” side—the other side will be the “constant” side.
 	Collect the variable terms to the “variable” side of the equation, using the Addition or Subtraction Property of Equality.
 	Collect all the constants to the other side of the equation, using the Addition or Subtraction Property of Equality.
 	Make the coefficient of the variable equal 1, using the Multiplication or Division Property of Equality.
 	Check the solution by substituting it into the original equation.
 
 
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=716#h5p-17 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
 
	

			
			


		
	
		
			
	
		

		3.4 Use a General Strategy to Solve Linear Equations

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve equations using a general strategy
 	Classify equations
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify: [image: −(a-4)]
 2) Multiply: [image: \frac{3}{2}(12x+20)].
 3) Simplify: [image: 5-2(n+1)].
 4) Multiply: [image: 3(7y+9)].
 5) Multiply: [image: (2.5)(6.4)].
 
 
 Solve Equations Using the General Strategy
 Until now we have dealt with solving one specific form of a linear equation. It is time now to lay out one overall strategy that can be used to solve any linear equation. Some equations we solve will not require all these steps to solve, but many will.
 Beginning by simplifying each side of the equation makes the remaining steps easier.
 Example 3.4.1
  Solve: [image: -6(x+3)=24].
 
 Solution Step 1: Simplify each side of the equation as much as possible.
 Use the Distributive Property.
 [image: \begin{align*} -6\left(x+3\right)&=24\\ -6x-18&=24 \end{align*}]
 Notice that each side of the equation is simplified as much as possible.
 Step 2: Collect all variable terms on one side of the equation.
 Nothing to to – all [image: x]‘s are on the left side.
 Step 3: Collect constant terms on the other side of the equation.
 To get constants only on the right, add 18 to each side.
 [image: \begin{align*}&\;&-6x-18{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}18}&=24{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}18}\\ &\text{Simplify.}\;&-6x&=42 \end{align*}]
 Step 4: Make the coefficient of the variable term to equal 1.
 [image: \begin{align*} &\text{Divide each side by -6.}\;&\frac{-6x}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}}&=\frac{42}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}}\\ &\text{Simplify.}\;&x&=-7 \end{align*}]
 Step 5: Check the solution.
 Let [image: x=-7]
 [image: \begin{eqnarray*}-6\left(x+3\right)=\;&24&\\-6\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}+3\right)\overset?=\;&24&\\\text{Simplify.}-6\left(-4\right)\overset?=\;&24&\\\text{Multiply.}\;24=\;&24&\end{eqnarray*}]
  
 
 
 
 Try It
  6) Solve: [image: 5(x+3)=35].
 
 Solution [image: x=4]
  
 
 
 7) Solve: [image: 6(y-4)=-18].
 
 Solution [image: y=1]
  
 
 
 
 
 
 
 
 HOW TO
 General strategy for solving linear equations.
 	Simplify each side of the equation as much as possible.
 Use the Distributive Property to remove any parentheses.
 Combine like terms.
 	Collect all the variable terms on one side of the equation.
 Use the Addition or Subtraction Property of Equality.
 	Collect all the constant terms on the other side of the equation.
 Use the Addition or Subtraction Property of Equality.
 	Make the coefficient of the variable term to equal to 1.
 Use the Multiplication or Division Property of Equality.
 State the solution to the equation.
 	Check the solution.
 Substitute the solution into the original equation to make sure the result is a true statement.
 
 
 
 
 Example 3.4.2
  Solve: [image: -(y+9)=8].
 
 Solution Step 1: Simplify each side of the equation as much as possible by distributing.
 [image: -y-9=8]
 Step 2: The only y term is on the left side, so all variable terms are on the left side of the equation.
 Step 3: Add 9 to both sides to get all constant terms on the right side of the equation.
 [image: \begin{align*}&\;&-y-9{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}9}&=8{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}9}\\ &\text{Simplify.}\;&-y&=17 \end{align*}]
 Step 4: Rewrite [image: -y] as [image: -1y].
 [image: -1y=17]
 Step 5: Make the coefficient of the variable term to equal to 1 by dividing both sides by -1.
 [image: \begin{align*}&\;&\frac{-1y}{-1}&=\frac{17}{-1}\\ &\text{Simplify.}\;&y&=-17 \end{align*}]
 Step 6: Check:
 [image: -(y+9)=8]
 Step 7: Let [image: y=-17].
 [image: \begin{align*} -\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}17}+9\right)&\overset?=8\\ -\left(-8\right)&\overset?=8\\ 8&=8\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  8) Solve: [image: −(y+8)=-2].
 
 Solution [image: y=-6]
  
 
 
 9) Solve: [image: -(z+4)=-12]
 
 Solution [image: z=8]
  
 
 
 
 
 Example 3.4.3
  Solve: [image: 5(a-3)+5=-10].
 
 Solution Step 1: Simplify each side of the equation as much as possible.
 [image: \begin{align*} &\text{Distribute.}\;&5a-15+5&=-10\\ &\text{Combine like terms.}\;&5a-10&=-10 \end{align*}]
 Step 2: The only [image: a] term is on the left side, so all variable terms are on one side of the equation.
 Step 3: Add 10 to both sides to get all constant terms on the other side of the equation.
 [image: \begin{align*} &\;&5a-10{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10}&=-10{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10}\\ &\text{Simplify.}\;&5a&=0\\ \end{align*}]
 Step 4: Make the coefficient of the variable term to equal to 1 by dividing both sides by 5.
 [image: \begin{align*} &\;&\frac{5a}{\color[rgb]{1.0, 0.0, 0.0}5}&=\frac0{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&a&=0\\ \end{align*}]
 Step 5: Check:
 [image: 5(a-3)+5=-10]
 Step 6: Let [image: a=0].
 [image: \begin{align*} 5\left({\color[rgb]{1.0, 0.0, 0.0}0}-3\right)+5&\overset?=-10\\ 5\left(-3\right)+5&\overset?=-10\\ -15+5&\overset?=-10\\ -10&=-10\checkmark \end{align*}]
  
 
 
 Try It
  10) Solve: [image: 2(m-4)+3=-1].
 
 Solution [image: m=2]
  
 
 
 11) Solve: [image: 7(n-3)-8=-15].
 
 Solution [image: n=2]
  
 
 
 
 
 Example 3.4.4
  Solve: [image: \frac{2}{3}(6m-3)=8-m].
 
 Solution Step 1: Distribute.
 [image: 4m-2=8-m]
 Step 2: Add [image: m] to get the variables only to the left.
 [image: \begin{align*} &\;&4m{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}m}-2&=8-m{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}m}\\ &\text{Simplify.}\;&5m-2&=8\\ \end{align*}]
 Step 3: Add 2 to get constants only on the right.
 [image: \begin{align*} &\;&5m-2{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}&=8{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}\\ &\text{Simplify.}\;&5m&=10\\ \end{align*}]
 Step 4: Divide by 5.
 [image: \begin{align*} &\;&\frac{5m}{\color[rgb]{1.0, 0.0, 0.0}5}&=\frac{10}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&m&=2\\ \end{align*}]
 Step 5: Check:
 [image: \frac23(6m-3)=8-m]
 Step 6: Let [image: m=2].
 [image: \begin{align*} \frac23\left(6\cdot{\color[rgb]{1.0, 0.0, 0.0}2}\cdot-3\right)&\overset?=8-{\color[rgb]{1.0, 0.0, 0.0}2}\\ \frac23\left(12-3\right)&\overset?=6\\ \frac23\left(9\right)&\overset?=6\\ 6&=6\checkmark \end{align*}]
  
 
 
 Try It
  12) Solve: [image: \frac{1}{3}(6u+3)=7-u].
 
 Solution [image: u=2]
  
 
 
 13) Solve: [image: \frac{2}{3}(9x-12)=8+2x].
 
 Solution [image: x=4]
  
 
 
 
 
 Example 3.4.5
  Solve: [image: 8-2(3y+5)=0].
 
 
 Solution Step 1: Simplify—use the Distributive Property.
 [image: \begin{align*} &\;&8-6y-10&=0\\ &\text{Combine like terms.}\;&-6y-2&=0\\ \end{align*}]
 Step 2: Add 2 to both sides to collect constants on the right.
 [image: \begin{align*} &\;&-6y-2{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}&=0{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}\\ &\text{Simplify.}\;&-6y&=2\\ \end{align*}]
 Step 3: Divide both sides by [image: -6].
 [image: \begin{align*} &\;&\frac{-6y}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}}&=\frac2{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}}\\ &\text{Simplify.}\;&y&=-\frac13\\ \end{align*}]
 Step 4: Check:
 Let [image: y=-\frac{1}{3}]
 [image: \begin{align*} 8-2\left(3y+5\right)&=0\\ 8-2\left[3\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac13}\right)+5\right]&=0\\ 8-2\left(-1+5\right)&\overset?=0\\ 8-2\left(4\right)&\overset?=0\\ 8-8&\overset?=0\\ 0&=0\checkmark \end{align*}]
  
 
 
 
 
 
 
 
 Try It
  14) Solve: [image: 12-3(4j+3)=-17]
 Solution [image: j=\frac{5}{3}]
  
 
 
 15) Solve: [image: -6-8(k-2)=-10].
 
 Solution [image: k=\frac{5}{2}]
  
 
 
 
 
 Example 3.4.6
  Solve: [image: 4(x-1)-2=5(2x+3)+6].
 
 Solution Step 1: Distribute.
 [image: \begin{align*} &\;&4x-4-2&=10x+15+6\\ &\text{Combine like terms.}\;&4x-6&=10x+21\\ \end{align*}]
 Step 2: Subtract [image: 4x] to get the variables only on the right side since [image: 10>4].
 [image: \begin{align*} &\;&4x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}x}-6&=10{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}x}+21\\ &\text{Simplify.}\;&-6&=6x+21\\ \end{align*}]
 Step 3: Subtract 21 to get the constants on left.
 [image: \begin{align*} &\;&6{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}21}&=6x+21{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}21}\\ &\text{Simplify.}\;&-27&=6x\\ \end{align*}]
 Step 4: Divide by 6.
 [image: \begin{align*} &\;&\frac{-27}{\color[rgb]{1.0, 0.0, 0.0}6}&=\frac{6x}{\color[rgb]{1.0, 0.0, 0.0}6}\\ &\text{Simplify.}\;&-\frac92&=x\\ \end{align*}]
 Step 5: Check:
 [image: 4(x-1)-2=5(2x+3)+6]
 Step 6: Let [image: x=-\frac{9}{2}].
 [image: \begin{align*} 4\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac92}\right)-2&\overset?=5\left[2\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac92}\right)+3\right]+6\\ 4\left(-\frac{11}2\right)-2&\overset?=5\left(-9+3\right)+6\\ -22-2&\overset?=5\left(-6\right)+6\\ -24&\overset?=-30+6\\ -24&=-24\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  16) Solve: [image: 6(p-3)-7=5(4p+3)-12].
 
 Solution [image: p=-2]
  
 
 
 17) Solve: [image: 8(q+1)-5=3(2q-4)-1].
 
 Solution [image: q=-8]
  
 
 
 
 
 Example 3.4.7
  Solve: [image: 10[3-8(2s-5)]=15(40-5s)].
 
 Solution Step 1: Simplify from the innermost parentheses first.
 [image: 10[3-16s+40]=15(40-5s)]
 Step 2: Combine like terms in the brackets.
 [image: 10[43-16s]=15(40-5s)]
 Step 3: Distribute.
 [image: 430-160s=600-75s]
 Step 4: Add [image: 160s] to get the [image: s]’s to the right.
 [image: \begin{align*} &\;&430-160{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}160}{\color[rgb]{1.0, 0.0, 0.0}s}&=600-85s{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}160}{\color[rgb]{1.0, 0.0, 0.0}s}\\ &\text{Simplify.}\;&430&=600+85s\\ \end{align*}]
 Step 5: Subtract 600 to get the constants to the left.
 [image: \begin{align*} &\;&430-{\color[rgb]{1.0, 0.0, 0.0}600}&=85s+600{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}600}\\ &\text{Simplify.}\;&-170&=85s\\ \end{align*}]
 Step 6: Divide.
 [image: \begin{align*} &\;&\frac{-170}{\color[rgb]{1.0, 0.0, 0.0}85}&=\frac{85s}{\color[rgb]{1.0, 0.0, 0.0}85}\\ &\text{Simplify.}\;&-2&=s\\ \end{align*}]
 Step 7: Check:
 [image: 10[3-8(2s-5)]=15(40-5s)]
 Step 8: Substitute [image: s=-2].
 [image: \begin{align*} 10\left[3-8\left(2{\color[rgb]{0.1, 0.1, 0.1}\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}\right)}-5\right)\right]&\overset?=15\left(40-5\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}\right)\right)\\ 10\left[3-8\left(-4-5\right)\right]&\overset?=15\left(40+10\right)\\ 10\left[3-8\left(-9\right)\right]&\overset?=15\left(50\right)\\ 10\left[3+72\right]&\overset?=750\\ 10\left[75\right]&\overset?=750\\ 750&=750\checkmark \end{align*}]
  
 
 
 Try It
  18) Solve: [image: 6[4-2(7y-1)]=8(13-8y)].
 
 Solution [image: y=-\frac{17}{5}]
  
 
 
 19) Solve: [image: 12[1-5(4z-1)]=3(24+11z)].
 
 Solution [image: z=0]
  
 
 
 
 
 Example 3.4.8
  Solve: [image: 0.36(100n+5)=0.6(30n+15)].
 
 Solution Step 1: Distribute.
 [image: 36n+1.8=18n+9]
 Step 2: Subtract [image: 18n] to get the variables to the left.
 [image: \begin{align*} &\;&36n{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}18}{\color[rgb]{1.0, 0.0, 0.0}n}+1.8&=18n{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}18}{\color[rgb]{1.0, 0.0, 0.0}n}+9\\ &\text{Simplify.}\;&18n+1.8&=9\\ \end{align*}]
 Step 3: Subtract 1.8 to get the constants to the right.
 [image: \begin{align*} &\;&18n+1.8{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}1}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}8}&=9{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}1}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}8}\\ &\text{Simplify.}\;&18n&=7.2\\ \end{align*}]
 Step 4: Divide.
 [image: \begin{align*} &\;&\frac{18n}{\color[rgb]{1.0, 0.0, 0.0}18}&=\frac{7.2}{\color[rgb]{1.0, 0.0, 0.0}18}\\ &\text{Simplify.}\;&n&=0.4\\ \end{align*}]
 Step 5: Check:
 [image: 0.35(100n+5)=0.6(30n+15)]
 Step 6: Let [image: n=0.4].
 [image: \begin{align*} 0.36\left(100\left({\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}4}\right)+5\right)&\overset?=0.6\left(30\left({\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}4}\right)+15\right)\\ 0.36\left(40+5\right)&\overset?=0.6\left(12+15\right)\\ 0.36\left(45\right)&\overset?=0.6\left(27\right)\\ 16.2&=16.2\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  20) Solve: [image: 0.55(100n+8)=0.6(85n+14)].
 
 Solution [image: n=1]
  
 
 
 21) Solve: [image: 0.15(40m-120)=0.5(60m+12)].
 
 Solution [image: m=-1]
  
 
 
 
 
 Classify Equations
 
 
 
 
 Consider the equation we solved at the start of the last section, [image: 7x+8=-13]. The solution we found was [image: x=-3]. This means the equation [image: 7x+8=-13] is true when we replace the variable, [image: x], with the value [image: -3]. We showed this when we checked the solution [image: x=-3] and evaluated [image: 7x+8=-13] for [image: x=-3].
 [image: \begin{align*} 7\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)+8&\overset?=-13\\ -21+8&\overset?=-13\\ -13&=-13\checkmark \end{align*}]
 If we evaluate [image: 7x+8] for a different value of [image: x], the left side will not be [image: -13].
 The equation [image: 7x+8=-13] is true when we replace the variable, [image: x], with the value [image: -3], but not true when we replace [image: x] with any other value. Whether or not the equation [image: 7x+8=-13] is true depends on the value of the variable. Equations like this are called conditional equations.
 All the equations we have solved so far are conditional equations.
 Conditional equation
 An equation that is true for one or more values of the variable and false for all other values of the variable is a conditional equation.
 
 
 Now let’s consider the equation [image: 2y+6=2(y+3)]. Do you recognize that the left side and the right side are equivalent? Let’s see what happens when we solve for [image: y].
 [image: \begin{alignat}{3} &\;&\;\;\;\;\;2y+6&=2(y+3)\\ &\text{Distribute}&\;\;\;\;\;-2y+6&=2y+6\\ &\text{Subtract}\;2y\;\text{to get the}\;y's\;\text{to one side.}&\;\;\;\;\;2y{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}y}+6&=2{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}y}+6\\ &\text{Simplify-the}\;y's\;\text{are gone!}&\;\;\;\;\;6&=6 \end{alignat}]
 
 
 But [image: 6=6] is true.
 This means that the equation [image: 2y+6=2(y+3)] is true for any value of [image: y]. We say the solution to the equation is all of the real numbers. An equation that is true for any value of a variable like this is called an identity.
 Identity
 An equation that is true for any value of the variable is called an identity.
 The solution of an identity is all real numbers.
 
 
 
 What happens when we solve the equation [image: 5z=5z-1]?
 [image: \begin{alignat}{3} &\;&\;\;\;\;\;5z&=5z-1\\ &\text{Subtract}\;5z\;\text{to get the constant alone on the right.}&\;\;\;\;\;5z{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}z}&=5z{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}z}-1\\ &\text{Simplify-the}\;z's\;\text{are gone!}&\;\;\;\;\;0&\neq-1 \end{alignat}]
 But [image: 0\neq{−1}]
 Solving the equation [image: 5z=5z-1] led to the false statement [image: 0=-1]. The equation [image: 5z=5z-1] will not be true for any value of [image: z]. It has no solution. An equation that has no solution, or that is false for all values of the variable, is called a contradiction.
 Contradiction
 An equation that is false for all values of the variable is called a contradiction.
 A contradiction has no solution.
 
 Example 3.4.9
  Classify the equation as a conditional equation, an identity, or a contradiction. Then state the solution.
 [image: 6(2n-1)+3=2n-8+5(2n+1)]
 
 Solution Step 1: Distribute.
 [image: \begin{align*} &\;&12n-6+3&=2n-8+10n+5\\ &\text{Combine like terms.}\;&12n-3&=12n-3\\ \end{align*}]
 Step 2: Subtract [image: 12n] to get the [image: n]’s to one side.
 [image: \begin{align*} &\;&12n{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}{\color[rgb]{1.0, 0.0, 0.0}n}-3&=12n{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}{\color[rgb]{1.0, 0.0, 0.0}n}-3\\ &\text{Simplify.}\;&-3&=-3\\ \end{align*}]
 This is a true statement.
 The equation is an identity.
 The solution is all real numbers.
  
 
 
 
 
 Try It
  22) Classify the equation as a conditional equation, an identity, or a contradiction, and then state the solution:
 [image: 4+9(3x-7)=-42x-13+23(3x-2)]
 
 Solution identity; all real numbers
  
 
 
 23) Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
 [image: 8(1-3x)+15(2x+7)=2(x+50)+4(x+3)+1]
 
 Solution identity; all real numbers
  
 
 
 
 
 Example 3.4.10
  Classify as a conditional equation, an identity, or a contradiction. Then state the solution.
 [image: 10+4(p-5)=0]
 
 Solution Step 1: Distribute.
 [image: \begin{align*} &\;&10+4p-20&=0\\ &\text{Combine like terms.}\;&4p-10&=0\\ \end{align*}]
 Step 2: Add 10 to both sides.
 [image: \begin{align*} &\;&4p-10{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10}&=0{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10}\\ &\text{Simplify.}\;&4p&=10\\ \end{align*}]
 Step 3: Divide.
 [image: \begin{align*} &\;&\frac{4p}{\color[rgb]{1.0, 0.0, 0.0}4}&=\frac{10}{\color[rgb]{1.0, 0.0, 0.0}4}\\ &\text{Simplify.}\;&p&=\frac52\\ \end{align*}]
 The equation is true when [image: p=\frac{5}{2}].
 This is a conditional equation.
 The solution is [image: p=\frac{5}{2}].
  
 
 
 
 
 
 Try It
  24) Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution: [image: 11(q+3)-5=19]
 
 Solution conditional equation; [image: q=\frac{9}{11}]
  
 
 
 25) Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution: [image: 6+14(k-8)=95]
 
 Solution conditional equation; [image: k=\frac{193}{14}]
  
 
 
 
 
 Example 3.4.11
  Classify the equation as a conditional equation, an identity, or a contradiction. Then state the solution.
 [image: 5m+3(9+3m)=2(7m-11)]
 
 Solution Step 1: Distribute.
 [image: \begin{align*} &\;&5m+27+9m&=14m-22\\ &\text{Combine like terms.}\;&14m+27&=14m-22\\ \end{align*}]
 Step 2: Subtract [image: 14m] from both sides.
 [image: \begin{align*} &\;&14m+27{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}14}{\color[rgb]{1.0, 0.0, 0.0}m}&=14m-22{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}14}{\color[rgb]{1.0, 0.0, 0.0}m}\\ &\text{Simplify.}\;&27&\neq-22\\ \end{align*}]
 But [image: 27\neq-22.]
 The equation is a contradiction.
 It has no solution.
  
 
 
 
 
 
 
 Try It
  26) Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
 [image: 5m+3(9+3m)=2(7m-11)]
 
 Solution contradiction; no solution
  
 
 
 27) Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
 [image: 4(7d+18)=13(3d-2)-11d]
 Solution contradiction; no solution
  
 
 
 
 
 
 
 
 
 	Type of equation 	What happens when you solve it? 	Solution 
  	Conditional Equation 	True for one or more values of the variables and false for all other values 	One or more values 
 	Identity 	True for any value of the variable 	All real numbers 
 	Contradiction 	False for all values of the variable 	No solution 
  
 
 Key Concepts
  	General Strategy for Solving Linear Equations 	Simplify each side of the equation as much as possible.
  Use the Distributive Property to remove any parentheses.
  Combine like terms.
 	Collect all the variable terms on one side of the equation.
  Use the Addition or Subtraction Property of Equality.
 	Collect all the constant terms on the other side of the equation.
  Use the Addition or Subtraction Property of Equality.
 	Make the coefficient of the variable term to equal to 1.
  Use the Multiplication or Division Property of Equality.
  State the solution to the equation.
 	Check the solution.
  Substitute the solution into the original equation.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objective of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=838#h5p-18 
 
 b. On a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 Glossary
  	conditional equation
 	An equation that is true for one or more values of the variable and false for all other values of the variable is a conditional equation.
 
 	contradiction
 	An equation that is false for all values of the variable is called a contradiction. A contradiction has no solution.
 
 	identity
 	An equation that is true for any value of the variable is called an identity. The solution of an identity is all real numbers.
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.5 Solve Equations with Fractions or Decimals

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve equations with fraction coefficients
 	Solve equations with decimal coefficients
 
 
 
 
 Before you get started, take this readiness quiz:
 Try It
  1) Multiply: [image: 8\times\frac{3}{8}]
 2) Find the LCD of [image: \frac{5}{6}] and [image: \frac{1}{4}]
 3) Multiply [image: 4.78] by [image: 100]
 
 
 Solve Equations with Fraction Coefficients
 
 Let’s use the general strategy for solving linear equations introduced earlier to solve the equation, [image: \frac{1}{8}x+\frac{1}{2}=\frac{1}{4}].
 [image: \begin{alignat}{3} &\;&\;\;\;\;\;\frac18x+\frac12&=\frac14\\ &\text{To isolate the}\;x\;\text{term, subtract}\;\frac12\;\text{from both sides.}&\;\;\;\;\;\frac18x+\frac12{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac12}&=\frac14{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac12}\\ &\text{Simplify the left side.}&\;\;\;\;\;\frac18x&=\frac14-\frac12\\ &\text{Change the constants to equivalent fractions with the LCD.}&\;\;\;\;\;\frac18x&=\frac14-\frac24\\ &\text{Subtract.}&\;\;\;\;\;\frac18x&=-\frac14\\ &\text{Multiply both sides by the reciprocal of}\;\frac18&\;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}\frac81}\cdot\frac18x&={\color[rgb]{1.0, 0.0, 0.0}\frac81}\left(-\frac14\right)\\ &\text{Simplify.}&\;\;\;\;\;x&=-2 \end{alignat}]
 This method worked fine, but many students do not feel very confident when they see all those fractions. So, we are going to show an alternate method to solve equations with fractions. This alternate method eliminates the fractions.
 We will apply the Multiplication Property of Equality and multiply both sides of an equation by the least common denominator of all the fractions in the equation. The result of this operation will be a new equation, equivalent to the first, but without fractions. This process is called “clearing” the equation of fractions.
 Let’s solve a similar equation, but this time use the method that eliminates the fractions.
 
 Example 3.5.1
  Solve: [image: \frac{1}{6}y-\frac{1}{3}=\frac{5}{6}]
 
 Solution Step 1: Find the least common denominator of all the fractions in the equation.
 What is the LCD of [image: \frac16], [image: \frac13], and [image: \frac56]?
 [image: \frac16y-\frac13=\frac56 \;\;LCD=6]
 Step 2: Multiply both sides of the equation by that LCD. This clears the fractions.
 [image: \begin{align*} &\text{Multiply both sides of the equation by the LCD 6.}\;&{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}\left({\color[rgb]{0.1, 0.1, 0.1}\frac16}{\color[rgb]{0.1, 0.1, 0.1}y}{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\frac13}\right)}&{\color[rgb]{0.1, 0.1, 0.1}=}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}\left({\color[rgb]{0.1, 0.1, 0.1}\frac56}\right)}\\ &\text{Use the Distributive Property.}\;&{\color[rgb]{0.1, 0.1, 0.1}6}{\color[rgb]{0.1, 0.1, 0.1}\cdot}{\color[rgb]{0.1, 0.1, 0.1}\frac16}{\color[rgb]{0.1, 0.1, 0.1}y}{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}6}{\color[rgb]{0.1, 0.1, 0.1}\cdot}{\color[rgb]{0.1, 0.1, 0.1}\frac13}&{\color[rgb]{0.1, 0.1, 0.1}=}{\color[rgb]{0.1, 0.1, 0.1}6}{\color[rgb]{0.1, 0.1, 0.1}\cdot}{\color[rgb]{0.1, 0.1, 0.1}\frac56}\\ &\text{Simplify - and notice, no more fractions!}\;&{\color[rgb]{0.1, 0.1, 0.1}y}{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}2}&{\color[rgb]{0.1, 0.1, 0.1}=}{\color[rgb]{0.1, 0.1, 0.1}5} \end{align*}]
 Step 3: Sole using the General Strategy for Solving Linear Equations.
 [image: \begin{align*} &\text{To isolate the "y" term, add 2.}\;&y-2{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}&=5{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}\\ &\text{Simplify.}\;&y&=7\end{align*}]
  
 
 
 
 Try It
  4) Solve: [image: \frac{1}{4}x+\frac{1}{2}=\frac{5}{8}]
 
 Solution [image: x=\frac{1}{2}]
  
 
 
 5) Solve: [image: \frac{1}{8}x+\frac{1}{2}=\frac{1}{4}]
 
 Solution [image: x=-2]
  
 
 
 
 
 Notice in Example 3.5.1, once we cleared the equation of fractions, the equation was like those we solved earlier in this chapter. We changed the problem to one we already knew how to solve! We then used the General Strategy for Solving Linear Equations.
 
 
 
 HOW TO
 Strategy to solve equations with fraction coefficients.
 	Find the least common denominator of all the fractions in the equation.
 	Multiply both sides of the equation by that LCD. This clears the fractions.
 	Solve using the General Strategy for Solving Linear Equations.
 
 
 Example 3.5.2
  Solve: [image: 6=\frac{1}{2}v+\frac{2}{5}v-\frac{3}{4}v]
 
 Solution We want to clear the fractions by multiplying both sides of the equation by the LCD of all the fractions in the equation.
 Step 1: Find the LCD of all fractions in the equation.
 [image: 6=\frac12v+\frac25v-\frac34v]
 Step 2: The LCD is [image: 20].
 Step 3: Multiply both sides of the equation by [image: 20].
 [image: {\color[rgb]{1.0, 0.0, 0.0}20}\left(6\right)={\color[rgb]{1.0, 0.0, 0.0}20}\cdot\left(\frac12v+\frac25v-\frac34v\right)]
 Step 4: Distribute.
 [image: \begin{align*}&\;&20(6)&=20\cdot\frac12v+20\cdot\frac25v-20\cdot\frac34v\\ &\text{Simplify - notice, no more fractions!.}\;&120&=10v+8v-15v\end{align*}]
 Step 5: Combine like terms.
 [image: 120=3v]
 Step 6: Divide by [image: 3].
 [image: \begin{align*}&\;&\frac{120}{\color[rgb]{1.0, 0.0, 0.0}3}&=\frac{3v}{\color[rgb]{1.0, 0.0, 0.0}3}\\ &\text{Simplify.}\;&40&=v \end{align*}]
 Step 7: Check:
 [image: 6=\frac12v+\frac25v-\frac34v]
 Step 8: Let [image: v=40].
 [image: \begin{align*} 6&\overset?=\frac12\left({\color[rgb]{1.0, 0.0, 0.0}40}\right)+\frac25\left({\color[rgb]{1.0, 0.0, 0.0}40}\right)-\frac34\left({\color[rgb]{1.0, 0.0, 0.0}40}\right)\\ 6&\overset?=20+16-30\\ 6&=6\checkmark \end{align*}]
  
 
 
 
 
 Try It
  6) Solve: [image: 7=\frac{1}{2}x+\frac{3}{4}x-\frac{2}{3}x]
 
 Solution [image: x=12]
  
 
 
 7) Solve: [image: -1=\frac{1}{2}u+\frac{1}{4}u-\frac{2}{3}u]
 
 Solution [image: u=-12]
  
 
 
 
 
 
 
 
 In the next example, we again have variables on both sides of the equation.
 Example 3.5.3
  Solve: [image: a+\frac{3}{4}=\frac{3}{8}a-\frac{1}{2}]
 
 Solution Step 1: Find the LCD of all fractions in the equation.
 The LCD is [image: 8].
 Step 2: Multiply both sides by the LCD.
 [image: {\color[rgb]{1.0, 0.0, 0.0}8}\left(a+\frac34\right)={\color[rgb]{1.0, 0.0, 0.0}8}\left(\frac38a-\frac12\right)]
 Step 3: Distribute.
 [image: \begin{align*}&\;&8\cdot a+8\cdot\frac34&=8\cdot\frac38a-8\cdot\frac12\\ &\text{Simplify -  no more fractions.}\;&8a+6&=3a-4\end{align*}]
 Step 4: Subtract [image: 3a] from both sides.
 [image: \begin{align*}&\;&8a{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}a}+6&=3a{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}a}-4\\ &\text{Simplify.}\;&5a+6&=-4 \end{align*}]
 Step 5: Subtract [image: 6] from both sides.
 [image: \begin{align*}&\;&5a+6{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}&=-4{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}\\ &\text{Simplify.}\;&5a&=-10 \end{align*}]
 Step 6: Divide by [image: 5].
 [image: \begin{align*}&\;&\frac{5a}{\color[rgb]{1.0, 0.0, 0.0}5}&=\frac{-10}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&a&=-2 \end{align*}]
 Step 7: Check:
 [image: a+\frac34=\frac38a-\frac12]
 Step 8: Let [image: a=-2].
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}+\frac34&\overset?=\frac38\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}\right)-\frac12\\ -\frac84+\frac34&\overset?=-\frac{16}8-\frac48\\ -\frac54&=-\frac{10}8\\ -\frac54&=-\frac54\checkmark \end{align*}]
  
 
 
 Try It
  8) Solve: [image: x+\frac{1}{3}=\frac{1}{6}x-\frac{1}{2}]
 
 Solution [image: x=-1]
  
 
 
 9) Solve: [image: c+\frac{3}{4}=\frac{1}{2}c-\frac{1}{4}]
 
 Solution [image: c=-2]
  
 
 
 
 
 
 
 
 In the next example, we start by using the Distributive Property. This step clears the fractions right away.
 Example 3.5.4
  Solve: [image: -5=\frac{1}{4}(8x+4)]
 
 Solution Step 1: Distribute.
 [image: \begin{align*}&\;&-5&=\frac14\cdot8x+\frac14\cdot4\\ &\text{Simplify.}\;&-5&=2x+1 \end{align*}]
 Now there are no fractions.
 Step 2: Subtract [image: 1] from both sides.
 [image: \begin{align*}&\;&-5{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}1}&=2+1{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}1}\\ &\text{Simplify.}\;&-6&=2x \end{align*}]
 Step 3: Divide by [image: 2].
 [image: \begin{align*}&\;&\frac{-6}{\color[rgb]{1.0, 0.0, 0.0}2}&=\frac{2x}{\color[rgb]{1.0, 0.0, 0.0}2}\\ &\text{Simplify.}\;&-3&=x \end{align*}]
 Step 4: Check:
 [image: -5=\frac14(8x+4)]
 Step 5: Let [image: x=-3].
 [image: \begin{align*} -5&\overset?=\frac12\left(4\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\right)+2\right)\\ -5&\overset?=\frac12\left(-12+2\right)\\ -5&\overset?=\frac12\left(-10\right)\\ -5&=-5\checkmark \end{align*}]
  
 
 
 Try It
  10) Solve: [image: -11=\frac{1}{2}(6p+2)]
 
 Solution [image: p=-4]
  
 
 
 11) Solve: [image: 8=\frac{1}{3}(9q+6)]
 
 Solution [image: q=2]
  
 
 
 
 
 
 
 
 In the next example, even after distributing, we still have fractions to clear.
 Example 3.5.5
  Solve: [image: \frac{1}{2}(y-5)=\frac{1}{4}(y-1)]
 
 Solution Step 1: Distribute.
 [image: \begin{align*}&\;&\frac12\cdot y-\frac12\cdot5&=\frac14\cdot y-\frac14\cdot1\\ &\text{Simplify.}\;&\frac12y-\frac52&=\frac14y-\frac14 \end{align*}]
 Step 2: Multiply by the LCD, [image: 4].
 [image: \begin{align*}&\;&{\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac12y-\frac52\right)&={\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac14y-\frac14\right)\\ &\text{Distribute.}\;&4\cdot\frac12y-4\cdot\frac52&=4\cdot\frac14y-4\cdot\frac14\\ &\text{Simplify.}\;&2y-10&=y-1 \end{align*}]
 Step 3: Collect the variables to the left.
 [image: \begin{align*}&\;&2y{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}y}-10&=y{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}y}-1\\ &\text{Simplify.}\;&y-10&=-1 \end{align*}]
 Step 4: Collect the constants to the right.
 [image: \begin{align*}&\;&y-10{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10}&=-1{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10}\\ &\text{Simplify.}\;&y&=9 \end{align*}]
 Step 5: Check:
 [image: \frac12(y-5)=\frac14(y-1)]
 Step 6: Let [image: y=9].
 [image: \frac12\left({\color[rgb]{1.0, 0.0, 0.0}9}-5\right)\overset?=\frac14\left({\color[rgb]{1.0, 0.0, 0.0}9}-1\right)]
 Finish the check on your own.
  
 
 
 Try It
  12) Solve: [image: \frac{1}{5}(n+3)=\frac{1}{4}(n+2)]
 
 Solution [image: n=2]
  
 
 
 13) Solve: [image: \frac{1}{2}(m-3)=\frac{1}{4}(m-7)]
 
 Solution [image: m=-1]
  
 
 
 
 
 Example 3.5.6
  Solve: [image: \frac{5x-3}{4}=\frac{x}{2}]
 
 Solution Step 1: Multiply by the LCD, [image: 4].
 [image: \begin{align*}&\;&{\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac{5x-3}4\right)&={\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac x2\right)\\ &\text{Simplify.}\;&5x-3&=2x \end{align*}]
 Step 2: Collect the variables to the right.
 [image: \begin{align*}&\;&5x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}x}-3&=2x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}x}\\ &\text{Simplify.}\;&-3&=-3x \end{align*}]
 Step 3: Divide.
 [image: \begin{align*}&\;&\frac{-3}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}}&=\frac{-3x}{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}}\\ &\text{Simplify.}\;&1&=x \end{align*}]
 Step 4: Check:
 [image: \frac{5x-3}{4}=\frac{x}{2}]
 Step 5: Let [image: x =1].
 [image: \begin{align*} \frac{5\left({\color[rgb]{1.0, 0.0, 0.0}1}\right)-3}4&\overset?=\frac{\color[rgb]{1.0, 0.0, 0.0}1}2\\ \frac24&\overset?=\frac12\\ \frac12&=\frac12\checkmark \end{align*}]
  
 
 
 
 
 
 Try It
  14) Solve: [image: \frac{4y-7}{3}=\frac{y}{6}]
 
 Solution [image: y=2]
  
 
 
 15) Solve: [image: \frac{-2z-5}{4}=\frac{z}{8}]
 
 Solution [image: z=-2]
  
 
 
 
 
 Example 3.5.7
  Solve: [image: \frac{a}{6}+2=\frac{a}{4}+3]
 
 Solution Step 1: Multiply by the LCD, [image: 12].
 [image: {\color[rgb]{1.0, 0.0, 0.0}12}\left(\frac a6+2\right)={\color[rgb]{1.0, 0.0, 0.0}12}\left(\frac a4+3\right)]
 Step 2: Distribute.
 [image: \begin{align*}&\;&12\cdot\frac{a}{6}+12\cdot2&=12\cdot\frac{a}{4}+12\cdot3\\ &\text{Simplify.}\;&2a+24&=3a+36\\ \end{align*}]
 Step 3: Collect the variables to the right.
 [image: \begin{align*}&\;&2a{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}a}+24&=3a{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}a}+36\\ &\text{Simplify.}\;&24&=a+36\\ \end{align*}]
 Step 4: Collect the constants to the left.
 [image: \begin{align*}&\;&24{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}36}&=a+36{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}36}\\ &\text{Simplify.}\;&a&=-12\\ \end{align*}]
 Step 5: Check:
 [image: \frac{a}{6}+2=\frac{a}{4}+3]
 Step 6: Let [image: a=-12].
 [image: \begin{align*} \frac{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}}6+2&\overset?=\frac{{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}}4+3\\ -2+2&\overset?=-3+3\\ 0&=0\checkmark \end{align*}]
  
 
 
 Try It
  16) Solve: [image: \frac{b}{10}+2=\frac{b}{4}+5]
 
 Solution [image: b=-20]
  
 
 
 17) Solve: [image: \frac{c}{6}+3=\frac{c}{3}+4]
 
 Solution [image: c=-6]
  
 
 
 
 
 Example 3.5.8
  Solve: [image: \frac{4q+3}{2}+6=\frac{3q+5}{4}]
 
 Solution Step 1: Multiply by the LCD, [image: 4].
 [image: {\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac{4q+3}2+6\right)={\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac{3q+5}4\right)]
 Step 2: Distribute.
 [image: \begin{align*}&\;&4\left(\frac{4q+3}2\right)+4\cdot6&=4\cdot\left(\frac{3q+5}4\right)\\ &\text{Simplify.}\;&2(4q+3)+24&=3q+5\\ &\;&8q+6+24&=3q+5\\ &\;&8q+30&=3q+5 \end{align*}]
 Step 3: Collect the variables to the left.
 [image: \begin{align*}&\;&8q{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}q}+30&=3q{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}q}+5\\ &\text{Simplify.}\;&5q+30&=5\\ \end{align*}]
 Step 4: Collect the constants to the right.
 [image: \begin{align*}&\;&5q+30{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}30}&=5{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}30}\\ &\text{Simplify.}\;&5q&=-25\\ \end{align*}]
 Step 5: Divide by [image: 5].
 [image: \begin{align*}&\;&\frac{5q}{\color[rgb]{1.0, 0.0, 0.0}5}&=\frac{-25}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&q&=-5\\ \end{align*}]
 Step 6: Check:
 [image: \frac{4q+3}{2}+6=\frac{3q+5}{4}]
 Step 7: Let [image: q=-5].
 [image: \frac{4\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}\right)+3}2+6\overset?=\frac{3\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}5}\right)+5}4]
 Finish the check on your own.
  
 
 
 
 
 
 Try It
  18) Solve: [image: \frac{3r+5}{6}+1=\frac{4r+3}{3}]
 
 Solution [image: r=1]
  
 
 
 19) Solve: [image: \frac{2s+3}{2}+1=\frac{3s+2}{4}]
 
 Solution [image: s=-8]
  
 
 
 
 
 Solve Equations with Decimal Coefficients
 
 
 
 
 Some equations have decimals in them. This kind of equation will occur when we solve problems dealing with money or percentages. But decimals can also be expressed as fractions. For example, [image: 0.3=\frac{3}{10}] and [image: 0.17=\frac{17}{100}]. So, with an equation with decimals, we can use the same method we used to clear fractions—multiply both sides of the equation by the least common denominator.
 Example 3.5.9
  Solve: [image: 0.06x+0.02=0.25x-1.5]
 
 Solution Look at the decimals and think of the equivalent fractions.
 [image: 0.06=\frac{6}{100}]        [image:  0.02=\frac{2}{100}]        [image: 0.25=\frac{25}{100}]          [image: 1.5=1\frac{5}{10}]
 Notice, the LCD is [image: 100].
 By multiplying by the LCD, we will clear the decimals from the equation.
 [image: 0.06x+0.02=0.25x-1.5]
 Step 1: Multiply both sides by [image: 100].
 [image: {\color[rgb]{1.0, 0.0, 0.0}100}(0.06x+0.02)={\color[rgb]{1.0, 0.0, 0.0}100}(0.25x-1.5)]
 Step 2: Distribute.
 [image: 100(0.06x)+100(0.02)=100(0.25x)-100(1.5)]
 Step 3: Multiply, and now we have no more decimals.
 [image: 6x+2=25x-150]
 Step 4: Collect the variables to the right.
 [image: \begin{align*}&\;&6x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}x}+2&=25x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}x}-150\\ &\text{Simplify.}\;&2&=19x-150\\ \end{align*}]
 Step 5: Collect the constants to the left.
 [image: \begin{align*}&\;&2{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}150}&=19x-150{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}150}\\ &\text{Simplify.}\;&152&=19x\\ \end{align*}]
 Step 6: Divide by [image: 19].
 [image: \begin{align*}&\;&\frac{152}{\color[rgb]{1.0, 0.0, 0.0}19}&=\frac{19x}{\color[rgb]{1.0, 0.0, 0.0}19}\\ &\text{Simplify.}\;&8&=x\\ \end{align*}]
 Step 7: Check: Let [image: x=8].
 [image: \begin{align*} 0.06\left({\color[rgb]{1.0, 0.0, 0.0}8}\right)+0.02&\overset?=0.25\left({\color[rgb]{1.0, 0.0, 0.0}8}\right)-1.5\\ 0.48+0.02&\overset?=2.00-1.5\\ 0.50&=0.50\checkmark \end{align*}]
  
 
 
 Try It
  20) Solve: [image: 0.14h+0.12=0.35h-2.4]
 
 Solution [image: h=12]
  
 
 
 21) Solve: [image: 0.65k-0.1=0.4k-0.35]
 
 Solution [image: k=-1]
  
 
 
 
 
 The next example uses an equation that is typical of the money applications in the next chapter. Notice that we distribute the decimal before we clear all the decimals.
 
 
 
 Example 3.5.10
  Solve: [image: 0.25x+0.05(x+3)=2.85]
 
 Solution Step 1: Distribute first.
 [image: 0.25x+0.05x+0.15=2.85]
 Step 2: Combine like terms.
 [image: 0.30x+0.15=2.85]
 Step 3: To clear decimals, multiply by [image: 100].
 [image: {\color[rgb]{1.0, 0.0, 0.0}100}\left(0.30x+0.15\right)={\color[rgb]{1.0, 0.0, 0.0}100}\left(2.8\right)]
 Step 4: Distribute.
 [image: 30x+15=285]
 Step 5: Subtract [image: 15] from both sides.
 [image: \begin{align*}&\;&30x+15{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}15}&=285{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}15}\\ &\text{Simplify.}\;&30x&=270\\ \end{align*}]
 Step 6: Divide by [image: 30].
 [image: \begin{align*}&\;&\frac{30x}{\color[rgb]{1.0, 0.0, 0.0}30}&=\frac{270}{\color[rgb]{1.0, 0.0, 0.0}30}\\ &\text{Simplify.}\;&x&=9\\ \end{align*}]
 Step 7: Check it yourself by substituting [image: x=9] into the original equation.
  
 
 
 Try It
  22) Solve: [image: 0.25n+0.05(n+5)=2.95]
 
 Solution [image: n=9]
  
 
 
 23) Solve: [image: 0.10d+0.05(d-5)=2.15]
 
 Solution [image: d=16]
  
 
 
 
 
 
 
 
 
 Key Concepts
  	Strategy to Solve an Equation with Fraction Coefficients 	Find the least common denominator of all the fractions in the equation.
 	Multiply both sides of the equation by that LCD. This clears the fractions.
 	Solve using the General Strategy for Solving Linear Equations.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=958#h5p-19 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
  
 
	

			
			


		
	
		
			
	
		

		3.6 Solve a Formula for a Specific Variable

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use the Distance, Rate, and Time formula
 	Solve a formula for a specific variable
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Solve: [image: 15t=120]
 2) Solve: [image: 6x+24=96]
 
 
 Use the Distance, Rate, and Time Formula
 
 One formula you will use often in algebra and in everyday life is the formula for distance travelled by an object moving at a constant rate. Rate is an equivalent word for “speed.” The basic idea of rate may already familiar to you. Do you know what distance you travel if you drive at a steady rate of [image: 60] miles per hour for [image: 2] hours? (This might happen if you use your car’s cruise control while driving on the highway.) If you said [image: 120] miles, you already know how to use this formula!
 For an object moving at a uniform (constant) rate, the distance travelled, the elapsed time, and the rate are related by the formula:
 [image: \begin{align*} d&=rt,\;\;\;when\\ d&=distance\\ r&=rate\\ t&=time \end{align*}]
 
 We will use the Strategy for Solving Applications that we used earlier in this chapter. When our problem requires a formula, we change Step 4: In place of writing a sentence, we write the appropriate formula. We write the revised steps here for reference.
 
 HOW TO
 Solve an application (with a formula).
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
 	Translate into an equation. Write the appropriate formula for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 You may want to create a mini-chart to summarize the information in the problem. See the chart in this first example.
 
 Example 3.6.1
  Jamal rides his bike at a uniform rate of [image: 12] miles per hour for [image: 3\frac{1}{2}] hours. What distance has he travelled?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what you are looking for.
 distance travelled
 Step 3: Name. Choose a variable to represent it.
 Let [image: d] = distance.
 Step 4: Translate: Write the appropriate formula.
 [image: \begin{align*} d&=rt\\ d&=?\\ r&=12\;mph\\ t&=3\frac12\;hours \end{align*}]
 Step 5: Substitute in the given information.
 [image: d=12\cdot3\frac{1}{2}]
 Step 6: Solve the equation.
 [image: d=42\;miles]
 Step 7: Check
 Does 42 miles make sense?
 Jamal rides:
 [image: 12 miles in 1 hour, 24 miles in 2 hours, 36 miles in 3 hours, 48 miles in 4 hours. 42 miles in 3 and a half hours is reasonable]Figure 3.6.1 Step 8: Answer the question with a complete sentence.
 Jamal rode 42 miles.
  
 
 
 
 Try It
  3) Lindsay drove for [image: 5\frac{1}{2}] hours at [image: 60] miles per hour. How much distance did she travel?
 
 Solution [image: 330] miles
  
 
 
 4) Trinh walked for [image: 2\frac{1}{3}] hours at [image: 3] miles per hour. How far did she walk?
 
 Solution [image: 7] miles
  
 
 
 
 
 Example 3.6.2
  Rey is planning to drive from his house in San Diego to visit his grandmother in Sacramento, a distance of [image: 520] miles. If he can drive at a steady rate of [image: 65] miles per hour, how many hours will the trip take?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what you are looking for.
 How many hours (time)
 Step 3: Name.
 Choose a variable to represent it.
 Let [image: t] = time.
 [image: \begin{align*} d&=520\;miles\\ r&=65\;mph\\ t&=?\;hours \end{align*}]
 Step 4: Translate.
 Write the appropriate formula. Substitute in the given information.
 [image: \begin{align*} d&=rt\\ 520&=65t\\ t&=8 \end{align*}]
 Step 5: Solve the equation.
 [image: t=8]
 Step 6: Check.
 Substitute the numbers into the formula and make sure the result is a true statement.
 [image: \begin{align*} d&=rt\\ 520&\overset?=65\times8\\ 520&=520\checkmark \end{align*}]
 Step 7: Answer the question with a complete sentence.
 Rey’s trip will take [image: 8] hours.
  
 
 
 
 
 
 Try It
  5) Lee wants to drive from Phoenix to his brother’s apartment in San Francisco, a distance of [image: 770] miles. If he drives at a steady rate of [image: 70] miles per hour, how many hours will the trip take?
 
 Solution [image: 11] hours
  
 
 
 6) Yesenia is [image: 168] miles from Chicago. If she needs to be in Chicago in [image: 3] hours, at what rate does she need to drive?
 
 Solution [image: 56] mph
  
 
 
 
 
 Solve a Formula for a Specific Variable
 
 
 
 
 You are probably familiar with some geometry formulas. A formula is a mathematical description of the relationship between variables. Formulas are also used in the sciences, such as chemistry, physics, and biology. In medicine, they are used for calculations for dispensing medicine or determining body mass index. Spreadsheet programs rely on formulas to make calculations. It is important to be familiar with formulas and be able to manipulate them easily.
 In Example 3.6.1 and Example 3.6.2, we used the formula [image: d = rt]. This formula gives the value of [image: d], distance, when you substitute in the values of [image: r] and [image: t], the rate and time. But in Example 3.6.2 we had to find the value of [image: t]. We substituted in values of [image: d] and [image: r] and then used algebra to solve for [image: t]. If you had to do this often, you might wonder why there is not a formula that gives the value of [image: t] when you substitute in the values of [image: d] and [image: r]. We can make a formula like this by solving the formula [image: d=rt] for [image: t].
 To solve a formula for a specific variable means to isolate that variable on one side of the equals sign with a coefficient of [image: 1]. All other variables and constants are on the other side of the equals sign. To see how to solve a formula for a specific variable, we will start with the distance, rate and time formula.
 Example 3.6.3
  Solve the formula [image: d=rt] for [image: t]:
 a. when [image: d=520] and [image: r=65]
 b. in general
 
 Solution We will write the solutions side-by-side to demonstrate that solving a formula in general uses the same steps as when we have numbers to substitute.
 	a. when [image: d=520] and [image: r = 65] 	b. in general 
 	Step 1: Write the formula. 	[image: d = rt] 	Step 1: Write the formula. 	[image: d=rt] 
 	Step 2: Substitute. 	[image: 520 = 65t] 	 	 
 	Step 3: Divide, to isolate [image: t]. 	[image: \frac{520}{65}=\frac{65t}{65}] 	Step 2: Divide, to isolate [image: t]. 	[image: \frac{d}{r}=\frac{rt}{r}] 
 	Step 4: Simplify. 	[image: 8 = t] 	Step 3: Simplify. 	[image: \frac{d}{r}=t] 
  
 We say the formula [image: t=\frac{d}{r}] is solved for [image: t].
  
 
 
 Try It
  7) Solve the formula [image: d=rt] for [image: r]
 a. when [image: d = 180] and [image: t = 4]
 b. in general
 
 Solution a.[image: r=45]
 b.[image: r=\frac{d}{t}]
  
 
 
 8) Solve the formula [image: d=rt] for [image: r]
 a. when [image: d = 780] and [image: t = 12]
 b. in general
 
 Solution a.[image: r=65]
 b. [image: r=\frac{d}{t}]
  
  
 
 
 
 
 Example 3.6.4
  Solve the formula [image: A=\frac{1}{2}bh] for [image: h]:
 a. when [image: A=90] and [image: b=15]
 b. in general
 
 Solution 	a. when [image: A=90]         and          [image: b=15] 	b. in general 
 	Step 1: Write the formula. 	[image: A=\frac12bh] 	Step 1: Write the formula. 	[image: A=\frac12bh] 
 	Step 2: Substitute. 	[image: 90=\frac12\cdot{\color[rgb]{1.0, 0.0, 0.0}15}\cdot h] 	 	 
 	Step 3: Clear the fractions. 	[image: {\color[rgb]{1.0, 0.0, 0.0}2}\cdot90={\color[rgb]{1.0, 0.0, 0.0}2}\cdot\frac1215h] 	Step 2: Clear the fractions. 	[image: {\color[rgb]{1.0, 0.0, 0.0}2}\cdot A={\color[rgb]{1.0, 0.0, 0.0}2}\cdot\frac12bh] 
 	Step 4: Simplify. 	[image: 180=15h] 	Step 3: Simplify. 	[image: 2A=bh] 
 	Step 5: Solve for [image: h]. 	[image: 12=h] 	Step 4: Solve for [image: h]. 	[image: \frac{2A}{b}=h] 
  
 We can now find the height of a triangle, if we know the area and the base, by using the formula [image: h=\frac{2A}{b}]
  
 
 
 
 
 
 Try It
  9) Use the formula [image: A=\frac{1}{2}bh] to solve for [image: h]
 a. when [image: A=170] and [image: b=17]
 b. in general
 
 Solution a. [image: h=20]
 b.[image: h=\frac{2A}{b}]
  
 
 
 10) Use the formula [image: A=\frac{1}{2}bh] to solve for [image: b]
 a. when [image: A=62] and [image: h=31]
 b. in general
 
 Solution a.[image: b=4]
 b.[image: b=\frac{2A}{h}]
  
 
 
 
 
 The formula [image: I=Prt] is used to calculate simple interest, [image: I], for a principal, [image: P], invested at rate, [image: r], for [image: t] years.
 
 
 
 Example 3.6.5
  Solve the formula [image: I=Prt] to find the principal, [image: P]:
 a. when [image: I=\$5,600], [image: r=4\%], [image: t=7\;years]
 b. in general
 
 Solution 	a. [image: \$5,600, r=4\%, t=7 years] 	b. in general 
 	Step 1: Write the formula. 	[image: I=Prt] 	Step 1: Write the formula. 	[image: I=Prt] 
 	Step 2: Substitute. 	[image: 5600=P(0.04)(7)] 	 	 
 	Step 3: Simplify. 	[image: 5600=P(0.28)] 	Step 2: Simplify. 	[image: I=P(rt)] 
 	Step 4: Divide, to isolate [image: P]. 	[image: \frac{560}{{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}28}}=\frac{P\left(0.28\right)}{{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}28}}] 	Step 3: Divide, to isolate [image: P]. 	[image: \frac I{{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}t}}=\frac{P\left(rt\right)}{{\color[rgb]{1.0, 0.0, 0.0}r}{\color[rgb]{1.0, 0.0, 0.0}t}}] 
 	Step 5: Simplify. 	[image: 20,000=P] 	Step 4: Simplify. 	[image: \frac{I}{rt}=P] 
 	The principal is 	[image: $20,000] 	 	[image: P=\frac{I}{rt}] 
  
  
 
 
 Try It
  11) Use the formula [image: I=Prt] to find the principal, [image: P]:
 a. when [image: I=\$2,160], [image: r=6\%], [image: t=3 years]
 b. in general
 
 Solution a.[image: \$12,000]
 b. [image: P=\frac{I}{rt}]
  
 
 
 12) Use the formula [image: I=Prt] to find the principal, [image: P]:
 a. when [image: I=\$5,400], [image: r=12\%], [image: t=5\;years]
 b. in general
 
 Solution a. [image: \$9,000]
 b. [image: P=\frac{I}{rt}]
  
 
 
 
 
 
 
 
 Later in this class, and in future algebra classes, you’ll encounter equations that relate two variables, usually [image: x] and [image: y]. You might be given an equation that is solved for [image: y] and need to solve it for [image: x], or vice versa. In the following example, we’re given an equation with both [image: x] and [image: y] on the same side and we’ll solve it for [image: y].
 Example 3.6.6
  Solve the formula [image: 3x+2y=18] for [image: y]:
 a. when [image: x=4]
 b. in general
 
 Solution 	a. when [image: x=4] 	b. in general 
 	Step 1: Substitute. 	[image: 3(4)+2y=18] 	 	 
 	Step 2: Subtract to isolate the
 [image: y]-term. 	[image: 12{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}+2y=18{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}] 	Step 1: Subtract to isolate the
 [image: y]-term. 	[image: 3x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}x}+2y=18{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}x}] 
 	Step 3: Divide. 	[image: \frac{2y}{\color[rgb]{1.0, 0.0, 0.0}2}=\frac6{\color[rgb]{1.0, 0.0, 0.0}2}] 	Step 2: Divide. 	[image: \frac{2y}{\color[rgb]{1.0, 0.0, 0.0}2}=\frac{18}{\color[rgb]{1.0, 0.0, 0.0}2}-\frac{3x}{\color[rgb]{1.0, 0.0, 0.0}2}] 
 	Step 4: Simplify. 	[image: y=3] 	Step 3: Simplify. 	[image: y=-\frac{3x}{2}+9] 
  
  
 
 
 Try It
  13) Solve the formula [image: 3x+4y=10] for [image: y]:
 a. when [image: x=\frac{14}{3}]
 b. in general
 
 Solution a. [image: y=1]
 b.[image: y=\frac{10-3x}{4}]
  
 
 
 14) Solve the formula [image: 5x+2y=18] for [image: y]:
 a. when [image: x=4]
 b. in general
 
 Solution a.[image: y=-1]
 b.[image: y=\frac{18-5x}{2}]
  
 
 
 
 
 In Examples 3.6.3 through 3.6.6 we used the numbers in part a. as a guide to solving in general in part b. Now we will solve a formula in general without using numbers as a guide.
 Example 3.6.7
  Solve the formula [image: P=a+b+c] for [image: a]
 
 Solution Step 1: We will isolate [image: a] on one side of the equation.
 [image: P=a+b+c]
 Step 2: Both [image: b] and [image: c] are added to [image: a], so we subtract them from both sides of the equation.
 [image: P{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}}=a+b+c{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}c}]
 Step 3: Simplify.
 [image: \begin{align*} P-b-c&=a\\ a&=P-b-b \end{align*}]
  
 
 
 
 
 
 Try It
  15) Solve the formula [image: P=a+b+c] for [image: b]
 
 Solution [image: b=P-a-c]
  
 
 
 16) Solve the formula [image: P=a+b+c] for [image: c]
 
 Solution [image: c=P-a-b]
  
  
 
 
 
 
 
 
 
 
 Example 3.6.8
  Solve the formula [image: 6x+5y=13] for [image: y]
 
 Solution Step 1: Subtract [image: 6x] from both sides to isolate the term with [image: y]
 [image: \begin{align*}&\;&6x{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}x}+5y&=13{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6}{\color[rgb]{1.0, 0.0, 0.0}x}\\ &\text{Simplify.}\;&5y&=13-6x \end{align*}]
 Step 2: Divide by [image: 5] to make the coefficient [image: 1].
 [image: \begin{align*}&\;&\frac{5y}{\color[rgb]{1.0, 0.0, 0.0}5}&=\frac{13-6x}{\color[rgb]{1.0, 0.0, 0.0}5}\\ &\text{Simplify.}\;&y&=\frac{13-6x}{5} \end{align*}]
 The fraction is simplified. We cannot divide [image: 13-6x] by [image: 5].
  
 
 
 Try It
  17) Solve the formula [image: 4x+7y=9] for [image: y].
 
 Solution [image: y=\frac{9-4x}{7}]
  
 
 
 18) Solve the formula [image: 5x+8y=1] for [image: y].
 
 Solution [image: y=\frac{1-5x}{8}]
  
 
 
 
 
 
 
 
 
 In the next example, we will solve this formula for the height.
 Example 3.6.9
  Solve the formula [image: V=\frac{1}{3}\pi r^2h] for [image: h].
 Solution Step 1: Write the formula.
 [image: V=\frac{1}{3}\pi r^2h]
 Step 2: Remove the fraction on the right.
 [image: \begin{align*}&\;&{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}\cdot}V&={\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}\cdot}\frac13\pi r^2h\\ &\text{Simplify.}\;&3V&=\pi r^2h \end{align*}]
 Step 4: Divide both sides by [image: \pi r^2]
 [image: \frac{3V}{\pi r^2}=h]
 We could now use this formula to find the height of a right circular cone when we know the volume and the radius of the base, by using the formula [image: h=\frac{3V}{\pi r^2}].
  
 
 Try It
  19) Use the formula [image: A=\frac{1}{2}bh] to solve for [image: b].
 
 Solution [image: b=\frac{2A}{h}]
  
 
 
 20) Use the formula [image: A=\frac{1}{2}bh] to solve for [image: h].
 
 Solution [image: h=\frac{2A}{b}]
  
 
 
 
 
 In the sciences, we often need to change temperature from Fahrenheit to Celsius or vice versa. If you travel in a foreign country, you may want to change the Celsius temperature to the more familiar Fahrenheit temperature.
 
 
 
 Example 3.6.10
  Solve the formula [image: C=\frac{5}{9}(F-32)] for [image: F].
 Solution Step 1: Write the formula.
 [image: C=\frac59(F-32)]
 Step 2: Remove the fraction on the right.
 [image: \begin{align*}&\;&{\color[rgb]{1.0, 0.0, 0.0}\frac95}C&={\color[rgb]{1.0, 0.0, 0.0}\frac95}\cdot\frac59\left(F-32\right)\\ &\text{Simplify.}\;&\frac95C&=(F-32) \end{align*}]
 Step 4: Add 32 to both sides.
 [image: \frac95C+32=F]
 We can now use the formula [image: F=\frac{9}{5}C+32] to find the Fahrenheit temperature when we know the Celsius temperature.
  
 
 Try It
  21) Solve the formula [image: F=\frac{9}{5}C+32] for [image: C].
 
 Solution [image: C=\frac{5}{9}(F-32)]
  
 
 
 22) Solve the formula [image: A=\frac{1}{2}h(b+B)] for [image: b].
 
 Solution [image: b=\frac{2A-Bh}{h}]
  
 
 
 
 
 The next example uses the formula for the surface area of a right cylinder.
 
 
 
 Example 3.6.11
  Solve the formula [image: S=2\pi r^2+2\pi rh] for [image: h].
 Solution Step 1: Write the formula.
 [image: S=2\pi r^2+2\pi r h]
 Step 2: Isolate the [image: h] term by subtracting [image: 2\pi r^2] from each side.
 [image: \begin{align*}&\;&S{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}π}{\color[rgb]{1.0, 0.0, 0.0}r}^{\color[rgb]{1.0, 0.0, 0.0}2}&=2\pi r^2{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}π}{\color[rgb]{1.0, 0.0, 0.0}r}^{\color[rgb]{1.0, 0.0, 0.0}2}+2\pi rh\\ &\text{Simplify.}\;&S-2\pi r^2&=2\pi r h \end{align*}]
 Step 3: Solve for [image: h] by dividing both sides by [image: 2\pi r]
 [image: \begin{align*}&\;&\frac{S-2\pi r^2}{2\pi r}&=\frac{2\pi r h}{2\pi r}\\ &\text{Simplify.}\;&\frac{S-2\pi r^2}{2\pi r}&=h \end{align*}]
  
 
 Try It
  23) Solve the formula [image: A=P + Prt] for [image: t].
 
 Solution [image: t=\frac{A-P}{Pr}]
  
 
 
 24) Solve the formula [image: A=P + Prt] for [image: r].
 
 Solution [image: r=\frac{A-P}{Pt}]
  
 
 
 
 
 Key Concepts
  	To Solve an Application (with a formula) 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
 	Translate into an equation. Write the appropriate formula for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 	Distance, Rate and Time
  For an object moving at a uniform (constant) rate, the distance travelled, the elapsed time, and the rate are related by the formula: [image: d=rt] where [image: d = distance], [image: r = rate], [image: t = time].
 	To solve a formula for a specific variable means to get that variable by itself with a coefficient of [image: 1] on one side of the equation and all other variables and constants on the other side.
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=1002#h5p-20 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
  
 
	

			
			


		
	
		
			
	
		

		3.7 Use a Problem-Solving Strategy and Applications

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Approach word problems with a positive attitude
 	Use a problem-solving strategy for word problems
 	Solve number problems
 	Translate and solve basic percent equations
 	Solve percent applications
 	Find percent increase and percent decrease
 	Solve simple interest applications
 	Solve applications with discount or mark-up
 
 
 
 Try It 
  Before you get started, take this readiness quiz:
 1) Translate “[image: 6] less than twice [image: x]” into an algebraic expression.
 2) Solve: [image: \frac{2}{3}x=24]
 3) Solve: [image: 3x+8=14]
 4) Convert [image: 4.5\%] to a decimal.
 5) Convert [image: 0.6] to a percent.
 6) Round [image: 0.875] to the nearest hundredth.
 7) Multiply [image: (4.5)(2.38)]
 8) Solve [image: 3.5=0.7n]
 9) Subtract [image: 50-37.45]
 
 
 
 Approach Word Problems with a Positive Attitude
 “If you think you can… or think you can’t… you’re right.”—Henry Ford
 The world is full of word problems! Will my income qualify me to rent that apartment? How much punch do I need to make for the party? What size diamond can I afford to buy my girlfriend? Should I fly or drive to my family reunion?
 How much money do I need to fill the car with gas? How much tip should I leave at a restaurant? How many socks should I pack for vacation? What size turkey do I need to buy for Thanksgiving dinner, and then what time do I need to put it in the oven? If my sister and I buy our mother a present, how much does each of us pay?
 Now that we can solve equations, we are ready to apply our new skills to word problems. Do you know anyone who has had negative experiences in the past with word problems? Have you ever had thoughts like the student below?
 
 Negative thoughts can be barriers to success.
 [image: A student is shown with thought bubbles saying “I don’t know whether to add, subtract, multiply, or divide!,” “I don’t understand word problems!,” “My teachers never explained this!,” “If I just skip all the word problems, I can probably still pass the class,” and “I just can’t do this!”]Figure 3.7.1 Negative thoughts can be barriers to success. 
 When we feel we have no control, and continue repeating negative thoughts, we set up barriers to success. We need to calm our fears and change our negative feelings.
 Start with a fresh slate and begin to think positive thoughts. If we take control and believe we can be successful, we will be able to master word problems! Read the positive thoughts in Figure 3.7.2 and say them out loud.
 Thinking positive thoughts is a first step towards success.
 [image: A student is shown with thought bubbles saying “While word problems were hard in the past, I think I can try them now,” “I am better prepared now. I think I will begin to understand word problems,” “I think I can! I think I can!,” and “It may take time, but I can begin to solve word problems.”]Figure 3.7.2 Thinking positive thoughts is a first step towards success. 
 Think of something, outside of school, that you can do now but couldn’t do 3 years ago. Is it driving a car? Snowboarding? Cooking a gourmet meal? Speaking a new language? Your past experiences with word problems happened when you were younger—now you’re older and ready to succeed!
 
 Use a Problem-Solving Strategy for Word Problems
 We have reviewed translating English phrases into algebraic expressions, using some basic mathematical vocabulary and symbols. We have also translated English sentences into algebraic equations and solved some word problems. The word problems applied math to everyday situations. We restated the situation in one sentence, assigned a variable, and then wrote an equation to solve the problem. This method works as long as the situation is familiar and the math is not too complicated.
 Now, we’ll expand our strategy so we can use it to successfully solve any word problem. We’ll list the strategy here, and then we’ll use it to solve some problems. We summarize below an effective strategy for problem-solving.
 HOW TO
 Use a Problem-Solving Strategy to Solve Word Problems.
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
 	Translate into an equation. It may be helpful to restate the problem in one sentence with all the important information. Then, translate the English sentence into an algebraic equation.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 
 Example 3.7.1
  Pilar bought a purse on sale for [image: \$18], which is one-half of the original price. What was the original price of the purse?
 
 Solution Step 1: Read the problem. Read the problem two or more times if necessary. Look up any unfamiliar words in a dictionary or on the internet.
 In this problem, is it clear what is being discussed? Is every word familiar?
 Step 2: Identify what you are looking for.
 Did you ever go into your bedroom to get something and then forget what you were looking for? It’s hard to find something if you are not sure what it is! Read the problem again and look for words that tell you what you are looking for!
 In this problem, the words “what was the original price of the purse” tell us what we need to find.
 Step 3: Name what we are looking for.
 Choose a variable to represent that quantity. We can use any letter for the variable, but choose one that makes it easy to remember what it represents.
 Let [image: p] = the original price of the purse.
 Step 4: Translate into an equation.
 It may be helpful to restate the problem in one sentence with all the important information. Translate the English sentence into an algebraic equation.
 Reread the problem carefully to see how the given information is related. Often, there is one sentence that gives this information, or it may help to write one sentence with all the important information. Look for clue words to help translate the sentence into algebra. Translate the sentence into an equation.
 Restate the problem in one sentence with all the important information.
 [image: \underbrace{18}\;\underbrace{\text{is}}\underbrace{\;\text{one-half the original price.}}]
 Translate into an equation.
 [image: 18\;=\;\frac12\;\times\;p]
 Step 5: Solve the equation using good algebraic techniques.
 Even if you know the solution right away, using good algebraic techniques here will better prepare you to solve problems that do not have obvious answers.
 Solve the equation:
 [image: \begin{align*}&\;&18&=\frac12p\\ &\text{Multiply both sides by 2.}\;\;&{\color[rgb]{1.0, 0.0, 0.0}2}\;\times\;18&={\color[rgb]{1.0, 0.0, 0.0}2}\;\times\;\frac12p\\ &\text{Simplify}\;\;&36&=p\\ \end{align*}]
 Step 6: Check the answer in the problem to make sure it makes sense.
 We solved the equation and found that [image: p=36], which means “the original price” was [image: \$36].
 Does [image: $36] make sense in the problem? Yes, because [image: 18] is one-half of [image: 36], and the purse was on sale at half the original price.
 Step 7: Answer the question with a complete sentence. The problem asked “What was the original price of the purse?”
 The answer to the question is: “The original price of the purse was [image: $36].”
 
 If this were a homework exercise, our work might look like this:
 Pilar bought a purse on sale for [image: \$18], which is one-half the original price. What was the original price of the purse?
 Let [image: p=] the original price.
 [image: 18] is one-half the original price.
 [image: \begin{align*}&\;&18&=\frac12p\\ &\text{Multiply both sides by 2.}\;\;&{\color[rgb]{1.0, 0.0, 0.0}2}\;\times\;18&={\color[rgb]{1.0, 0.0, 0.0}2}\;\times\;\frac12p\\ &\text{Simplify}\;\;&36&=p\\ \end{align*}]
 Step 8: Check. Is [image: \$36] a reasonable price for a purse? 
 Yes.
 Is [image: 18] one half of [image: 36]?
 [image: \begin{align*} 18&\overset?=\frac12\times36\\ 18&=18\checkmark \end{align*}]
 The original price of the purse was [image: \$36].
  
 
 
 Try It 
  10) Joaquin bought a bookcase on sale for [image: \$120], which was two-thirds of the original price. What was the original price of the bookcase?
 
 Solution [image: \$180]
  
 
 
 11) Two-fifths of the songs in Mariel’s playlist are country. If there are [image: 16] country songs, what is the total number of songs in the playlist?
 
 Solution [image: 40]
  
 
 
 
 
 Let’s try this approach with another example.
 
 Example 3.7.2
  Ginny and her classmates formed a study group. The number of girls in the study group was three more than twice the number of boys. There were [image: 11] girls in the study group. How many boys were in the study group?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 How many boys were in the study group?
 Step 3: Name. Choose a variable to represent the number of boys.
 Let [image: n=] the number of boys.
 Step 4: Translate. Restate the problem in one sentence with all the important information.
 [image: \underbrace{\text{The number of girls}\;(11)}\;\underbrace{\text{was}}\underbrace{\;\text{three more than twice the number of boys.}}]
 Translate into an equation.
 [image: 11\;=\;2b\;+3]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&11\;&=\;2b\;+3\\ &\text{Subtract 3 from each side}&11\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}3}\;&=\;2b\;+3\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}3}\\ &\text{Simplify}&8&=2b\\ &\text{Divide each side by 2}&\frac8{\color[rgb]{1.0, 0.0, 0.0}2}\;&=\;\frac{2b}{\color[rgb]{1.0, 0.0, 0.0}2}\\ &\text{Simplify}&4&=b \end{align*}]
 Step 6: Check. First, is our answer reasonable?
 Yes, having [image: 4] boys in a study group seems OK. The problem says the number of girls was [image: 3] more than twice the number of boys. If there are four boys, does that make eleven girls? Twice [image: 4] boys is [image: 8]. Three more than [image: 8] is [image: 11].
 Step 7: Answer the question.
 There were [image: 4] boys in the study group.
  
 
 
 Try It 
  12) Guillermo bought textbooks and notebooks at the bookstore. The number of textbooks was [image: 3] more than twice the number of notebooks. He bought [image: 7] textbooks. How many notebooks did he buy?
 Solution [image: 2]
  
 
 
 13) Gerry worked Sudoku puzzles and crossword puzzles this week. The number of Sudoku puzzles he completed is eight more than twice the number of crossword puzzles. He completed [image: 22] Sudoku puzzles. How many crossword puzzles did he do?
 
 Solution [image: 7]
  
 
 
 
 
 
 Solve Number Problems
 Now that we have a problem-solving strategy, we will use it on several different types of word problems. The first type we will work on is “number problems.” Number problems give some clues about one or more numbers. We use these clues to write an equation. Number problems don’t usually arise on an everyday basis, but they provide a good introduction to practicing the problem-solving strategy outlined above.
 Example 3.7.3
  The difference of a number and six is [image: 13]. Find the number.
 Solution Step 1: Read the problem. Are all the words familiar?
 Step 2: Identify what we are looking for.
 The number.
 Step 3: Name. Choose a variable to represent the number.
 Let [image: n] = the number.
 Step 4: Translate. Remember to look for clue words like “difference… of… and…”
 Restate the problem as one sentence.
 [image: \underbrace{\text{The difference of the number and}\;6}\;\underbrace{\text{is}}\underbrace{\;13.}]
 Translate into an equation.
 [image: n-6=13]
 Step 5: Solve the equation.
 Simplify.
 [image: \begin{align*}n-6&=13\\n&=19\end{align*}]
 Step 6: Check.
 The difference of [image: 19] and [image: 6] is [image: 13]. It checks!
 Step 7: Answer the question.
 The number is [image: 19].
  
 
 Try It 
  14) The difference of a number and eight is [image: 17]. Find the number.
 
 Solution [image: 25]
  
 
 
 15) The difference of a number and eleven is [image: -7]. Find the number.
 
 Solution [image: 4]
  
 
 
 
 
 Example 3.7.4
  The sum of twice a number and seven is [image: 15]. Find the number.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 The number.
 Step 3: Name. Choose a variable to represent the number.
 Let [image: n] = the number.
 Step 4: Translate.
 Restate the problem as one sentence.
 [image: \underbrace{\text{The sum of twice a number and}\;7}\;\underbrace{\text{is}}\underbrace{\;13.}]
 Translate into an equation.
 [image: 2n\;+\;7\;=\;15]
 Step 5: Solve the equation.
 [image: \begin{align*} &\text{Subtract 7 from each side and simplify.}&2n+7&=15\\ &\text{Divide each side by 2 and simplify.}&2n&=8\\ &\;&n&=4 \end{align*}]
 Step 6: Check.
 Is the sum of twice [image: 4] and [image: 7] equal to [image: 15]?
 Step 7: Answer the question.
 The number is [image: 4].
 Did you notice that we left out some of the steps as we solved this equation? If you’re not yet ready to leave out these steps, write down as many as you need.
  
 
 
 
 
 
 Try It 
  16) The sum of four times a number and two is [image: 14]. Find the number.
 
 Solution [image: 3]
  
 
 
 17) The sum of three times a number and seven is [image: 25]. Find the number.
 
 Solution [image: 6]
  
 
 
 
 
 Some number word problems ask us to find two or more numbers. It may be tempting to name them all with different variables, but so far we have only solved equations with one variable. In order to avoid using more than one variable, we will define the numbers in terms of the same variable. Be sure to read the problem carefully to discover how all the numbers relate to each other.
 
 
 
 Example 3.7.5
  One number is five more than another. The sum of the numbers is [image: 21]. Find the numbers.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for two numbers.
 Step 3: Name. We have two numbers to name and need a name for each.
 Choose a variable to represent the first number.
 [image: n=1^{st}\;number]
 What do we know about the second number?
 [image: n+5=2^{nd}\;number]
 Step 4: Translate. Restate the problem as one sentence with all the important information.
 The sum of the 1st number and the 2nd number is [image: 21].
 Translate into an equation.
 [image: \underbrace{1^{st}\;\text{number}}\;+\;\underbrace{2^{nd}\;\text{number}}\;\underbrace=\;\underbrace{21}]
 Substitute the variable expressions.
 [image: n+n+5=21]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&n+n+5&=21\\ &\text{Combine like terms.}&2n+5&=21\\ &\text{Subtract 5 from both sides and simplify.}&2n&=16\\ &\text{Divide by 2 and simplify.}&n&=8\;\;\;&1^{st}\;number\\ &\text{Find the second number, too}&{\color[rgb]{1.0, 0.0, 0.0}n}&+5\;\;\;&2^{nd}\;number\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}8}+5&=13\;&\end{align*}]
 Step 6: Check.
 Do these numbers check in the problem?
 [image: \begin{align*}&\text{Is one number 5 more than the other?}\;&13&\overset?=8+5\\ &\text{Is thirteen 5 more than 8? Yes.}\;&13&=13\checkmark\\ &\text{Is the sum of the two numbers 21?}\;&8+13&\overset?=21\\ &\;&21&=21\checkmark \end{align*}]
 Step 7: Answer the question.
 The numbers are [image: 8] and [image: 13].
  
 
 
 Try It 
  18) One number is six more than another. The sum of the numbers is twenty-four. Find the numbers.
 
 Solution [image: 9], [image: 15]
  
 
 
 19) The sum of two numbers is fifty-eight. One number is four more than the other. Find the numbers.
 
 Solution [image: 27], [image: 31]
  
 
 
 
 
 Example 3.7.6
  The sum of two numbers is negative fourteen. One number is four less than the other. Find the numbers.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for two numbers.
 Step 3: Name.
 Choose a variable.
 [image: n=1^{st}\;number]
 One number is [image: 4] less than the other.
 [image: n-4=2^{nd}\;number]
 Step 4: Translate. 
 The sum of the [image: 2] numbers is negative [image: 14].
 Write as one sentence.
 [image: \underbrace{1^{st}\;\text{number}}\;+\;\underbrace{2^{nd}\;\text{number}}\underbrace{\;\text{is}\;}\underbrace{\text{negative}\;14}]
 Translate into an equation.
 [image: n\;+\;n-4\;=\;-14]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&n+n-4&=-14\\ &\text{Combine like terms.}\;&2n-4&=-14\\ &\text{Add 4 to each side and simplify.}\;&2n&=-10\\ &\;&n&=-5\;\;&1^{st}\;number\\&\text{Simplify.}\;&{\color[rgb]{1.0, 0.0, 0.0}n}&-4\;\;&2^{nd}\;number\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}-5}-4&=-9\;&\end{align*}]
 Step 6: Check.
 [image: \begin{align*} &\text{Is -9 four less than -5?}\;&-5-4&\overset?=-9\\ &\;&-9&=-9\checkmark\\ &\text{Is their sum -14?}\;&-5+(-9)&\overset?=-14\\ &\;&-14&=-14\checkmark\end{align*}]
 Step 7: Answer the question.
 The numbers are [image: −5] and [image: −9].
  
 
 
 
 
 
 Try It 
  20) The sum of two numbers is negative twenty-three. One number is seven less than the other. Find the numbers.
 
 Solution [image: -15], [image: -8]
  
 
 
 21) The sum of two numbers is [image: -18]. One number is [image: 40] more than the other. Find the numbers.
 
 Solution [image: -29],[image: 11]
  
 
 
 
 
 Example 3.7.7
  One number is ten more than twice another. Their sum is one. Find the numbers.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what you are looking for.
 We are looking for two numbers.
 Step 3: Name.
 Choose a variable.
 [image: x=1^{st}\;number]
 One number is [image: 10] more than twice another.
 [image: 2x+10=2^{nd}\;number]
 Step 4: Translate.
 Their sum is one.
 Restate as one sentence.
 The sum of the two numbers is [image: 1].
 Translate into an equation.
 [image: x+2x+10=1]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&x+2x+10&=1\\ &\text{Combine like terms.}\;&3x+10&=1\\ &\text{Subtract 10 from each side.}\;&3x&=-9\\ &\text{Divide each side by 3.}\;&x&=-3\;\;\;&1^{st}\;number\\ &\;&2{\color[rgb]{1.0, 0.0, 0.0}x}&+10\;\;\;&2^{nd}\;number\\ &\;&2({\color[rgb]{1.0, 0.0, 0.0}-3})+10&=4&\;\end{align*}]
 Step 6: Check.
 [image: \begin{align*} &\text{Is ten more than twice −3 equal to 4?}\;&2(-3)+10&\overset?=4\\ &\;&-6+10&\overset?=4\\ &\;&4&=4\checkmark\\ &\text{Is their sum 1?}\;&-3+4&\overset?=1\\ &\;&\;1&=1 \end{align*}]
 Step 7: Answer the question.
 The numbers are [image: −3] and [image: −4].
  
 
 
 
 
 
 Try It 
  22) One number is eight more than twice another. Their sum is negative four. Find the numbers.
 
 Solution [image: -4], [image: 0]
  
 
 
 23) One number is three more than three times another. Their sum is [image: -5]. Find the numbers.
 
 Solution [image: -3], [image: -2]
  
 
 
 
 
 Some number problems involve consecutive integers. Consecutive integers are integers that immediately follow each other. Examples of consecutive integers are:
 
 
 
 [image: 1], [image: 2], [image: 3], [image: 4]
 [image: -10], [image: -9], [image: -8], [image: -7]
 [image: 150], [image: 151], [image: 152], [image: 153]
 Notice that each number is one more than the number preceding it. So if we define the first integer as [image: n], the next consecutive integer is [image: n+1]. The one after that is one more than [image: n+1], so it is [image: n+1+1], which is [image: n+2].
 	[image: n] 	1st integer 
 	[image: n+1] 	2nd consecutive integer 
 	[image: n+2] 	3rd consecutive integer… etc. 
  
 Example 3.7.8
  The sum of two consecutive integers is [image: 47]. Find the numbers.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what you are looking for.
 Two consecutive integers.
 Step 3: Name each number.
 [image: \begin{align*} n&=\;1^{st}\;integer \\ n+1&=\;2^{nd}\;next\;consecutive\;integer \end{align*}]
 Step 4: Translate. 
 Restate as one sentence.
 The sum of the integers is [image: 47].
 Translate into an equation.
 [image: n+n+1=47]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&n+n+1&=47\\ &\text{Combine like terms.}\;&2x+1&=47\\ &\text{Subtract 1 from each side.}\;&2n&=46\\ &\text{Divide each side by 2.}\;&n&=23\;\;\;&1^{st}\;integer\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}n}&+1\;\;\;&2^{nd}\;integer\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}23}+1&=24\;&\end{align*}]
 Step 6: Check.
 [image: \begin{align*} 23+24&\overset?=47\\ 47&=47\checkmark\\ \end{align*}]
 Step 7: Answer the question.
 The two consecutive integers are [image: 23] and [image: 24].
  
 
 
 
 Try It 
  24) The sum of two consecutive integers is [image: 95]. Find the numbers.
 
 Solution [image: 47], [image: 48]
  
 
 
 25) The sum of two consecutive integers is [image: -31]. Find the numbers.
 
 Solution [image: -16], [image: -15]
  
 
 
 
 
 Example 3.7.9
  Find three consecutive integers whose sum is [image: -42].
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 three consecutive integers
 Step 3: Name each of the three numbers.
 [image: \begin{align*} n&=1^{st}\;integer \\ n+1&=2^{nd}\;consecutive\;integer\\ n+2&=3^{rd}\;consecutive\;integer \end{align*}]
 Step 4: Translate.
 Restate as one sentence.
 The sum of the three integers is [image: −42].
 Translate into an equation.
 [image: n+n+1+n+2=-42]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&n+n+1+n+2&=-42\\ &\text{Combine like terms.}\;&3n+3&=-42\\ &\text{Subtract 3 from each side.}\;&3n&=-45\\ &\text{Divide each side by 3.}\;&n&=-15\;\;\;&1^{st}\;integer\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}n}&+1\\&\;&{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}15}+1&=-14\;\;\;&2^{nd}\;integer&\\&\;&{\color[rgb]{1.0, 0.0, 0.0}-15}+2&=-13\;\;\;&3^{rd}\;integer\;&\end{align*}]
 Step 6: Check.
 [image: \begin{align*} -13+(-14)+(-15)&\overset?=-42\\-42&=-42\checkmark \end{align*}]
 Step 7: Answer the question.
 The three consecutive integers are [image: −13], [image: −14], and [image: −15].
  
 
 
 
 
 
 Try It 
  26) Find three consecutive integers whose sum is [image: -96].
 
 Solution [image: -33], [image: -32], [image: -31]
  
 
 
 27) Find three consecutive integers whose sum is [image: -36].
 
 Solution [image: -13], [image: -12], [image: -11]
  
 
 
 
 
 
 
 
 Now that we have worked with consecutive integers, we will expand our work to include consecutive even integers and consecutive odd integers. Consecutive even integers are even integers that immediately follow one another. Examples of consecutive even integers are:
 [image: 18], [image: 20], [image: 22]
 [image: 64], [image: 66], [image: 68]
 [image: -12], [image: -10], [image: -8]
 Notice each integer is [image: 2] more than the number preceding it. If we call the first one [image: n], then the next one is [image: n+2]. The next one would be [image: n+2+2] or [image: n+4].
 	[image: n] 	1st even integer 
 	[image: n+2] 	2nd consecutive even integer 
 	[image: n+4] 	3rd consecutive even integer… etc. 
  
 Consecutive odd integers are odd integers that immediately follow one another. Consider the consecutive odd integers [image: 77], [image: 79], and [image: 81].
 [image: 77], [image: 79], [image: 81]
 [image: n], [image: n+2], [image: n+4]
 	[image: n] 	1st odd integer 
 	[image: n+2] 	2nd consecutive odd integer 
 	[image: n+4] 	3rd consecutive odd integer… etc. 
  
 Does it seem strange to add [image: 2] (an even number) to get from one odd integer to the next? Do you get an odd number or an even number when we add [image: 2] to [image: 3]? to [image: 11]? to [image: 47]?
 Whether the problem asks for consecutive even numbers or odd numbers, you don’t have to do anything different. The pattern is still the same—to get from one odd or one even integer to the next, add [image: 2] .
 
 Example 3.7.10
  Find three consecutive even integers whose sum is [image: 84].
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 three consecutive even integers
 Step 3: Name the integers.
 Let [image: \begin{align*} n&=1^{st}\;integer \\ n+2&=2^{nd}\;consecutive\;even\;integer\\ n+4&=3^{rd}\;consecutive\;even\;integer \end{align*}]
 Step 4: Translate.
 Restate as one sentence.
 The sum of the three even integers is [image: 84].
 Translate into an equation.
 [image: n+n+2+n+4=84]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&n+n+2+n+4&=84\\ &\text{Combine like terms.}\;&3n+6&=84\\ &\text{Subtract 6 from each side.}\;&3n+6-6&=84-6\\ &\text{Divide each side by 3.}\;&3n&=78\\ &\;&n&=26\;&1^{st}\;integer\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}n}&+2\;\;\;&2^{nd}\;integer\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}26}+2&=28\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}n}&+4\;\;\;&3^{rd}\;integer\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}26}+4&=30 \end{align*}]
 Step 6: Check.
 [image: \begin{align*}26+28+30&\overset?=84\\ 84&=84\checkmark \end{align*}]
 Step 7: Answer the question.
 The three consecutive integers are [image: 26], [image: 28], and [image: 30].
  
 
 
 Try It 
  28) Find three consecutive even integers whose sum is [image: 102].
 
 Solution [image: 32], [image: 34], [image: 36]
  
 
 
 29) Find three consecutive even integers whose sum is [image: -24].
 
 Solution [image: -10], [image: -8], [image: -6]
  
 
 
 
 
 
 
 
 Example 3.7.11
  A married couple together earns [image: \$110,000] a year. The wife earns [image: \$16,000] less than twice what her husband earns. What does the husband earn?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 How much does the husband earn?
 Step 3: Name.
 Choose a variable to represent the amount the husband earns.
 Let [image: h=] the amount the husband earns.
 The wife earns [image: \$16,000] less than twice that.
 [image: 2h-16,000] the amount the wife earns.
 Together the husband and wife earn $110,000.
 Step 4: Translate. 
 Restate the problem in one sentence with all the important information.
 [image: \underbrace{\text{The amount the husband earns}\;}+\;\underbrace{\text{the amount the wife earns}}\;\underbrace{\text{is}}\;\underbrace{\$110,000}]
 Translate into an equation.
 [image: h+2h-16,000=110,000]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&h+2h-16,000&=110,000\\ &\text{Combine like terms.}\;&3h-16,000&=110,000\\ &\text{Add 16,000 to both sides and simplify.}\;&3h&=126,000\\ &\text{Divide each side by 3.}\;&h&=42,000\\ &\;&\;&\$42,000\;\;\;&the\;amount\;the\;husband\;earns\\ &\;&\;&2{\color[rgb]{1.0, 0.0, 0.0}h}-16\;\;\;&the\;amount\;the\;wife\;earns\\ &\;&2({\color[rgb]{1.0, 0.0, 0.0}42,000})&-16,000\\ &\;&84,000-16,000&=68,000 \end{align*}]
 Step 6: Check.
 If the wife earns [image: \$68,000] and the husband earns [image: \$42,000] is the total [image: $110,000]? Yes!
 Step 7: Answer the question.
 The husband earns [image: \$42,000] a year.
  
 
 
 
 
 
 Try It 
  30) According to the National Automobile Dealers Association, the average cost of a car in 2014 was [image: \$28,500]. This was [image: \$1,500] less than [image: 6] times the cost in 1975. What was the average cost of a car in 1975?
 
 Solution [image: \$5,000]
  
 
 
 31) U.S. Census data shows that the median price of new home in the United States in November 2014 was [image: \$280,900]. This was [image: \$10,700] more than 14 times the price in November 1964. What was the median price of a new home in November 1964?
 
 Solution [image: \$19,300]
  
 
 
 
 
 Translate and Solve Basic Percent Equations
 
 
 
 We will solve percent equations using the methods we used to solve equations with fractions or decimals. Without the tools of algebra, the best method available to solve percent problems was by setting them up as proportions. Now as an algebra student, you can just translate English sentences into algebraic equations and then solve the equations.
 We can use any letter you like as a variable, but it is a good idea to choose a letter that will remind us of what you are looking for. We must be sure to change the given percent to a decimal when we put it in the equation.
 Example 3.7.12
  Translate and solve: What number is [image: 35\%] of [image: 90]?
 
 Solution [image: \underbrace{\text{What number}}\;\underbrace{\text{is}}\;\underbrace{35\%}\underbrace{\text{of}}\;\underbrace{90?}]
 Step 1: Translate into algebra. Let [image: n=] the number.
 Remember “of” means multiply, “is” means equals.
 [image: n=0.25\cdot90]
 Step 2: Multiply.
 [image: n=31.5]
 [image: 31.5] is [image: 35\%] of [image: 90].
  
 
 
 Try It 
  32) Translate and solve:
 What number is [image: 45\%] of [image: 80]?
 
 Solution [image: 36]
  
 
 
 33) Translate and solve:
 What number is [image: 55\%] of [image: 60]?
 
 Solution [image: 33]
  
 
 
 
 
 
 
 
 We must be very careful when we translate the words in the next example. The unknown quantity will not be isolated at first, like it was in Example 3.7.12. We will again use direct translation to write the equation.
 Example 3.7.13
  Translate and solve: [image: 6.5\%] of what number is [image: \$1.17]?
 
 Solution [image: \underbrace{6.5\%}\underbrace{\text{of}}\;\underbrace{\text{what number}}\;\underbrace{\text{is}}\;\underbrace{\$1.17?}]
 Step 1: Translate. Let [image: n=] the number.
 [image: 0.065\cdot n=1.17]
 Step 2: Solve.
 [image: \begin{align*}&\;&0.065\cdot n&=1.17\\ &\text{Multiply.}\;&0.065n&=1.17\\ &\text{Divide both sides by 0.065 and simplify.}\;&n&=18\\ \end{align*}]
 [image: 6.5\%] of [image: \$18] is [image: \$1.17].
  
 
 
 Try It 
  34) Translate and solve: [image: 7.5\%] of what number is [image: \$1.95]?
 
 Solution [image: \$26]
  
 
 
 35) Translate and solve: [image: 8.5\%] of what number is [image: \$3.06]?
 
 Solution [image: \$36]
  
 
 
 
 
 In the next example, we are looking for the percent.
 
 
 
 
 Example 3.7.14
  Translate and solve: [image: 144] is what percent of [image: 96]?
 
 Solution [image: \underbrace{144}\;\underbrace{\text{is}}\;\underbrace{\text{what percent}}\;\underbrace{\text{of}}\;\underbrace{96?}]
 Step 1: Translate into algebra. Let [image: p=] the percent.
 [image: 144=p\cdot96]
 Step 2: Solve.
 [image: \begin{align*}&\;&144&=p\cdot96\\ &\text{Multiply.}\;&144&=96p\\ &\text{Divide both sides by 96 and simplify.}\;&1.5&=p\\ &\text{Convert to percent.}\;&150\%&=p\\ \end{align*}]
 [image: 144] is [image: 150\%] of [image: 96].
 Note that we are asked to find percent, so we must have our final result in percent form.
  
 
 
 Try It 
  36) Translate and solve:
 [image: 110] is what percent of [image: 88]?
 
 Solution [image: 125\%]
  
 
 
 37) Translate and solve:
 [image: 126] is what percent of [image: 72]?
 
 Solution [image: 175\%]
  
 
 
 
 
 Solve Applications of Percent
 
 
 
 
 Many applications of percent—such as tips, sales tax, discounts, and interest—occur in our daily lives. To solve these applications we’ll translate to a basic percent equation, just like those we solved in previous examples. Once we translate the sentence into a percent equation, we know how to solve it.
 We will restate the problem solving strategy we used earlier for easy reference.
 HOW TO
 Use a Problem-Solving Strategy to Solve an Application.
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
 	Translate into an equation. It may be helpful to restate the problem in one sentence with all the important information. Then, translate the English sentence into an algebraic equation.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 Now that we have the strategy to refer to, and have practised solving basic percent equations, we are ready to solve percent applications. Be sure to ask yourself if your final answer makes sense—since many of the applications will involve everyday situations, you can rely on your own experience.
 
 Example 3.7.15
  Dezohn and his girlfriend enjoyed a nice dinner at a restaurant and his bill was [image: \$68.50]. He wants to leave an [image: 18\%] tip. If the tip will be [image: 18\%] of the total bill, how much tip should he leave?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the amount of tip should Dezohn leave
 Step 3: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: t =] amount of tip.
 Step 4: Translate into an equation.
 Write a sentence that gives the information to find it.
 The tip is 18% of the total bill.
 Translate the sentence into an equation.
 [image: \underbrace{\text{The tip}}\underbrace{\;\text{is}}\;\underbrace{18\%}\;\underbrace{\text{of}}\;\underbrace{\$68.50}]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&t&=0.18\cdot68.50\\ &\text{Multiply.}\;&t&=12.33\\ \end{align*}]
 Step 6: Check. Does this make sense?
 Yes, [image: 20\%] of [image: \$70] is [image: \$14].
 Step 7: Answer the question with a complete sentence.
 Dezohn should leave a tip of [image: \$12.33].
 Notice that we used [image: t] to represent the unknown tip.
  
 
 
 
 
 Try It 
  38) Cierra and her sister enjoyed a dinner in a restaurant and the bill was [image: \$81.50]. If she wants to leave [image: 18\%] of the total bill as her tip, how much should she leave?
 
 Solution [image: \$14.67]
  
 
 
 39) Kimngoc had lunch at her favourite restaurant. She wants to leave [image: 15\%] of the total bill as her tip. If her bill was [image: \$14.40], how much will she leave for the tip?
 
 Solution [image: \$2.16]
  
 
 
 
 
 Example 3.7.16
  The label on Masao’s breakfast cereal said that one serving of cereal provides [image: 85] milligrams (mg) of potassium, which is [image: 2\%] of the recommended daily amount. What is the total recommended daily amount of potassium?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the total amount of potassium that is recommended
 Step 3: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: a=] total amount of potassium.
 Step 4: Translate.
 Write a sentence that gives the information to find it.
 [image: \underbrace{85mg}\;\underbrace{\text{is}}\;\underbrace{2\%}\;\underbrace{\text{of the}}\;\underbrace{\text{total amount}}]
 Translate into an equation.
 [image: 85=0.02\cdot a]
 Step 5: Solve the equation.
 [image: \begin{align*}85&=0.02\cdot a\\ 4,250&=a \end{align*}]
 Step 6: Check. Does this make sense?
 Yes, [image: 2\%] is a small percent and [image: 85] is a small part of [image: 4,250].
 Step 7: Answer the question with a complete sentence.
 The amount of potassium that is recommended is [image: 4,250 mg].
  
 
 
 
 
 
 Try It 
  40) One serving of wheat square cereal has seven grams of fibre, which is [image: 28\%] of the recommended daily amount. What is the total recommended daily amount of fibre?
 
 Solution [image: 25 g]
  
 
 
 41) One serving of rice cereal has [image: 190 mg] of sodium, which is [image: 8\%] of the recommended daily amount. What is the total recommended daily amount of sodium?
 
 Solution [image: 2,375 mg]
  
 
 
 
 
 Example 3.7.17
  Mitzi received some gourmet brownies as a gift. The wrapper said each brownie was [image: 480] calories, and had [image: 240] calories of fat. What percent of the total calories in each brownie comes from fat?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the percent of the total calories from fat
 Step 3: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: p=] percent of fat.
 Step 4: Translate. Write a sentence that gives the information to find it.
 [image: \underbrace{\text{What percent}}\;\underbrace{\text{of}}\;\underbrace{480}\;\underbrace{\text{is}}\;\underbrace{240?}]
 Translate into an equation.
 [image: p\cdot480=240]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&480p&=240\\ &\text{Divide by 480}\;\;&p&=0.5\\ &\text{Put in percent form}\;\;&p&=50\%\\ \end{align*}]
 Step 6: Check. Does this make sense?
 Yes, [image: 240] is half of [image: 480], so [image: 50\%] makes sense.
 Step 7: Answer the question with a complete sentence.
 Of the total calories in each brownie, [image: 50\%] is fat.
  
 
 
 
 
 
 Try It 
  42) Solve. Round to the nearest whole percent.
 Veronica is planning to make muffins from a mix. The package says each muffin will be [image: 230] calories and [image: 60] calories will be from fat. What percent of the total calories is from fat?
 
 Solution [image: 26\%]
  
 
 
 43) Solve. Round to the nearest whole percent.
 The mix Ricardo plans to use to make brownies says that each brownie will be [image: 190] calories, and [image: 76] calories are from fat. What percent of the total calories are from fat?
 
 Solution [image: 40\%]
  
 
 
 
 
 Find Percent Increase and Percent Decrease
 
 
 
 
 People in the media often talk about how much an amount has increased or decreased over a certain period of time. They usually express this increase or decrease as a percent.
 To find the percent increase, first we find the amount of increase, the difference of the new amount and the original amount. Then we find what percent the amount of increase is of the original amount.
 HOW TO
 Find the Percent Increase.
 	Find the amount of increase.
 new amount − original amount = increase
 	Find the percent increase.
  The increase is what percent of the original amount?
 
 
 Example 3.7.18
  In 2011, the California governor proposed raising community college fees from [image: \$26] a unit to [image: \$36] a unit. Find the percent increase. (Round to the nearest tenth of a percent.)
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the percent increase
 Step 3: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: p=] the percent.
 Step 4: Translate.
 Write a sentence that gives the information to find it.
 new amount − original amount = increase
 First find the amount of increase.
 [image: 36-26=10]
 Find the percent.
 Increase is what percent of the original amount?
 [image: \underbrace{10}\underbrace{\;\text{is}}\;\underbrace{\text{what percent}}\;\underbrace{\text{of}}\underbrace{\;26?}]
 Translate into an equation.
 [image: 10=p\cdot 26]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&10&=26p\\ &\text{Divide by 26.}\;&0.384&=p\\ &\text{Change to percent form; round to the nearest tenth.}\;&38.4\%&=p\\ \end{align*}]
 Step 6: Check. Does this make sense?
 Yes, [image: 38.4\%] is close to [image: \frac{1}{3}] and [image: 10] is close to [image: \frac{1}{3}] of [image: 26].
 Step 7: Answer the question with a complete sentence.
 The new fees represent a [image: 38.4\%] increase over the old fees.
 Notice that we rounded the division to the nearest thousandth in order to round the percent to the nearest tenth.
  
 
 
 
 
 Try It 
  44) Find the percent increase. (Round to the nearest tenth of a percent.)
 In 2011, the IRS increased the deductible mileage cost to [image: 55.5] cents from [image: 51] cents.
 
 Solution [image: 8.8\%]
  
 
 
 45) Find the percent increase.
 In 1995, the standard bus fare in Chicago was [image: \$1.50]. In 2008, the standard bus fare was [image: \$2.25].
 
 Solution [image: 50\%]
  
 
 
 
 
 Finding the percent decrease is very similar to finding the percent increase, but now the amount of decrease is the difference of the original amount and the new amount. Then we find what percent the amount of decrease is of the original amount.
 
 
 
 HOW TO 
 Find the Percent Decrease.
 	Find the amount of decrease.
  original amount − new amount = decrease
 	Find the percent decrease.
  Decrease is what percent of the original amount?
 
 
 Example 3.7.19
  The average price of a gallon of gas in one city in June 2014 was [image: \$3.71]. The average price in that city in July was [image: \$3.64]. Find the percent decrease.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the percent decrease
 Step 3: Name what we are looking for.
 Choose a variable to represent that quantity.
 Let [image: p] = the percent decrease.
 Step 4: Translate.
 Write a sentence that gives the information to find it.
 First find the amount of decrease.
 [image: 3.71 - 3.64 = 0.07]
 Find the percent.
 Decrease is what percent of the original amount?
 [image: \underbrace{0.07}\underbrace{\;\text{is}}\;\underbrace{\text{what percent}}\;\underbrace{\text{of}}\underbrace{\;3.71?}]
 Translate into an equation.
 [image: 0.07=p\cdot3.71]
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&0.07&=3.71p\\ &\text{Divide by 3.71.}\;&0.019&=p\\ &\text{Change to percent form; round to the nearest tenth.}\;&1.9\%&=p\\ \end{align*}]
 Step 6: Check. Does this make sense?
 Yes, if the original price was [image: \$4], a [image: 2\%] decrease would be [image: 8] cents.
 Step 7: Answer the question with a complete sentence.
 The price of gas decreased [image: 1.9\%].
  
 
 
 
 
 Try It 
  46) Find the percent decrease. (Round to the nearest tenth of a percent.)
 The population of North Dakota was about [image: 672,000] in 2010. The population is projected to be about [image: 630,000] in 2020.
 
 Solution [image: 6.3\%]
  
 
 
 47) Find the percent decrease.
 Last year, Sheila’s salary was [image: \$42,000]. Because of furlough days, this year, her salary was [image: \$37,800].
 
 Solution [image: 10\%]
  
 
 
 
 
 Solve Simple Interest Applications
 Do you know that banks pay you to keep your money? The money a customer puts in the bank is called the principal, [image: P], and the money the bank pays the customer is called the interest. The interest is computed as a certain percent of the principal; called the rate of interest, [image: r]. We usually express rate of interest as a percent per year, and we calculate it by using the decimal equivalent of the percent. The variable [image: t], (for time) represents the number of years the money is in the account.
 
 
 
 
 To find the interest we use the simple interest formula, [image: I=Prt].
 Simple Interest
 If an amount of money, [image: P], called the principal, is invested for a period of [image: t] years at an annual interest rate [image: r], the amount of interest, [image: I], earned is
 	[image: I = Prt] 	where 	[image: I = interest] [image: P = principal]
 [image: r = rate]
 [image: t = time]
 
  
 Interest earned according to this formula is called simple interest.
 
 
 
 Interest may also be calculated another way, called compound interest. This type of interest will be covered in later math classes.
 The formula we use to calculate simple interest is [image: I=Prt]. To use the formula, we substitute in the values the problem gives us for the variables, and then solve for the unknown variable. It may be helpful to organize the information in a chart.
 Example 3.7.20
  Nathaly deposited [image: \$12,500] in her bank account where it will earn [image: 4\%] interest. How much interest will Nathaly earn in [image: 5] years?
 [image: I = ?]
 [image: P = $12,500]
 [image: r =4\%]
 [image: t = 5\;years]
 
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the amount of interest earned
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let [image: I=] the amount of interest.
 Step 4: Translate into an equation. 
 [image: \begin{align*} &\text{Write the formula}\;&I&=Prt\\ &\text{Substitute in the given information}\;&I&=(12,500)(0.04)(5)\\ \end{align*}]
 Step 5: Solve the equation.
 [image: I=2,500]
 Step 6: Check: Does this make sense? 
 Is [image: \$2,500] a reasonable interest on [image: \$12,500]? Yes.
 Step 7: Answer the question with a complete sentence.
 The interest is [image: \$2,500].
  
 
 
 Try It 
  48) Areli invested a principal of [image: \$950] in her bank account with interest rate [image: 3\%]. How much interest did she earn in [image: 5] years?
 
 Solution [image: \$142.50]
  
 
 
 49) Susana invested a principal of [image: \$36,000] in her bank account with interest rate [image: 6.5\%]. How much interest did she earn in [image: 3] years?
 
 Solution [image: \$7,020]
  
 
 
 
 
 There may be times when we know the amount of interest earned on a given principal over a certain length of time, but we don’t know the rate. To find the rate, we use the simple interest formula, substitute in the given values for the principal and time, and then solve for the rate.
 
 Example 3.7.21
  Loren loaned his brother [image: \$3,000] to help him buy a car. In [image: 4] years his brother paid him back the [image: \$3,000] plus [image: \$660] in interest. What was the  rate of interest?
 [image: I = \$660]
 [image: P = \$3,000]
 [image: r =]
 [image: t = 4\;years]
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the rate of interest
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let  [image: r =] the rate of interest.
 Step 4: Translate into an equation. 
 [image: \begin{align*} &\text{Write the formula}\;&I&=Prt\\ &\text{Substitute in the given information}\;&660&=(3000)r(4)\\ \end{align*}]
 Step 5: Solve the equation. 
 [image: \begin{align*}&\;&660&=(3,000)r(4)\\ &\text{Multiply.}\;&660&=(12,000)r \\&\text{Divide.}\;&0.055&=r\\ &\text{Change to percent form.}\;&5.5\%&=r\end{align*}]
 Step 6: Check: Does this make sense?
 [image: \begin{align*}&\;&I&=Prt\\ &\;&660&\overset?=(3000)(0.55)(4)\\ &\;&660&=660\checkmark \end{align*}]
 Step 7: Answer the question with a complete sentence.
 The rate of interest was [image: 5.5\%].
  
 
 
 
 
 Notice that in this example, Loren’s brother paid Loren interest, just like a bank would have paid interest if Loren invested his money there.
 Try It 
  50) Jim loaned his sister [image: \$5,000] to help her buy a house. In [image: 3] years, she paid him the [image: \$5,000], plus [image: \$900] interest. What was the rate of interest?
 
 Solution [image: 6\%]
  
 
 
 51) Hang borrowed [image: \$7,500] from her parents to pay her tuition. In [image: 5] years, she paid them [image: \$1,500] interest in addition to the [image: \$7,500] she borrowed. What was the rate of interest?
 
 Solution [image: 4\%]
  
 
 
 
 
 Example 3.7.22
  Eduardo noticed that his new car loan papers stated that with a [image: 7.5\%] interest rate, he would pay [image: \$6,596.25] in interest over [image: 5] years. How much did he borrow to pay for his car?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the amount borrowed (the principal)
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let [image: P] = principal borrowed.
 Step 4: Translate into an equation. 
 [image: \begin{align*} &\text{Write the formula}\;&I&=Prt\\ &\text{Substitute in the given information}\;&6,596.25&=P(0.075)(5)\\ \end{align*}]
 Step 5: Solve the equation. 
 [image: \begin{align*} &\;&6,596&=P(0.075)(5)\\ &\text{Multiply.}\;&6,596.25&=0.375P\\ &\text{Divide.}\;&17,590&=P \end{align*}]
 Step 6: Check: Does this make sense? 
 [image: \begin{align*} I&=Prt\\ 6.596.25&\overset?=(14,590)(0.075)(5)\\ 6,596.25&=6,596.25\checkmark \end{align*}]
 Step 7: Answer the question with a complete sentence.
 The principal was [image: \$17,590].
  
 
 
 
 
 
 Try It 
  52) Sean’s new car loan statement said he would pay [image: \$4,866.25] in interest from an interest rate of [image: 8.5\%] over [image: 5] years. How much did he borrow to buy his new car?
 
 Solution [image: \$11,450]
  
 
 
 53) In [image: 5] years, Gloria’s bank account earned [image: \$2,400] interest at [image: 5\%]. How much had she deposited in the account?
 
 Solution [image: \$9,600]
  
 
 
 
 
 
 
 
 
 Solve Applications with Discount or Mark-up
 Applications of discount are very common in retail settings. When you buy an item on sale, the original price has been discounted by some dollar amount. The discount rate, usually given as a percent, is used to determine the amount of the discount. To determine the amount of discount, we multiply the discount rate by the original price.
 We summarize the discount model in the box below.
 Discount
 amount of discount = discount rate × original price
 sale price = original price − amount of discount
 
 
 Keep in mind that the sale price should always be less than the original price.
 
 Example 3.7.23
  Elise bought a dress that was discounted [image: 35\%] off of the original price of [image: \$140].
 What was a. the amount of discount and b. the sale price of the dress?
 
 Solution a. Original Price =  [image: \$140] Discount rate =  [image: 35\%] Discount  = ?
 Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the amount of discount
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let [image: d=] the amount of discount.
 Step 4: Translate into an equation. 
 Write a sentence that gives the information to find it.
 The discount is 35% of $140.
 Translate into an equation.
 [image: d=0.35(140)]
 Step 5: Solve the equation.
 [image: \begin{align*} d&=0.35(140)\\ d&=49 \end{align*}]
 Step 6: Check: Does this make sense? 
 Is a [image: \$49] discount reasonable for a [image: \$140] dress? Yes.
 Step 7: Write a complete sentence to answer the question.
 The amount of discount was [image: \$49].
 
 b. Read the problem again.
 Step 1: Identify what we are looking for.
 the sale price of the dress
 Step 2: Name what we are looking for.
 Choose a variable to represent that quantity.
 Let [image: s=] the sale price.
 Step 3: Translate into an equation.
 Write a sentence that gives the information to find it.
 [image: \underbrace{\text{The sale price}}\;\underbrace{\text{is}}\;\underbrace{\text{the}\;\$140}\underbrace{\;\text{minus}}\;\underbrace{\text{the}\;\$49\;\text{discount}}]
 Translate into an equation.
 [image: s=140-49]
 Step 4: Solve the equation.
 [image: \begin{align*} s&=140-49\\ s&=91 \end{align*}]
 Step 5: Check. Does this make sense?
 Is the sale price less than the original price?
 Yes, [image: \$91] is less than [image: \$140].
 Step 6: Answer the question with a complete sentence.
 The sale price of the dress was [image: \$91].
  
 
 
 
 
 Try It 
  54) Find
 a. the amount of discount and
 b. the sale price:
 Sergio bought a belt that was discounted [image: 40\%] from an original price of [image: \$29].
 
 Solution a. [image: \$11.60]
 b. [image: \$17.40]
  
 
 
 55) Find
 a. the amount of discount and
 b. the sale price:
 Oscar bought a barbecue that was discounted [image: 65\%] from an original price of [image: \$395].
 
 Solution a. [image: \$256.75]
 b. [image: \$138.25]
  
 
 
 
 
 There may be times when we know the original price and the sale price, and we want to know the discount rate. To find the discount rate, first we will find the amount of discount and then use it to compute the rate as a percent of the original price. Example 3.7.24 will show this case.
 Example 3.7.24
  Jeannette bought a swimsuit at a sale price of [image: \$13.95]. The original price of the swimsuit was [image: \$31]. Find the:
 a. amount of discount and
 b. discount rate.
 
 Solution a.
 Original price = [image: \$31]
 Discount = ?
 Sale price = [image: \$13.95]
 Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the amount of discount
 Step 3: Name what we are looking for. 
 Choose a variable to represent that quantity.
 Let [image: d=] the amount of discount.
 Step 4: Translate into an equation. 
 Write a sentence that gives the information to find it.
 The discount is the difference between the original price and the sale price.
 Translate into an equation.
 [image: d=31-13.95]
 Step 5: Solve the equation.
 [image: \begin{align*} d&=31-13.95\\ d&=17.05 \end{align*}]
 Step 6: Check: Does this make sense? 
 Is [image: 17.05] less than [image: 31]? Yes.
 Step 7: Answer the question with a complete sentence.
 The amount of discount was [image: \$17.05].
 
 b. Read the problem again.
 1. When we translate this into an equation, we obtain [image: 17.05] equals [image: r] times [image: 31]. We are told to solve the equation [image: 17.05] equals [image: 31r]. We divide by [image: 31] to obtain [image: 0.55] equals [image: r]. We put this in percent form to obtain [image: r] equals [image: 55%]. We are told to check: does this make sense? Is [image: 7.05] equal to [image: 55%] of [image: >1]? Below this, we have [image: 17.05] equals with a question mark over it [image: 0.55] times [image: 31]. Below this, we have [image: 17.05] equals [image: 17.05] with a checkmark next to it. Then we are told to answer the question with a complete sentence: The rate of discount was [image: 55\%].
 Step 1: Identify what we are looking for.
 the discount rate
 Step 2: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: r=] the discount rate.
 Step 3: Translate into an equation.
 Write a sentence that gives the information to find it.
 [image: \underbrace{\text{The discount of}\;\$17.05}\underbrace{\;\text{is}}\;\underbrace{\text{what percent}}\;\underbrace{\text{of}}\;\underbrace{\$31?}]
 Translate into an equation.
 [image: 17.05=r \cdot31]
 Step 4: Solve the equation.
 [image: \begin{align*} &\;&17.05&=31r\\ &\text{Divide both sides by 31.}\;&0.55&=r\\ &\text{Change to percent form}\;&r&=55\% \end{align*}]
 Step 5: Check. Does this make sense?
 Is [image: $17.05] equal to [image: 55\%] of [image: \$31]?
 [image: \begin{align*} 17.05&=0.55\times(31)\\ 17.05&=17.05\checkmark \end{align*}]
 Step 6: Answer the question with a complete sentence.
 The rate of discount was [image: 55\%].
  
 
 
 
 
 
 Try It 
  56) Find
 a. the amount of discount and
 b. the discount rate.
 Lena bought a kitchen table at the sale price of [image: \$375.20]. The original price of the table was [image: \$560].
 
 Solution a. [image: \$184.80]
 b. [image: 33\%]
  
 
 
 57) Find
 a. the amount of discount and
 b. the discount rate.
 Nick bought a multi-room air conditioner at a sale price of [image: \$340]. The original price of the air conditioner was [image: \$400].
 
 Solution a. [image: \$60]
 b. [image: 15\%]
  
 
 
 
 
 Applications of mark-up are very common in retail settings. The price a retailer pays for an item is called the original cost. The retailer then adds a mark-up to the original cost to get the list price, the price he sells the item for. The mark-up is usually calculated as a percent of the original cost. To determine the amount of mark-up, multiply the mark-up rate by the original cost.
 
 
 
 We summarize the mark-up model in the box below.
 Mark-Up
 amount of mark-up = mark-up rate × original cost
 list price = original cost + amount of mark up
 Keep in mind that the list price should always be more than the original cost.
 
 Example 3.7.25
  Adam’s art gallery bought a photograph at original cost [image: \$250]. Adam marked the price up [image: 40\%]. Find the:
 a. amount of mark-up and
 b. the list price of the photograph.
 
 Solution a.
 
 Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 the amount of mark-up
 Step 3: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: m=] the amount of markup.
 Step 4: Translate into an equation.
 Write a sentence that gives the information to find it.
 [image: \underbrace{\text{The mark-up}}\;\underbrace{\text{is}}\;\underbrace{40\%}\;\underbrace{\text{of the}\;\$250\;\text{original cost}}]
 Translate into an equation.
 [image: m=0.40\cdot250]
 Step 5: Solve the equation.
 [image: \begin{align*} m&=0.40\cdot250)\\ m&=100 \end{align*}]
 Step 6: Check. Does this make sense?
 Yes, [image: 40\%] is less than one-half and [image: 100] is less than half of [image: 250].
 Step 7: Answer the question with a complete sentence.
 The mark-up on the photograph was [image: \$100].
 
 b.
 
 Step 1: Read the problem again.
 Step 2: Identify what we are looking for.
 the list price
 Step 3: Name what we are looking for.
 Choose a variable to represent it.
 Let [image: p=] the list price.
 Step 4: Translate into an equation.
 Write a sentence that gives the information to find it.
 [image: \underbrace{\text{The list price}}\;\underbrace{\text{is}}\;\underbrace{\text{original cost}}\underbrace{\;\text{plus}}\;\underbrace{\text{the mark-up}}]
 Translate into an equation.
 [image: p=250+100]
 Step 5: Solve the equation.
 [image: \begin{align*} p&=250+100\\ p&=350 \end{align*}]
 Step 6: Check. Does this make sense?
 Is the list price more than the net price?
 Is [image: \$350] more than [image: \$250]? Yes
 Step 7: Answer the question with a complete sentence.
 The list price of the photograph was [image: \$350].
  
 
 
 
 
 Try It 
  58) Find
 a. the amount of mark-up and
 b. the list price.
 Jim’s music store bought a guitar at the original cost [image: \$1,200]. Jim marked the price up [image: 50\%].
 
 Solution a. [image: \$600]
 b. [image: \$1,800]
  
 
 
 59) Find
 a. the amount of mark-up and
 b. the list price.
 The Auto Resale Store-bought Pablo’s Toyota for [image: \$8,500]. They marked the price up [image: 35\%].
 
 Solution a. [image: \$2,975]
 b. [image: \$11,475]
  
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=1269#h5p-21 
 
 
 Glossary
  	amount of discount
 	The amount of discount is the amount resulting when a discount rate is multiplied by the original price of an item.
 
 	discount rate
 	The discount rate is the percent used to determine the amount of a discount, common in retail settings.
 
 	interest
 	Interest is the money that a bank pays its customers for keeping their money in the bank.
 
 	list price
 	The list price is the price a retailer sells an item for.
 
 	mark-up
 	A mark-up is a percentage of the original cost used to increase the price of an item.
 
 	original cost
 	The original cost in a retail setting, is the price that a retailer pays for an item.
 
 	principal
 	The principal is the original amount of money invested or borrowed for a period of time at a specific interest rate.
 
 	rate of interest
 	The rate of interest is a percent of the principal, usually expressed as a percent per year.
 
 	simple interest
 	Simple interest is the interest earned according to the formula [image: I=Prt].
 
 
 
 
 
 
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.8 Solve Mixture and Uniform Motion Applications

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve coin word problems
 	Solve ticket and stamp word problems
 	Solve mixture word problems
 	Use the mixture model to solve investment problems using simple interest
 	Solve uniform motion applications
 
 
 
 
 Try It 
  Before you get started, take this readiness quiz:
 1) Multiply: [image: 14(0.25)].
 2) Solve: [image: (0.25x)+0.10(x+4)=2.5]
 3) The number of dimes is three more than the number of quarters. Let [image: q] represent the number of quarters. Write an expression for the number of dimes.
 4) Find the distance traveled by a car going [image: 70] miles per hour for [image: 3] hours.
 5) Solve [image: x+1.2(x-10)=98].
 6) Convert [image: 90] minutes to hours.
 
 
 
 Solve Coin Word Problems
 
 In mixture problems, we will have two or more items with different values to combine together. The mixture model is used by grocers and bartenders to make sure they set fair prices for the products they sell. Many other professionals, like chemists, investment bankers, and landscapers also use the mixture model. Doing the Manipulative Mathematics activity Coin Lab will help you develop a better understanding of mixture word problems.
 We will start by looking at an application everyone is familiar with—money!
 Imagine that we take a handful of coins from a pocket or purse and place them on a desk. How would we determine the value of that pile of coins? If we can form a step-by-step plan for finding the total value of the coins, it will help us as we begin solving coin word problems.
 So what would we do? To get some order to the mess of coins, we could separate the coins into piles according to their value. Quarters would go with quarters, dimes with dimes, nickels with nickels, and so on. To get the total value of all the coins, we would add the total value of each pile.
 [image: Piles of pennies, nickels, dimes, and quarters]Figure 3.8.1. How would we determine the value of each pile? Think about the dime pile—how much is it worth? If we count the number of dimes, we’ll know how many we have—the number of dimes.
 But this does not tell us the value of all the dimes. Say we counted 17 dimes, how much are they worth? Each dime is worth $0.10—that is the value of one dime. To find the total value of the pile of 17 dimes, multiply 17 by $0.10 to get $1.70. This is the total value of all 17 dimes. This method leads to the following model.
 HOW TO
 Total Value of Coins
 For the same type of coin, the total value of a number of coins is found by using the model
 [image: {number}\times {value}={total}]
 Where
     number is the number of coins
                 value is the value of each coin
 total value is the total value of all the coins
 
 
 
 The number of dimes times the value of each dime equals the total value of the dimes.
 [image: {Number}\times {Value}={Total\hspace{0.15cm}Value}]
 We could continue this process for each type of coin, and then we would know the total value of each type of coin. To get the total value of all the coins, add the total value of each type of coin.
 Let’s look at a specific case. Suppose there are [image: 14] quarters, [image: 17] dimes, [image: 21] nickels, and [image: 39] pennies.
 	Type 	Number     · 	Value($) 	=       Total Value ($) 
  	Quarters 	14 	0.25 	3.50 
 	Dimes 	17 	0.10 	1.70 
 	Nickels 	21 	0.05 	1.05 
 	Pennies 	39 	0.01 	0.39 
 	 	6.64 
  
 The total value of all the coins is [image: $6.64].
 Notice how the chart helps organize all the information! Let’s see how we use this method to solve a coin word problem.
 
 Example 3.8.1
  Adalberto has [image: $2.25] in dimes and nickels in his pocket. He has nine more nickels than dimes. How many of each type of coin does he have?
 
 Solution Step 1: Read the problem. Make sure all the words and ideas are understood.
 	Determine the types of coins involved.
  Think about the strategy we used to find the value of the handful of coins. The first thing we need is to notice what types of coins are involved. Adalberto has dimes and nickels.
 	Create a table to organize the information. See chart below. 	Label the columns “type,” “number,” “value,” “total value.”
 	List the types of coins.
 	Write in the value of each type of coin.
 	Write in the total value of all the coins.
 
 
 
 
 
 	Type 	Number        · 	Value ($) 	=         Total Value ($) 
  	Dimes 	 	[image: 0.10] 	 
 	Nickels 	 	[image: 0.05] 	 
 	 	[image: 2.25] 
  
 We can work this problem all in cents or in dollars. Here we will do it in dollars and put in the dollar sign ($) in the table as a reminder.
  The value of a dime is [image: $0.10] and the value of a nickel is [image: $0.05]. The total value of all the coins is [image: $2.25]. The table below shows this information.
  
 Step 2: Identify what we are looking for.
 	We are asked to find the number of dimes and nickels Adalberto has.
 
 Step 3: Name what we are looking for. Choose a variable to represent that quantity.
 	Use variable expressions to represent the number of each type of coin and write them in the table.
 	Multiply the number times the value to get the total value of each type of coin.
 
 Next we counted the number of each type of coin. In this problem we cannot count each type of coin—that is what you are looking for—but we have a clue. There are nine more nickels than dimes. The number of nickels is nine more than the number of dimes.
 Let [image: d =] number of dimes.
 [image: d + 9 =] number of nickles
 Fill in the “number” column in the table to help get everything organized.
 	Type 	Number        · 	Value ($) 	=         Total Value ($) 
  	Dimes 	[image: d] 	[image: 0.10] 	 
 	Nickels 	[image: d+9] 	[image: 0.05] 	 
 	 	[image: 2.25] 
  
 Now we have all the information we need from the problem!
 We multiply the number times the value to get the total value of each type of coin. While we do not know the actual number, we do have an expression to represent it.
 And so now multiply [image: {number}\times {value} = {total\hspace{0.15cm}value}]  See how this is done in the table below.
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
  	Dimes 	[image: d] 	[image: 0.10] 	[image: 0.10d] 
 	Nickels 	[image: d+9] 	[image: 0.05] 	[image: 0.05(d+9)] 
 	 	[image: 2.25] 
  
 Notice that we made the heading of the table show the model.
 Step 4: Translate into an equation. It may be helpful to restate the problem in one sentence. Translate the English sentence into an algebraic equation.
 Write the equation by adding the total values of all the types of coins.
 [image: {\small\begin{align*} &\;&\underbrace{\text{Value of dimes}}\;&\;\;+\;&\underbrace{\text{Value of nickels}}\;&\;\;=\;&\underbrace{\text{Total value of coins}}\\ &\text{Translate to an equation}&0.10d\;\;\;\;\;\;\;\;&\;\;+\;&\;0.50(d+9)\;\;\;&\;\;=\;&\;2.25\;\;\;\;\;\;\;\;\;\;\;\;\;\; \end{align*}}]
 Step 5: Solve the equation using good algebra techniques.
 [image: \begin{align*} &\text{Now solve this equation}\;&0.10d+0.05(d+9)&=2.25\\ &\text{Distribute}\;&0.10d+0.05d+0.45&=2.25\\ &\text{Combine like terms}\;&0.15d+0.45&=2.25\\ &\text{Subtract 0.45 from each side}\;&0.15d&=2.25\\ &\text{Divide}\;&d&=12\\ &\text{So there are 12 dimes}\;&\;\\ &\text{The number of nickels is ({\color[rgb]{1.0, 0.0, 0.0}d}+9)}\;&{\color[rgb]{1.0, 0.0, 0.0}d}&+9\\ &\;&{\color[rgb]{1.0, 0.0, 0.0}12}+9&=21 \end{align*}]
 Step 6: Check the answer in the problem and make sure it makes sense.
 Does this check?
 	[image: 12] dimes 	[image: 12(0.10) = 1.20] 
 	[image: 21] nickels 	[image: 21(0.05)=2.25]✓ 
  
 Step 7: Answer the question with a complete sentence.
 	Adalberto has twelve dimes and twenty-one nickels.
 
 If this were a homework exercise, our work might look like the following.
 [image: A homework assignment written on lined loose leaf paper. The assignment reads: “Adalberto has 2 dollars and 25 cents in dimes and nickels in his pocket. He has nine more nickels than dimes. How many of each type does he have?” Below this is a table. The first row of the table is a header row, and each cell names the column or columns below it. The first cell from the left is named “Type.” The second cell contains the equation “Number” times “Value” equals “Total Value,” with one column corresponding to “Number,” one column corresponding to “Value,” and one column corresponding to total value. Hence the content of the “Number” column times the content of the “Value” column equals the content of the “Total Value” column. In the second row of the table, the “Type” column contains “Dimes,” the “Number” column contains d, the “Value” column contains 0.10, and the “Total Value” column contains 0.10d. In the third row of the table, the “Type” column contains “Nickels,” the “Number” column contains d plus 9, the “Value column contains 0.05, and the “Total Value” column contains 0.05 times the quantity d plus 9. One row down, the “Total Value” column contains one more cell, which contains 2.25. Below the table is the equation 0.10d plus 0.05d plus 0.45 equals 2.25. Below this is 0.15d plus 0.45 equals 2.25. Below this is 0.15d equals 1.80. To the right is d plus 9, which translates to 12 plus 9, or 21 nickels. To the right of this is the checking stage, where we see if 12 dimes and 21 nickels amount to 2 dollars and 25 cents. 12 times 0.10 equals 1.20, and 21 times (0.05) equals 1.05. 1.20 plus 1.05 equals 2.25.]Figure 3.8.2  
 
 
 Try It 
  7) Michaela has [image: $2.05] in dimes and nickels in her change purse. She has seven more dimes than nickels. How many coins of each type does she have?
 
 Solution [image: 9] nickels, [image: 16] dimes
  
 
 
 8) Liliana has [image: $2.10] in nickels and quarters in her backpack. She has [image: 12] more nickels than quarters. How many coins of each type does she have?
 
 Solution [image: 17] nickels, [image: 5] quarters
  
 
 
 
 
 
 
 
 HOW TO
 
 
 
 Solve Coin Word Problems.
 Step 1: Read the problem. Make sure all the words and ideas are understood.
 
 	Determine the types of coins involved.
 	Create a table to organize the information.
 	Label the columns “type,” “number,” “value,” “total value.”
 	List the types of coins.
 	Write in the value of each type of coin.
 	Write in the total value of all the coins.
 
 [image: This table has three rows and four columns with an extra cell at the bottom of the fourth column. The top row is a header row that reads from left to right Type, Number, Value (💲), and Total Value (💲). The rest of the cells are blank.]Figure 3.8.3 Step 2: Identify what we are looking for.
 Step 3: Name what we are looking for. Choose a variable to represent that quantity.
 Use variable expressions to represent the number of each type of coin and write them in the table.
 Multiply the number times the value to get the total value of each type of coin.
 Step 4: Translate into an equation.
 It may be helpful to restate the problem in one sentence with all the important information. Then, translate the sentence into an equation.
 Write the equation by adding the total values of all the types of coins.
 Step 5: Solve the equation using good algebra techniques.
 Step 6: Check the answer in the problem and make sure it makes sense.
 Step 7: Answer the question with a complete sentence.
 
 
 Example 3.8.2
  Maria has [image: $2.43] in quarters and pennies in her wallet. She has twice as many pennies as quarters. How many coins of each type does she have?
 
 Solution Step 1: Read the problem.
 Determine the types of coins involved.
 We know that Maria has quarters and pennies.
 Create a table to organize the information.
 		Label the columns “type,” “number,” “value,” “total value.”
 	List the types of coins.
 	Write in the value of each type of coin.
 	Write in the total value of all the coins.
 
 
 
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
  	Quarters 	 	[image: 0.25] 	 
 	Pennies 	 	[image: 0.01] 	 
 	 	[image: 2.43] 
  
 Step 2: Identify what you are looking for.
 	We are looking for the number of quarters and pennies.
 
 Step 3: Name. Represent the number of quarters and pennies using variables.
 	We know Maria has twice as many pennies as quarters. The number of pennies is defined in terms of quarters.
 	Let [image: q] represent the number of quarters.
 	Then the number of pennies is [image: 2q].
 
 	Type 	Number        · 	Value ($) 	=          Total Value ($) 
  	Quarters 	[image: q] 	[image: 0.25] 	 
 	Pennies 	[image: 2q] 	[image: 0.01] 	 
 	 	[image: 2.43] 
  
 Multiply the ‘number’ and the ‘value’ to get the ‘total value’ of each type of coin.
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
  	Quarters 	[image: q] 	[image: 0.25] 	[image: 0.25q] 
 	Pennies 	[image: 2q] 	[image: 0.01] 	[image: 0.01(2q)] 
 	 	[image: 2.43] 
  
 Step 4: Translate. Write the equation by adding the ‘total value’ of all the types of coins.
 Step 5: Solve the equation.
 [image: \begin{align*}&\;&0.25q+0.01(2q)&=2.43\\ &\text{Multiply}\;&0.25q+0.02q&=2.43\\ &\text{Combine like terms}\;&0.27q&=2.43\\ &\text{Divide by 0.27}\;&d&=9\\ &\text{The number of pennies is 2q}\;&\;&2{\color[rgb]{1.0, 0.0, 0.0}q}\\ &\;&2\cdot{\color[rgb]{1.0, 0.0, 0.0}9}&=18\;\text{pennies} \end{align*}]
 Step 6: Check the answer in the problem.
 Maria has [image: 9] quarters and [image: 18] pennies. Does this make [image: $2.43]?
 [image: \begin{align*}&9\;\text{quarters}\;&9(0.25)&=2.25\\ &18\;\text{pennies}\;&18(0.01)&=0.18\\ &\text{Total}\;&\;&\$2.43\checkmark \end{align*}]
 Step 7: Answer the question.
 Maria has nine quarters and eighteen pennies.
  
 
 
 
 
 
 Try It 
  9) Sumanta has [image: $4.20] in nickels and dimes in her piggy bank. She has twice as many nickels as dimes. How many coins of each type does she have?
 
 Solution [image: 42] nickels, [image: 21] dimes.
  
 
 
 10) Alison has three times as many dimes as quarters in her purse. She has [image: $9.35] altogether. How many coins of each type does she have?
 
 Solution [image: 51] dimes, [image: 17] quarters.
  
 
 
 
 
 
 
 
 In the next example, we’ll show only the completed table—remember the steps we take to fill in the table.
 Example 3.8.3
  Danny has [image: $2.14] worth of pennies and nickels in his piggy bank. The number of nickels is two more than ten times the number of pennies. How many nickels and how many pennies does Danny have?
 
 Solution Step 1: Read the problem.
 Determine the types of coins involved.
 pennies and nickels
 Create a table. Write in the value of each type of coin.
 Pennies are worth [image: $0.01].
 Nickels are worth [image: $0.05].
 Step 2: Identify what we are looking for.
 the number of pennies and nickels
 Step 3: Name. Represent the number of each type of coin using variables.
 The number of nickels is defined in terms of the number of pennies, so start with pennies.
 Let [image: p] = number of pennies
 The number of nickels is two more than ten times the number of pennies.
 Let [image: 10p+2] = number of nickels
 Multiply the number and the value to get the total value of each type of coin.
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
  	Pennies 	[image: p] 	[image: 0.01] 	[image: 0.01p] 
 	Nickels 	[image: 10p+2] 	[image: 0.05] 	[image: 0.05(10p+2)] 
 	 	[image: 2.14] 
  
 Step 4: Translate. Write the equation by adding the total value of all the types of coins.
 [image: 0.01p\;+\;0.05(10p\;+\;2)\;=\;2.14]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}0.01p\;+\;0.50p\;+\;0.10\;&=&\;2.14\\0.51p\;+\;0.10\;&=&\;2.14\\0.51p\;&=&\;2.04\\p\;&=&\;4\;\text{pennies}\end{eqnarray*}]
 How many nickels?
 [image: \begin{align*}10p\;+\;2\\10({\color[rgb]{1.0, 0.0, 0.0}4})\;+\;2\\42\;\text{nickles}\end{align*}]
 Step 7: Answer the question.
 Danny has four pennies and [image: 42] nickels.
  
 
 
 
 
 Try It 
  11) Jesse has [image: $6.55] worth of quarters and nickels in his pocket. The number of nickels is five more than two times the number of quarters. How many nickels and how many quarters does Jesse have?
 
 Solution [image: 41] nickels, [image: 18] quarters
  
 
 
 12) Elane has [image: $7.00] total in dimes and nickels in her coin jar. The number of dimes that Elane has is seven less than three times the number of nickels. How many of each coin does Elane have?
 
 Solution [image: 22] nickels, [image: 59] dimes
  
 
 
 
 
 
 Solve Ticket and Stamp Word Problems
 
 
 
 
 Problems involving tickets or stamps are very much like coin problems. Each type of ticket and stamp has a value, just like each type of coin does. So to solve these problems, we will follow the same steps we used to solve coin problems.
 Example 3.8.4
  At a school concert, the total value of tickets sold was [image: $1,506]. Student tickets sold for [image: $6] each and adult tickets sold for [image: $9] each. The number of adult tickets sold was five less than three times the number of student tickets sold. How many student tickets and how many adult tickets were sold?
 
 Solution Step 1: Read the problem.
 	Determine the types of tickets involved. There are student tickets and adult tickets.
 	Create a table to organize the information.
 
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
  	Student 	 	[image: 6] 	 
 	Adult 	 	[image: 9] 	 
 	 	1506 
  
 Step 2: Identify what we are looking for.
 	We are looking for the number of student and adult tickets.
 
 Step 3: Name. Represent the number of each type of ticket using variables.
 We know the number of adult tickets sold was five less than three times the number of student tickets sold.
 	Let [image: s] be the number of student tickets.
 	Then [image: 3s-5] is the number of adult tickets
 
 Multiply the number times the value to get the total value of each type of ticket.
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
  	Student 	[image: s] 	[image: 6] 	[image: 6s] 
 	Adult 	[image: 3s-5] 	[image: 9] 	[image: 9(3s-5)] 
 	 	[image: 1506] 
  
 Step 4: Translate. Write the equation by adding the total values of each type of ticket.
 [image: 6s+9(3s-5)=1506]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*} \mbox{6s+27s-45} & = & 1506 \\ \\ \ 33s-45 & = & 1506  \\ \\ \ s & = & 47 \\ \\ \ & = & 3s-5 \\ \\ \ & = & 3(47)-5 \end{eqnarray*}]
 [image: 136] adult tickets.
 
 Step 6: Check the answer.
 There were [image: 47] student tickets at [image: $6] each and [image: 136] adult tickets at [image: $9] each. Is the total value [image: $1,506]? We find the total value of each type of ticket by multiplying the number of tickets times its value then add to get the total value of all the tickets sold.
 [image: \begin{eqnarray*}47\;\times\;6\;&=&\;282\\136\;\times\;9\;&=&\;1,224\\&=&\;1,506\;\checkmark\end{eqnarray*}]
 
 Step 7: Answer the question. They sold [image: 47] student tickets and [image: 136] adult tickets.
  
 
 
 Try It 
  13) The first day of a water polo tournament the total value of tickets sold was [image: $17,610]. One-day passes sold for [image: $20] and tournament passes sold for [image: $30]. The number of tournament passes sold was [image: 37] more than the number of day passes sold. How many day passes and how many tournament passes were sold?
 
 Solution [image: 330] day passes, [image: 367] tournament passes
  
 
 
 14) At the movie theatre, the total value of tickets sold was [image: $2,612.50]. Adult tickets sold for [image: $10] each and senior/child tickets sold for [image: $7.50] each. The number of senior/child tickets sold was [image: 25] less than twice the number of adult tickets sold. How many senior/child tickets and how many adult tickets were sold?
 
 Solution [image: 112] adult tickets, [image: 199] senior/child tickets
  
 
 
 
 
 We have learned how to find the total number of tickets when the number of one type of ticket is based on the number of the other type. Next, we’ll look at an example where we know the total number of tickets and have to figure out how the two types of tickets relate.
 
 
 
 Suppose Bianca sold a total of [image: 100] tickets. Each ticket was either an adult ticket or a child ticket. If she sold [image: 20] child tickets, how many adult tickets did she sell?
 	Did you say ‘[image: 80]’? How did you figure that out? Did you subtract [image: 20] from [image: 100]?
 
 If she sold [image: 45] child tickets, how many adult tickets did she sell?
 	Did you say ‘[image: 55]’? How did you find it? By subtracting [image: 45] from [image: 100]?
 
 What if she sold [image: 75] child tickets? How many adult tickets did she sell?
 	The number of adult tickets must be [image: 100-75]. She sold [image: 25] adult tickets.
 
 Now, suppose Bianca sold [image: x] child tickets. Then how many adult tickets did she sell? To find out, we would follow the same logic we used above. In each case, we subtracted the number of child tickets from [image: 100] to get the number of adult tickets. We now do the same with [image: x].
 We have summarized this below.
 	Child tickets 	Adult tickets 
  	[image: 20] 	[image: 80] 
 	[image: 45] 	[image: 55] 
 	[image: 75] 	[image: 25] 
 	[image: {\color[rgb]{1.0, 0.0, 0.0}x}] 	[image: {\color[rgb]{1.0, 0.0, 0.0}100-x}] 
  
 We can apply these techniques to other examples
 Example 3.8.5
  Galen sold [image: 810] tickets for his church’s carnival for a total of [image: $2,820]. Children’s tickets cost [image: $3] each and adult tickets cost [image: $5] each. How many children’s tickets and how many adult tickets did he sell?
 
 Solution Step 1: Read the problem.
 	Determine the types of tickets involved. There are children tickets and adult tickets.
 	Create a table to organize the information.
 
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
 	Children 	 	[image: 3] 	 
 	Adult 	 	[image: 5] 	 
 	 	[image: 2820] 
  
 Step 2: Identify what we are looking for.
 	We are looking for the number of children and adult tickets.
 
 Step 3: Name. Represent the number of each type of ticket using variables.
 	We know the total number of tickets sold was 810. This means the number of children’s tickets plus the number of adult tickets must add up to 810.
 	Let [image: c] be the number of children tickets.
 	Then [image: 810-c] is the number of adult tickets.
 	Multiply the number times the value to get the total value of each type of ticket.
 
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
 	Children 	[image: c] 	[image: 3] 	[image: 3c] 
 	Adult 	[image: 810-c] 	[image: 5] 	[image: 5(810-c)] 
 	 	 	 	[image: 2820] 
  
 Step 4: Translate.
 Write the equation by adding the total values of each type of ticket.
 Step 5: Solve the equation.
 [image: \begin{eqnarray*} \mbox{3c + 5(810 - c)} & = & 2,820 \\ \\ \ 3c + 5(810 - c) & = & 2,820 \\ \\ \ -2c & = & -1,230 \\ \\ \ c & = & 615  \;\text{children tickets} \end{eqnarray*}] 
 How many adults?
 [image: \begin{align*} 810&-c\\ 810&-615 \end{align*}]
 [image: 195] adult tickets
 Step 6: Checkthe answer. There were [image: 615] children’s tickets at [image: $3] each and [image: 195] adult tickets at [image: $5] each. Is the total value [image: $2,820]?
 [image: \begin{eqnarray*}615\;\times\;3\;&=&\;1,845\\195\;\times\;5\;&=&\;975\\&=&\;2,820\;\checkmark\end{eqnarray*}]
 Step 7: Answer the question. Galen sold [image: 615] children’s tickets and [image: 195] adult tickets.
 
  
 
 
 
 Try It 
  15) During her shift at the museum ticket booth, Leah sold [image: 115] tickets for a total of [image: $1,163]. Adult tickets cost [image: $12] and student tickets cost [image: $5]. How many adult tickets and how many student tickets did Leah sell?
 
 Solution [image: 84] adult tickets, [image: 31] student tickets
  
 
 
 16) A whale-watching ship had [image: 40] paying passengers on board. The total collected from tickets was [image: $1,196]. Full-fare passengers paid [image: $32] each and reduced-fare passengers paid [image: $26] each. How many full-fare passengers and how many reduced-fare passengers were on the ship?
 
 Solution [image: 26] full-fare, [image: 14] reduced fare
  
 
 
 
 
 Now, we’ll do one where we fill in the table all at once.
 Example 3.8.6
  Monica paid $8.36 for stamps. The number of 41-cent stamps was four more than twice the number of two-cent stamps. How many 41-cent stamps and how many two-cent stamps did Monica buy?
 
 Solution The types of stamps are [image: 41]-cent stamps and two-cent stamps. Their names also give the value!
 “The number of [image: 41]-cent stamps was four more than twice the number of two-cent stamps.”
 Let [image: x =] number of 2 – cent stamps.
 [image: 2x + 4 =] number of 41 – cent stamps
 	Type 	Number        · 	Value ($) 	=              Total Value ($) 
 	41 cent stamps 	[image: 2x+4] 	[image: 0.41] 	[image: 0.41(2x+4)] 
 	2 cent stamps 	[image: x] 	[image: 0.02] 	[image: 0.02x] 
 	 	[image: 8.36] 
  
 Step 1: Write the equation from the total values.
 [image: 0.41(2x+4)+0.02x=8.36]
 Step 2: Solve the equation.
 [image: \begin{align*} 0.82x+1.64+0.02x&=8.36\\ 0.84x+1.64&=8.36\\ 0.84x&=6.72\\ x&=8 \end{align*}]
 Monica bought eight two-cent stamps.
 [image: 2x+4] for [image: x=8]
 Step 3: Find the number of 41-cent stamps she bought be evaluating.
 [image: \begin{align*} 2x+4\\ 2(8)+4\\ 20 \end{align*}]
 Step 4: Check.
 [image: \begin{align*} 8(0.02)+20(0.41)&\overset?=8.36\\ 0.16+8.20&\overset?=8.36\\ 8.36&=8.36\checkmark \end{align*}]
 Monica bought eight two-cent stamps and 20 41-cent stamps.
  
 
 
 
 
 
 Try It 
  17) Eric paid [image: $13.36] for stamps. The number of [image: 41]-cent stamps was eight more than twice the number of two-cent stamps. How many [image: 41]-cent stamps and how many two-cent stamps did Eric buy?
 
 Solution [image: 32] at [image: $0.41], [image: 12] at [image: $0.02]
  
 
 
 18) Kailee paid [image: $12.66] for stamps. The number of [image: 41]-cent stamps was four less than three times the number of [image: 20]-cent stamps. How many [image: 41]-cent stamps and how many [image: 20]-cent stamps did Kailee buy?
 
 Solution [image: 26] at [image: $0.41], [image: 10] at [image: $0.20]
  
 
 
 
 
 Mixture Word Problems
 
 
 
 Now we’ll solve some more general applications of the mixture model. Grocers and bartenders use the mixture model to set a fair price for a product made from mixing two or more ingredients. Financial planners use the mixture model when they invest money in a variety of accounts and want to find the overall interest rate. Landscape designers use the mixture model when they have an assortment of plants and a fixed budget, and event coordinators do the same when choosing appetizers and entrees for a banquet.
 Our first mixture word problem will be making trail mix from raisins and nuts.
 Example 3.8.7
  Henning is mixing raisins and nuts to make [image: 10] pounds of trail mix. Raisins cost [image: $2] a pound and nuts cost [image: $6] a pound. If Henning wants his cost for the trail mix to be [image: $5.20] a pound, how many pounds of raisins and how many pounds of nuts should he use?
 
 Solution As before, we fill in a chart to organize our information.
 The [image: 10] pounds of trail mix will come from mixing raisins and nuts.
 [image: \begin{eqnarray*} \mbox{x} & = & \text{number of pounds of raisins} \\ \\ \ 10 - x & = & \text{number of pounds of nuts} \end{eqnarray*}]
 We enter the price per pound for each item.
 We multiply the number times the value to get the total value.
 	Type 	Number of pounds      · 	Price per pound ($) 	=      Total Value ($) 
  	Raisins 	[image: x] 	[image: 2] 	[image: 2x] 
 	Nuts 	[image: 10-x] 	[image: 6] 	[image: 6(10-x)] 
 	Trail mix 	[image: 10] 	[image: 5.20] 	[image: 10(5.20)] 
  
 Notice that the last line in the table gives the information for the total amount of the mixture.
 We know the value of the raisins plus the value of the nuts will be the value of the trail mix.
 Step 1: Write the equation from the total values.
 [image: 2x\;+\;6(10\;+\;x)\;=\;10(5.20)]
 Step 2: Solve the equation.
 [image: \begin{eqnarray*}2x\;+\;60\;-\;6x\;&=&\;52\\-4x\;&=&\;-8\\x\;&=&\;2\;\text{pounds of raisins}\end{eqnarray*}]
 Step 3: Find the number of pounds of nuts.
 [image: \begin{eqnarray*}10\;-\;x\\10\;-\;{\color[rgb]{1.0, 0.0, 0.0}2}\\{\color[rgb]{0.1, 0.1, 0.1}8}\;\text{pounds of nuts}\end{eqnarray*}]
 Step 4: Check.
 [image: \begin{align*} 2(\$2)+8(\$6)&\overset?=10(\$5.20)\\ \$4+48&\overset?=\$52\\ \$52&=\$52\checkmark \end{align*}]
 Henning mixed two pounds of raisins with eight pounds of nuts.
 
  
 
 
 
 Try It 
  19) Orlando is mixing nuts and cereal squares to make a party mix. Nuts sell for [image: $7] a pound and cereal squares sell for [image: $4] a pound. Orlando wants to make [image: 30] pounds of party mix at a cost of [image: $6.50] a pound, how many pounds of nuts and how many pounds of cereal squares should he use?
 
 Solution [image: 5] pounds cereal squares, [image: 25] pounds nuts
  
 
 
 20) Becca wants to mix fruit juice and soda to make a punch. She can buy fruit juice for [image: $3] a gallon and soda for [image: $4] a gallon. If she wants to make [image: 28] gallons of punch at a cost of [image: $3.25] a gallon, how many gallons of fruit juice and how many gallons of soda should she buy?
 
 Solution [image: 21] gallons of fruit punch, [image: 7] gallons of soda
  
 
 
 
 
 We can also use the mixture model to solve investment problems using simple interest. We have used the simple interest formula, [image: I=Prt], where [image: t] represented the number of years. When we just need to find the interest for one year, [image: t=1], so then [image: I=Pr].
 Example 3.8.8
  Stacey has [image: $20,000] to invest in two different bank accounts. One account pays interest at [image: 3%] per year and the other account pays interest at [image: 5%] per year. How much should she invest in each account if she wants to earn [image: 4.5%] interest per year on the total amount?
 
 Solution We will fill in a chart to organize our information. We will use the simple interest formula to find the interest earned in the different accounts.
 The interest on the mixed investment will come from adding the interest from the account earning [image: 3%] and the interest from the account earning [image: 5%] to get the total interest on the [image: $20,000].
 [image: \begin{eqnarray*} \mbox{Let x} & = & \text{amount invested at  3%} \\ \\ \ {20,000 - x} & = & \text{amount invested at 5%} \end{eqnarray*}]
 The amount invested is the principal for each account.
 We enter the interest rate for each account.
 We multiply the amount invested times the rate to get the interest.
 	Type 	Amount Invested      · 	Rate 	=      Interest 
 	3% 	[image: x] 	[image: 0.03] 	[image: 0.03x] 
 	5% 	[image: 20,000-x] 	[image: 0.05] 	[image: 0.05(20,000-x)] 
 	4.5% 	[image: 20,000] 	[image: 0.045] 	[image: 0.045(20,000)] 
  
 Notice that the total amount invested, [image: 20,000], is the sum of the amount invested at [image: 3%] and the amount invested at [image: 5%]. And the total interest, [image: 0.045(20,000)] is the sum of the interest earned in the [image: 3%] account and the interest earned in the 5% account.
 As with the other mixture applications, the last column in the table gives us the equation to solve.
 Step 1: Write the equation from the interest earned.
 [image: 0.03x + 0.05(20,000 - x)= 0.045(20,000)]
 Step 2: Solve the equation.
 [image: \begin{align*} 0.03x + 0.05(20,000-x)&= 0.045(20,000)\\ 0.03x + 1000 - 0.05x&= 900\\ -0.02x + 1000&=900\\ -0.02x&-100\\ x&=5,000\;\text{amount invested at 3%} \end{align*}]
 Step 3: Find the amount invested at 5%.
 [image: \begin{align*} 20,000&-{\color[rgb]{1.0, 0.0, 0.0}x}\\ 20,000&-{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0},}{\color[rgb]{1.0, 0.0, 0.0}000}\\ 15,000&=\text{amount invested at 5%} \end{align*}]
 Step 4: Check.
 [image: \begin{align*} 0.03x+0.05(15,000+x)&\overset?=0.045(20,000)\\ 150+750&\overset?=-900\\ 900&=900\checkmark\\ \end{align*}]
 Stacey should invest $5,000 in the account that earns 3% and $15,000 in the account that earns 5%.
  
 
 
 
 
 
 Try It 
  21) Remy has [image: $14,000] to invest in two mutual funds. One fund pays interest at [image: 4%] per year and the other fund pays interest at [image: 7%] per year. How much should she invest in each fund if she wants to earn [image: 6.1%] interest on the total amount?
 
 Solution [image: $4,200] at [image: 4%], [image: $9,800] at [image: 7%]
  
 
 
 22) Marco has [image: $8,000] to save for his daughter’s college education. He wants to divide it between one account that pays [image: 3.2%] interest per year and another account that pays [image: 8%] interest per year. How much should he invest in each account if he wants the interest on the total investment to be [image: 6.5%]?
 
 Solution [image: $2,500] at [image: 3.2%], [image: $5,500] at [image: 8%]
  
 
 
 
 
 Solve Uniform Motion Applications
 
 
 
 When planning a road trip, it often helps to know how long it will take to reach the destination or how far to travel each day. We would use the distance, rate, and time formula, [image: D=rt], which we have already seen.
 In this section, we will use this formula in situations that require a little more algebra to solve than the ones we saw earlier. Generally, we will be looking at comparing two scenarios, such as two vehicles travelling at different rates or in opposite directions. When the speed of each vehicle is constant, we call applications like this uniform motion problems.
 Our problem-solving strategies will still apply here, but we will add to the first step. The first step will include drawing a diagram that shows what is happening in the example. Drawing the diagram helps us understand what is happening so that we will write an appropriate equation. Then we will make a table to organize the information, like we did for the money applications.
 The steps are listed here for easy reference:
 HOW TO
 Use a Problem-Solving Strategy in Distance, Rate, and Time Applications.
 Step 1: Read the problem. Make sure all the words and ideas are understood.
 	Draw a diagram to illustrate what it happening.
 	Create a table to organize the information.
 	Label the columns rate, time, distance.
 	List the two scenarios.
 	Write in the information you know.
 
 [image: A table with three rows and four columns and an extra cell at the bottom of the fourth column. The first row is a header row and reads from left to right _____, Rate, Time, and Distance. The rest of the cells are blank.]Figure 3.8.4 Step 2: Identify what we are looking for.
 Step 3: Name what we are looking for. Choose a variable to represent that quantity.
 
 	Complete the chart.
 	Use variable expressions to represent that quantity in each row.
 	Multiply the rate times the time to get the distance.
 
 Step 4: Translate into an equation.
 
 	Restate the problem in one sentence with all the important information.
 	Then, translate the sentence into an equation.
 
 Step 5: Solve the equation using good algebra techniques.
 Step 6: Check the answer in the problem and make sure it makes sense.
 Step 7: Answer the question with a complete sentence.
 
 Example 3.8.9
  An express train and a local train leave Pittsburgh to travel to Washington, D.C. The express train can make the trip in [image: 4] hours and the local train takes [image: 5] hours for the trip. The speed of the express train is [image: 12] miles per hour faster than the speed of the local train. Find the speed of both trains.
 
 Solution Step 1: Read the problem. Make sure all the words and ideas are understood.
 	Draw a diagram to illustrate what it happening. Shown below is a sketch of what is happening in the example.
 
  [image: Pittsburgh and Washington, DC, are represented by two separate lines. There is a line marked Express Train from Pittsburgh to Washington that is 12 mph faster and 4 hours long. There is a line marked Local Train from Pittsburgh to Washington that take 5 hours. The space between Pittsburgh and Washington is marked distance.]Figure 3.8.5  
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
  	Express 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}4}] 	 
 	Local 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}5}] 	 
  
  

 	Create a table to organize the information.
 	Label the columns “Rate,” “Time,” and “Distance.”
 	List the two scenarios.
 	Write in the information you know.
 
 Step 2: Identify what we are looking for.
 	We are asked to find the speed of both trains.
 	Notice that the distance formula uses the word “rate,” but it is more common to use “speed” when we talk about vehicles in everyday English.
 
 Step 3: Name what we are looking for. Choose a variable to represent that quantity.
 	Complete the chart
 	Use variable expressions to represent that quantity in each row.
 	We are looking for the speed of the trains. Let’s let [image: r] represent the speed of the local train. Since the speed of the express train is [image: 12] mph faster, we represent that as [image: r+12].
 
 [image: r =] speed of the local train
 [image: r+12 =] speed of the express train
 Fill in the speeds into the chart.
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	Express 	[image: {\color[rgb]{1.0, 0.0, 0.0}r+12}] 	[image: {\color[rgb]{1.0, 0.0, 0.0}4}] 	 
 	Local 	[image: {\color[rgb]{1.0, 0.0, 0.0}r}] 	[image: {\color[rgb]{1.0, 0.0, 0.0}5}] 	 
  
 Multiply the rate times the time to get the distance.
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	Express 	[image: r+12] 	[image: 4] 	[image: {\color[rgb]{1.0, 0.0, 0.0}4(r+12)}] 
 	Local 	[image: r] 	[image: 5] 	[image: {\color[rgb]{1.0, 0.0, 0.0}5r}] 
  
 Step 4: Translate into an equation.
 	Restate the problem in one sentence with all the important information.
 	Then, translate the sentence into an equation.
 	The equation to model this situation will come from the relation between the distances. Look at the diagram we drew above. How is the distance travelled by the express train related to the distance travelled by the local train?
 	Since both trains leave from Pittsburgh and travel to Washington, D.C. they travel the same distance. So we write:
 
 [image: {\small\begin{align*} &\;&\underbrace{\text{distance travelled by express train}}\;&\;\;=\;&\underbrace{\text{distance travelled by local train}}\\ &\text{Translate to an equation}&4(r+12)\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;&\;\;=\;&\;5r\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\end{align*}}]
 Step 5: Solve the equation using good algebra techniques.
 Now solve this equation.
 [image: \begin{eqnarray*}4(r\;+\;12)\;&=&\;5r\\4r\;+\;48\;&=&\;5r\\48\;&=&\;r\end{eqnarray*}]
 So the speed of the local train is [image: 48] mph.
 Find the speed of the express train.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}r}\;+\;12\\{\color[rgb]{1.0, 0.0, 0.0}48}\;+\;12\\60\end{eqnarray*}]
 The speed of the express train is [image: 60] mph.
 Step 6: Check the answer in the problem and make sure it makes sense.
 [image: \begin{align*} &\text{express train}\;&60\;mph(4\;hours)&=240\;miles\\ &\text{local train}\;&48\;mph(5\;hour)&=240\;miles \end{align*}]
 Step 7: Answer the question with a complete sentence.
 	The speed of the local train is [image: 48] mph and the speed of the express train is [image: 60] mph.
 
  
 
 
 
 Try It 
  23) Wayne and Dennis like to ride the bike path from Riverside Park to the beach. Dennis’s speed is seven miles per hour faster than Wayne’s speed, so it takes Wayne [image: 2] hours to ride to the beach while it takes Dennis [image: 1.5] hours for the ride. Find the speed of both bikers.
 
 Solution Wayne [image: 21] mph, Dennis [image: 28] mph
  
 
 
 24) Jeromy can drive from his house in Cleveland to his college in Chicago in [image: 4.5] hours. It takes his mother [image: 6] hours to make the same drive. Jeromy drives [image: 20] miles per hour faster than his mother. Find Jeromy’s speed and his mother’s speed.
 
 Solution Jeromy [image: 80] mph, mother [image: 60] mph
  
 
 
 
 
 In Example 3.8.9, the last example, we had two trains travelling the same distance. The diagram and the chart helped us write the equation we solved. Let’s see how this works in another case.
 Example 3.8.10
  Christopher and his parents live 115 miles apart. They met at a restaurant between their homes to celebrate his mother’s birthday. Christopher drove 1.5 hours while his parents drove 1 hour to get to the restaurant. Christopher’s average speed was 10 miles per hour faster than his parents’ average speed. What were the average speeds of Christopher and of his parents as they drove to the restaurant?
 
 Solution Step 1: Read the problem. Make sure all the words and ideas are understood.
 	Draw a diagram to illustrate what it happening. Below shows a sketch of what is happening in the example.
 
 [image: Christopher and Parents are represented by two separate lines. The distance between these two lines is marked 115 miles. Lunch is also located between Christopher and Parents. There is an arrow from Christopher that is marked 10 mph faster and 1.5 hours. There is an arrow from Parents marked 1 hour. These two arrows meet somewhere between Christopher and Parents.]Figure 3.8.6 	Create a table to organize the information.
 	Label the columns rate, time, distance.
 	List the two scenarios.
 	Write in the information you know.
 
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	Christopher 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}1.5}] 	 
 	Parents 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}1}] 	 
 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}115}] 
  
 Step 2: Identify what we are looking for.
 	We are asked to find the average speeds of Christopher and his parents.
 
 Step 3: Name what we are looking for. Choose a variable to represent that quantity.
 	Complete the chart.
 	Use variable expressions to represent that quantity in each row.
 	We are looking for their average speeds. Let’s let [image: r] represent the average speed of the parents. Since the Christopher’s speed is [image: 10] mph faster, we represent that as [image: r+10].
 
 Fill in the speeds into the chart.
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	Christopher 	[image: r+10] 	[image: 1.5] 	[image: {\color[rgb]{1.0, 0.0, 0.0}1.5(r+10)}] 
 	Parents 	[image: r] 	[image: 1] 	[image: {\color[rgb]{1.0, 0.0, 0.0}r}] 
 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}115}] 
  
 Multiply the rate times the time to get the distance.
 Step 4: Translate into an equation.
 	Restate the problem in one sentence with all the important information.
 	Then, translate the sentence into an equation.
 	Again, we need to identify a relationship between the distances in order to write an equation. Look at the diagram we created above and notice the relationship between the distance Christopher travelled and the distance his parents travelled.
 
 The distance Christopher travelled plus the distance his parents travel must add up to 115 miles. So we write:
 [image: {\small\begin{align*} &\;&\underbrace{\text{distance travelled by Christopher}}&\;+&\underbrace{\text{distance travelled by his parents}}&\;=&115\\ &\text{Translate to an equation}&1.5(r+10)\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;&\;+&\;r\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;&\;=&115\end{align*}}]
 Step 5: Solve the equation using good algebra techniques.
 Now solve this equation.
 [image: \begin{align*} 1.5(r+10)+r&=115\\ 1.5r+15+r&=115\\ 2.5r+15&=115\\ 2.5r&=100\\ r&=40 \end{align*}]
 So the parents’ speed was [image: 40] mph.
 Christopher’s speed is [image: r+10].
 [image: \begin{align*}{\color[rgb]{1.0, 0.0, 0.0}r}&+10\\ {\color[rgb]{1.0, 0.0, 0.0}40}+10&=50 \end{align*}]
 Step 6: Check the answer in the problem and make sure it makes sense.
 [image: \begin{align*} &\text{Christopher drove}\;&50\;mph(1.5\;hours)&=75\;miles\\ &\text{His parents drove}\;&40\;mph(1\;hour)&=40\;miles\\ &\;&\;&=115\;miles \end{align*}]
 Step 7: Answer the question with a complete sentence.
 Christopher’s speed was [image: 50] mph. 
 His parents’ speed was [image: 40] mph.
  
 
 
 
 
 Try It 
  25) Carina is driving from her home in Anaheim to Berkeley on the same day her brother is driving from Berkeley to Anaheim, so they decide to meet for lunch along the way in Buttonwillow. The distance from Anaheim to Berkeley is [image: 410] miles. It takes Carina [image: 3] hours to get to Buttonwillow, while her brother drives [image: 4] hours to get there. The average speed Carina’s brother drove was [image: 15] miles per hour faster than Carina’s average speed. Find Carina’s and her brother’s average speeds.
 
 Solution Carina [image: 50] mph, brother [image: 65] mph
  
 
 
 26) Ashley goes to college in Minneapolis, [image: 234] miles from her home in Sioux Falls. She wants her parents to bring her more winter clothes, so they decide to meet at a restaurant on the road between Minneapolis and Sioux Falls. Ashley and her parents both drove [image: 2] hours to the restaurant. Ashley’s average speed was seven miles per hour faster than her parents’ average speed. Find Ashley’s and her parents’ average speed.
 
 Solution Parents [image: 55] mph, Ashley [image: 62] mph
  
 
 
 
 
 As you read the next example, think about the relationship of the distances travelled. Which of the previous two examples is more similar to this situation?
 Example 3.8.11
  Two truck drivers leave a rest area on the interstate at the same time. One truck travels east and the other one travels west. The truck travelling west travels at [image: 70] mph and the truck travelling east has an average speed of [image: 60] mph. How long will they travel before they are [image: 325] miles apart?
 
 Solution Step 1: Read the problem. Make sure all the words and ideas are understood.
 	Draw a diagram to illustrate what it happening.
 
  [image: West and East are represented by two separate lines. The distance between these two lines is marked 325 miles. Rest stop is also located between West and East. There is an arrow from Rest stop heading toward West that is marked 70 mph. There is an arrow from Rest stop heading toward East that is marked 60 mph.]Figure 3.8.7 
 	Create a table to organize the information.
 
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	West 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}70}] 	 
 	East 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}60}] 	 
 	 	[image: {\color[rgb]{1.0, 0.0, 0.0}325}] 
  
 Step 2: Identify what we are looking for.
 	We are asked to find the amount of time the trucks will travel until they are [image: 325] miles apart.
 
 Step 3: Name what we are looking for. Choose a variable to represent that quantity.
 	We are looking for the time travelled. Both trucks will travel the same amount of time. Let’s call the time [image: t]. Since their speeds are different, they will travel different distances.
 	Complete the chart.
 
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	West 	[image: 70] 	[image: {\color[rgb]{1.0, 0.0, 0.0}t}] 	[image: {\color[rgb]{1.0, 0.0, 0.0}70t}] 
 	East 	[image: 60] 	[image: {\color[rgb]{1.0, 0.0, 0.0}t}] 	[image: {\color[rgb]{1.0, 0.0, 0.0}60t}] 
 	 	[image: 325] 
  
 Step 4: Translate into an equation.
 	We need to find a relation between the distances in order to write an equation. Looking at the diagram, what is the relationship between the distance each of the trucks will travel?
 	The distance traveled by the truck going west plus the distance travelled by the truck going east must add up to 325 miles. So we write:
 
 [image: \begin{align*} &\underbrace{\text{distance travelled by westbound truck}}\;&\;+&\underbrace{\text{distance travelled by eastbound truck}}&\;=&32\\ &\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;70t\;&\;+&\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;60t\;&\;=&32\end{align*}]
 Step 5: Solve the equation using good algebra techniques.
 [image: \begin{align*} 70t+60t&=325\\ 130t&=325\\ t&=2.5 \end{align*}]
 So it will take the trucks [image: 2.5] hours to be [image: 325] miles apart.
 Step 6: Check the answer in the problem and make sure it makes sense.
 [image: \begin{align*} &\text{Truck going West}\;&70\;mph(2.5\;hours)&=175\;miles\\ &\text{Truck going East}\;&60\;mph(2.5\;hour)&=150\;miles\\ &\;&\;&=325\;miles \end{align*}]
 Step 7: Answer the question with a complete sentence.
 It will take the trucks [image: 2.5] hours to be [image: 325] miles apart.
  
 
 
 
 
 
 Try It 
  27) Pierre and Monique leave their home in Portland at the same time. Pierre drives north on the turnpike at a speed of [image: 75] miles per hour while Monique drives south at a speed of [image: 68] miles per hour. How long will it take them to be [image: 429] miles apart?
 
 Solution [image: 3] hours
  
 
 
 28) Thanh and Nhat leave their office in Sacramento at the same time. Thanh drives north on I-5 at a speed of [image: 72] miles per hour. Nhat drives south on I-5 at a speed of [image: 76] miles per hour. How long will it take them to be [image: 330] miles apart?
 
 Solution [image: 2.2] hours
  
 
 
 
 
 Matching Units in Problems
 
 
 
 It is important to make sure the units match when we use the distance rate and time formula. For instance, if the rate is in miles per hour, then the time must be in hours.
 Example 3.8.12
  When Katie Mae walks to school, it takes her [image: 30] minutes. If she rides her bike, it takes her [image: 15] minutes. Her speed is three miles per hour faster when she rides her bike than when she walks. What are her walking speed and her speed riding her bike?
 
 Solution First, we draw a diagram that represents the situation to help us see what is happening.
 [image: A house and a school are represented by two separate lines. There is a line marked walking from the house to the school that takes 30 minutes. There is a line marked biking from the house to the school that take 15 minutes and is 3 mph faster. The space between the house and school is marked distance.]Figure 3.8.8 We are asked to find her speed walking and riding her bike. Let’s call her walking speed [image: r]. Since her biking speed is three miles per hour faster, we will call that speed [image: r+3]. We write the speeds in the chart.
 The speed is in miles per hour, so we need to express the times in hours, too, in order for the units to be the same. Remember, one hour is 60 minutes. So:
 30 minutes is [image: \frac{30}{60}] or [image: \frac{1}{2}] hour
 15 minutes is [image: \frac{15}{60}] or [image: \frac{1}{4}] hour
 
 Next, we multiply rate times time to fill in the distance column.
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	Walk 	[image: r] 	[image: \frac12] 	[image: \frac12r] 
 	Bike 	[image: r+3] 	[image: \frac14] 	[image: \frac14(r+3)] 
  
 The equation will come from the fact that the distance from Katie Mae’s home to her school is the same whether she is walking or riding her bike.
 So we say:
 [image: \underbrace{\text{distance walked}}\;=\;\underbrace{\text{distance covered by bike}}]
 Step 1: Translate into an equation.
 [image: \frac12r\;=\;\frac14(r\;+\;3)]
 Step 2: Solve this equation.
 [image: \frac12r\;=\;\frac14(r\;+\;3)]
 Step 3: Clear the fractions by multiplying by the LCD of all the fractions in the equation.
 [image: 8\;\times\;\frac12r\;=\;8\;\times\;\frac14(r\;+\;3)]
 Step 4: Simplify.
 [image: \begin{eqnarray*}4r\;&=&\;2(r\;+\;3)\\4r\;&=&\;2r\;+\;6\\2r\;&=&\;6\\r\;&=&\;3\;mph\end{eqnarray*}]
 
 3 mph is Katie Mae’s walking speed
 [image: {\color[rgb]{1.0, 0.0, 0.0}r}+3] biking speed
 [image: {\color[rgb]{1.0, 0.0, 0.0}3}\;+\;3]
 [image: 6] mph (Katie Mae’s biking speed)
 Step 5: Let’s check if this works.
 [image: \begin{align*} &\text{Walk}\;&3\;mph(0.5\;hours)&=1.5\;miles\\ &\text{Bike}\;&6\;mph(0.25\;hour)&=1.5\;miles\end{align*}]
 Yes, either way Katie Mae travels [image: 1.5] miles to school.
 Katie Mae’s walking speed is [image: 3] mph.
 Her speed riding her bike is [image: 6] mph.
  
 
 
 
 Try It 
  29) Suzy takes [image: 50] minutes to hike uphill from the parking lot to the lookout tower. It takes her [image: 30] minutes to hike back down to the parking lot. Her speed going downhill is [image: 1.2] miles per hour faster than her speed going uphill. Find Suzy’s uphill and downhill speeds.
 
 Solution Uphill [image: 1.8] mph, downhill three mph
  
 
 
 30) Llewyn takes [image: 45] minutes to drive his boat upstream from the dock to his favorite fishing spot. It takes him [image: 30] minutes to drive the boat back downstream to the dock. The boat’s speed going downstream is four miles per hour faster than its speed going upstream. Find the boat’s upstream and downstream speeds.
 
 Solution Upstream [image: 8] mph, downstream [image: 12] mph
  
 
 
 
 
 In the distance, rate, and time formula, time represents the actual amount of elapsed time (in hours, minutes, etc.). If a problem gives us starting and ending times as clock times, we must find the elapsed time in order to use the formula.
 Example 3.8.13
  Hamilton loves to travel to Las Vegas, [image: 255] miles from his home in Orange County. On his last trip, he left his house at 2:00 pm. The first part of his trip was on congested city freeways. At 4:00 pm, the traffic cleared and he was able to drive through the desert at a speed [image: 1.75] times faster than when he drove in the congested area. He arrived in Las Vegas at 6:30 pm. How fast was he driving during each part of his trip?
 
 Solution A diagram will help us model this trip.
 [image: Home (2:00 pm) and Las Vegas (6:30 pm) are represented by two separate lines. The space between home and Las Vegas is marked 255 miles. There is an arrow marked city driving from Home/2:00 pm to 4:00 pm. Then there is an arrow marked desert driving from the tip of the previous one at 4:00 pm to Las Vegas/6:30 pm.]Figure 3.8.9 Next, we create a table to organize the information.
 We know the total distance is [image: 255] miles. We are looking for the rate of speed for each part of the trip. The rate in the desert is [image: 1.75] times the rate in the city. If we let [image: r=] the rate in the city, then the rate in the desert is [image: 1.75r].
 The times here are given as clock times. Hamilton started from home at 2:00 pm and entered the desert at 4:30 pm. So he spent two hours driving the congested freeways in the city. Then he drove faster from 4:00 pm until 6:30 pm in the desert. So he drove [image: 2.5] hours in the desert.
 Now, we multiply the rates by the times.
 	 	Rate (mph)      · 	Time (hrs) 	=       Distance (miles) 
 	City 	[image: r] 	[image: 2] 	[image: 2r] 
 	Desert 	[image: 1.75r] 	[image: 2.5] 	[image: 2.5(1.5r)] 
 	 	[image: 225] 
  
 By looking at the diagram below, we can see that the sum of the distance driven in the city and the distance driven in the desert is [image: 255] miles.
 [image: \underbrace{\text{distance driven in the city}}\;+\;\underbrace{\text{distance driven in desert}}\;=255]
 Step 1: Translate into an equation.
 [image: 2r\;+\;2.5(1.75r)\;=\;255]
 Step 2: Solve this equation.
 [image: \begin{eqnarray*}2r\;+\;2.5(1.75r)\;&=&\;255\\2r\;+\;4.375r\;&=&\;255\\6.375r\;&=&\;255\\r\;&=&\;40\;mph\;city\end{eqnarray*}]
 [image: \begin{align*}&1.75{\color[rgb]{1.0, 0.0, 0.0}r}\;\text{desert speed}\\&1.75({\color[rgb]{1.0, 0.0, 0.0}40})\\&70\;mph\end{align*}]
 Step 3: Check.
 [image: \begin{align*}\text{City }40\;mph\;(2\;\text{hours})&= 80\;miles\\\text{Desert }70\;mph\;(2.5\;\text{hours})&= \frac{175\;miles}{255\;miles}\end{align*}]
 Hamilton drove [image: 40] mph in the city and [image: 70] mph in the desert.
  
 
 
 Try It 
  31) Cruz is training to compete in a triathlon. He left his house at 6:00 and ran until 7:30. Then he rode his bike until 9:45. He covered a total distance of [image: 51] miles. His speed when biking was [image: 1.6] times his speed when running. Find Cruz’s biking and running speeds.
 
 
 
 Solution Biking [image: 16] mph, running [image: 10] mph
  
 
 
 32) Phuong left home on his bicycle at 10:00. He rode on the flat street until 11:15, then rode uphill until 11:45. He rode a total of [image: 31] miles. His speed riding uphill was [image: 0.6] times his speed on the flat street. Find his speed biking uphill and on the flat street.
 
 Solution Uphill [image: 12] mph, flat street [image: 20] mph
  
 
 
 
 
 
 
 
 
 Key Concepts
  	Total Value of Coins For the same type of coin, the total value of a number of coins is found by using the model. 	number × value=total value where number is the number of coins and value is the value of each coin; total value is the total value of all the coins
 
 
 	Problem-Solving Strategy—Coin Word Problems 	Read the problem. Make all the words and ideas are understood. Determine the types of coins involved.
  	Create a table to organize the information.
 	Label the columns type, number, value, total value.
 	List the types of coins.
 	Write in the value of each type of coin.
 	Write in the total value of all the coins.
 
 
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
  Use variable expressions to represent the number of each type of coin and write them in the table.
  Multiply the number times the value to get the total value of each type of coin.
 	Translate into an equation. It may be helpful to restate the problem in one sentence with all the important information. Then, translate the sentence into an equation.
  Write the equation by adding the total values of all the types of coins.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 	Distance, Rate, and Time 	[image: D = rt] where [image: D =] distance, [image: r =] rate, [image: t =] time
 
 
 	Problem-Solving Strategy—Distance, Rate, and Time Applications 	Read the problem. Make sure all the words and ideas are understood.
  Draw a diagram to illustrate what it happening.
  Create a table to organize the information: Label the columns rate, time, distance. List the two scenarios. Write in the information you know.
 	Identify what we are looking for.
 	Name what we are looking for. Choose a variable to represent that quantity.
  Complete the chart.
  Use variable expressions to represent that quantity in each row.
  Multiply the rate times the time to get the distance.
 	Translate into an equation.
  Restate the problem in one sentence with all the important information.
  Then, translate the sentence into an equation.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=1362#h5p-22 
 
 b. After reviewing this checklist, what will you do to become confident for all objectives?
 
 
 Glossary
  	mixture problems
 	Mixture problems combine two or more items with different values together.
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.9 Graph Linear Equations in Two Variables

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Plot points in a rectangular coordinate system
 	Verify solutions to an equation in two variables
 	Complete a table of solutions to a linear equation
 	Find solutions to a linear equation in two variables
 	Recognize the relationship between the solutions of an equation and its graph.
 	Graph a linear equation by plotting points.
 	Graph vertical and horizontal lines.
 	Identify the [image: x]-intercept and [image: y]-intercept on a graph
 	Find the [image: x]-intercept and [image: y]-intercept from an equation of a line
 	Graph a line using the intercepts
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Evaluate [image: x+3] when [image: x=-1].
 2) Evaluate [image: 2x-5y] when [image: x=3] and [image: y=-2].
 3) Solve for [image: y]: [image: 40-4y=20].
 4) Evaluate [image: 3x+2] when [image: x=-1].
 5) Solve [image: 3x+2y=12] for [image: y] in general.
 6) Solve: [image: 3\cdot 0+4y=-2].
 
 
 Plot Points on a Rectangular Coordinate System
 Just like maps use a grid system to identify locations, a grid system is used in algebra to show a relationship between two variables in a rectangular coordinate system. The rectangular coordinate system is also called the [image: xy]-plane or the ‘coordinate plane’.
 The horizontal number line is called the [image: x]-axis. The vertical number line is called the [image: y]-axis. The [image: x]-axis and the [image: y]-axis together form the rectangular coordinate system. These axes divide a plane into four regions, called quadrants. The quadrants are identified by Roman numerals, beginning on the upper right and proceeding counterclockwise. See Figure 3.9.1.
 ‘Quadrant’ has the root ‘quad,’ which means ‘four.’
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 7 to 7. The top-right portion of the plane is labeled "I", the top-left portion of the plane is labeled "II", the bottom-left portion of the plane is labeled "III" and the bottom-right portion of the plane is labeled "IV".]Figure 3.9.1-‘Quadrant’ has the root ‘quad,’ which means ‘four.’ 
 In the rectangular coordinate system, every point is represented by an ordered pair. The first number in the ordered pair is the [latex]x[/latex]-coordinate of the point, and the second number is the [latex]y[/latex]-coordinate of the point.
 
 Ordered Pair
 An ordered pair, [image: (x,y)], gives the coordinates of a point in a rectangular coordinate system.
 [image: The ordered pair x y is labeled with the first coordinate x labeled as "x-coordinate" and the second coordinate y labeled as "y-coordinate".]Figure 3.9.2 The first number is the [image: x]-coordinate.
 The second number is the [image: y]-coordinate.
 
 The phrase ‘ordered pair’ means the order is important. What is the ordered pair of the point where the axes cross? At that point both coordinates are zero, so its ordered pair is [image: (0,0)]. The point [image: (0,0)] has a special name. It is called the origin.
 
 
 
 The Origin
 The point [image: (0,0)] is called the origin. It is the point where the [image: x]-axis and [image: y]-axis intersect.
 
 
 
 We use the coordinates to locate a point on the [image: xy]-plane. Let’s plot the point [image: (1,3)] as an example. First, locate [image: 1] on the [image: x]-axis and lightly sketch a vertical line through [image: x=1]. Then, locate [image: 3] on the [image: y]-axis and sketch a horizontal line through [image: y=3]. Now, find the point where these two lines meet—that is the point with coordinates [image: (1,3)].
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. An arrow starts at the origin and extends right to the number 2 on the x-axis. The point (1, 3) is plotted and labeled. Two dotted lines, one parallel to the x-axis, the other parallel to the y-axis, meet perpendicularly at 1, 3. The dotted line parallel to the x-axis intercepts the y-axis at 3. The dotted line parallel to the y-axis intercepts the x-axis at 1.]Figure 3.9.3 Notice that the vertical line through [image: x=1] and the horizontal line through [image: y=3] are not part of the graph. We just used them to help us locate the point [image: (1,3)].
 
 
 Example 3.9.1
  Plot each point in the rectangular coordinate system and identify the quadrant in which the point is located:
 a. [image: (-5,4)]
 b. [image: (-3,-4)]
 c. [image: (2,-3)]
 d. [image: (-2,3)]
 e. [image: (3,\frac{5}{2})]
 
 Solution The first number of the coordinate pair is the [image: x]-coordinate, and the second number is the [image: y]-coordinate.
 a. Since [image: x=-5], the point is to the left of the [image: y]-axis. Also, since [image: y=4], the point is above the [image: x]-axis. The point [image: (-5,4)] is in Quadrant II.
 b. Since [image: x=-3], the point is to the left of the [image: y]-axis. Also, since [image: y=-4], the point is below the [image: x]-axis. The point [image: (-3,-4)] is in Quadrant III.
 c. Since [image: x=2], the point is to the right of the [image: y]-axis. Since [image: y=-3], the point is below the [image: x]-axis. The point [image: (2,-3)] is in Quadrant lV.
 d. Since [image: x=-2], the point is to the left of the [image: y]-axis. Since [image: y=3], the point is above the [image: x]-axis. The point [image: (-2,3)] is in Quadrant II.
 e. Since [image: x=3], the point is to the right of the [image: y]-axis. Since [image: y=\frac{5}{2}], the point is above the [image: x]-axis. (It may be helpful to write [image: \frac{5}{2}]) as a mixed number or decimal.) The point [image: (3,\frac{5}{2})] is in Quadrant I.
 
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 7 to 7. The points (negative 5, 4), (negative 2, 3), (negative 3, negative 4), (3, five halves), and (2, negative 3) are plotted and labeled.]Figure 3.9.4 
  
 
 
 Try It
  7) Plot each point in a rectangular coordinate system and identify the quadrant in which the point is located:
 a. [image: (-2,1)]
 b. [image: (-3,-1)]
 c. [image: (4,-4)]
 d. [image: (-4,4)]
 e. [image: (-4,\frac{3}{2})]
 
 Solution [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The point (negative 2, 1) is plotted and labeled "a". The point (negative 3, negative 1) is plotted and labeled "b". The point (4, negative 4) is plotted and labeled "c". The point (negative 4, negative one half) is plotted and labeled “d”.]Figure 3.9.5  
 
 
 8) Plot each point in a rectangular coordinate system and identify the quadrant in which the point is located:
 a. [image: (-4,1)]
 b. [image: (-2,3)]
 c. [image: (2,-5)]
 d. [image: (-2,5)]
 e. [image: (-3,\frac{5}{2})]
 
 Solution [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The point (negative 4, 1) is plotted and labeled "a". The point (negative 2, 3) is plotted and labeled "b". The point (2, negative 5) is plotted and labeled "c". The point (negative 3, 2 and one half) is plotted and labeled “d”.]Figure 3.9.6  
 
 
 
 
 How do the signs affect the location of the points? You may have noticed some patterns as you graphed the points in the previous example.
 
 
 
 For the point in Figure 3.9.4 in Quadrant IV, what do you notice about the signs of the coordinates? What about the signs of the coordinates of points in the third quadrant? The second quadrant? The first quadrant?
 Can you tell just by looking at the coordinates in which quadrant the point [image: (-2,5)] is located? In which quadrant is [image: (2,-5)] located?
 Quadrants
 We can summarize sign patterns of the quadrants in this way.
 	Quadrant I 	Quadrant II 	Quadrant III 	Quadrant IV 
 	[image: (x,y)] 	[image: (x,y)] 	[image: (x,y)] 	[image: (x,y)] 
 	[image: (+,+)] 	[image: (-,+)] 	[image: (-,-)] 	[image: (+,-)] 
  
 
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 7 to 7. The graph shows the x y-coordinate plane. The x and y-axis each run from -7 to 7. The top-right portion of the plane is labeled "I" and "ordered pair +, +", the top-left portion of the plane is labeled "II" and "ordered pair -, +", the bottom-left portion of the plane is labelled "III" "ordered pair -, -" and the bottom-right portion of the plane is labeled "IV" and "ordered pair +, -".]Figure 3.9.7 
 
 What if one coordinate is zero as shown in Figure 3.9.8? Where is the point [image: (0,4)] located? Where is the point [image: (-2,0)] located?
 
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. Points (0, 4) and (negative 2, 0) are plotted and labeled.]Figure 3.9.8 
 The point [image: (0,4)] is on the y-axis and the point [image: (-2,0)] is on the x-axis.
 Points on the Axes
 Points with a [image: y]-coordinate equal to [image: 0] are on the [image: x]-axis, and have coordinates [image: (a,0)].
 Points with an [image: x]-coordinate equal to [image: 0] are on the [image: y]-axis, and have coordinates [image: (0,b)].
 
 Example 3.9.2
  Plot each point:
 a. [image: (0,5)]
 b. [image: (4,0)]
 c. [image: (-3,0)]
 d. [image: (0,0)]
 e. [image: (0,-1)]
 
 Solution a. Since [image: x=0], the point whose coordinates are [image: (0,5)] is on the [image: y]-axis.
 b. Since [image: y=0], the point whose coordinates are [image: (4,0)] is on the [image: x]-axis.
 c. Since [image: y=0], the point whose coordinates are [image: (-3,0)] is on the [image: x]-axis.
 d. Since [image: x=0] and [image: y=0], the point whose coordinates are [image: (0,0)] is the origin.
 e. Since [image: x=0], the point whose coordinates are [image: (0,-1)] is on the [image: y]-axis.
 
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 7 to 7. The points (negative 3, 0), (0, 0), (0, negative 1), (0, 5), and (4, 0) are plotted and labeled.]Figure 3.9.9  
 
 
 
 
 Try It
  9) Plot each point:
 a. [image: (4,0)]
 b. [image: (-2,0)]
 c. [image: (0,0)]
 d. [image: (0,2)]
 e. [image: (0,-3)]
 
 Solution [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The points (4, 0), (negative 2, 0), (0, 0), (0, 2), and (0, negative 3) are plotted and labeled.]Figure 3.9.10  
 
 
 10) Plot each point:
 a. [image: (-5,0)]
 b. [image: (3,0)]
 c. [image: (0,0)]
 d. [image: (0,-1)]
 e. [image: (0,4)]
 
 Solution [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The points (negative 5, 0), (3, 0), (0, 0), (0, negative 1), and (0, 4) are plotted and labeled.]Figure 3.9.11  
 
 
 
 
 In algebra, being able to identify the coordinates of a point shown on a graph is just as important as being able to plot points. To identify the [image: x]-coordinate of a point on a graph, read the number on the [image: x]-axis directly above or below the point. To identify the [image: y]-coordinate of a point, read the number on the [image: y]-axis directly to the left or right of the point. Remember, when you write the ordered pair use the correct order, [image: (x,y)].
 
 
 
 Example 3.9.3
  Name the ordered pair of each point shown in the rectangular coordinate system.
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The points (4, 0), (negative 2, 0), (0, 0), (0, 2), and (0, negative 3) are plotted and labeled A, B, C, D, and E, respectively.]Figure 3.9.12 
 Solution Point A is above [image: -3] on the [image: x]-axis, so the [image: x]-coordinate of the point is [image: -3].
 	The point is to the left of [image: 3] on the [image: y]-axis, so the [image: y]-coordinate of the point is [image: 3].
 	The coordinates of the point are [image: (-3,3)].
 
 Point B is below [image: -1] on the [image: x]-axis, so the [image: x]-coordinate of the point is [image: -1].
 	The point is to the left of [image: -3] on the [image: y]-axis, so the [image: y]-coordinate of the point is [image: -3].
 	The coordinates of the point are [image: (-1,-3)].
 
 Point C is above [image: 2] on the [image: x]-axis, so the [image: x]-coordinate of the point is [image: 2].
 	The point is to the right of [image: 4] on the [image: y]-axis, so the [image: y]-coordinate of the point is [image: 4].
 	The coordinates of the point are [image: (2,4)].
 
 Point D is below [image: 4] on the [image: x]-axis, so the [image: x]-coordinate of the point is [image: 4].
 	The point is to the right of [image: -4] on the [image: y]-axis, so the [image: y]-coordinate of the point is [image: -4].
 	The coordinates of the point are [image: (4,-4)].
 
 Point E is on the [image: y]-axis at [image: y=-2]. The coordinates of point E are [image: (0,-2)].
 Point F is on the [image: x]-axis at [image: x=3]. The coordinates of point F are [image: (3,0)].
  
 
 
 Try It
  11) Name the ordered pair of each point shown in the rectangular coordinate system.
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The points (4, 0), (negative 2, 0), (0, 0), (0, 2), and (0, negative 3) are plotted and labeled A, B, C, D, and E, respectively.]Figure 3.9.13 
 Solution a: [image: (5,1)]
 b: [image: (-2,4)]
 c: [image: (-5,-1)]
 d: [image: (3,-2)]
 e: [image: (0,-5)]
 f: [image: (4,0)]
  
 
 
 12) Name the ordered pair of each point shown in the rectangular coordinate system.
 [image: The graph shows the x y-coordinate plane. The x- and y-axes each run from negative 6 to 6. The points (negative 5, 0), (3, 0), (0, 0), (0, negative 1), and (0, 4) are plotted and labeled A, B, C, D, and E, respectively.]Figure 3.9.14 
 Solution a: [image: (4,2)]
 b: [image: (-2,3)]
 c: [image: (-4,-4)]
 d: [image: (3,-5)]
 e: [image: (-3,0)]
 f: [image: (0,2)]
  
 
 
 
 
 
 Verify Solutions to an Equation in Two Variables
 
 
 
 
 Up to now, all the equations you have solved were equations with just one variable. In almost every case, when you solved the equation you got exactly one solution. The process of solving an equation ended with a statement like [image: x=4]. (Then, you checked the solution by substituting back into the equation.)
 Here’s an example of an equation in one variable, and its one solution.
 [image: \begin{eqnarray*}3x\;+\;5\;&=&\;17\\3x\;&=&\;12\\x\;&=&\;4\end{eqnarray*}]
 But equations can have more than one variable. Equations with two variables may be of the form [image: Ax\;+\;By\;=\;C]. Equations of this form are called linear equations in two variables.
 Linear Equation
 An equation of the form [image: Ax\;+\;By\;=\;C], where [image: A] and [image: B] are not both zero, is called a linear equation in two variables.
 
 Notice the word line in linear. Here is an example of a linear equation in two variables, [image: x] and [image: y].
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}A}x+{\color[rgb]{0.0, 0.0, 1.0}B}y&={\color[rgb]{0.5, 0.0, 0.5}C}\\ x+{\color[rgb]{0.0, 0.0, 1.0}4}y&={\color[rgb]{0.5, 0.0, 0.5}8}\\ {\color[rgb]{1.0, 0.0, 0.0}A}{\color[rgb]{1.0, 0.0, 0.0}=}{\color[rgb]{1.0, 0.0, 0.0}1},\;{\color[rgb]{0.0, 0.0, 1.0}B}{\color[rgb]{0.0, 0.0, 1.0}=}{\color[rgb]{0.0, 0.0, 1.0}4},&\;{\color[rgb]{0.5, 0.0, 0.5}C}{\color[rgb]{0.5, 0.0, 0.5}=}{\color[rgb]{0.5, 0.0, 0.5}8} \end{align*}]
 The equation [image: y\;=\;-3x\;+\;5] is also a linear equation. But it does not appear to be in the form [image: Ax\;+\;By\;=\;C]. We can use the Addition Property of Equality and rewrite it in [image: Ax\;+\;By\;=\;C] form.
 [image: \small{\begin{align*}&\;&y&=-3x+5\\ &\text{Step 1: Add to both sides.}\;&y+3x&=-3x+5+3x\\ &\text{Step 2: Simplify.}\;&y+3x&=5\\ &\text{Step 3: Use the Commutative Property to put it in Ax+By=C form.}\;&3x=y&=5 \end{align*}}]
 By rewriting [image: y\;=\;-3x\;+\;5] as [image: 3x\;+\;y\;=\;5], we can easily see that it is a linear equation in two variables because it is of the form [image: Ax\;+\;By\;=\;C]. When an equation is in the form [image: Ax\;+\;By\;=\;C], we say it is in standard form.
 Standard Form of Linear Equation
 A linear equation is in standard form when it is written [image: Ax\;+\;By\;=\;C].
 
 
 
 Most people prefer to have [image: A], [image: B], and [image: C] be integers and [image: 𝐴\geq0] when writing a linear equation in standard form, although it is not strictly necessary.
 Linear equations have infinitely many solutions. For every number that is substituted for [image: x] there is a corresponding [image: y] value. This pair of values is a solution to the linear equation and is represented by the ordered pair [image: (x,y)]. When we substitute these values of [image: x] and [image: y] into the equation, the result is a true statement, because the value on the left side is equal to the value on the right side.
 Solution of a Linear Equation in Two Variables
 An ordered pair[image: (x,y)] is a solution of the linear equation [image: Ax\;+\;By\;=\;C], if the equation is a true statement when the [image: x] and [image: y] values of the ordered pair are substituted into the equation.
 
 
 
 Example 3.9.4
  Determine which ordered pairs are solutions to the equation [image: x+4y=8].
 a. [image: (0,2)]
 b. [image: (2,-4)]
 c. [image: (-4,3)]
 
 Solution Substitute the [image: x]– and [image: y]-values from each ordered pair into the equation and determine if the result is a true statement.
 
 	(a) 	(b) 	(c) 
 	[image: \begin{align*} (0,2)\\ x={\color[rgb]{0.0, 0.0, 1.0}0}, y&={\color[rgb]{1.0, 0.0, 0.0}2}\\ x+4y&=8\\ {\color[rgb]{0.0, 0.0, 1.0}0}+4\cdot{\color[rgb]{1.0, 0.0, 0.0}2}&\overset?=8\\ 0+8&\overset?=8\\ 8&=8\checkmark \end{align*}] 	[image: \begin{align*} (2,-4)\\ x={\color[rgb]{0.0, 0.0, 1.0}2}, y&={\color[rgb]{1.0, 0.0, 0.0}-4}\\ x+4y&=8\\ {\color[rgb]{0.0, 0.0, 1.0}2}+4\cdot{\color[rgb]{1.0, 0.0, 0.0}-4}&\overset?=8\\ 2+(-16)&\overset?=8\\ -14&\neq8 \end{align*}] 	[image: \begin{align*} (-4,3)\\ x={\color[rgb]{0.0, 0.0, 1.0}-4}, y&={\color[rgb]{1.0, 0.0, 0.0}3}\\ x+4y&=8\\ {\color[rgb]{0.0, 0.0, 1.0}-4}+4\cdot{\color[rgb]{1.0, 0.0, 0.0}3}&\overset?=8\\ -4+12&\overset?=8\\ 8&=8\checkmark \end{align*}] 
 	[image: (0,2)] is a solution 	[image: (2,-4)] is not a solution 	[image: (-4,3)] is a solution 
  
  
  
 
 
 Try It
  13) Which of the following ordered pairs are solutions to [image: 2x+3y=6]?
 a. [image: (3,0)]
 b. [image: (2,0)]
 c. [image: (6,-2)]
 
 Solution a, c
  
 
 
 14) Which of the following ordered pairs are solutions to the equation [image: 4x-y=8]?
 a. [image: (0,8)]
 b. [image: (2,0)]
 c. [image: (1,-4)]
 
 Solution b, c
  
 
 
 
 
 
 Example 3.9.5
  Which of the following ordered pairs are solutions to the equation [image: y=5x-1]?
 b. [image: (1,4)]
 c. [image: (-2,-7)]
 
 Solution Substitute the [image: x] and [image: y] values from each ordered pair into the equation and determine if it results in a true statement.
 
 	(a) 	(b) 	(c) 
 	[image: \begin{align*} (0,-1)\\ x={\color[rgb]{0.0, 0.0, 1.0}0}, y&={\color[rgb]{1.0, 0.0, 0.0}-1}\\ y&=5x-1\\ {\color[rgb]{1.0, 0.0, 0.0}-1}&\overset?=5({\color[rgb]{0.0, 0.0, 1.0}0})-1\\ -1&\overset?=0-1\\ -1&=-1\checkmark \end{align*}] 	[image: \begin{align*} (1,4)\\ x={\color[rgb]{0.0, 0.0, 1.0}1}, y&={\color[rgb]{1.0, 0.0, 0.0}4}\\ y&=5x-1\\ {\color[rgb]{1.0, 0.0, 0.0}4}&\overset?=5({\color[rgb]{0.0, 0.0, 1.0}1})-1\\ 4&\overset?=5-1\\ 4&=4\checkmark \end{align*}] 	[image: \begin{align*} (-2,-7)\\ x={\color[rgb]{0.0, 0.0, 1.0}-2}, y&={\color[rgb]{1.0, 0.0, 0.0}-7}\\ y&=5x-1\\ {\color[rgb]{1.0, 0.0, 0.0}-7}&\overset?=5({\color[rgb]{0.0, 0.0, 1.0}-2})-1\\ -7&\overset?=-10-1\\ 7&\neq-11 \end{align*}] 
 	[image: (0,-1)] is a solution. 	[image: (1,4)] is a solution. 	[image: (-2,-7)] is not a solution. 
  
  
 
 
 
 
 Try It
  15) Which of the following ordered pairs are solutions to the equation [image: y=4x-3]?
 a. [image: (0,3)]
 b. [image: (1,1)]
 c. [image: (-1,-1)]
 
 Solution b
  
 
 
 16) Which of the following ordered pairs are solutions to the equation [image: y=-2x+6]?
 a. [image: (0,6)]
 b. [image: (1,4)]
 c. [image: (-2,-2)]
 
 Solution a, b
  
 
 
 
 
 Complete a Table of Solutions to a Linear Equation in Two Variables
 
 
 
 In the examples above, we substituted the [image: x] and [image: y] values of a given ordered pair to determine whether or not it was a solution to a linear equation. But how do you find the ordered pairs if they are not given? It’s easier than you might think—you can just pick a value for [image: x] and then solve the equation for [image: y]. Or, pick a value for [image: y] and then solve for [image: x].
 We’ll start by looking at the solutions to the equation [image: y=5x-1] that we found in Example 3.9.5. We can summarize this information in a table of solutions, as shown in the below table.
 	[image: y=5x-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -1] 	[image: (0,-1)] 
 	[image: 1] 	[image: 4] 	[image: (1,4)] 
  
 To find a third solution, we’ll let [image: x=2] and solve for [image: y].
 [image: \begin{align*}&\;&y&=5x-1\\ &\text{Substitute}\;x={\color[rgb]{0.0, 0.0, 1.0}2}.\;&y&=5({\color[rgb]{0.0, 0.0, 1.0}2})-1\\ &\text{Multiply.}\;&y&=10-1\\ &\text{Simplify.}\;&y&=9 \end{align*}]
 The ordered pair [image: (2,9)] is a solution to [image: y=5x-1]. We will add it to below table.
 
 
 	[image: y=5x-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -1] 	[image: (0,-1)] 
 	[image: 1] 	[image: 4] 	[image: (1,4)] 
 	[image: 2] 	[image: 9] 	[image: (2,9)] 
  
 We can find more solutions to the equation by substituting in any value of [image: x] or any value of [image: y] and solving the resulting equation to get another ordered pair that is a solution. There are infinitely many solutions of this equation.
 
 Example 3.9.6
  Complete below table to find three solutions to the equation [image: y=4x-2].
 	[image: y=4x-2] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	 	 
 	[image: -1] 	 	 
 	[image: 2] 	 	 
  
 

 Solution Substitute [image: x=0],         [image: x=-1],          and [image: x=2]              into [image: y=4x-2]
 
 [image: \begin{align*} x&={\color[rgb]{0.0, 0.0, 1.0}0}\;\;&x&={\color[rgb]{0.0, 0.0, 1.0}-1}&x&={\color[rgb]{0.0, 0.0, 1.0}2}\\ y&=4x-2\;\;&y&=4x-2&y&=4x-2\\ y&=4\cdot{\color[rgb]{0.0, 0.0, 1.0}0}-2\;\;&y&=4({\color[rgb]{0.0, 0.0, 1.0}-1})-2\;\;&y&=4\cdot{\color[rgb]{0.0, 0.0, 1.0}2}-2\\ y&=-2\;\;&y&=-4-2\;\;&y&=8-2\\ y&=-2\;\;&y&=-6\;\;&y&=6\\ \;&(0,-2)\;\;&\;&(-1,-6)\;\;&\;&(2,6) \end{align*}]
 The results are summarized in below table.
 	[image: y=4x-2] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -2] 	[image: (0,-2)] 
 	[image: -1] 	[image: -6] 	[image: (-1,-6)] 
 	[image: 2] 	[image: 6] 	[image: (2,6)] 
  
  
 
 
 
 Try It
  17) Complete the table to find three solutions to this equation: [image: y=3x-1].
 	[image: y=3x-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	 	 
 	[image: -1] 	 	 
 	[image: 2] 	 	 
  
 
 
 
 Solution 	[image: y=3x-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -1] 	[image: (0,-1)] 
 	[image: -1] 	[image: -4] 	[image: (-1,-4)] 
 	[image: 2] 	[image: 5] 	[image: (2,5)] 
  
  18) Complete the table to find three solutions to this equation: [image: y=6x+1].
 	[image: y=6x+1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	 	 
 	[image: -1] 	 	 
 	[image: 2] 	 	 
  
 Solution 	[image: y=6x-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 1] 	[image: (0,-1)] 
 	[image: -1] 	[image: 7] 	[image: (1,7)] 
 	[image: 2] 	[image: -11] 	[image: (2,-11)] 
  
  
 
 
 
 
 Example 3.9.7
  Complete the below table to find three solutions to the equation [image: 5x-4y=20].
 	[image: 5x-4y=20] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	 	 
 	 	[image: 0] 	 
 	 	[image: 5] 	 
  
 
 Solution Substitute the given value into the equation [image: 5x-4y=20] and solve for the other variable. Then, fill in the values in the table.
 
 [image: \begin{align*} x&={\color[rgb]{0.0, 0.0, 1.0}0}\;\;&y&={\color[rgb]{1.0, 0.0, 0.0}0}&y&={\color[rgb]{0.5, 0.0, 0.5}5}\\ 5x-4y&=20-2\;\;&5x-4y&=20&5x-4y&=20\\ 5\cdot{\color[rgb]{0.0, 0.0, 1.0}0}&=20\;\;&5x-4\cdot{\color[rgb]{1.0, 0.0, 0.0}0}&=20\;\;&5x-4\cdot{\color[rgb]{0.5, 0.0, 0.5}5}&=20\\ 0-4y&=20\;\;&5x-0&=20\;\;&5x-20&=20\\ -4y&=20\;\;&5x&=20\;\;&5x&=40\\ y&=-5\;\;&x&=4\;\;&x&=8\\ \;&(0,-5)\;\;&\;&(4,0)\;\;&\;&(8,5) \end{align*}]
 The results are summarized in the below table.
 	[image: 5x-4y=20] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -5] 	[image: (0,-5)] 
 	[image: 4] 	[image: 0] 	[image: (4,0)] 
 	[image: 8] 	[image: 5] 	[image: (8,5)] 
  
  
 
 
 Try It
  19) Complete the table to find three solutions to this equation: [image: 2x-5y=20].
 	[image: 2x-5y=20] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	 	 
 	 	[image: 0] 	 
 	[image: -5] 	 	 
  
 
 Solution 	[image: 2x-5y=20] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -4] 	[image: (0,-4)] 
 	[image: 10] 	[image: 0] 	[image: (10,0)] 
 	[image: -5] 	[image: -6] 	[image: (-5,-6)] 
  
  
 
 
 20) Complete the table to find three solutions to this equation: [image: 3x-4y=12].
 	[image: 3x-4y=12] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	 	 
 	 	[image: 0] 	 
 	[image: -4] 	 	 
  
 
 Solution 	[image: 3x-4y=12] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -3] 	[image: (0,-3)] 
 	[image: 4] 	[image: 0] 	[image: (4,0)] 
 	[image: -4] 	[image: -6] 	[image: (-4,-6)] 
  
  
 
 
 
 
 
 Find Solutions to a Linear Equation
 
 
 
 
 To find a solution to a linear equation, you really can pick any number you want to substitute into the equation for [image: x] or [image: y]. But since you’ll need to use that number to solve for the other variable it’s a good idea to choose a number that’s easy to work with.
 When the equation is in [image: y]-form, with the [image: y] by itself on one side of the equation, it is usually easier to choose values of [image: x] and then solve for [image: y].
 
 Example 3.9.8
  Find three solutions to the equation [image: y=-3x+2].
 Solution We can substitute any value we want for [image: x] or any value for [image: y]. Since the equation is in [image: y]-form, it will be easier to substitute in values of [image: x].
 Let’s pick [image: x=0], [image: x=1], and [image: x=-1].
 	[image: \begin{align*}x&=\;{\color[rgb]{0.0, 0.0, 1.0}0}\\y&=\;-3x\;+\;2\end{align*}] 	[image: \begin{align*}x&=\;{\color[rgb]{0.0, 0.0, 1.0}1}\\y&=\;-3x\;+\;2\end{align*}] 	[image: \begin{align*}x&=\;{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1}\\y&=\;-3x\;+\;2\end{align*}] 
  
 Step 1: Substitute the value into the equation.
 	[image: y\;=\;-3\;\times\;{\color[rgb]{0.0, 0.0, 1.0}0}\;+\;2] 	[image: y\;=\;-3\;\times\;{\color[rgb]{0.0, 0.0, 1.0}1}\;+\;2] 	[image: y\;=\;-3\;\times\;{\color[rgb]{0.0, 0.0, 1.0}(}{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1}{\color[rgb]{0.0, 0.0, 1.0})}\;+\;2] 
  
 Step 2: Simplify.
 	[image: y\;=\;0\;+\;2] 	[image: y\;=\;-3\;+\;2] 	[image: y\;=\;3\;+\;2] 
  
 Step 3: Simplify.
 	[image: y\;=\;2] 	[image: y\;=\;-1] 	[image: y\;=\;5] 
  
 Step 4: Write the ordered pair.
 	[image: (0, 2)] 	[image: (1, −1)] 	[image: (−1, 5)] 
  
 Step 5: Check.
 	[image: \begin{eqnarray*}y\;&=&\;-3x\;+\;2\\2\;&\overset?=&\;-3(0)\;+\;2\\2\;&=&\;2\;\checkmark\\\end{eqnarray*}] 	[image: \begin{eqnarray*}y\;&=&\;-3x\;+\;2\\-1\;&\overset?=&\;-3(1)\;+\;2\\-1\;&=&\;-1\;\checkmark\\\end{eqnarray*}] 	[image: \begin{eqnarray*}y\;&=&\;-3x\;+\;2\\5\;&\overset?=&\;-3(-1)\;+\;2\\5\;&=&\;5\;\checkmark\\\end{eqnarray*}] 
  
 So, [image: (0,2)], [image: (1,-1)] and [image: (-1,5)] are all solutions to [image: y=-3x+2]. We show them in the below table.
 	[image: y=-3x+2] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 2] 	[image: (0,2)] 
 	[image: 1] 	[image: -1] 	[image: (1,-1)] 
 	[image: -1] 	[image: 5] 	[image: (-1,5)] 
  
  
 
 
 
 
 
 Try It
  21) Find three solutions to this equation: [image: y=-2x+3].
 
 Solution Answers will vary.
  
 
 
 22) Find three solutions to this equation: [image: y=-4x+1].
 
 Solution Answers will vary.
  
 
 
 
 
 We have seen how using zero as one value of [image: x] makes finding the value of [image: y] easy. When an equation is in standard form, with both the [image: x] and [image: y] on the same side of the equation, it is usually easier to first find one solution when [image: x=0] find a second solution when [image: y=0], and then find a third solution.
 
 
 
 
 Example 3.9.9
  Find three solutions to the equation [image: 3x+2y=6].
 
 Solution We can substitute any value we want for [image: x] or any value for [image: y]. Since the equation is in standard form, let’s pick first [image: x=0], then [image: y=0], and then find a third point.
 	[image: x\;=\;{\color[rgb]{0.0, 0.0, 1.0}0}] 	[image: y\;=\;{\color[rgb]{1.0, 0.0, 0.0}0}] 	[image: x\;=\;{\color[rgb]{0.0, 0.0, 1.0}1}] 
  
 Step 1: Substitute the value into the equation.
 	[image: 3x\;+\;2y\;=\;6] 	[image: 3x\;+\;2y\;=\;6] 	[image: 3x\;+\;2y\;=\;6] 
  
 Step 2. Simplify.
 	[image: 3({\color[rgb]{0.0, 0.0, 1.0}0})\;+\;2y\;=\;6] 	[image: 3x\;+\;2({\color[rgb]{0.0, 0.0, 1.0}0})\;=\;6] 	[image: 3({\color[rgb]{0.0, 0.0, 1.0}1})\;+\;2y\;=\;6] 
  
 Step 3: Solve.
 	[image: \begin{eqnarray*}0\;+\;2y\;&=&\;6\\2y\;&=&\;6\\y\;&=&\;3\\\end{eqnarray*}] 	[image: \begin{eqnarray*}3x\;+\;0\;&=&\;6\\3x\;&=&\;6\\x\;&=&\;2\end{eqnarray*}] 	[image: \begin{eqnarray*}3\;+\;2y\;=\;6\\2y\;=\;3\\y\;=\;\frac32\end{eqnarray*}] 
  
 Step 4: Write the ordered pair.
 	[image: (0, 3)] 	[image: (2, 0)] 	[image: (1,\frac{3}{2})] 
  
 Step 5: Check.
 	[image: \begin{eqnarray*}3x\;+\;2y\;&=&\;6\\3(0)\;+\;2(3)\;&\overset?=&\;6\\0\;+\;6\;&=&\;6\\6\;&=&\;6\;\checkmark\end{eqnarray*}] 	[image: \begin{eqnarray*}3x\;+\;2y\;&=&\;6\\3(2)\;+\;2(0)\;&\overset?=&\;6\\6\;+\;0\;&=&\;6\\6\;&=&\;6\;\checkmark\end{eqnarray*}] 	[image: \begin{eqnarray*}3x\;+\;2y\;&=&\;6\\3(1)\;+\;2(\frac32)\;&\overset?=&\;6\\3\;+\;3\;&\overset?=&\;6\\6\;&=&\;6\;\checkmark\end{eqnarray*}] 
  
 So [image: (0,3)], [image: (2,0)], and [image: (1,\frac{3}{2})] are all solutions to the equation [image: 3x+2y=6]. We can list these three solutions in below table.
 
 	[image: 3x+2y=6] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 3] 	[image: (0,3)] 
 	[image: 2] 	[image: 0] 	[image: (2,0)] 
 	[image: 1] 	[image: \frac{3}{2}] 	[image: (1,\frac{3}{2})] 
  
  
 
 
 
 
 
 Try It
  23) Find three solutions to the equation [image: 2x+3y=6].
 
 Solution Answers will vary.
  
 
 
 24) Find three solutions to the equation [image: 4x+2y=8].
 
 Solution Answers will vary.
  
 
 
 
 
 Recognize the Relationship Between the Solutions of an Equation and its Graph
 
 
 
 
 In the previous section, we found several solutions to the equation [image: 3x+2y=6]. They are listed in the table below. So, the ordered pairs [image: (0,3)], [image: (2,0)], and [image: (1,\frac{3}{2})] are some solutions to the equation [image: 3x+2y=6]. We can plot these solutions in the rectangular coordinate system as shown in the below table.
 	[image: 3x+2y=6] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 3] 	[image: (0,3)] 
 	[image: 2] 	[image: 0] 	[image: (2,0)] 
 	[image: 1] 	[image: \frac{3}{2}] 	[image: (1,\frac{3}{2})] 
  
 [image: The figure shows four points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the four points at (0, 3), (1, three halves), (2, 0), and (4, negative 3). The four points appear to line up along a straight line.]Figure 3.9.15 
 Notice how the points line up perfectly? We connect the points with a line to get the graph of the equation [image: 3x+2y=6]. See Figure 3.9.16. Notice the arrows on the ends of each side of the line. These arrows indicate the line continues.
 [image: The figure shows a straight line drawn through four points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the four points at (0, 3), (1, three halves), (2, 0), and (4, negative 3). A straight line with a negative slope goes through all four points. The line has arrows on both ends pointing to the edge of the figure. The line is labeled with the equation 3x plus 2y equals 6.]Figure 3.9.16 
 Every point on the line is a solution of the equation. Also, every solution of this equation is a point on this line. Points not on the line are not solutions.
 Notice that the point whose coordinates are [image: (-2,6)] is on the line shown in Figure 3.9.17. If you substitute [image: x=-2] and [image: y=6] into the equation, you find that it is a solution to the equation.
 [image: The figure shows a straight line and two points and on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the two points and are labeled by the coordinates “(negative 2, 6)” and “(4, 1)”. The straight line goes through the point (negative 2, 6) but does not go through the point (4, 1).]Figure 3.9.17 
 [image: \begin{align*}\text{Test}({\color[rgb]{0.0, 0.0, 1.0}-2},&{\color[rgb]{1.0, 0.0, 0.0}6})\\ 3x+2y&=6\\ 3({\color[rgb]{0.0, 0.0, 1.0}-2})+2({\color[rgb]{1.0, 0.0, 0.0}6})&=6\\ -6+12&=6\\ 6&=6\checkmark \end{align*}]
 So the point [image: (-2,6)] is a solution to the equation [image: 3x+2y=6]. (The phrase “the point whose coordinates are [image: (-2,6)]” is often shortened to “the point [image: (-2,6)].”)
 [image: \begin{align*}\text{What about}({\color[rgb]{0.0, 0.0, 1.0}4},&{\color[rgb]{1.0, 0.0, 0.0}1})\\ 3x+2y&=6\\ 3({\color[rgb]{0.0, 0.0, 1.0}4})+2({\color[rgb]{1.0, 0.0, 0.0}1})&=6\\ 12+2&\overset?=6\\ 14&\neq6\checkmark \end{align*}]
 So [image: (4,1)] is not a solution to the equation [image: 3x+2y=6]. Therefore, the point [image: (4,1)] is not on the line. See Figure 3.9.17. This is an example of the saying, “A picture is worth a thousand words.” The line shows you all the solutions to the equation. Every point on the line is a solution of the equation. And, every solution of this equation is on this line. This line is called the graph of the equation [image: 3x+2y=6].
 Graph of a Linear Equation
 The graph of a linear equation [image: Ax\;+\;By\;=\;C] is a line.
 	Every point on the line is a solution of the equation.
 	Every solution of this equation is a point on this line.
 
 
 
 
 Example 3.9.10
  The graph of [image: y=2x-3] is shown.
 [image: The figure shows a straight line on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line has a positive slope and goes through the y-axis at the (0, negative 3). The line is labeled with the equation y equals 2x negative 3.]Figure 3.9.18 For each ordered pair, decide:
 a. Is the ordered pair a solution to the equation?
  b. Is the point on the line?
 a. [image: (0,-3)]
 b.[image: (3,3)]
 c. [image: (2,-3)]
 d.[image: (-1,-5)]
 
 Solution Substitute the [image: x]– and [image: y]– values into the equation to check if the ordered pair is a solution to the equation.
 a.
 	A: 	B: 	C: 	D: 
 	[image: \begin{align*} &({\color[rgb]{0.0, 0.0, 1.0}0},{\color[rgb]{1.0, 0.0, 0.0}-3})\\ y&=2x-3\\ {\color[rgb]{1.0, 0.0, 0.0}-3}&\overset?=2({\color[rgb]{0.0, 0.0, 1.0}0})-3\\ -3&=-3\checkmark \end{align*}] 	[image: \begin{align*} &({\color[rgb]{0.0, 0.0, 1.0}3},{\color[rgb]{1.0, 0.0, 0.0}3})\\ y&=2x-3\\ {\color[rgb]{1.0, 0.0, 0.0}3}&\overset?=2({\color[rgb]{0.0, 0.0, 1.0}3})-3\\ 3&=3\checkmark \end{align*}] 	[image: \begin{align*} &({\color[rgb]{0.0, 0.0, 1.0}2},{\color[rgb]{1.0, 0.0, 0.0}-3})\\ y&=2x-3\\ {\color[rgb]{1.0, 0.0, 0.0}-3}&\overset?=2({\color[rgb]{0.0, 0.0, 1.0}2})-3\\ -3&\neq1 \end{align*}] 	[image: \begin{align*} &({\color[rgb]{0.0, 0.0, 1.0}-1},{\color[rgb]{1.0, 0.0, 0.0}-5})\\ y&=2x-3\\ {\color[rgb]{1.0, 0.0, 0.0}-5}&\overset?=2({\color[rgb]{0.0, 0.0, 1.0}-1})-3\\ -5&=-5\checkmark \end{align*}] 
 	[image: (0,-3)] is a solution. 	[image: (3,3)] is a solution 	[image: (2,-3)] is not a solution 	[image: (-1,-5)] is a solution 
  
 
 b. Plot the points A [image: (0,3)], B [image: (3,3)], C [image: (2,-3)], and D [image: (-1,-5)].
  
 The points [image: (0,3)], [image: (3,3)], and [image: (-1,-5)] are on the line [image: y=2x-3], and the point [image: (2,-3)] is not on the line.
 The points that are solutions to [image: y=2x-3] are on the line, but the point that is not a solution is not on the line.
  
 
 
 
 
 
 Try It
  25) Use the graph of [image: y=3x-1] to decide whether each ordered pair is:
 	a solution to the equation.
 	on the line.
 
 a. [image: (0,-1)]
 b. [image: (2,5)]
 [image: The figure shows a straight line on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line goes through the point (negative 2, negative 7) and for every 3 units it goes up, it goes one unit to the right. The line is labeled with the equation y equals 3x minus 1.]Figure 3.9.19 
 Solution a. yes, yes
 b. yes, yes
  
 
 
 26) Use graph of [image: y=3x-1] to decide whether each ordered pair is:
 	a solution to the equation
 	on the line
 
 a. [image: (3,-1)]
 b. [image: (-1,-4)]
 [image: The figure shows a straight line on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line goes through the point (negative 2, negative 7) and for every 3 units it goes up, it goes one unit to the right. The line is labeled with the equation y equals 3x minus 1.]Figure 3.9.20 
 Solution a. no, no
 b. yes, yes
  
 
 
 
 
 Graph a Linear Equation by Plotting Points
 
 
 
 
 There are several methods that can be used to graph a linear equation. The method we used to graph [image: 3x+2y=6] is called plotting points, or the Point–Plotting Method.
 Example 3.9.11
  Graph the equation [image: y=2x+1] by plotting points.
 
 Solution Step 1: Find three points whose coordinates are solutions to the equation.
 You can choose any values for [image: x] or [image: y].
 In this case, since [image: y] is isolated on the left side of the equation, it is easier to choose values for [image: x].
 [image: \begin{align*}y&=2x+1\\[4ex]x&={\color[rgb]{0.0, 0.0, 1.0}0}\\ y&=2x+1\\ y&=2\cdot{\color[rgb]{0.0, 0.0, 1.0}0}+1\\ y&=0+1\\ y&=1 \\[4ex]x&={\color[rgb]{0.0, 0.0, 1.0}1}\\ y&=2x+1\\ y&=2\cdot{\color[rgb]{0.0, 0.0, 1.0}1}+1\\ y&=2+1\\ y&=3\\[4ex]x&={\color[rgb]{0.0, 0.0, 1.0}-2}\\ y&=2x+1\\ y&=2\cdot{\color[rgb]{0.0, 0.0, 1.0}-2}+1\\ y&=-4+1\\ y&=-3 \end{align*}]
 Organize the solutions in a table.
 Put the three solutions in a table.
 	y=2x+1 
 	x 	y 	(x,y) 
 	0 	1 	(0,1) 
 	1 	3 	(1,3) 
 	-2 	-3 	(-2.-3) 
  
 Step 2: Plot the points in a rectangular coordinate system.
 Plot: (0,1), (1, 3), (-2,-3).
 [image: A graph shows the three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points at (0, 1), (1, 3), and (negative 2, negative 3).]Figure 3.9.21 Check that the points line up. If they do not, carefully check your work!
 Do the points line up? Yes, the points line up.
 Step 3: Draw the line through the three points. Extend the line to fill the grid and put arrows on both ends of the line.
 This line is the graph of [image: y=2x+1].
 [image: A graph shows a straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points at (0, 1), (1, 3), and (negative 2, negative 3). A straight line goes through all three points. The line has arrows on both ends pointing to the edge of the figure. The line is labeled with the equation y equals 2x plus 1.]Figure 3.9.22  
 
 
 
 
 
 Try It
  27) Graph the equation by plotting points: [image: y=2x-3].
 
 Solution [image: The figure shows a straight line on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line goes through the points (negative 2, negative 7), (negative 1, negative 5), (0, negative 3), (1, negative 1), (2, 1), (3, 3), (4, 5), and (5, 7). There are arrows at the ends of the line pointing to the outside of the figure.]Figure 3.9.23  
 
 
 28) Graph the equation by plotting points: [image: y=-2x+4].
 
 Solution [image: The figure shows a straight line on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line goes through the points (negative 1, 6), (0, 4), (1, 2), (2, 0), (3, negative 2), (4, negative 4), and (5, negative 6). There are arrows at the ends of the line pointing to the outside of the figure.]Figure 3.9.24  
 
 
 

 
 The steps to take when graphing a linear equation by plotting points are summarized below.
 
 
 
 HOW TO
 Graph a linear equation by plotting points.
 	Find three points whose coordinates are solutions to the equation. Organize them in a table.
 	Plot the points in a rectangular coordinate system. Check that the points line up. If they do not, carefully check your work.
 	Draw the line through the three points. Extend the line to fill the grid and put arrows on both ends of the line.
 
 
 
 It is true that it only takes two points to determine a line, but it is a good habit to use three points. If you only plot two points and one of them is incorrect, you can still draw a line but it will not represent the solutions to the equation. It will be the wrong line.
 
 
 If you use three points, and one is incorrect, the points will not line up. This tells you something is wrong and you need to check your work. Look at the difference between part (a) and part (b) in Figure 3.9.25.
 [image: Figure a shows three points with a straight line going through them. Figure b shows three points that do not lie on the same line.]Figure 3.9.25 
 Let’s do another example. This time, we’ll show the last two steps all on one grid.
 
  
 Example 3.9.12
  Graph the equation [image: y=-3x].
 
 Solution Step 1: Find three points that are solutions to the equation.
 Here, again, it’s easier to choose values for [image: x]. Do you see why?
 
 [image: \begin{align*} x&={\color[rgb]{0.0, 0.0, 1.0}0}\;\;&x&={\color[rgb]{0.0, 0.0, 1.0}1}&x&={\color[rgb]{0.0, 0.0, 1.0}-2}\\ y&=-3x\;\;&y&=-3&y&=-3\\ y&=-3\cdot{\color[rgb]{0.0, 0.0, 1.0}0}\;\;&y&=-3\cdot{\color[rgb]{0.0, 0.0, 1.0}1}\;\;&y&=-3({\color[rgb]{0.0, 0.0, 1.0}-2})\\ y&=0\;\;&y&=-3\;\;&y&=6\\ \end{align*}]
 Step 2: List the points in the following table.
 	[image: y=-3x] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 0] 	[image: (0,0)] 
 	[image: 1] 	[image: -3] 	[image: (1,-3)] 
 	[image: -2] 	[image: 6] 	[image: (-2,6)] 
  
 Step 3: Plot the points, check that they line up, and draw the line.
 
 [image: The figure shows a straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (negative 2, 6), (0, 0), and (1, negative 3). A straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation y equals negative 3x.]Figure 3.9.26  
 
 
 
 
 
 Try It
  29) Graph the equation by plotting points: [image: y=-4x].
 
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 2, 8), (0, 0), and (2, negative 8). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.27  
 
 
 30) Graph the equation by plotting points: [image: y=x].
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 8, negative 8), (negative 6, negative 6), (negative 4, negative 4), (negative 2, negative 2), (0, 0), (2, 2), (4, 4), (6, 6), and (8, 8). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.28  
 
 
 
 
 When an equation includes a fraction as the coefficient of [image: x], we can still substitute any numbers for [image: x]. But the math is easier if we make ‘good’ choices for the values of [image: x]. This way we will avoid fraction answers, which are hard to graph precisely.
 
 
 
 Example 3.9.13
  Graph the equation [image: y=\frac{1}{2}x+3]
 Solution Step 1: Find three points that are solutions to the equation. 
 Since this equation has the fraction [image: \frac{1}{2}] as a coefficient of [image: x], we will choose values of [image: x] carefully. We will use zero as one choice and multiples of 2 for the other choices. Why are multiples of 2 a good choice for values of [image: x]?
 [image: \begin{align*} x&={\color[rgb]{0.0, 0.0, 1.0}0}\;\;&x&={\color[rgb]{0.0, 0.0, 1.0}2}&x&={\color[rgb]{0.0, 0.0, 1.0}4}\\ y&=\frac12x+3\;\;&y&=\frac12x+3&y&=\frac12x+3\\ y&=\frac12({\color[rgb]{0.0, 0.0, 1.0}0})+3\;\;&y&=\frac12({\color[rgb]{0.0, 0.0, 1.0}2})+3\;\;&y&=\frac12({\color[rgb]{0.0, 0.0, 1.0}4})+3\\ y&=0+3\;\;&y&=1+3\;\;&y&=2+3\\ y&=3\;\;&y&=4\;\;&y&=5 \end{align*}]
 The points are shown in the below table.
 	[image: y=\frac{1}{2}x+3] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 3] 	[image: (0,3)] 
 	[image: 2] 	[image: 4] 	[image: (2,4)] 
 	[image: 4] 	[image: 5] 	[image: (4,5)] 
  
 Step 2: Plot the points, check that they line up, and draw the line.
 
 [image: The figure shows a straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (0, 3), (2, 4), and (4, 5). A straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation y equals (one half)x plus 3.]Figure 3.9.29  
  
 
 
 
 
 
 Try It
  31) Graph the equation [image: y=\frac{1}{3}x-1]
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 9, negative 4), (negative 6, negative 3), (negative 3, negative 2), (0, negative 1), (3, 0), (6, 1), and (9, 2). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.30  
 
 
 32) Graph the equation [image: y=\frac{1}{4}x+2].
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 12, negative 1), (negative 8, 0), (negative 4, 1), (0, 2), (4, 3), (8, 4), and (12, 5). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.31  
 
 
 
 
 
 
 
 So far, all the equations we graphed had [image: y] given in terms of [image: x]. Now we’ll graph an equation with [image: x] and [image: y] on the same side. Let’s see what happens in the equation [image: 2x+y=3]. If [image: y=0] what is the value of [image: x]?
 [image: \begin{align*}y&={\color[rgb]{1.0, 0.0, 0.0}0}\\ 2x+y&=3\\ 2x+{\color[rgb]{1.0, 0.0, 0.0}0}&=3\\ 2x&=3\\ x&=\frac32\\ &\left(\frac32,0\right) \end{align*}]
 This point has a fraction for the [image: x]– coordinate and, while we could graph this point, it is hard to be precise graphing fractions. Remember in the example [image: y=\frac{1}{2}x+3], we carefully chose values for [image: x] so as not to graph fractions at all. If we solve the equation [image: 2x+y=3] for [image: y], it will be easier to find three solutions to the equation.
 [image: \begin{align*}2x+y&=3\\y&=-2x+3\end{align*}]
 The solutions for [image: x=0], [image: x=1], and [image: x=-1] are shown in the below table. The graph is shown in  the Figure 3.9.32.
 	[image: 2x+y=3] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 3] 	[image: (0,3)] 
 	[image: 1] 	[image: 1] 	[image: (1,1)] 
 	[image: -1] 	[image: 5] 	[image: (-1,5)] 
  
 [image: The figure shows a straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (negative 1, 5), (0, 3), and (1, 1). A straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation 2x plus y equals 3.]Figure 3.9.32 
 Can you locate the point [image: (\frac{3}{2},0)], which we found by letting [image: y=0], on the line?
 Example 3.9.14
  Graph the equation [image: 3x+y=-1].
 Solution Step 1: Find three points that are solutions to the equation.
 [image: 3x+y=-1]
 Step 2: First, solve the equation for [image: y].
 [image: y=-3x-1]
 Step 3: We’ll let [image: x] be [image: 0], [image: 1], and [image: -1] to find 3 points.
 The ordered pairs are shown in the below table. Plot the points, check that they line up, and draw the line. See Figure 3.9.33.
 	[image: 3x+y=-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -1] 	[image: (0,-1)] 
 	[image: 1] 	[image: -4] 	[image: (1,-4)] 
 	[image: -1] 	[image: 2] 	[image: (-1,2)] 
  
 [image: The figure shows a straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (negative 1, 2), (0, negative 1), and (1, negative 4). A straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation 3x plus y equals negative 1.]Figure 3.9.33 
  
 
 
 
 
 
 
 
 Try It
  
 33) Graph the equation [image: 2x+y=2].
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 4, 10), (negative 2, 6), (0, 2), (2, negative 2), (4, negative 6), and (6, negative 10). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.34  
 34) Graph the equation [image: 4x+y=-3].
 
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 3, 9), (negative 2, 5), (negative 1, 1), (0, negative 3), (1, negative 7), and (2, negative 10). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.35  
 
 
 
 
 If you can choose any three points to graph a line, how will you know if your graph matches the one shown in the answers in the book? If the points where the graphs cross the [image: x]– and [image: y]-axis are the same, the graphs match!
 
 
 
 The equation in Example 3.9.14, was written in standard form, with both [image: x] and [image: y] on the same side. We solved that equation for [image: y] in just one step. But for other equations in standard form it is not that easy to solve for [image: y], so we will leave them in standard form. We can still find a first point to plot by letting [image: x=0] and solving for [image: y]. We can plot a second point by letting [image: y=0] and then solving for [image: x]. Then we will plot a third point by using some other value for [image: x] or [image: y].
 Example 3.9.15
  Graph the equation [image: 2x-3y=6]
 Solution Step 1: Find three points that are solutions to the equation.
 [image: 2x-3y =6]
 Step 2: First, let [image: x=0].
 [image: 2(0)-3y=6]
 Step 3: Solve for [image: y].
 [image: \begin{align*}-3y&= 6\\y&=-2\end{align*}]
 Step 4: Now let [image: y=0].
 [image: 2x-3(0)=6]
 Step 5: Solve for [image: x].
 [image: \begin{align*}2x&=6\\x&=3\end{align*}]
 Step 6: We need a third point. Remember, we can choose any value for [image: x] or [image: y]. We’ll let [image: x=6].
 [image: 2(6)-3y=6]
 Step 7: Solve for [image: y].
 [image: \begin{align*}12-3y&=6\\-3y&=-6\\y&=2\end{align*}]
 We list the ordered pairs in the below table. Plot the points, check that they line up, and draw the line. See Figure 3.9.36
 	[image: 2x-3y=6] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -2] 	[image: (0,-2)] 
 	[image: 3] 	[image: 0] 	[image: (3,0)] 
 	[image: 6] 	[image: 2] 	[image: (6,2)] 
  
 [image: The figure shows a straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (0, negative 2), (3, 0), and (6, 2). A straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation 2x minus 3y equals 6.]3.9.36  
  
 
 
 
 
 
 
 Try It
  35) Graph the equation [image: 4x+2y=8].
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line goes through the points (negative 1, 6), (0, 4), (1, 2), (2, 0), (3, negative 2), and (4, negative 4). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.37  36) Graph the equation [image: 2x-4y=8].
 
 Solution [image: The figure shows a straight line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. The straight line goes through the points (negative 6, negative 5), (negative 4, negative 4), (negative 2, negative 3), (0, negative 2), (2, negative 1), (4, 0), and (6, 1). The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.38  
 
 
 Graph Vertical and Horizontal Lines
 
 
 
 Can we graph an equation with only one variable? Just [image: x] and no [image: y], or just [image: y] without an [image: x]? How will we make a table of values to get the points to plot?
 Let’s consider the equation [image: x=-3]. This equation has only one variable, [image: x]. The equation says that [image: x] is always equal to [image: -3], so its value does not depend on [image: y]. No matter what [image: y] is, the value of [image: x] is always [image: -3].
 So to make a table of values, write [image: -3] in for all the [image: x] values. Then choose any values for [image: y]. Since [image: x] does not depend on [image: y], you can choose any numbers you like. But to fit the points on our coordinate graph, we’ll use [image: 1], [image: 2], and [image: 3] for the [image: y]-coordinates. See the table below.
 	[image: x=-3] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: -3] 	[image: 1] 	[image: (-3,1)] 
 	[image: -3] 	[image: 2] 	[image: (-3,2)] 
 	[image: -3] 	[image: 3] 	[image: (-3,3)] 
  
 Plot the points from the above table and connect them with a straight line. Notice in Figure 3.9.39 that we have graphed a vertical line.
 [image: The figure shows a vertical straight line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (negative 3, 1), (negative 3, 2), and (negative 3, 3). A vertical straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation x equals negative 3.]Figure 3.9.39 
 Vertical Line
 A vertical line is the graph of an equation of the form [image: x=a].
 The line passes through the [image: x]-axis at [image: (a,0)].
 
 
 
 Example 3.9.16
  Graph the equation [image: x=2].
 
 Solution The equation has only one variable, [image: x], and [image: x] is always equal to [image: 2]. We create the table below where [image: x] is always [image: 2] and then put in any values for [image: y]. The graph is a vertical line passing through the [image: x]-axis at [image: 2]. See Figure 3.9.40.
 	[image: x=2] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 2] 	[image: 1] 	[image: (2,1)] 
 	[image: 2] 	[image: 2] 	[image: (2,2)] 
 	[image: 2] 	[image: 3] 	[image: (2,3)] 
  
 [image: The figure shows a straight vertical line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (2, 1), (2, 2), and (2, 3). A vertical straight line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation x equals 2.]Figure 3.9.40 
  
 
 
 
 
 
 Try It
  37) Graph the equation [image: x=5].
 
 Solution [image: The figure shows a straight vertical line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (5, 1), (5, 2), (5, 3), and all other points with first coordinate 5. The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.41  
 
 
 38) Graph the equation [image: x=-2].
 
 Solution [image: The figure shows a straight vertical line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 2, 1), (negative 2, 2), (negative 2, 3), and all other points with first coordinate negative 2. The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.42  
 
 
 
 
 
 
 
 What if the equation has [image: y] but no [image: x]? Let’s graph the equation [image: y=4]. This time the [image: y]-value is a constant, so in this equation, [image: y] does not depend on [image: x]. Fill in [image: 4] for all the [image: y]’s in  the below table and then choose any values for [image: x]. We’ll use [image: 0], [image: 2], and [image: 4] for the [image: x]-coordinates.
 	[image: y=4] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 4] 	[image: (0,4)] 
 	[image: 2] 	[image: 4] 	[image: (2,4)] 
 	[image: 4] 	[image: 4] 	[image: (4,4)] 
  
 The graph is a horizontal line passing through the [image: y]-axis at [image: 4]. See Figure 3.9.43.
 [image: The figure shows a straight horizontal line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (0, 4), (2, 4), and (4, 4). A straight horizontal line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation y equals 4.]Figure 3.9.43 
 Horizontal Line
 A horizontal line is the graph of an equation of the form [image: y=b].
 The line passes through the [image: y]-axis at [image: (0,b)].
 
 
 
 Example 3.9.17
  Graph the equation [image: y=-1]
 
 Solution The equation [image: y=-1] has only one variable, [image: y]. The value of [image: y] is constant. All the ordered pairs in the below table have the same [image: y]-coordinate. The graph is a horizontal line passing through the [image: y]-axis at [image: -1], as shown in Figure 3.9.44.
 	[image: y=-1] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: -1] 	[image: (0,-1)] 
 	[image: 3] 	[image: -1] 	[image: (3,-1)] 
 	[image: -3] 	[image: -1] 	[image: (-3,-1)] 
  
 [image: The figure shows a straight horizontal line drawn through three points on the x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. Dots mark off the three points which are labeled by their ordered pairs (negative 3, negative 1), (0, negative 1), and (3, negative 1). A straight horizontal line goes through all three points. The line has arrows on both ends pointing to the outside of the figure. The line is labeled with the equation y equals negative 1.]Figure 3.9.44 
  
 
 
 
 
 
 Try It
  39) Graph the equation [image: y=-4].
 
 Solution [image: The figure shows a straight horizontal line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 4, negative 4), (0, negative 4), (4, negative 4), and all other points with second coordinate negative 4. The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.45  
 
 
 40) Graph the equation [image: y=3].
 
 Solution [image: The figure shows a straight horizontal line drawn on the x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. The straight line goes through the points (negative 4, 3), (0, 3), (4, 3), and all other points with second coordinate 3. The line has arrows on both ends pointing to the outside of the figure.]Figure 3.9.46  
 
 
 
 
 The equations for vertical and horizontal lines look very similar to equations like [image: y=4x]. What is the difference between the equations [image: y=4x] and [image: y=4]?
 
 
 
 The equation [image: y=4x] has both [image: x] and [image: y]. The value of [image: y] depends on the value of [image: x]. The [image: y]-coordinate changes according to the value of [image: x]. The equation [image: y=4] has only one variable. The value of [image: y] is constant. The [image: y]-coordinate is always [image: 4]. It does not depend on the value of [image: x]. See the table below.
 	[image: y=4x] 	 	[image: y=4] 
 	[image: x] 	[image: y] 	[image: (x,y)] 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 0] 	[image: (0,0)] 	[image: 0] 	[image: 4] 	[image: (0,4)] 
 	[image: 1] 	[image: 4] 	[image: (1,4)] 	[image: 1] 	[image: 4] 	[image: (1,4)] 
 	[image: 2] 	[image: 8] 	[image: (2,8)] 	[image: 2] 	[image: 4] 	[image: (2,4)] 
  
 [image: The figure shows a two straight lines drawn on the same x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. One line is a straight horizontal line labeled with the equation y equals 4. The other line is a slanted line labeled with the equation y equals 4x.]Figure 3.9.47 
 Notice, in Figure 3.9.47, the equation [image: y=4x] gives a slanted line, while [image: y=4] gives a horizontal line.
 
 
 
 Example 3.9.18
  Graph [image: y=-3x] and [image: y=-3] in the same rectangular coordinate system.
 Solution Notice that the first equation has the variable [image: x], while the second does not. See the below table. The two graphs are shown in Figure 3.9.48.
 	[image: y=-3x] 	 	[image: y=-3] 
 	[image: x] 	[image: y] 	[image: (x,y)] 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 0] 	[image: (0,0)] 	[image: 0] 	[image: -3] 	[image: (0,-3)] 
 	[image: 1] 	[image: -3] 	[image: (1,-3)] 	[image: 1] 	[image: -3] 	[image: (1,-3)] 
 	[image: 2] 	[image: -6] 	[image: (2,-6)] 	[image: 2] 	[image: -3] 	[image: (2,-3)] 
  
 [image: The figure shows a two straight lines drawn on the same x y-coordinate plane. The x-axis of the plane runs from negative 7 to 7. The y-axis of the plane runs from negative 7 to 7. One line is a straight horizontal line labeled with the equation y equals negative 3. The other line is a slanted line labeled with the equation y equals negative 3x.]Figure 3.9.48 
  
 
 
 
 
 
 
 Try It
  41) Graph [image: y=-4x] and [image: y=-4] in the same rectangular coordinate system.
 Solution [image: The figure shows a two straight lines drawn on the same x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. One line is a straight horizontal line going through the points (negative 4, negative 4), (0, negative 4), (4, negative 4), and all other points with second coordinate negative 4. The other line is a slanted line going through the points (negative 2, 8), (negative 1, 4), (0, 0), (1, negative 4), and (2, negative 8).]Figure 3.9.49  
 
 
 42) Graph [image: y=3] and [image: y=3x] in the same rectangular coordinate system.
 
 Solution [image: The figure shows a two straight lines drawn on the same x y-coordinate plane. The x-axis of the plane runs from negative 12 to 12. The y-axis of the plane runs from negative 12 to 12. One line is a straight horizontal line going through the points (negative 4, 3) (0, 3), (4, 3), and all other points with second coordinate 3. The other line is a slanted line going through the points (negative 2, negative 6), (negative 1, negative 3), (0, 0), (1, 3), and (2, 6).]Figure 3.9.50  
 
 
 
 
 Intercepts on a Graph
 
 
 
 Every linear equation can be represented by a unique line that shows all the solutions of the equation. We have seen that when graphing a line by plotting points, you can use any three solutions to graph. This means that two people graphing the line might use different sets of three points.
 At first glance, their two lines might not appear to be the same, since they would have different points labelled. But if all the work was done correctly, the lines should be exactly the same. One way to recognize that they are indeed the same line is to look at where the line crosses the [image: x]-axis and the [image: y]-axis. These points are called the intercepts of the line.
 Intercepts of a Line
 The points where a line crosses the [image: x]-axis and the [image: y]-axis are called the intercepts of a line.
 
 
 Let’s look at the graphs of the lines in Figure 3.9.51.
 
 Examples of graphs crossing the [image: x]-negative axis.
 [image: Four figures, each showing a different straight line on the x y- coordinate plane. The x- axis of the planes runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. Figure a shows a straight line crossing the x- axis at the point (3, 0) and crossing the y- axis at the point (0, 6). The graph is labeled with the equation 2x plus y equals 6. Figure b shows a straight line crossing the x- axis at the point (4, 0) and crossing the y- axis at the point (0, negative 3). The graph is labeled with the equation 3x minus 4y equals 12. Figure c shows a straight line crossing the x- axis at the point (5, 0) and crossing the y- axis at the point (0, negative 5). The graph is labeled with the equation x minus y equals 5. Figure d shows a straight line crossing the x- axis and y- axis at the point (0, 0). The graph is labeled with the equation y equals negative 2x.]Figure 3.9.51 
 First, notice where each of these lines crosses the [image: x] negative axis. See the table below.
 	Figure 	The line crosses the x-axis at: 	Ordered pair of this point 
 	Figure (a) 	[image: 3] 	[image: (3,0)] 
 	Figure (b) 	[image: 4] 	[image: (4,0)] 
 	Figure (c) 	[image: 5] 	[image: (5,0)] 
 	Figure (d) 	[image: 0] 	[image: (0,0)] 
  
 Do you see a pattern?
 For each row, the [image: y]-coordinate of the point where the line crosses the [image: x]-axis is zero. The point where the line crosses the [image: x]-axis has the form [image: (a,0)] and is called the [latex]x[/latex]-intercept of a line. The [image: x]-intercept occurs when [image: y] is zero.
 Now, let’s look at the points where these lines cross the [image: y]-axis. See the table below.
 	Figure 	The line crosses the y-axis at: 	Ordered pair for this point 
 	Figure (a) 	[image: 6] 	[image: (0,6)] 
 	Figure (b) 	[image: -3] 	[image: (0,-3)] 
 	Figure (c) 	[image: -5] 	[image: (0,5)] 
 	Figure (d) 	[image: 0] 	[image: (0,0)] 
  
 What is the pattern here?
 In each row, the [image: x]-coordinate of the point where the line crosses the [image: y]-axis is zero. The point where the line crosses the [image: y]-axis has the form [image: \left(0,b\right)] and is called the [image: y]–intercept  of the line. The [image: y]-intercept occurs when [image: x] is zero.
 The [image: x]-intercept is the point [image: (a,0)] where the line crosses the [image: x]-axis.
 The [image: y]-intercept is the point [image: (0,b)] where the line crosses the [image: y]-axis.
 	 	x 	y 
  	The [image: x]-intercept occurs when y is zero. 	a 	0 
 	The [image: y]-intercept occurs when x is zero 	0 	b 
  
 
 Example 3.9.19
  Find the [image: x]-intercept and [image: y]-intercept on each graph.
 [image: Three figures, each showing a different straight line on the x y- coordinate plane. The x- axis of the planes runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. Figure a shows a straight line going through the points (negative 6, 5), (negative 4, 4), (negative 2, 3), (0, 2), (2, 1), (4, 0), and (6, negative 1). Figure b shows a straight line going through the points (0, negative 6), (1, negative 3), (2, 0), (3, 3), and (4, 6). Figure c shows a straight line going through the points (negative 6, 1), (negative 5, 0), (negative 4, negative 1), (negative 3, negative 2), (negative 2, negative 3), (negative 1, negative 4), (0, negative 5), and (1, negative 6).]Figure 3.9.52 
 Solution a. The graph crosses the [image: x]-axis at the point [image: (4,0)]. The [image: x]-intercept is [image: (4,0)].
  The graph crosses the [image: y]-axis at the point [image: (0,2)]. The [image: y]-intercept is [image: (0,2)].
 
 b. The graph crosses the [image: x]-axis at the point [image: (2,0)]. The [image: x]-intercept is [image: (2,0)].
  The graph crosses the [image: y]-axis at the point [image: (0,-6)]. The [image: y]-intercept is [image: (0,-6)].
 
 c. The graph crosses the [image: x]-axis at the point [image: (-5,0)]. The [image: x]-intercept is [image: (-5,0)].
  The graph crosses the [image: y]-axis at the point [image: (0,-5)]. The [image: y]-intercept is [image: (0,-5)].
  
 
 
 
 
 
 Try It
  43) Find the [image: x]-intercept and [image: y]-intercept on the graph.
 [image: A figure showing a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 10 to 10. The y- axis of the planes runs from negative 10 to 10. The straight line goes through the points (negative 8, negative 10), (negative 6, negative 8), (negative 4, negative 6), (negative 2, negative 4), (0, negative 2), (2, 0), (4, 2), (6, 4), (8, 6), and (10, 8).]Figure 3.9.53 
 Solution [image: x]-intercept: [image: (2,0)]; [image: y]-intercept: [image: (0,-2)]
  
 
 
 44) Find the [image: x]-intercept and [image: y]-intercept on the graph.
 [image: The figure shows a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 10 to 10. The y- axis of the planes runs from negative 10 to 10. The straight line goes through the points (negative 9, 8), (negative 6, 6), (negative 3, 4), (0, 2), (3, 0), (6, negative 2), and (9, negative 4).]Figure 3.9.54 
 Solution [image: x]-intercept: [image: (3,0)], [image: y]-intercept: [image: (0,2)]
  
 
 
 
 
 
 Intercepts from an Equation of a Line
 
 
 
 
 Recognizing that the [image: x]-intercept occurs when [image: y] is zero and that the [image: y]-intercept occurs when [image: x] is zero, gives us a method to find the intercepts of a line from its equation. To find the [image: x]-intercept, let [image: y=0] and solve for [image: x]. To find the [image: y]-intercept, let [image: x=0] and solve for [image: y].
 
 Find the [image: x]-intercept and [image: y]-intercept from the Equation of a Line
 Use the equation of the line. To find:
 	the [image: x]-intercept of the line, let [image: y=0] and solve for [image: x].
 	the [image: y]-intercept of the line, let [image: x=0] and solve for [image: y].
 
 
 Example 3.9.20
  Find the intercepts of [image: 2x+y=6].
 
 Solution We will let [image: y=0] to find the [image: x]-intercept, and let [image: x=0] to find the [image: y]-intercept. We will fill in the table, which reminds us of what we need to find.
 	[image: 2x+y=6] 	 
 	[image: x] 	[image: y] 	 
 	 	0 	[image: x]-intercept 
 	0 	 	[image: y]-intercept 
  
 To find the [image: x]-intercept, let [image: y=0].
 Step 1: Let [image: y = 0].
 [image: \begin{align*}2x+{\color[rgb]{1.0, 0.0, 0.0}y}&=6\\2x\;+\;{\color[rgb]{1.0, 0.0, 0.0}0}&=6\end{align*}]
 Step 2: Simplify.
 [image: \begin{eqnarray*}2x&=&6\\x&=&3\end{eqnarray*}]
 Step 3: The [image: x]-intercept is.
 [image: (3, 0)]
 Step 4: To find the [image: y]-intercept, let [image: x = 0].
 Step 5: Let [image: x = 0].
 [image: \begin{eqnarray*}2{\color[rgb]{1.0, 0.0, 0.0}x}\;+\;\;y\;&=&\;6\\2\;\times\;{\color[rgb]{1.0, 0.0, 0.0}0}\;+\;y\;&=&\;6\end{eqnarray*}]
 Step 6: Simplify.
 [image: \begin{eqnarray*}0\;+\;y\;&=&\;6\\y\;&=&\;6\end{eqnarray*}]
 Step 7: The [image: y]-intercept is.
 [image: (0, 6)]
 The intercepts are the points [image: (3,0)] and [image: (0,6)] as shown in the below table.
 	[image: 2x+y=6] 
 	[image: x] 	[image: y] 
 	[image: 3] 	[image: 0] 
 	[image: 0] 	[image: 6] 
  
  
 
 
 
 
 
 Try It
  45) Find the intercepts of [image: 3x+y=12].
 
 Solution [image: x]-intercept: [image: (4,0)], [image: y]-intercept: [image: (0,12)]
  
 
 
 46) Find the intercepts of [image: x+4y=8].
 
 Solution [image: x]-intercept: [image: (8,0)], [image: y]-intercept: [image: (0,2)]
  
 
 
 
 
 
 
 
 Example 3.9.21
  Find the intercepts of [image: 4x–3y=12].
 
 Solution Step 1: To find the [image: x]-intercept, let [image: y = 0].
 [image: \begin{align*}4x\;-\;3{\color[rgb]{1.0, 0.0, 0.0}y}&=12\\4x\;-\;3\;\times\;({\color[rgb]{1.0, 0.0, 0.0}0})&=12\end{align*}]
 Step 3: Simplify.
 [image: \begin{eqnarray*}4x\;-\;0\;&=&\;12\\4x\;&=&\;12\\x\;&=&\;3\end{eqnarray*}]
 Step 4: The [image: x]-intercept is:
 [image: (3, 0)]
 Step 5: To find the [image: y]-intercept, let [image: x = 0].
 Step 6: Let [image: x = 0].
 [image: \begin{align*}4{\color[rgb]{1.0, 0.0, 0.0}x}-3y&=12\\4\;\times\;{\color[rgb]{1.0, 0.0, 0.0}0}\;-\;3y&=12\end{align*}]
 Step 7: Simplify.
 [image: \begin{eqnarray*}0\;-\;3y\;&=&\;12\\-3y\;&=&\;12\\y\;&=&\;-4\end{eqnarray*}]
 Step 8: The [image: y]-intercept is:
 [image: (0, −4)]
 The intercepts are the points [image: (3, 0)] and [image: (0, −4)] as shown in the following table.
 	[image: 4x-3y=12] 
 	[image: x] 	[image: y] 
 	[image: 3] 	[image: 0] 
 	[image: 0] 	[image: -4] 
  
  
 
 
 
 
 
 Try It
  47) Find the intercepts of [image: 3x–4y=12].
 
 Solution [image: x]-intercept: [image: (4,0)], [image: y]-intercept: [image: (0,-3)]
  
 
 
 48) Find the intercepts of [image: 2x–4y=8].
 
 Solution [image: x]-intercept: [image: (4,0)], [image: y]-intercept: [image: (0,-2)]
  
 
 
 
 
 Graph a Line Using the Intercepts
 
 
 
 
 To graph a linear equation by plotting points, you need to find three points whose coordinates are solutions to the equation. You can use the x-intercept and [image: y]-intercept as two of your three points. Find the intercepts, and then find a third point to ensure accuracy. Make sure the points line up—then draw the line. This method is often the quickest way to graph a line.
 Example 3.9.22
  Graph [image: –x+2y=6] using the intercepts.
 
 Solution Step 1: Find the [image: x]– and [image: y]-intercepts of the line.
 Let [image: y=0] and solve for [image: x].
 Let [image: x=0] and solve for [image: y].
 Find the [image: x]-intercept.
 [image: \begin{align*}\text{Let}\;y&=0\\ -x+2y&=6\\ -x+2({\color[rgb]{1.0, 0.0, 0.0}0})&=6\\ -x&=6\\ x&=6\\ \text{The x-intercept is (-6,0).}\end{align*}]
 Find the [image: y]-intercept.
 [image: \begin{align*}\text{Let}\;x&=0\\ -x+2y&=6\\ -{\color[rgb]{1.0, 0.0, 0.0}0}+2y&=6\\ 2y&=6\\ y&=3\\ \text{The y-intercept is (0,3).} \end{align*}]
 Step 2: Find another solution to the equation.
 We’ll use [image: x=2].
 [image: \begin{align*}\text{Let}\;x&=2\\ -x+2y&=6\\ -{\color[rgb]{1.0, 0.0, 0.0}2}+2y&=6\\ 2y&=8\\ y&=4\\ \text{A third point is (2,4).} \end{align*}]
 Step 3: Plot the three points.
 Check that the points line up.
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	-6 	0 	(-6,0) 
 	0 	3 	(0,3) 
 	2 	4 	(2,4) 
  
 [image: The graph has three points on the x- y coordinate plane. The x- axis of the plane runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. Three points are marked at (negative 6, 0), (0, 3), and (2, 4).]Figure 3.9.55 Step 4: Draw the line.
 [image: a graph of a straight line going through three points on the x y- coordinate plane. The x- axis of the plane runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. Three points are marked at (negative 6, 0), (0, 3), and (2, 4). The straight line is drawn through the points (negative 6, 0), (negative 4, 1), (negative 2, 2), (0, 3), (2, 4), (4, 5), and (6, 6).]Figure 3.9.56 See the graph.
  
  
 
 
 
 
 
 Try It
  49) Graph [image: x–2y=4] using the intercepts.
 
 Solution [image: The figure shows a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 12 to 12. The y- axis of the planes runs from negative 12 to 12. The straight line goes through the points (negative 10, negative 7), (negative 8, negative 6), (negative 6, negative 5), (negative 4, negative 4), (negative 2, negative 3), (0, negative 2), (2, negative 1), (4, 0), (6, 1), (8, 2), and (10, 3).]Figure 3.9.57  
 
 
 50) Graph [image: –x+3y=6] using the intercepts.
 
 Solution [image: The figure shows a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 12 to 12. The y- axis of the planes runs from negative 12 to 12. The straight line goes through the points (negative 12, negative 2), (negative 9, negative 1), (negative 6, 0), (negative 3, 1), (0, 2), (3, 3), (6, 4), (9, 5), and (12, 6).]Figure 3.9.58  
 
 
 
 
 
 
 
 HOW TO
 Graph a linear equation using the intercepts.
 The steps to graph a linear equation using the intercepts are summarized below.
 	Find the [image: x]-intercept and [image: y]-intercept of the line. 	Let [image: y=0] and solve for [image: x].
 	Let [image: x=0] and solve for [image: y].
 
 
 	Find a third solution to the equation.
 	Plot the three points and check that they line up.
 	Draw the line.
 
 
 
 Example 3.9.23
  Graph [image: 4x–3y=12] using the intercepts.
 Solution [image: \begin{align*} \text{x-intercept, let}\;&y=0\;&\text{y-intercept, let}\;x&=0\;&\text{third point, let}\;y&=4\\ 4x-3y&=12\;\;&4x-3y&=12&4x-3y&=12\\ 4x-3({\color[rgb]{1.0, 0.0, 0.0}0})&=12\;\;&4({\color[rgb]{1.0, 0.0, 0.0}0})-3y&=12&4x-3({\color[rgb]{1.0, 0.0, 0.0}4})&=12\\ 4x&=12\;\;&-3y&=12&4x-12&=12\\ x&=3\;\;&y&=-4\;\;&4x&=24\\ \;&\;\;&\;&\;\;&x&=6 \end{align*}]
 Find the intercepts and a third point. We list the points in the table below and show the graph below.
 	[image: 4x-3y=12] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 3] 	[image: 0] 	[image: (3,0)] 
 	[image: 0] 	[image: -4] 	[image: (0,-4)] 
 	[image: 6] 	[image: 4] 	[image: (6,4)] 
  
 [image: The figure shows the graph of a straight line going through three points on the x y- coordinate plane. The x- axis of the plane runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. Three points are marked at (0, negative 4), (3, 0), and (6, 4). The straight line is drawn through the points (0, negative 4), (3, 0), and (6, 4).]Figure 3.9.59  
 
 
 
 Try It
  51) Graph [image: 5x–2y=10] using the intercepts.
 
 Solution [image: The figure shows the graph of a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. The straight line goes through the points (0, negative 5), (2, 0), and (4, 5).]Figure 3.9.60  
 
 
 52) Graph [image: 3x–4y=12] using the intercepts.
 
 Solution [image: The figure shows the graph of a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 7 to 7. The y- axis of the planes runs from negative 7 to 7. The straight line goes through the points (negative 4, negative 6), (0, negative 3), and (4, 0).]Figure 3.9.61  
 
 
 
 
 
 
 
 Example 3.9.24
  Graph [image: y=5x] using the intercepts.
 
 Solution Step 1: Find the [image: x]– and [image: y]-intercepts of the line.
 [image: \begin{align*} \text{x-intercept}&\;&\text{y-intercept}\\ \text{Let}\;y&=0\;&\text{Let}\;x&=0\\ y&=5x\;\;&y&=5x\\ {\color[rgb]{1.0, 0.0, 0.0}0}&=5x\;\;&y&=5\cdot{\color[rgb]{1.0, 0.0, 0.0}0}\\ 0&=x\;\;&y&=0\\ (0,&0)\;&\;&(0,0) \end{align*}]
 This line has only one intercept. It is the point [image: (0,0)].
 Step 2: To ensure accuracy we need to plot three points. Since the [image: x]-intercept and [image: y]-intercept are the same point, we need two more points to graph the line.
 [image: \begin{align*} \text{Let}\;x&=1\;&\text{Let}\;x&=-1\\ y&=5x\;\;&y&=5x\\ y&=5\cdot({\color[rgb]{1.0, 0.0, 0.0}1})\;\;&y&=5({\color[rgb]{1.0, 0.0, 0.0}-1})\\ y&=5\;\;&y&=-5\\ \end{align*}]
 See table below.
 	[image: y=5x] 
 	[image: x] 	[image: y] 	[image: (x,y)] 
 	[image: 0] 	[image: 0] 	[image: (0,0)] 
 	[image: 1] 	[image: 5] 	[image: (1,5)] 
 	[image: -1] 	[image: -5] 	[image: (-1,-5)] 
  
 Step 3: Plot the three points, check that they line up, and draw the line.
 [image: The figure shows the graph of a straight line going through three points on the x y- coordinate plane. The x- axis of the plane runs from negative 10 to 10. The y- axis of the planes runs from negative 10 to 10. Three points are marked and labeled with their coordinates at (negative 1, negative 5), (0, 0), and (1, 5). The straight line is drawn through the points (negative 1, negative 5), (0, 0), and (1, 5).]Figure 3.9.362  
 
 
 
 
 
 Try It
  53) Graph [image: y=4x] using the intercepts.
 
 Solution [image: The figure shows a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 12 to 12. The y- axis of the planes runs from negative 12 to 12. The straight line goes through the points (negative 4, negative 12), (negative 3, negative 9), (negative 2, negative 6), (negative 1, negative 3), (0, 0), (1, 3), (2, 6), (3, 9), and (4, 12).]Figure 3.9.63  
 
 
 54) Graph [image: y=-x] the intercepts.
 
 Solution [image: The figure shows a straight line on the x y- coordinate plane. The x- axis of the plane runs from negative 12 to 12. The y- axis of the planes runs from negative 12 to 12. The straight line goes through the points (negative 10, 10), (negative 9, 9), (negative 8, 8), (negative 7, 7), (negative 6, 6), (negative 5, 5), (negative 4, 4), (negative 3, 3), (negative 2, 2), (negative 1, 1), (0, 0), (1, negative 1), (2, negative 2), (3, negative 3), (4, negative 4), (5, negative 5), (6, negative 6), (7, negative 7), (8, negative 8), (9, negative 9), and (10, negative 10).]Figure 3.9.64  
 
 
 
 
 Key Concepts
  	Sign Patterns of the Quadrants
 
 
 	Quadrant I 	Quadrant II 	Quadrant III 	Quadrant IV 
 	[image: (x,y)] 	[image: (x,y)] 	[image: (x,y)] 	[image: (x,y)] 
 	[image: (+,+)] 	[image: (-,+)] 	[image: (-,-)] 	[image: (+,-)] 
  
 	Points on the Axes
  	On the [image: x]-axis, [image: y=0]. Points with a [image: y]-coordinate equal to [image: 0] are on the [image: x]-axis, and have coordinates [image: (a,0)].
 	On the [image: y]-axis, [image: x=0]. Points with an [image: x]-coordinate equal to [image: 0] are on the [image: y]-axis, and have coordinates [image: (0,b)].
 
 
 	Solution of a Linear Equation
  	An ordered pair [image: (x,y)] is a solution of the linear equation [image: Ax\;+\;By\;=\;C], if the equation is a true statement when the [image: x] and [image: y] values of the ordered pair are substituted into the equation.
 
 
 	Graph a Linear Equation by Plotting Points 	Find three points whose coordinates are solutions to the equation. Organize them in a table.
 	Plot the points in a rectangular coordinate system. Check that the points line up. If they do not, carefully check your work!
 	Draw the line through the three points. Extend the line to fill the grid and put arrows on both ends of the line.
 
 
 	Find the x-intercept and y-Intercept from the Equation of a Line 	Use the equation of the line to find the [image: x]-intercept of the line, let [image: y=0] and solve for [image: x].
 	Use the equation of the line to find the [image: y]-intercept of the line, let [image: x=0] and solve for [image: y].
 
 
 
 	Graph a Linear Equation using the Intercepts 	Find the [image: x]-intercept and [image: y]-intercept of the line.
  Let [image: y=0] and solve for [image: x].
  Let [image: x=0] and solve for [image: y].
 	Find a third solution to the equation.
 	Plot the three points and then check that they line up.
 	Draw the line.
 
 
 	Strategy for Choosing the Most Convenient Method to Graph a Line: 	Consider the form of the equation.
 	If it only has one variable, it is a vertical or horizontal line.
 [image: x=a] is a vertical line passing through the [image: x]-axis at [image: a].
 [image: y=b] is a horizontal line passing through the [image: y]-axis at [image: b].
 	If [image: y] is isolated on one side of the equation, graph by plotting points.
 	Choose any three values for [image: x] and then solve for the corresponding [image: y]-values.
 	If the equation is of the form [image: Ax\;+\;By\;=\;C], find the intercepts. Find the [image: x]-intercept and [image: y]-intercept, then a third point.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=1692#h5p-23 
 
 b. After reviewing this checklist, what will you do to become confident for all goals?
 
 Glossary
  	linear equation
 	A linear equation is of the form [image: Ax\;+\;By\;=\;C], where [image: A] and [image: B] are not both zero, is called a linear equation in two variables.
 
 	ordered pair
 	An ordered pair [image: (x,y)] gives the coordinates of a point in a rectangular coordinate system.
 
 	origin
 	The point [image: (0,0)] is called the origin. It is the point where the [image: x]-axis and [image: y]-axis intersect.
 
 	quadrant
 	The [image: x]-axis and the [image: y]-axis divide a plane into four regions, called quadrants.
 
 	rectangular coordinate system
 	A grid system is used in algebra to show a relationship between two variables; also called the [image: xy]-plane or the ‘coordinate plane’.
 
 	x-coordinate
 	The first number in an ordered pair [image: (x,y)].
 
 	y-coordinate
 	The second number in an ordered pair [image: (x,y)].
 
 	graph of a linear equation
 	The graph of a linear equation [image: Ax\;+\;By\;=\;C] is a straight line. Every point on the line is a solution of the equation. Every solution of this equation is a point on this line.
 
 	horizontal line
 	A horizontal line is the graph of an equation of the form [image: y=b]. The line passes through the [image: y]-axis at [image: (0,b)].
 
 	vertical line
 	A vertical line is the graph of an equation of the form [image: x=a]. The line passes through the [image: x]-axis at [image: (a,0)].
 
 	intercepts of a line
 	The points where a line crosses the [image: x]-axis and the [image: y]-axis are called the intercepts of the line.
 
 	x-intercept
 	The point [image: (a,0)] where the line crosses the [image: x]-axis; the [image: x]–intercept occurs when [image: y] is zero.
 
 	y-intercept
 	The point [image: (0,b)] where the line crosses the [image: y]-axis; the [image: y]-intercept occurs when [image: x] is zero.
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.10 Slope of a Line

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use [image: m=\frac{rise}{run}] to find the slope of a line from its graph
 	Find the slope of horizontal and vertical lines
 	Use the slope formula to find the slope of a line between two points
 	Graph a line given a point and the slope
 	Solve slope applications
 	Recognize the relation between the graph and the slope–intercept form of an equation of a line
 	Identify the slope and [image: y]-intercept form of an equation of a line
 	Graph a line using its slope and intercept
 	Choose the most convenient method to graph a line
 	Graph and interpret applications of slope–intercept
 	Use slopes to identify parallel lines
 	Use slopes to identify perpendicular lines
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify: [image: \frac{1–4}{8-2}]
 2) Divide: [image: \frac{0}{4},\frac{4}{0}]
 3) Simplify: [image: \frac{15}{-3},\frac{-15}{3},\frac{-15}{-3}]
 4) Add: [image: \frac{x}{4}+\frac{1}{4}]
 5) Find the reciprocal of [image: \frac{3}{7}]
 6) Solve [image: 2x-3y=12]
 
 
 
 When you graph linear equations, you may notice that some lines tilt up as they go from left to right and some lines tilt down. Some lines are very steep and some lines are flatter. What determines whether a line tilts up or down or if it is steep or flat?
 In mathematics, the ‘tilt’ of a line is called the slope of the line. The concept of slope has many applications in the real world. The pitch of a roof, grade of a highway, and a ramp for a wheelchair are some examples where you literally see slopes. And when you ride a bicycle, you feel the slope as you pump uphill or coast downhill.
 In this section, we will explore the concept of slope.
 Use [image: m=\frac{rise}{run}] to Find the Slope of a Line from its Graph
 
 
 
 Now, we’ll look at some graphs on the [image: xy]-coordinate plane and see how to find their slopes. The method we will use here will be similar to how one would use geoboards.
 To find the slope, we must count out the rise and the run. But where do we start?
 We locate two points on the line whose coordinates are integers. We then start with the point on the left and sketch a right triangle, so we can count the rise and run.
 
 Example 3.10.1
  How to Use [image: m=\frac{rise}{run}] to Find the Slope of a Line from its Graph
 Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 6 and the y-axis runs from negative 4 to 2. A line passes through the points (0, negative 3) and (5, 1).]Figure 3.10.1 
 Solution [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 6 and the y-axis runs from negative 4 to 2. A line passes through the points (0, negative 3) and (5, 1).]Figure 3.10.2 Step 1: Locate two points whose coordinates are integers.
 Mark [image: (0-,3)(5,1)]
 Step 2: Starting with the point on the left, sketch a right triangle, going from the first point to the second point.
 [image: an additional point is plotted at (0, 1). The three points form a right triangle, with the line from (0, negative 3) to (5, 1) forming the hypotenuse and the lines from (0, negative 3) to (0, 1) and (0, 1) to (5, 1) forming the legs.]Figure 3.10.3 Step 3: Count the rise and the run on the legs of the triangle.
 Count the rise.
 Count the run.
 [image: The third row then says, “Step 3: Count the rise and the run on the legs of the triangle.” The rise is 4 and the run is 5.]Figure 3.10.4 Step 4: Take the ration of rise to run to find the slope.
 [image: \begin{align*} &\text{Use the slope formula.}\;&m&=\frac{rise}{run}\\ &\text{Substitute the values of the rise and run.}\;&m&=\frac45\end{align*}]
 The slope of the line is [image: \frac45].
  
 
 
 
 
 
 Try It
  7) Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 8 to 1 and the y-axis runs from negative 1 to 4. A line passes through the points (negative 5, 1) and (0, 3).]Figure 3.10.5 
 Solution [image: \frac{2}{5}]
  
 
 
 8) Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 5 and the y-axis runs from negative 2 to 4. A line passes through the points (0, negative 1) and (4, 2).]Figure 3.10.6 
 Solution [image: \frac{3}{4}]
  
 
 
 
 
 
 
 
 HOW TO
 
 
 
 Find the slope of a line from its graph using [image: m=\frac{rise}{run}]
 	Locate two points on the line whose coordinates are integers.
 	Starting with the point on the left, sketch a right triangle, going from the first point to the second point.
 	Count the rise and the run on the legs of the triangle.
 	Take the ratio of rise to run to find the slope, [image: m=\frac{rise}{run}]
 
 
 
 
 
 
 Example 3.10.2
  Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 9 and the y-axis runs from negative 1 to 7. A line passes through the points (0, 5), (3, 3), and (6, 1).]Figure 3.10.7 
 Solution [image:  m=\frac{rise}{run}]
 Step 1. Locate two points on the graph whose coordinates are integers.
 [image: (0,5)] and [image: (3,3)]
 Step 2: Which point is on the left?
 [image: (0,5)]
 Step 3: Starting at [image: (0,5)], sketch a right triangle to [image: (3,3)].
 [image: The x-axis of the plane runs from negative 1 to 9. The y-axis of the plane runs from negative 1 to 7. The points (0, 5) and (3, 3) are plotted. An additional point is plotted at (0, 3). The three points form a right triangle, with the line from (0, 5) to (3, 3) forming the hypotenuse and the lines from (0, 5) to (0, 3) and from (0, 3) to (3, 3) forming the legs. The leg from (0, 5) to (0, 3) is labeled “rise” and the leg from (0, 3) to (3, 3) is labeled “run”.]Figure 3.10.8 Step 4: Count the rise—it is negative.
 The rise is [image: -2].
 Step 5: Count the run.
 The run is [image: 3].
 Step 6: Use the slope formula.
 [image: m=\frac{rise}{run}]
 Step 7: Substitute the values of the rise and run.
 [image: \begin{align*}&\;&m&=\frac{-2}{3}\\&\text{Simplify.}\;&m&=-\frac{2}{3}\end{align*}]
 The slope of the line is [image: -\frac{2}{3}].
 [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 7 to 7. A line passes through the points (negative 3, 7) and (6, 1). An additional point is plotted at (negative 3, 1). The three points form a right triangle, with the line from (negative 3, 7) to (6, 1) forming the hypotenuse and the lines from (negative 3, 7) to negative 1, 7) and from (negative 1, 7) to (6, 1) forming the legs.]Figure 3.10.9 So y increases by [image: 3] units as [image: x] decreases by [image: 2] units. What if we used the points left [image: (-3,7)] and [image: (6,1)] to find the slope of the line?The rise would be [image: -6] and the run would be [image: 9]. Then [image: m=\frac{-6}{9}], and that simplifies to [image: m=-\frac{2}{3}]. Remember, it does not matter which points you use—the slope of the line is always the same.
  
 
 
 
 
 
 Try It
  9) Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 5 and the y-axis runs from negative 6 to 1. A line passes through the points (0, negative 2) and (3, negative 6).]Figure 3.10.10 
 Solution [image: -\frac{4}{3}]
  
 
 
 10) Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 3 to 6 and the y-axis runs from negative 3 to 2. A line passes through the points (0, 1) and (5, negative 2).]Figure 3.10.11 
 Solution [image: -\frac{3}{5}]
  
 
 
 
 
 In the last two examples, the lines had [image: y]-intercepts with integer values, so it was convenient to use the [image: y]-intercept as one of the points to find the slope. In the next example, the [image: y]-intercept is a fraction. Instead of using that point, we’ll look for two other points whose coordinates are integers. This will make the slope calculations easier.
 
 
 
 Example 3.10.3
  Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from 0 to 8 and the y-axis runs from 0 to 7. A line passes through the points (2, 3) and (7, 6).]Figure 3.10.12 
 Solution Step 1: Locate two points on the graph whose coordinates are integers.
 [image: (2,3)] and [image: (7,6)]
 Step 2: Which point is on the left?
 [image: (2,3)]
 Step 3: Starting at [image: (2,3)], sketch a right triangle to [image: (7,6)].
 
 [image: The x-axis of the plane runs from 0 to 8. The y-axis of the plane runs from 0 to 7. The points (2, 3) and (7, 6) are plotted. An additional point is plotted at (2, 6). The three points form a right triangle, with the line from (2, 3) to (7, 6) forming the hypotenuse and the lines from (2, 3) to (2, 6) and from (2, 6) to (7, 6) forming the legs. The leg from (2, 3) to (2, 6) is labeled “rise” and the leg from (2, 6) to (7, 6) is labeled “run”.]Figure 3.10.13 Step 4: Count the rise.
 The rise is [image: 3].
 Step 5: Count the run.
 The run is [image: 5].
 Step 6: Use the slope formula.
 [image: m=\frac{rise}{run}]
 Step 7: Substitute the values of the rise and run.
 The slope of the line is [image: \frac{3}{5}]
 This means that [image: y] increases [image: 5] units as [image: x] increases [image: 3] units. If you used a geoboard to introduce the concept of slope, you would always start with the point on the left and count the rise and the run to get to the point on the right. That way the run was always positive and the rise determined whether the slope was positive or negative. What would happen if we started with the point on the right? Let’s use the points [image: (2,3)] and [image: (7,6)] again, but now we’ll start at [image: (7,6)].
 [image: The graph shows the x y coordinate plane. The x -axis runs from 0 to 8. The y -axis runs from 0 to 7. A line passes through the points (2, 3) and (7, 6). An additional point is plotted at (7, 3). The three points form a right triangle, with the line from (2, 3) to (7, 6) forming the hypotenuse and the lines from (2, 3) to (7, 3) and from (7, 3) to (7, 6) forming the legs.]Figure 3.10.14 Step 1: Count the rise.
 The rise is [image: -3].
 Step 2: Count the run. It goes from right to left, so it is negative.
 The run is [image: -5].
 Step 3: Use the slope formula.
 [image: m=\frac{rise}{run}]
 Step 4: Substitute the values of the rise and run.
 [image: m=\frac{-3}{-5}]
 Step 5: The slope of the line is [image: \frac{3}{5}].
 It does not matter where you start—the slope of the line is always the same.
  
 
 
 
 Try It
  11) Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 4 to 2 and the y-axis runs from negative 6 to 2. A line passes through the points (negative 3, 4) and (1, 1).]Figure 3.10.15 
 Solution [image: \frac{5}{4}]
  
 
 
 12) Find the slope of the line shown.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 4 and the y-axis runs from negative 2 to 3. A line passes through the points (1, negative 1) and (3, 2).]Figure 3.10.16 
 Solution [image: \frac{3}{2}]
  
 
 
 
 
 Find the Slope of Horizontal and Vertical Lines
 
 
 
 
 Do you remember what was special about horizontal and vertical lines? Their equations had just one variable.
 	Horizontal line [image: y = b] 	Vertical line [image: x = a] 
 	[image: y]-coordinates are the same. 	[image: x]-coordinates are the same. 
  
 
 So how do we find the slope of the horizontal line [image: y=4]? One approach would be to graph the horizontal line, find two points on it, and count the rise and the run. Let’s see what happens when we do this.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 5 and the y-axis runs from negative 1 to 7. A line passes through the points (0, 4) and (3, 4).]Figure 3.10.17 Step 1: What is the rise?
 The rise is [image: 0].
 Step 2: Count the run.
 The run is [image: 3].
 Step 3: What is the slope?
 [image: \begin{align*}m&=\frac{rise}{run}\\m&=\frac{0}{3}\\m&=0\end{align*}]
 The slope of the horizontal line [image: y=4] is [image: 0].
 
 All horizontal lines have slope [image: 0]. When the [image: y]-coordinates are the same, the rise is [image: 0].
 Slope of a Horizontal Line
 The slope of a horizontal line, [image: y=b], is [image: 0].
 
 
 
 The floor of your room is horizontal. Its slope is [image: 0]. If you carefully placed a ball on the floor, it would not roll away.
 Now, we’ll consider a vertical line, the line.
 [image: The graph shows the x y coordinate plane. The x-axis runs from negative 1 to 5 and the y-axis runs from negative 2 to 2. A line passes through the points (3, 0) and (3, 2).]Figure 3.10.18 Step 1: What is the rise?
 The rise is [image: 2].
 Step 2: Count the run.
 The run is [image: 0].
 Step 3: What is the slope?
 [image: \begin{align*}m&=\frac{rise}{run}\\m&=\frac{2}{0}\end{align*}]
 
 But we can’t divide by [image: 0]. Division by [image: 0] is not defined. So we say that the slope of the vertical line [image: x=3] is undefined.
 The slope of any vertical line is undefined. When the [image: x]-coordinates of a line are all the same, the run is [image: 0].
 Slope of a Vertical Line
 The slope of a vertical line, [image: x=a], is undefined.
 
 
 
 Example 3.10.4
  Find the slope of each line:
 a. [image: x=8]
 b. [image: y=-5]
 
 Solution a. [image: x=8]
  This is a vertical line.
  Its slope is undefined.
 
 
 b. [image: y=-5]
  This is a horizontal line.
  It has slope [image: 0].
  
 
 
 
 
 
 Try It
  13) Find the slope of the line: [image: x=-4].
 
 Solution undefined
  
 
 
 14) Find the slope of the line: [image: y=7].
 
 Solution [image: 0]
  
 
 
 
 
 
 
 
 Quick Guide to the Slopes of Lines
 [image: This figure shows four lines with arrows. The first line rises up and runs to the right. It has a positive slope. The second line falls down and runs to the right. It has a negative slope. The third line is neither rises nor falls, extending horizontally in either direction. It has a slope of zero. The fourth line is completely vertical, one end rising up and the other rising down, running neither to the left nor right. It has an undefined slope.]Figure 3.10.19 
 
 Remember, we ‘read’ a line from left to right, just like we read written words in English.
 
 
 
 Use the Slope Formula to find the Slope of a Line Between Two Points
 Sometimes we’ll need to find the slope of a line between two points when we don’t have a graph to count out the rise and the run. We could plot the points on grid paper, then count out the rise and the run, but as we’ll see, there is a way to find the slope without graphing. Before we get to it, we need to introduce some algebraic notation.
 We have seen that an ordered pair [image: (x,y)] gives the coordinates of a point. But when we work with slopes, we use two points. How can the same symbol [image: (x,y)] be used to represent two different points? Mathematicians use subscripts to distinguish the points.
 	[image: (x_1,y_1)] 	read ‘ [image: x] sub 1, [image: y] sub 1 ‘ 
 	[image: (x_2,y_2)] 	read ‘ [image: x] sub 2, [image: y] sub 2 ‘ 
  
 The use of subscripts in math is very much like the use of last name initials in elementary school. Maybe you remember Laura C. and Laura M. in your third grade class?
 We will use [image: (x_1,y_1)] to identify the first point and [image: (x_2,y_2)] to identify the second point.
 If we had more than two points, we could use [image: (x_3,y_3)], [image: (x_4,y_4)], and so on.
 Let’s see how the rise and run relate to the coordinates of the two points by taking another look at the slope of the line between the points [image: (2,3)] and [image: (7,6)].
 [image: The graph shows the x y coordinate plane. The x and y-axes run from 0 to 7. A line passes through the points (2, 3) and (7, 6), which are plotted and labeled. The ordered pair (2, 3) is labeled (x subscript 1, y subscript 1). The ordered pair (7, 6) is labeled (x subscript 2, y subscript 2). An additional point is plotted at (2, 6). The three points form a right triangle, with the line from (2, 3) to (7, 6) forming the hypotenuse and the lines from (2, 3) to (2, 6) and from (2, 6) to (7, 6) forming the legs. The first leg, from (2, 3) to (2, 6) is labeled y subscript 2 minus y subscript 1, 6 minus 3, and 3. The second leg, from (2, 3) to (7, 6), is labeled x subscript 2 minus x subscript 1, y minus 2, and 5.]Figure 3.10.20 Since we have two points, we will use subscript notation,
 [image: \begin{pmatrix}x_1&y_1\\2&3\end{pmatrix}]      [image: \begin{pmatrix}x_2&y_2\\7&6\end{pmatrix}]
 On the graph, we counted the rise of [image: 3] and the run of [image: 5].
 Notice that the rise of [image: 3] can be found by subtracting the [image: y]-coordinates [image: 6] and [image: 3].
 [image: 3=6-3]
 And the run of [image: 5] can be found by subtracting the [image: x]-coordinates [image: 7] and [image: 2].
 [image: 5=7-2]
 We know [image: m=\frac{rise}{run}]. So [image: m=\frac{3}{5}].
 We rewrite the rise and run by putting in the coordinates [image: m=\frac{6-3}{7-2}].
 But [image: 6] is [image: y_2], the [image: y]-coordinate of the second point and [image: 3] is [image: y_1] the [image: y]-coordinate of the first point.
 So we can rewrite the slope using subscript notation. [image: m=\frac{y_2-y_1}{7-2}]
 Also, [image: 7] is [image: x_2], the [image: x]-coordinate of the second point and [image: 2] is [image: x_1], the [image: x]-coordinate of the first point.
 So, again, we rewrite the slope using subscript notation. [image: m=\frac{y_2-y_1}{x_2-x_1}]
 We’ve shown that [image: m=\frac{y_2-y_1}{x_2-x_1}] is really another version of [image: m=\frac{rise}{run}]. We can use this formula to find the slope of a line when we have two points on the line.
 Slope Formula
 The slope of the line between two points [image: (x_1,y_1)] and [image: (x_2,y_2)] is
 [image: m=\frac{y_2-y_1}{x_2-x_1}]
 This is the slope formula.
 The slope is:
 [image: y] of the second point minus [image: y] of the first point
 over
 [image: x] of the second points minus [image: x] of the first point
 
 
 
 
 Example 3.10.5
  Use the slope formula to find the slope of the line between the points [image: (1,2)] and [image: (4,5)].
 
 Solution [image: m=\frac{y_2-y_1}{x_2-x_1}]
 Step 1: We’ll call [image: (1,2)] point #1 and [image: (4,5)] point #2.
 [image: \begin{pmatrix}x_1&y_1\\1&2\end{pmatrix}]         [image: \begin{pmatrix}x_2&y_2\\4&5\end{pmatrix}]
 Step 2: Use the slope formula.
 [image: m=\frac{rise}{run}]
 Step 3: Substitute the values.
 [image: y] of the second point minus [image: y] of the first point.
 [image: m=\frac{5-2}{x_2-x_1}]
 [image: x] of the second point minus [image: x] of the first point.
 [image: m=\frac{5-2}{4-1}]
 Step 4: Simplify the numerator and the denominator.
 [image: \begin{align*} &\;&m&=\frac33\\ &\text{Simplify.}&m&=1 \end{align*}]
 Let’s confirm this by counting out the slope on a graph using [image: m=\frac{rise}{run}].
 [image: The graph shows the x y-coordinate plane. The x and y-axes of the plane run from 0 to 7. A line passes through the points (1, 2) and (4, 5), which are plotted. An additional point is plotted at (1, 5). The three points form a right triangle, with the line from (1, 2) to (4, 5) forming the hypotenuse and the lines from (1, 2) to (1, 5) and from (1, 5) to (4, 5) forming the legs. The leg from (1, 2) to (1, 5) is labeled “rise” and the leg from (1, 5) to (4, 5) is labeled “run”.]Figure 3.10.21 It doesn’t matter which point you call point #1 and which one you call point #2. The slope will be the same. Try the calculation yourself.
  
 
 
 
 
 
 Try It
  15) Use the slope formula to find the slope of the line through the points: [image: (8,5)] and [image: (6,3)].
 
 Solution [image: 1]
  
 
 
 16) Use the slope formula to find the slope of the line through the points: [image: (1,5)] and [image: (5,9)].
 
 Solution [image: 1]
  
 
 
 
 
 
 
 
 Example 3.10.6
  Use the slope formula to find the slope of the line through the points [image: (-2,-3)] and [image: (-7,4)].
 
 Solution Step 1. We’ll call [image: (-2,-3)] point #1 and [image: (-7,4)] point #2.
 [image: \begin{pmatrix}x_1&y_1\\-2&-3\end{pmatrix}]         [image: \begin{pmatrix}x_2&y_2\\-7&4\end{pmatrix}]
 Step 2. Use the slope formula.
 [image: m=\frac{y_2-y_1}{x_2-x_1}]
 Step 3. Substitute the values.
 [image: y] of the second point minus [image: y] of the first point.
 [image: m=\frac{4-(-3)}{x_2-x_1}]
 [image: x] of the second point minus [image: x] of the first point.
 [image: m=\frac{4-(-3)}{-7-(-2)}]
 Step 4. Simplify.
 [image: \begin{align*}m&=\frac{7}{-5}\\m&=-\frac{7}{5}\end{align*}]
 Let’s verify this slope on the graph shown.
 [image: The graph shows the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 2 and the y-axis of the plane runs from negative 6 to 5. A line passes through the points (negative 7, 4) and (negative 2, negative 3), which are plotted and labeled. An additional point is plotted at (negative 7, negative 3). The three points form a right triangle, with the line from (negative 7, 4) to (negative 2, negative 3) forming the hypotenuse and the lines from (negative 7, 4) to (negative 7, negative 3) and from (negative 7, negative 3) to (negative 2, negative 3) forming the legs. The leg from (negative 7, 4) to (negative 7, negative 3) is labeled “rise” and the leg from (negative 7, negative 3) to (negative 2, negative 3) is labeled “run”.]Figure 3.10.22 [image: \begin{align*}m&=\frac{rise}{run}\\m&=\frac{-7}{5}\\m&=-\frac{7}{5}\end{align*}]
  
 
 
 
 
 
 Try It
  17) Use the slope formula to find the slope of the line through the points: [image: (-3,4)] and [image: (2,-1)]
 
 Solution [image: -1]
  
 
 
 18) Use the slope formula to find the slope of the line through the pair of points: [image: (-2,6)] and [image: (-3,-4)].
 
 Solution [image: 10]
  
 
 
 
 
 
 
 
 
 Graph a Line Given a Point and the Slope
 Up to now, in this chapter, we have graphed lines by plotting points, by using intercepts, and by recognizing horizontal and vertical lines.
 One other method we can use to graph lines is called the point–slope method. We will use this method when we know one point and the slope of the line. We will start by plotting the point and then use the definition of slope to draw the graph of the line.
 Example 3.10.7
  Graph the line passing through the point [image: (1,-1)] whose slope is [image: m=\frac{3}{4}].
 
 Solution Step 1: Plot the given point.
 Plot [image: (1,-1)].
 [image: a graph of the x y-coordinate plane. The x-axis of the plane runs from negative 1 to 7. The y-axis of the plane runs from negative 3 to 4. The point (0, negative 1) is plotted.]Figure 3.10.23 Step 2: Use the slope formula [image: m=\frac{rise}{run}] to identify the rise and the run.
 Identify the rise and the run.
 [image: \begin{align*}m&=\frac34\\[2ex]\frac{rise}{run}&=\frac34\\[3ex]\text{rise}&=3\\\text{run}&=4\end{align*}]
 Step 3: Starting at the given point, count out the rise and run to mark the second point
 Start at [image: (1,-1)] and count the rise and the run. Up [image: 3] units, right [image: 4] units.
 [image: an additional two points are plotted: (1, 2), which is 3 units up from (1, negative 1), and (5, 2), which is 3 units up and 4 units right from (1, negative 1).]Figure 3.10.24 Step 4: Connect the points with a line.
 Connect the two points with a line. 
 [image: a line is drawn through the points (1, negative 1) and (5, 2). This line is also the hypotenuse of the right triangle formed by the three points, (1, negative 1), (1, 2) and (5, 2).]Figure 3.10.25  
 
 
 
 
 
 Try It
  19) Graph the line passing through the point [image: (2,-2)] with the slope [image: m=\frac{4}{3}].
 
 Solution [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 12 to 12. A line passes through the points (negative 4, negative 10) and (2, negative 2).]Figure 3.10.26  
 
 
 20) Graph the line passing through the point [image: (-2,3)] with the slope [image: m=\frac{1}{4}].
 
 Solution [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 12 to 12. A line passes through the points (negative 2, 3) and (10, 6).]Figure 3.10.27  
 
 
 
 
 
 
 
 HOW TO
 Graph a line given a point and the slope.
 	Plot the given point.
 	Use the slope formula [image: m=\frac{rise}{run}] to identify the rise and the run.
 	Starting at the given point, count out the rise and run to mark the second point.
 	Connect the points with a line.
 
 
 
 
 Example 3.10.8
  Graph the line with [image: y]-intercept [image: 2] whose slope is [image: m=-\frac{2}{3}].
 Solution Step 1: Plot the given point, the [image: y]-intercept, [image: (0,2)].
 [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 5 to 5. The point (0, 2) is plotted.]Figure 3.10.28 [image: m=-\frac{2}{3}]
 Step 2: Identify the rise and the run.
 [image: \begin{align*}\left(\frac{rise}{run}\right)&=\frac{-2}{3}\\rise&=-2\\run&=3\end{align*}]
 [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 5 to 5. The points (0, 2), (0, 0), and (3,0) are plotted and labeled. The line from (0, 2) to (0, 0) is labeled “down 2” and the line from (0, 0) to (3, 0) is labeled “right 3”.]Figure 3.10.29 Step 3: Count the rise and the run. Mark the second point.
 Step 4: Connect the two points with a line.
 [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 5 to 5. A line passes through the plotted points (0, 2) and (3,0).]Figure 3.10.30 You can check your work by finding a third point. Since the slope is [image: m=-\frac{2}{3}], it can be written as [image: m=\frac{2}{-3}]. Go back to [image: (0,2)] and count out the rise, [image: 2], and the run, [image: -3]
  
 
 
 
 
 
 Try It
  21) Graph the line with the [image: y]-intercept [image: 4] and slope [image: m=-\frac{5}{2}].
 
 Solution [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 12 to 12. A line intercepts the y-axis at (0, 4) and passes through the point (4, negative 6).]Figure 3.10.31  
 
 
 22) Graph the line with the [image: x]-intercept [image: -3] and slope [image: m=-\frac{3}{4}].
 
 Solution [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 12 to 12. A line intercepts the x-axis at (negative 3, 0) and passes through the point (1, negative 3).]Figure 3.10.32  
 
 
 
 
 
 
 
 Example 3.10.9
  Graph the line passing through the point [image: (-1,-3)] whose slope is [image: m=4].
 
 Solution Step 1: Plot the given point.
 [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 5 to 5. The point (negative 1, negative 3) is plotted and labeled.]Figure 3.10.33 Step 2: Identify the rise and the run.
 [image: m=4]
 Step 3: Write [image: 4] as a fraction.
 [image: \begin{align*}\frac{rise}{run}&=\frac{4}{1}\\rise&=4\\run&=1\end{align*}]
 Step 4: Count the rise and run and mark the second point.
 [image: This figure shows how to graph the line passing through the point (negative 1, negative 3) whose slope is 4. The first step is to identify the rise and run. The rise is 4 and the run is 1. 4 divided by 1 is 4, so the slope is 4. Next we count the rise and run and mark the second point. To the right is a graph of the x y-coordinate plane. The x and y-axes run from negative 5 to 5. We start at the plotted point (negative 1, negative 3) and count the rise, 4. We reach the point negative 1, 1, which we plot. We then count the run from this point, which is 1. We reach the point (0, 1), which is plotted. The last step is to connect the two points with a line. We draw a line which passes through the points (negative 1, negative 3) and (0, 1).]Figure 3.10.34 Step 5: Connect the two points with a line.
 [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 5 to 5. A line passes through the plotted points (-1, -3) and (1,0).]Figure 3.10.35 You can check your work by finding a third point. Since the slope is [image: m=4], it can be written as [image: m=\frac{-4}{-1}]. Go back to [image: (-1,-3)] and count out the rise, [image: -4], and the run, [image: -1].
  
 
 
 
 
 
 Try It
  23) Graph the line with the point [image: (-2,1)] and slope [image: m=3].
 
 Solution [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 7 to 7. A line passes through the points (negative 2, 1) and (negative 1, 4).]Figure 3.10.36  
 
 
 24) Graph the line with the point [image: (4,-2)] and slope [image: m=-2].
 
 Solution [image: The graph shows the x y coordinate plane. The x and y-axes run from negative 7 to 7. A line passes through the points (4, negative 2) and (5, negative 4).]Figure 3.10.37  
 
 
 
 
 Solve Slope Applications
 
 
 
 At the beginning of this section, we said there are many applications of slope in the real world. Let’s look at a few now.
 Example 3.10.10
  The ‘pitch’ of a building’s roof is the slope of the roof. Knowing the pitch is important in climates where there is heavy snowfall. If the roof is too flat, the weight of the snow may cause it to collapse. What is the slope of the roof shown?
 [image: This figure shows a house with a sloped roof. The roof on one half of the building is labeled "pitch of the roof". There is a line segment with arrows at each end measuring the vertical length of the roof and is labeled "rise equals 9 feet". There is a line segment with arrows at each end measuring the horizontal length of the root and is labeled "run equals 18 feet".]Figure 3.10.38 
 Solution Step 1: Use the slope formula.
 [image: m=\frac{rise}{run}]
 Step 2: Substitute the values for rise and run.
 [image: m=\frac{9}{18}]
 Step 3: Simplify.
 [image: m=\frac{1}{2}]
 Step 4: The slope of the roof is [image: \frac{1}{2}].
 The roof rises [image: 1] foot for every [image: 2] feet of horizontal run.
  
 
 
 
 
 
 Try It
  25) Use Example 3.10.10, substituting the [image: rise = 14] and [image: run = 24].
 
 Solution [image: \frac{7}{12}]
  
 
 
 26) Use Example 3.10.10, substituting [image: rise = 15] and [image: run = 36].
 
 Solution [image: \frac{5}{12}]
  
 
 
 
 
 
 
 
 Example 3.10.11
  Have you ever thought about the sewage pipes going from your house to the street? They must slope down [image: \frac{1}{4}] inch per foot in order to drain properly. What is the required slope?
 [image: This figure is a right triangle. One leg is negative one quarter inch and the other leg is one foot.]Figure 3.10.39 Solution Step 1: Use the slope formula
 [image: \begin{align*} &\;&m&=\frac{rise}{run}\\[2ex] &\;&m&=\frac{-\frac14inch}{1\;foot}\\[2ex] &\;&m&=\frac{-\frac14inch}{12\;inches}\\[2ex] &\text{Simplify.}&m&=-\frac1{48} \end{align*}]
 The slope of the pipe is [image: -\frac{1}{48}]
 The pipe drops [image: 1] inch for every [image: 48] inches of horizontal run.
  
 
 Try It
  27) Find the slope of a pipe that slopes down [image: \frac{1}{3}] inch per foot.
 
 Solution [image: -\frac{1}{36}]
  
 
 
 28) Find the slope of a pipe that slopes down [image: \frac{3}{4}] inch per yard.
 
 Solution [image: -\frac{1}{48}]
  
 
 
 
 
 Recognize the Relation Between the Graph and the Slope–Intercept Form of an Equation of a Line
 
 
 
 We have graphed linear equations by plotting points, using intercepts, recognizing horizontal and vertical lines, and using the point–slope method. Once we see how an equation in slope–intercept form and its graph are related, we’ll have one more method we can use to graph lines.
 In Graph Linear Equations in Two Variables, we graphed the line of the equation [image: y=\frac{1}{2}x+3] by plotting points. See Figure 3.10.40. Let’s find the slope of this line.
  
 [image: This figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The line is labeled with the equation y equals one half x, plus 3. The points (0, 3), (2, 4) and (4, 5) are labeled also. A red vertical line begins at the point (2, 4) and ends one unit above the point. It is labeled “Rise equals 1”. A red horizontal line begins at the end of the vertical line and ends at the point (4, 5). It is labeled “Run equals 2. The red lines create a right triangle with the line y equals one half x, plus 3 as the hypotenuse.]Figure 3.10.40 
 The red lines show us the rise is [image: 1] and the run is [image: 2]. Substituting into the slope formula:
 [image: \begin{align*}m&= \frac {rise}{run}\\m&= \frac {1}{5}\end{align*}]
 What is the [image: y]-intercept of the line? The [image: y]-intercept is where the line crosses the [image: y]-axis, so [image: y]-intercept is [image: (0,3)]. The equation of this line is:
 [image: y={\color[rgb]{1.0, 0.0, 0.0}\frac12}x+{\color[rgb]{0.0, 0.0, 1.0}3}]
 Notice, the line has:
 Slope [image: m={\color[rgb]{1.0, 0.0, 0.0}\frac12}] and [image: y]-intercept [image: (0,{\color[rgb]{0.0, 0.0, 1.0}3})]
 When a linear equation is solved for [image: y], the coefficient of the [image: x] term is the slope and the constant term is the [image: y]-coordinate of the [image: y]-intercept. We say that the equation [image: y=\frac{1}{2}x+3] is in slope–intercept form.
 Slope [image: m={\color[rgb]{1.0, 0.0, 0.0}\frac12}];  [image: y]-intercept [image: (0,{\color[rgb]{0.0, 0.0, 1.0}3})]
 [image: y={\color[rgb]{1.0, 0.0, 0.0}\frac12}x+{\color[rgb]{0.0, 0.0, 1.0}3}\\{\color[rgb]{0.1, 0.1, 0.1}y}{\color[rgb]{0.1, 0.1, 0.1}=}{\color[rgb]{1.0, 0.0, 0.0}m}{\color[rgb]{0.1, 0.1, 0.1}+}{\color[rgb]{0.0, 0.0, 1.0}b}]
 Slope-Intercept Form of an Equation of a Line
 The slope–intercept form of an equation of a line with slope [image: m] and [image: y]-intercept, [image: \left(0,b\right)] is,
 [image: y=mx+b]
 
 
 Sometimes the slope–intercept form is called the “[image: y]-form.”
 
 
 Example 3.10.12
  Use the graph to find the slope and [image: y]-intercept of the line, [image: y=2x+1].
 Compare these values to the equation [image: y=mx+b].
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The line is labeled with the equation y equals 2 x, plus 1. The points (negative 2, negative 3), (0, 1) and (1, 3) are plotted.]Figure 3.10.41 To find the slope of the line, we need to choose two points on the line. We’ll use the points [image: (0,1)] and [image: (1,3)].
 Step 1: Find the rise and run.
 [image: \begin{align*}m&=\frac{rise}{run}\\m&=\frac21\\m&=2\end{align*}]
 Step 2: Find the [image: y]-intercept of the line.
 The [image: y]-intercept is the point [image: (0, 1)].
 Step 3: We found the slope [image: m=2] and the y-intercept [image: (0,1)].
 [image: \begin{eqnarray*}y&=&{\color[rgb]{1.0, 0.0, 0.0}2}x\;+\;{\color[rgb]{0.0, 0.0, 1.0}1}\\y&=&{\color[rgb]{1.0, 0.0, 0.0}m}x\;+\;{\color[rgb]{0.0, 0.0, 1.0}b}\end{eqnarray*}]
 The slope is the same as the coefficient of [image: x] and the [image: y]-coordinate of the [image: y]-intercept is the same as the constant term.
  
 
 
 
 
 
 Try It
  29) Use the graph to find the slope and [image: y]-intercept of the line [image: y=\frac{2}{3}x-1]. Compare these values to the equation [image: y=mx+b].
 [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The line goes through the points (0, negative 1) and (6, 3).]Figure 3.10.42 
 Solution slope [image: m=\frac{2}{3}] and [image: y]-intercept [image: (0,-1)]
  
 
 
 30) Use the graph to find the slope and [image: y]-intercept of the line [image: y=\frac{1}{2}x+3]. Compare these values to the equation [image: y=mx+b].
 [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The line goes through the points (0, 3) and (negative 6, 0).]Figure 3.10.43 
 Solution slope [image: m=\frac{1}{2}] and [image: y]-intercept [image: (0,3)]
  
 
 
 
 
 Identify the Slope and [image: y]-Intercept From an Equation of a Line
 
 
 
 In Understand Slope of a Line, we graphed a line using the slope and a point. When we are given an equation in slope–intercept form, we can use the [image: y]-intercept as the point, and then count out the slope from there. Let’s practice finding the values of the slope and [image: y]-intercept from the equation of a line.
 Example 3.10.13
  Identify the slope and [image: y]-intercept of the line with equation [image: y=-3x+5].
 
 Solution We compare our equation to the slope–intercept form of the equation.
 [image: y\;=\;{\color[rgb]{1.0, 0.0, 0.0}m}x\;+\;{\color[rgb]{0.0, 0.0, 1.0}b}]
 Step 1: Write the equation of the line.
 [image: y={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}x\;+\;{\color[rgb]{0.0, 0.0, 1.0}5}]
 Step 2: Identify the slope.
 [image: m={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}]
 Step 3: Identify the [image: y]-intercept.
 [image: y]-intercept is [image: {\color[rgb]{0.1, 0.1, 0.1}(}{\color[rgb]{0.1, 0.1, 0.1}0}{\color[rgb]{0.1, 0.1, 0.1},}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.0, 0.0, 1.0}5}{\color[rgb]{0.1, 0.1, 0.1})}].
  
 
 
 
 
 
 Try It
  31) Identify the slope and [image: y]-intercept of the line [image: y=\frac{2}{5}x-1]
 
 Solution [image: \frac{2}{5}]; [image: (0,-1)]
  
 
 
 32) Identify the slope and [image: y]-intercept of the line [image: y=-\frac{4}{3}x+1]
 
 Solution [image: -\frac{4}{3}]; [image: (0,1)]
  
 
 
 
 
 
 
 
 When an equation of a line is not given in slope–intercept form, our first step will be to solve the equation for [image: y].
 Example 3.10.14
  Identify the slope and [image: y]-intercept of the line with equation [image: x+2y=6].
 Solution This equation is not in slope–intercept form. In order to compare it to the slope–intercept form we must first solve the equation for [image: y].
 Step 1: Solve for [image: y].
 [image: x+2y=6]
 Step 2: Subtract [image: x] from each side.
 [image: 2y\;=\;-x\;+\;6]
 Step 3: Divide both sides by [image: 2].
 [image: \begin{align*} &\;&\frac{2y}{2}&=\frac{-x+6}2\\[2ex] &\text{Simplify.}&\frac{2y}2&=\frac{-x}2+\frac62 \end{align*}]
 Remember: [image: \frac{a+b}{c}=\frac{a}{c}+\frac{b}{c}]
 [image: y\;=-\frac12x\;+\;3]
 Step 6: Write the slope–intercept form of the equation of the line.
 [image: y\;=\;{\color[rgb]{1.0, 0.0, 0.0}m}x\;+\;{\color[rgb]{0.0, 0.0, 1.0}b}]
 Step 7: Write the equation of the line.
 [image: y\;=\;-{\color[rgb]{1.0, 0.0, 0.0}\frac12}x\;+\;{\color[rgb]{0.0, 0.0, 1.0}3}]
 Step 8: Identify the slope.
 [image: {\color[rgb]{0.1, 0.1, 0.1}m}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}=}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac12}]
 Step 9: Identify the [image: y]-intercept.
 [image: y]-intercept = [image: (0,\;{\color[rgb]{0.0, 0.0, 1.0}3})]
  
 
 
 
 
 
 Try It
  33) Identify the slope and [image: y]-intercept of the line [image: x+4y=8].
 
 Solution [image: -\frac{1}{4}]; [image: (0,2)]
  
 
 
 34) Identify the slope and [image: y]-intercept of the line [image: 3x+2y=12].
 
 Solution [image: -\frac{3}{2}]; [image: (0,6)]
  
 
 
 
 
 Graph a Line Using its Slope and Intercept
 
 
 
 
 Now that we know how to find the slope and [image: y]-intercept of a line from its equation, we can graph the line by plotting the [image: y]-intercept and then using the slope to find another point.
 Example 3.10.15
   Graph the line of the equation [image: y=4x-2] using its slope and [image: y]-intercept.
 
 Solution Step 1: Find the slope-intercept form of the equation.
 This equation is in slope-intercept form
 [image: y=4x-2]
 Step 2: Identify the slope and [image: y]-intercept.
 Use [image: y={\color[rgb]{1.0, 0.0, 0.0}m}x+{\color[rgb]{0.0, 0.0, 1.0}b}]
 Find the slope.
 Find the [image: y]-intercept.
 [image: \begin{align*} y&={\color[rgb]{1.0, 0.0, 0.0}m}x+{\color[rgb]{0.0, 0.0, 1.0}b}\\ y&={\color[rgb]{1.0, 0.0, 0.0}4}x+({\color[rgb]{0.0, 0.0, 1.0}-2})\\ m&=4\\ b&=-2, (0,-2) \end{align*}]
 [image: Step 3 is to plot the y-intercept. An x y-coordinate plane is shown with the x-axis of the plane running from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The point (0, negative 2) is plotted.]Figure 3.10.44 Step 4: Use the slope formula [image: m=\frac{rise}{run}] to identify the rise and the run.
 Identify the rise and the run.
 [image: \begin{align*} m&=4\\ \frac{rise}{run}&=\frac41\\ rise&=4\\ run&=1 \end{align*}]
 Step 5: Starting at the y-intercept, count out the rise and run to mark the second point.
 Start at (0,-2) and count the rise and run.
 Up 4, right 1.
 [image: Step 5 is to start at they-intercept, count out the rise and run to mark the second point. So start at the point (0, negative 2) and count the rise and the run. The rise is up 4 and the run is right 1. On the x y-coordinate plane is a red vertical line starts at the point (0, negative 2) and rises 4 units at its end a red horizontal line runs 1 unit to end at the point (1, 2). The point (1, 2) is plotted.]Figure 3.10.45 Step 6: Connect the points with a line.
 Connect the two points with a line.
 [image: On the x y-coordinate plane the points (0, negative 2) and (1, 2) are plotted and a line runs through the two points. The line is the graph of y equals 4 x, minus 2.]Figure 3.10.46  
 
 
 
 
 
 
 Try It
  35) Graph the line of the equation [image: y=4x+1] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, 1) and (1, 5) are plotted on the line.]Figure 3.10.47  
 
 
 36) Graph the line of the equation [image: y=2x-3] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, negative 3) and (1, negative 1) are plotted on the line.]Figure 3.10.48  
 
 
 
 
 
 
 
 HOW TO
 Graph a line using its slope and [image: y]-intercept.
 	Find the slope-intercept form of the equation of the line.
 	Identify the slope and [image: y]-intercept.
 	Plot the [image: y]-intercept.
 	Use the slope formula [image: m=\frac{rise}{run}] to identify the rise and the run.
 	Starting at the [image: y]-intercept, count out the rise and run to mark the second point.
 	Connect the points with a line.
 
 
 
 
 Example 3.10.16
  Graph the line of the equation [image: y=−x+4] using its slope and [image: y]-intercept.
 
 Solution [image: y=mx+b]
 Step 1: The equation is in slope–intercept form.
 [image: y=−x+4]
 Step 2: Identify the slope and [image: y]-intercept.
 [image: m=-1]
 [image: y]-intercept is [image: (0, 4)]
 Step 3: Plot the [image: y]-intercept.
 See graph below.
 Step 4: Identify the rise and the run.
 [image: m=\frac{-1}{1}]
 Step 5: Count out the rise and run to mark the second point.
 [image: rise =−1], [image: run=1]
 [image: At the very bottom of the figure is a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The points (0, 4) and (1, 3) are plotted on the line.]Figure 3.10.49 Step 6: Draw the line.
 Step 7: To check your work, you can find another point on the line and make sure it is a solution of the equation. 
 In the graph we see the line goes through [image: (4, 0)].
 Step 8: Check.
 [image: \begin{align*}y&=-x+4\\0&\overset?=-4+4\\0&=0\checkmark\end{align*}]
  
 
 
 
 
 
 
 
 Try It
  37) Graph the line of the equation [image: y=−x-3] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, negative 3) and (1, negative 4) are plotted on the line.]Figure 3.10.50  
 
 
 38) Graph the line of the equation [image: y=−x-1] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, negative 1) and (1, negative 2) are plotted on the line.]Figure 3.10.51  
 
 
 
 
 
 
 
 Example 3.10.17
  Graph the line of the equation [image: y=-\frac{2}{3}x-3] using its slope and [image: y]-intercept.
 
 Solution [image: y=mx+b]
 Step 1: The equation is in slope–intercept form.
 [image: m=-\frac{2}{3}]; [image: y]-intercept is [image: (0, −3)]
 Step 2: Identify the slope and [image: y]-intercept.
 See graph below.
 Step 3: Plot the [image: y]-intercept.
 Step 4: Identify the rise and the run.
 Step 5: Count out the rise and run to mark the second point.
 Step 6: Draw the line.
 [image: a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The points (0, negative 3) and (3, negative 5) are plotted on the line.]Figure 3.10.52  
 
 
 
 
 
 Try It
  39) Graph the line of the equation [image: y=-\frac{5}{2}x+1] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0,1) and (2, negative 4) are plotted on the line.]Figure 3.10.53  
 
 
 40) Graph the line of the equation [image: y=-\frac{3}{4}x-2] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, negative 2) and (4, negative 5) are plotted on the line.]Figure 3.10.54  
 
 
 
 
 
 
 
 Example 3.10.18
  Graph the line of the equation [image: 4x-3y=12] using its slope and [image: y]-intercept.
 
 Solution [image: 4x-3y=12]
 Step 1: Find the slope–intercept form of the equation.
 [image: \begin{align*} 4x-3y&=12\\ -3y&=-4x+12\\ -\frac{3y}{3}&=\frac{-4x+12}{-3} \end{align*}]
 Step 2: The equation is now in slope–intercept form.
 [image: y=\frac{4}{3}x-4]
 Step 3: Identify the slope and [image: y]-intercept.
 [image: m=\frac{4}{3}]
 [image: y]-intercept is [image: (0, −4)]
 See graph below.
 Step 4: Plot the [image: y]-intercept.
 Step 5: Identify the rise and the run; count out the rise and run to mark the second point.
 Step 6: Draw the line.
 [image: a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. The points (0, negative 4) and (3, 0) are plotted on the line.]Figure 3.10.55  
 
 
 
 
 
 Try It
  41) Graph the line of the equation [image: 2x-y=6] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, negative 6) and (1, negative 4) are plotted on the line.]Figure 3.10.56  
 
 
 42) Graph the line of the equation [image: 3x-2y=8] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 10 to 10. The y-axis of the plane runs from negative 10 to 10. The points (0, negative 4) and (2, negative 1) are plotted on the line.]Figure 3.10.57  
 
 
 
 
 We have used a grid with [image: x] and [image: y] both going from about [image: -10] to [image: 10] for all the equations we’ve graphed so far. Not all linear equations can be graphed on this small grid. Often, especially in applications with real-world data, we’ll need to extend the axes to bigger positive or smaller negative numbers.
 
 
 
 Example 3.10.19
  Graph the line of the equation [image: y=0.2x+45] using its slope and [image: y]-intercept.
 
 Solution We’ll use a grid with the axes going from about [image: -80] to [image: 80].
 [image: y=mx+b]
 Step 1: The equation is in slope–intercept form.
 [image: y=0.2x+45]
 Step 2: Identify the slope and [image: y]-intercept.
 [image: m = 0.2]
 The [image: y]-intercept is [image: (0, 45)].
 Step 3: Plot the [image: y]-intercept.
 See graph below.
 Step 4: Count out the rise and run to mark the second point. 
 The slope is [image: m = 0.2]; in fraction form this means [image: m=\frac{2}{10}]. Given the scale of our graph, it would be easier to use the equivalent fraction [image: m=\frac{10}{50}].
 Step 5: Draw the line.
 [image: a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 80 to 80. The y-axis of the plane runs from negative 80 to 80. The points (0, 45) and (50, 55) are plotted on the line.]Figure 3.10.58  
 
 
 
 
 
 Try It
  43) Graph the line of the equation [image: y=0.5x+25] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 70 to 30. The y-axis of the plane runs from negative 20 to 40. The points (0, 25) and (10, 30) are plotted on the line.]Figure 3.10.59  
 
 
 44) Graph the line of the equation [image: y=0.1x-30] using its slope and [image: y]-intercept.
 
 Solution [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 50 to 350. The y-axis of the plane runs from negative 40 to 40. The points (0, negative 30) and (100, negative 20) are plotted on the line.]Figure 3.10.60  
 
 
 
 
 
 
 
 Now that we have graphed lines by using the slope and [image: y]-intercept, let’s summarize all the methods we have used to graph lines. See Figure 3.10.61.
 
 
 
 [image: The table has two rows and four columns. The first row spans all four columns and is a header row. The header is “Methods to Graph Lines”. The second row is made up of four columns. The first column is labeled “Plotting Points” and shows a smaller table with four rows and two columns. The first row is a header row with the first column labeled “x” and the second labeled “y”. The rest of the table is blank. Below the table it reads “Find three points. Plot the points, make sure they line up, then draw the line.” The Second column is labeled “Slope–Intercept” and shows the equation y equals m x, plus b. Below the equation it reads “Find the slope and y-intercept. Start at the y-intercept, then count the slope to get a second point.” The third column is labeled “Intercepts” and shows a smaller table with four rows and two columns. The first row is a header row with the first column labeled “x” and the second labeled “y”. The second row has a 0 in the “x” column and the “y” column is blank. The second row is blank in the “x” column and has a 0 in the “y” column. The third row is blank. Below the table it reads “Find the intercepts and a third point. Plot the points, make sure they line up, then draw the line.” The fourth column is labeled “Recognize Vertical and Horizontal Lines”. Below that it reads “The equation has only one variable.” The equation x equals a is a vertical line and the equation y equals b is a horizontal line.]Figure 3.10.61 
 
 Choose the Most Convenient Method to Graph a Line
 Now that we have seen several methods we can use to graph lines, how do we know which method to use for a given equation?
 While we could plot points, use the slope–intercept form, or find the intercepts for any equation, if we recognize the most convenient way to graph a certain type of equation, our work will be easier. Generally, plotting points is not the most efficient way to graph a line. We saw better methods in previous sections and earlier in this section. Let’s look for some patterns to help determine the most convenient method to graph a line.
 Here are six equations we graphed in this chapter, and the method we used to graph each of them.
 	 	Equation 	Method 
 	#1 	[image: x = 2]
  	Vertical Line 
 	#2 	[image: y = 4] 	Horizontal Line 
 	#3 	[image: -x+2y =6] 	Intercepts 
 	#4 	[image: 4x-3y =12] 	Intercepts 
 	#5 	[image: y=4x-2] 	Slope-intercept 
 	#6 	[image: y=-x+4] 	Slope-intercept 
  
 Equations #1 and #2 each have just one variable. Remember, in equations of this form the value of that one variable is constant; it does not depend on the value of the other variable. Equations of this form have graphs that are vertical or horizontal lines.
 In equations #3 and #4, both [image: x] and [image: y] are on the same side of the equation. These two equations are of the form [image: Ax\;+\;By\;=\;C]. We substituted [image: y=0] to find the [image: x]-intercept and [image: x=0] to find the [image: y]-intercept, and then found a third point by choosing another value for [image: x] or [image: y].
 Equations #5 and #6 are written in slope–intercept form. After identifying the slope and [image: y]-intercept from the equation we used them to graph the line.
 This leads to the following strategy.
 Strategy for Choosing the Most Convenient Method to Graph a Line
 Consider the form of the equation.
 	If it only has one variable, it is a vertical or horizontal line. 	[image: x=a] is a vertical line passing through the [image: x]-axis at [image: a].
 	[image: y=b] is a horizontal line passing through the [image: y]-axis at [image: b].
 
 
 	If [image: y] is isolated on one side of the equation, in the form [image: y=mx+b], graph by using the slope and [image: y]-intercept. 	Identify the slope and [image: y]-intercept and then graph.
 
 
 	If the equation is of the form [image: Ax\;+\;By\;=\;C], find the intercepts. 	Find the [image: x]– and [image: y]-intercepts, a third point, and then graph.
 
 
 
 
 
 
 Example 3.10.20
  Determine the most convenient method to graph each line.
 a. [image: y=-6]
 b. [image: 5x-3y=15]
 c. [image: x=7]
 d. [image: y=\frac{2}{5}x-1]
 
 Solution a. [image: y=-6]
  This equation has only one variable, [image: y]. Its graph is a horizontal line crossing the [image: y]-axis at [image: -6].
 
 b. [image: 5x-3y=15]
  This equation is of the form [image: Ax\;+\;By\;=\;C]. The easiest way to graph it will be to find the intercepts and one more point.
 
 c. [image: x=7]
  There is only one variable, [image: x]. The graph is a vertical line crossing the [image: x]-axis at [image: 7].
 
 d. [image: y=\frac{2}{5}x-1]
  Since this equation is in [image: y=mx+b] form, it will be easiest to graph this line by using the slope and [image: y]-intercept.
  
 
 
 
 
 
 Try It
  45) Determine the most convenient method to graph each line:
 a. [image: 3x+2y=12]
 b. [image: y=4]
 c. [image: y=\frac{1}{5}x-4]
 d. [image: x=-7]
 
 Solution a. intercepts
 b. horizontal line
 c. slope–intercept
 d. vertical line
  
 
 
 46) Determine the most convenient method to graph each line:
 a. [image: x=6]
 b. [image: y=-\frac{3}{4}x+1]
 c. [image: y=-8]
 d. [image: 4x-3y=-1]
 
 Solution a. vertical line
 b. slope–intercept
 c. horizontal line
 d. intercepts
  
 
 
 
 
 
 
 
 
 
 Graph and Interpret Applications of Slope–Intercept
 Many real-world applications are modelled by linear equations. We will take a look at a few applications here so you can see how equations written in slope–intercept form relate to real-world situations.
 Usually when a linear equation models a real-world situation, different letters are used for the variables, instead of [image: x] and [image: y]. The variable names remind us of what quantities are being measured.
 Example 3.10.21
  The equation [image: F=\frac{9}{5}C+32] is used to convert temperatures, [image: C], on the Celsius scale to temperatures, [image: F], on the Fahrenheit scale.
 a. Find the Fahrenheit temperature for a Celsius temperature of [image: 0].
 b. Find the Fahrenheit temperature for a Celsius temperature of [image: 20].
 c. Interpret the slope and [image: F]-intercept of the equation.
 d. Graph the equation.
 Solution a.
 Step 1: Find the Fahrenheit temperature for a Celsius temperature of [image: 0].
 Step 2: Find [image: F] when [image: C=0].
 [image: \begin{align*}F7&=\frac9 5 C+32\\F&=\frac9 5\times 0+32\\F&= 32\end{align*}]
 
 b.
 Step 1: Find the Fahrenheit temperature for a Celsius temperature of [image: 20].
 Step 2: Find [image: F] when [image: C=20].
 [image: \begin{align*}F&=\frac9 5 C+32\\F&=\frac9 5 (20)+32\\F&= 36+32\\F&=68\end{align*}]
 
 c.
 Interpret the slope and [image: F]-intercept of the equation. Even though this equation uses [image: F] and [image: C], it is still in slope–intercept form.
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}y}&=m{\color[rgb]{0.0, 0.0, 1.0}x}+b\\ {\color[rgb]{1.0, 0.0, 0.0}F}&=m{\color[rgb]{0.0, 0.0, 1.0}C}+b\\ F&=\frac95C+32\\ \end{align*}]
 The slope, [image: \frac{9}{5}], means that the temperature Fahrenheit ([image: F]) increases [image: 9] degrees when the temperature Celsius [image: (C)] increases [image: 5] degrees. The [image: F]-intercept means that when the temperature is [image: (0)] on the Celsius scale, it is [image: 32^\circ] on the Fahrenheit scale.
 
 d.
 Graph the equation. We’ll need to use a larger scale than our usual. Start at the [image: F]-intercept [image: (0,32)] then count out the rise of [image: 9] and the run of [image: 5] to get a second point. See Figure 3.10.62
 [image: A graph with 2 points plotted at (0,32) and (5,41)]Figure 3.10.62  
 
 Try It
  47) The equation [image: h=2s+50] is used to estimate a woman’s height in inches, [image: h], based on her shoe size, [image: s].
 a. Estimate the height of a child who wears women’s shoe size [image: 0].
  b. Estimate the height of a woman with shoe size [image: 8].
  c. Interpret the slope and [image: h]-intercept of the equation.
  d. Graph the equation.
 
 Solution a. [image: 50] inches
 b. [image: 66] inches
 c. The slope, [image: 2], means that the height, [image: h], increases by [image: 2] inches when the shoe size, [image: s], increases by [image: 1]. The [image: h]-intercept means that when the shoe size is [image: 0], the height is [image: 50] inches.
 d.
 [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane represents the variable s and runs from negative 2 to 15. The y-axis of the plane represents the variable h and runs from negative 1 to 80. The line begins at the point (0, 50) and goes through the points (8, 66).]Figure 3.10.63  
 
 
 48) The equation [image: T=\frac{1}{4}n+40] is used to estimate the temperature in degrees Fahrenheit, [image: T], based on the number of cricket chirps, [image: n], in one minute.
 a. Estimate the temperature when there are no chirps.
  b. Estimate the temperature when the number of chirps in one minute is [image: 100].
  c. Interpret the slope and [image: T]-intercept of the equation.
  d. Graph the equation.
 
 Solution a. [image: 40] degrees
 b. [image: 65] degrees
 c. The slope, [image: \frac{1}{4}], means that the temperature Fahrenheit ([image: F]) increases [image: 1] degree when the number of chirps, [image: n], increases by [image: 4]. The [image: T]-intercept means that when the number of chirps is [image: 0], the temperature is [image: 40^\circ]
 d.
 [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane represents the variable n and runs from 10 to 140 The y-axis of the plane represents the variable T and runs from negative 5 to 75. The line begins at the point (0, 40) and goes through the point (100, 65).]Figure 3.10.64  
 
 
 
 
 The cost of running some types business has two components—a fixed cost and a variable cost. The fixed cost is always the same regardless of how many units are produced. This is the cost of rent, insurance, equipment, advertising, and other items that must be paid regularly. The variable cost depends on the number of units produced. It is for the material and labour needed to produce each item.
 
 
 
 Example 3.10.22
  Stella has a home business selling gourmet pizzas. The equation [image: C=4p+25] models the relation between her weekly cost, [image: C], in dollars and the number of pizzas, [image: p], that she sells.
 a. Find Stella’s cost for a week when she sells no pizzas.
  b. Find the cost for a week when she sells [image: 15] pizzas.
  c. Interpret the slope and [image: C]-intercept of the equation.
  d. Graph the equation.
 Solution a.
 Step 1: Find Stella’s cost for a week when she sells no pizzas.
 [image: C=4p+25]
 Step 2: Find [image: C] when [image: p=0].
 [image: \begin{align*} &\;&C&=4p+25\\ &\;&C&=4(0)+25\\ &\text{Simplify.}&C&=25 \end{align*}]
 Stella’s fixed cost is [image: \$25] when she sells no pizzas.
 
 b.
 Step 1: Find the cost for a week when she sells 15 pizzas.
 [image: C=4p+25]
 Step 2: Find [image: C] when [image: p=15].
 [image: \begin{align*} &\;&C&=4p+25\\ &\;&C&=4(15)+25\\ &\text{Simplify.}&C&=60+25\\ &\;&C&=85 \end{align*}]
 Stella’s costs are [image: \$85] when she sells [image: 15] pizzas.
 
 c.
 Step 1: Interpret the slope and [image: C]-intercept of the equation.
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}y}&=m{\color[rgb]{0.0, 0.0, 1.0}x}+b\\ {\color[rgb]{1.0, 0.0, 0.0}C}&=4{\color[rgb]{0.0, 0.0, 1.0}p}+25 \end{align*}]
 The slope, [image: 4], means that the cost increases by [image: \$4] for each pizza Stella sells. The [image: C]-intercept means that even when Stella sells no pizzas, her costs for the week are [image: \$25].
 
 d.
 Step 1: Graph the equation.
 We’ll need to use a larger scale than our usual. Start at the [image: C]-intercept [image: (0, 25)] then count out the rise of [image: 4] and the run of [image: 1] to get a second point
 [image: a line graphed on the x y-coordinate plane. The x-axis of the plane represents the variable p and runs from negative 1 to 20. The y-axis of the plane represents the variable C and runs from negative 1 to 100. The line begins at the point (0, 25) and goes through the point (15, 85).]Figure 3.10.65  
 
 
 
 
 
 
 Try It
  49) Sam drives a delivery van. The equation [image: C=0.5m+60] models the relation between his weekly cost, [image: C], in dollars and the number of miles, [image: m], that he drives.
 a. Find Sam’s cost for a week when he drives [image: 0] miles.
  b. Find the cost for a week when he drives [image: 250] miles.
  c. Interpret the slope and [image: C]-intercept of the equation.
  d. Graph the equation.
 
 Solution a. [image: \$60]
 b. [image: \$185]
 c. The slope, [image: 0.5], means that the weekly cost, [image: C], increases by [image: \$0.50] when the number of miles driven, [image: n], increases by [image: 1]. The [image: C]-intercept means that when the number of miles driven is [image: 0], the weekly cost is [image: \$60].
 d.
 [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane represents the variable m and runs from negative 10 to 400. The y-axis of the plane represents the variable C and runs from negative 10 to 300. The line begins at the point (0, 65) and goes through the point (250, 185).]Figure 3.10.66 
 
  
 
 
 50) Loreen has a calligraphy business. The equation [image: C=1.8n+35] models the relation between her weekly cost, [image: C], in dollars and the number of wedding invitations, [image: n], that she writes.
 a. Find Loreen’s cost for a week when she writes no invitations.
  b. Find the cost for a week when she writes [image: 75] invitations.
  c. Interpret the slope and [image: C]-intercept of the equation.
  d. Graph the equation.
 
 Solution a. [image: \$35]
 b. [image: \$170]
 c. The slope, [image: 1.8], means that the weekly cost, [image: C], increases by [image: \$1.80] when the number of invitations, [image: n], increases by [image: 1.80].
  The [image: C]-intercept means that when the number of invitations is [image: 0], the weekly cost is [image: \$35].
 d.
 [image: The figure shows a line graphed on the x y-coordinate plane. The x-axis of the plane represents the variable n and runs from negative 10 to 400. The y-axis of the plane represents the variable C and runs from negative 10 to 300. The line begins at the point (0, 35) and goes through the point (75, 170).]Figure 3.10.67  
 
 
 
 
 
 Use Slopes to Identify Parallel Lines
 
 
 
 
 The slope of a line indicates how steep the line is and whether it rises or falls as we read it from left to right. Two lines that have the same slope are called parallel lines. Parallel lines never intersect.
 [image: The figure shows three pairs of lines side-by-side. The pair of lines on the left run diagonally rising from left to right. The pair run side-by-side, not crossing. The pair of lines in the middle run diagonally dropping from left to right. The pair run side-by-side, not crossing. The pair of lines on the right run diagonally also dropping from left to right, but with a lesser slope. The pair run side-by-side, not crossing.]Figure 3.10.68 We say this more formally in terms of the rectangular coordinate system. Two lines that have the same slope and different [image: y]-intercepts are called parallel lines. See Figure 3.10.69.
 
 Verify that both lines have the same slope, [image: m=\frac{2}{5}], and different [image: y]-intercepts.
 [image: The figure shows two lines graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. One line goes through the points (negative 5,1) and (5,5). The other line goes through the points (negative 5, negative 4) and (5,0).]Figure 3.10.69 
 What about vertical lines? The slope of a vertical line is undefined, so vertical lines don’t fit in the definition above. We say that vertical lines that have different [image: x]-intercepts are parallel. See Figure 3.10.70.
 Vertical lines with different [image: x]-intercepts are parallel.
 [image: The figure shows two vertical lines graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. One line goes through the points (2,1) and (2,5). The other line goes through the points (5, negative 4) and (5,0).]Figure 3.10.70 
 Parallel Lines
 Parallel lines are lines in the same plane that do not intersect.
 	Parallel lines have the same slope and different [image: y]-intercepts.
 	If [image: m_1] and [image: m_2] are the slopes of two parallel lines then [image: m_1=m_2].
 	Parallel vertical lines have different [image: x]-intercepts.
 
 
 
 Let’s graph the equations [image: y=-2x+3] and [image: 2x+y=-1] on the same grid. The first equation is already in slope–intercept form: [image: y=-2x+3]. We solve the second equation for [image: y]:
 [image: 2x + y = -1]
 [image: y = -2x-1]
 Graph the lines.
 [image: The figure shows two lines graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. One line goes through the points (negative 4, 7) and (3, negative 7). The other line goes through the points (negative 2, 7) and (5, negative 7).]Figure 3.10.71 Notice the lines look parallel. What is the slope of each line? What is the [image: y]-intercept of each line?
 	[image: y = mx+b] 	[image: y = mx+b] 
 	[image: y = -2x +3] 	[image: y = -2x-1] 
 	[image: m = -2] 	[image: m = -2] 
 	[image: b = 3, (0,3)] 	[image: b = -1, (0,-1)] 
  
 
 The slopes of the lines are the same and the [image: y]-intercept of each line is different. So we know these lines are parallel.
 Since parallel lines have the same slope and different [image: y]-intercepts, we can now just look at the slope–intercept form of the equations of lines and decide if the lines are parallel.
 Example 3.10.23
  Use slopes and [image: y]-intercepts to determine if the lines [image: 3x-2y=6] and [image: y=\frac{3}{2}x+1] are parallel.
 
 Solution Step 1: Solve the first equation for [image: y].
 	[image: \begin{align*} 3x-2y&=6\\ -2y&=-3x+6\\ \frac{-2y}{-2}&=\frac{3x+6}{-2}\\y&=\frac{3}{2}x-3\end{align*}] 	[image: y=\frac32x+1] 
  
 Step 2: The equation is now in slope-intercept form.
 	[image: y=\frac{3}{2}x-3] 	 
  
 Step 3: The equation of the second line is already in slope-intercept form.
 	 	[image: y=\frac{3}{2}x+1] 
  
 Step 4: Identify the slope and [image: y]-intercept of both lines.
 	[image: \begin{align*}y&=mx+b\\m&=\frac{3}{2}\\y&= \frac{3}{2}x-3\end{align*}] 	[image: \begin{align*}y&=mx+b\\m&=\frac{3}{2}\\y=\frac{3}{2}x+1\\y&=\frac{3}{2}x+1\end{align*}] 
 	[image: y]-intercept is (0, −3) 	[image: y]-intercept is [image: (0, 1)] 
  
 The lines have the same slope and different [image: y]-intercepts and so they are parallel. You may want to graph the lines to confirm whether they are parallel.
  
 
 
 
 
 
 Try It
  51) Use slopes and [image: y]-intercepts to determine if the lines [image: 2x+5y=5] and [image: y=-\frac{2}{5}x-4] are parallel.
 
 Solution parallel
  
 
 
 52) Use slopes and [image: y]-intercepts to determine if the lines [image: 4x-3y=6] and [image: y=\frac{4}{3}x-1]are parallel.
 
 Solution parallel
  
 
 
 
 
 
 
 
 Example 3.10.24
  Use slopes and [image: y]-intercepts to determine if the lines [image: y=-4] and [image: y=3] are parallel.
 
 Solution 	[image: y=-4] 	[image: y=3] 
  
 Step 1: Write each equation in slope-intercept form.
 Since there is no [image: x] term we write [image: 0x].
 	[image: y=0x-4] 	[image: y=0x+3] 
  
 Step 2: Identify the slope and [image: y]-intercept of both lines.
 	[image: m=0] 	[image: m=0] 
 	[image: y]-intercept is [image: (0, 4)] 	[image: y]-intercept is [image: (0, 3)] 
  
 The lines have the same slope and different [image: y]-intercepts and so they are parallel.
 There is another way you can look at this example. If you recognize right away from the equations that these are horizontal lines, you know their slopes are both [image: 0]. Since the horizontal lines cross the [image: y]-axis at [image: y=-4] and at [image: y=3], we know the [image: y]-intercepts are [image: (0,-4)] and [image: (0,3)]. The lines have the same slope and different [image: y]-intercepts and so they are parallel.
  
 
 
 
 
 
 Try It
  53) Use slopes and [image: y]-intercepts to determine if the lines [image: y=8] and [image: y=-6] are parallel.
 
 Solution parallel
  
 
 
 54) Use slopes and [image: y]-intercepts to determine if the lines [image: y=1] and [image: y=-5] are parallel.
 
 Solution parallel
  
 
 
 
 
 
 
 
 Example 3.10.25
  Use slopes and [image: y]-intercepts to determine if the lines [image: x=-2] and [image: x=-5] are parallel.
 
 Solution [image: x=-2] and [image: x=-5]
 Since there is no [image: y], the equations cannot be put in slope–intercept form. But we recognize them as equations of vertical lines. Their [image: x]-intercepts are [image: -2] and [image: -5]. Since their [image: x]-intercepts are different, the vertical lines are parallel.
  
 
 
 
 
 
 Try It
  55) Use slopes and [image: y]-intercepts to determine if the lines [image: x=1] and [image: x=-5] are parallel.
 
 Solution parallel
  
 
 
 56) Use slopes and [image: y]-intercepts to determine if the lines [image: x=8] and [image: x=-6] are parallel.
 
 Solution parallel
  
 
 
 
 
 
 
 
 Example 3.10.26
  Use slopes and [image: y]-intercepts to determine if the lines [image: y=2x-3] and [image: -6x+3y=-9] are parallel. You may want to graph these lines, too, to see what they look like.
 Solution 	[image: y=2x-3] 	[image: -6x+3y=-9] 
  
 Step 1: The first equation is already in slope-intercept form.
 	[image: y=2x-3] 	 
  
 Step 2: Solve the second equation for [image: y].
 	 	[image: \begin{align*} -6x+3y&=-9\\ 3y&=6x-9\\ \frac{3y}{3}&=\frac{6x-9}{3}\\ y&=2x-3 \end{align*}] 
  
 Step 3: The second equation is now in slope-intercept form.
 	[image: y=2x-3] 	[image: y=2x-3] 
  
 Step 4: Identify the slope and [image: y]-intercept of both lines.
 	[image: \begin{align*} y&=2x-3\\ y&=mx+b\\ m&=2 \end{align*}] 	[image: \begin{align*} y&=2x-3\\ y&=mx+b\\ m&=2 \end{align*}] 
 	[image: y]-intercept is [image: (0, −3)] 	[image: y]-intercept is [image: (0, −3)] 
  
 The lines have the same slope, but they also have the same [image: y]-intercepts. Their equations represent the same line. They are not parallel; they are the same line.
  
 
 
 
 Try It
  57) Use slopes and [image: y]-intercepts to determine if the lines [image: y=-\frac{1}{2}x-1] and [image: x+2y=2] are parallel.
 
 Solution not parallel; same line
  
 
 
 58) Use slopes and [image: y]-intercepts to determine if the lines [image: y=\frac{3}{4}x-3] and [image: 3x-4y=12] are parallel.
 
 Solution not parallel; same line
  
 
 
 
 
 Use Slopes to Identify Perpendicular Lines
 
 
 
 
 Let’s look at the lines whose equations are [image: y=\frac{1}{4}x-1] and [image: y=-4x+2], shown in Figure 3.10.72.
 [image: The figure shows two lines graphed on the x y-coordinate plane. The x-axis of the plane runs from negative 8 to 8. The y-axis of the plane runs from negative 8 to 8. One line is labeled with the equation y equals negative 4x plus 2 and goes through the points (0,2) and (1, negative 2). The other line is labeled with the equation y equals one fourth x minus 1 and goes through the points (0, negative 1) and (4,0).]Figure 3.10.72 
 These lines lie in the same plane and intersect in right angles. We call these lines perpendicular.
 What do you notice about the slopes of these two lines? As we read from left to right, the line [image: y=\frac{1}{4}x-1] rises, so its slope is positive. The line [image: y=-4x+2] drops from left to right, so it has a negative slope. Does it make sense to you that the slopes of two perpendicular lines will have opposite signs?
 If we look at the slope of the first line, [image: m_1=\frac{1}{4}] , and the slope of the second line, [image: m_2=-4], we can see that they are negative reciprocals of each other. If we multiply them, their product is [image: -1].
 [image: m_1\cdot m_2]
 [image: \frac{1}{4}(-4)]
 [image: -1]
 This is always true for perpendicular lines and leads us to this definition.
 Perpendicular Lines
 Perpendicular lines are lines in the same plane that form a right angle.
 If [image: m_1] and [image: m_2] are the slopes of two perpendicular lines, then:
 [image: m_1\cdot m_2=-1] and [image: m_1=-\frac{1}{m_2}]
 Vertical lines and horizontal lines are always perpendicular to each other.
 
 
 We were able to look at the slope–intercept form of linear equations and determine whether or not the lines were parallel. We can do the same thing for perpendicular lines.
 We find the slope–intercept form of the equation, and then see if the slopes are negative reciprocals. If the product of the slopes is [image: -1], the lines are perpendicular. Perpendicular lines may have the same [image: y]-intercepts.
 Example 3.10.27
  Use slopes to determine if the lines, [image: y=-5x-4] and [image: x-5y=5] are perpendicular.
 
 Solution Step 1: The first equation is already in slope-intercept form.
 	[image: y=-5x-4] 	 
  
 Step 2: Solve the second equation for [image: y].
 	 	[image: \begin{align*} x-5y&=5\\ -5y&=x+5\\ \frac{-5y}{-5}&=\frac{x+5}{-5}\\ y&=\frac{1}{-5}x-1 \end{align*}] 
  
 Step 3: Identify the slope of each line.
 	[image: \begin{align*} y&=-5x-4\\ y&=mx+b\\ m_1&=-5 \end{align*}] 	[image: \begin{align*} y&=\frac{1}{5}x-4\\ y&=mx+b\\ m_2&=\frac{1}{5} \end{align*}] 
  
 The slopes are negative reciprocals of each other, so the lines are perpendicular. We check by multiplying the slopes,
 [image: \begin{align*}m_1\cdot m_2\\&=-5(\frac{1}{5})\\&=-1\end{align*}]
  
 
 
 
 
 
 Try It
  59) Use slopes to determine if the lines [image: y=-3x+2] and [image: x-3y=4] are perpendicular.
 
 Solution perpendicular
  
 
 
 60) Use slopes to determine if the lines [image: y=2x-5] and [image: x+2y=-6] are perpendicular.
 
 Solution perpendicular
  
 
 
 
 
 
 
 
 Example 3.10.28
  Use slopes to determine if the lines, [image: 7x+2y=3] and [image: 2x+7y=5] are perpendicular.
 
 Solution Step 1: Solve the equations for [image: y].
 	[image: \begin{align*} 7x+2y&=3\\ 2y&=-7x+3\\ \frac{2y}{2}&=\frac{-7x+3}{2}\\ y&=\frac{-7}{2}x+\frac{3}{2} \end{align*}] 	[image: \begin{align*} 2x+7y&=5\\ 2y&=-2x+5\\ \frac{7y}{7}&=\frac{-2x+5}{7}\\ y&=\frac{-2}{7}x+\frac{5}{7} \end{align*}] 
  
 Step 2: Identify the slope of each line.
 	[image: \begin{align*}y&=mx+b\\m_1&=-\frac{7}{2}\end{align*}] 	[image: \begin{align*}y&=mx+b\\m_2&=-\frac{2}{7}\end{align*}] 
  
 The slopes are reciprocals of each other, but they have the same sign. Since they are not negative reciprocals, the lines are not perpendicular.
  
 
 
 
 
 
 Try It
  61) Use slopes to determine if the lines [image: 5x+4y=1] and [image: 4x+5y=3] are perpendicular.
 
 Solution not perpendicular
  
 
 
 62) Use slopes to determine if the lines [image: 2x-9y=3] and [image: 9x-2y=1] are perpendicular.
 
 Solution not perpendicular
  
 
 
 
 
 
 
 
 
 
 
 
 
 Key Concepts
  	Find the Slope of a Line from its Graph using [image: m=\frac{rise}{run}]
 
 	Locate two points on the line whose coordinates are integers.
 	Starting with the point on the left, sketch a right triangle, going from the first point to the second point.
 	Count the rise and the run on the legs of the triangle.
 	Take the ratio of rise to run to find the slope.
 
 	Graph a Line Given a Point and the Slope
 
 	Plot the given point.
 	Use the slope formula [image: m=\frac{rise}{run}] to identify the rise and the run.
 	Starting at the given point, count out the rise and run to mark the second point.
 	Connect the points with a line.
 
 
 	Slope of a Horizontal Line 	The slope of a horizontal line, [image: y=b], is [image: 0].
 
 
 	Slope of a vertical line 	The slope of a vertical line, [image: x=a], is undefined
 
 
 
 Graph a Line Using its Slope and y-Intercept
 	The slope–intercept form of an equation of a line with slope [image: m] and [image: y]-intercept, [image: (0,b)] is, [image: y=mx+b].
 	Find the slope-intercept form of the equation of the line.
 	Identify the slope and [image: y]-intercept.
 	Plot the [image: y]-intercept.
 	Use the slope formula [image: m=\frac{rise}{run}] to identify the rise and the run.
 	Starting at the [image: y]-intercept, count out the rise and run to mark the second point.
 	Connect the points with a line.
 
 	 Strategy for Choosing the Most Convenient Method to Graph a Line: Consider the form of the equation. 	If it only has one variable, it is a vertical or horizontal line.
 [image: x=a] is a vertical line passing through the [image: x]-axis at [image: a].
 [image: y=b] is a horizontal line passing through the [image: y]-axis at [image: b].
 	If [image: y] is isolated on one side of the equation, in the form [image: y=mx+b], graph by using the slope and [image: y]-intercept.
  Identify the slope and [image: y]-intercept and then graph.
 	If the equation is of the form [image: Ax\;+\;By\;=\;C], find the intercepts.
  Find the [image: x]-intercept and [image: y]-intercept, a third point, and then graph.
 
 
 
 	Parallel lines are lines in the same plane that do not intersect. 	Parallel lines have the same slope and different [image: y]-intercepts. 	If [image: m_1] and [image: m_2] are the slopes of two parallel lines then [image: m_1=m_2].
 
 
 	Parallel vertical lines have different [image: x]-intercepts.
 
 
 	Perpendicular lines are lines in the same plane that form a right angle. 	If [image: m_1] and [image: m_2] are the slopes of two perpendicular lines, then [image: m_1\cdot m_2=-1] and [image: m_1=-\frac{1}{m_2}]
 	Vertical lines and horizontal lines are always perpendicular to each other.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=1863#h5p-24 
 
 b. On a scale of 1–10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 
 Glossary
  	geoboard
 	A geoboard is a board with a grid of pegs on it.
 
 	negative slope
 	A negative slope of a line goes down as you read from left to right.
 
 	positive slope
 	A positive slope of a line goes up as you read from left to right.
 
 	rise
 	The rise of a line is its vertical change.
 
 	run
 	The run of a line is its horizontal change.
 
 	slope formula
 	The slope of the line between two points [image: (x_1,y_1)] and [image: (x_2,y_2)] is [image: m=\frac{y_2-y_1}{x_2-x_1}]
 
 	slope of a line
 	The slope of a line is [image: m=\frac{rise}{run}]. The rise measures the vertical change and the run measures the horizontal change.
 
 	parallel lines
 	Lines in the same plane that do not intersect.
 
 	perpendicular lines
 	Lines in the same plane that form a right angle.
 
 	slope-intercept form of an equation of a line
 	The slope–intercept form of an equation of a line with slope [image: m] and [image: y]-intercept, [image: (0,b)] is, [image: y=mx+b].
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.11 Find the Equation of a Line

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Find an equation of the line given the slope and [image: y]-intercept
 	Find an equation of the line given the slope and a point
 	Find an equation of the line given two points
 	Find an equation of a line parallel to a given line
 	Find an equation of a line perpendicular to a given line
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Solve: [image: \frac{2}{3}=\frac{x}{5}]
 2) Simplify: [image: -\frac{2}{5}(x-15)]
 
 
 
 How do online retailers know that ‘you may also like’ a particular item based on something you just ordered? How can economists know how a rise in the minimum wage will affect the unemployment rate? How do medical researchers create drugs to target cancer cells? How can traffic engineers predict the effect on your commuting time of an increase or decrease in gas prices? It’s all mathematics.
 
 You are at an exciting point in your mathematical journey as the mathematics you are studying has interesting applications in the real world.
 The physical sciences, social sciences, and the business world are full of situations that can be modelled with linear equations relating two variables. Data is collected and graphed. If the data points appear to form a straight line, an equation of that line can be used to predict the value of one variable based on the value of the other variable.
 To create a mathematical model of a linear relation between two variables, we must be able to find the equation of the line. In this section we will look at several ways to write the equation of a line. The specific method we use will be determined by what information we are given.
 Find an Equation of the Line Given the Slope and [image: y]-Intercept
 We can easily determine the slope and intercept of a line if the equation was written in slope–intercept form, [image: y=mx+b]. Now, we will do the reverse—we will start with the slope and [image: y]-intercept and use them to find the equation of the line.
 Example 3.11.1
  Find an equation of a line with slope [image: -7] and [image: y]-intercept [image: (0,-1)].
 
 Solution Since we are given the slope and [image: y]-intercept of the line, we can substitute the needed values into the slope–intercept form, [image: y=mx+b].
 Step 1: Name the slope.
 [image: m=7]
 Step 2: Name the [image: y]-intercept.
 [image: y]-intercept = [image: (0,\;{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1})]
 Step 3: Substitute the values into [image: y=mx+b].
 [image: \begin{align*}y&={\color[rgb]{1.0, 0.0, 0.0}m}x+{\color[rgb]{0.0, 0.0, 1.0}b}\\y&={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}x+({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1})\\y&=-7x-1\end{align*}]
  
 
 
 
 
 
 Try It
  3) Find an equation of a line with slope [image: \frac{2}{5}] and [image: y]-intercept [image: (0,4)].
 
 Solution [image: y=\frac{2}{5}x+4]
  
 
 
 4) Find an equation of a line with slope [image: -1] and [image: y]-intercept [image: (0,-3)].
 
 Solution [image: y=-x-3]
  
 
 
 
 
 Sometimes, the slope and intercept need to be determined from the graph.
 
 
 
 Example 3.11.2
  Find the equation of the line shown.
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. A line intercepts the y-axis at (0, negative 4), passes through the plotted point (3, negative 2), and intercepts the x-axis at (4, 0).]Figure 3.11.1 
 Solution We need to find the slope and [image: y]-intercept of the line from the graph so we can substitute the needed values into the slope–intercept form, [image: y=mx+b].
 To find the slope, we choose two points on the graph.
 The [image: y]-intercept is [image: (0,-4)] and the graph passes through [image: (3,-2)].
 Step 1: Find the slope by counting the rise and run.
 [image: \begin{align*}m&=\frac{rise}{run}\\m&={\color[rgb]{1.0, 0.0, 0.0}\frac23}\end{align*}]
 Step 2: Find the [image: y]-intercept.
 [image: y-intercept\;=(0,{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4})]
 Step 3: Substitute the values into [image: y=mx+b].
 [image: \begin{align*}y&={\color[rgb]{1.0, 0.0, 0.0}m}x+{\color[rgb]{0.0, 0.0, 1.0}b}\\y&={\color[rgb]{1.0, 0.0, 0.0}\frac23}x{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}4}\end{align*}]
  
 
 
 
 
 
 Try It
  5) Find the equation of the line shown in the graph.
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. A line intercepts the x-axis at (negative 2, 0), intercepts the y-axis at (0, 1) and passes through the plotted point (5, 4).]Figure 3.11.2 
 Solution [image: y=\frac{3}{5}x+1]
  
 
 
 6) Find the equation of the line shown in the graph.
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. A line intercepts the y-axis at (0, negative 5), passes through the plotted point (3, negative 1), and intercepts the x-axis at (15 fourths, 0).]Figure 3.11.3 
 Solution [image: y=\frac{4}{3}x-5]
  
 
 
 
 
 
 Find an Equation of the Line Given the Slope and a Point
 
 
 
 
 Finding an equation of a line using the slope–intercept form of the equation works well when you are given the slope and [image: y]-intercept or when you read them off a graph. But what happens when you have another point instead of the [image: y]-intercept?
 We are going to use the slope formula to derive another form of an equation of the line. Suppose we have a line that has slope [image: m] and that contains some specific point [image: (x_1,y_1)] and some other point, which we will just call [image: (x,y)]. We can write the slope of this line and then change it to a different form.
 [image: m=\frac{y-y_1}{x-x_1}]
 [image: {\small\begin{align*} &\text{Step 1: Multiply both sides of the equation by}(x-x_1).\;&m(x-x_1)&=(\frac{y-y_1}{x-x_1})(x-x_1)\\ &\text{Step 2: Simplify.}\;&m(x-x_1)&={y-y_1}\\ &\text{Step 3: Rewrite the equation with the y terms on the left.}&(y-y_1)&=m(x-x_1) \end{align*}}]
 This format is called the point–slope form of an equation of a line.
 Point–slope Form of an Equation of a Line
 The point–slope form of an equation of a line with slope [image: m] and containing the point [image: (x_1,y_1)] is [image: y\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}={\color[rgb]{1.0, 0.0, 0.0}m}(x-{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1})].
 
 We can use the point–slope form of an equation to find an equation of a line when we are given the slope and one point. Then we will rewrite the equation in slope–intercept form. Most applications of linear equations use the the slope–intercept form.
 
 
 Example 3.11.3
  Find an equation of a line with slope [image: m=\frac{2}{5}] that contains the point [image: (10,3)]. Write the equation in slope–intercept form.
 
 Solution Step 1: Identify the slope.
 The slope is given.
 [image: {\color[rgb]{0.0, 0.0, 1.0}m}=\frac25]
 Step 2: Identify the point.
 The point is given.
 [image: \begin{pmatrix}\color[rgb]{1.0, 0.0, 0.0}x_1&\color[rgb]{1.0, 0.0, 0.0}y_1\\10,&3\end{pmatrix}]
  Step 3: Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 [image: \begin{align*} &\;&y-{\color[rgb]{1.0, 0.0, 0.0}y}_{\color[rgb]{1.0, 0.0, 0.0}1}&={\color[rgb]{0.0, 0.0, 1.0}m}(x-{\color[rgb]{1.0, 0.0, 0.0}x}_{\color[rgb]{1.0, 0.0, 0.0}1})\\ &\;&y-{\color[rgb]{1.0, 0.0, 0.0}3}&={\color[rgb]{0.0, 0.0, 1.0}\frac25}(x-{\color[rgb]{1.0, 0.0, 0.0}10})\\ &\text{Simplify.}&y-3&=\frac25x-4 \end{align*}]
 Step 4: Write the equation in slope-intercept form.
 [image: y=\frac25x-1]
  
 
 
 
 
 
 Try It
  7) Find an equation of a line with slope [image: m=\frac{5}{6}] and containing the point left [image: (6,3)].
 
 Solution [image: y=\frac{5}{6}x-2]
  
 
 
 8) Find an equation of a line with slope [image: m=\frac{2}{3}] and containing the point [image: (9,2)].
 
 Solution [image: y=\frac{2}{3}x-4]
  
 
 
 
 
 
 
 
 HOW TO
 Find an equation of a line given the slope and a point.
 	Identify the slope.
 	Identify the point.
 	Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope–intercept form.
 
 
 
 
 Example 3.11.4
  Find an equation of a line with slope [image: m=-\frac{1}{3}] that contains the point [image: (6,-4)]. Write the equation in slope–intercept form.
 
 Solution Since we are given a point and the slope of the line, we can substitute the needed values into the point–slope form, [image: y-y_1]
 Step 1: Identify the slope.
 [image: m\;=\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac13}]
 Step 2: Identify the point.
 [image: (\overset{{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1}}6,\;\overset{{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}}{-4})]
 Step 3: Substitute the values into [image: y-y_1=m(x-x_1)]
 [image: \begin{align*}y-{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}&={\color[rgb]{1.0, 0.0, 0.0}m}(x-{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1})\\y-({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}4})&={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac13}(x-{\color[rgb]{0.0, 0.0, 1.0}6})\end{align*}]
 Step 4: Simplify.
 [image: y\;-\;4\;=\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\frac13}x\;-\;6]
 Step 5: Write in slope–intercept form.
 [image: y\;=\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\frac13}x\;-\;2]
  
 
 
 
 
 
 Try It
  9) Find an equation of a line with slope [image: m=-\frac{2}{5}] and containing the point [image: (10,-5)].
 
 Solution [image: y=-\frac{2}{5}x-1]
  
 
 
 10) Find an equation of a line with slope [image: m=-\frac{3}{4}], and containing the point [image: (4,-7)].
 
 Solution [image: y=-\frac{3}{4}x-4]
  
 
 
 
 
 
 
 
 Example 3.11.5
  Find an equation of a horizontal line that contains the point [image: (-1,2)]. Write the equation in slope–intercept form.
 
 Solution Every horizontal line has slope [image: 0]. We can substitute the slope and points into the point–slope form, [image: y-y_1=m(x-x_1)].
 Step 1: Identify the slope.
 [image: m\;=\;{\color[rgb]{1.0, 0.0, 0.0}0}]
 Step 2: Identify the point.
 [image: (\overset{{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1}}{-1},\;\overset{{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}}2)]
 Step 3: Substitute the values into [image: y-y_1=m(x-x_1)].
 [image: \begin{align*} &\;&y-{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}&={\color[rgb]{1.0, 0.0, 0.0}m}(x-{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1})\\ &\;&y-{\color[rgb]{0.0, 0.0, 1.0}2}&={\color[rgb]{1.0, 0.0, 0.0}0}(x-({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1}))\\ &\text{Simplify.}&y-2&=(x+1)\\ &\;&y-2&=0\\ &\;&y&=2 \end{align*}]
 
 Step 4: Write in slope–intercept form.
 It is in [image: y]-form, but could be written [image: y=0x+2].
 Did we end up with the form of a horizontal line, [image: y=a]?
  
 
 
 
 
 
 Try It
  11) Find an equation of a horizontal line containing the point [image: (-3,8)].
 
 Solution [image: y=8]
  
 
 
 12) Find an equation of a horizontal line containing the point [image: (-1,4)].
 
 Solution [image: y=4]
  
 
 
 
 
 Find an Equation of the Line Given Two Points
 
 
 
 
 When real-world data is collected, a linear model can be created from two data points. In the next example we’ll see how to find an equation of a line when just two points are given.
 We have two options so far for finding an equation of a line: slope–intercept or point–slope. Since we will know two points, it will make more sense to use the point–slope form.
 But then we need the slope. Can we find the slope with just two points? Yes. Then, once we have the slope, we can use it and one of the given points to find the equation.
 Example 3.11.6
  Find an equation of a line that contains the points [image: (5,4)] and [image: (3,6)]. Write the equation in slope–intercept form.
 
 Solution Step 1: Find the slope using the given points.
 Find the slope of the line through (5,4) and (3,6)
 [image: \begin{align*} m&=\frac{y_2-y_1}{x_2-x_1}\\ m&=\frac{6-4}{3-5}\\ m&=\frac{2}{-2}\\ m&=-1 \end{align*}]
 Step 2: Choose one point.
 Chose either point.
 [image: \begin{pmatrix}\color[rgb]{1.0, 0.0, 0.0}x_1&\color[rgb]{1.0, 0.0, 0.0}y_1\\5,&4\end{pmatrix}]
 Step 3: Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 [image: \begin{align*} y-y_1&=m(x-x_1)\\ y-4&=-1(x-5)\\ y-4&=-1x+5\\ y&=-1x+9 \end{align*}]
 Step 4: Write the equation in slope-intercept form.
 [image: y=-1x+9]
  Use the point [image: (3,6)] and see that you get the same equation.
  
 
 
 
 
 
 Try It
  13) Find an equation of a line containing the points [image: (3,1)] and [image: (5,6)].
 
 Solution [image: y=\frac{5}{2}x-\frac{13}{2}]
  
 
 
 14) Find an equation of a line containing the points [image: (1,4)] and [image: (6,2)].
 
 Solution [image: y=-\frac{2}{5}x+\frac{22}{5}]
  
 
 
 
 
 
 
 
 HOW TO
 Find an equation of a line given two points.
 	Find the slope using the given points.
 	Choose one point.
 	Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope–intercept form.
 
 
 
 
 Example 3.11.7
  Find an equation of a line that contains the points [image: (-3,-1)] and [image: (2,-2)]. Write the equation in slope–intercept form.
 
 Solution Since we have two points, we will find an equation of the line using the point–slope form. The first step will be to find the slope.
 Step 1: Find the slope of the line through [image: (−3, −1)] and [image: (2, −2)].
 [image: \begin{align*} m&=\frac{y_2-y_1}{x_2-x_1}\\ m&=\frac{-2-(-1)}{2-(-3)}\\ m&=\frac{-1}5\\ {\color[rgb]{1.0, 0.0, 0.0}m}&={\color[rgb]{0.0, 0.0, 1.0}\frac{-1}5} \end{align*}]
 Step 2: Choose either point.
 [image: \left(\overset{{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1}}2,\;-\overset{{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}}2\right)]
 Step 3: Substitute the values into [image: y-y_1=m(x-x_1)].
 [image: \begin{align*}y-{\color[rgb]{0.0, 0.0, 1.0}y}_{\color[rgb]{0.0, 0.0, 1.0}1}&={\color[rgb]{1.0, 0.0, 0.0}m}(x-{\color[rgb]{0.0, 0.0, 1.0}x}_{\color[rgb]{0.0, 0.0, 1.0}1})\\y-{\color[rgb]{0.0, 0.0, 1.0}(}{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0})}&={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\frac15}(x-{\color[rgb]{0.0, 0.0, 1.0}2})\\y+2&=-\frac15x+\frac25\end{align*}]
 
 Step 4: Write in slope–intercept form.
 [image: y\;=\;-\frac15x\;-\;\frac85]
  
 
 
 
 
 
 Try It
  15) Find an equation of a line containing the points [image: (-2,-4)] and [image: (1,-3)].
 
 Solution [image: y=\frac{1}{3}x-\frac{10}{3}]
  
 
 
 16) Find an equation of a line containing the points [image: (-4,-3)] and [image: (1,-5)].
 Solution [image: y=-\frac{2}{5}x-\frac{23}{5}]
  
 
 
 
 
 
 
 
 Example 3.11.8
  Find an equation of a line that contains the points [image: (-2,4)] and [image: (-2,-3)]. Write the equation in slope–intercept form.
 
 Solution Again, the first step will be to find the slope.
 Find the slope of the line through [image: (-2,4)] and [image: (-2,-3)]
 [image: \begin{align*} m&=\frac{y_2-y_1}{x_2-x_1}\\ m&=\frac{-3-4}{-2-(-2)}\\ m&=\frac{-7}{0} \end{align*}]
 The slope is undefined.
 This tells us it is a vertical line. Both of our points have an [image: x]-coordinate of [image: -2]. So our equation of the line is [image: x=-2]. Since there is no [image: y], we cannot write it in slope–intercept form.
 You may want to sketch a graph using the two given points. Does the graph agree with our conclusion that this is a vertical line?
  
 
 
 
 
 
 Try It
  17) Find an equation of a line containing the points [image: (5,1)] and [image: (5,-4)].
 
 Solution [image: x=5]
  
 
 
 18) Find an equation of a line containing the points [image: (-4,4)] and [image: (-4,3)].
 
 Solution [image: x=-4]
  
 
 
 
 
 We have seen that we can use either the slope–intercept form or the point–slope form to find an equation of a line. Which form we use will depend on the information we are given. This is summarized in the table below.
 
 
 
 	To Write an Equation of a Line 
 	If given: 	Use: 	Form: 
 	Slope and [image: y]-intercept 	slope–intercept 	[image: y = mx + b] 
 	Slope and a point 	point–slope 	[image: y-y_1=m(x-x_1)] 
 	Two points 	point–slope 	[image: y-y_1=m(x-x_1)] 
  
 
 Find an Equation of a Line Parallel to a Given Line
 Suppose we need to find an equation of a line that passes through a specific point and is parallel to a given line. We can use the fact that parallel lines have the same slope. So we will have a point and the slope—just what we need to use the point–slope equation.
 First let’s look at this graphically.
 The graph shows the graph of [image: y=2x-3]. We want to graph a line parallel to this line and passing through the point [image: (-2,1)].
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. The line whose equation is y equals 2x minus 3 intercepts the y-axis at (0, negative 3) and intercepts the x-axis at (1.5, 0). Elsewhere on the graph, the point (negative 2, 1) is plotted.]Figure 3.11.4 We know that parallel lines have the same slope. So the second line will have the same slope as [image: y=2x-3]. That slope is [image: m_\parallel=2]. We’ll use the notation [image: m] to represent the slope of a line parallel to a line with slope [image: m]. (Notice that the subscript || looks like two parallel lines.)
 The second line will pass through [image: (-2,1)] and have [image: m=2]. To graph the line, we start at [image: (-2,1)] and count out the rise and run. With [image: m=2] (or [image: m=\frac{2}{1}]), we count out the rise [image: 2] and the run [image: 1]. We draw the line.
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. The line whose equation is y equals 2x minus 3 intercepts the y-axis at (0, negative 3) and intercepts the x-axis at (1.5, 0). The points (negative 2, 1) and (negative 1, 3) are plotted. A second line, parallel to the first, intercepts the x-axis at (-2.5, 0), passes through the points (negative 2, 1) and (negative 1, 3), and intercepts the y-axis at (0, 5).]Figure 3.11.5 Do the lines appear parallel? Does the second line pass through [image: (-2,1)]?
 Now, let’s see how to do this algebraically.
 We can use either the slope–intercept form or the point–slope form to find an equation of a line. Here we know one point and can find the slope. So we will use the point–slope form.
 Example 3.11.9
  Find an equation of a line parallel to [image: y=2x-3] that contains the point [image: (-2,1)]. Write the equation in slope–intercept form.
 
 Solution Step 1: Find the slope of the given line.
 The line is in slope-intercept form, [image: y=2x-3].
 [image: m=2]
 Step 2: Find the slope of the parallel line.
 Parallel lines have the same slope.
 [image: m_2=2]
 Step 3: Identify the point.
 The given point is, (-2,1).
 [image: \begin{pmatrix}x_1&y_1\\-2,&1\end{pmatrix}]
 Step 4: Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 Simplify.
 [image: \begin{align*} y-y_1&=m(x-x_1)\\ y-1&=2(x-(-2))\\ y-1&=2(x+2)\\ y-1&=2x+4 \end{align*}]
 Step 5: Write the equation in slope-intercept form.
 [image: y=2x+5]
  Does this equation make sense? What is the [image: y]-intercept of the line? What is the slope?
  
 
 
 
 
 
 Try It
  19) Find an equation of a line parallel to the line [image: y=3x+1] that contains the point [image: (4,2)]. Write the equation in slope–intercept form.
 
 Solution [image: y=3x-10]
  
 
 
 20) Find an equation of a line parallel to the line [image: y=\frac{1}{2}x-3] that contains the point [image: (6,4)].
 
 Solution [image: y=\frac{1}{2}x+1]
  
 
 
 
 
 
 
 
 HOW TO
 
 
 
 Find an equation of a line parallel to a given line.
 	Find the slope of the given line.
 	Find the slope of the parallel line.
 	Identify the point.
 	Substitute the values into the point–slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope–intercept form.
 
 
 
 
 
 
 
 Find an Equation of a Line Perpendicular to a Given Line
 Now, let’s consider perpendicular lines. Suppose we need to find a line passing through a specific point and which is perpendicular to a given line. We can use the fact that perpendicular lines have slopes that are negative reciprocals. We will again use the point–slope equation, like we did with parallel lines.
 The graph shows the graph of [image: y=2x-3]. Now, we want to graph a line perpendicular to this line and passing through [image: (-2,1)].
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. The line whose equation is y equals 2x minus 3 intercepts the y-axis at (0, negative 3) and intercepts the x-axis at (3 halves, 0). Elsewhere on the graph, the point (negative 2, 1) is plotted.]Figure 3.11.6 We know that perpendicular lines have slopes that are negative reciprocals. We’ll use the notation [image: m_\perp] to represent the slope of a line perpendicular to a line with slope m. (Notice that the subscript [image: \perp] looks like the right angles made by two perpendicular lines.)
 [image: y=2x-3]         perpendicular line
 [image: m=2]                  [image: m-\perp=\frac{1}{2}]
 We now know the perpendicular line will pass through [image: (-2,1)] with [image: m_\perp=-\frac{1}{2}]
 To graph the line, we will start at [image: (-2,1)] and count out the rise [image: -1] and the run [image: 2]. Then we draw the line.
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. The line whose equation is y equals 2x minus 3 intercepts the y-axis at (0, negative 3) and intercepts the x-axis at (3 halves, 0). Elsewhere, the point (negative 2, 1) is plotted. Another line perpendicular to the first line passes through the point (negative 2, 1) and intercepts the x and y-axes at (0, 0). A red line with an arrow extends left from (0, 0) to (negative 2, 0), then extends up and terminates at (negative 2, 1), forming a right triangle with the second line as a hypotenuse.]Figure 3.11.7 Do the lines appear perpendicular? Does the second line pass through [image: (-2,1)]?
 Now, let’s see how to do this algebraically. We can use either the slope–intercept form or the point–slope form to find an equation of a line. In this example we know one point, and can find the slope, so we will use the point–slope form.
 Example 3.11.10
  Find an equation of a line perpendicular to [image: y=2x-3] that contains the point [image: (-2,1)]. Write the equation in slope–intercept form.
 
 Solution Step 1: Find the slope of the given line.
 The line is in slope-intercept form, [image: y=2x-3].
 [image: m=2]
 Step 2: Find the slope of the perpendicular line.
 The slopes of perpendicular lines are negative reciprocals.
 [image: m_\perp=-\frac12]
 Step 3: Identify the point.
 The given point is, (-2,1)
 [image: \begin{pmatrix}x_1&y_1\\-2,&1\end{pmatrix}]
 Step 4: Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 Simplify.
 [image: \begin{align*} y-y_1&=m(x-x_1)\\ y-1&=-\frac12(x-(-2))\\ y-1&=-\frac12(x+2)\\ y-1&=-\frac12x-1 \end{align*}]
 Step 5: Write in slope-intercept form.
 [image: y=-\frac12x]
  
 
 
 
 
 
 Try It
  21) Find an equation of a line perpendicular to the line [image: y=3x+1] that contains the point [image: (4,2)]. Write the equation in slope–intercept form.
 
 Solution [image: y=-\frac{1}{3}x+\frac{10}{3}]
  
 
 
 22) Find an equation of a line perpendicular to the line [image: y=\frac{1}{2}x-3] that contains the point [image: (6,4)].
 
 Solution [image: y=-2x+16]
  
 
 
 
 
 
 
 
 HOW TO
 
 
 
 Find an equation of a line perpendicular to a given line.
 	Find the slope of the given line.
 	Find the slope of the perpendicular line.
 	Identify the point.
 	Substitute the values into the point–slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope–intercept form.
 
 
 
 
 
 
 Example 3.11.11
  Find an equation of a line perpendicular to [image: x=5] that contains the point [image: (3,-2)]. Write the equation in slope–intercept form.
 
 Solution Again, since we know one point, the point–slope option seems more promising than the slope–intercept option. We need the slope to use this form, and we know the new line will be perpendicular to [image: x=5]. This line is vertical, so its perpendicular will be horizontal. This tells us the [image: m_\perp=0].
 Step 1: Identify the point.
 [image: (3,-2)]
 Step 2: Identify the slope of the perpendicular line.
 [image: m_\perp=0]
 Step 3: Substitute the values into [image: y-y_1=m(x-x_1)].
 [image: \begin{align*} y-y_1&=m(x-x_1)\\ y-(-2)&=0(x-3)\\ y+2&=0\\ y&=-2 \end{align*}]
 Step 4: Simplify.
 [image: y=-2]
 Sketch the graph of both lines. Do they appear to be perpendicular?
  
 
 
 
 
 
 Try It
  23) Find an equation of a line that is perpendicular to the line [image: x=4] that contains the point [image: (4,-5)]. Write the equation in slope–intercept form.
 
 Solution [image: y=-5]
  
 
 
 24) Find an equation of a line that is perpendicular to the line [image: x=2] that contains the point [image: (2,-1)]. Write the equation in slope–intercept form.
 
 Solution [image: y=-1]
  
 
 
 
 
 
 
 
 In Example 3.11.11, we used the point–slope form to find the equation. We could have looked at this in a different way.
 We want to find a line that is perpendicular to [image: x=5] that contains the point [image: (3,-2)]. The graph shows us the line [image: x=5] and the point [image: (3,-2)].
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. The line whose equation is x equals 5 intercepts the x-axis at (5, 0) and runs parallel to the y-axis. Elsewhere on the graph, the point (3, negative 2) is plotted.]Figure 3.11.8 We know every line perpendicular to a vertical line is horizontal, so we will sketch the horizontal line through [image: (3,-2)].
 [image: The graph shows the x y-coordinate plane. The x and y-axes each run from negative 7 to 7. The line whose equation is x equals 5 intercepts the x-axis at (5, 0) and runs parallel to the y-axis. Elsewhere on the graph, the points (negative 2, negative 2), (0, negative 2), (3, negative 2), and (6, negative 2) are plotted. A line perpendicular to the previous line passes through those points and runs parallel to the x-axis.]Figure 3.11.9 Do the lines appear perpendicular?
 If we look at a few points on this horizontal line, we notice they all have [image: y]-coordinates of [image: -2]. So, the equation of the line perpendicular to the vertical line [image: x=5] is [image: y=-2].
 Example 3.11.12
  Find an equation of a line that is perpendicular to [image: y=-4] that contains the point [image: (-4,2)]. Write the equation in slope–intercept form.
 
 Solution The line [image: y=-4] is a horizontal line. Any line perpendicular to it must be vertical, in the form [image: x=a]. Since the perpendicular line is vertical and passes through [image: (-4,2)], every point on it has an [image: x]-coordinate of [image: -4]. The equation of the perpendicular line is [image: x=-4]. You may want to sketch the lines. Do they appear perpendicular?
  
 
 
 
 
 
 Try It
  25) Find an equation of a line that is perpendicular to the line [image: y=1] that contains the point [image: (-5,1)]. Write the equation in slope–intercept form.
 
 Solution [image: x=-5]
  
 
 
 26) Find an equation of a line that is perpendicular to the line [image: y=-5] that contains the point [image: (-4,-5)].
 
 Solution [image: x=-4]
  
 
 
 
 
 
 
 
 Access this online resource for additional instruction and practice with finding the equation of a line.
 
 
 
 	Use the Point-Slope Form of an Equation of a Line
 
 
 
 
 
 Key Concepts
  	To Find an Equation of a Line Given the Slope and a Point
 
 		Identify the slope.
 	Identify the point.
 	Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope-intercept form.
 
 
 
 	To Find an Equation of a Line Given Two Points
 
 		Find the slope using the given points.
 	Choose one point.
 	Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope-intercept form.
 
 
 
 	To Write and Equation of a Line 	If given slope and [image: y]-intercept, use slope–intercept form [image: y=mx+b].
 	If given slope and a point, use point–slope form [image: y-y_1=m(x-x_1)].
 	If given two points, use point–slope form [image: y-y_1=m(x-x_1)].
 
 
 	To Find an Equation of a Line Parallel to a Given Line
 
 		Find the slope of the given line.
 	Find the slope of the parallel line.
 	Identify the point.
 	Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope-intercept form.
 
 
 
 	To Find an Equation of a Line Perpendicular to a Given Line 	Find the slope of the given line.
 	Find the slope of the perpendicular line.
 	Identify the point.
 	Substitute the values into the point-slope form, [image: y-y_1=m(x-x_1)].
 	Write the equation in slope-intercept form.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2019#h5p-25 
 
 b. On a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 Glossary
  	point–slope form
 	The point–slope form of an equation of a line with slope [image: m] and containing the point [image: (x_1,y_1)] is [image: y-y_1=m(x-x_1)].
 
 
 
 
	

			
			


		
	
		
			
	
		

		3.12 Linear Functions and Applications of Linear Functions

								

	
				 Learning Objectives
  In this section you will:
 	Represent a linear function.
 	Write and interpret an equation for a linear function.
 	Model real-world problems with linear functions.
 	Build linear models from verbal descriptions.
 	Model a set of data with a linear function.
 
 
 
 [image: The Shanghai Maglev Train itself, maglevving.]Figure 3.12.1 Shanghai MagLev Train by Jody McIntyre CC-BY-SA 2.0 Just as with the growth of a bamboo plant, there are many situations that involve constant change over time. Consider, for example, the first commercial maglev train in the world, the Shanghai MagLev Train Figure 3.12.1. It carries passengers comfortably for a 30-kilometer trip from the airport to the subway station in only eight minutes[1] .
 Suppose a maglev train travels a long distance, and maintains a constant speed of 83 meters per second for a period of time once it is 250 meters from the station. How can we analyze the train’s distance from the station as a function of time? In this section, we will investigate a kind of function that is useful for this purpose, and use it to investigate real-world situations such as the train’s distance from the station at a given point in time.
 Representing Linear Functions
 The function describing the train’s motion is a linear function, which is defined as a function with a constant rate of change. This is a polynomial of degree [image: 1]. There are several ways to represent a linear function, including word form, function notation, tabular form, and graphical form. We will describe the train’s motion as a function using each method.
 Representing a Linear Function in Word Form
 Let’s begin by describing the linear function in words. For the train problem, we just considered, the following word sentence may be used to describe the function relationship.
 	The train’s distance from the station is a function of the time during which the train moves at a constant speed plus its original distance from the station when it began moving at constant speed.
 
 
 The speed is the rate of change. Recall that a rate of change is a measure of how quickly the dependent variable changes with respect to the independent variable. The rate of change for this example is constant, which means that it is the same for each input value. As the time (input) increases by 1 second, the corresponding distance (output) increases by [image: 83] meters. The train began moving at this constant speed at a distance of [image: 250] meters from the station.
 
 Representing a Linear Function in Function Notation
 Another approach to representing linear functions is by using function notation. One example of function notation is an equation written in the slope-intercept form of a line, where [image: x] is the input value, [image: m] is the rate of change, and [image: b] is the initial value of the dependent variable.
 Equation form                      [image: y=mx+b]
 Function notation                [image: f(x)=mx+b]
 In the example of the train, we might use the notation [image: D] where the total distance [image: D] is a function of the time [image: t]. The rate, [image: m], is [image: 83] meters per second. The initial value of the dependent variable [image: b] is the original distance from the station, [image: 250] meters. We can write a generalized equation to represent the motion of the train.
 
 [image: D=83t+250].
 
 Representing a Linear Function in Tabular Form
 A third method of representing a linear function is through the use of a table. The relationship between the distance from the station and the time is represented in Figure 3.12.2. From the table, we can see that the distance changes by [image: 83] meters for every [image: 1] second increase in time.
 [image: Table with the first row, labeled t, containing the seconds from 0, 1, 2, 3, and with the second row, labeled D (t), containing the meters 250, 333, 416, and 499. Each value in the first row increases by 1 second, and each value in the second row increases by 83 meters.]Figure 3.12.2 Tabular representation of the function[latex]\,D\,[/latex]showing selected input and output values Can the input in the previous example be any real number?
 No. The input represents time so while nonnegative rational and irrational numbers are possible, negative real numbers are not possible for this example. The input consists of non-negative real numbers.
 
 
 Representing a Linear Function in Graphical Form
 Another way to represent linear functions is visually, using a graph. We can use the function relationship from above, [image: D(t)=83t+250], to draw a graph as represented in Figure 3.12.3 Notice the graph is a line. When we plot a linear function, the graph is always a line.
 The rate of change, which is constant, determines the slant, or slope of the line. The point at which the input value is zero is the vertical intercept, or [image: y]-intercept, of the line. We can see from the graph that the [image: y]-intercept in the train example we just saw is [image: (0,250)] and represents the distance of the train from the station when it began moving at a constant speed.
 [image: This is a graph with y-axis labeled “Distance (m)” and x-axis labeled “Time (s).” The x-axis spans from 0 to 5 and is marked in increments of one. The y-axis spans from 0 to 500 and is marked in increments of one hundred. The graph shows an increasing function. As time increases, distance also increases. The line is graphed along the points (0, 250) and (1, 333)]Figure 3.12.3 The graph of [latex]t=83t+250[/latex]. Graphs of linear functions are lines because the rate of change is constant. 
 Notice that the graph of the train example is restricted, but this is not always the case. Consider the graph of the line [image: f(x)=2x+1].
 Ask yourself what numbers can be input to the function. In other words, what is the domain of the function? The domain is comprised of all real numbers because any number may be doubled, and then have one added to the product.
 
 
 Linear Function
 A linear function is a function whose graph is a line. Linear functions can be written in the slope-intercept form of a line
 [image: f(x)=mx+b]
 where [image: b] is the initial or starting value of the function (when input, [image: x=0]), and [image: m], is the constant rate of change, or slope of the function. The [image: y]-intercept is at [image: (0,b)].
 
 Example 3.12.1.
  Using a Linear Function to Find the Pressure on a Diver
 The pressure, [image: P] in pounds per square inch (PSI) on the diver in Figure 3.12.4 depends upon her depth below the water surface, [image: d] in feet. This relationship may be modelled by the equation, [image: P(d)=0.434d+14.696]. Restate this function in words.
 [image: Deep Sea Diver]Figure 3.12.4 Photo by Adam Reeder CC-BY-NC 2.0  Solution To restate the function in words, we need to describe each part of the equation. The pressure as a function of depth equals four hundred thirty-four thousandths times depth plus fourteen and six hundred ninety-six thousandths.
 Analysis
 The initial value, [image: 14.696], is the pressure in PSI on the diver at a depth of [image: 0] feet, which is the surface of the water. The rate of change, or slope, is [image: 0.434] PSI per foot. This tells us that the pressure on the diver increases [image: 0.434] PSI for each foot her depth increases.
  
 
 Modelling Real-World Problems with Linear Functions
 In the real world, problems are not always explicitly stated in terms of a function or represented with a graph. Fortunately, we can analyze the problem by first representing it as a linear function and then interpreting the components of the function. As long as we know, or can figure out, the initial value and the rate of change of a linear function, we can solve many different kinds of real-world problems.
 
 HOW TO
 Given a linear function [image: f] and the initial value and rate of change, evaluate [image: f] .
 
 	Determine the initial value and the rate of change (slope).
 	Substitute the values into [image: f(x)=mx+b].
 	Evaluate the function at [image: x=c].
 
 
 Example 3.12.2
  Using a Linear Function to Determine the Number of Songs in a Music Collection
 Marcus currently has [image: 200] songs in his music collection. Every month, he adds [image: 15] new songs. Write a formula for the number of songs, [image: N] in his collection as a function of time, [image: t] the number of months. How many songs will he own at the end of one year?
 Solution The initial value for this function is [image: 200] because he currently owns [image: 200] songs, so [image: N(0)=200], which means that [image: b=200].
 The number of songs increases by [image: 15] songs per month, so the rate of change is [image: 15] songs per month. Therefore we know that [image: m=15]. We can substitute the initial value and the rate of change into the slope-intercept form of a line.
 [image: This image shows the equation f of x equals m times x plus b. It shows that m is the value 15 and b is 200. It then shows the equation rewritten as N of t equals 15 times t plus 200.]Figure 3.12.5 We can write the formula [image: N(t)=15t+200].
 With this formula, we can then predict how many songs Marcus will have at the end of one year ([image: 12] months). In other words, we can evaluate the function at, [image: t=12].
 [image: \begin{eqnarray*} \mbox{N(12)} & = & 15(12)+200 \\ \\ \ & = & 180+200 \\ \\ \ & = & 380 \end{eqnarray*}]
 
 Marcus will have [image: 380] songs in [image: 12] months.
 Analysis
 Notice that [image: N] is an increasing linear function. As the input (the number of months) increases, the output (number of songs) increases as well.
 
  
 
 Example 3.12.3
  Using a Linear Function to Calculate Salary Based on Commission
 Working as an insurance salesperson, Ilya earns a base salary plus a commission on each new policy. Therefore, Ilya’s weekly income depends on the number of new policies, [image: n] he sells during the week. Last week he sold [image: 3] new policies, and earned [image: \$760] for the week. The week before, he sold [image: 5] new policies and earned [image: \$920]. Find an equation for [image: I] and interpret the meaning of the components of the equation.
 Solution The given information gives us two input-output pairs: [image: (3,\$760)] and [image: (5,\$920)] We start by finding the rate of change.
 [image: \begin{eqnarray*} \mbox{m} & = & \frac{\$920-\$760}{5-3} \\ \\ \ & = & \frac{\$160}{2\;policies} \\ \\ \ & = &$80 {\;per\;policy} \end{eqnarray*}]
 Keeping track of units can help us interpret this quantity. Income increased by [image: \$160] when the number of policies increased by [image: 2], so the rate of change is [image: \$80] per policy. Therefore, Ilya earns a commission of [image: \$80] for each policy sold during the week.
 We can then solve for the initial value.
 [image: \begin{eqnarray*} \mbox{I(n)} & = & {80n + b} \\ \\ \ 760 & = & {80(3) +b}  \mbox{  when n=3, I(3)=760} \\ \\ \  \mbox{760 - 80(3)} & = & {b} \\ \\ \ 520 & = & {b} \end{eqnarray*}]
 The value of [image: b] is the starting value for the function and represents Ilya’s income when [image: n=0] or when no new policies are sold. We can interpret this as Ilya’s base salary for the week, which does not depend upon the number of policies sold.
 We can now write the final equation.
 [image: I =80n+520]
 Our final interpretation is that Ilya’s base salary is [image: \$520] per week and he earns an additional [image: \$80] commission for each policy sold.
 
  
 
 Example 3.12.4
  Using Tabular Form to Write an Equation for a Linear Function
 Below table relates the number of rats in a population to time, in weeks. Use the table to write a linear equation.
 	number of weeks, [image: w] 	[image: 0] 	[image: 2] 	[image: 4] 	[image: 6] 
 	number of rats, [image: P(w)] 	[image: 1000] 	[image: 1080] 	[image: 1160] 	[image: 1240] 
  
 Solution We can see from the table that the initial value for the number of rats is [image: 1000], so [image: b=1000].
 Rather than solving for [image: m] we can tell from looking at the table that the population increases by [image: 80] for every [image: 2] weeks that pass. This means that the rate of change is [image: 80] rats per [image: 2] weeks, which can be simplified to [image: 40] rats per week.
 
 [image: P(w)=40w+1000]
  
 If we did not notice the rate of change from the table we could still solve for the slope using any two points from the table. For example, using [image: (2, 1080)] and [image: (6, 1240)]
 [image: \begin{eqnarray*} \mbox{m} & = & \frac{1240-1080}{6-2} \\ \\ \ & = & \frac{160}{4} \\ \\ \ & = & 40 \end{eqnarray*}]
  
 
 
 Is the initial value always provided in a table of values like Example 3.12.4?
 No. Sometimes the initial value is provided in a table of values, but sometimes it is not. If you see an input of [image: 0], then the initial value would be the corresponding output. If the initial value is not provided because there is no value of input on the table equal to [image: 0], find the slope, substitute one coordinate pair and the slope into [image: f(x)=mx+b] and solve for [image: b].
 
 Try It
  1) A new plant food was introduced to a young tree to test its effect on the height of the tree. The table shows the height of the tree, in feet, [image: x] months since the measurements began. Write a linear function, [image: H(x)], where [image: x] is the number of months since the start of the experiment.
 	[image: x] 	[image: 0] 	[image: 2] 	[image: 4] 	[image: 8] 	[image: 12] 
 	[image: H(x)] 	[image: 12.5] 	[image: 13.5] 	[image: 14.5] 	[image: 16.5] 	[image: 18.5] 
  
 Solution [image: H(x)=0.5x+12.5]
  
 
 
 Building Linear Models from Verbal Descriptions
 When building linear models to solve problems involving quantities with a constant rate of change, we typically follow the same problem strategies that we would use for any type of function. Let’s briefly review them:
 	Identify changing quantities, and then define descriptive variables to represent those quantities. When appropriate, sketch a picture or define a coordinate system.
 	Carefully read the problem to identify important information. Look for information that provides values for the variables or values for parts of the functional model, such as slope and initial value.
 	Carefully read the problem to determine what we are trying to find, identify, solve, or interpret.
 	Identify a solution pathway from the provided information to what we are trying to find. Often this will involve checking and tracking units, building a table, or even finding a formula for the function being used to model the problem.
 	When needed, write a formula for the function.
 	Solve or evaluate the function using the formula.
 	Reflect on whether your answer is reasonable for the given situation and whether it makes sense mathematically.
 	Clearly convey your result using appropriate units, and answer in full sentences when necessary.
 
 
 Now let’s take a look at the student in Seattle. In her situation, there are two changing quantities: time and money. The amount of money she has remaining while on vacation depends on how long she stays. We can use this information to define our variables, including units.
 
 Output: [image: M], money remaining in dollars.
 Input: [image: t], time in weeks.
 So, the amount of money remaining depends on the number of weeks: [image: M(t)].
 We can also identify the initial value and the rate of change.
 
 Initial Value: She saved [image: \$3,500], so [image: \$3,500] is the initial value for [image: M].
 Rate of Change: She anticipates spending [image: \$400] each week, so [image: \$400] per week is the rate of change, or slope.
 Notice that the unit of dollars per week matches the unit of our output variable divided by our input variable. Also, because the slope is negative, the linear function is decreasing. This should make sense because she is spending money each week.
 The rate of change is constant, so we can start with the linear model [image: M(t)=mt+b]. Then we can substitute the intercept and slope provided.
 [image: M(t)=mt+b; m is -400 b is 3500 so the equation is M(t)=-400t+3500]Figure 3.12.6 To find the [image: x]–intercept, we set the output to zero, and solve for the input.
 [image: \begin{eqnarray*} \mbox{0} & = & -400t+3500 \\ \\ \ {t}& = & \frac{3500}{400} \\ \\ \ & = & 8.75 \end{eqnarray*}]
 The [image: x]-intercept is [image: 8.75] weeks. Because this represents the input value when the output will be zero, we could say that Emily will have no money left after [image: 8.75] weeks.
 When modelling any real-life scenario with functions, there is typically a limited domain over which that model will be valid—almost no trend continues indefinitely. Here the domain refers to the number of weeks. In this case, it doesn’t make sense to talk about input values less than zero. A negative input value could refer to a number of weeks before she saved [image: \$3,500], but the scenario discussed poses the question once she saved [image: \$3,500] because this is when her trip and subsequent spending starts. It is also likely that this model is not valid after the [image: x]-intercept, unless Emily uses a credit card and goes into debt. The domain represents the set of input values, so the reasonable domain for this function is [image: 0\leq t\leq8.75]
 In this example, we were given a written description of the situation. We followed the steps of modelling a problem to analyze the information. However, the information provided may not always be the same. Sometimes we might be provided with an intercept. Other times we might be provided with an output value. We must be careful to analyze the information we are given, and use it appropriately to build a linear model.
 Using a Given Intercept to Build a Model
 Some real-world problems provide the [image: y]-intercept, which is the constant or initial value. Once the [image: y]-intercept is known, the [image: x]-intercept can be calculated. Suppose, for example, that Hannah plans to pay off a no-interest loan from her parents. Her loan balance is [image: \$1,000]. She plans to pay [image: \$250] per month until her balance is [image: \$0]. The [image: y]-intercept is the initial amount of her debt, or [image: \$1,000]. The rate of change, or slope, is [image: -\$250] per month. We can then use the slope-intercept form and the given information to develop a linear model.
 [image: \begin{eqnarray*} \mbox{f(x)} & = & {mx + b} \\ \\ \ & = & -250x+1000 \end{eqnarray*}]
  
 Now we can set the function equal to [image: 0], and solve for [image: x] to find the [image: x]-intercept.
 
 [image: \begin{eqnarray*} \mbox{0} & = & {-250x + 1000} \\ \\ \ 1000 & = & 250x \\ \\ \ 4 & = & x \\ \\ \ x & = & 4\end{eqnarray*}]
 The [image: x]-intercept is the number of months it takes her to reach a balance of [image: \$0]. The [image: x]-intercept is [image: 4] months, so it will take Hannah four months to pay off her loan.
 
 Using a Given Input and Output to Build a Model
 Many real-world applications are not as direct as the ones we just considered. Instead they require us to identify some aspect of a linear function. We might sometimes instead be asked to evaluate the linear model at a given input or set the equation of the linear model equal to a specified output.
 
 
 
 HOW TO
 Given a word problem that includes two pairs of input and output values, use the linear function to solve a problem.
 	Identify the input and output values.
 	Convert the data to two coordinate pairs.
 	Find the slope.
 	Write the linear model.
 	Use the model to make a prediction by evaluating the function at a given [image: x]-value.
 	Use the model to identify an [image: x]-value that results in a given [image: y]-value.
 	Answer the question posed.
 
 
 Example 3.12.5
  Using a Linear Model to Investigate a Town’s Population
 A town’s population has been growing linearly. In 2004, the population was 6,200. By 2009, the population had grown to 8,100. Assume this trend continues.
 		Predict the population in 2013.
 	Identify the year in which the population will reach 15,000.
 
 
 
 Solution The two changing quantities are the population size and time. While we could use the actual year value as the input quantity, doing so tends to lead to very cumbersome equations because the [image: y]-intercept would correspond to the year 0, more than 2000 years ago!
 To make computation a little nicer, we will define our input as the number of years since 2004.
 Input: [image: t], years since 2004
 Output: [image: P(t)], the town’s population
 
 To predict the population in 2013 [image: t = 9], we would first need an equation for the population. Likewise, to find when the population would reach 15,000, we would need to solve for the input that would provide an output of 15,000. To write an equation, we need the initial value and the rate of change, or slope.
 To determine the rate of change, we will use the change in output per change in input.
 [image: m=\frac{change\hspace{0.15cm}in\hspace{0.15cm}output}{change\hspace{0.15cm}in\hspace{0.15cm}input}]
 The problem gives us two input-output pairs. Converting them to match our defined variables, the year 2004 would correspond to [image: t=0] giving the point [image: (0,6200)]. Notice that through our clever choice of variable definition, we have “given” ourselves the [image: y]-intercept of the function. The year 2009 would correspond to, [image: t=5] giving the point [image: (5,8100)].
 The two coordinate pairs are [image: (0,6200)] and [image: (5,8100)]. Recall that we encountered examples in which we were provided two points earlier in the chapter. We can use these values to calculate the slope.
 [image: \begin{eqnarray*} \mbox{m} & = & \frac{8100-6200}{5-0} \\ \\ \ & = & \frac{1900}{5} \\ \\ \  & = & 380 \end{eqnarray*}]
 
 We already know the [image: y]-intercept of the line, so we can immediately write the equation:
 [image: P(t)=380t+6200]
 
 To predict the population in 2013, we evaluate our function at, [image: t=9].
 [image: \begin{eqnarray*} \mbox{P(9)} & = & 380(9) + 6,200 \\ \\ \ & = & 9,620  \end{eqnarray*}]
 if the trend continues, our model predicts a population of 9,620 in 2013.
 To find when the population will reach 15,000, we can set
 [image: \begin{eqnarray*} \mbox{P(t)} & = & 15000 \\ \\ \ 150000 & = & 380t + 6200 \\ \\ \  8800 & = & 380t \\ \\ \  t & \approx & 23.158 \end{eqnarray*}]
 Our model predicts the population will reach 15,000 in a little more than 23 years after 2004, or somewhere around the year 2027.
 
  
 
 Try It
  2) A company sells doughnuts. They incur a fixed cost of $25,000 for rent, insurance, and other expenses. It costs $0.25 to produce each doughnut.
 a. Write a linear model to represent the cost [image: C] of the company as a function of [image: x], the number of doughnuts produced.
 b. Find and interpret the [image: y]-intercept.
 Solution a. [image: C(x)=0.25x+25,000]
 b. The [image: y]-intercept is [image: (0,25,000)]. If the company does not produce a single doughnut, they still incur a cost of 25,000.
  3) A city’s population has been growing linearly. In 2008, the population was 28,200. By 2012, the population was 36,800. Assume this trend continues.
 a. Predict the population in 2014.
 b. Identify the year in which the population will reach 54,000.
 Solution a. 41,100
 b. 2020
  
 
 Key Concepts
  	Linear functions can be represented in words, function notation, tabular form, and graphical form.
 	The equation for a linear function can be written if the slope [image: m] and initial value [image: b] are known.
 	A linear function can be used to solve real-world problems given information in different forms.
 	We can use the same problem strategies that we would use for any type of function.
 	When modelling and solving a problem, identify the variables and look for key values, including the slope and [image: y]-intercept.
 	Draw a diagram, where appropriate.
 	Check for reasonableness of the answer.
 	Linear models may be built by identifying or calculating the slope and using the [image: y]-intercept. 	The [image: x]-intercept may be found by setting, [image: y=0], which is setting the expression [image: mx+b] equal to [image: 0].
 	The point of intersection of a system of linear equations is the point where the [image: x]– and [image: y]-values are the same.
 	A graph of the system may be used to identify the points where one line falls below (or above) the other line.
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=5804#h5p-35 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 Glossary
  	decreasing linear function
 	a function with a negative slope: If [image: f(x)=mx+b],  [image: m<0].
 
 	increasing linear function
 
 	a function with a positive slope: If [image: f(x)=mx+b],  [image: m>0].
 
 	linear function
 	a function with a constant rate of change that is a polynomial of degree 1, and whose graph is a straight line
 
 
 
 
 
	http://www.chinahighlights.com/shanghai/transportation/maglev-train.htm ↵



	

			
			


		
	
		
			
	
		

		3.13 Unit Sources

								

	
				Unit 3 Sources 
 3.1 Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.2 Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.3 Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.4 Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.5 Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.6 “Solve a Formula for a Specific Variable” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.6 “Solve a Formula for a Specific Variable” from Intermediate Algebra by Open Stax – Rice University  is licensed under a Creative Commons Attribution 4.0 International License, except where otherwise noted.
 3.7 “Use a Problem-Solving Strategy” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.7 “Solve Percent Applications” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.8 “Solve Mixture Applications” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.8 “Solve Uniform Motion Applications” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.9 “Graph Linear Equations in Two Variables” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.10 “Understand Slope of a Line” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.11 “Find the Equation of a Line” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 3.12 “Linear Functions” from Algebra and Trigonometry OpenStax by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 
	

			
			


		
	
		
			
	
		

		Unit 4: Systems of Linear Equations

	

	
		 Chapter Outline
 4.0 Introduction
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		4.0 Introduction

								

	
				Designing the number and sizes of windows in a home can pose challenges for an architect.
 [image: Picture of a building at night with windows]Figure 4.0.1: The number of windows designed by an architect can be challenging. Photo by Mike Kononov Unsplash License An architect designing a home may have restrictions on both the area and perimeter of the windows because of energy and structural concerns. The length and width chosen for each window would have to satisfy two equations: one for the area and the other for the perimeter. Similarly, a banker may have a fixed amount of money to put into two investment funds. A restaurant owner may want to increase profits, but in order to do that, he will need to hire more staff. A job applicant may compare salary and costs of commuting for two job offers.
 In this chapter, we will look at methods to solve situations like these using equations with two variables.
 
	

			
			


		
	
		
			
	
		

		4.1 Solve Systems of Equations by Graphing

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Determine whether an ordered pair is a solution of a system of equations
 	Solve a system of linear equations by graphing
 	Determine the number of solutions of linear system
 	Solve applications of systems of equations by graphing
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) For the equation [image: y=\frac{2}{3}x-4]
      a. is [image: \left(6,0\right)] a solution? b. is [image: \left(-3,-2\right)] a solution?
 2) Find the slope and [image: y]-intercept of the line [image: 3x-y=12].
 3) Find the [image: x]– and [image: y]-intercepts of the line [image: 2x-3y=12].
 
 
 
 Determine Whether an Ordered Pair is a Solution of a System of Equations
 In Solving Linear Equations and Applications of Linear Functions we learned how to solve linear equations with one variable. Remember that the solution of an equation is a value of the variable that makes a true statement when substituted into the equation.
 Now we will work with systems of linear equations, two or more linear equations grouped together.
 System of Linear Equations
 When two or more linear equations are grouped together, they form a system of linear equations.
 
 We will focus our work here on systems of two linear equations in two unknowns. Later, you may solve larger systems of equations.
 An example of a system of two linear equations is shown below. We use a brace to show the two equations are grouped together to form a system of equations.
 [image: \{\begin{array}{c}2x+y=7\hfill \\ x-2y=6\hfill \end{array}]
 A linear equation in two variables, like [image: 2x+y=7], has an infinite number of solutions. Its graph is a line. Remember, every point on the line is a solution to the equation and every solution to the equation is a point on the line.
 To solve a system of two linear equations, we want to find the values of the variables that are solutions to both equations. In other words, we are looking for the ordered pairs [image: (x,y)] that make both equations true. These are called the solutions to a system of equations.
 Solutions of a System of Equations
 
 
 Solutions of a system of equations are the values of the variables that make all the equations true. A solution of a system of two linear equations is represented by an ordered pair [image: (x, y)].
 
 To determine if an ordered pair is a solution to a system of two equations, we substitute the values of the variables into each equation. If the ordered pair makes both equations true, it is a solution to the system.
 Let’s consider the system below:
 [image: \{\begin{array}{c}3x-y=7\hfill \\ x-2y=4\hfill \end{array}]
 Is the ordered pair [image: \left(2,-1\right)] a solution?
 We substitute [image: {\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}=}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}2}] and [image: {\color[rgb]{0.0, 0.0, 1.0}y}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}=}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1}]into both equations.
 [image: \begin{eqnarray*}3{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;7\\3({\color[rgb]{1.0, 0.0, 0.0}2})\;-\;({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1})\;&\overset?=&\;7\\7\;&=&\;7\;\checkmark\\\\{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;2{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;4\\{\color[rgb]{1.0, 0.0, 0.0}2}\;-\;2({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1})\;&\overset?=&\;4\\4\;&=&\;4\;\checkmark\end{eqnarray*}]
 The ordered pair [image: (2, −1)] made both equations true. Therefore [image: (2, −1)] is a solution to this system.
 Let’s try another ordered pair. Is the ordered pair [image: (3, 2)] a solution?
 We substitute [image: {\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}=}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}3}] and [image: {\color[rgb]{0.0, 0.0, 1.0}y}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}=}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}2}] into both equations.
 
 [image: \begin{eqnarray*}3{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;7\\3({\color[rgb]{1.0, 0.0, 0.0}3})\;-\;{\color[rgb]{0.0, 0.0, 1.0}2}\;&\overset?=&\;7\\7\;&=&\;7\checkmark\\\\{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;2{\color[rgb]{0.0, 0.0, 1.0}y}\;&\overset?=&\;4\\{\color[rgb]{1.0, 0.0, 0.0}2}\;-\;2({\color[rgb]{0.0, 0.0, 1.0}2})\;&=&\;4\;\\-2\;&=&\;4\;False\end{eqnarray*}]
 The ordered pair [image: (3, 2)] made one equation true, but it made the other equation false. Since it is not a solution to both equations, it is not a solution to this system.
 Example 4.1.1
  Determine whether the ordered pair is a solution to the system: [image: \{\begin{array}{c}x-y=-1\hfill \\ 2x-y=-5\hfill \end{array}]
 a. [image: \left(-2,-1\right)]  b. [image: \left(-4,-3\right)]
 Solution a.
                                        [image: \{\begin{array}{c}x-y=-1\hfill \\ 2x-y=-5\hfill \end{array}]
 We substitute x = [image: {\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}] and y = [image: {\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1}] into both equations.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;-1\\{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}\;-\;({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1})\;&\overset?=&\;-1\\-1\;&=&\;-1\;\checkmark\\[3ex]2{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;-5\\2({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{0.1, 0.1, 0.1})}\;-\;({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}1})\;&\overset?=&\;-5\\5\;&\neq&-5\\\end{eqnarray*}]
 [image: (−2, −1)] does not make both equations true. [image: (−2, −1)] is not a solution.
 
 b.
 We substitute [image: x={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}] and [image: y={\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}3}] into both equations.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;-1\\{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}\;-\;({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}3})\;&\overset?=&\;-1\\-1\;&=&\;-1\checkmark\\[3ex]{\color[rgb]{0.1, 0.1, 0.1}2}{\color[rgb]{1.0, 0.0, 0.0}x}\;-\;{\color[rgb]{0.0, 0.0, 1.0}y}\;&=&\;-5\\2({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{0.1, 0.1, 0.1})}\;-\;({\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}3})\;&\overset?=&\;-5\\-5\;&=&\;-5\checkmark\end{eqnarray*}]
 [image: (−4, −3)] does make both equations true. [image: (−4, −3)] is a solution.
  
 
 
 
 
 
 Try It
  4) Determine whether the ordered pair is a solution to the system: [image: \{\begin{array}{c}3x+y=0\hfill \\ x+2y=-5\hfill \end{array}]
 a. [image: (1,-3)]  b. [image: (0,0)]
 
 Solution a. yes   b. no
  5) Determine whether the ordered pair is a solution to the system: [image: \{\begin{array}{c}x-3y=-8\hfill \\ -3x-y=4\hfill \end{array}]
 a. [image: (2,-2)]  b. [image: (-2,2)]
 Solution a. no   b. yes
  
 
 
 Solve a System of Linear Equations by Graphing
 In this chapter we will use three methods to solve a system of linear equations. The first method we’ll use is graphing.
 The graph of a linear equation is a line. Each point on the line is a solution to the equation. For a system of two equations, we will graph two lines. Then we can see all the points that are solutions to each equation. And, by finding what the lines have in common, we’ll find the solution to the system.
 Most linear equations in one variable have one solution, but we saw that some equations, called contradictions, have no solutions and for other equations, called identities, all numbers are solutions.
 Similarly, when we solve a system of two linear equations represented by a graph of two lines in the same plane, there are three possible cases, as shown in Figure 4.1.1:
 [image: This figure shows three x y-coordinate planes. The first plane shows two lines which intersect at one point. Under the graph it says, “The lines intersect. Intersecting lines have one point in common. There is one solution to this system.” The second x y-coordinate plane shows two parallel lines. Under the graph it says, “The lines are parallel. Parallel lines have no points in common. There is no solution to this system.” The third x y-coordinate plane shows one line. Under the graph it says, “Both equations give the same line. Because we have just one line, there are infinitely many solutions.”]Figure 4.1.1 
 For the first example of solving a system of linear equations in this section and in the next two sections, we will solve the same system of two linear equations. But we’ll use a different method in each section. After seeing the third method, you’ll decide which method was the most convenient way to solve this system.
 Example 4.1.2
  Solve the system by graphing: [image: \{\begin{array}{c}2x+y=7\hfill \\ x-2y=6\hfill \end{array}]
 Solution Step 1: Graph the first equation.
 To graph the first line, write the equation in slope-intercept form.
 [image: \begin{align*} {\color[rgb]{1.0, 0.0, 0.0}2x+y}&{\color[rgb]{1.0, 0.0, 0.0}\;=7}\\ y&=-2x+7\\ m&=-2\\ b&=7 \end{align*}]
 [image: “To graph the first line, write the equation in slope-intercept form.” The equation reads 2x + y = 7 and becomes y = -2x + 7 where m = -2 and b = 7. Then it shows a graph of the equations 2x + y = 7. The equation x – 2y = 6 is also listed.]Figure 4.1.2 Step 2: Graph the second equation on the same rectangular coordinate system.
 To graph the second line, use intercepts.
 [image: x-2y=6]
 [image: (0,-3)\;\;(6,0)]
 [image: “To graph the second line, use intercepts.” This is followed by the equation x – 2y = 6 and the ordered pairs (0, -3) and (6, 0). The last column of this row shows a graph of the two equations.]Figure 4.1.3 Step 3: Determine whether the lines intersect, are parallel, or are the same line.
 Look at the graph of the lines.
 The lines intersect.
 Step 4: Identify the solution to the system.
 If the lines intersect, identify the point of intersection. Check to make sure it is a solution to both equations. This is the solution to the system.
 If the lines are parallel, the system has no solution.  If the lines are the same, the system has an infinite number of solutions.
 Since the lines intersect, find the point of intersection.
 Check the point in both equations.
 The lines intersect at [image: (4, -1)]
 [image: \begin{align*} 2x+y&=7\\ 2(4)+(-1)&\overset?=7\\ 8-1&\overset?=7\\ 7&=7\checkmark\\[3ex] x-2y&=6\\ 4-2(-1)&\overset?=6\\ 6&=6\checkmark \end{align*}]
 The solution is [image: (4,-1)].
  
 
 
 
 Try It
  6) Solve each system by graphing: [image: \{\begin{array}{c}x-3y=-3\hfill \\ x+y=5\hfill \end{array}]
 
 Solution [image: \left(3,2\right)]
  7) Solve each system by graphing: [image: \{\begin{array}{c}-x+y=1\hfill \\ 3x+2y=12\hfill \end{array}]
 
 Solution [image: \left(2,3\right)]
  
 
 
 
 
 
 The steps to use to solve a system of linear equations by graphing are shown below.
 HOW TO
 Solve a system of linear equations by graphing.
 
 	Graph the first equation.
 	Graph the second equation on the same rectangular coordinate system.
 	Determine whether the lines intersect, are parallel, or are the same line.
 	Identify the solution to the system. 	If the lines intersect, identify the point of intersection. Check to make sure it is a solution to both equations. This is the solution to the system.
 	If the lines are parallel, the system has no solution.
 	If the lines are the same, the system has an infinite number of solutions.
 
 
 
 
 
 Example 4.1.3
  Solve the system by graphing: [image: \{\begin{array}{c}y=2x+1\hfill \\ y=4x-1\hfill \end{array}]
 
 Solution Both of the equations in this system are in slope-intercept form, so we will use their slopes and [image: y]-intercepts to graph them. [image: \{\begin{array}{c}y=2x+1\hfill \\ y=4x-1\hfill \end{array}]
 
 Step 1: Find the slope and [image: y]-intercept of the first equation.
 [image: \begin{align*}y &= 2x + 1\\m &=2\\ &= 1\end{align*}]
 Step 2: Find the slope and [image: y]-intercept of the second equation.
 [image: \begin{align*}y &= 4x - 1\\m &= 4\\ &= -1\end{align*}]
 Step 3: Graph the two lines.
 Step 4: Determine the point of intersection.
 The lines intersect at [image: (1, 3)].
 [image: Graph showing the two lines and intersection point (1,3)]Figure 4.1.4 Step 5: Check the solution in both equations.
 [image: \begin{array}{cccc}\begin{array}{ccc}\hfill y& =\hfill & 2x+1\hfill \\ \hfill 3& \stackrel{?}{=}\hfill & 2\cdot 1+1\hfill \\ \hfill 3& =\hfill & 3✓\hfill \end{array}& & & \begin{array}{ccc}\hfill y& =\hfill & 4x-1\hfill \\ \hfill 3& \stackrel{?}{=}\hfill & 4\cdot 1-1\hfill \\ \hfill 3& =\hfill & 3✓\hfill \end{array}\end{array}]
 Step 6: Write solution as point [image: (x,y)].
 The solution is [image: (1, 3)].
  
 
 
 
 Try It
  8) Solve each system by graphing: [image: \{\begin{array}{c}y=2x+2\hfill \\ y=\text{−}x-4\hfill \end{array}]
 
 Solution [image: \left(-2,-2\right)]
  9) Solve each system by graphing: [image: \{\begin{array}{c}y=3x+3\hfill \\ y=\text{−}x+7\hfill \end{array}]
 
 Solution [image: \left(1,6\right)]
  
 
 
 
 
 
 Both equations in Example 4.1.3 were given in slope–intercept form. This made it easy for us to quickly graph the lines. In the next example, we’ll first re-write the equations into slope–intercept form.
 Example 4.1.4
  Solve the system by graphing: [image: \{\begin{array}{c}3x+y=-1\hfill \\ 2x+y=0\hfill \end{array}]
 Solution We’ll solve both of these equations for [image: y] so that we can easily graph them using their slopes and [image: y]-intercepts. [image: \{\begin{array}{c}3x+y=-1\hfill \\ 2x+y=0\hfill \end{array}]
 
 Step 1: Solve the first equation for [image: y].
 Step 2: Find the slope and [image: y]-intercept.
 [image: \begin{array}{c}\begin{array}{ccc}\hfill 3x+y& =\hfill & -1\hfill \\ \hfill y& =\hfill & -3x-1\hfill \\ \\ \hfill m& =\hfill & -3\hfill \\ \hfill b& =\hfill & -1\hfill \\ \\ \\ \hfill 2x+y& =\hfill & 0\hfill \\ \hfill y& =\hfill & -2x\hfill \\ \\ \hfill m& =\hfill & -2\hfill \\ \hfill b& =\hfill & 0\hfill \\ \hfill \end{array}\end{array}]
 Step 3: Solve the second equation for [image: y].
 Step 4: Find the slope and [image: y]-intercept.
 Step 5: Graph the lines.
 [image: Graph of the two lines with intersection point (-1,2) shown]Figure 4.1.5 Step 6: Determine the point of intersection.
 The lines intersect at [image: (−1, 2)].
 Step 7: Check the solution in both equations.
 [image: \begin{array}{cccc}\begin{array}{ccc}\hfill 3x+y& =\hfill & -1\hfill \\ \hfill 3\left(-1\right)+2& \stackrel{?}{=}\hfill & -1\hfill \\ \hfill -1& =\hfill & -1✓\hfill \end{array}& & & \begin{array}{ccc}\hfill 2x+y& =\hfill & 0\hfill \\ \hfill 2\left(-1\right)+2& \stackrel{?}{=}\hfill & 0\hfill \\ \hfill 0& =\hfill & 0✓\hfill \end{array}\end{array}]
 The solution is [image: (−1, 2)].
  
 
 Try It
  10) Solve each system by graphing: [image: \{\begin{array}{c}-x+y=1\hfill \\ 2x+y=10\hfill \end{array}]
 
 Solution [image: \left(3,4\right)]
  11) Solve each system by graphing: [image: \{\begin{array}{c}2x+y=6\hfill \\ x+y=1\hfill \end{array}]
 
 Solution [image: \left(5,-4\right)]
  
 
 
 Usually when equations are given in standard form, the most convenient way to graph them is by using the intercepts. We’ll do this in Example 4.1.5.
 Example 4.1.5
  Solve the system by graphing: [image: \{\begin{array}{c}x+y=2\hfill \\ x-y=4\hfill \end{array}]
 
 Solution We will find the [image: x]– and [image: y]-intercepts of both equations and use them to graph the lines.
  [image: x + y = 2]
 Step 1:To find the intercepts, let [image: x = 0] and solve for [image: y], then let [image: y = 0] and solve for [image: x].
 [image: \begin{array}{cccc}\begin{array}{ccc}\hfill x+y& =\hfill & 2\hfill \\ 0+y& =\hfill & 2\hfill \\ y& =\hfill & 2\hfill \end{array}& & & \begin{array}{ccc}\hfill x+y& =\hfill & 2\hfill \\ x+0& =\hfill & 2\hfill \\ x& =\hfill & 2\hfill \end{array}\end{array}]
 	[image: x] 	[image: y] 
 	[image: 0] 	[image: 2] 
 	[image: 2] 	[image: 0] 
  
 Step 2: To find the intercepts, let [image: x = 0] then let [image: y = 0].
 [image: \begin{array}{cccc}\begin{array}{ccc}\hfill x-y& =\hfill & 4\hfill \\ \hfill 0-y& =\hfill & 4\hfill \\ \hfill -y& =\hfill & 4\hfill \\ \hfill y& =\hfill & -4\hfill \end{array}& & & \begin{array}{ccc}\hfill x-y& =\hfill & 4\hfill \\ \hfill x-0& =\hfill & 4\hfill \\ \hfill x& =\hfill & 4\hfill \\ \\ \\ \end{array}\end{array}]
 
 
 	[image: x] 	[image: y] 
 	[image: 0] 	[image: -4] 
 	[image: 4] 	[image: 0] 
  
 Step 3: Graph the line.
 [image: This graph shows two lines intersection at point (3, -1) on an x y-coordinate plane.]Figure 4.1.6 Step 4: Determine the point of intersection.
 The lines intersect at [image: (3, −1)].
 Step 5: Check the solution in both equations.
 [image: \begin{array}{cccccccc}\hfill x+y& =\hfill & 2\hfill & & & \hfill x-y& =\hfill & 4\hfill \\ 3+\left(-1\right)\hfill & \stackrel{?}{=}\hfill & 2\hfill & & & \hfill 3-\left(-1\right)& \stackrel{?}{=}\hfill & 4\hfill \\ \hfill 2& =\hfill & 2✓\hfill & & & \hfill 4& =\hfill & 4✓\hfill \end{array}]
 The solution is [image: (3, −1)].
  
 
 Try It
  12) Solve each system by graphing: [image: \{\begin{array}{c}x+y=6\hfill \\ x-y=2\hfill \end{array}]
 
 Solution [image: \left(4,2\right)]
  13) Solve each system by graphing: [image: \{\begin{array}{c}x+y=2\hfill \\ x-y=-8\hfill \end{array}]
 
 Solution [image: \left(5,-3\right)]
  
 
 
 
 
 
 Do you remember how to graph a linear equation with just one variable? It will be either a vertical or a horizontal line.
 Example 4.1.6
  Solve the system by graphing: [image: \{\begin{array}{c}y=6\hfill \\ 2x+3y=12\hfill \end{array}]
 
 Solution [image: \{\begin{array}{c}y=6\hfill \\ 2x+3y=12\hfill \end{array}]
 Step 1: We know the first equation represents a horizontal line whose [image: y]-intercept is [image: 6].
 [image: y = 6 ]
 Step 2: The second equation is most conveniently graphed using intercepts.
 [image: 2x + 3y = 12]
 Step 3: To find the intercepts, let [image: x = 0] and then [image: y = 0].
 	[image: x] 	[image: y] 
 	[image: 0] 	[image: 4] 
 	[image: 6] 	[image: 0] 
  
 Step 4: Graph the lines.
 [image: Graph of the two lines with intersection point (-3,6) shown.]Figure 4.1.7 Step 5: Determine the point of intersection.
 The lines intersect at [image: (−3, 6)].
 Step 6: Check the solution to both equations.
 [image: \begin{array}{cccccccc}\hfill y& =\hfill & 6\hfill & & & \hfill 2x+3y& =\hfill & 12\hfill \\ \hfill 6& \stackrel{?}{=}\hfill & 6✓\hfill & & & \hfill 2\left(-3\right)+3\left(6\right)& \stackrel{?}{=}\hfill & 12\hfill \\ \hfill 2& =\hfill & 2\hfill & & & \hfill -6+18& \stackrel{?}{=}\hfill & 12\hfill \\ & & & & & \hfill 12& =\hfill & 12✓\hfill \end{array}]
 The solution is [image: (−3, 6)].
  
 
 Try It
  14) Solve each system by graphing: [image: \{\begin{array}{c}y=-1\hfill \\ x+3y=6\hfill \end{array}]
 
 Solution [image: \left(9,-1\right)]
  15) Solve each system by graphing: [image: \{\begin{array}{c}x=4\hfill \\ 3x-2y=24\hfill \end{array}]
 
 Solution [image: \left(4,-6\right)]
  
 
 
 In all the systems of linear equations so far, the lines intersected and the solution was one point. In the next two examples, we’ll look at a system of equations that has no solution and at a system of equations that has an infinite number of solutions.
 Example 4.1.7
  Solve the system by graphing: [image: \{\begin{array}{c}y=\frac{1}{2}x-3\hfill \\ x-2y=4\hfill \end{array}]
 
 Solution [image: \{\begin{array}{c}y=\frac{1}{2}x-3\hfill \\ x-2y=4\hfill \end{array}]
 Step 1: To graph the first equation, we will use its slope and [image: y]-intercept.
 [image: \begin{align*}y &= \frac{1}{2} x - 3\\m &= \frac{1}{2}\\b &= -3\end{align*}]
 Step 2: To graph the second equation, we will use the intercepts.
 [image: x - 2y = 4]
 	[image: x] 	[image: y] 
 	[image: 0] 	[image: -2] 
 	[image: 4] 	[image: 0] 
  
 Step 3: Graph the lines.
 [image: Graph of the two lines (parallel]Figure 4.1.8 Step 4: Determine the point of intersection.
 The lines are parallel.
 Since no point is on both lines, there is no ordered pair that makes both equations true. There is no solution to this system.
  
 
 Try It
  16) Solve each system by graphing: [image: \{\begin{array}{c}y=-\frac{1}{4}x+2\hfill \\ x+4y=-8\hfill \end{array}]
 
 Solution no solution
  17) Solve each system by graphing: [image: \{\begin{array}{c}y=3x-1\hfill \\ 6x-2y=6\hfill \end{array}]
 
 Solution no solution
  
 
 
 Example 4.1.8
  Solve the system by graphing: [image: \{\begin{array}{c}y=2x-3\hfill \\ -6x+3y=-9\hfill \end{array}]
 
 Solution [image: \{\begin{array}{c}y=2x-3\hfill \\ -6x+3y=-9\hfill \end{array}]
 Step 1: Find the slope and [image: y]-intercept of the first equation.
 [image: \begin{align*}y&=2x-3\\m&=2\\b&=-3\end{align*}]
 Step 2: Find the intercepts of the second equation.
 [image: -6x + 3y = -9]
 	[image: x] 	[image: y] 
 	[image: 0] 	[image: -3] 
 	[image:  \frac{3}{2}] 	[image: 0] 
  
 Step 3: Graph the lines.
 [image: .]Figure 4.1.9 Step 4: Determine the point of intersection.
 The lines are the same!
 Since every point on the line makes both equations true, there are infinitely many ordered pairs that make both equations true.
 There are infinitely many solutions to this system.
  
 
 Try It
  18) Solve each system by graphing: [image: \{\begin{array}{c}y=-3x-6\hfill \\ 6x+2y=-12\hfill \end{array}]
 
 Solution infinitely many solutions
  19) Solve each system by graphing: [image: \{\begin{array}{c}y=\frac{1}{2}x-4\hfill \\ 2x-4y=16\hfill \end{array}]
 
 Solution infinitely many solutions
  
 
 
 If you write the second equation in Example 4.1.8 in slope-intercept form, you may recognize that the equations have the same slope and same [image: y]-intercept.
 When we graphed the second line in the last example, we drew it right over the first line. We say the two lines are coincident. Coincident lines have the same slope and same [image: y]-intercept.
 Coincident Lines
 Coincident lines have the same slope and same [image: y]-intercept.
 
 Determine the Number of Solutions of a Linear System
 There will be times when we will want to know how many solutions there will be to a system of linear equations, but we might not actually have to find the solution. It will be helpful to determine this without graphing.
 We have seen that two lines in the same plane must either intersect or are parallel. The systems of equations in Example 4.1.2 through Example 4.1.6 all had two intersecting lines. Each system had one solution.
 A system with parallel lines, like Example 4.1.7, has no solution. What happened in Example 4.1.8? The equations have coincident lines, and so the system had infinitely many solutions.
 We’ll organize these results in Figure 4.2.10 below:
 Figure 4.1.10 	Graph 	Number of solutions 
 	2 intersecting lines 	1 
 	Parallel lines 	None 
 	Same line 	Infinitely many 
  
 Parallel lines have the same slope but different [image: y]-intercepts. So, if we write both equations in a system of linear equations in slope–intercept form, we can see how many solutions there will be without graphing! Look at the system we solved in Example 4.1.7.
 
 [image: \begin{array}{cccc}\hfill \phantom{\rule{0.1em}{0ex}}\{\phantom{\rule{0.1em}{0ex}}\begin{array}{ccc}\hfill y=\hfill\frac{1}{2}x-3\hfill \\ \hfill x-2y =\hfill 4\hfill \end{array}\hfill \\ \text{The first line is in slope–intercept form.}\hfill & & & \text{If we solve the second equation for}\;y,\text{we get}\hfill \\ \hfill y=\frac{1}{2}x-3\hfill & & & \hfill \phantom{\rule{1em}{0ex}}\begin{array}{ccc}\hfill x-2y& =\hfill & 4\hfill \\ \hfill -2y& =\hfill & \text{−}x+4\hfill \\ \hfill y& =\hfill & \frac{1}{2}x-2\hfill \end{array}\hfill \\ \hfill m=\frac{1}{2},b=-3\hfill & & & \hfill m=\frac{1}{2},b=-2\hfill \end{array}]
 The two lines have the same slope but different [image: y]-intercepts. They are parallel lines.
 Figure 4.1.11 shows how to determine the number of solutions of a linear system by looking at the slopes and intercepts.
 
 Number of Solutions of a Linear System of Equations
 Figure 4.1.11 	Slopes 	Intercepts 	Type of Lines 	Number of Solutions 
 	Different 	 	Intersecting 	1 point 
 	Same 	Different 	Parallel 	No solution 
 	Same 	Same 	Coincident 	Infinitely many solutions 
  
 Let’s take one more look at our equations in Example 4.1.7 that gave us parallel lines.
 [image: \{\begin{array}{c}y=\frac{1}{2}x-3\hfill \\ x-2y=4\hfill \end{array}]
 When both lines were in slope-intercept form we had:
 [image: y=\frac{1}{2}x-3\phantom{\rule{2em}{0ex}}y=\frac{1}{2}x-2]
 Do you recognize that it is impossible to have a single ordered pair [image: \left(x,y\right)] that is a solution to both of those equations?
 We call a system of equations like this an inconsistent system. It has no solution.
 A system of equations that has at least one solution is called a consistent system.
 Consistent and Inconsistent Systems
 A consistent system of equations is a system of equations with at least one solution.
 An inconsistent system of equations is a system of equations with no solution.
 
 We also categorize the equations in a system of equations by calling the equations independent or dependent. If two equations are independent equations, they each have their own set of solutions. Intersecting lines and parallel lines are independent.
 If two equations are dependent, all the solutions of one equation are also solutions of the other equation. When we graph two dependent equations, we get coincident lines.
 Independent and Dependent Equations
 Two equations are independent if they have different solutions.
 Two equations are dependent if all the solutions of one equation are also solutions of the other equation.
 
 Let’s sum this up by looking at the graphs of the three types of systems. See Figure 4.1.12 and Figure 4.2.13.
 [image: This figure shows three x y coordinate planes in a horizontal row. The first shows two lines intersecting. The second shows two parallel lines. The third shows two coincident lines.]Figure 4.1.12 
 Figure 4.1.13 	Lines 	Intersecting 	Parallel 	Coincident 
 	Number of solutions 	1 point 	No solution 	Infinitely many 
 	Consistent/Inconsistent 	Consistent 	Inconsistent 	Consistent 
 	Dependent/Independent 	Independent 	Independent 	Dependent 
  
 
 Example 4.1.9
  Without graphing, determine the number of solutions and then classify the system of equations: [image: \{\begin{array}{c}y=3x-1\hfill \\ 6x-2y=12\hfill \end{array}]
 
 Solution Step 1: We will compare the slopes and intercepts of the two lines.
 [image: \{\begin{array}{c}y=3x-1\hfill \\ 6x-2y=12\hfill \end{array}]
 Step 2: The first equation is already in slope-intercept form.
 [image: y=3x-1]
 Step 3: Write the second equation in slope-intercept form.
 [image: \begin{array}{ccc}\hfill 6x-2y& =\hfill & 12\hfill \\ \hfill -2y& =\hfill & -6x+12\hfill \\ \hfill \frac{-2y}{-2}& =\hfill & \frac{-6x+12}{-2}\hfill \\ \hfill y& =\hfill & 3x-6\hfill \end{array}]
 Step 4: Find the slope and intercept of each line.
 [image: \begin{array}{ccccccccc}\hfill y& =\hfill & 3x-1\hfill & & & & \hfill y& =\hfill & 3x-6\hfill \\ \hfill m& =\hfill & 3\hfill & & & & \hfill m& =\hfill & 3\hfill \\ \hfill b& =\hfill & -1\hfill & & & & \hfill b& =\hfill & -6\hfill \end{array}]
 Since the slopes are the same and [image: y]-intercepts are different, the lines are parallel.
 A system of equations whose graphs are parallel lines has no solution and is inconsistent and independent.
 
 
  
 
 Try It
  20) Without graphing, determine the number of solutions and then classify the system of equations.
 [image: \{\begin{array}{c}y=-2x-4\hfill \\ 4x+2y=9\hfill \end{array}]
 Solution no solution, inconsistent, independent
  21) Without graphing, determine the number of solutions and then classify the system of equations.
 [image: \{\begin{array}{c}y=\frac{1}{3}x-5\hfill \\ x-3y=6\hfill \end{array}]
 Solution no solution, inconsistent, independent
  
 
 Example 4.1.10
  Without graphing, determine the number of solutions and then classify the system of equations: [image: \{\begin{array}{c}2x+y=-3\hfill \\ x-5y=5\hfill \end{array}]
 
 Solution Step 1: We will compare the slope and intercepts of the two lines.
 [image: \{\begin{array}{c}2x+y=-3\hfill \\ x-5y=5\hfill \end{array}]
 Step 2: Write both equations in slope-intercept form.
 [image: \begin{array}{ccc}\hfill 2x+y& =& -3\hfill \\ \hfill y& =& -2x-3\hfill\\\hfill x-5y=5& =& 5\hfill \\ \hfill -5y& =& -x+5\hfill \\ \hfill \frac{-5y}{-5}& =& \frac{-x+5}{-5}\hfill \\ \hfill y& =& \frac{1}{5}x-1\hfill \end{array}]
 Step 3: Find the slope and intercept of each line.
 [image: \begin{array}{ccc}\hfill y& =& -2x-3\hfill \\ \hfill m& =& -2\hfill \\ \hfill b& =& -3\hfill\\\hfill y& =& \frac{1}{5}x-1\hfill \\ \hfill m& =& \frac{1}{5}\hfill \\ \hfill b& =& -1\hfill \end{array}]
 Since the slopes are different, the lines intersect.
 A system of equations whose graphs are intersect has 1 solution and is consistent and independent.
 
 
  
 
 Try It
  22) Without graphing, determine the number of solutions and then classify the system of equations.
 [image: \{\begin{array}{c}3x+2y=2\hfill \\ 2x+y=1\hfill \end{array}]
 
 Solution one solution, consistent, independent
   
 23) Without graphing, determine the number of solutions and then classify the system of equations.
 [image: \{\begin{array}{c}x+4y=12\hfill \\ -x+y=3\hfill \end{array}]
 
 Solution one solution, consistent, independent
  
 
 Example 4.1.11
  Without graphing, determine the number of solutions and then classify the system of equations. [image: \{\begin{array}{c}3x-2y=4\hfill \\ y=\frac{3}{2}x-2\hfill \end{array}]
 
 Solution Step 1: We will compare the slopes and intercepts of the two lines.
 [image: \{\begin{array}{c}3x-2y=4\hfill \\ y=\frac{3}{2}x-2\hfill \end{array}]
 Step 2: Write the first equation in slope-intercept form.
 [image: \begin{array}{ccc}\hfill 3x-2y& =\hfill & 4\hfill \\ \hfill -2y& =\hfill & -3x+4\hfill \\ \hfill \frac{-2y}{-2}& =\hfill & \frac{-3x+4}{-2}\hfill \\ \hfill y& =\hfill & \frac{3}{2}x-2\hfill \end{array}]
 Step 3: The second equation is already in slope-intercept form.
 [image: \begin{array}{c}\hfill y=\frac{3}{2}x-2\end{array}]
 Since the slopes are the same, they have the same slope and same [image: y]-intercept and so the lines are coincident.
 A system of equations whose graphs are coincident lines has infinitely many solutions and is consistent and dependent.
  
 
 Try It
  24) Without graphing, determine the number of solutions and then classify the system of equations.
 [image: \{\begin{array}{c}4x-5y=20\hfill \\ y=\frac{4}{5}x-4\hfill \end{array}]
 Solution infinitely many solutions, consistent, dependent
   
 25) Without graphing, determine the number of solutions and then classify the system of equations.
 [image: \{\begin{array}{c}-2x-4y=8\hfill \\ y=-\frac{1}{2}x-2\hfill \end{array}]
 Solution infinitely many solutions, consistent, dependent
  
 
 
 
 Solve Applications of Systems of Equations by Graphing
 We will use the same problem solving strategy we used in Math Models to set up and solve applications of systems of linear equations. We’ll modify the strategy slightly here to make it appropriate for systems of equations.
 HOW TO
 Use a problem solving strategy for systems of linear equations.
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose variables to represent those quantities.
 	Translate into a system of equations.
 	Solve the system of equations using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 Step 5 is where we will use the method introduced in this section. We will graph the equations and find the solution.
 Example 4.1.12
  Sondra is making [image: 10] quarts of punch from fruit juice and club soda. The number of quarts of fruit juice is [image: 4] times the number of quarts of club soda. How many quarts of fruit juice and how many quarts of club soda does Sondra need?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for the number of quarts of fruit juice and the number of quarts of club soda that Sondra will need.
 Step 3: Name what we are looking for. Choose variables to represent those quantities.
 Let [image: f=] number of quarts of fruit juice.
  Let [image: c=] number of quarts of club soda
 Step 4: Translate into a system of equations.
 
 [image: \text{The}\;\underbrace{\text{number of quarts of fruit juice}}_{f}\;\underbrace{\text{and}}_{+}\;\text{the}\;\underbrace{\text{number of quarts of club soda}}_{c}\;\underbrace{\text{is}\;10}_{=10}]
 [image: \text{The}\;\underbrace{\text{number of quarts of fruit juice}}_{f}\;\underbrace{\text{is}}_{=}\;\underbrace{\text{four times the number of quarts of club soda}}_{4c}]
 We now have the system. [image: \{\begin{array}{c}f+c=10\hfill \\ f=4c\hfill \end{array}]
 Step 5: Solve the system of equations using good algebra techniques.
 
 [image: This figure shows two equations and their graph. The first equation is f = 4c where b = 4 and b = 0. The second equation is f + c = 10. f = negative c +10 where b = negative 1 and b = 10. The x y coordinate plane shows a graph of these two lines which intersect at (2, 8).]Figure 4.1.14 The point of intersection [image: (2, 8)] is the solution. This means Sondra needs [image: 2] quarts of club soda and [image: 8] quarts of fruit juice.
 Step 6: Check the answer in the problem and make sure it makes sense.
 Does this make sense in the problem?
 Yes, the number of quarts of fruit juice, [image: 8] is [image: 4] times the number of quarts of club soda, [image: 2].
 Yes, [image: 10] quarts of punch is [image: 8] quarts of fruit juice plus [image: 2] quarts of club soda.
 Step 7: Answer the question with a complete sentence.
 Sondra needs [image: 8] quarts of fruit juice and [image: 2] quarts of soda.
 
 
  
 
 Try It
  26) Manny is making [image: 12] quarts of orange juice from concentrate and water. The number of quarts of water is [image: 3] times the number of quarts of concentrate. How many quarts of concentrate and how many quarts of water does Manny need?
 
 Solution Manny needs [image: 3] quarts juice concentrate and [image: 9] quarts water.
  27) Alisha is making an [image: 18] ounce coffee beverage that is made from brewed coffee and milk. The number of ounces of brewed coffee is [image: 5] times greater than the number of ounces of milk. How many ounces of coffee and how many ounces of milk does Alisha need?
 
 Solution Alisha needs [image: 15] ounces of coffee and [image: 3] ounces of milk.
  
 
 
 
 
 Access these online resources for additional instruction and practice with solving systems of equations by graphing.
 	Instructional Video Solving Linear Systems by Graphing
 	Instructional Video Solve by Graphing
 
 
 Key Concepts
  	To solve a system of linear equations by graphing 	Graph the first equation.
 	Graph the second equation on the same rectangular coordinate system.
 	Determine whether the lines intersect, are parallel, or are the same line.
 	Identify the solution to the system.
  If the lines intersect, identify the point of intersection. Check to make sure it is a solution to both equations. This is the solution to the system.
  If the lines are parallel, the system has no solution.
  If the lines are the same, the system has an infinite number of solutions.
 	Check the solution in both equations.
 
 
 
 
 	Determine the number of solutions from the graph of a linear system
 	Graph 	Number of solutions 
 	2 intersecting lines 	1 
 	Parallel lines 	None 
 	Same line 	Infinitely many 
  
 
 	Determine the number of solutions of a linear system by looking at the slopes and intercepts
 Number of Solutions of a Linear System of Equations 	Slopes 	Intercepts 	Type of Lines 	Number of Solutions 
 	Different 	 	Intersecting 	1 point 
 	Same 	Different 	Parallel 	No solution 
 	Same 	Same 	Coincident 	Infinitely many solutions 
  
 
 	Determine the number of solutions and how to classify a system of equations
 	Lines 	Intersecting 	Parallel 	Coincident 
 	Number of solutions 	1 point 	No colution 	Infinitely many 
 	Consistent/Inconsistent 	Consistent 	Inconsistent 	Consistent 
 	Dependent/Independent 	Independent 	Independent 	Dependent 
  
 
 	Problem Solving Strategy for Systems of Linear Equations 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose variables to represent those quantities.
 	Translate into a system of equations.
 	Solve the system of equations using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 
 
 
 Self Check
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2205#h5p-9 
 
 
 Glossary
  	coincident lines
 	Coincident lines are lines that have the same slope and same [image: y]-intercept.
 
 	consistent system
 	A consistent system of equations is a system of equations with at least one solution.
 
 	dependent equations
 	Two equations are dependent if all the solutions of one equation are also solutions of the other equation.
 
 	inconsistent system
 	An inconsistent system of equations is a system of equations with no solution.
 
 	independent equations
 	Two equations are independent if they have different solutions.
 
 	solutions of a system of equations
 	Solutions of a system of equations are the values of the variables that make all the equations true. A solution of a system of two linear equations is represented by an ordered pair [image: (x, y)].
 
 	system of linear equations
 	When two or more linear equations are grouped together, they form a system of linear equations.
 
 
 
 
	

			
			


		
	
		
			
	
		

		4.2 Solve Systems of Equations by Substitution

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve a system of equations by substitution
 	Solve applications of systems of equations by substitution
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify [image: -5(3-x)].
 2) Simplify [image: 4-2(n+5)].
 3) Solve for [image: y]: [image: 8y-8=32-2y].
 4) Solve for [image: x]: [image: 3x-9y=-3].
 
 
 
 Solving systems of linear equations by graphing is a good way to visualize the types of solutions that may result. However, there are many cases where solving a system by graphing is inconvenient or imprecise. If the graphs extend beyond the small grid with [image: x] and [image: y] both between [image: −10] and [image: 10], graphing the lines may be cumbersome. And if the solutions to the system are not integers, it can be hard to read their values precisely from a graph.
 In this section, we will solve systems of linear equations by the substitution method.
 Solve a System of Equations by Substitution
 We will use the same system we used first for graphing.
 [image: {\left\{\begin{array}{l}2x+y=7\\x-2y=6\end{array}\right.}]
 We will first solve one of the equations for either [image: x] or [image: y]. We can choose either equation and solve for either variable—but we’ll try to make a choice that will keep the work easy.
 Then we substitute that expression into the other equation. The result is an equation with just one variable—and we know how to solve those!
 After we find the value of one variable, we will substitute that value into one of the original equations and solve for the other variable. Finally, we check our solution and make sure it makes both equations true.
 We’ll fill in all these steps now in Example 4.2.1
 
 Example 4.2.1
  How to Solve a System of Equations by Substitution
 Solve the system by substitution. [image: {\left\{\begin{array}{l}2x+y=7\\x-2y=6\end{array}\right.}]
 
 Solution [image: This figure has three columns and six rows. The first row says, “Step 1: Solve one of the equations for either variable.” To the right of this, the middl row reads, “We’ll solve the first equation for y.” The third column shows the two equations: 2x + y = 7 and x – 2y = 6. It shows that 2x + y = 7 becomes y = 7 – 2x.]Figure 4.2.1 [image: The second row reads, “Step 2: Substitute the expression from Step 1 into the other equation.” Then, “We replace y in the second equation with the expression 7 – 2x.” It then shows the x – 2y = 6 becomes x – 2(7 – 2x) = 6.]Figure 4.2.2 [image: The third row says, “Step 3: Solve the resulting equation.” Then “Now we have an equation with just 1 variable. WE know how to solve this!” It then shows that x – 2(7 – 2x) = 6 becomes x – 14 + 4x = 6 which becomes 5x = 20. Thus x = 4.]Figure 4.2.3 [image: The fourth row says, “Step 4: Substitute the solution in Step 3 into one of the original quaitons to find the other variable.” Then, “We’ll use the first equation and replace x with 4.” Then it shows that 2x + y = 7 becomes 2(4) + y = 7. This becomes 8 + y = 7, and thus y = −1.]Figure 4.2.4 [image: The fifth row reads, “Step 5: Write the solution as an ordered pair.” Then “The ordered air is (x, y).” Then (4, −1).]Figure 4.2.5 [image: The sixth row reads, “Step 6: Check that the order pair is a solution to both original equations.” Then, “Substitute (4, −1) into both equations and make sure they are both true.” It then shows that 2x + y = 7 becomxe 2(4) + −1 = 7, and thus 7 = 7. It also shows that x – 2y = 6 becomes 4 – 2(−1) = 6, and thus 6−6. It also states, “Both equations are ture. (4, −1) is the solution to the system.”]Figure 4.2.6  
 
 
 
 Try It  
  5) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}-2x+y=-11\\x+3y=9\end{array}\right.}]
 
 Solution [image: (6,1)]
  
 
 6) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}x+3y=10\\4x+y=18\end{array}\right.}]
 
 Solution [image: (4,2)]
  
 
 
 
 
 
 
 HOW TO
 Solve a system of equations by substitution.
 	Solve one of the equations for either variable.
 	Substitute the expression from Step 1 into the other equation.
 	Solve the resulting equation.
 	Substitute the solution in Step 3 into one of the original equations to find the other variable.
 	Write the solution as an ordered pair.
 	Check that the ordered pair is a solution to both original equations.
 
 
 
 If one of the equations in the system is given in slope–intercept form, Step 1 is already done! We’ll see this in  Example 4.2.2
 
 
 
 Example 4.2.2
  Solve the system by substitution.
 
 
 [image: {\left\{\begin{array}{l}x+y=-1\\y=x+5\end{array}\right.}]
 Solution The second equation is already solved for [image: y]. We will substitute the expression in place of [image: y] in the first equation.
 
 The second equation is already solved for [image: y]. We will substitute into the first equation.
 [image: \begin{eqnarray*}\left\{\begin{array}{l}x\;+\;y\;=\;-1\\y\;=\;x\;+\;5\end{array}\right.\\\end{eqnarray*}]
 Step 1: Replace the [image: y] with [image: x + 5]
 [image: \begin{eqnarray*}y\;&=&\;{\color[rgb]{1.0, 0.0, 0.0}\boxed{x\;+\;5}}\\x\;+\;{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&\;-1\\x\;+{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}5}&=&-1\end{eqnarray*}]
 Step 2: Solve the resulting equation for [image: x]
 [image: \begin{eqnarray*}x\;+{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}5}\;&=&\;-1\\2x\;+\;5\;&=&\;-1\\2x\;&=&\;-6\end{eqnarray*}]
 Step 3: Substitute [image: x = −3] into [image: y = x + 5] to find [image: y]
 [image: \begin{align*}{\color[rgb]{1.0, 0.0, 0.0}x}&={\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\\ y\;&=\;{\color[rgb]{1.0, 0.0, 0.0}x}\;+\;5\\y\;&=\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}\;+\;5\\y&=\;2\end{align*}]
 The ordered pair is [image: (−3, 2)].
 Step 4: Check the ordered pair in both equations:
 	[image: \begin{align*}x+y&=-1\\-3+2&\overset?=-1\\-1&=-1\checkmark\end{align*}]
  	[image: \begin{align*}y&=x+5\\2&\overset?=-3+5\\2&=2\checkmark\end{align*}] 
  
 The solution is [image: (−3, 2)].
  
  
 
 
 
 
 
 Try It  
  7) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}x+y=6\\y=3x-2\end{array}\right.}]
 
 Solution [image: (2,4)]
  
 
 8) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}2x-y=1\\y=-3x-6\end{array}\right.}]
 
 Solution [image: (-1,-3)]
  
 
 
 
 
 
 
 If the equations are given in standard form, we’ll need to start by solving for one of the variables. In this next example, we’ll solve the first equation for [image: y].
 Example 4.2.3
  Solve the system by substitution.
 [image: {\left\{\begin{array}{l}3x+y=5\\2x+4y=-10\end{array}\right.}]
 
 Solution We need to solve one equation for one variable. Then we will substitute that expression into the other equation.
 
 Solve for [image: y]
 [image: 3x\;+\;y\;=\;5]
 Step 1: Substitute into the other equation.
 Step 2: Replace the [image: y] with [image: −3x + 5].
 [image: \begin{align*}3x+y&=5\\ y&=-3+5\\ 2x+4y&=-10\\ 2x+4(-3+5)&=-10\end{align*}]
 Step 3: Solve the resulting equation for [image: x].
 [image: \begin{eqnarray*}2x\;-\;12x\;+\;20\;&=&\;-10\\-10x\;+\;20\;&=&\;-10\\-10x\;&=&\;-30\\x\;&=&\;3\end{eqnarray*}]
 Step 4: Substitute [image: x = 3] into [image: 3x + y = 5] to find [image: y].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}&=&{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}3}\\3{\color[rgb]{1.0, 0.0, 0.0}x}\;+\;y\;&=&\;5\\3({\color[rgb]{1.0, 0.0, 0.0}3})\;+\;y\;&=&\;5\\9\;+\;y\;&=&\;5\\y\;&=&\;-4\end{eqnarray*}]
 The ordered pair is [image: (3, −4)].
 Step 5: Check the ordered pair in both equations:
 	[image: \begin{align*}3x+y&=5\\-3\times3+(-4)&\overset?=5\\9-4&\overset?=5\\5&=5\checkmark\end{align*}]
  	[image: \begin{align*}2x+4y&=-10\\2\times3+4(-4)&=-10\\6-16&\overset?=-10\\-10&=-10\checkmark\end{align*}]
  
  
 The solution is [image: (3, −4)].
  
 
 
 
 
 Try It  
  9) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}4x+y=2\\3x+2y=-1\end{array}\right.}]
 
 Solution [image: (1,-2)]
  
 
 10) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}-x+y=4\\4x-y=-2\end{array}\right.}]
 
 Solution [image: (2,6)]
  
 
 
 
 
 
 
 In Example 4.2.3 it was easiest to solve for [image: y] in the first equation because it had a coefficient of [image: 1]. In Example 4.2.4 it will be easier to solve for [image: x].
 Example 4.2.4
  Solve the system by substitution.
 [image: {\left\{\begin{array}{l}x-2y=-2\\3x+2y=34\end{array}\right.}]
 
 Solution We will solve the first equation for [image: x] and then substitute the expression into the second equation.
 [image: x\;-\;2y\;=\;-2]
 Step 1: Solve for [image: x].
 Step 2: Substitute into the other equation.
 Step 3: Replace the [image: x] with [image: 2y − 2].
 [image: \begin{eqnarray*}3{\color[rgb]{1.0, 0.0, 0.0}x}\;+\;2y\;&=&\;34\\3({\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}2})\;+\;2y\;&=&\;34\end{eqnarray*}]
 Step 4: Solve the resulting equation for [image: y].
 [image: \begin{eqnarray*}6y\;-\;6\;+\;2y\;&=&\;34\\8y\;-\;6\;&=&\;34\\8y\;&=&\;40\\y\;&=&\;5\end{eqnarray*}]
 Step 5: Substitute [image: y = 5] into [image: x − 2y = −2] to find [image: x].
 [image: \begin{eqnarray*}x\;-\;2{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&\;-2\\x\;-\;2\;\times\;{\color[rgb]{1.0, 0.0, 0.0}5}\;&=&\;-2\\x\;-\;10\;&=&\;-2\\x\;&=&\;8\\\end{eqnarray*}]
 The ordered pair is [image: (8, 5)].
 Step 6: Check the ordered pair in both equations:
 	[image: \begin{align*}x-2y&=-2\\8-2\times 5&\overset?=-2\\8-10&\overset?=-2\\-2&=-2\checkmark\end{align*}]
  	[image: \begin{align*}3x+2y&=34\\3\times8+2\times 5&\overset?=34\\24+10&\overset?=34\\34&=34\checkmark\end{align*}] 
  
 The solution is [image: (8, 5)].
  
 
 
 Try It
  11) Solve the system by substitution.
 [image: \left\{\begin{array}{l}x-5y=13\\4x-3y=1\end{array}\right.]
 
 Solution [image: (-2,-3)]
  
 
 12) Solve the system by substitution.
 [image: \left\{\begin{array}{l}x-6y=-6\\2x-4y=4\end{array}\right.]
 
 Solution [image: (6,2)]
  
 
 
 
 When both equations are already solved for the same variable, it is easy to substitute!
 
 
 Example 4.2.5
  Solve the system by substitution.
 [image: \left\{\begin{array}{l}y=-2x+5\\y=\frac12x\end{array}\right.]
 
 Solution Since both equations are solved for [image: y], we can substitute one into the other.
 Step 1: Substitute [image: \frac{1}{2}x] for [image: y] in the first equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&\;{\color[rgb]{1.0, 0.0, 0.0}\frac12}{\color[rgb]{1.0, 0.0, 0.0}x}\\{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&\;-2x\;+\;5\end{eqnarray*}]
 Step 2: Replace the [image: y] with [image: \frac{1}{2}x]
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}\frac12}{\color[rgb]{1.0, 0.0, 0.0}x}\;=\;-2x\;+\;5\\\end{eqnarray*}]
 Step 3: Solve the resulting equation. Start by clearing the fraction.
 [image: 2\left(\frac12x\right)\;=\;2\left(-2x\;+\;5\right)]
 Step 4: Solve for [image: x].
 [image: \begin{eqnarray*}x\;&=&\;-4x\;+\;10\\5x\;&=&\;10\\x\;&=&\;2\\\end{eqnarray*}]
 Step 5: Substitute [image: x = 2] into [image: y=\frac{1}{2}x] to find [image: y].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}x}\;&=&\;{\color[rgb]{1.0, 0.0, 0.0}2}\\y\;&=&\;\frac12{\color[rgb]{1.0, 0.0, 0.0}x}\\y\;&=&\;\frac12\;\times\;{\color[rgb]{1.0, 0.0, 0.0}2}\\y\;&=&\;1\end{eqnarray*}]
 The ordered pair is [image: (2,1)].
 Step 6: Check the ordered pair in both equations
 	[image: \begin{eqnarray*}y\;&=&\;\frac12x\\1\;&\overset?=&\;\frac12\times2\\1\;&=&\;1\;\checkmark\\\end{eqnarray*}]
  	[image: \begin{eqnarray*}y\;&=&\;-2x\;+\;5\\1\;&\overset?=&\;-2\;\times\;2\;+\;5\\1\;&=&\;1\;\checkmark\\\end{eqnarray*}] 
  
 The solution is [image: (2,1)].
  
 
 
 
 Try It
  13) Solve the system by substitution.
 [image: \left\{\begin{array}{l}x+y=6\\y=3x-2\end{array}\right.]
 
 Solution [image: (6,2)]
  
 
 14) Solve the system by substitution.
 [image: \left\{\begin{array}{l}4x-y=0\\2x-3y=5\end{array}\right.]
 
 Solution [image: (8,2)]
  
 
 
 
 
 
 
 Be very careful with the signs in the next example.
 Example 4.2.6
  Solve the system by substitution.
 [image: \left\{\begin{array}{l}4x+2y=4\\6x-y=8\end{array}\right.]
 
 Solution We need to solve one equation for one variable. We will solve the first equation for [image: y].
 [image: 4x\;+\;2y\;=\;4]
 Step 1: Solve the first equation for [image: y].
 [image: 2y\;=\;-4x\;+\;4]
 Step 2: Substitute [image: −2x + 2] for [image: y] in the second equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}2}\\6x\;-\;{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&\;8\end{eqnarray*}]
 Step 3: Replace the [image: y] with [image: −2x + 2].
 [image: 6x\;-\;({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}2})\;=\;8]
 Step 4: Solve the equation for [image: x].
 [image: \begin{eqnarray*}6x\;+\;2x\;-\;2\;&=&\;8\\8x\;-\;2\;&=&\;8\\8x\;&=&\;10\\x\;&=&\;\frac52\end{eqnarray*}]
 Step 5: Substitute [image: x=\frac{5}{4}] into [image: 4x + 2y = 4] to find [image: y].
 [image: \begin{eqnarray*}x\;&=&\;\frac52\\4{\color[rgb]{1.0, 0.0, 0.0}x}\;+\;2y\;&=&\;4\\4({\color[rgb]{1.0, 0.0, 0.0}\frac52})\;+\;2y\;&=&\;4\\5\;+\;2y\;&=&\;4\\2y\;&=&\;-1\\y\;&=&-\frac12\end{eqnarray*}]
 The ordered pair is [image: (\frac{5}{4},-\frac{1}{2})]
 Step 6: Check the ordered pair in both equations.
 	[image: \begin{eqnarray*}4x+2y&= 4\\4(\frac{5}{4}) + 2(-\frac{1}{2})&\overset?=4\\5 - 1&\overset?=4\\4&=4\checkmark\end{eqnarray*}]
  	[image: \begin{eqnarray*}6x\;-\;y\;&=&\;8\\6\left(\frac54\right)-\left(-\frac12\right)&\overset?=&8\\\frac{15}4-\left(-\frac12\right)\;&\overset?=&8\\\frac{16}2&\overset?=&8\\8&=&8\;\checkmark\end{eqnarray*}] 
  
 The solution is [image: (\frac{5}{4},-\frac{1}{2})]
  
 
 
 Try It
  15) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}3x+y=5\\2x+4y=-10\end{array}\right.}]
 
 Solution [image: (2,\frac{3}{2})]
  
 
 16) Solve the system by substitution.
 [image: {\left\{\begin{array}{l}4x-y=0\\2x-3y=5\end{array}\right.}]
 
 Solution [image: (-\frac{1}{2},-2)]
  
 
 
 
 
 
 
 In Example 4.2.7, it will take a little more work to solve one equation for [image: x] or [image: y].
 
 Example 4.2.7
  Solve the system by substitution.
 [image: \left\{\begin{array}{l}4x-3y=6\\15y-20x=-30\end{array}\right.]
 
 Solution We need to solve one equation for one variable. We will solve the first equation for [image: x].
 [image: \begin{eqnarray*}x\;&=&\;\frac52\\4x\;-\;3y\;&=&\;6\end{eqnarray*}]
 Step 1: Solve the first equation for [image: x].
 [image: 4x\;=\;3y\;+\;6]
 Step 2: Substitute [image: \frac{3}{4}y+\frac{3}{2}] for [image: x] in the second equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}x}\;&=&{\color[rgb]{1.0, 0.0, 0.0}\frac34}{\color[rgb]{1.0, 0.0, 0.0}y}+{\color[rgb]{1.0, 0.0, 0.0}\frac32}\\15y\;-\;20{\color[rgb]{1.0, 0.0, 0.0}x}&=&-30\end{eqnarray*}]
 Step 3: Replace the [image: x] with [image: \frac{3}{4}y+\frac{3}{2}]
 [image: 15y\;-\;20{\color[rgb]{1.0, 0.0, 0.0}\left(\frac34y\;+\;\frac32\right)}\;=\;-30]
 Step 4: Solve for [image: y].
 [image: \begin{eqnarray*}15y\;-\;15y\;-\;30\;&=&\;-30\\0\;-\;30\;&=&\;-30\\0\;&=&\;0\end{eqnarray*}]
 Since [image: 0 = 0] is a true statement, the system is consistent. The equations are dependent. The graphs of these two equations would give the same line. The system has infinitely many solutions.
  
 
 
 Try It
  17) Solve the system by substitution.
 [image: \left\{\begin{array}{l}2x-3y=12\\-12y+8x=48\end{array}\right.]
 
 Solution Infinitely many solutions.
  
 
 18) Solve the system by substitution.
 [image: \left\{\begin{array}{l}5x+2y=12\\-4y-10x=-24\end{array}\right.]
 
 Solution Infinitely many solutions.
  
 
 
 
 
 
 
 Look back at the equations in Example 4.2.7. Is there any way to recognize that they are the same line?
 Let’s see what happens in the next example.
 Example 4.2.8
  Solve the system by substitution.
 [image: \left\{\begin{array}{l}5x-2y=-10\\y=\frac52x\end{array}\right.]
 
 Solution The second equation is already solved for [image: y], so we can substitute for [image: y] in the first equation.
 Step 1: Substitute [image: x] for [image: y] in the first equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}y}\;&=&{\color[rgb]{1.0, 0.0, 0.0}\frac52}{\color[rgb]{1.0, 0.0, 0.0}x}\\5x-2{\color[rgb]{1.0, 0.0, 0.0}y}&=&-10\end{eqnarray*}]
 Step 2: Replace the [image: y] with [image: \frac{5}{2}x].
 [image: 5x\;-\;2{\color[rgb]{1.0, 0.0, 0.0}\left(\frac52x\right)}\;=\;-10]
 Step 3: Solve for [image: x].
 [image: \begin{eqnarray*}5x\;-\;5x\;&=&\;-10\\0\;&\neq&\;-10\end{eqnarray*}]
 Since [image: 0 = −10] is a false statement the equations are inconsistent. The graphs of the two equation would be parallel lines. The system has no solutions.
  
 
 
 Try It
  19) Solve the system by substitution.
 [image: \left\{\begin{array}{l}3x+2y=9\\y=-\frac32x+1\end{array}\right.]
 
 Solution No solution.
  
 
 20) Solve the system by substitution.
 [image: \left\{\begin{array}{l}5x-3y=2\\y=\frac53x-4\end{array}\right.]
 
 Solution No solution.
  
 
 
 
 
 Solve Applications of Systems of Equations by Substitution
 
 
 
 
 We’ll copy here the problem solving strategy we used in the Solving Systems of Equations by Graphing section for solving systems of equations. Now that we know how to solve systems by substitution, that’s what we’ll do in Step 5:
 How to use a problem solving strategy for systems of linear equations.
 How To:
 How to use a problem-solving strategy for systems of linear equations.
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose variables to represent those quantities.
 	Translate into a system of equations.
 	Solve the system of equations using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 Some people find setting up word problems with two variables easier than setting them up with just one variable. Choosing the variable names is easier when all you need to do is write down two letters. Think about this in the next example—how would you have done it with just one variable?
 
 Example 4.2.9
  The sum of two numbers is zero. One number is nine less than the other. Find the numbers.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for two numbers.
 Step 3: Name what we are looking for.
 Let [image: n=] the first number
 Let [image: m=] the second number
 Step 4: Translate into a system of equations.
 The sum of two numbers is zero.
 [image: n\;+\;m\;=\;0]
 One number is nine less than the other.
 [image: n\;=\;m\;-\;9]
 The system is:
 [image: \left\{\begin{array}{l}n+m=0\\n=m-9\end{array}\right.]
 Step 5: Solve the system of equations.
 We will use substitution since the second equation is solved for [image: n].
 Substitute [image: m − 9] for [image: n] in the first equation.
 [image: n-m-9 n+m=0]Figure 4.2.7 Solve for [image: m].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}m}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}9}+m&=&0\\2m-9&=&0\\2m&=&9\end{eqnarray*}]
 Substitute [image: m=\frac{9}{2}] into the second equation and then solve for [image: n].
 [image: m=9/2 n=m-9]Figure 4.2.8 [image: \begin{eqnarray*}m&=&{\color[rgb]{1.0, 0.0, 0.0}\frac92}-9\\m&=&\frac92-\frac{18}2\\n&=&-\frac92\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 Do these numbers make sense in the problem? We will leave this to you!
 Step 7: Answer the question.
 The numbers are [image: \frac{9}{2}] and [image: -\frac{9}{2}]
  
 
 
 Try It
  21) The sum of two numbers is [image: 10]. One number is [image: 4] less than the other. Find the numbers.
 
 Solution The numbers are [image: 3] and [image: 7].
  
 
 22) The sum of two number is [image: −6]. One number is [image: 10] less than the other. Find the numbers.
 
 Solution The numbers are [image: 2] and [image: −8].
  
 
 
 
 In the Example 4.2.10, we’ll use the formula for the perimeter of a rectangle, [image: P=2L+2W].
 Example 4.2.10
  The perimeter of a rectangle is [image: 88]. The length is five more than twice the width. Find the length and the width.
 
 Solution Step 1: Read the problem.
 [image: Horizontal rectangle. Letter W on the left side. Letter L on the bottom side.]Figure 4.2.9 Step 2: Identify what you are looking for.
 We are looking for the length and width.
 Step 3: Name what we are looking for.
 Let [image: L] = the length
 Let [image: W] = the width
 Step 4: Translate into a system of equations.
 The perimeter of a rectangle is [image: 88].
 [image: 2L+2W=P]
 [image: 2L+2W=88]
 The length is five more than twice the width.
 [image: L=2W+5]
 The system is:
 [image: \left\{\begin{array}{l}2L+2W=88\\L=2W+5\end{array}\right.]
 Step 5: Solve the system of equations.
 We will use substitution since the second equation is solved for [image: L].
 Substitute [image: 2W + 5] for [image: L] in the first equation.
 [image: L=2W+5 2L+2W=88]Figure 4.2.10 Solve for [image: W].
 [image: \begin{align*}2({\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}W}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}5})+2W&=88\\4W+10+2W&=88\\6W+10&=88\\6W&=78\end{align*}]
 Substitute [image: W = 13] into the second equation and then solve for [image: L].
 [image: W=13 L=2W+5]Figure 4.2.11 [image: \begin{align*}L&=2\times13+5\\L&=31\end{align*}]
 Step 6: Check the answer in the problem.
 Does a rectangle with length [image: 31] and width [image: 13] have perimeter [image: 88]? Yes.
 Step 7: Answer the equation.
 The length is [image: 31] and the width is [image: 13].
  
 
 
 
 
 
 Try It
  23) The perimeter of a rectangle is [image: 40]. The length is [image: 4] more than the width. Find the length and width of the rectangle.
 
 Solution The length is [image: 12] and the width is [image: 8].
  
 
 24) The perimeter of a rectangle is [image: 58]. The length is [image: 5] more than three times the width. Find the length and width of the rectangle.
 
 Solution The length is [image: 23] and the width is [image: 6].
  
 
 
 
 
 
 
 For Example 4.2.11, we need to remember that the sum of the measures of the angles of a triangle is [image: 180] degrees and that a right triangle has one [image: 90] degree angle.
 Example 4.2.11
  The measure of one of the small angles of a right triangle is ten more than three times the measure of the other small angle. Find the measures of both angles.
 
 Solution We will draw and label a figure.
 
 Step 1: Read the problem.
 [image: Right Angle Triangle with the letter A in the top-left corner and the letter B in the lower-right corner. Right angle is lower-left.]Figure 4.2.12 Step 2: Identify what you are looking for.
 We are looking for the measures of the angles.
 Step 3: Name what we are looking for.
 Let [image: a=] the measure of the 1st angle.
 Let [image: b=] the measure of the 2nd angle.
 Step 4: Translate into a system of equations.
 The measure of one of the small angles of a right triangle is ten more than three times the measure of the other small angle.
 [image: a=3b+10]
 The sum of the measures of the angles of a triangle is [image: 180].
 [image: a+b+90=180]
 The system is:
 [image: \left\{\begin{array}{l}a=3b+10\\a+b+90=180\end{array}\right.]
 Step 5: Solve the system of equations.
 We will use substitution since the first equation is solved for [image: a].
 [image: a=3b+10 a+b+90=180]Figure 4.2.13 Substitute [image: 3b + 10] for [image: a] in the second equation.
 [image: ({\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}10})+b+90=180]
 Solve for [image: b].
 [image: \begin{align*}4b+100&=180\\4b&=80\end{align*}]
 [image: b=20 a=3b+10]Figure 4.2.14 Substitute [image: b = 20] into the first equation and then solve for [image: a].
 [image: \begin{align*}a&=3\times{\color[rgb]{1.0, 0.0, 0.0}20}+10\\a&=70\end{align*}]
 Step 6: Check the answer in the problem.
 We will leave this to you!
 Step 7: Answer the question.
 The measures of the small angles are [image: 20] and [image: 70].
  
 
 
 Try It
  25) The measure of one of the small angles of a right triangle is [image: 2] more than [image: 3] times the measure of the other small angle. Find the measure of both angles.
 
 Solution The measure of the angles are [image: 22] degrees and [image: 68] degrees.
  
 
 26) The measure of one of the small angles of a right triangle is [image: 18] less than twice the measure of the other small angle. Find the measure of both angles.
 
 Solution The measure of the angles are [image: 36] degrees and [image: 54] degrees.
  
 
 
 
 Example 4.2.12
  Heather has been offered two options for her salary as a trainer at the gym. Option A would pay her [image: $25,000] plus [image: $15] for each training session. Option B would pay her [image: $10,000 + $40] for each training session. How many training sessions would make the salary options equal?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what you are looking for.
 We are looking for the number of training sessions that would make the pay equal.
 Step 3: Name what we are looking for.
 Let [image: s=] Heather’s salary.
 Let [image: n=]the number of training sessions
 Step 4: Translate into a system of equations.
 Option A would pay her [image: $25,000] plus [image: 15] for each training session.
 [image: s=25,000+15n]
 Option B would pay her [image: $10,000 + $40] for each training session
 [image: s=10,000+40n]
 The system is:
 [image: \left\{\begin{array}{l}s&=25,000+15n\\s&=10,000+40n\end{array}\right.]
 Step 5: Solve the system of equations.
 We will use substitution.
 [image: s=25,000+15n s=10,000+40n]Figure 4.2.15 Substitute [image: 25,000 + 15n] for [image: s] in the second equation.
 [image: {\color[rgb]{1.0, 0.0, 0.0}25,000}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}15}{\color[rgb]{1.0, 0.0, 0.0}n}=10,000+40n]
 Solve for [image: n].
 [image: \begin{align*}25,000&=10,000+25n\\15,000&=25n\\600&=n\end{align*}]
 Step 6: Check the answer.
 Are [image: 600] training sessions a year reasonable?
 Are the two options equal when [image: n = 600]?
 Step 7: Answer the question.
 The salary options would be equal for [image: 600] training sessions.
  
 
 
 
 
 
 Try It
  27) Geraldine has been offered positions by two insurance companies. The first company pays a salary of [image: $12,000] plus a commission of [image: $100] for each policy sold. The second pays a salary of [image: $20,000] plus a commission of [image: $50] for each policy sold. How many policies would need to be sold to make the total pay the same?
 
 Solution There would need to be [image: 160] policies sold to make the total pay the same.
  
 
 28) Kenneth currently sells suits for company A at a salary of [image: $22,000] plus a [image: $10] commission for each suit sold. Company B offers him a position with a salary of [image: $28,000] plus a [image: $4] commission for each suit sold. How many suits would Kenneth need to sell for the options to be equal?
 
 Solution Kenneth would need to sell [image: 1,000] suits.
  
 
 
 
 
 Access these online resources for additional instruction and practice with solving systems of equations by substitution.
 
 
 
 Instructional Video-Solve Linear Systems by Substitution
 Instructional Video-Solve by Substitution
 
 
 
 
 
 Key Concepts
  	Solve a system of equations by substitution 	Solve one of the equations for either variable.
 	Substitute the expression from Step 1 into the other equation.
 	Solve the resulting equation.
 	Substitute the solution in Step 3 into one of the original equations to find the other variable.
 	Write the solution as an ordered pair.
 	Check that the ordered pair is a solution to both original equations.
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2314#h5p-10 
 
 b. After reviewing this checklist, what will you do to become confident for all objectives?
 
 
 
	

			
			


		
	
		
			
	
		

		4.3 Solve Systems of Equations by Elimination

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve a system of equations by elimination
 	Solve applications of systems of equations by elimination
 	Choose the most convenient method to solve a system of linear equations
 
 
 
 Try It
  Before you get started, take this readiness quiz.
 1) Simplify [image: -5\left(6-3a\right)].
 2) Solve the equation [image: \frac{1}{3}x+\frac{5}{8}=\frac{31}{24}].
 
 
 
 We have solved systems of linear equations by graphing and by substitution. Graphing works well when the variable coefficients are small and the solution has integer values. Substitution works well when we can easily solve one equation for one of the variables and not have too many fractions in the resulting expression.
 The third method of solving systems of linear equations is called the Elimination Method. When we solved a system by substitution, we started with two equations and two variables and reduced it to one equation with one variable. This is what we’ll do with the elimination method, too, but we’ll have a different way to get there.
 Solve a System of Equations by Elimination
 The Elimination Method is based on the Addition Property of Equality. The Addition Property of Equality says that when you add the same quantity to both sides of an equation, you still have equality. We will extend the Addition Property of Equality to say that when you add equal quantities to both sides of an equation, the results are equal.
 For any expressions [image: a], [image: b], [image: c], and [image: d],
 [image: \begin{array}{cccc}\text{if}& a& =& b\\ \text{and}& c& =& d\\ \text{then}& a+c& =& b+d\end{array}]
 To solve a system of equations by elimination, we start with both equations in standard form. Then we decide which variable will be easiest to eliminate. How do we decide? We want to have the coefficients of one variable be opposites, so that we can add the equations together and eliminate that variable.
 Notice how that works when we add these two equations together:
 [image: \begin{array}{r}3x+y&=&5\\2x-y&=&0\\\hline5x&=&5\end{array}]
 The [image: y]’s add to zero and we have one equation with one variable.
 Let’s try another one:
 [image: \begin{array}{c}x+4y&=&2\\2x+5y&=&-2\end{array}]
 This time we don’t see a variable that can be immediately eliminated if we add the equations.
 But if we multiply the first equation by [image: −2], we will make the coefficients of [image: x] opposites. We must multiply every term on both sides of the equation by [image: −2].
 [image: \begin{eqnarray*}-2(x+4y)&=&-2(2)\\2x+5y&=&-2\\-2x-8y&=&-4\\2x+5y&=&-2\end{eqnarray*}]
 Now we see that the coefficients of the [image: x] terms are opposites, so [image: x] will be eliminated when we add these two equations.
 Add the equations yourself—the result should be [image: −3y =−6]. And that looks easy to solve, doesn’t it? Here is what it would look like.
 
 [image: \begin{array}{c} \Bigg\{ \begin{array}{c} \phantom{}-2x-8y=-4 \\ \underline{\text{}}{\rule{1em}{0ex}}{2x+5y=-2} \\ \rule{3cm}{0.2mm} \end{array}\\ -3y=-6 \end{array}]
 We’ll do one more:
 [image: \begin{array}{c}4x-3y&=&10\\3x+5y&=&-7\end{array}]
 It doesn’t appear that we can get the coefficients of one variable to be opposites by multiplying one of the equations by a constant, unless we use fractions. So instead, we’ll have to multiply both equations by a constant.
 We can make the coefficients of [image: x] be opposites if we multiply the first equation by [image: 3] and the second by [image: −4], so we get [image: 12x] and [image: −12x].
 [image: \begin{eqnarray*}(4x-3y)&=&3(10)\\-4(3x+5y)&=&-4(-7)\end{eqnarray*}]
 This gives us these two new equations:
 [image: \begin{eqnarray*}12x-9y&=&30\\-12x+20y&=&28\end{eqnarray*}]
 
 
 When we add these equations,
 
 [image: \begin{array}{r}12x-9y=30\\-12x+20y=28\\\hline-29=58\end{array}]
 the [image: x]’s are eliminated and we just have [image: −29y=58].
 Once we get an equation with just one variable, we solve it. Then we substitute that value into one of the original equations to solve for the remaining variable. And, as always, we check our answer to make sure it is a solution to both of the original equations.
 Now we’ll see how to use elimination to solve the same system of equations we solved by graphing and by substitution.
 Example 4.3.1
  How to Solve a System of Equations by Elimination
 Solve the system by elimination.
 [image: \begin{array}{c}2x+y=7\\x-2y=6\end{array}]
 
 Solution 
 [image: This figure has seven rows and three columns. The first row reads, “Step 1: Write both equations in standard form. If any coefficients are fractions, clear them.” It also says, “Both equations are in standard form, A x + B y = C. There are no fractions.” It also gives the two equations as 2x + y = 7 and x – 2y = 6.]Figure 4.3.1 [image: The second row reads, “Step 2: Make the coefficients of one variable opposites. Decide which variable you will eliminate. Multiply one or both equations so that the coefficients of that variable are opposites.” It also says, “We can eliminate the y’s by multiplying the first equation by 2. Multiply both sides of 2x + y = 7 by 2.” It also shows the steps with equations. Initially the equations are ex + y = 7 and x – 2y = 6. Then they become 2(2x + y) = 2 times 7 and x – 2y = 6. They then become 4x + 2y = 14 and x – 2y = 6.]Figure 4.3.2 [image: The third row says, “Step 3: Add the equations resulting from step 2 to eliminate one variable.” It also says, “We add the x’s, y’s, and constants.” It then gives the equation as 5x = 20.]Figure 4.3.3 [image: The fourth row says, “Step 4: Solve for the remaining variable.” It also says, “Solve for x.” It gives the equation as x = 4.]Figure 4.3.4 [image: The fifth row says, “Step 5: Substitute the solution from Step 4 into one of the original equations. Then solve for the other variable.” It also says, “Substitute x = 4 into the second equation, x – 2y = 6. Then solve for y.” It then gives the equations as x – 2y = 6 which becomes 4 – 2y = 6. This is then −2y = 2, and thus, y = −1.]Figure 4.3.5 [image: The sixth row says, “Step 6: Write the solution as an order pair.” It also says, “Write it as (x, y).” It gives the ordered pair as (4, −1).]Figure 4.3.6 [image: The seventh row says, “Step 7: Check that the ordered pair is a solution to both original equations.” It also says, “Substitute (4, −1) into 2x + y = 7 and x – 2y = 6. Do they make both equations true? Yes!” It then gives the equations. 2x + y = 7 becomes 2 times 4 + −1 = 7 which is 7 = 7. x – 2y = 6 becomes 4 – 2 times −1 = 6 which is 6 = 6. The row then says, “The solution is (4, −1).”]Figure 4.3.7  
 
 
 
 Try It
  3) Solve the system by elimination.
 [image: \begin{eqnarray*}3x+y&=&5\\2x-3y&=&7\end{eqnarray*}]
 Solution [image: \left(2,-1\right)]
  
 
 
 4) Solve the system by elimination.
 [image: \begin{eqnarray*}4x+y&=&-5\\-2x-2y&=&-2\end{eqnarray*}]
 
 Solution [image: \left(-2,3\right)]
  
 
 
 
 HOW TO
 How to solve a system of equations by elimination.
 	Write both equations in standard form. If any coefficients are fractions, clear them.
 	Make the coefficients of one variable opposites. 	Decide which variable you will eliminate.
 	Multiply one or both equations so that the coefficients of that variable are opposites.
 
 
 	Add the equations resulting from Step 2 to eliminate one variable.
 	Solve for the remaining variable.
 	Substitute the solution from Step 4 into one of the original equations. Then solve for the other variable.
 	Write the solution as an ordered pair.
 	Check that the ordered pair is a solution to both original equations.
 
 
 
 First we’ll do an example where we can eliminate one variable right away.
 Example 4.3.2
  Solve the system by elimination.
 [image: \begin{array}{c}x+y=10\\ x-y=12\end{array}]
 
 Solution [image: \left\{\begin{array}{l}x+y=10\\x-y=12\end{array}\right.]
 Both equations are in standard form.
 The coefficients of [image: y] are already opposites.
 Step 1: Add the two equations to eliminate [image: y].
 The resulting equation has only 1 variable, [image: x].
 [image: \begin{array}{r}\left\{\begin{array}{l}x+y&=&10\\x-y&=&12\end{array}\right.\\\hline&2x=22&\end{array}]
 Step 2: Solve for [image: x], the remaining variable.
 Step 3: Substitute [image: x = 11] into one of the original equations.
 [image: x=11 x+y=10]Figure 4.3.8 [image: {\color[rgb]{1.0, 0.0, 0.0}11}+y=10]
 Step 4: Solve for the other variable, [image: y].
 [image: y=-1]
 Step 5: Write the solution as an ordered pair.
 The ordered pair is [image: (11,−1)].
 Step 6. Check that the ordered pair is a solution to both original equations.
 [image: \begin{eqnarray*}\text{Equation 1:}\;x\;+\;y\;&=&\;10\\11+(-1)&\overset?=&10\\10&=&10\;\checkmark\\\\\text{Equation 2:}\;x-y&=&12\\11-(-1)&\overset?=&12\\12&=&12\;\checkmark\end{eqnarray*}]
 The solution is [image: (11,−1)].
 
  
 
 
 Try It
  5) Solve the system by elimination.
 [image: \begin{eqnarray*}2x+y&=&5\\x-y&=&4\end{eqnarray*}]
 Solution [image: \left(3,-1\right)]
  
 
 
 6) Solve the system by elimination.
 [image: \begin{eqnarray*}x+y&=&3\\-2x-y&=&-1\end{eqnarray*}]
 
 Solution [image: \left(-2,5\right)]
  
 
 
 
 
 In Example 4.3.3, we will be able to make the coefficients of one variable opposites by multiplying one equation by a constant.
 Example 4.3.3
  Solve the system by elimination.
 [image: \begin{array}{c}3x-2y=-2\\ 5x-6y=10\end{array}]
 
 Solution [image: \left\{\begin{array}{l}3x-2y=-2\\5x-6y=10\end{array}\right.]
 Both equations are in standard form.
 None of the coefficients are opposites.
 Step 1: We can make the coefficients of [image: y] opposites by multiplying the first equation by [image: −3].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}(3x-2y)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}(-2)\\5x-6y=10\end{array}\right.]
 Step 2: Simplify.
 [image: \left\{\begin{array}{l}-9x+6y=6\\5x-6y=10\end{array}\right.]
 Step 3: Add the two equations to eliminate [image: y].
 [image: \begin{array}{r}\left\{\begin{array}{l}-9x+6y=6\\5x-6y=10\end{array}\right.\\\hline&-4x=16&\end{array}]
 Step 4: Solve for the remaining variable, [image: x].
 Step 5: Substitute [image: x=−4] into one of the original equations.
 [image: x=-4 3x-2y=-2]Figure 4.3.9 [image: 3({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4})-2y=-2]
 Step 6: Solve for [image: y].
 [image: \begin{eqnarray*}-12-2y&=&-2\\-2y&=&10\\y&=&-5\end{eqnarray*}]
 Step 7: Write the solution as an ordered pair.
 The ordered pair is [image: (−4, −5)].
 Step 8: Check that the ordered pair is a solution to both original equations.
 [image: \begin{eqnarray*}\text{Equation 1:}\;3x-2y&=&-2\\3(-4)-2(-5)&\overset?=&-2\\-12+10&\overset?=&-2\\-2&=&-2\;\checkmark\\\\\text{Equation 2:}\;5x-6y&=&10\\3(-4)-6(-5)&\overset?=&10\\-20+30&\overset?=&10\\10&=&10\checkmark\end{eqnarray*}]
 The solution is [image: (−4, −5)].
  
 
 
 Try It
  7) Solve the system by elimination.
 [image: \begin{eqnarray*}4x-3y&=&1\\5x-9y&=&-4\end{eqnarray*}]
 
 Solution [image: \left(1,1\right)]
  
 
 
 8) Solve the system by elimination.
 [image: \begin{eqnarray*}3x+2y&=&2\\6x+5y&=&8\end{eqnarray*}]
 
 Solution [image: \left(-2,4\right)]
  
 
 
 
 
 Now we’ll do an example where we need to multiply both equations by constants in order to make the coefficients of one variable opposites.
 Example 4.3.4
  Solve the system by elimination. [image: \begin{array}{c}4x-3y=9\\ 7x+2y=-6\end{array}]
 
 Solution In this example, we cannot multiply just one equation by any constant to get opposite coefficients. So we will strategically multiply both equations by a constant to get the opposites.
 
 [image: \left\{\begin{array}{l}4x-3y=9\\7x+2y=-6\end{array}\right.]
 Step 1: Both equations are in standard form. To get opposite coefficients of [image: y], we will multiply the first equation by [image: 2] and the second equation by [image: 3].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}(3x-2y)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}3}(-2)\\5x-6y=10\end{array}\right.]
 Step 2: Simplify.
 [image: \left\{\begin{array}{l}8x-6y=18\\21x+6y=-18\end{array}\right.]
 Step 3: Add the two equations to eliminate [image: y].
 [image: \begin{array}{r}\left\{\begin{array}{l}8x-6y=18\\21x+6y=-18\end{array}\right.\\\hline39x=0\end{array}]
 Step 4: Solve for [image: x].
 Step 5: Substitute [image: x = 0] into one of the original equations.
 [image: x=0 7x+2y=-6]Figure 4.3.10 [image: 7\times{\color[rgb]{1.0, 0.0, 0.0}0}+2y=-6]
 Step 6: Solve for [image: y].
 [image: 2y=-6]
 [image: y=-3]
 Step 7: Write the solution as an ordered pair.
 The ordered pair is [image: (0, −3)].
 Step 8: Check that the ordered pair is a solution to both original equations.
 [image: \begin{array}{cccc}\begin{array}{ccc}4x-3y& =& 9\\ 4\left(0\right)-3\left(-3\right)& \stackrel{?}{=}& 9\\ 9& =& 9✓\end{array}& & & \begin{array}{ccc}7x+2y& =& -6\\ 7\left(0\right)+2\left(-3\right)& \stackrel{?}{=}& -6\\ -6& =& -6✓\end{array}\end{array}]
 The solution is [image: (0, −3)].
 What other constants could we have chosen to eliminate one of the variables? Would the solution be the same?
  
 
 
 Try It
  9) Solve the system by elimination.
 [image: \begin{eqnarray*}{c}3x-4y&=&-9\\ 5x+3y&=&14\end{eqnarray*}]
 
 Solution [image: \left(1,3\right)]
  
 
 
 10) Solve the system by elimination.
 [image: \begin{eqnarray*}{c}7x+8y&=&4\\ 3x-5y&=&27\end{eqnarray*}]
 
 Solution [image: \left(4,-3\right)]
  
 
 
 
 
 When the system of equations contains fractions, we will first clear the fractions by multiplying each equation by its LCD.
 Example 4.3.5
  Solve the system by elimination.
 [image: \begin{array}{c}x+\frac{1}{2}y=6\\ \frac{3}{2}x+\frac{2}{3}y=\frac{17}{2}\end{array}]
 
 Solution In this example, both equations have fractions. Our first step will be to multiply each equation by its LCD to clear the fractions.
 
 [image: \left\{\begin{array}{l}x+\frac12y=6\\\frac32x+\frac23y=\frac{17}2\end{array}\right.]
 Step 1: To clear the fractions, multiply each equation by its LCD.
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}2}(x+\frac12y)={\color[rgb]{1.0, 0.0, 0.0}2}(6)\\{\color[rgb]{1.0, 0.0, 0.0}6}(\frac32x+\frac23y)={\color[rgb]{1.0, 0.0, 0.0}6}(\frac{17}2)\end{array}\right.]
 Step 2: Simplify.
 [image: \left\{\begin{array}{l}2x+y=12\\9x+4y=51\end{array}\right.]
 Now we are ready to eliminate one of the variables. Notice that both equations are in standard form.
 Step 3: We can eliminate [image: y] multiplying the top equation by [image: −4].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}(2x+y)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}(12)\\9x+4y=51\end{array}\right.]
 Step 4: Simplify and add.
 Step 5: Substitute [image: x = 3] into one of the original equations.
 [image: -8x-4y=-48 9x+4y=51 ---------- x=3 x+1/2y=6]Figure 4.3.11 Step 6: Solve for [image: y].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}3}+\frac12y&=&6\\\frac12y&=&3\\y&=&6\end{eqnarray*}]
 Step 7: Write the solution as an ordered pair.
 The ordered pair is [image: (3, 6)].
 Step 8: Check that the ordered pair is a solution to both original equations.
 [image: \begin{eqnarray*}\text{Equation 1:}\;x+\frac12y=6\\3+\frac12(6)\overset?=6\\3+3=6\\6=6\\\text{Equation 2:}\;\frac32x+\frac23y=\frac{17}2\\ \frac32(3)+\frac23(6)\overset?=\frac{17}2\\ \frac92+4\overset?=\frac{17}2\\ \frac92+\frac82\overset?=\frac{17}2\\ \frac{17}2=\frac{17}2\\\end{eqnarray*}]
 The solution is [image: (3, 6)].
  
 
 
 Try It
  11) Solve the system by elimination.
 [image: \begin{eqnarray*}\frac{1}{3}x-\frac{1}{2}y&=&1\\ \frac{3}{4}x-y&=&\frac{5}{2}\end{eqnarray*}]
 
 Solution [image: \left(6,2\right)]
  
 
 
 12) Solve the system by elimination.
 [image: \begin{eqnarray*}x+\frac{3}{5}y&=&-\frac{1}{5}\\ -\frac{1}{2}x-\frac{2}{3}y&=&\frac{5}{6}\end{eqnarray*}]
 
 Solution [image: \left(1,-2\right)]
  
 
 
 
 
 In the Solving Systems of Equations by Graphing we saw that not all systems of linear equations have a single ordered pair as a solution. When the two equations were really the same line, there were infinitely many solutions. We called that a consistent system. When the two equations described parallel lines, there was no solution. We called that an inconsistent system.
 Example 4.3.6
  Solve the system by elimination. [image: \begin{eqnarray*}3x+4y&=&12\\ y&=&3-\frac{3}{4}x\end{eqnarray*}]
 
 Solution [image: \begin{eqnarray*}\left\{\begin{array}{l}23x+4y=12\\y=3-\frac34x\end{array}\right.\end{eqnarray*}]
 Step 1: Write the second equation in standard form.
 [image: \begin{eqnarray*}\left\{\begin{array}{l}23x+4y=12\\y=3-\frac34x\end{array}\right.\end{eqnarray*}]
 Step 2: Clear the fractions by multiplying the second equation by [image: 4].
 [image: \begin{eqnarray*}\left\{\begin{array}{l}3x+4y=12\\{\color[rgb]{1.0, 0.0, 0.0}4}\left(\frac34x+y\right)={\color[rgb]{1.0, 0.0, 0.0}4}(3)\end{array}\right.\end{eqnarray*}]
 Step 3: Simplify.
 [image: \begin{eqnarray*}\left\{\begin{array}{l}3x+4y=12\\3x+4y=12\end{array}\right.\\\end{eqnarray*}]
 Step 4: To eliminate a variable, we multiply the second equation by [image: -1].
 Step 5: Simplify and add.
 [image: \begin{eqnarray*}\left\{\begin{array}{l}3x+4y=12\\\underline{-3x-4y=12}\end{array}\right.\\0=0\\\end{eqnarray*}]
 This is a true statement. The equations are consistent but dependent. Their graphs would be the same line. The system has infinitely many solutions.
 After we cleared the fractions in the second equation, did you notice that the two equations were the same? That means we have coincident lines.
  
 
 
 Try It
  13) Solve the system by elimination.
 [image: \begin{eqnarray*}5x-3y&=&15\\ y&=&-5+\frac{5}{3}x\end{eqnarray*}]
 
 Solution Infinitely many solutions.
  
 
 
 14) Solve the system by elimination.
 [image: \begin{eqnarray*}x+2y&=&6\\ y&=&-\frac{1}{2}x+3\end{eqnarray*}]
 
 Solution Infinitely many solutions.
  
 
 
 
 
 Example 4.3.7
  Solve the system by elimination. [image: \begin{eqnarray*}-6x+15y&=&10\\ 2x-5y&=&-5\end{eqnarray*}]
 
 Solution Step 1: The equations are in standard form.
 [image: \left\{\begin{array}{l}-6x+15y=10\\2x-5y=-5\end{array}\right.]
 Step 2: Multiply the second equation by [image: 3] to eliminate a variable.
 [image: \left\{\begin{array}{l}-6x+15y=10\\{\color[rgb]{1.0, 0.0, 0.0}3}(2x-5y)={\color[rgb]{1.0, 0.0, 0.0}3}(-5)\end{array}\right.]
 Step 3: Simplify and add.
 [image: \begin{eqnarray*}\left\{\begin{array}{l}-6x+15y=10\\\underline{-6x-15y=-15}\end{array}\right.\\0\neq-5\end{eqnarray*}]
 This statement is false. The equations are inconsistent and so their graphs would be parallel lines.
 The system does not have a solution.
  
 
 
 Try It
  15) Solve the system by elimination.
 [image: \begin{eqnarray*}-3x+2y&=&8\\9x-6y&=&13\end{eqnarray*}]
 
 Solution No solution.
  
 
 
 16) Solve the system by elimination.
 [image: \begin{eqnarray*}7x-3y&=&-2\\-14x+6y&=&8\end{eqnarray*}]
 
 Solution No solution.
  
 
 
 
 
 Solve Applications of Systems of Equations by Elimination
 Some applications problems translate directly into equations in standard form, so we will use the elimination method to solve them. As before, we use our Problem Solving Strategy to help us stay focused and organized.
 Example 4.3.8
  The sum of two numbers is [image: 39]. Their difference is [image: 9]. Find the numbers.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for two numbers.
 Step 3: Name what we are looking for.
 Choose a variable to represent that quantity.
 Let [image: n=] the first number.
 Let [image: m=] the second number.
 Step 4: Translate into a system of equations.
 The system is:
 The sum of two numbers is [image: 39].
 [image: n+m=39]
 Their difference is [image: 9].
 [image: n-m=9\\n+m=39\\n-m=9]
 Step 5: Solve the system of equations.
 To solve the system of equations, use elimination.
 The equations are in standard form and the coefficients of [image: m] are opposites. Add.
 Solve for [image: n].
 Substitute [image: n=24] into one of the original equations and solve for [image: m].
 [image: \left\{\begin{array}{l}n+m=39\\\underline{-n-m=9}\end{array}\right.\\2n=48]
 [image: \begin{eqnarray*}n&=&24\\n+m&=&39\\24+m&=&39\\m&=&15\end{eqnarray*}]
 Step 6: Check the answer.
 Since [image: 24+15=39] and [image: 24-15=9], the answers check.
 Step 7: Answer the question.
 The numbers are [image: 24] and [image: 15].
  
 
 
 Try It
  17) The sum of two numbers is [image: 42]. Their difference is [image: 8]. Find the numbers.
 
 Solution The numbers are [image: 25] and [image: 17].
  
 
 
 18) The sum of two numbers is [image: −15]. Their difference is [image: −35]. Find the numbers.
 Solution The numbers are [image: −25] and [image: 10].
  
 
 
 
 
 Example 4.3.9
  Joe stops at a burger restaurant every day on his way to work. Monday he had one order of medium fries and two small sodas, which had a total of [image: 620] calories. Tuesday he had two orders of medium fries and one small soda, for a total of [image: 820] calories. How many calories are there in one order of medium fries? How many calories in one small soda?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for the number of calories in one order of medium fries and in one small soda.
 Step 3: Name what we are looking for.
 Let [image: f =] the number of calories in [image: 1] order of medium fries.
 Let [image: s =] the number of calories in [image: 1] small soda.
 Step 4: Translate into a system of equations:
 Our system is:
 one medium fries and two small sodas had a total of [image: 620] calories
 [image: f+2s=620]
 two medium fries and one small soda had a total of [image: 820] calories.
 [image: 2f+s=820]
 [image: \left\{\begin{array}{l}f+2s=620\\2f+s=820\end{array}\right.]
 Step 5: Solve the system of equations.
 To solve the system of equations, use elimination. The equations are in standard form. To get opposite coefficients of [image: f], multiply the top equation by [image: −2].Simplify and add.Solve for [image: s].Substitute [image: s = 140] into one of the original equations and then solve for [image: f].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}(f+2s)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}(620)\\2f+s=820\end{array}\right.]
 [image: \begin{array}{r}\left\{\begin{array}{l}-2f-4s=-1240\\2f+s=820\end{array}\right.\\\hline-3s=-420\end{array}]
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}s}&=&{\color[rgb]{1.0, 0.0, 0.0}140}\\f+2s&=&620\\f+2\times{\color[rgb]{1.0, 0.0, 0.0}140}&=&620\\f+280&=&620\\f&=&340\end{eqnarray*}]
 Step 6: Check the answer.
 Verify that these numbers make sense in the problem and that they are solutions to both equations. We leave this to you!
 Step 7: Answer the question.
 The small soda has [image: 140] calories and the fries have [image: 340] calories.
  
 
 
 Try It
  19) Malik stops at the grocery store to buy a bag of diapers and [image: 2] cans of formula. He spends a total of [image: $37]. The next week he stops and buys [image: 2] bags of diapers and [image: 5] cans of formula for a total of [image: $87]. How much does a bag of diapers cost? How much is one can of formula?
 Solution The bag of diapers costs [image: $11] and the can of formula costs [image: $13].
  
 
 
 20) To get her daily intake of fruit for the day, Sasha eats a banana and [image: 8] strawberries on Wednesday for a calorie count of [image: 145]. On the following Wednesday, she eats two bananas and [image: 5] strawberries for a total of [image: 235] calories for the fruit. How many calories are there in a banana? How many calories are in a strawberry?
 
 Solution There are [image: 105] calories in a banana and [image: 5] calories in a strawberry.
  
 
 
 
 
 Choose the Most Convenient Method to Solve a System of Linear Equations
 
 When you will have to solve a system of linear equations in a later math class, you will usually not be told which method to use. You will need to make that decision yourself. So you’ll want to choose the method that is easiest to do and minimizes your chance of making mistakes.
 [image: This table has two rows and three columns. The first row labels the columns as “Graphing,” “Substitution,” and “Elimination.” Under “Graphing” it says, “Use when you need a picture of the situation.” Under “Substitution” it says, “Use when one equation is already solved for one variable.” Under “Elimination” it says, “Use when the equations are in standard form.”]Figure 4.1.1 Example 4.3.10
  For each system of linear equations decide whether it would be more convenient to solve it by substitution or elimination. Explain your answer.
 a.
 [image: \begin{eqnarray*}3x+8y&=&40\\ 7x-4y&=&-32\end{eqnarray*}]
 b.
 [image: \begin{eqnarray*}5x+6y&=&12\\ y&=&\frac{2}{3}x-1\end{eqnarray*}]
 
 Solution a.
 [image: 3x+8y=40\\7x-4y=-32]
 Since both equations are in standard form, using elimination will be most convenient.
 
 b.
 [image: 5x+6y=12\\y=\frac{2}{3}x-1]
 Since one equation is already solved for [image: y], using substitution will be most convenient.
  
 
 
 Try It
  21) For each system of linear equations, decide whether it would be more convenient to solve it by substitution or elimination. Explain your answer.
 a.
 [image: \begin{eqnarray*}4x-5y&=&-32\\ 3x+2y&=&-1\end{eqnarray*}]
 b.
 [image: \begin{eqnarray*}x&=&2y-1\\ 3x-5y&=&-7\end{eqnarray*}]
 
 Solution a. Since both equations are in standard form, using elimination will be most convenient.
 b. Since one equation is already solved for [image: x], using substitution will be most convenient.
  
 
 
 22) For each system of linear equations, decide whether it would be more convenient to solve it by substitution or elimination. Explain your answer.
 a.
 [image: \begin{eqnarray*}y&=&2x-1\\ 3x-4y&=&-6\end{eqnarray*}]
 b.
 [image: \begin{eqnarray*}6x-2y&=&12\\3x+7y&=&-13\end{eqnarray*}]
 
 Solution a. Since one equation is already solved for [image: y], using substitution will be most convenient
 b. Since both equations are in standard form, using elimination will be most convenient.
  
 
 
 
 
 Access these online resources for additional instruction and practice with solving systems of linear equations by elimination.
 	Instructional Video-Solving Systems of Equations by Elimination
 	Instructional Video-Solving by Elimination
 	Instructional Video-Solving Systems by Elimination
 
 
 
 Key Concepts
  	To Solve a System of Equations by Elimination 	Write both equations in standard form. If any coefficients are fractions, clear them.
 	Make the coefficients of one variable opposites. 	Decide which variable you will eliminate.
 	Multiply one or both equations so that the coefficients of that variable are opposites.
 
 
 	Add the equations resulting from Step 2 to eliminate one variable.
 	Solve for the remaining variable.
 	Substitute the solution from Step 4 into one of the original equations. Then solve for the other variable.
 	Write the solution as an ordered pair.
 	Check that the ordered pair is a solution to both original equations.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2369#h5p-12 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
 
 
	

			
			


		
	
		
			
	
		

		4.4 Solve Applications with Systems of Equations

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Translate to a system of equations
 	Solve direct translation applications
 	Solve geometry applications
 	Solve uniform motion applications
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) The sum of twice a number and nine is [image: 31]. Find the number.
 2) Twins Jon and Ron together earned [image: $96,000] last year. Ron earned [image: $8,000] more than three times what Jon earned. How much did each of the twins earn?
 3) Alessio rides his bike [image: 3\frac{1}{2}] hours at a rate of [image: 10] miles per hour. How far did he ride?
 
 
 Previously in this chapter we solved several applications with systems of linear equations. In this section, we’ll look at some specific types of applications that relate two quantities. We’ll translate the words into linear equations, decide which is the most convenient method to use, and then solve them.
 
 We will use our Problem Solving Strategy for Systems of Linear Equations.
 HOW TO
 Use a problem solving strategy for systems of linear equations.
 	Read the problem. Make sure all the words and ideas are understood.
 	Identify what we are looking for.
 	Name what we are looking for. Choose variables to represent those quantities.
 	Translate into a system of equations.
 	Solve the system of equations using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 Translate to a System of Equations
 
 Many of the problems we solved in earlier applications related two quantities. Here are two of the examples from the chapter on Math Models.
 	The sum of two numbers is negative fourteen. One number is four less than the other. Find the numbers.
 	A married couple together earns $110,000 a year. The wife earns $16,000 less than twice what her husband earns. What does the husband earn?
 
 In that chapter, we translated each situation into one equation using only one variable. Sometimes it was a bit of a challenge figuring out how to name the two quantities, wasn’t it?
 Let’s see how we can translate these two problems into a system of equations with two variables. We’ll focus on Steps 1 through 4 of our Problem Solving Strategy.
 Example 4.4.1
  How to Translate to a System of Equations
 Translate to a system of equations:
 The sum of two numbers is negative fourteen. One number is four less than the other. Find the numbers.
 
 Solution [image: This figure has four rows and three columns. The first row reads, “Step 1: Read the problem. Make sure you understand all the words and ideas. This is a number problem. The sum of two numbers is negative fourteen. One number is four less than the other. Find the numbers.”]Figure 4.4.1 [image: The second row reads, “Step 2: Identify what you are looking for. ‘Find the numbers.’ We are looking for 2 numbers.”]Figure 4.4.2 [image: The third row reads, “Step 3: Name what you are looking for. Choose variables to represent those quantities. We will use two variables, m and n. Let me = one number n = second number.”]Figure 4.4.3 [image: The fourth row reads, “Step 4: Translate into a system of equations. We will write one equation for each sentence.” The figure then shows how, “The sum of the numbers is -14” becomes m + n = -14 and “One number is four less than the other” becomes m = n – 4. The figure then says, “The system is m + n = -14 and m = n – 4.”]Figure 4.4.4  
 
 
 
 Try It
  4) Translate to a system of equations: The sum of two numbers is negative twenty-three. One number is 7 less than the other. Find the numbers.
 
 Solution [image: \left\{\begin{array}{l}m+n=-23\\m=n-7\end{array}\right.]
  
 
 
 5) Translate to a system of equations: The sum of two numbers is negative eighteen. One number is 40 more than the other. Find the numbers.
 Solution [image: \left\{\begin{array}{l}m+n=-18\\m=n+40\end{array}\right.]
  
 
 
 
 
 We’ll do another example where we stop after we write the system of equations.
 Example 4.4.2
  Translate to a system of equations:
 A married couple together earns [image: $110,000] a year. The wife earns [image: $16,000] less than twice what her husband earns. What does the husband earn?
 
 Solution Step 1: We are looking for the amount that the husband and wife each earn.
 Let [image: h=] the amount the husband earns.
 Let [image: w=] the amount the wife earns.
 Step 2: Translate.
 A married couple together earns [image: $110,000].
 [image: w+h=110,000]
 The wife earns [image: $16,000] less than twice what the husband earns.
 [image: w=2h-16,000]
 Step 3: The system of equations is:
 [image: \left\{\begin{array}{l}w+h=110,000\\w=2h-16,000\end{array}\right.]
  
 
 
 
 
 
 Try It
  6) Translate to a system of equations: A couple has a total household income of $84,000. The husband earns $18,000 less than twice what the wife earns. How much does the wife earn?
 Solution [image: \left\{\begin{array}{l}w+h=84,000\\h=2w-18,000\end{array}\right.]
  
 
 
 7) Translate to a system of equations: A senior employee makes $5 less than twice what a new employee makes per hour. Together they make $43 per hour. How much does each employee make per hour?
 Solution [image: \left\{\begin{array}{l}s=2n-5\\s+n=43\end{array}\right.]
  
 
 
 
 
 
 
 
 
 Solve Direct Translation Applications
 We set up but did not solve, the systems of equations in Examples 4.2.1 and 4.2.2 Now we’ll translate a situation to a system of equations and then solve it.
 
 Example 4.4.3
  Translate to a system of equations and then solve: Devon is 26 years older than his son Cooper. The sum of their ages is 50. Find their ages.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for the ages of Devon and Cooper.
 Step 3: Name what we are looking for.
 Let [image: d=] Devon’s age.
 Let [image: c=] Cooper’s age
 Step 4: Translate into a system of equations.
 Devon is 26 years older than Cooper.
 [image: d=c+26]
 The sum of their ages is 50.
 [image: d+c=50]
 The system is:
 [image: \left\{\begin{array}{l}d=c+26\\d+c=50\end{array}\right.]
 Step 5: Solve the system of equations.
 Solve by substitution.
 [image: d=c+26 d+c=50 d+c=50]Figure 4.4.5 Substitute [image: c + 26] into the second equation.
 [image: {\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}26}+c=50]
 Solve for [image: c].
 [image: \begin{eqnarray*}2c+26&=&50\\2c&=&24\\{\color[rgb]{1.0, 0.0, 0.0}c}\;&=&\;{\color[rgb]{1.0, 0.0, 0.0}12}\\\text{Substitute c = 12.}\;\;\;\;\;\;\;d&=&{\color[rgb]{1.0, 0.0, 0.0}c}+26\\\text{Solve for d.}\;\;\;\;\;\;\;d&=&{\color[rgb]{1.0, 0.0, 0.0}12}+26\\d&=&38\\\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 Is Devon’s age [image: 26] more than Cooper’s?
 Yes, [image: 38] is [image: 26] more than [image: 12].
 Is the sum of their ages [image: 50]?
 Yes, [image: 38] plus [image: 12] is [image: 50].
 Step 7: Answer the question.
 Devon is [image: 38] and Cooper is 12 years old.
  
 
 
 Try It
  8) Translate to a system of equations and then solve: Ali is [image: 12] years older than his youngest sister, Jameela. The sum of their ages is [image: 40]. Find their ages.
 
 Solution Ali is [image: 28] and Jameela is [image: 16].
  
 
 
 9) Translate to a system of equations and then solve: Jake’s dad is [image: 6] more than [image: 3] times Jake’s age. The sum of their ages is [image: 42]. Find their ages.
 
 Solution Jake is [image: 9] and his dad is [image: 33].
  
 
 
 
 
 Example 4.4.4
  Translate to a system of equations and then solve:
 When Jenna spent 10 minutes on the elliptical trainer and then did circuit training for 20 minutes, her fitness app says she burned 278 calories. When she spent 20 minutes on the elliptical trainer and 30 minutes circuit training she burned 473 calories. How many calories does she burn for each minute on the elliptical trainer? How many calories does she burn for each minute of circuit training?
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for the number of calories burned each minute on the elliptical trainer and each minute of circuit training.
 Step 3: Name what we are looking for.
 Let [image: e=] number of calories burned per minute on the elliptical trainer.
 Let [image: c=] number of calories burned per minute while circuit training.
 Step 4: Translate into a system of equations.
 10 minutes on the elliptical and circuit training for 20 minutes, burned 278 calories
 [image: 10e+20c=278]
 20 minutes on the elliptical and 30 minutes of circuit training burned 473 calories
 [image: 20e+30c=473]
 The system is:
 [image: \left\{\begin{array}{l}10e+20c=278\\20e+30c=473\end{array}\right.]
 Step 5: Solve the system of equations.
 Multiply the first equation by [image: −2] to get opposite coefficients of [image: e].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}(10e+20c)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}(278)\\20e+30c=473\end{array}\right.]
 Simplify and add the equations.
 Solve for [image: c].
 [image: \begin{eqnarray*}\left\{\begin{array}{l}-20e-40c=-556\\20e+30c=473\end{array}\right.\\\hline-10c&=&-83\\c&=&8.3\end{eqnarray*}]
 Substitute [image: c = 8.3] into one of the original equations to solve for [image: e].
 [image: \begin{eqnarray*}10e+20{\color[rgb]{1.0, 0.0, 0.0}c}&=&278\\10e+20({\color[rgb]{1.0, 0.0, 0.0}8}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}3})&=&278\\10e+166&=&278\\10e&=&112\\e&=&11.2\\\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 Check the math on your own.
 [image: \left\{\begin{array}{l}10(11.2)+20(8.3)\overset?=278\\20(11.2)+30(8.3)\overset?=473\end{array}\right.]
 Step 7: Answer the question.
 Jenna burns 8.3 calories per minute circuit training and 11.2 calories per minute while on the elliptical trainer.
  
 
 
 
 
 
 Try It
  10) Translate to a system of equations and then solve: Mark went to the gym and did [image: 40] minutes of Bikram hot yoga and [image: 10] minutes of jumping jacks. He burned [image: 510] calories. The next time he went to the gym, he did [image: 30] minutes of Bikram hot yoga and [image: 20] minutes of jumping jacks burning [image: 470] calories. How many calories were burned for each minute of yoga? How many calories were burned for each minute of jumping jacks?
 
 Solution Mark burned [image: 11] calories for each minute of yoga and [image: 7] calories for each minute of jumping jacks.
  
 
 
 11) Translate to a system of equations and then solve: Erin spent [image: 30] minutes on the rowing machine and [image: 20] minutes lifting weights at the gym and burned [image: 430] calories. During her next visit to the gym she spent [image: 50] minutes on the rowing machine and [image: 10] minutes lifting weights and burned [image: 600] calories. How many calories did she burn for each minutes on the rowing machine? How many calories did she burn for each minute of weight lifting?
 
 Solution Erin burned [image: 11] calories for each minute on the rowing machine and [image: 5] calories for each minute of weight lifting.
  
 
 
 
 
 
 
 
 
 Solve Geometry Applications
 When we learned about Math Models, we solved geometry applications using properties of triangles and rectangles. Now we’ll add to our list some properties of angles.
 The measures of two complementary angles add to 90 degrees. The measures of two supplementary angles add to 180 degrees.
 Complementary and Supplementary Angles
 Two angles are complementary if the sum of the measures of their angles is [image: 90] degrees.
 Two angles are supplementary if the sum of the measures of their angles is [image: 180] degrees.
 
 
 If two angles are complementary, we say that one angle is the complement of the other.
 If two angles are supplementary, we say that one angle is the supplement of the other.
 
 
 Example 4.4.5
  Translate to a system of equations and then solve: The difference of two complementary angles is [image: 26] degrees. Find the measures of the angles.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for the measure of each angle.
 Step 3: Name what we are looking for.
 Let [image: x=] the measure of the first angle.
 Let [image: m=]the measure of the second angle.
 Step 4: Translate into a system of equations.
 The angles are complementary.
 [image: x+y=90]
 The difference of the two angles is 26 degrees.
 [image: x-y=26]
 The system is
 [image: \left\{\begin{array}{l}x+y=90\\x-y=26\end{array}\right.]
 Step 5: Solve the system of equations by elimination.
 [image: \left\{\begin{array}{l}x+y=90\\x-y=26\end{array}\right.]
 [image: \begin{eqnarray*}2x&=&116\\x&=&158\end{eqnarray*}]
 Substitute [image: x=58] into the first equation.
 [image: \begin{eqnarray*}x+y&=&90\\58+y&=&90\\y&=&32\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 [image: \begin{eqnarray*}58+32&=&90✓\\58-32&=&26✓\end{eqnarray*}]
 Step 7: Answer the question.
 The angle measures are [image: 58] degrees and [image: 32] degrees.
  
 
 
 Try It 
  12) Translate to a system of equations and then solve: The difference of two complementary angles is [image: 20] degrees. Find the measures of the angles.
 Solution The angle measures are [image: 55] degrees and [image: 35] degrees.
  
 
 
 13) Translate to a system of equations and then solve: The difference of two complementary angles is [image: 80] degrees. Find the measures of the angles.
 
 Solution The angle measures are [image: 5] degrees and [image: 85] degrees.
  
 
 
 
 
 Example 4.4.6
  Translate to a system of equations and then solve:
 Two angles are supplementary. The measure of the larger angle is twelve degrees less than five times the measure of the smaller angle. Find the measures of both angles.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what we are looking for.
 We are looking for the measure of each angle.
 Step 3: Name what we are looking for.
 Let [image: x=] the measure of the first angle.
 Let [image: y=] the measure of the second angle
 Step 4: Translate into a system of equations.
 The angles are supplementary.
 [image: x+y=180]
 The larger angle is twelve less than five times the smaller angle
 [image: y=5x-12]
 The system is:
 [image: \left\{\begin{array}{l}x+y=180\\y=5x-12\end{array}\right.]
 Step 5: Solve the system of equations substitution.
 [image: x+y=180 y=5x-12 x+y=180]Figure 4.4.6 Substitute [image: 5x-12] for [image: y] in the first equation.
 [image: x+{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}12}=180]
 Solve for [image: x].
 [image: \begin{eqnarray*}6x-12&=&180\\6x&=&192\\\text{Substitute in x=32}.\;\;\;\;\;\;\;y&=&5{\color[rgb]{1.0, 0.0, 0.0}x}-12\\\text{Solve for y.}\;\;\;\;\;\;\;y&=&5\times{\color[rgb]{1.0, 0.0, 0.0}32}-12\\y&=&160-12\\y&=&148\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 [image: \begin{eqnarray*}32+158&=&180✓\\5\times32-12&=&147✓\end{eqnarray*}]
 Step 7: Answer the question.
 The angle measures are [image: 148] and [image: 32].
  
 
 
 
 
 
 Try It 
  14) Translate to a system of equations and then solve: Two angles are supplementary. The measure of the larger angle is [image: 12] degrees more than three times the smaller angle. Find the measures of the angles.
 
 Solution The angle measures are [image: 42] degrees and [image: 138] degrees.
  
 
 
 15) Translate to a system of equations and then solve: Two angles are supplementary. The measure of the larger angle is [image: 18] less than twice the measure of the smaller angle. Find the measures of the angles.
 
 Solution The angle measures are [image: 66] degrees and [image: 114] degrees.
  
 
 
 
 
 
 
 
 
 Example 4.4.7
  Translate to a system of equations and then solve:
 Randall has [image: 125] feet of fencing to enclose the rectangular part of his backyard adjacent to his house. He will only need to fence around three sides, because the fourth side will be the wall of the house. He wants the length of the fenced yard (parallel to the house wall) to be [image: 5] feet more than four times as long as the width. Find the length and the width.
 
 Solution Step 1: Read the problem.
 Step 2: Identify what you are looking for.
 We are looking for the length and width.
 [image: Diagram of a rectangular fence labelled L and W]Figure 4.4.7 Step 3: Name what we are looking for.
 Let [image: L=] the length of the fenced yard.
 Let [image: W=]the width of the fenced yard
 Step 4: Translate into a system of equations.
 One length and two widths equal [image: 125].
 [image: L+2W=125]
 The length will be [image: 5] feet more than four times the width.
 [image: L=4W+5]
 The system is:
 [image: \left\{\begin{array}{l}L+2W=125\\L=4W+5\end{array}\right.]
 Step 5: Solve the system of equations by substitution.
 [image: L+2W=125 L=4W+5 L+2W=125]Figure 4.4.8 Substitute [image: L = 4W + 5] into the first equation, then solve for [image: W].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}W}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}5}+2W&=&125\\6W+5&=&125\\6W&=&120\end{eqnarray*}]
 Substitute [image: 20] for [image: W] in the second equation, then solve for [image: L].
 [image: \begin{eqnarray*}\text{Substitute W=20.}\;\;\;\;\;\;L&=&4{\color[rgb]{1.0, 0.0, 0.0}W}+5\\\text{Solve for L.}\;\;\;\;\;\;L&=&4\times{\color[rgb]{1.0, 0.0, 0.0}20}+5\\L&=&80+5\\L&=&85\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 [image: \begin{eqnarray*}20+28+20&=&125✓\\85&=&4\times20+5✓\end{eqnarray*}]
 Step 7: Answer the equation.
 The length is [image: 85] feet and the width is [image: 20] feet.
  
 
 
 Try It 
  16) Translate to a system of equations and then solve: Mario wants to put a rectangular fence around the pool in his backyard. Since one side is adjacent to the house, he will only need to fence three sides. There are two long sides and the one shorter side is parallel to the house. He needs [image: 155] feet of fencing to enclose the pool. The length of the long side is [image: 10] feet less than twice the width. Find the length and width of the pool area to be enclosed.
 
 Solution The length is [image: 60] feet and the width is [image: 35] feet.
  
 
 
 17) Translate to a system of equations and then solve: Alexis wants to build a rectangular dog run in her yard adjacent to her neighbour’s fence. She will use [image: 136] feet of fencing to completely enclose the rectangular dog run. The length of the dog run along the neighbour’s fence will be [image: 16] feet less than twice the width. Find the length and width of the dog run.
 
 Solution The length is [image: 60] feet and the width is [image: 38] feet.
  
 
 
 
 
 
 Solve Uniform Motion Applications
 
 
 
 
 We used a table to organize the information in uniform motion problems when we introduced them earlier. We’ll continue using the table here. The basic equation was [image: D=rt] where [image: D] is the distance travelled, [image: r] is the rate, and [image: t] is the time.
 Our first example of a uniform motion application will be for a situation similar to some we have already seen, but now we can use two variables and two equations.
 Example 4.4.8
  Translate to a system of equations and then solve:
 Joni left St. Louis on the interstate, driving west towards Denver at a speed of [image: 65] miles per hour. Half an hour later, Kelly left St. Louis on the same route as Joni, driving [image: 78] miles per hour. How long will it take Kelly to catch up to Joni?
 
 Solution A diagram is useful in helping us visualize the situation.
 
 [image: This figure shows a diagram. Denver is on the left and St. Louis is on the right. There is a ray stretching from St. Louis to Denver. It is labeled “Joni” and “65 m p h.” There is another ray stretching from St. Louis to Denver. It is labeled “Kelly (1/2 hour later)” and “78 m p h.”]Figure 4.4.9 Step 1: Identify and name what we are looking for. 
 A chart will help us organize the data. We know the rates of both Joni and Kelly, and so we enter them in the chart.
 We are looking for the length of time Kelly, [image: k], and Joni, [image: j], will each drive. Since [image: D=r\cdot t] we can fill in the Distance column.
 	Type 	Rate x Time = Distance 
 	Joni 	65 	j 	65j 
 	Kelly 	78 	k 	78k 
  
 Step 2: Translate into a system of equations.
 To make the system of equations, we must recognize that Kelly and Joni will drive the same distance. So, [image: 65j=78k].
 Also, since Kelly left later, her time will be [image: \frac{1}{2}] hour less than Joni’s time.
 So, [image: k=j-\frac{1}{2}]
 Now we have the system.
 [image: \left\{\begin{array}{l}k=j-\frac12\\65j=78k\end{array}\right.]
 Step 3: Solve the system of equations by substitution.
 [image: 65j=78k]
 Substitute [image: k=j-\frac{1}{2}] into the second equation, then solve for [image: j].
 [image: \begin{eqnarray*}65j&=&78(j-\frac12)\\65j&=&78j-39\\-13j&=&-39\\{\color[rgb]{1.0, 0.0, 0.0}j}&=&{\color[rgb]{1.0, 0.0, 0.0}3}\end{eqnarray*}]
 To find Kelly’s time, substitute [image: j=3] into the first equation, then solve for [image: k].
 [image: \begin{eqnarray*}\text{Solve for k.}\operatorname{     }\;k&=&{\color[rgb]{1.0, 0.0, 0.0}j}-\frac12\\k&=&{\color[rgb]{1.0, 0.0, 0.0}3}-\frac12\\k&=&\frac52\;or\;k&=&2\frac12\\\\\end{eqnarray*}]
 Step 4: Check the answer in the problem.
 Joni [image: 3] hours ([image: 65]mph) = [image: 195] miles.
 Kelly [image: 2\frac{1}{2}] hours ([image: 78] mph) = [image: 195] miles.
 Yes, they will have travelled the same distance when they meet.
 Step 5: Answer the question.
 Kelly will catch up to Joni in [image: 2\frac{1}{2}] hours. By then, Joni will have travelled [image: 3] hours.
  
 
 
 Try It 
  18) Translate to a system of equations and then solve: Mitchell left Detroit on the interstate driving south towards Orlando at a speed of [image: 60] miles per hour. Clark left Detroit [image: 1] hour later travelling at a speed of [image: 75] miles per hour, following the same route as Mitchell. How long will it take Clark to catch Mitchell?
 
 Solution It will take Clark [image: 4] hours to catch Mitchell.
  
 
 
 19) Translate to a system of equations and then solve: Charlie left his mother’s house travelling at an average speed of [image: 36] miles per hour. His sister Sally left [image: 15] minutes ([image: \frac{1}{4}] hour) later travelling the same route at an average speed of [image: 42] miles per hour. How long before Sally catches up to Charlie?
 
 Solution It will take Sally [image: 1\frac{1}{2}] hours to catch up to Charlie.
  
 
 
 
 
 
 
 
 Many real-world applications of uniform motion arise because of the effects of currents—of water or air—on the actual speed of a vehicle. Cross-country airplane flights in the United States generally take longer going west than going east because of the prevailing wind currents.
 Let’s take a look at a boat travelling on a river. Depending on which way the boat is going, the current of the water is either slowing it down or speeding it up.
 Figures 4.4.1 and 4.4.2 show how a river current affects the speed at which a boat is actually travelling. We’ll call the speed of the boat in still water [image: b] and the speed of the river current [image: c].
 In Figure 4.4.1 boat is going downstream, in the same direction as the river current. The current helps push the boat, so the boat’s actual speed is faster than its speed in still water. The actual speed at which the boat is moving is [image: b+c].
 [image: This figure shows a boat floating in water. On the right, there is an arrow pointing towards the boat. It is labeled “c.” On the left, there is an arrow pointing away from the boat. It is labeled “b.”]Figure 4.4.10 
 In Figure 4.4.2 the boat is going upstream, opposite to the river current. The current is going against the boat, so the boat’s actual speed is slower than its speed in still water. The actual speed of the boat is [image: b-c].
 [image: This figure shows a boat floating in water. To the left is an arrow pointing away from the boat labeled “b,” and an arrow pointing towards the boat labeled “c.”]Figure 4.4.11 
 We’ll put some numbers to this situation in Example 4.4.9
 Example 4.4.9
  Translate to a system of equations and then solve:
 A river cruise ship sailed [image: 60] miles downstream for [image: 4] hours and then took [image: 5] hours sailing upstream to return to the dock. Find the speed of the ship in still water and the speed of the river current.
 
 Solution Read the problem.
 This is a uniform motion problem and a picture will help us visualize the situation.
 
 [image: This figure shows an arrow labeled “c” which continues to the right, representing the wave. Under the wave is a ray that points to the right and is labeled “four hours.” Under this ray is another ray pointing to the left labeled “five hours.” It is the same length as the ray labeled “four hours.” There is a bracket under the ray labeled “five hours.” The bracket is labeled “60 miles.”]Figure 4.4.12 Step 1: Identify what we are looking for.
 We are looking for the speed of the ship in still water and the speed of the current.
 Step 2: Name what we are looking for.
 Let [image: s=] the rate of the ship in still water.
 Let [image: c=] the rate of the current
 A chart will help us organize the information. The ship goes downstream and then upstream. Going downstream, the current helps the ship; therefore, the ship’s actual rate is [image: s+c]. Going upstream, the current slows the ship; therefore, the actual rate is [image: s−c].
 	Type 	Rate x Time = Distance 
 	Downstream 	[image: s+c] 	4 	60 
 	Upstream 	[image: s-c] 	5 	60 
  
 Downstream it takes [image: 4] hours. Upstream it takes [image: 5] hours. Each way the distance is [image: 60] miles.
 Step 3: Translate into a system of equations.
 Since rate times time is distance, we can write the system of equations.
 [image: \left\{\begin{array}{l}4(s+c)=60\\5(s-c)=60\end{array}\right.]
 Step 4: Solve the system of equations.
 Distribute to put both equations in standard form, then solve by elimination.
 [image: \left\{\begin{array}{l}4s+4c=60\\5s-5c=60\end{array}\right.]
 Multiply the top equation by [image: 5] and the bottom equation by [image: 4]. Add the equations, then solve for [image: s].
 [image: \begin{array}{r}\left\{\begin{array}{l}20s+20c=300\\20s-20c=240\end{array}\right.\\\hline40s=540\end{array}]
 Substitute [image: s=13.5] into one of the original equations.
 [image: \begin{eqnarray*}\text{Substitute s=13.5.}\;\;\;\;\;4({\color[rgb]{1.0, 0.0, 0.0}s}+c)&=&60\\4({\color[rgb]{1.0, 0.0, 0.0}13}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}5}+c)&=&60\\\text{Solve for c.}\;\;\;\;\;54+4c&=&60\\4c&=&6\\c&=&1.5\end{eqnarray*}]
 Step 5: Check the answer in the problem.
 The downstream rate would be [image: 13.5 + 1.5 = 15\;mph].
 In 4 hours the ship would travel [image: 15\cdot 4 = 60\;miles].
 The upstream rate would be [image: 13.5 − 1.5 = 12\;mph].
 In 5 hours the ship would travel [image: 12 \cdot 5 = 60\;miles].
 Step 6: Answer the question.
 The rate of the ship is [image: 13.5] mph and the rate of the current is [image: 1.5] mph.
  
 
 
 Try It 
  20) Translate to a system of equations and then solve: A Mississippi river boat cruise sailed [image: 120] miles upstream for [image: 12] hours and then took [image: 10] hours to return to the dock. Find the speed of the river boat in still water and the speed of the river current.
 
 Solution The rate of the boat is [image: 11] mph and the rate of the current is [image: 1] mph.
  
 
 
 21) Translate to a system of equations and then solve: Jason paddled his canoe [image: 24] miles upstream for [image: 4] hours. It took him [image: 3] hours to paddle back. Find the speed of the canoe in still water and the speed of the river current.
 
 Solution The speed of the canoe is [image: 7] mph and the speed of the current is [image: 1] mph.
  
 
 
 
 
 Wind currents affect airplane speeds in the same way as water currents affect boat speeds. We’ll see this in Example 4.4.10. A wind current in the same direction as the plane is flying is called a tailwind. A wind current blowing against the direction of the plane is called a headwind.
 Example 4.4.10
  Translate to a system of equations and then solve:
 A private jet can fly [image: 1095] miles in three hours with a tailwind but only [image: 987] miles in three hours into a headwind. Find the speed of the jet in still air and the speed of the wind.
 
 Solution Read the problem.
 This is a uniform motion problem and a picture will help us visualize.
 
 [image: This figure shows an arrow labeled “3 hours” which continues to the right, representing the wind. Under the wave is a ray that points to the right and is labeled “j plus w equals 365” and “1,095 miles”. Under this ray is another ray pointing to the left labeled “j minus w equals 329” and “987 miles.”]4.4.13 Step 1: Identify what we are looking for.
 We are looking for the speed of the jet in still air and the speed of the wind.
 Step 2: Name what we are looking for.
 Let [image: j=] the speed of the jet in still air.
 Let [image: w=] the speed of the wind
 A chart will help us organize the information. The jet makes two trips-one in a tailwind and one in a headwind. In a tailwind, the wind helps the jet and so the rate is [image: j+w]. In a headwind, the wind slows the jet and so the rate is [image: j−w].
 	Type 	Rate x Time = Distance 
 	Tailwind 	[image: j+w] 	3 	1095 
 	Headwind 	[image: j-w] 	3 	987 
  
 Each trip takes [image: 3] hours. In a tailwind the jet flies [image: 1095] miles. In a headwind the jet flies [image: 987] miles.
 Step 3: Translate into a system of equations.
 Since rate times time is distance, we get the system of equations.
 [image: \left\{\begin{array}{l}3(j+w)=1095\\3(j-w)=987\end{array}\right.]
 Step 4: Solve the system of equations.
 Distribute, then solve by elimination.
 [image: \begin{array}{r}\left\{\begin{array}{l}3j+3w=1095\\3j-3w=987\end{array}\right.\\\hline6j=2082\end{array}]
 Add, and solve for [image: j].
 Substitute [image: j=347] into one of the original equations, then solve for [image: w].
 [image: \begin{eqnarray*}\text{Substitute j=347.}\;\;\;\;\;3({\color[rgb]{1.0, 0.0, 0.0}j}+w)&=&1095\\3({\color[rgb]{1.0, 0.0, 0.0}347}+w)&=&1095\\\text{Solve for w.}\;\;\;\;\;1041+3w&=&1095\\3w&=&54\\w&=&18\end{eqnarray*}]
 Step 5: Check the answer in the problem.
 With the tailwind, the actual rate of the jet would be [image: 347 + 18 = 365\;mph.]
 In 3 hours the jet would travel [image: 365\times3 = 1095\;miles.]
 Going into the headwind, the jet’s actual rate would be [image: 347 − 18 = 329\;mph.]
 In 3 hours the jet would travel [image: 329\times3 = 987\;miles.]
 Step 6: Answer the question.
 The rate of the jet is [image: 347] mph and the rate of the wind is [image: 18\;mph.]
  
 
 
 
 
 
 Try It
  22) Translate to a system of equations and then solve: A small jet can fly [image: 1,325] miles in [image: 5] hours with a tailwind but only [image: 1025] miles in [image: 5] hours into a headwind. Find the speed of the jet in still air and the speed of the wind.
 
 Solution The speed of the jet is [image: 235] mph and the speed of the wind is [image: 30] mph.
  
 
 
 23) Translate to a system of equations and then solve: A commercial jet can fly [image: 1728] miles in [image: 4] hours with a tailwind but only [image: 1536] miles in [image: 4] hours into a headwind. Find the speed of the jet in still air and the speed of the wind.
 
 Solution The speed of the jet is [image: 408] mph and the speed of the wind is [image: 24] mph.
  
 
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2450#h5p-11 
 
 b. On a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 Glossary
  	complementary angles
 	Two angles are complementary if the sum of the measures of their angles is 90 degrees.
 
 	supplementary angles
 	Two angles are supplementary if the sum of the measures of their angles is 180 degrees.
 
 
 
 
	

			
			


		
	
		
			
	
		

		4.5 Solve Mixture Applications with Systems of Equations

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Solve mixture applications
 	Solve interest applications
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Multiply [image: 4.025(1,562)].
 2) Write [image: 8.2\%] as a decimal.
 3) Earl’s dinner bill came to [image: \$32.50] and he wanted to leave an [image: 18\%] tip. How much should the tip be?
 
 
 Solve Mixture Applications
 
 When we solved mixture of applications with coins and tickets earlier, we started by creating a table so we could organize the information. For a coin example with nickels and dimes, the table looked like this:
 Figure 4.5.1 	Type 	Number x Value ($) = Total Value ($) 
  	Nickels 	 	[image: 0.05] 	 
 	Dimes 	 	[image: 0.10] 	 
  
 Using one variable meant that we had to relate the number of nickels and the number of dimes. We had to decide if we were going to let [image: n] be the number of nickels and then write the number of dimes in terms of [image: n], or if we would let [image: d] be the number of dimes and write the number of nickels in terms of [image: d].
 Now that we know how to solve systems of equations with two variables, we’ll just let [image: n] be the number of nickels and [image: d] be the number of dimes. We’ll write one equation based on the total value column, like we did before, and the other equation will come from the number column.
 For the first example, we’ll do a ticket problem where the ticket prices are in whole dollars, so we won’t need to use decimals just yet.
 Example 4.5.1
  Translate to a system of equations and solve:
 The box office at a movie theatre sold [image: 147] tickets for the evening show, and receipts totalled [image: $1,302]. How many [image: $11] adult and how many [image: $8] child tickets were sold?
 
 Solution Step 1: Read the problem.
 We will create a table to organize the information.
 Step 2: Identify what we are looking for.
 We are looking for the number of adult tickets and the number of child tickets sold.
 Step 3: Name what we are looking for.
 Let [image: a=] the number of adult tickets.
 Let [image: c=] the number of child tickets
 A table will help us organize the data. We have two types of tickets: adult and child.
 Write [image: a] and [image: c] for the number of tickets.
 Write the total number of tickets sold at the bottom of the Number column.
 Altogether [image: 147] were sold.
 Write the value of each type of ticket in the Value column.
 The value of each adult ticket is [image: $11]. The value of each child tickets is [image: $8].
 The number times the value gives the total value, so the total value of adult tickets is [image: a\cdot 11=11a], and the total value of child tickets is [image: c\cdot 8=8c].
 	Type 	Number [image: \times] Value ($) = Total Value ($) 
  	Adult 	[image: a] 	[image: 11] 	[image: 11a] 
 	Child 	[image: c] 	[image: 8] 	[image: 8c] 
 	 	[image: 147] 	 	[image: 1302] 
  
 Altogether the total value of the tickets was [image: $1,302].
 Fill in the Total Value column.
 Step 4: Translate into a system of equations.
 The Number column and the Total Value column give us the system of equations. We will use the elimination method to solve this system.
 [image: \left\{\begin{array}{l}a+c=147\\11a+8c=1302\end{array}\right.]
 Multiply the first equation by [image: −8].
 [image: \left\{\begin{array}{l}-8(a+c)=-8(147)\\11a+8c=1302\end{array}\right.]
 Simplify and add, then solve for [image: a].
 [image: \begin{array}{r}\left\{\begin{array}{l}-8a+8c=-1176\\11a+8c=1302\end{array}\right.\\\hline3a=126\end{array}]
 [image: a=42 a+c=147]Figure 4.5.2 Substitute [image: a=42] into the first equation, then solve for [image: c].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}42}+c&=&147\\c&=&105\end{eqnarray*}]
 Step 5: Check the answer in the problem.
 [image: 42] adult tickets at [image: $11] per ticket makes [image: $462].
 [image: 105] child tickets at [image: $8] per ticket makes [image: $840].
 The total receipts are [image: $1,302✓].
 Step 6: Answer the question.
 The movie theatre sold [image: 42] adult tickets and [image: 105] child tickets.
  
 
 
 Try It
  4) Translate to a system of equations and solve: The ticket office at the zoo sold 553 tickets one day. The receipts totalled $3,936. How many $9 adult tickets and how many $6 child tickets were sold?
 
 Solution There were 206 adult tickets sold and 347 children tickets sold.
  
 
 
 5) Translate to a system of equations and solve: A science centre sold 1,363 tickets on a busy weekend. The receipts totalled $12,146. How many $12 adult tickets and how many $7 child tickets were sold?
 
 Solution There were 521 adult tickets sold and 842 children tickets sold.
  
 
 
 
 
 
 
 
 In Example 4.5.2 we’ll solve a coin problem. Now that we know how to work with systems of two variables, naming the variables in the ‘number’ column will be easy.
 Example 4.5.2
  Translate to a system of equations and solve:
 Priam has a collection of nickels and quarters, with a total value of [image: $7.30]. The number of nickels is six less than three times the number of quarters. How many nickels and how many quarters does he have?
 
 Solution Step 1: Read the problem.
 We will create a table to organize the information.
 Step 2: Identify what we are looking for.
 We are looking for the number of nickels and the number of quarters.
 Step 3: Name what we are looking for.
 Let [image: n=] the number of nickels.
 Let [image: q=] the number of quarters
 A table will help us organize the data. We have two types of coins, nickels and quarters.
 Write [image: n] and [image: q] for the number of each type of coin.
 Fill in the Value column with the value of each type of coin.
 The value of each nickel is [image: $0.05].
 The value of each quarter is [image: $0.25].
 The number times the value gives the total value, so, the total value of the nickels is [image: n(0.05)=0.05n] and the total value of quarters is [image: q(0.25)=0.25q]. Altogether the total value of the coins is [image: $7.30].
 	Type 	Number [image: \times] Value ($) = Total Value ($) 
 	Nickels 	[image: n] 	[image: 0.05] 	[image: 0.05n] 
 	Quarters 	[image: q] 	[image: 0.25] 	[image: 0.25q] 
 	 	[image: 7.30] 
  
 Step 4: Translate into a system of equations.
 The Total value column gives one equation.
 [image: 0.05n+0.25q=7.30]
 We also know the number of nickels is six less than three times the number of quarters. Translate to get the second equation.
 [image: n=3q-6]
 Now we have the system to solve.
 [image: \left\{\begin{array}{l}0.05n+0.25q=7.30\\n=3q-6\end{array}\right.]
 Step 5: Solve the system of equations
 We will use the substitution method. Substitute [image: n=3q-6] into the first equation. Simplify and solve for [image: q].
 [image: \begin{eqnarray*}0.05{\color[rgb]{1.0, 0.0, 0.0}n}+0.25q&=&7.30\\0.05({\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}q}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}6})+0.25q&=&7.3\\0.15q-0.3+0.25q&=&7.3\\0.4q-0.3&=&7.3\\0.4q&=&7.6\\q&=&19\end{eqnarray*}]
 To find the number of nickels, substitute [image: q=19] into the second equation.
 [image: \begin{eqnarray*}n&=&3{\color[rgb]{1.0, 0.0, 0.0}q}-6\\n&=&3\times{\color[rgb]{1.0, 0.0, 0.0}19}-6\\n&=&51\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 [image: 19] quarters at [image: \$0.25 = \$4.75]
 [image: 51] nickels at [image: \$0.05 = \$2.55]
 [image: \begin{eqnarray*}\text{Total}&=&\$7.30\\3.19-16&=&\$51\checkmark\end{eqnarray*}]
 Step 7: Answer the question.
 Priam has [image: 19] quarters and [image: 51] nickels.
  
 
 
 Try It
  6) Translate to a system of equations and solve: Matilda has a handful of quarters and dimes, with a total value of [image: $8.55]. The number of quarters is [image: 3] more than twice the number of dimes. How many dimes and how many quarters does she have?
 
 Solution Matilda has [image: 13] dimes and [image: 29] quarters.
  
 
 
 7) Translate to a system of equations and solve: Juan has a pocketful of nickels and dimes. The total value of the coins is [image: $8.10]. The number of dimes is [image: 9] less than twice the number of nickels. How many nickels and how many dimes does Juan have?
 
 Solution Juan has [image: 36] nickels and [image: 63] dimes.
  
 
 
 
 
 
 
 
 Some mixture applications involve combining foods or drinks. Example situations might include combining raisins and nuts to make a trail mix or using two types of coffee beans to make a blend.
 Example 4.5.3
  Translate to a system of equations and solve:
 Carson wants to make [image: 20] pounds of trail mix using nuts and chocolate chips. His budget requires that the trail mix costs him [image: $7.60] per pound. Nuts cost [image: $9.00] per pound and chocolate chips cost [image: $2.00] per pound. How many pounds of nuts and how many pounds of chocolate chips should he use?
 
 Solution Step 1: Read the problem.
 We will create a table to organize the information.
 Step 2: Identify what we are looking for.
 We are looking for the number of pounds of nuts and the number of pounds of chocolate chips.
 Step 3: Name what we are looking for.
 Let [image: n=] the number of pound of nuts.
 Let [image: c=] the number of pounds of chips
 Carson will mix nuts and chocolate chips to get trail mix. Write in [image: n] and [image: c] for the number of pounds of nuts and chocolate chips.
 
 There will be [image: 20] pounds of trail mix. Put the price per pound of each item in the Value column. Fill in the last column using Number [image: \times] Value = Total Value
 	Type 	Number of Pounds [image: \times] Value ($) = Total Value ($) 
 	Nuts 	[image: n] 	[image: 9.00] 	[image: 9n] 
 	Chocolate Chips 	[image: c] 	[image: 2.00] 	[image: 2c] 
 	Trail Mix 	[image: 20] 	[image: 7.60] 	[image: 7.60(20)=152] 
  
 Step 4: Translate into a system of equations. We get the equations from the Number and Total Value columns.
 [image: \left\{\begin{array}{l}n+c=20\\9n+2c=152\end{array}\right.]
 Step 5: Solve the system of equations. We will use elimination to solve the system.
 Multiply the first equation by [image: −2] to eliminate [image: c].
 [image: \left\{\begin{array}{l}-2(n+c)=-2(20)\\9n+2c=152\end{array}\right.]
 Simplify and add. Solve for [image: n].
 [image: \begin{array}{r}\left\{\begin{array}{l}-2n-2c=-40\\9n+2c=152\end{array}\right.\\\hline7n=112\end{array}]
 [image: n=16]
 To find the number of pounds of chocolate chips, substitute [image: n=16] into the first equation, then solve for [image: c].
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}n}+c&=&20\\{\color[rgb]{1.0, 0.0, 0.0}16}+c&=&20\\c&=&4\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 [image: \begin{eqnarray*}16+4 &=& 20✓\\9.16+2.4 &=& 152✓\end{eqnarray*}]
 Step 7: Answer the question.
 Carson should mix [image: 16] pounds of nuts with [image: 4] pounds of chocolate chips to create the trail mix.
  
 
 
 Try It
  8) Translate to a system of equations and solve: Greta wants to make [image: 5] pounds of a nut mix using peanuts and cashews. Her budget requires the mixture to cost her [image: $6] per pound. Peanuts are [image: $4] per pound and cashews are [image: $9] per pound. How many pounds of peanuts and how many pounds of cashews should she use?
 
 Solution Greta should use [image: 3] pounds of peanuts and [image: 2] pounds of cashews.
  
 
 
 9) Translate to a system of equations and solve: Sammy has most of the ingredients he needs to make a large batch of chili. The only items he lacks are beans and ground beef. He needs a total of [image: 20] pounds combined of beans and ground beef and has a budget of [image: $3] per pound. The price of beans is [image: $1] per pound and the price of ground beef is [image: $5] per pound. How many pounds of beans and how many pounds of ground beef should he purchase?
 
 Solution Sammy should purchase [image: 10] pounds of beans and [image: 10] pounds of ground beef.
  
 
 
 
 
 Another application of mixture problems relates to concentrated cleaning supplies, other chemicals, and mixed drinks. The concentration is given as a percent. For example, a 20% concentrated household cleanser means that [image: 20%] of the total amount is cleanser, and the rest is water. To make [image: 35] ounces of a [image: 20%] concentration, you mix [image: 7] ounces ([image: 20%] of [image: 35]) of the cleanser with [image: 28] ounces of water.
 
 
 
 For these kinds of mixture problems, we’ll use percent instead of value for one of the columns in our table.
 Example 4.5.4
  Translate to a system of equations and solve: Sasheena is a lab assistant at her community college. She needs to make [image: 200] millilitres of a [image: 40%] solution of sulphuric acid for a lab experiment. The lab has only [image: 25%] and [image: 50%] solutions in the storeroom. How much should she mix of the [image: 25%] and the [image: 50%] solutions to make the [image: 40%] solution?
 
 Solution Step 1: Read the problem.
 A figure may help us visualize the situation, then we will create a table to organize the information.
 Sasheena must mix some of the 25% solution and some of the 50% solution together to get 200 ml of the 40% solution.
 [image: Graphic showing three containers. Container "X" is 25%. Container "Y" is 50%. The third container is the resulting 40% at 200ml.]Figure 4.5.3 Step 2: Identify what we are looking for.
 We are looking for how much of each solution she needs.
 Step 3: Name what we are looking for.
 Let [image: x=] number of ml of 25% solution.
 Let [image: y=] number of ml of 50% solution.
 A table will help us organize the data.
 She will mix [image: x] ml of [image: 25%] with [image: y] ml of [image: 50%] to get [image: 200] ml of [image: 40%] solution.
 We write the percents as decimals in the chart.
 We multiply the number of units times the concentration to get the total amount of sulphuric acid in each solution.
 	Type 	Number of Units [image: \times] Concentration % = Amount 
 	25% 	[image: x] 	[image: 0.25] 	[image: 0.25x] 
 	50% 	[image: y] 	[image: 0.50] 	[image: 0.50y] 
 	40% 	[image: 200] 	[image: 0.40] 	[image: 0.40(200)] 
  
 Step 4: Translate into a system of equations. We get the equations from the Number column and the Amount column.
 Now we have the system.
 [image: \left\{\begin{array}{l}x+y=200\\0.25x+0.50y=0.40(200)\end{array}\right.]
 Step 5: Solve the system of equations. We will solve the system by elimination. Multiply the first equation by [image: −0.5] to eliminate [image: y].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}5}(x+y)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}5}(200)\\0.25x+0.50y=0.40(200)\end{array}\right.]
 Simplify and add to solve for [image: x].
 [image: \begin{array}{r}\left\{\begin{array}{l}-0.5x-0.5y=-100\\0.25x+0.50y=0.40(200)\end{array}\right.\\\hline-0.25x&=&-20\\x&=&80\end{array}]
 To solve for [image: y], substitute [image: x=80] into the first equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}x}+y=200\\{\color[rgb]{1.0, 0.0, 0.0}80}+y=200\\y=120\\\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 [image: \begin{eqnarray*}80+120&=&120✓\\0.25(80)+0.50(120)&=&80✓\end{eqnarray*}]
 Step 7: Answer the question.
 Sasheena should mix [image: 80] ml of the [image: 25%] solution with [image: 120] ml of the [image: 50%] solution to get the [image: 200] ml of the [image: 40%] solution.
  
 
 
 
 
 Try It
  10) Translate to a system of equations and solve: LeBron needs [image: 150] millilitres of a [image: 30%] solution of sulphuric acid for a lab experiment but only has access to a [image: 25%] and a [image: 50%] solution. How much of the [image: 25%] and how much of the [image: 50%] solution should he mix to make the [image: 30%] solution?
 
 Solution LeBron needs [image: 120] ml of the [image: 25%] solution and [image: 30] ml of the [image: 50%] solution.
  
 
 
 11) Translate to a system of equations and solve: Anatole needs to make [image: 250] millilitres of a [image: 25%] solution of hydrochloric acid for a lab experiment. The lab only has a [image: 10%] solution and a [image: 40%] solution in the storeroom. How much of the [image: 10%] and how much of the [image: 40%] solutions should he mix to make the [image: 25%] solution?
 
 Solution Anatole should mix [image: 125] ml of the [image: 10%] solution and [image: 125] ml of the [image: 40%] solution.
  
 
 
 
 
 
 
 
 
 
 Solve Interest Applications
 The formula to model interest applications is [image: I=Prt]. Interest, [image: I], is the product of the principal, [image: P], the rate, [image: r], and the time, [image: t]. In our work here, we will calculate the interest earned in one year, so [image: t] will be [image: 1].
 We modify the column titles in the mixture table to show the formula for interest, as you’ll see in Example 4.5.5.
 Example 4.5.5
  Translate to a system of equations and solve:
 Adnan has [image: $40,000] to invest and hopes to earn [image: 7.1%] interest per year. He will put some of the money into a stock fund that earns [image: 8%] per year and the rest into bonds that earns [image: 3%] per year. How much money should he put into each fund?
 
 Solution Step 1: Read the problem.
 A chart will help us organize the information.
 Step 2: Identify what we are looking for.
 We are looking for the amount to invest in each fund.
 Step 3: Name what we are looking for.
 Let [image: s=] the amount invested in stocks.
 Let [image: b=] the amount invested in bonds.
 Write the interest rate as a decimal for each fund. Multiply: Principal [image: \times] Rate [image: \times]Time to get the Interest.
 	Account 	Principal [image: \times] Rate [image: \times] Time = Interest 
 	Stock Fund 	[image: s] 	[image: 0.08] 	[image: 1] 	[image: 0.08s] 
 	Bonds 	[image: b] 	[image: 0.03] 	[image: 1] 	[image: 0.03b] 
 	Total 	[image: 40,000] 	[image: 0.071] 	 	[image: 0.071(40,000)] 
  
 Step 4: Translate into a system of equations.
 We get our system of equations from the Principal column and the Interest column.
 [image: \left\{\begin{array}{l}s+b=40,000\\0.08s+0.03b=0.071(40,000)\end{array}\right.]
 Step 5: Solve the system of equations.
 Solve by elimination. Multiply the top equation by [image: −0.03].
 [image: \left\{\begin{array}{l}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}03}(s+b)={\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}0}{\color[rgb]{1.0, 0.0, 0.0}.}{\color[rgb]{1.0, 0.0, 0.0}03}(40,000)\\0.08s+0.03b=2,840\end{array}\right.]
 [image: s=32,800]
 Simplify and add to solve for [image: s].
 [image: \begin{array}{r}\left\{\begin{array}{l}-0.03s-0.03b=-1,200\\0.08s+0.03b=2,840\end{array}\right.\\\hline0.05s=1,640\end{array}]
 To find [image: b], substitute [image: s=32,800] into the first equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}s}+b&=&40,000\\{\color[rgb]{1.0, 0.0, 0.0}32}{\color[rgb]{1.0, 0.0, 0.0},}{\color[rgb]{1.0, 0.0, 0.0}800}+b&=&40,000\\b&=&7,200\\\\\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 We leave the check to you.
 Step 7: Answer the question.
 Adnan should invest [image: $32,800] in stock and [image: $7,200] in bonds.
 Did you notice that the Principal column represents the total amount of money invested while the Interest column represents only the interest earned? Likewise, the first equation in our system, [image: s+b=40,000], represents the total amount of money invested and the second equation, [image: 0.08s+0.03b=0.071(40,000)], represents the interest earned.
  
 
 
 Try It
  12) Translate to a system of equations and solve: Leon had [image: $50,000] to invest and hopes to earn [image: 6.2 %] interest per year. He will put some of the money into a stock fund that earns [image: 7%] per year and the rest in to a savings account that earns [image: 2%] per year. How much money should he put into each fund?
 Solution Leon should put [image: $42,000] in the stock fund and [image: $8000] in the savings account.
  
 
 
 13) Translate to a system of equations and solve: Julius invested [image: $7,000] into two stock investments. One stock paid [image: 11%] interest and the other stock paid [image: 13%] interest. He earned [image: 12.5%] interest on the total investment. How much money did he put in each stock?
 
 Solution Julius invested [image: $1,750] at [image: 11%] and [image: $5,250] at [image: 13%].
  
 
 
 
 
 Example 4.5.6
  Translate to a system of equations and solve: Rosie owes [image: $21,540] on her two student loans. The interest rate on her bank loan is [image: 10.5%] and the interest rate on the federal loan is [image: 5.9%]. The total amount of interest she paid last year was [image: $1,669.68]. What was the principal for each loan?
 
 Solution Step 1: Read the problem.
 A chart will help us organize the information.
 Step 2: Identify what we are looking for.
 We are looking for the principal of each loan.
 Step 3: Name what we are looking for.
 Let [image: b=] the principal for the bank loan.
 Let [image: f=] the principal on the federal loan.
 The total loans are [image: $21,540].
 Record the interest rates as decimals in the chart.
 	Account 	Principal [image: \times] Rate [image: \times] Time = Interest 
 	Bank 	[image: b] 	[image: 0.105] 	[image: 1] 	[image: 0.105b] 
 	Federal 	[image: f] 	[image: 0.059] 	[image: 1] 	[image: 0.059f] 
 	Total 	[image: 21,540] 	 	[image: 1,669.68] 
  
 Multiply using the formula [image: l=Prt] to get the Interest.
 Step 4: Translate into a system of equations.
 The system of equations comes from the Principal column and the Interest column.
 [image: \left\{\begin{array}{l}b+f=21,540\\0.105b+0.059f=1,669.68\end{array}\right.]
 Step 5: Solve the system of equations.
 We will use substitution to solve. Solve the first equation for [image: b].
 [image: \begin{eqnarray*}b+f&=&21,540\\b&=&-f+21,540\end{eqnarray*}]
 Substitute [image: b=−f+21,540] into the second equation.
 [image: \begin{eqnarray*}0.105{\color[rgb]{1.0, 0.0, 0.0}b}+0.59f&=&1,669.68\\0.105({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}f}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}21}{\color[rgb]{1.0, 0.0, 0.0},}{\color[rgb]{1.0, 0.0, 0.0}540})+0.59f&=&1,669.68\end{eqnarray*}]
 Simplify and solve for [image: f].
 [image: \begin{eqnarray*}-0.105f+2,261.70+0.059f&=&1,669.68\\-0.46f+2,261.70&=&1,669.68\\-0.046f&=&-592.02\\f&=&12,870\end{eqnarray*}]
 To find b, substitute [image: f=12,870] into the first equation.
 [image: \begin{eqnarray*}{\color[rgb]{1.0, 0.0, 0.0}b}+f&=&21,540\\{\color[rgb]{1.0, 0.0, 0.0}12}{\color[rgb]{1.0, 0.0, 0.0},}{\color[rgb]{1.0, 0.0, 0.0}870}+f&=&21,540\\f&=&8,670\\\end{eqnarray*}]
 Step 6: Check the answer in the problem.
 We leave the check to you.
 Step 7: Answer the question.
 The principal of the bank loan is [image: $12,870] and the principal for the federal loan is [image: $8,670.]
  
 
 
 
 
 Try It
  14) Translate to a system of equations and solve: Laura owes [image: $18,000] on her student loans. The interest rate on the bank loan is [image: 2.5%] and the interest rate on the federal loan is [image: 6.9%]. The total amount of interest she paid last year was [image: $1,066]. What was the principal for each loan?
 
 Solution The principal amount for the bank loan was [image: $4,000]. The principal amount for the federal loan was [image: $14,000].
  
 
 
 15) Translate to a system of equations and solve: Jill’s Sandwich Shoppe owes [image: $65,200] on two business loans, one at [image: 4.5%] interest and the other at [image: 7.2%] interest. The total amount of interest owed last year was [image: $3,582]. What was the principal for each loan?
 
 Solution The principal amount for was [image: $41,200] at [image: 4.5%]. The principal amount was, [image: $24,000] at [image: 7.2%].
  
 
 
 
 
 Access these online resources for additional instruction and practice with solving application problems with systems of linear equations.
 	Cost and Mixture Word Problems
 	Mixture Problems
 
 
 
 
 
 
 Key Concepts
  Table for coin and mixture applications
 [image: This table is mostly blank. It has four columns and four rows. The last row is labelled “Total.” The first row labels each column as “Type,” and “Number times Value = Total Value.”]Figure 4.5.4  
 Table for concentration applications
 [image: This table is mostly blank. It has four columns and four rows. The last row is labelled “Total.” The first row labels each column as “Type,” and “Number of units times Concentration = Amount.”]Figure 4.5.5  
 Table for interest applications
 [image: This table is mostly blank. It has five columns and four rows. The last row is labelled “Total.” The first row labels each column as “Type,” and “Principal times Rate times Time = Interest”]Figure 4.5.6  
 
 
 Self Check
 After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2511#h5p-14 
 
 After looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 
	

			
			


		
	
		
			
	
		

		4.6 Unit Sources

								

	
				Unit 4 Sources 
 4.1 “Solve Systems of Equations by Graphing” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 4.2 “Solve Systems of Equations by Substitution” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 4.3 “Solve Systems of Equations by Elimination” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 4.4 “Solve Applications with Systems of Equations” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 4.5 “Solve Mixture Applications with Systems of Equations” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 
	

			
			


		
	
		
			
	
		

		Unit 5: Introduction to Polynomials

	

	
		 Chapter Outline
 5.0 Introduction
 5.1 Add and Subtract Polynominals
 5.2 Use Multiplication Properties of Exponents
 5.3 Multiply Polynominals
 5.4 Special Products
 5.5 Divide Monomials
 5.6 Divide Polynomials
 5.7 Introduction to Graphing Polynomials
 5.8 Unit Sources
 
 
	

		


		
	
		
			
	
		

		5.0 Introduction

								

	
				Architects use polynomials to design curved shapes such as this bridge, the Blues Point Bridge, in Sydney NSW, Australia.
 [image: Sydney Harbour Bridge from near Blues Point]Figure 5.0.1: Blues Point Bridge, Sydney NSW, Australia Photo by Robert Cutts  CC-BY-SA 2.0 We have seen that the graphs of linear equations are straight lines. Graphs of other types of equations, called polynomial equations, are curves, like the outline of this suspension bridge. Architects use polynomials to design the shape of a bridge like this and to draw the blueprints for it. Engineers use polynomials to calculate the stress on the bridge’s supports to ensure they are strong enough for the intended load. In this chapter, you will explore operations with and properties of polynomials.
 
	

			
			


		
	
		
			
	
		

		5.1 Add and Subtract Polynomials

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Identify polynomials, monomials, binomials, and trinomials
 	Determine the degree of polynomials
 	Add and subtract monomials
 	Add and subtract polynomials
 	Evaluate a polynomial for a given value
 
 
 
 
 Try it 
  Before you get started, take this readiness quiz:
 1) Simplify: [image: 8x+3x].
 2) Subtract: [image: (5n+8)-(2n-1)]
 3) Write in expanded form: [image: {a}^{5}].
 
 
 
 Identify Polynomials, Monomials, binomial and Trinomials
 You have learned that a term is a constant or the product of a constant and one or more variables. When it is of the form [image: a{x}^{m}], where [image: a] is a constant and [image: m] is a whole number, it is called a monomial. Some examples of monomial are [image: 8], [image: -2{x}^{2}], [image: 4{y}^{3}], and [image: 11{z}^{7}].
 A monomial, or two or more monomials combined by addition or subtraction, is a polynomial. Some polynomials have special names, based on the number of terms. A monomial is a polynomial with exactly one term. A binomial has exactly two terms, and a trinomial has exactly three terms. There are no special names for polynomials with more than three terms.
 Polynomials
  
 Monomial—A monomial is a term of the form [image: a{x}^{m}], where [image: a] is a constant and [image: m] is a positive whole number.
 Polynomial—A monomial, or two or more monomials combined by addition or subtraction, is a polynomial.
 	monomial—A polynomial with exactly one term is called a monomial.
 	binomial—A polynomial with exactly two terms is called a binomial.
 	trinomial—A polynomial with exactly three terms is called a trinomial.
 
 
 
 Here are some examples of polynomials.
 	Polynomial 	[image: b+1] 	[image: 4y^2-7y+2] 	[image: 4x^4+x^3+8x^2-9x+1] 	 
 	Monomial 	[image: 14] 	[image: 8y^2] 	[image: -9x^3y^5] 	[image: -13] 
 	Binomial 	[image: a+7] 	[image: 4b-5] 	[image: y^2-16] 	[image: 3x^3-9x^2] 
 	Trinomial 	[image: x^2-7x+12] 	[image: 9y^2+2y-8] 	[image: 6m^4-m^3+8m] 	[image: z^4+3z^2-1] 
  
 Notice that every monomial, binomial, and trinomial is also a polynomial. They are just special members of the “family” of polynomials and so they have special names. We use the words monomial, binomial, and trinomial when referring to these special polynomials and just call all the rest polynomials.
 Example 5.1.1
  Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial.
 a. [image: 4{y}^{2}-8y-6]
 b. [image: -5{a}^{4}{b}^{2}]
 c. [image: 2{x}^{5}-5{x}^{3}-9{x}^{2}+3x+4]
 d. [image: 13-5{m}^{3}]
 e. [image: q]
 
 Solution 	 	Polynomial 	Number of terms 	Type 
 	a. 	[image: 4{y}^{2}-8y-6] 	3 	Trinomial 
 	b. 	[image: -5{a}^{4}{b}^{2}] 	1 	Monomial 
 	c. 	[image: 2{x}^{5}-5{x}^{3}-9{x}^{2}+3x+4] 	5 	Polynomial 
 	d. 	[image: 13-5{m}^{3}] 	2 	Binomial 
 	e. 	[image: q] 	1 	Monomial 
  
  
 
 
 
 
 
 Try It
  4) Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial:
 a. [image: 5b]
 b. [image: 8{y}^{3}-7{y}^{2}-y-3]
 c. [image: -3{x}^{2}-5x+9]
 d. [image: 81-4{a}^{2}]
 e. [image: -5{x}^{6}]
 
 Solution a. monomial
 b. polynomial
 c. trinomial
 d. binomial
 e. monomial
  
 
 
 5) Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial:
 a. [image: 27{z}^{3}-8]
 b. [image: 12{m}^{3}-5{m}^{2}-2m]
 c. [image: \frac{5}{6}]
 d. [image: 8{x}^{4}-7{x}^{2}-6x-5]
 e. [image: {−}{n}^{4}]
 
 Solution a. binomial
 b. trinomial
 c. monomial
 d. polynomial
 e. monomial
  
 
 
 
 
 Determine the Degree of Polynomials
 
 
 
 
 The degree of a polynomial and the degree of its terms are determined by the exponents of the variable.
 A monomial that has no variable, just a constant, is a special case. The degree of a constant is [image: 0]—it has no variable.
 Degree of a Polynomial
 The degree of a term is the sum of the exponents of its variables.
 The degree of a constant is [image: 0].
 The degree of a polynomial is the highest degree of all its terms.
 
 Let’s see how this works by looking at several polynomials. We’ll take it step by step, starting with monomials, and then progressing to polynomials with more terms.
 	Monomial Degree
 	[image: \begin{align*} 14 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}0}\; \end{align*}] 	[image: \begin{align*} 8y^2\\[2ex]{\color[rgb]{0.0, 0.0, 1.0}2} \;\end{align*}] 	[image: \begin{align*} -9x^3y^5\\[2ex]{\color[rgb]{0.0, 0.0, 1.0}8}\;\;\;\; \end{align*}] 	[image: \begin{align*} -13a\\[2ex]{\color[rgb]{0.0, 0.0, 1.0}1}\; \end{align*}] 
 	Binomial Degree of each term
 Degree of polynomial
 	[image: \begin{align*} a+7 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}1\;\;\;\;0}\\[2ex] \;{\color[rgb]{1.0, 0.0, 0.0}1}\;\;\; \end{align*}] 	[image: \begin{align*} 4b^2-5b \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}2\;\;\;\;\;1}\;\\[2ex] \;{\color[rgb]{1.0, 0.0, 0.0}2}\;\;\;\; \end{align*}] 	[image: \begin{align*} x^2y^2-16 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}4\;\;\;\;\;\;\;0}\;\\[2ex] \;{\color[rgb]{1.0, 0.0, 0.0}4}\;\;\;\;\; \end{align*}] 	[image: \begin{align*} 3n^3-9n^2 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}3\;\;\;\;\;\;2}\;\\[2ex] \;{\color[rgb]{1.0, 0.0, 0.0}3}\;\;\;\; \end{align*}] 
 	Trinomial Degree of each term
 Degree of polynomial
 	[image: \begin{align*} x^2-7x+12 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}2\;\;\;\;\;\;1\;\;\;\;\;\;0}\;\\[2ex] \;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}2}\;\;\;\;\;\;\;\;\; \end{align*}] 	[image: \begin{align*} 9a^2+6ab+b^2 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}2\;\;\;\;\;\;2\;\;\;\;\;\;2}\;\;\\[2ex] \;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}2}\;\;\;\;\;\;\;\;\;\; \end{align*}] 	[image: \begin{align*} 6m^4-m^3n^2+8mn^5 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}4\;\;\;\;\;\;\;\;\;\;5\;\;\;\;\;\;\;\;6}\;\;\;\;\;\\[2ex] \;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}6}\;\;\;\;\;\;\;\;\; \;\;\;\;\;\;\end{align*}] 	[image: \begin{align*} z^4+3z^2-1 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}4\;\;\;\;\;\;2\;\;\;\;\;\;0}\;\\[2ex] \;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}4}\;\;\;\;\;\;\;\;\; \end{align*}] 
 	Polynomial Degree of each term
 Degree of polynomial
 	[image: \begin{align*} b+1 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}1\;\;\;\;0}\\[2ex] \;{\color[rgb]{1.0, 0.0, 0.0}1}\;\;\; \end{align*}] 	[image: \begin{align*} 4y^2-7y+2 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}2\;\;\;\;\;\;1\;\;\;\;\;\;0}\\[2ex] \;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}2}\;\;\;\;\;\;\;\;\end{align*}] 	[image: \begin{align*} 4x^4+x^3+8x^2-9x+1 \\[2ex] {\color[rgb]{0.0, 0.0, 1.0}4\;\;\;\;\;\;3\;\;\;\;\;\;\;2\;\;\;\;\;\;\;\;1\;\;\;\;\;0}\\[2ex] \;\;\;\;\;\;{\color[rgb]{1.0, 0.0, 0.0}4}\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\;\; \end{align*}] 	 
  
 A polynomial is in standard form when the terms of a polynomial are written in descending order of degrees. Get in the habit of writing the term with the highest degree first.
 Example 5.1.2
  Find the degree of the following polynomials.
 a. [image: 10y]
 b. [image: 4{x}^{3}-7x+5]
 c. [image: -15]
 d. [image: -8{b}^{2}+9b-2]
 e. [image: 8x{y}^{2}+2y]
 
 Solution a. The exponent of [image: y] is one.[image: y={y}^{1}]
 [image: 10y]
 The degree is [image: 1].
 
 b. The highest degree of all the terms is [image: 3].
 [image: 4{x}^{3}-7x+5]
 The degree is [image: 3].
 
 c. The degree of a constant is [image: 0].
 [image: -15]
 The degree is [image: 0].
 
 d. The highest degree of all the terms is [image: 2].
 [image: -8{b}^{2}+9b-2]
 The degree is [image: 2].
 
 e. The highest degree of all the terms is [image: 3].
 [image: 6m^4-m^3+8m]
 The degree is [image: 3].
  
 
 
 
 
 
 Try It
  6) Find the degree of the following polynomials:
 a. [image: -15b]
 b. [image: 10{z}^{4}+4{z}^{2}-5]
 c. [image: 12{c}^{5}{d}^{4}+9{c}^{3}{d}^{9}-7]
 d. [image: 3{x}^{2}y-4x]
 e.[image: -9]
 
 Solution a. 1
 b. 4
 c. 12
 d. 3
 e. 0
  
 
 
 7) Find the degree of the following polynomials:
 a. [image: 52]
 b. [image: {a}^{4}b-17{a}^{4}]
 c. [image: 5x+6y+2z]
 d. [image: 3{x}^{2}-5x+7]
 e. [image: {−}{a}^{3}]
 
 Solution a. 0
 b. 5
 c. 1
 d. 2
 e. 3
  
 
 
 
 
 
 Add and Subtract Monomials
 
 
 
 
 You have learned how to simplify expressions by combining like terms. Remember, like terms must have the same variables with the same exponent. Since monomials are terms, adding and subtracting monomials is the same as combining like terms. If the monomials are like terms, we just combine them by adding or subtracting the coefficient.
 Example 5.1.3
  Add: [image: 25{y}^{2}+15{y}^{2}].
 
 Solution Step 1: Combine like terms.
 [image: 40{y}^{2}]
  
 
 
 
 
 
 Try It
  8) Add: [image: 12{q}^{2}+9{q}^{2}].
 
 Solution [image: 21{q}^{2}]
  
 
 
 9) Add: [image: -15{c}^{2}+8{c}^{2}].
 
 Solution [image: -7{c}^{2}]
  
 
 
 
 
 
 
 
 Example 5.1.4
  Subtract: [image: 16p-(-7p)]
 
 Solution Step 1: Combine like terms.
 [image: 23p]
  
 
 
 
 
 
 Try It
  10) Subtract: [image: 8m-(-5m)]
 Solution [image: 13m]
  
 
 
 11) Subtract: [image: -15{z}^{3}-(-5{z}^{3})]
 
 Solution [image: -10{z}^{3}]
  
 
 
 
 
 Remember that like terms must have the same variables with the same exponents.
 Example 5.1.5
  Simplify: [image: {c}^{2}+7{d}^{2}-6{c}^{2}]
 
 Solution Step 1: Combine like terms.
 [image: -5{c}^{2}+7{d}^{2}]
  
 
 
 
 
 
 Try It
  12) Add: [image: 8{y}^{2}+3{z}^{2}-3{y}^{2}].
 
 Solution [image: 5{y}^{2}+3{z}^{2}]
  
 
 
 13) Add: [image: 3{m}^{2}+{n}^{2}-7{m}^{2}]
 
 Solution [image: -4{m}^{2}+{n}^{2}]
  
 
 
 
 
 
 
 
 Example 5.1.6
  Simplify: [image: {u}^{2}v+5{u}^{2}-3{v}^{2}]
 
 Solution Step 1: There are no like terms to combine.
 [image: {u}^{2}v+5{u}^{2}-3{v}^{2}]
  
 
 
 
 
 
 Try It
  14) Simplify: [image: {m}^{2}{n}^{2}-8{m}^{2}+4{n}^{2}]
 
 Solution There are no like terms to combine.
  
 
 
 15) Simplify: [image: p{q}^{2}-6p-5{q}^{2}]
 
 Solution There are no like terms to combine.
  
 
 
 
 
 Add and Subtract Polynomials
 
 
 
 
 We can think of adding and subtracting polynomials as just adding and subtracting a series of monomials. Look for the like terms—those with the same variables and the same exponent. The Commutative Property allows us to rearrange the terms to put like terms together.
 Example 5.1.7
  Find the sum: [image: (5{y}^{2}-3y+15)+(3{y}^{2}-4y-11)]
 
 Solution Step 1: Identify like terms.
 [image: \left({\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}y}^{\color[rgb]{1.0, 0.0, 0.0}2}\;-\;{\color[rgb]{0.0, 0.0, 1.0}3}{\color[rgb]{0.0, 0.0, 1.0}y}\;+\;{\color[rgb]{0.3, 0.3, 0.3}15}\right)\;+\;\left({\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}y}^{\color[rgb]{1.0, 0.0, 0.0}2}\;-\;{\color[rgb]{0.0, 0.0, 1.0}4}{\color[rgb]{0.0, 0.0, 1.0}y}\;-\;{\color[rgb]{0.3, 0.3, 0.3}11}\right)]
 Step 2: Rearrange to get the like terms together.
 [image: {\color[rgb]{0.0, 0.0, 1.0}5}{\color[rgb]{0.0, 0.0, 1.0}y}^{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}+}{\color[rgb]{0.0, 0.0, 1.0}3}{\color[rgb]{0.0, 0.0, 1.0}y}^{\color[rgb]{0.0, 0.0, 1.0}2}-{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}y}+{\color[rgb]{0.5, 0.0, 0.5}15}-{\color[rgb]{0.5, 0.0, 0.5}11}]
 Step 3: Combine like terms.
 [image: 8y^2-7y+4]
  
 
 
 
 
 
 Try It
  16) Find the sum: [image: (7{x}^{2}-4x+5)+({x}^{2}-7x+3)]
 
 Solution [image: 8{x}^{2}-11x+1]
  
 
 
 17) Find the sum: [image: (14{y}^{2}+6y-4)+(3{y}^{2}+8y+5)]
 
 Solution [image: 17{y}^{2}+14y+1]
  
 
 
 
 
 
 
 
 Example 5.1.8
  Find the difference: [image: (9{w}^{2}-7w+5)-(2{w}^{2}-4)]
 
 Solution Step 1: Distribute and identify like terms.
 [image: {\color[rgb]{0.0, 0.0, 1.0}9}{\color[rgb]{0.0, 0.0, 1.0}w}^{\color[rgb]{0.0, 0.0, 1.0}2}-{\color[rgb]{1.0, 0.0, 0.0}7}{\color[rgb]{1.0, 0.0, 0.0}w}+{\color[rgb]{0.5, 0.0, 0.5}5}-{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}w}^{\color[rgb]{0.0, 0.0, 1.0}2}+{\color[rgb]{0.5, 0.0, 0.5}4}]
 Step 2: Rearrange the terms.
 [image: {\color[rgb]{0.0, 0.0, 1.0}9}{\color[rgb]{0.0, 0.0, 1.0}w}^{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}w}^{\color[rgb]{0.0, 0.0, 1.0}2}-{\color[rgb]{1.0, 0.0, 0.0}7}{\color[rgb]{1.0, 0.0, 0.0}w}+{\color[rgb]{0.5, 0.0, 0.5}5}+{\color[rgb]{0.5, 0.0, 0.5}4}]
 Step 3: Combine like terms.
 [image: 7w^2-7w+9]
  
 
 
 
 
 
 Try It
  18) Find the difference: [image: (8{x}^{2}+3x-19)-(7{x}^{2}-14)]
 
 Solution [image: 15{x}^{2}+3x-5]
  
 
 
 19) Find the difference: [image: (9{b}^{2}-5b-4)-(3{b}^{2}-5b-7)]
 
 Solution [image: 6{b}^{2}+3]
  
 
 
 
 
 
 
 
 Example 5.1.9
  Subtract: [image: ({c}^{2}-4c+7)] from [image: (7{c}^{2}-5c+3)].
 
 Solution Step 1: Write the equation.
 [image: (7c^2-5c+3)-(c^2-4c+7)]
 Step 2: Distribute and identify like terms.
 [image: {\color[rgb]{0.0, 0.0, 1.0}7}{\color[rgb]{0.0, 0.0, 1.0}c}^{\color[rgb]{0.0, 0.0, 1.0}2}-{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}c}+{\color[rgb]{0.5, 0.0, 0.5}3}-{\color[rgb]{0.0, 0.0, 1.0}c}^{\color[rgb]{0.0, 0.0, 1.0}2}+{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}c}-{\color[rgb]{0.5, 0.0, 0.5}7}]
 Step 2: Rearrange the terms.
 [image: {\color[rgb]{0.0, 0.0, 1.0}7}{\color[rgb]{0.0, 0.0, 1.0}c}^{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}-}{\color[rgb]{0.0, 0.0, 1.0}c}^{\color[rgb]{0.0, 0.0, 1.0}2}-{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}c}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}c}+{\color[rgb]{0.5, 0.0, 0.5}3}{\color[rgb]{0.5, 0.0, 0.5}+}{\color[rgb]{0.5, 0.0, 0.5}7}]
 Step 3: Combine like terms.
 [image: 6c^2-c-4]
  
 
 
 
 
 
 Try It
  20) Subtract: [image: (5{z}^{2}-6z-2)] from [image: (7{z}^{2}+6z-4)].
 
 Solution [image: 2{z}^{2}+12z-2]
  
 
 
 21) Subtract: [image: ({x}^{2}-5x-8)] from [image: (6{x}^{2}+9x-1)].
 
 Solution [image: 5{x}^{2}+14x+7]
  
 
 
 
 
 
 
 
 Example 5.1.10
  Find the sum: [image: ({u}^{2}-6uv+5{v}^{2})+(3{u}^{2}+2uv)]
 
 Solution Step 1: Distribute.
 [image: {u}^{2}-6uv+5{v}^{2}+3{u}^{2}+2uv]
 Step 2: Rearrange the terms, to put like terms together.
 [image: {u}^{2}+3{u}^{2}-6uv+2uv+5{v}^{2}]
 Step 3: Combine like terms.
 [image: 4{u}^{2}-4uv+5{v}^{2}]
  
 
 
 
 
 
 Try It
  22) Find the sum: [image: (3{x}^{2}-4xy+5{y}^{2})+(2{x}^{2}-xy)].
 
 Solution [image: 5{x}^{2}-5xy+5{y}^{2}]
  
 
 
 23) Find the sum: [image: (2{x}^{2}-3xy-2{y}^{2})+(5{x}^{2}-3xy)].
 
 Solution [image: 7{x}^{2}-6xy-2{y}^{2}]
  
 
 
 
 
 
 
 
 Example 5.1.11
  Find the difference: [image: ({p}^{2}+{q}^{2})-({p}^{2}+10pq-2{q}^{2})].
 
 Solution Step 1: Distribute.
 [image: {p}^{2}+{q}^{2}-{p}^{2}-10pq+2{q}^{2}]
 Step 2: Rearrange the terms, to put like terms together.
 [image: {p}^{2}-{p}^{2}-10pq+{q}^{2}+2{q}^{2}]
 Step 3: Combine like terms.
 [image: -10p{q}^{2}+3{q}^{2}]
  
 
 
 
 
 
 Try It
  24) Find the difference: [image: ({a}^{2}+{b}^{2})-({a}^{2}+5ab-6{b}^{2})].
 
 Solution [image: -5ab-5{b}^{2}]
  
 
 
 25) Find the difference: [image: ({m}^{2}+{n}^{2})-({m}^{2}-7mn-3{n}^{2})].
 
 Solution [image: 4{n}^{2}+7mn]
  
 
 
 
 
 
 
 
 Example 5.1.12
  Simplify: [image: ({a}^{3}-{a}^{2}b)-(a{b}^{2}+{b}^{3})+({a}^{2}b+a{b}^{2})].
 
 Solution Step 1: Distribute.
 [image: {a}^{3}-{a}^{2}b-a{b}^{2}-{b}^{3}+{a}^{2}b+a{b}^{2}]
 Step 2: Rearrange the terms, to put like terms together.
 [image: {a}^{3}-{a}^{2}b+{a}^{2}b-a{b}^{2}+a{b}^{2}-{b}^{3}]
 Step 3: Combine like terms.
 [image: {a}^{3}-{b}^{3}]
  
 
 
 
 
 
 Try It
  26) Simplify: [image: ({x}^{3}-{x}^{2}y)-(x{y}^{2}+{y}^{3})+({x}^{2}y+x{y}^{2})].
 
 Solution [image: {x}^{3}-{y}^{3}]
  
 
 
 27) Simplify: [image: ({p}^{3}-{p}^{2}q)+(p{q}^{2}+{q}^{3})-({p}^{2}q+p{q}^{2})].
 
 Solution [image: {p}^{3}-2{p}^{2}q+{q}^{3}]
  
 
 
 
 
 Evaluate a Polynomial for a Given Value
 
 
 
 
 We have already learned how to evaluate expressions. Since polynomials are expressions, we’ll follow the same procedures to evaluate a polynomial. We will substitute the given value for the variable and then simplify using the order of operations.
 Example 5.1.13
  Evaluate [image: 5{x}^{2}-8x+4] when
 a. [image: x=4]
 b. [image: x=-2]
 c. [image: x=0]
 
 Solution a.
 Step 1: Substitute 4 for [image: x].
 [image: 5\left({\color[rgb]{1.0, 0.0, 0.0}4}\right)^2-8\left({\color[rgb]{1.0, 0.0, 0.0}4}\right)+4]
 Step 2:  Simplify the exponents.
 [image: 5\cdot16-8\left(4\right)+4]
 Step 3: Multiply.
 [image: 80-32+4]
 Step 4: Simplify.
 [image: 52]
 
 b.
 Step 1: Substitute [image: -2] for [image: x].
 [image: 5\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}\right)^2-8\left({\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}2}\right)+4]
 Step 2: Simplify the exponents.
 [image: 5\cdot4-8(-2)+4]
 Step 3: Multiply.
 [image: 20+16+4]
 Step 4: Simplify.
 40
 
 c.
 Step 1: Substitute [image: 0] for [image: x].
 [image: 5\left({\color[rgb]{1.0, 0.0, 0.0}0}\right)^2-8\left({\color[rgb]{1.0, 0.0, 0.0}0}\right)+4]
 Step 2: Simplify the exponents.
 [image: 5\cdot0-8(0)+4]
 Step 3: Multiply.
 [image: 0+0+4]
 Step 4: Simplify.
 [image: 4]
  
 
 
 
 
 
 Try It
  28) Evaluate: [image: 3{x}^{2}+2x-15] when
 a. [image: x=3]
 b. [image: x=-5]
 c. [image: x=0]
 
 Solution a. [image: 18]
 b. [image: 50]
 c. [image: -15]
  
 
 
 29) Evaluate: [image: 5{z}^{2}-z-4] when
 a. [image: z=-2]
 b. [image: z=0]
 c. [image: z=2]
 
 Solution a. [image: 18]
 b. [image: -4]
 c. [image: 14]
  
 
 
 
 
 
 
 
 Example 5.1.14
  The polynomial [image: -16{t}^{2}+250] gives the height of a ball [image: t] seconds after it is dropped from a [image: 250] foot tall building. Find the height after [image: t=2] seconds.
 
 Solution Step 1: Substitute [image: t=2].
 [image: -16{(2)}^{2}+250]
 Step 2: Simplify.
 [image: \begin{align*} &-16\times4+250\\ \text{Simplify.}\;\;&-64+250\\ &=186 \end{align*}]
 After [image: 2] seconds the height of the ball is [image: 186] feet.
  
 
 
 
 
 
 Try It
  30) The polynomial [image: -16{t}^{2}+250] gives the height of a ball [image: t] seconds after it is dropped from a 250-foot tall building. Find the height after [image: t=0] seconds.
 
 Solution [image: 250]
  
 
 
 31) The polynomial [image: -16{t}^{2}+250] gives the height of a ball [image: t] seconds after it is dropped from a 250-foot tall building. Find the height after [image: t=3] seconds.
 
 Solution [image: 106]
  
 
 
 
 
 
 
 
 Example 5.1.15
  The polynomial [image: 6{x}^{2}+15xy] gives the cost, in dollars, of producing a rectangular container whose top and bottom are squares with side [image: x] feet and sides of height [image: y] feet. Find the cost of producing a box with [image: x=4] feet and [image: y=6] feet.
 
 Solution Step 1: Substitute [image: x = 4], [image: y = 6].
 [image: 6\left({\color[rgb]{1.0, 0.0, 0.0}4}\right)^2+15\left({\color[rgb]{1.0, 0.0, 0.0}4}\right){\color[rgb]{0.0, 0.0, 1.0}\left(6\right)}]
 Step 2: Simplify.
 [image: \begin{align*} &6\cdot16+15\left({\color[rgb]{1.0, 0.0, 0.0}4}\right){\color[rgb]{0.0, 0.0, 1.0}\left(6\right)}\\ \text{Simplify.}\;\;&96+360\\ &=456 \end{align*}]
 The cost of producing the box is [image: $456].
  
 
 
 
 
 
 Try It
  32) The polynomial [image: 6{x}^{2}+15xy] gives the cost, in dollars, of producing a rectangular container whose top and bottom are squares with side [image: x] feet and sides of height [image: y] feet. Find the cost of producing a box with [image: x=6] feet and [image: y=4] feet.
 
 Solution $576
  
 
 
 33) The polynomial [image: 6{x}^{2}+15xy] gives the cost, in dollars, of producing a rectangular container whose top and bottom are squares with side [image: x] feet and sides of height [image: y] feet. Find the cost of producing a box with [image: x=5] feet and [image: y=8] feet.
 
 Solution $750
  
 
 
 
 
 
 
 
 Access these online resources for additional instruction and practice with adding and subtracting polynomials.
 
 
 
 	Add and Subtract Polynomials 1
 	Add and Subtract Polynomial 2
 	Add and Subtract Polynomial 3
 
 
 
 
 Key Concepts
  	Monomials 	A monomial is a term of the form [image: a{x}^{m}], where [image: a] is a constant and [image: m] is a whole number.
 
 
 	Polynomials 	polynomial—A monomial, or two or more monomials combined by addition or subtraction is a polynomial.
 	monomial—A polynomial with exactly one term is called a monomial.
 	binomial—A polynomial with exactly two terms is called a binomial.
 	trinomial—A polynomial with exactly three terms is called a trinomial.
 
 
 	Degree of a Polynomial 	The degree of a term is the sum of the exponents of its variables.
 	The degree of a constant is [image: 0].
 	The degree of a polynomial is the highest degree of all its terms.
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 b. If most of your checks were:
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2618#h5p-26 
 
 
 
 Glossary
  	binomial
 	A binomial is a polynomial with exactly two terms.
 
 	degree of a constant
 	The degree of any constant is [image: 0].
 
 	degree of a polynomial
 	The degree of a polynomial is the highest degree of all its terms.
 
 	degree of a term
 	The degree of a term is the exponent of its variable.
 
 	monomial
 	A monomial is a term of the form [image: a{x}^{m}], where [image: a] is a constant and [image: m] is a whole number; a monomial has exactly one term.
 
 	polynomial
 	A polynomial is a monomial, or two or more monomials combined by addition or subtraction.
 
 	standard form
 	A polynomial is in standard form when the terms of a polynomial are written in descending order of degrees.
 
 	trinomial
 	A trinomial is a polynomial with exactly three terms.
 
 
 
 
	

			
			


		
	
		
			
	
		

		5.2 Use Multiplication Properties of Exponents

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Simplify expressions with exponents
 	Simplify expressions using the Product Property for Exponents
 	Simplify expressions using the Power Property for Exponents
 	Simplify expressions using the Product to a Power Property
 	Simplify expressions by applying several properties
 	Multiply monomials
 	Use the definition of a negative exponent
 	Simplify expressions with integer exponents
 
 
 
 
 Try it 
  Before you get started, take this readiness quiz:
 1) Simplify: [image: \frac{3}{4}\times\frac{3}{4}]
 2) Simplify: [image: (-2)(-2)(-2)].
 3) What is the place value of the [image: 6] in the number [image: 64,891]?
 4) Name the decimal: [image: 0.0012].
 5) Subtract: [image: 5-(-3)].
 
 
 
 Simplify Expressions with Exponents
 Remember that an exponent indicates repeated multiplication of the same quantity. For example, [image: {2}^{4}]means to multiply [image: 2] by itself [image: 4] times, so [image: {2}^{4}] means [image: 2\cdot 2\cdot 2\cdot 2].
 Let’s review the vocabulary for expressions with exponents.
 Exponential Notation
 [image: \begin{align*} &\;a^{m{\color[rgb]{0.0, 0.0, 1.0}\leftarrow}{\color[rgb]{0.0, 0.0, 1.0}\text{exponent}}}\;&\;&a^m \text{means multiply}\;m\;\text{factors of}\;a\;\;\\ &{\color[rgb]{1.0, 0.0, 0.0}\underset{base}\uparrow}\;&\;&a^m=\underbrace{a\cdot a\cdot a\cdot.....\cdot a}_{\color[rgb]{0.0, 0.0, 1.0}{m\;\text{factors}}}\;\;\end{align*}]
 This is read [image: a] to the [image: {m}^{th}] power.
 In the expression [image: {a}^{m}], the exponent [image: m] tells us how many times we use the base [image: a] as a factor.
 [image: \begin{align*} &\;\;\;\;\;4^3\;&\left(-9\right)^5\;\;\;\;\;\;\;\;\;\;\;\;\;\;\\ &\underbrace{4\cdot4\cdot4}_{{\color[rgb]{0.0, 0.0, 1.0}3}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}}\;&\underbrace{\left(-9\right)\left(-9\right)\left(-9\right)\left(-9\right)\left(-9\right)}_{{\color[rgb]{0.0, 0.0, 1.0}5}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}} \end{align*}]
 
 Before we begin working with variable expressions containing exponents, let’s simplify a few expressions involving only numbers.
 Example 5.2.1
  Simplify:
 a. [image: {4}^{3}]
 b. [image: {7}^{1}]
 c. [image: (\frac{5}{6})^{2}]
 d. [image: (0.63)^{2}]
 
 Solution a.
 Step 1: Multiply three factors of [image: 4].
 [image: \begin{align*} &4\times{4}\times{4}\\ \text{Simplify.}\;\;&64 \end{align*}]
 
 b.
 Step 1: Multiply one factor of [image: 7].
 [image: 7]
 
 c.
 Step 1: Multiply two factors.
 [image: \begin{align*} &\left(\frac{5}{6}\right)\times\left({\frac{5}{6}}\right)\\ \text{Simplify.}\;\;\;&\;\frac{25}{36} \end{align*}]
 
 d.
 Step 1: Multiply two factors.
 [image: \begin{align*} &(0.63)\times{(0.63)}\\ \text{Simplify.}\;\;\;&0.3969 \end{align*}]
  
 
 
 
 
 
 Try It
  6) Simplify:
 a. [image: {6}^{3}]
 b. [image: {15}^{1}]
 c. [image: (\frac{3}{7})^{2}]
 d. [image: (0.43)^{2}]
 
 Solution a. [image: 216]
 b. [image: 15]
 c. [image: \frac{9}{49}]
 d. [image: 0.1849]
  
 
 
 7) Simplify:
 a. [image: {2}^{5}]
 b. [image: {21}^{1}]
 c. [image: (\frac{2}{5})^{3}]
 d. [image: (0.218)^{2}]
 
 Solution a. [image: 32]
 b. [image: 21]
 c. [image: \frac{8}{125}]
 d. [image: 0.047524]
  
 
 
 
 
 
 
 
 Example 5.2.2
  Simplify:
 a. [image: (-5)^{4}]
 b. [image: {−}{5}^{4}]
 
 Solution a.
 Step 1: Multiply four factors of [image: -5].
 [image: \begin{align*} &(-5)(-5)(-5)(-5)\\ \text{Simplify.}\;\;\;&625 \end{align*}]
 
 b.
 Step 1: Multiply four factors of [image: 5].
 [image: \begin{align*} &-(5\times5\times5\times5)\\ \text{Simplify.}\;\;\;&6-25 \end{align*}]
  
 
 
 
 
 
 Try It
  8) Simplify:
 a. [image: (-3)^{4}]
 b. [image: −{3}^{4}]
 
 Solution a. [image: 81]
 b. [image: -81]
  
 
 
 9) Simplify:
 a. [image: (-13)^{2}]
 b. [image: {−}{13}^{2}]
 
 Solution a. [image: 169]
 b. [image: -169]
  
 
 
 
 
 Notice the similarities and differences in the “Example 5.2.2″ a. and b.! Why are the answers different? As we follow the order of operations in part a. the parentheses tell us to raise the [image: -5] to the [image: 4^{th}] power. In part b. we raise just the [image: 5] to the [image: 4^{th}] power and then take the opposite.
 
 
 
 Simplify Expressions Using the Product Property for Exponents
 
 You have seen that when you combine like terms by adding and subtracting, you need to have the same base with the same exponent. But when you multiply and divide, the exponents may be different, and sometimes the bases may be different, too.
 We’ll derive the properties of exponents by looking for patterns in several examples.
 First, we will look at an example that leads to the Product Property.
 	 	[image: x^2\cdot x^3] 
 	What does this mean?
 How many factors altogether? 	[image: \underbrace{\underbrace{x\cdot x}_{{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}}\;\;\cdot\;\;\underbrace{x\cdot x\cdot x}_{{\color[rgb]{0.0, 0.0, 1.0}3}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}f}{\color[rgb]{0.0, 0.0, 1.0}a}{\color[rgb]{0.0, 0.0, 1.0}c}{\color[rgb]{0.0, 0.0, 1.0}t}{\color[rgb]{0.0, 0.0, 1.0}o}{\color[rgb]{0.0, 0.0, 1.0}r}{\color[rgb]{0.0, 0.0, 1.0}s}}}_{{\color[rgb]{0.0, 0.0, 1.0}5}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{fators}}}] 
 	So, we have 	[image: x^5] 
 	Notice that [image: 5] is the sum of the exponents, [image: 2] and [image: 3]. 	[image: x^2\cdot x^3] is [image: x^{2+3}], or [image: x^5]
  
  
 We write:
 [image: x^2\cdot x^3]
 [image: x^{2+3}]
 [image: x^5]
 The base stayed the same and we added the exponents. This leads to the Product Property for Exponents.
 Product Property for Exponents
 If [image: a] is a real number, and [image: m] and [image: n] are counting numbers, then
 [image: {a}^{m}\times{a}^{n}={a}^{m+n}]
 To multiply with like bases, add the exponents.
 
 
 
 
 An example with numbers helps to verify this property:
 [image: \begin{eqnarray*}2^2\;\times\;2^{3\;}& \overset?= &\;2^{2+3}\\4\;\times\;8\;& \overset?=& \;2^5\\32\;& = &\;32\\\end{eqnarray*}]
 Example 5.2.3
  Simplify: [image: {y}^{5}\times{y}^{6}]
 
 Solution Step 1: Use the product property, [image: a^m\cdot a^n=a^{m+n}]
 [image: \begin{align*} &y^{{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}6}}\\ \text{Simplify.}\;\;&y^{11} \end{align*}]
  
 
 
 Try It
  10) Simplify: [image: {b}^{9}\times{b}^{8}]
 
 Solution [image: {b}^{17}]
  
 
 
 11) Simplify: [image: {x}^{12}\times{x}^{4}].
 
 Solution [image: {x}^{16}]
  
 
 
 
 
 
 
 
 Example 5.2.4
  Simplify:
 a. [image: {2}^{5}\times{2}^{9}]
 b. [image: 3\times{3}^{4}]
 Solution a.
 Step 1: Use the product property, [image: a^m\cdot a^n=a^{m+n}]
 [image: \begin{align*} &2^{{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}9}}\\ \text{Simplify.}\;\;&2^{14} \end{align*}]
 
 b.
 
 Step 1: Use the product property, [image: a^m\cdot a^n=a^{m+n}]
 [image: \begin{align*} &3^{{\color[rgb]{1.0, 0.0, 0.0}1}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}4}}\\ \text{Simplify.}\;\;&3^5 \end{align*}]
  
 
 Try It
  12) Simplify:
 a. [image: 5\times{5}^{5}]
 b. [image: {4}^{9}\times{4}^{9}]
 
 Solution a. [image: {5}^{6}]
 b.[image: {4}^{18}]
  
 
 
 13) Simplify:
 a. [image: {7}^{6}\times{7}^{8} ]
 b. [image: 10\times{10}^{10}].
 
 Solution a. [image: {7}^{14}]
 b. [image: {10}^{11}]
  
 
 
 
 
 Example 5.2.5
  Simplify:
 a. [image: {a}^{7}\times{a}]
 b. [image: {x}^{27}\times{x}^{13}]
 
 Solution a.
 Step 1: Rewrite, [image: a=a^1].
 [image: a^7\;\times\;a^1]
 Step 2: Use the product property, [image: a^m\cdot a^n=a^{m+n}]
 [image: \begin{align*} &3a^{{\color[rgb]{1.0, 0.0, 0.0}7}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}1}}\\ \text{Simplify.}\;\;&a^8 \end{align*}]
 
 b.
 Step 1: Notice, the bases are the same, so add the exponents.
 [image: \begin{align*} &x^{{\color[rgb]{1.0, 0.0, 0.0}27}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}13}}\\ \text{Simplify.}\;\;&x^{40} \end{align*}]
  
 
 
 
 
 
 Try It
  14) Simplify:
 a. [image: {p}^{5}\times {p}]
 b. [image: {y}^{14}\times{y}^{29}]
 
 Solution a. [image: {p}^{6}]
 b. [image: {y}^{43}]
  
 
 
 15) Simplify:
 a. [image: z\times{z}^{7}]
 b. [image: {b}^{15}\times{b}^{34}].
 
 Solution a. [image: {z}^{8}]
 b. [image: {b}^{49}]
  
 
 
 
 
 We can extend the Product Property for Exponents to more than two factors.
 
 
 
 Example 5.2.6
  Simplify: [image: {d}^{4}·{d}^{5}·{d}^{2}]
 
 Solution Step 1: Add the exponents, since bases are the same.
 [image: \begin{align*} &d^{\color[rgb]{1.0, 0.0, 0.0}{4\;+\;5\;+\;2}}{\color[rgb]{1.0, 0.0, 0.0}\;}\\ \text{Simplify.}\;\;&d^{11} \end{align*}]
  
 
 
 
 
 
 Try It
  16) Simplify: [image: {x}^{6}\times{x}^{4}\times{x}^{8}]
 
 Solution [image: {x}^{18}]
  
 
 
 17) Simplify: [image: {b}^{5}\times{b}^{9}\times{b}^{5}]
 
 Solution [image: {b}^{19}]
  
 
 
 
 
 
 
 
 Simplify Expressions Using the Power Property for Exponents
 
 
 
 
 Now let’s look at an exponential expression that contains a power raised to a power. See if you can discover a general property.
 	 	[image: (x^2)^3] 
 	What does this mean?
 How many factors altogether? 	[image: \;\;\;\;x^2\;\;\;\;\cdot\;\;\;\;\;\;x^2\;\;\;\;\cdot\;\;\;\;\;\;x^2\\\underbrace{\underbrace{x\cdot x}_{{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}}\;\;\cdot\;\;\underbrace{x\cdot x}_{{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}}\;\;\cdot\;\;\underbrace{x\cdot x}_{{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}}}_{{\color[rgb]{0.0, 0.0, 1.0}6}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}\text{factors}}}] 
 	So we have 	[image: x^6] 
 	Notice that 6 is the product of the exponents, 2 and 3. 	[image: (x^2)^3] is [image: x^{2\cdot3}] or [image: x^6]
  
  
 We write:
 [image: (x^2)^3]
 [image: x^{({2}\times{3})}]
 [image: x^6]
 We multiplied the exponents. This leads to the Power Property for Exponents.
 Power Property for Exponents
 If [image: a] is a real number, and [image: m] and [image: n] are whole numbers, then
 [image: (a^m)^n=a^{mn}]
 To raise a power to a power, multiply the exponents.
 
 
 
 An example with numbers helps to verify this property:
 
 [image: \begin{eqnarray*}{(3^2)}^3\;& \overset?= &\;3^{(2\;\times\;3)}\\{(9)}^3\;& \overset?= &\;3^6\\729\;& = &\;729\\\\\end{eqnarray*}]
 Example 5.2.7
  Simplify:
 a.[image: ({y}^{5})^{9}]
 b. ([image: {4}^{4})^{7}]
 
 Solution a.
 
 Step 1: Use the power property, [image: (a^m)^n=a^{a\cdot n}]
 [image: \begin{align*} &y^{\color[rgb]{1.0, 0.0, 0.0}{5\;\times\;9}}\\ \text{Simplify.}\;\;&y^{45} \end{align*}]
 
 b.
 Step 1: Use the power property.
 [image: \begin{align*} &4^{\color[rgb]{1.0, 0.0, 0.0}{4\;\times\;7}}\\ \text{Simplify.}\;\;&4^{28} \end{align*}]
  
 
 
 Try It
  18) Simplify:
 a. [image: ({b}^{7})^{5}]
 b. [image: ({5}^{4})^{3}]
 
 Solution a. [image: {b}^{35}]
 b. [image: {5}^{12}]
  
 
 
 19) Simplify:
 a. [image: ({z}^{6})^{9}]
 b. [image: ({3}^{7})^{7}]
 
 Solution a. [image: z^{54} ]
 b. [image: 3^{49}]
  
 
 
 
 
 Simplify Expressions Using the Product to a Power Property
 
 
 
 
 We will now look at an expression containing a product that is raised to a power. Can you find this pattern?
 	 	[image: (2x)^{3}] 
 	What does this mean? 	[image: 2x\cdot 2x\cdot 2x] 
 	We group the like factors together. 	[image: 2\cdot 2\cdot 2\cdot x\cdot x\cdot x] 
 	How many factors of [image: 2] and of [image: x]? 	[image: {2}^{3}\times {x}^{3}] 
  
 Notice that each factor was raised to the power and [image: (2x)^{3}] is [image: {2}^{3} \times {x}^{3}].
 We write:
 [image: (2x)^{3}]
 [image: {2}^{3}\times {x}^{3}]
 The exponent applies to each of the factors! This leads to the Product to a Power Property for Exponents.
 Product to a Power Property for Exponents
 If [image: a] and [image: b] are real numbers and [image: m] is a whole number, then
 [image: (ab)^{m} = {a}^{m} {b}^{m}]
 To raise a product to a power, raise each factor to that power.
 
 
 
 An example with numbers helps to verify this property:
 [image: \begin{eqnarray*}2{(2\;\times\;3)}^2\;& \overset?= &\;2^23^2\\6^2\;& \overset?= &\;(4)(9)\\36\;& = &\;36\\\end{eqnarray*}]
 Example 5.2.8
  Simplify:
 a. [image: (-9d)^{2}]
 b.  [image: (3mn)^{3}]
 
 Solution a.
 
 Step 1: Use Power of a Product Property, [image: (ab)^{m} = {a}^{m} {b}^{m}]
 [image: \begin{align*} &\left(-9\right)^{\color[rgb]{1.0, 0.0, 0.0}2}d^{\color[rgb]{1.0, 0.0, 0.0}9}\\ \text{Simplify.}\;\;&81d^2 \end{align*}]
 
 b.
 
 Step 1: Use Power of a Product Property, [image: (ab)^{m} = {a}^{m} {b}^{m}]
 [image: \begin{align*} &\left(3\right)^{\color[rgb]{1.0, 0.0, 0.0}3}m^{\color[rgb]{1.0, 0.0, 0.0}3}n^{\color[rgb]{1.0, 0.0, 0.0}3}\\ \text{Simplify.}\;\;&27m^3n^3 \end{align*}]
  
 
 
 
 Try It
  20) Simplify:
 a. [image: (-12y)^{2}]
 b. [image: (2wx)^{5}]
 
 Solution a. [image: 144y^{2}]
 b. [image: 32{w}^{5}{x}^{5}]
  
 
 
 21) Simplify:
 a. [image: {5wx}^{3}]
 b. [image: (-3y)^{3}]
 
 Solution a.[image: 125{w}^{3}{x}^{3}]
 b. [image: -27{y}^{3}]
  
 
 
 
 
 Simplify Expressions by Applying Several Properties
 
 
 
 
 We now have three properties for multiplying expressions with exponents. Let’s summarize them and then we’ll do some examples that use more than one of the properties.
 Properties of Exponents
 If [image: a] and [image: b] are real numbers, and [image: m] and [image: n] are whole numbers, then
 	Product Property 	[image:  {a}^{m}\times {a}^{n} = {a}^{m+n}] 
 	Power Property 	[image: ({a}^{m})^{n} = {a}^{mn}] 
 	Product to a Power 	[image: (ab)^{m} = {a}^{m}{b}^{m}] 
  
 
 
 
 
 All exponent properties hold true for any real numbers [image: m] and [image: n]. Right now, we only use whole-number exponents.
 Example 5.2.9
  Simplify:
 a. [image: ({y}^{3})^{6}({y}^{5})^{4} ]
 b. [image: (-6{x}^{4}{y}^{5})^{2}]
 
 Solution a.
 Step 1: Use the Power Property.
 [image: {y}^{18}\times{y}^{20}]
 Step 2: Add the exponents.
 [image: {y}^{38}]
 
 b.
 Step 1: Use the Product to a Power Property.
 [image: (-6)^2({x}^4)^2(y^5)^2]
 Step 2: Use the Power Property.
 [image: \begin{align*} &(-6)^{2}(x^4)^2(y^5)^2\\ \text{Simplify.}\;\;&36{x}^{8}{y}^{10} \end{align*}]
  
 
 
 
 
 
 Try It
  22) Simplify:
 a. [image: ({a}^{4})^{5}({a}^{7})^{4}]
 b. [image: (-2{c}^{4}{d}^{2})^{3}]
 
 Solution a. [image: {a}^{48}]
 b. [image: (-8{c}^{12}{d}^{6})]
  
 
 
 23) Simplify:
 a. [image: (-3{x}^{6}{y}^{7})^{4}]
 b. [image: ({q}^{4})^{5}({q}^{3})^{3}]
 
 Solution a.[image: 81{x}^{24}{y}^{28}]
 b. [image: {q}^{29}]
  
 
 
 
 
 
 
 
 Example 5.2.10
  Simplify:
 a.[image: (5m)^{2}(3{m})^{3} ]
 b. [image: (3{x}^{2}y)^{4}(2xy^2)^{3}]
 
 Solution a.
 Step 1: Raise [image: 5m] to the second power.
 [image: \begin{align*} &{5}^{2}{m}^{2}\times3{m}^{3}\\ \text{Simplify.}\;\;&25{m}^{2}\times3{m}^{3} \end{align*}]
 Step 2: Use the Commutative Property.
 [image: 25\times{3}\times{m}^{2}\times{m}^{3}]
 Step 3: Multiply the constants and add the exponents.
 [image: 75{m}^{5}]
 
 b.
 Step 1: Use the Product to a Power Property.
 [image: \begin{align*} &({3}^{4}{x}^{8}{y}^{4})({2}^{3}{x}^{3}{y}^{6})\\ \text{Simplify.}\;\;&(81{x}^{8}{y}^{4})(8{x}^{3}{y}^{6}) \end{align*}]
 Step 2: Use the Commutative Property.
 [image: 81\times8\times{x}^{8}\times{x}^{3}\times{y}^{4}\times{y}^{6}]
 Step 3: Multiply the constants and add the exponents.
 [image: 648{x}^{11}{y}^{10}]
  
 
 
 
 
 
 Try It
  24) Simplify:
 a. [image: (5n)^{2}(3{n}^{10})]
 b. [image: ({c}^{4}{d}^{2})^{5}(3c{d}^{5})^{4}]
 
 Solution a. [image: 75{n}^{12}]
 b. [image: 81{c}^{24}{d}^{30}]
  
 
 
 25) Simplify:
 a. [image: ({a}^{3}{b}^{2})^{6}{(4a{b}^{3})}^{4}]
 b. [image: (2x)^{3}(5{x}^{7})]
 
 Solution a. [image: 256{a}^{22}{b}^{24}]
 b. [image: 40{x}^{10}]
  
 
 
 
 
 Multiply Monomials
 
 
 
 Since a monomial is an algebraic expression, we can use the properties of exponents to multiply monomials.
 Example 5.2.11
  Multiply: [image: (3{x}^{2})(-4{x}^{3})]
 
 Solution Step 1: Use the Commutative Property to rearrange the terms.
 [image: \begin{align*} &3(-4){x}^{2}{x}^{3}\\ \text{Multiply.}\;\;&-12{x}^{5} \end{align*}]
  
 
 
 
 
 
 Try It
  26) Multiply: [image: (5{y}^{7})(-7{y}^{4})]
 
 Solution [image: -35{y}^{11}]
  
 
 
 27) Multiply: [image: (-6{b}^{4})(-9{b}^{5})]
 
 Solution [image: 54{b}^{9}]
  
 
 
 
 
 
 
 
 Example 5.2.12
  Multiply: [image: (\frac{5}{6}{x}^{3}y)(12x{y}^{2})]
 
 Solution Step 1: Use the Commutative Property to rearrange the terms.
 [image: \begin{align*} &\frac{5}{6}\times{12}{x}^{3}xy{y}^{2}\\ \text{Multiply.}\;\;&10{x}^{4}{y}^{3} \end{align*}]
  
 
 
 
 
 
 Try It
  28) Multiply: [image: (\frac{2}{5}{a}^{4}{b}^{3})(15a{b}^{3})]
 
 Solution [image: 6{a}^{5}{b}^{6}]
  
 
 
 29) Multiply: [image: (\frac{2}{3}{r}^{5}s)(12{r}^{6}{s}^{7})]
 
 Solution [image: 8{r}^{11}{s}^{8}]
  
 
 
 
 
 Use the Definition of a Negative Exponent
 
 
 
 We saw that the Quotient Property for Exponents introduced earlier in this text, has two forms depending on whether the exponent is larger in the numerator or the denominator.
 Quotient Property for Exponents
 If [image: a] is a real number, [image: {a}\neq 0] , and [image: m] and [image: n] are whole numbers, then:
 [image: \frac{a^m}{a^n}=a^{m-n}], for [image: m>n] and [image: \frac{a^m}{a^n}=\frac{1}{a^{n-m}}], for [image: n>m].
 
 
 
 What if we just subtract exponents regardless of which is larger?
 
 Let’s consider [image: \frac{{x}^{2}}{{x}^{5}}]
 We subtract the exponent in the denominator from the exponent in the numerator.
 [image: \begin{align*}\frac{{x}^{2}}{{x}^{5}}\\[3ex]{x}^{2-5}\\[3ex]{x}^{-3}\end{align*}]
 We can also simplify [image: \frac{{x}^{2}}{{x}^{5}}] by dividing out common factors:
 [image: \begin{align*}\frac{\cancel x\cdot\cancel x}{\cancel x\cdot\cancel x\cdot x\cdot x\cdot x}\\[3ex] \frac{1}{x^3}\;\;\;\;\;\;\;\;\;\end{align*}]
 This implies that [image: {x}^{-3}=\frac{1}{{x}^{3}}] and it leads us to the definition of a negative exponent.
 Negative Exponents
 If [image: n] is an integer and [image: a\neq{0}], then [image: {a}^{\text{−}n}=\frac{1}{{a}^{n}}].
 
 The negative exponent tells us we can re-write the expression by taking the reciprocal of the base and then changing the sign of the exponent.
 Any expression that has negative exponents is not considered to be in simplest form. We will use the definition of a negative exponent and other properties of exponents to write the expression with only positive exponents.
 For example, if after simplifying an expression we end up with the expression [image: {x}^{-3}], we will take one more step and write [image: \frac{1}{{x}^{3}}]. The answer is considered to be in simplest form when it has only positive exponents.
 Example 5.2.13
  Simplify:
 a. [image: {4}^{-2}]
 b. [image: {10}^{-3}]
 
 Solution a.
 Step 1: Use the definition of a negative exponent, [image: {a}^{−n}=\frac{1}{{a}^{n}}]
 [image: \begin{align*} &\frac{1}{{4}^{2}}\\[3ex] \text{Simplify.}\;\;&\frac{1}{16} \end{align*}]
 
 b.
 Step 1: Use the definition of a negative exponent, [image: {a}^{−n}=\frac{1}{{a}^{n}}]
 [image: \begin{align*} &\frac{1}{{10}^{-3}}\\[3ex] \text{Simplify.}\;\;&\frac{1}{1000} \end{align*}]
  
 
 
 
 
 
 Try It
  30) Simplify:
 a. [image: {2}^{-3}]
 b. [image: {10}^{-7}]
 
 Solution a.[image: \frac{1}{8}]
 b.[image: \frac{1}{{10}^{7}}]
  
 
 
 31) Simplify:
 a. [image: {3}^{-2}]
 b. [image: {10}^{-4}]
 
 Solution a. [image: \frac{1}{9}]
 b. [image: \frac{1}{10,000}]
  
 
 
 
 
 In example 5.2.13 we raised an integer to a negative exponent. What happens when we raise a fraction to a negative exponent? We’ll start by looking at what happens to a fraction whose numerator is one and whose denominator is an integer raised to a negative exponent.
 
 
 
 	 	[image: \frac{1}{{a}^{−}n}] 
 	Step 1: Use the definition of a negative exponent, [image: {a}^{{−}n}=\frac{1}{{a}^{n}}] 	[image: \frac{1}{\frac{1}{{a}^{n}}}] 
 	Step 2: Simplify the complex fraction. 	[image: 1\cdot \frac{{a}^{n}}{1}] 
 	Step 3. Multiply. 	[image: {a}^{n}] 
  
 This leads to the Property of Negative Exponents.
 Property of Negative Exponents
 If [image: n] is an integer and [image: {a}\neq 0], then [image: \frac{1}{{a}^{{−}n}}={a}^{n}]
 
 
 
 
 Example 5.2.14
  Simplify:
 a.  [image: \frac{1}{{y}^{-4}} ]
 b. [image: \frac{1}{{3}^{-2}}]
 
 Solution a.
 Step 1: Use the property of a negative exponent, [image: \frac{1}{{a}^{{−}n}}={a}^{n}]
 [image: {y}^{4}]
 
 b.
 Step 1: Use the property of a negative exponent, [image: \frac{1}{{a}^{{−}n}}={a}^{n}]
 [image: \begin{align*} &{3}^{2}\\ \text{Simplify.}\;\;&9 \end{align*}]
  
 
 
 
 
 
 Try It
  32) Simplify:
 a. [image: \frac{1}{{p}^{-8}} ]
 b. [image: \frac{1}{{4}^{-3}}]
 
 Solution a. [image: {p}^{8}]
 b. [image: 64]
  
 
 
 33) Simplify:
 a. [image: \frac{1}{{q}^{-7}} ]
 b. [image: \frac{1}{{2}^{-4}}]
 
 Solution a. [image: {q}^{7}]
 b. [image: 16]
  
 
 
 
 
 Suppose now we have a fraction raised to a negative exponent. Let’s use our definition of negative exponents to lead us to a new property.
 
 
 
 	 	[image: (\frac{3}{4})^{-2}] 
 	Step 1: Use the definition of a negative exponent, [image: {a}^{−n}=\frac{1}{{a}^{n}}] 	[image: \frac {1}{(\frac{3}{4})^{2}}] 
 	Step 2: Simplify the denominator. 	[image: \frac{1}{\frac{9}{16}}] 
 	Step 3: Simplify the complex fraction. 	[image: \frac{16}{9}] 
 	But we know that [image: \frac{16}{9}] is [image: (\frac{4}{3})^{2}] 	[image: \frac{4^2}{3^2}] 
 	This tells us that: 	[image: (\frac{3}{4})^{-2} = (\frac{4}{3})^{2}] 
  
 To get from the original fraction raised to a negative exponent to the final result, we took the reciprocal of the base—the fraction—and changed the sign of the exponent.
 This leads us to the Quotient to a Negative Power Property.
 Quotient to a Negative Exponent Property
 If [image: a] and [image: b] are real numbers, [image: a \neq 0] , [image: b\neq 0] , and [image: n] is an integer, then [image: (\frac{a}{b})^{-n}= (\frac{b}{a})^{n}]
 
 
 
 Example 5.2.15
  Simplify:
 a. [image: (\frac{5}{7})^{-2}]
 b. [image: (-\frac{2x}{y})^{-3}]
 
 Solution a.
 Step 1: Use the Quotient to a Negative Exponent Property, [image: (\frac{a}{b})^{-n}={(\frac{b}{a})}^{n}]
 Step 2: Take the reciprocal of the fraction and change the sign of the exponent.
 [image: \begin{align*} &(\frac{7}{5})^{2}\\[3ex] \text{Simplify.}\;\;&\frac{49}{25} \end{align*}]
 
 b.
 Step 1: Use the Quotient to a Negative Exponent Property, [image: (\frac{a}{b})^{-n}={(\frac{b}{a})}^{n}]
 Step 2: Take the reciprocal of the fraction and change the sign of the exponent.
 [image: \begin{align*} &(-\frac{y}{2x})^{3}\\[3ex] \text{Simplify.}\;\;&-\frac{{y}^{3}}{8{x}^{3}} \end{align*}]
  
 
 
 
 
 
 Try It
  34) Simplify:
 a. [image: \left(\frac{2}{3}\right)^{-4}]
 b. [image: (-\frac{6m}{n})^{-2}]
 
 Solution a. [image: \frac{81}{16}]
 b. [image: \frac{{n}^{2}}{36{m}^{2}}]
  
 
 
 35) Simplify:
 a. [image: (\frac{3}{5})^{-3}]
 b. [image: (-\frac{a}{2b})^{-4}]
 
 Solution a. [image: \frac{125}{27}]
 b. [image: \frac{16{b}^{4}}{{a}^{4}}]
  
 
 
  
 
 
 
 
 
 When simplifying an expression with exponents, we must be careful to correctly identify the base.
 Example 5.2.16
  Simplify:
 a. [image: (-3)^{-2}]
 b. [image: -3^{-2}]
 c. [image: (-\frac{1}{3})^{-2}]
 d. [image: -(\frac{1}{3})^{-2}]
 
 Solution a. Here the exponent applies to the base [image: -3].
 Step 1: Take the reciprocal of the base and change the sign of the exponent.
 [image: \begin{align*} &\frac{1}{(-3)^2}\\[3ex] \text{Simplify.}\;\;&\frac{1}{9} \end{align*}]
 
 b. The expression [image: −{3}^{-2}] means “find the opposite of [image: {3}^{-2}]”
 Step 1: Rewrite as a product with [image: -1].
 [image: -1\times 3^{-2}]
 Step 2: Take the reciprocal of the base and change the sign of the exponent.
 [image: \begin{align*} &-1\cdot \frac{1}{{3}^{2}}\\[3ex] \text{Simplify.}\;\;&-\frac{1}{9} \end{align*}]
 
 c. Here the exponent applies to the base [image: -\frac{1}{3}].
 Step 1: Take the reciprocal of the base and change the sign of the exponent.
 [image: \begin{align*} &(-\frac{3}{1})^2\\[3ex] \text{Simplify.}\;\;&(-\frac{1}{3})^{-2} \end{align*}]
 
 d. The expression [image: -(\frac{1}{3})^{-2}] means “find the opposite of [image: (\frac{1}{3})^{-2}].” Here the exponent applies to the base [image: \frac{1}{3}].
 Step 1: Rewrite as a product with [image: -1].
 [image: -1\cdot (\frac{3}{1})^{2}]
 Step 2: Take the reciprocal of the base and change the sign of the exponent.
 [image: -9]
  
 
 
 
 
 
 Try It
  36) Simplify:
 a. [image: (-5)^{-2}]
 b. [image: {−}{5}^{-2}]
 c. [image: (-\frac{1}{5})^{-2}]
 d. [image: {−}(\frac{1}{5})^{-2}]
 
 Solution a. [image: \frac{1}{25}]
 b. [image: -\frac{1}{25}]
 c. [image: 25 ]
 d. [image: -25]
  
 
 
 37) Simplify:
 a. [image: (-7)^{-2}]
 b. [image: {−}{7}^{-2}]
 c. [image: (-\frac{1}{7})^{-2} ]
 d. [image: (-\frac{1}{7})^{-2}]
 
 Solution a. [image: \frac{1}{49}]
 b. [image: -\frac{1}{49}]
 c. [image: 49]
 d. [image: -49]
  
 
 
 
 
 We must be careful to follow the Order of Operations. In the next example, parts (a) and (b) look similar, but the results are different.
 
 
 
 Example 5.2.17
  Simplify:
 a. [image: 4\times{2}^{-1}]
 b. [image: (4\times{2})^{-1}]
 
 Solution a.
 Step 1: Do exponents before multiplication.
 [image: 4\times{2}^{-1}]
 Step 2: Use [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \begin{align*} &4\times \frac{1}{{2}^{1}}\\[3ex] \text{Simplify.}\;\;&2 \end{align*}]
 
 b.
 Step 1: Simplify inside the parentheses first.
 [image: (8)^{-1}]
 Step 2: Use [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \begin{align*} &\frac{1}{{8}^{1}}\\[3ex] \text{Simplify.}\;\;&\frac{1}{8} \end{align*}]
  
 
 
 
 
 
 Try It
  38) Simplify:
 a. [image: 6\times{3}^{-1}]
 b. [image: (6\times {3})^{-1}]
 
 Solution a. [image: 2]
 b. [image: \frac{1}{18}]
  
 
 
 39) Simplify:
 a. [image: 8\times {2}^{-2}]
 b. [image: 8\times {2}^{-2}]
 
 Solution a. [image: 2]
 b. [image: \frac{1}{256}]
  
 
 
 
 
 When a variable is raised to a negative exponent, we apply the definition the same way we did with numbers. We will assume all variables are non-zero.
 
 
 
 Example 5.2.18
  Simplify:
 a. [image: {x}^{-6} ]
 b. [image: ({u}^{4})^{-3}]
 
 Solution a. 
 Step 1: Use the definition of a negative exponent [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \frac{1}{{x}^{6}}]
 
 b. 
 Step 1: Use the definition of a negative exponent [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \begin{align*} &\frac{1}{(u^4)^3}\\[3ex] \text{Simplify.}\;\;&\frac{1}{u^{12}} \end{align*}]
 
  
 
 
 
 
 
 Try It
  40) Simplify:
 a. [image: {y}^{-7}]
 b. [image: ({z}^{3})^{-5}]
 
 Solution a. [image: \frac{1}{{y}^{7}}]
 b. [image: \frac{1}{{z}^{15}}]
  
 
 
 41) Simplify:
 a. [image: {p}^{-9}]
 b. [image: ({q}^{4})^{-6}]
 
 Solution a. [image: \frac{1}{p}^{9}]
 b. [image: \frac{1}{q}^{24}]
  
 
 
 
 
 When there is a product and an exponent we have to be careful to apply the exponent to the correct quantity. According to the Order of Operations, we simplify expressions in parentheses before applying exponents. We’ll see how this works in the next example.
 
 
 
 Example 5.2.19
  Simplify:
 a. [image: 5{y}^{-1}]
 b. [image: 5y^{-1} ]
 c. [image: (-5y)^{-1}]
 
 Solution a.
 Step 1: Notice the exponent applies to just the base [image: y].
 [image: 5\cdot \left(\frac{1}{y^1}\right)]
 Step 2: Take the reciprocal of [image: y] and change the sign of the exponent.
 [image: \begin{align*} &\frac{5}{y}\\[3ex] \text{Simplify.}\;\;&(5y)^{-1} \end{align*}]
 
 b.
 Step 1: Here the parentheses make the exponent apply to the base [image: 5y].
 Step 2: Take the reciprocal of [image: 5y] and change the sign of the exponent.
 [image: \begin{align*} &\frac{1}{{5y}^1}\\[3ex] \text{Simplify.}\;\;&\frac{1}{5y} \end{align*}]
 
 c.
 Step 1: The base here is [image: −5y].
 Step 2: Take the reciprocal of [image: −5y] and change the sign of the exponent.
 [image: \begin{align*} &\frac{1}{-5y}\\[3ex] \text{Simplify.}\;\;&\left(-\frac{1}{5y}\right) \end{align*}]
  
 
 
 
 
 
 
 Try It
  42) Simplify:
 a. [image: (8{p}^{-1}) ]
 b. [image: {(8p)}^{-1}]
 c. [image: {(-8p)}^{-1}]
 
 Solution a. [image: \frac{8}{p}]
 b. [image: \frac{1}{8p}]
 c. [image: -\frac{1}{8p}]
  
 
 
 43) Simplify:
 a. [image: {11q}^{-1} ]
 b. [image: {(11q)}^{-1}]
 c. [image: {(-11q)}^{-1}]
 
 Solution a. [image: \frac{1}{11q}]
 b.  [image: \frac{1}{11q}]
 c. [image: -\frac{1}{11q}]
  
 
 
 
 
 With negative exponents, the Quotient Rule needs only one form [image: \frac{{a}^{m}}{{a}^{n}}={a}^{m-n}], for [image: a\neq{0}]. When the exponent in the denominator is larger than the exponent in the numerator, the exponent of the quotient will be negative.
 
 
 
 Simplify Expressions with Integer Exponents
 All of the exponent properties we developed earlier in the chapter with whole number exponents apply to integer exponents, too. We restate them here for reference.
 Summary of Exponent Properties
 If [image: a] and [image: b] are real numbers, and [image: m] and [image: n] are integers, then
 
 	Product Property 	[image: {a^m}\times{a^n} = a^{m+n}] 
 	Power Property 	[image: ({a^m})^n = {a}{mn}] 
 	Product to a Power 	[image: (ab)^m = a^m b^m] 
 	Quotient Property 	[image: \frac{a^m}{a^n} = {a}^{m-n}] 
 	Zero Exponent Property 	[image: a^0 = 1 , {a}\neq{1}] 
 	Quotient to a Power Property 	[image: (\frac {a}{b})^m = \frac{{a}^{m}}{{b}^{m}}, {b}\neq{0}] 
 	Properties of Negative Exponents 	[image: {a}^{-n} = \frac{1}{a^n}] and [image: \frac{1}{a^{-n}}=a^{n}] 
 	Quotient to a Negative Exponent 	[image: (\frac{a}{b})^{-n} = (\frac{b}{a})^{n} ] 
  
 
 Example 5.2.20
  Simplify:
 a. [image: {x}^{-4}\times{x}^{6}]
 b. [image: {y}^{-6}\times{y}^{4}]
 c. [image: {z}^{-5}\times{z}^{-3}]
 
 Solution a.
 Step 1: Use the Product Property,  [image: a^m a^n = a^{m=n}]
 [image: \begin{align*} &{x}^{-4+6}\\[3ex] \text{Simplify.}\;\;&x^2 \end{align*}]
 
 b.
 Step 1: Notice the same bases, so add the exponents.
 [image: \begin{align*} &y^{-6+4}\\[3ex] \text{Simplify.}\;\;&y^{-2} \end{align*}]
 
 c.
 Step 1: Add the exponents, since the bases are the same.
 [image: \begin{align*} &z^{-5-3}\\[3ex] \text{Simplify.}\;\;&z^{-8} \end{align*}]
 Step 3: Take the reciprocal and change the sign of the exponent, using the definition of a negative exponent.
 [image: \frac{1}{z^{8}}]
  
 
 
 
 
 
 
 
 Try It
  44) Simplify:
 a. [image: {{x}^{-3}}\times{{x}^{7}}]
 b. [image: {{y}^{-7}}\times{{y}^{2}}]
 c. [image: {{z}^{-4}}\times{{z}^{-5}}]
 
 Solution a. [image: {x}^{4}]
 b. [image: \frac{1}{{y}^{5}}]
 c. [image: \frac{1}{{z}^{9}}]
  
 
 
 45) Simplify:
 a. [image: {{a}^{-1}}\times{{a}^{6}}]
 b. [image: b^{-8}\times b^{4}   ]
 c. [image: {c}^{-8}\times{{c}^{-7}}]
 
 Solution a. [image: {a}^{5}]
 b. [image: \frac{1}{{b}^{4}}]
 c. [image: \frac{1}{{c}^{15}}]
  
 
 
 
 
 
 
 
 In the next two examples, we’ll start by using the Commutative Property to group the same variables together. This makes it easier to identify the like bases before using the Product Property.
 Example 5.2.21
  Simplify: [image: ({m}^{4}{n}^{-3})({m}^{-5}{n}^{-2})]
 
 Solution Step 1: Use the Commutative Property to get like bases together.
 [image: m^4 m^{-5} n^{-2} n^{-3}]
 Step 2: Add the exponents for each base.
 [image: m^{-1} n^{-5}]
 Step 3: Take reciprocals and change the signs of the exponents.
 [image: \begin{align*} &\frac{1}{m^1} \frac{1}{n^5}\\[3ex] \text{Simplify.}\;\;&\frac{1}{mn^5} \end{align*}]
 
  
 
 
 
 
 
 Try It
  46) Simplify: [image: ({p}^{6}{q}^{-2})({p}^{-9}{q}^{-1})]
 
 Solution [image: \frac{1}{{p}^{3}{q}^{3}}]
  
 
 
 47) Simplify: [image: ({r}^{5}{s}^{-3})({r}^{-7}{s}^{-5})]
 
 Solution [image: \frac{1}{{r}^{2}{s}^{8}}]
  
 
 
 
 
 If the monomials have numerical coefficients, we multiply the coefficients, just like we did earlier.
 
 
 
 Example 5.2.22
  Simplify: [image: (2{x}^{-6}{y}^{8})(-5{x}^{5}{y}^{-3})]
 
 Solution Step 1: Rewrite with the like bases together.
 [image: 2(-5)(x^{-6} x^{5}) (y^8 y^{-3})]
 Step 2: Multiply the coefficients and add the exponents of each variable.
 [image: -10x^{-1}y^5]
 Step 3: Use the definition of a negative exponent, [image: a^{-n}=\frac{1}{a^n}]
 [image: \begin{align*} &-10\cdot \left(\frac{1}{x^1}\right)\cdot y^5\\[2ex] \text{Simplify.}\;\;&-\frac{10y^5}{x} \end{align*}]
 
  
 
 
 
 
 
 Try It
  48) Simplify: [image: (3{u}^{-5}{v}^{7})(-4{u}^{4}{v}^{-2})]
 
 Solution [image: -\frac{12{v}^{5}}{u}]
  
 
 
 49) Simplify: [image: (-6{c}^{-6}{d}^{4})(-5{c}^{-2}{d}^{-1})]
 
 Solution [image: \frac{30{d}^{3}}{{c}^{8}}]
  
 
 
 
 
 In the next two examples, we’ll use the Power Property and the Product to a Power Property.
 
 
 
 Example 5.2.23
  Simplify: [image: (6{k}^{3})^{-2}]
 
 Solution Step 1: Use the Product to a Power Property, [image: (ab)^m = a^m b^m]
 [image: (6)^{(-2)}(k^3)^{-2}]
 Step 2: Use the Power Property, [image: (a^m)^n= {a}^{mn}]
 [image: 6^{-2}k^{-6}]
 Step 3: Use the Definition of a Negative Exponent, [image: a^{-n} = \frac{1}{a^n}]
 [image: \begin{align*} &\frac{1}{6^2}\cdot \frac{1}{k^6}\\[2ex] \text{Simplify.}\;\;&\frac{1}{36k^6} \end{align*}]
  
 
 
 
 
 
 Try It
  50) Simplify: [image: (-4{x}^{4})^{-2}]
 
 Solution [image: \frac{1}{16{x}^{8}}]
  
 
 
 51) Simplify: [image: \left(2{b}^{3}\right)^{-4}]
 
 Solution [image: \frac{1}{16{b}^{12}}]
  
 
 
 
 
 
 
 
 Example 5.2.24
  Simplify: [image: (5{x}^{-3})^{2}]
 
 Solution Step 1: Use the Product to a Power property, [image: (ab)^m = a^m b^m]
 [image: 5^2(x^{-3})^2]
 Step 2: Simplify [image: 5^2] and multiply the exponents of [image: x] using the Power Property, [image: (a^m)^n = a^{mn}]
 [image: 25x^{-6}]
 Step 3: Rewrite [image: x^{-6}] by using the Definition of a Negative Exponent, [image: a^{-n}=\frac{1}{a^n}]
 [image: \begin{align*} &25\cdot \left(\frac{1}{x^6}\right)\\[2ex] \text{Simplify.}\;\;&\frac{25}{x^6} \end{align*}]
  
 
 
 
 
 
 
 Try It
  52) Simplify: [image: (8{a}^{-4})^{2}]
 
 Solution [image: \frac{64}{{a}^{8}}]
  
 
 
 53) Simplify: [image: (2{c}^{-4})^{3}]
 
 Solution [image: \frac{8}{{c}^{12}}]
  
 
 
 
 
 To simplify a fraction, we use the Quotient Property and subtract the exponents.
 
 
 
 Example 5.2.25
  Simplify:[image: \frac{{r}^{5}}{{r}^{-4}}]
 
 Solution Step 1: Use the Quotient Property, [image: \frac{a^m}{a^n}=a^{m-n}]
 [image: \begin{align*} &r^{5-(-4)}\\[2ex] \text{Simplify.}\;\;&r^9 \end{align*}]
 
  
 
 
 
 
 
 
 Try It
  54) Simplify: [image: \frac{{x}^{8}}{{x}^{-3}}]
 
 Solution [image: {x}^{11}]
  
 
 
 55) Simplify: [image: \frac{{y}^{8}}{{y}^{-6}}]
 
 Solution [image: {y}^{14}]
  
 
 
 
 
 
 
 
 
 
 
 
 Access these online resources for additional instruction and practice with using multiplication properties of exponents:
 
 
 
 
 
 
 
 	Multiplication Properties of Exponents
 
 
 
 Key Concepts
  	Exponential Notation
  [image: \begin{align*} &\;a^{m{\color[rgb]{0.0, 0.0, 1.0}\leftarrow}{\color[rgb]{0.0, 0.0, 1.0}\text{exponent}}}\;&\;&a^m \text{means multiply}\;m\;\text{factors of}\;a\;\;\\ &{\color[rgb]{1.0, 0.0, 0.0}\underset{base}\uparrow}\;&\;&a^m=\underbrace{a\cdot a\cdot a\cdot.....\cdot a}_{\color[rgb]{0.0, 0.0, 1.0}{m\;\text{factors}}}\;\;\end{align*}]
 
 	Properties of Exponents 	If [image: a], and [image: b] are real numbers and [image: m], [image: n] are whole numbers, then
 	Product Property        [image: a^{m}a^{n} = {a}^{m+n}]
 	Power Property          [image: ({a}^m)^n={a}^{mn}]
 	Product to a Power    [image: (ab)^m = a^mb^m]
 
 
 
 	Property of Negative Exponents 	If [image: n] is a positive integer and [image: a\neq 0] ,  then [image: \frac{1}{a}^{-n}={a}^{n}]
 
 
 	Quotient to a Negative Exponent 	If [image: a], and [image: b] are real numbers, [image: b\neq 0] and [image: n] is an integer, then [image: \left(\frac{a}{b}\right)^{−n}=\left(\frac{b}{a}\right)^{n}]
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2663#h5p-27 
 

 
 b. After reviewing this checklist, what will you do to become confident for all goals?
 
 
 
	

			
			


		
	
		
			
	
		

		5.3 Multiply Polynomials

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Multiply a polynomial by a monomial
 	Multiply a binomial by a binomial
 	Multiply a trinomial by a binomial
 
 
 
 
 Try it
  Before you get started, take this readiness quiz:
 1) Distribute: [image: 2(x+3)]
 2) Combine like terms: [image: {x}^{2}+9x+7x+63]
 
 
 
 Multiply a Polynomial by a Monomial
 We have used the Distributive Property to simplify expressions like [image: 2(x-3)]. You multiplied both terms in the parentheses, [image: x] and [image: 3] by [image: 2], to get [image: 2x-6]. With this chapter’s new vocabulary, you can say you were multiplying a binomial, [image: x-3], by a monomial, [image: 2].
 Multiplying a binomial by a monomial is nothing new for you! Here’s an example:
 Example 5.3.1
  Multiply: [image: 4(x+3)]
 
 Solution [image: 4 times x plus 3. Two arrows extend from 4, terminating at x and 3.]Figure 5.3.1 Step 1: Distribute.
 [image: \begin{align*} &4\;\times\;x\;+\;4\;\times\;3\\ \text{Simplify.}\;\;&4x\;+\;12 \end{align*}]
  
 
 
 
 
 
 Try It
  3) Multiply: [image: 5(x+7)]
 
 Solution [image: 5x+35]
  
 
 
 4) Multiply: [image: 3(y+13)]
 
 Solution [image: 3y+39]
  
 
 
 
 
 
 
 
 Example 5.3.2
  Multiply: [image: y(y-2)]
 
 Solution [image: y times y minus 2. Two arrows extend from the coefficient y, terminating at the y and minus 2 in parentheses.]Figure 5.3.2 Step 1: Distribute.
 [image: \begin{align*} &y\;\times\;y\;-\;y\;\times\;2\\ \text{Simplify.}\;\;&y^2\;-\;2y \end{align*}]
  
 
 
 
 
 
 Try It
  5) Multiply: [image: x(x-7)]
 
 Solution [image: {x}^{2}-7x]
  
 
 
 6) Multiply: [image: d(d-11)]
 
 Solution [image: {d}^{2}-11d]
  
 
 
 
 
 
 
 
 Example 5.3.3
  Multiply: [image: 7x(2x+y)]
 
 Solution [image: 7 x times 2 x plus y. Two arrows extend from 7x, terminating at 2x and y.]Figure 5.3.3 Step 1: Distribute.
 [image: \begin{align*} &7x\;\times\;2x\;+\;7x\;\times\;y\\ \text{Simplify.}\;\;&14x^2\;+\;7xy \end{align*}]
  
 
 
 
 
 
 Try It
  7) Multiply: [image: 5x(x+4y)]
 
 Solution [image: 5{x}^{2}+20xy]
  
 
 
 8) Multiply: [image: 2p(6p+r)]
 
 Solution [image: 12{p}^{2}+2pr]
  
 
 
 
 
 
 
 
 Example 5.3.4
  Multiply: [image: -2y(4{y}^{2}+3y-5)]
 
 Solution [image: Negative 2 y times 4 y squared plus 3 y minus 5. Three arrows extend from negative 2 y, terminating at 4 y squared, 3 y, and minus 5.]Figure 5.3.4 Step 1: Distribute.
 [image: \begin{align*} &-2y\;\times\;4y^2\;+\;(-2y)\;\times\;3y\;-\;(-2y)\;\times\;5\\ \text{Simplify.}\;\;&-8y^3\;-\;6y^2\;+\;10y \end{align*}]
  
 
 
 
 
 
 Try It
  9) Multiply: [image: -3y(5{y}^{2}+8y-7)]
 
 Solution [image: -15{y}^{3}-24{y}^{2}+21y]
  
 
 
 10) Multiply: [image: 4{x}^{2}(2{x}^{2}-3x+5)]
 
 Solution [image: 8{x}^{4}-24{x}^{3}+20{x}^{2}]
  
 
 
 
 
 
 
 
 Example 5.3.5
  Multiply:  [image: 2{x}^{3}({x}^{2}-8x+1)]
 
 Solution [image: 2 x cubed times x squared minus 8 x plus 1. Three arrows extend from 2 x cubed, terminating at x squared, minus 8 x, and 1.]Figure 5.3.5 Step 1: Distribute.
 [image: \begin{align*} &2x^3\;\times\;x^2\;+\;(2x^3)\;\times\;(-8x)\;+\;(2x^3)\;\times\;1\\ \text{Simplify.}\;\;&2x^5\;-\;16x^4\;+\;2x^3 \end{align*}]
  
 
 
 
 
 
 Try It
  11) Multiply: [image: 4x(3{x}^{2}-5x+3)]
 
 Solution [image: 12{x}^{3}-20{x}^{2}+12x]
  
 
 
 12) Multiply: [image: -6{a}^{3}(3{a}^{2}-2a+6)]
 
 Solution [image: -18{a}^{5}+12{a}^{4}-36{a}^{3}]
  
 
 
 
 
 
 
 
 Example 5.3.6
  Multiply: [image: (x+3)p].
 
 Solution Step 1: The monomial is the second factor.
 [image: x plus 3, in parentheses, times p. Two arrows extend from the p, terminating at x and 3.]Figure 5.3.6 Step 2: Distribute.
 [image: \begin{align*} &x\;\times\;p\;+\;3\;\times\;p\\ \text{Simplify.}\;\;&xp\;+\;3p \end{align*}]
  
 
 
 
 
 
 Try It
  13) Multiply: [image: (x+8)p]
 
 Solution [image: xp+8p]
  
 
 
 14) Multiply: [image: (a+4)p]
 
 Solution [image: ap+4p]
  
 
 
 
 
 Multiply a Binomial by a Binomial
 
 
 
 
 Just like there are different ways to represent multiplication of numbers, there are several methods that can be used to multiply a binomial times a binomial. We will start by using the Distributive Property.
 Multiply a Binomial by a Binomial Using the Distributive Property
 Look at below table, where we multiplied a binomial by a monomial.
 	 	[image: x plus 3, in parentheses, times p. Two arrows extend from the p, terminating at x and 3.] 
 	We distributed the [image: p] to get: 	[image: x{\color[rgb]{1.0, 0.0, 0.0}p}+3{\color[rgb]{1.0, 0.0, 0.0}p}] 
 	What if we have [image: (x + 7)] instead of [image: p]? 	[image: x plus 3 multiplied by x plus 7. Two arrows extend from x plus 7, terminating at the x and the 3 in the first binomial.] 
 	Distribute [image: (x + 7)]. 	[image: The sum of two products. The product of x and x plus 7, plus the product of 3 and x plus 7.] 
 	Distribute again. 	[image: x^2+7x+3x+21] 
 	Combine like terms. 	[image: x^2+10x+21] 
  
 Notice that before combining like terms, you had four terms. You multiplied the two terms of the first binomial by the two terms of the second binomial—four multiplications.
 Example 5.3.7
  Multiply: [image: (y+5)(y+8)]
 
 Solution [image: The product of two binomials, y plus 5 and y plus 8. Two arrows extend from y plus 8, terminating at the y and the 5 in the first binomial.]Figure 5.3.7 Step 1: Distribute [image: (y + 8)].
 [image: y{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}8}{\color[rgb]{1.0, 0.0, 0.0})}\;+\;5{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}8}{\color[rgb]{1.0, 0.0, 0.0})}]
 Step 2: Distribute again
 [image: y^2\;+\;8y\;+\;5y\;+\;40]
 Step 3: Combine like terms.
 [image: y^2\;+\;13y\;+\;40]
  
 
 
 
 
 
 Try It
  15) Multiply: [image: (x+8)(x+9)]
 
 Solution [image: {x}^{2}+17x+72]
  
 
 
 16) Multiply: [image: (5x+9)(4x+3)]
 
 Solution [image: 20{x}^{2}+51x+27]
  
 
 
 
 
 
 
 
 Example 5.3.8
  Multiply: [image: (2y+5)(3y+4)]
 
 Solution [image: The product of two binomials, 2 y plus 5 and 3 y plus 4. Two arrows extend from 3y plus 4, terminating at 2y and 5 in the first binomial.]Figure 5.3.8 Step 1: Distribute [image: (3y + 4)].
 [image: 2y{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0})}\;+\;5{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}3}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0})}]
 Step 2: Distribute again
 [image: 6y^2\;+\;8y\;+\;15y\;+\;20]
 Step 3: Combine like terms.
 [image: 6y^2\;+\;23y\;+\;20]
  
 
 
 
 
 
 Try It
  17) Multiply: [image: (3b+5)(4b+6)]
 
 Solution [image: 12{b}^{2}+38b+30]
  
 
 
 18) Multiply: [image: (a+10)(a+7)]
 
 Solution [image: {a}^{2}+17a+70]
  
 
 
 
 
 
 
 
 Example 5.3.9
  Multiply: [image: (4y+3)(2y-5)]
 
 Solution Step 1: Distribute.
 [image: 4y{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0})}\;+\;3{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}5}{\color[rgb]{1.0, 0.0, 0.0})}]
 Step 2: Distribute again.
 [image: 8y^2\;-\;20y\;+\;6y\;-\;15]
 Step 3: Combine like terms.
 [image: 8y^2\;-\;14y\;-\;15]
  
 
 
 
 
 
 Try It
  19) Multiply: [image: (5y+2)(6y-3)]
 
 Solution [image: 30{y}^{2}-3y-6]
  
 
 
 20) Multiply: [image: (3c+4)(5c-2)]
 
 Solution [image: 15{c}^{2}+14c-8]
  
 
 
 
 
 
 
 
 Example 5.3.10
  Multiply: [image: (x-2)(x-y)]
 
 Solution [image: The product of two binomials, x minus 2 and x minus y. Two arrows extend from x minus y, terminating at x and 2 in the first binomial.]Figure 5.3.9 Step 1: Distribute.
 [image: x{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0})}\;{\color[rgb]{1.0, 0.0, 0.0}-}\;2{\color[rgb]{1.0, 0.0, 0.0}(}{\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{1.0, 0.0, 0.0})}]
 Step 2: Distribute again.
 [image: x^2\;-\;xy\;-\;2x\;+\;2y]
 Step 3: There are no like terms to combine.
  
 
 
 
 
 
 Try It
  21) Multiply: [image: (a+7)(a-b)]
 
 Solution [image: {a}^{2}-ab+7a-7b]
  
 
 
 22) Multiply: [image: (x+5)(x-y)]
 
 Solution [image: {x}^{2}-xy+5x-5y]
  
 
 
 
 
 
 
 
 
 Multiply a Binomial by a Binomial Using the FOIL Method
 Remember that when you multiply a binomial by a binomial you get four terms. Sometimes you can combine like terms to get a trinomial, but sometimes, like in the Example 5.3.10  there are no like terms to combine.
 Let’s look at the last example again and pay particular attention to how we got the four terms.
 [image: (x-2)(x-y)]
 [image: x^2 - xy -2x +2y]
 Where did the first term, [image: {x}^{2}], come from?
 [image: This figure explains how to multiply a binomial using the FOIL method. It has two columns, with written instructions on the left and math on the right. At the top of the figure, the text in the left column says “It is the product of x and x, the first terms in x minus 2 and x minus y.” In the right column is the product of x minus 2 and x minus y. An arrow extends from the x in x minus 2, and terminates at the x in x minus y. Below this is the word “First.” One row down, the text in the left column says “The next terms, negative xy, is the product of x and negative y, the two outer terms.” In the right column is the product of x minus 2 and x minus y, with another arrow extending from the x in x minus 2 to the y in x minus y. Below this is the word “Outer.” One row down, the text in the left column says “The third term, negative 2 x, is the product of negative 2 and x, the two inner terms.” In the right column is the product of x minus 2 and x minus y with a third arrow extending from minus 2 in x minus 2 and terminating at the x in x minus y. Below this is the word “Inner.” In the last row, the text in the left column says “And the last term, plus 2y, came from multiplying the two last terms, negative 2 and negative y.” In the right column is the product of x minus 2 and x minus y, with a fourth arrow extending from the minus 2 in x minus 2 to the minus y in x minus y. Below this is the word “Last.”]Figure 5.3.10 We abbreviate “First, Outer, Inner, Last” as FOIL. The letters stand for ‘First, Outer, Inner, Last’. The word FOIL is easy to remember and ensures we find all four products.
 [image: (x-2)(x-y)]
 [image: x^2-xy-2x+2y]
 F.   O.   I.    L
 Let’s look at [image: (x+3)(x+7)].
 	Distributive Property 	FOIL 
 	[image: (x+3)(x+7)] 	[image: The product of x plus 3 and x plus y. An arrow extends from the x in x plus 3 to the x in x plus 7. A second arrow extends from the x in x plus 3 to the 7 in x plus 7. A third arrow extends from the 3 in x plus 3 to the x in x plus 7. A fourth arrow extends from the 3 in x plus 3 to the 7 in x plus 7.]Figure 5.3.11  
 	[image: x(x+7)+3(x+7)] 	 
 	[image: \begin{array}{llllllll} &x^2&+&7x&+&3x&+&21&\\ &F&&O&&I&&L \end{array}] 	[image: \begin{array}{llllllll} &x^2&+&7x&+&3x&+&21&\\ &F&&O&&I&&L \end{array}] 
 	[image: x^2+10x+21] 	[image: x^2+10x+21] 
  
 Notice how the terms in third line fit the FOIL pattern.
 Now we will do an example where we use the FOIL pattern to multiply two binomials.
 Example 5.3.11
  Multiply using the FOIL method: [image: (x+5)(x+9)]
 
 Solution  
 [image: This figure is a table that has three columns and five rows. The first column is a header column, and it contains the names and numbers of each step. The second and third columns contain math. On the top row of the table, the first cell on the left reads “Step 1: Multiply the first terms.” The second column contains the product of binomials x plus 5 and x plus 9. Below this is the product of x plus 5 and x plus 9 again, with an arrow extending from the x in the first binomial to the x in the second binomial. The third column contains x squared plus blank plus blank plus blank. Below the x squared is the letter F, and below each of the three blanks are the letters O, I, and L, respectively.]Figure 5.3.12 [image: In the second row, the first cell reads “Step 2: Multiply the outer terms.” In the second cell is the product of x plus 5 and x plus 9 again, with an arrow extending from x in the first binomial to the 9 in the second binomial. The third cell contains x squared plus 9x plus blank plus blank, with the letter F under the x squared, O under the 9x, and I and L beneath the two blanks.]Figure 5.3.13 [image: In the third row, the first cell reads “Step 3: Multiply the inner terms.” The second cell contains the product of x plus 5 and x plus 9 again, with an arrow extending from 5 in the first binomial to the x in the second binomial. The third cell contains x squared plus 9x plus 5x plus blank, with F beneath x squared, O beneath 9x, I beneath 5x, and L beneath the blank.]Figure 5.3.14 [image: In the fourth row, the first cell reads “Step 4: Multiply the last terms.” In the second cell is the product of x plus 5 and x plus 9 again, with an arrow extending from 5 in the first binomial to 9 in the second binomial. The third cell contains x squared plus 9x plus 6x plus 45, with F beneath x squared, O beneath 9x, I beneath 6x, and L beneath 45.]Figure 5.3.15 [image: In the final row, the first cell reads “Step 5: Combine like terms, when possible.” The second cell is blank. The third cell contains the final expression: x squared plus 15x plus 45.]Figure 5.3.16  
 
 
 
 
 
 
 Try It
  23) Multiply using the FOIL method: [image: (x+6)(x+8)]
 Solution [image: {x}^{2}+14x+48]
  
 
 
 24) Multiply using the FOIL method: [image: (y+17)(y+3)]
 
 Solution [image: {y}^{2}+20y+51]
  
 
 
 
 
 We summarize the steps of the FOIL method below. The FOIL method only applies to multiplying binomials, not other polynomials!
 
 
 
 Multiply two binomials using the FOIL method
 HOW TO
 [image: Step 1: Mulitply the first terms. Step 2 Multiply the outer terms. Step 3: Multiply the inner terms. Step 4: Multiply the last terms. Step 5 Combine like terms when possible. Say it as you multiply! FOIL First Outer Inner Last]Figure 3.5.17 
 
 When you multiply by the FOIL method, drawing the lines will help your brain focus on the pattern and make it easier to apply.
 Example 5.3.12
  Multiply: [image: (y-7)(y+4)]
 
 Solution [image: This figure has three columns, with written instructions in the first column and math in the second and third columns. At the top of the figure, the text in the first column says “Multiply the first terms.” The second column contains the product of two binomials, y minus 7 and y plus 4, with an arrow extending from the y in the first binomial to the y in the second binomial. The third column contains y squared plus blank plus blank plus blank. Beneath y squared is the letter F and beneath each blank are the letters O, I, and L, respectively. One row down, the text in the first column says “Multiply the outer terms.” The second column contains the product of y minus 7 and y plus 4 again, with a second arrow extending from y in the first binomial to 4 in the second binomial. The third column contains y squared plus 4y plus blank plus blank. Below y squared is F, below 4y is O, and below the blanks are I and L. One row down, the text in the first column says “Multiply the inner terms.” The middle column contains the product of y minus 7 and y plus 4 again, with a third arrow extending from the minus 7 in the first binomial to the y in the second binomial. The third column contains y squared plus 4y minus 7y plus blank. One row down, the text in the first column says “Multiply the last terms.” The second column contains the product of y minus 7 and y plus 4 again, with a fourth arrow extending from minus 7 in the first binomial to 4 in the second binomial. In the third column is the full expression, y squared plus 4y minus 7y minus 28, with each letter of FOIL beneath each of the terms. At the bottom of the image, the text in the first column says “Combine like terms.” In the right column is y squared minus 3y minus 28.]Figure 3.5.18  
 
 
 
 
 
 Try It
  25) Multiply: [image: (x-7)(x+5)]
 
 Solution [image: {x}^{2}-2x-35]
  
 
 
 26) Multiply: [image: (b-3)(b+6)]
 
 Solution [image: {b}^{2}+3b-18]
  
 
 
 
 
 
 
 
 Example 5.3.13
  Multiply: [image: (4x+3)(2x-5)]
 
 Solution [image: This figure has three columns. At the top of the figure, the second column contains the product of two binomials, 4x plus 3 and 2x minus 5. One row down, the text in the first column says “Multiply the first terms. 4x times 2x.” The second column contains 8x squared plus blank plus blank plus blank. Beneath 8x squared is the letter F and beneath each blank are the letters O, I, and L, respectively. One row down, the text in the first column says “Multiply the outer terms. 4x times negative 5.” The second column contains 8x squared minus 20x plus blank plus blank. Below 8x squared is F, below 20x is O, and below the blanks are I and L. One row down, the text in the first column says “Multiply the inner terms. 3 times 2x.” The second column contains 8x squared minus 20x plus 6x plus blank. One row down, the text in the first column says “Multiply the last terms. 3 times negative 5.” The second column contains the full expression, 8x squared minus 20x plus 6x minus 15, with each letter of FOIL beneath each of the terms. At the bottom of the image, the text in the first column says “Combine like terms.” In the right column is 8x squared minus 14x minus 15. In the third column is the product of the two binomials again, 4x plus 3 times 2x minus 5. An arrow extends from 4x in the first binomial to 2x in the second binomial. A second arrow extends from 4x in the first binomial to minus 5 in the second binomial. A third arrow extends from 3 in the first binomial to 2x in the second binomial. A fourth arrow extends from 3 in the first binomial to minus 5 in the second binomial.]Figure 5.3.19  
 
 
 
 
 
 Try It
  27) Multiply: [image: (3x+7)(5x-2)]
 
 Solution [image: 15{x}^{2}+29x-14]
  
 
 
 28) Multiply: [image: (4y+5)(4y-10)]
 
 Solution [image: 16{y}^{2}-20y-50]
  
 
 
 
 
 The final products in the last four examples were trinomials because we could combine the two middle terms. This is not always the case.
 
 
 
 Example 5.3.14
  Multiply: [image: (3x-y)(2x-5)]
 
 Solution [image: An arrow extends from 3 x in the first binomial to 2 x in the second binomial. A second arrow extends from 3 x in the first binomial to minus 5 in the second binomial. A third arrow extends from y in the first binomial to 2 x in the second binomial. A fourth arrow extends from y in the first binomial to minus 5 in the second binomial.]Figure 5.3.20 Step 1: Multiply the First.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{6x^2}}\;+\;\underset O{\_\_}\;+\;\underset I{\_\_}\;+\underset L{\;\_\_}]
 Step 2: Multiply the Outer.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{6x^2}}\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}O}{15x}}\;\;+\;\underset I{\_\_}\;+\underset L{\;\_\_}]
 Step 3: Multiply the Inner.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{{\color[rgb]{0.1, 0.1, 0.1}6}{\color[rgb]{0.1, 0.1, 0.1}x}^{\color[rgb]{0.1, 0.1, 0.1}2}}}\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset O{15x}}\;\;{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}I}{-\;2xy}}\;+\underset L{\;\_\_}]
 Step 4: Multiply the Last.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{{\color[rgb]{0.1, 0.1, 0.1}6}{\color[rgb]{0.1, 0.1, 0.1}x}^{\color[rgb]{0.1, 0.1, 0.1}2}}}\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset O{15x}}\;\;{\color[rgb]{0.1, 0.1, 0.1}\underset I{-\;2xy}}\;{\color[rgb]{1.0, 0.0, 0.0}+}\;{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}L}{5y}}]
 Step 5: Combine like terms—there are none.
 [image: 6x^2\;-\;15x\;-\;2xy\;+\;5y]
  
 
 
 
 
 
 Try It
  29) Multiply: [image: (10c-d)(c-6)]
 
 Solution [image: 10{c}^{2}-60c-cd+6d]
  
 
 
 30) Multiply: [image: (7x-y)(2x-5)]
 
 Solution [image: 14{x}^{2}-35x-2xy+10y]
  
 
 
 
 
 Be careful of the exponents in the next example.
 
 
 
 Example 5.3.15
  Multiply: [image: ({n}^{2}+4)(n-1)]
 
 Solution [image: The product of two binomials, n squared plus 4 and n minus 1. An arrow extends from n squared in the first binomial to n in the second binomial. A second arrow extends from n squared in the first binomial to minus 1 in the second binomial. A third arrow extends from 4 in the first binomial to n in the second binomial. A fourth arrow extends from 4 in the first binomial to minus 1 in the second binomial.]Figure 5.3.21 Step 1: Multiply the First.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{n^3}}\;+\;\underset O\_\;+\;\underset I\_\;+\;\underset L\_]
 Step 2: Multiply the Outer.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{{\color[rgb]{0.1, 0.1, 0.1}n}^{\color[rgb]{0.1, 0.1, 0.1}3}}}\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}O}{n^2}}\;+\;\underset I\_\;+\;\underset L\_]
 Step 3: Multiply the Inner.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{{\color[rgb]{0.1, 0.1, 0.1}n}^{\color[rgb]{0.1, 0.1, 0.1}3}}}\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset O{n^2}}\;{\color[rgb]{1.0, 0.0, 0.0}+}\;{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}I}{4n}}\;+\;\underset L\_]
 Step 4: Multiply the Last.
 [image: {\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}F}{{\color[rgb]{0.1, 0.1, 0.1}n}^{\color[rgb]{0.1, 0.1, 0.1}3}}}\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset O{n^2}}\;{\color[rgb]{0.1, 0.1, 0.1}+}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset I{4n}}\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}L}4}]
 Step 5: Combine like terms—there are none.
 [image: n^3\;-\;n^2\;+\;4n\;-\;4]
  
 
 
 
 
 
 Try It
  31) Multiply: [image: ({x}^{2}+6)(x-8)]
 
 Solution [image: {x}^{3}-8{x}^{2}+6x-48]
  
 
 
 32) Multiply: [image: ({y}^{2}+7)(y-9)]
 
 Solution [image: {y}^{3}-9{y}^{2}+7y-63]
  
 
 
 
 
 
 
 
 Example 5.3.16
  Multiply: [image: (3pq+5)(6pq-11)]
 
 Solution [image: (3pq+5)(6pq-11). Arrows from: 3pq to 6pq; 3pq to 11; 5 to 6pq; 5 to 11]Figure 5.3.22 Step 1: Multiply the First.
 [image: \underset F{{\color[rgb]{1.0, 0.0, 0.0}18}{\color[rgb]{1.0, 0.0, 0.0}p}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}q}^{\color[rgb]{1.0, 0.0, 0.0}2}}\;+\;\underset O{\_\_}\;+\;\underset I{\_\_}\;+\;\underset L{\_\_}]
 Step 2: Multiply the Outer.
 [image: \underset F{{\color[rgb]{0.1, 0.1, 0.1}18}{\color[rgb]{0.1, 0.1, 0.1}p}^{\color[rgb]{0.1, 0.1, 0.1}2}{\color[rgb]{0.1, 0.1, 0.1}q}^{\color[rgb]{0.1, 0.1, 0.1}2}}\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}O}{33pq}}\;\;+\;\underset I{\_\_}\;+\;\underset L{\_\_}]
 Step 3: Multiply the Inner.
 [image: \underset F{{\color[rgb]{0.1, 0.1, 0.1}18}{\color[rgb]{0.1, 0.1, 0.1}p}^{\color[rgb]{0.1, 0.1, 0.1}2}{\color[rgb]{0.1, 0.1, 0.1}q}^{\color[rgb]{0.1, 0.1, 0.1}2}}\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset O{33pq}}\;\;{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\underset{\color[rgb]{0.1, 0.1, 0.1}I}{30pq}}\;+\;\underset L{\_\_}]
 Step 4: Multiply the Last.
 [image: \underset F{{\color[rgb]{0.1, 0.1, 0.1}18}{\color[rgb]{0.1, 0.1, 0.1}p}^{\color[rgb]{0.1, 0.1, 0.1}2}{\color[rgb]{0.1, 0.1, 0.1}q}^{\color[rgb]{0.1, 0.1, 0.1}2}}\;{\color[rgb]{0.1, 0.1, 0.1}-}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset O{33pq}}\;\;{\color[rgb]{0.1, 0.1, 0.1}+}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{0.1, 0.1, 0.1}\underset I{30pq}}{\color[rgb]{0.1, 0.1, 0.1}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\underbrace{55}_{\color[rgb]{0.1, 0.1, 0.1}L}}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}]
 Step 5: Combine like terms—there are none.
 [image: 18p^2q^2\;-\;3pq\;-\;55\;]
  
 
 
 
 
 
 Try It
  33) Multiply: [image: (2ab+5)(4ab-4)]
 
 Solution [image: 8{a}^{2}{b}^{2}+12ab-20]
  
 
 
 34) Multiply: [image: (2xy+3)(4xy-5)]
 
 Solution [image: 8{x}^{2}{y}^{2}+2xy-15]
  
 
 
 
 
 Multiply a Binomial by a Binomial Using the Vertical Method
 
 
 
 
 The FOIL method is usually the quickest method for multiplying two binomials, but it only works for binomials. You can use the Distributive Property to find the product of any two polynomials. Another method that works for all polynomials is the Vertical Method. It is very much like the method you use to multiply whole numbers. Look carefully at this example of multiplying two-digit numbers.
 [image: \begin{alignat*}{3} &\;\;\;23\\ &\underline{\times46}\;\\ &\;\;138\;&&\;\text{partial product}\;\;\;\;\;&&\text{Start by multiplying 23 by 6 to get 138.}\\ &\underline{\;\;92\;\;}&&\;\text{partial product}\;\;\;\;\;&&\text{Next, multiply 23 by 4, lining up the partial product in the correct columns.}\\ &1058\;&&\;\text{product}\;\;\;\;\;&&\text{Last you add the partial products.} \end{alignat*}]
 Now we’ll apply this same method to multiply two binomials.
 Example 5.3.17
  Multiply using the Vertical Method: [image: (3y-1)(2y-6)]
 
 Solution It does not matter which binomial goes on the top.
 Step 1: Multiply [image: 3y -1] by [image: -6]
 Step 2: Multiply [image: 3y-1] by [image: 2y]
 Step 3: Add like terms.
 Notice the partial products are the same as the terms in the FOIL method.
 
 	[image: \begin{align*} (3y-1)(2y-6)\\ {\color[rgb]{0.0, 0.0, 1.0}\underline{6y2^2-2y}}{\color[rgb]{1.0, 0.0, 0.0}\underline{-18y+6}}\\ 6y^2-20y+6 \end{align*}] 	[image: \begin{align*} 3y-1\\ \underline{\times2y-6}\\ {\color[rgb]{1.0, 0.0, 0.0}-18y+6}\\ {\color[rgb]{0.0, 0.0, 1.0}6y^2-2y}\;\;\;\;\;\;\;\\ \overline{6y^2-20x+6} \end{align*}] 
  
  
 
 
 
 
 
 Try It
  35) Multiply using the Vertical Method: [image: (5m-7)(3m-6)]
 
 Solution [image: 15{m}^{2}-51m+42]
  
 
 
 36) Multiply using the Vertical Method: [image: (6b-5)(7b-3)]
 
 Solution [image: 42{b}^{2}-53b+15]
  
 
 
 
 
 
 
 
 We have now used three methods for multiplying binomials. Be sure to practice each method, and try to decide which one you prefer. The methods are listed here all together, to help you remember them.
 
 Multiplying Two Binomials
 HOW TO
 To multiply binomials, use the:
 	Distributive Property
 	FOIL Method
 	Vertical Method
 
 Remember, FOIL only works when multiplying two binomials.
 
 Multiply a Trinomial by a Binomial
 
 
 
 We have multiplied monomials by monomials, monomials by polynomials, and binomials by binomials. Now we’re ready to multiply a trinomial by a binomial. Remember, FOIL will not work in this case, but we can use either the Distributive Property or the Vertical Method. We first look at an example using the Distributive Property.
 Example 5.3.18
  Multiply using the Distributive Property: [image: (b+3)(2{b}^{2}-5b+8)]
 
 Solution [image: The product of a binomial, b plus 3, and a trinomial, 2 b squared minus 5 b plus 8. Two arrows extend from the trinomial, terminating at b and 3 in the binomial.]Figure 5.3.23 Step 1: Distribute.
 [image: The sum of two products, the product of b and 2 b squared minus 5 b plus 8, and the product of 3 and 2 b squared minus 5 b plus 8.]Figure 5.3.24 Step 2: Multiply.
 [image: 2b^3\;-\;5b^2\;+\;8b\;+\;6b^2\;-\;15b\;+\;24]
 Step 3: Combine like terms.
 [image: 2b^3\;+\;b^2\;-\;7b\;+\;24]
  
 
 
 
 
 
 Try It
  37) Multiply using the Distributive Property: [image: (y-3)({y}^{2}-5y+2)]
 
 Solution [image: {y}^{3}-8{y}^{2}+17y-6]
  
 
 
 38) Multiply using the Distributive Property: [image: (x+4)(2{x}^{2}-3x+5)]
 
 Solution [image: 2{x}^{3}+5{x}^{2}-7x+20]
  
 
 
 
 
 
 
 
 Now let’s do this same multiplication using the Vertical Method.
 Example 5.3.19
  Multiply using the Vertical Method: [image: (b+3)(2{b}^{2}-5b+8)]
 
 Solution Step 1: Multiply [image: (2b^2-5b+8)] by [image: 3].
 [image: \begin{align*} 2b^2-5b+8&\\ \times\;\;\;\;\;\;\;b+3&\\ \overline{6b^2-15b+24}& \end{align*}]
 Step 2: Multiply [image: (2b^2-5b+8)] by [image: b].
 [image: 2b^3\;-\;5b^2\;+\;8b]
 Step 3: Add like terms.
 [image: 2b^3\;+\;b^2\;-\;7b\;+\;24]
 It is easier to put the polynomial with fewer terms on the bottom because we get fewer partial products this way.
  
 
 
 
 
 
 Try It
  39) Multiply using the Vertical Method: [image: (y-3)({y}^{2}-5y+2)]
 
 Solution [image: {y}^{3}-8{y}^{2}+17y-6]
  
 
 
 40) Multiply using the Vertical Method: [image: (x+4)(2x^2-3x+5)]
 
 Solution [image: 2x^3+5x^2-7x+20]
  
 
 
 
 
 We have now seen two methods you can use to multiply a trinomial by a binomial. After you practice each method, you’ll probably find you prefer one way over the other. We list both methods are listed here, for easy reference.
 
 
 
 Multiplying a Trinomial by a Binomial
 HOW TO
 To multiply a trinomial by a binomial, use the:
 	Distributive Property
 	Vertical Method
 
 
 
 Access these online resources for additional instruction and practice with multiplying polynomials:
 	Multiplying Exponents 1
 	Multiplying Exponents 2
 	Multiplying Exponents 3
 
 
 
 
 Key Concepts
  	FOIL Method for Multiplying Two Binomials—To multiply two binomials: 	Multiply the First terms.
 	Multiply the Outer terms.
 	Multiply the Inner terms.
 	Multiply the Last terms.
 
 
 
 	Multiplying Two Binomials—To multiply binomials, use the: 	Distributive Property (Example 5.3.7)
 	FOIL Method (Example 5.3.11)
 	Vertical Method (Example 5.3.17)
 
 
 
 
 	Multiplying a Trinomial by a Binomial—To multiply a trinomial by a binomial, use the: 	Distributive Property (Example 5.3.18)
 	Vertical Method (Example 5.3.19)
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2751#h5p-28 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 
 
	

			
			


		
	
		
			
	
		

		5.4 Special Products

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Square a binomial using the Binomial Squares Pattern
 	Multiply conjugates using the Product of Conjugates Pattern
 	Recognize and use the appropriate special product pattern
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify:
 a. [image: {9}^{2}]
 b. [image: (-9)^{2}]
 c. [image: -{9}^{2}]
 
 
 Square a Binomial Using the Binomial Squares Pattern
 
 Mathematicians like to look for patterns that will make their work easier. A good example of this is squaring binomials. While you can always get the product by writing the binomial twice and using the methods of the last section, there is less work to do if you learn to use a pattern.
 	Let’s start by looking at [image: (x+9)^{2}] 	 
 	What does this mean? 	[image: (x+9)^{2}] 
 	It means to multiply [image: (x+9)] by itself. 	[image: (x+9)(x+9)] 
 	Then, using FOIL, we get: 	[image: {x}^{2}+9x+9x+81] 
 	Combining like terms gives: 	[image: {x}^{2}+18x+81] 
  
 	Here’s another one: 	[image: (y-7)^{2}] 
 	Multiply [image: (y-7)] by itself. 	[image: (y-7)(y-7)] 
 	Using FOIL, we get: 	[image: ({y}^{2}-7y-7y+49] 
 	And combining like terms: 	[image: {y}^{2}-14y+49] 
  
 	And one more: 	[image: (2x+3)^{2}] 
 	Multiply. 	[image: (2x+3)(2x+3)] 
 	Use FOIL: 	[image: 4{x}^{2}+6x+6x+9] 
 	Combine like terms. 	[image: 4{x}^{2}+12x+9] 
  
 Look at these results. Do you see any patterns?
 What about the number of terms? In each example, we squared a binomial and the result was a trinomial.
 [image: (a+b)^{2}=] ____ [image: +] ____ [image: +] ____
 Now look at the first term in each result. Where did it come from?
 [image: \begin{array}{ccc} ({\color[rgb]{1.0, 0.0, 0.0}x}+{\color[rgb]{0.0, 0.0, 1.0}9})^2\;\;\;&({\color[rgb]{1.0, 0.0, 0.0}y}-{\color[rgb]{0.0, 0.0, 1.0}7})^2\;\;\;&({\color[rgb]{1.0, 0.0, 0.0}2x}+{\color[rgb]{0.0, 0.0, 1.0}3})^2\\[2ex] ({\color[rgb]{1.0, 0.0, 0.0}x}+{\color[rgb]{0.0, 0.0, 1.0}9})({\color[rgb]{1.0, 0.0, 0.0}x}+{\color[rgb]{0.0, 0.0, 1.0}9})\;\;\;&({\color[rgb]{1.0, 0.0, 0.0}y}-{\color[rgb]{0.0, 0.0, 1.0}7})({\color[rgb]{1.0, 0.0, 0.0}y}-{\color[rgb]{0.0, 0.0, 1.0}7})\;\;\;&({\color[rgb]{1.0, 0.0, 0.0}2x}+{\color[rgb]{0.0, 0.0, 1.0}3})({\color[rgb]{1.0, 0.0, 0.0}2x}+{\color[rgb]{0.0, 0.0, 1.0}3})\\[2ex] {\color[rgb]{1.0, 0.0, 0.0}x^2}+9x+9x+{\color[rgb]{0.0, 0.0, 1.0}81}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}y^2}-7y-7y+{\color[rgb]{0.0, 0.0, 1.0}49}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}4x^2}+6x+6x+{\color[rgb]{0.0, 0.0, 1.0}9}\\[2ex] {\color[rgb]{1.0, 0.0, 0.0}x^2}+18x+{\color[rgb]{0.0, 0.0, 1.0}81}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}y^2}-14y+{\color[rgb]{0.0, 0.0, 1.0}49}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}4x^2}+12x+{\color[rgb]{0.0, 0.0, 1.0}9} \end{array}]
 The first term is the product of the first terms of each binomial. Since the binomials are identical, it is just the square of the first term!
 [image: (a+b)^{2}={a}^{2}+] ____ [image: +]____
 To get the first term of the product, square the first term.
 Where did the last term come from? Look at the examples and find the pattern.
 The last term is the product of the last terms, which is the square of the last term.
 [image: (a+b)^{2}=] ____ [image: +] ____  [image: +{b}^{2}]
 To get the last term of the product, square the last term.
 Finally, look at the middle term. Notice it came from adding the “outer” and the “inner” terms—which are both the same! So the middle term is double the product of the two terms of the binomial.
 [image: (a+b)^2=]  _____ [image: + 2ab +] ____
 [image: (a-b)^2=] ____ [image: - 2ab +] _____
 To get the middle term of the product, multiply the terms and double their product.
 Putting it all together:
 Binomial Squares Pattern
 if [image: a] and [image: b] are real numbers,
 [image: (a+b)^2 = a^2 + 2ab + b^2]
 [image: (a-b)^2 = a^2 - 2ab + b^2]
 
 [image: \underbrace{(a+b)^2}_{(binomial)^2}\;\;=\;\;\underbrace{a^2\;}_{(first\;term)}\;+\;\underbrace{\;2ab}_{2(product\;of\;terms)}\;\;+\;\;\underbrace{b^2}_{(last\;term)^2}]
 
 
 
 To square a binomial:
 	square the first term
 	square the last term
 	double their product
 
 A number example helps verify the pattern.
 	 	[image: (10+4)^{2}] 
 	Square the first term. 	[image: {10}^{2}+]____[image: +] 
 	Square the last term. 	[image: {10}^{2}+] ____[image: +{4}^{2}] 
 	Double their product. 	[image: {10}^{2}+{2}\times{10}\times{4}+{4}^{2}] 
 	Simplify. 	[image: 100+80+16] 
 	Simplify. 	[image: 196] 
  
 To multiply [image: (10+4)^{2}] usually you’d follow the Order of Operations.
 [image: \begin{eqnarray*}&=&(10+4)^{2}\\&=&{14}^2\\&=&196\end{eqnarray*}]
 The pattern works!
 Example 5.4.1
  Multiply: [image: (x+5)^{2}]
 Solution [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{x\;+\;5}\right)^2]
 Step 1: Square the first term.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}a^2+2b+b^2}\\ &x^2+\underline{\;\;\;}+\underline{\;\;\;} \end{align*}]
 Step 2: Square the last term.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}a^2+2b+b^2}\\ &x^2+\underline{\;\;\;}+5^2 \end{align*}]
 Step 3: Double the product.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}a^2+2\times a\times b+b^2}\\ &x^2+2\times x\times5+5^2 \end{align*}]
 Step 4: Simplify.
 [image: x^2\;+\;10x\;+\;25]
  
 
 
 
 
 Try It
  2) Multiply: [image: (x+9)^{2}]
 
 Solution [image: {x}^{2}+18x+81]
  
 
 
 3) Multiply: [image: (y+11)^{2}]
 
 Solution [image: {y}^{2}+22y+121]
  
 
 
 
 
 
 
 
 Example 5.4.2
  Multiply: [image: (y-3)^{2}]
 
 Solution [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{y\;-\;3}\right)^2]
 Step 1: Square the first term.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}a^2-2b+b^2}\\ &y^2-\underline{\;\;\;}+\underline{\;\;\;} \end{align*}]
 Step 2: Square the last term.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}a^2-2b+b^2}\\ &y^2-\underline{\;\;\;}+3^2 \end{align*}]
 Step 3: Double the product.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}a^2-2\times a\times b+b^2}\\ &y^2-2\times y\times3+3^2 \end{align*}]
 Step 4: Simplify.
 [image: y^2\;-\;6y\;+\;9]
  
 
 
 
 
 
 Try It
  4) Multiply: [image: (x-9)^{2}]
 
 Solution [image: {x}^{2}-18x+81]
  
 
 
 5) Multiply: [image: (p-13)^{2}]
 
 Solution [image: {p}^{2}-26p+169]
  
 
 
 
 
 
 
 
 Example 5.4.3
  Multiply: [image: (4x+6)^{2}]
 
 Solution [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{4x\;+\;6}\right)^2]
 Step 1: Use the pattern.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}\;a^2\;\;+2\times \;a\;\times b+b^2}\\ (&4x)^2+2\times 4x\times6+6^2 \end{align*}]
 Step 2: Simplify.
 [image: 16x^2\;+\;48x\;+\;36]
  
 
 
 
 
 
 Try It
  6) Multiply: [image: (6x+3)^{2}]
 
 Solution [image: 36{x}^{2}+36x+9]
  
 
 
 7) Multiply: [image: (4x+9)^{2}]
 
 Solution [image: 16{x}^{2}+72x+81]
  
 
 
 
 
 
 
 
 Example 5.4.4
  Multiply: [image: (2x-3y)^{2}]
 
 Solution [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{2x\;-\;3y}\right)^2]
 Step 1: Use the pattern.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}\;a^2\;\;-2\times \;a\;\times \;b\;+\;\;b^2}\\ (&2x)^2-2\times 2x\times3y+(3y)^2 \end{align*}]
 Step 2: Simplify.
 [image: 4x^2\;-\;12xy\;+\;9y^2]
  
 
 
 
 
 
 Try It
  8) Multiply: [image: (2c-d)^{2}]
 
 Solution [image: 4{c}^{2}-4cd+{d}^{2}]
  
 
 
 9) Multiply: [image: (4x-5y)^{2}]
 
 Solution [image: 16{x}^{2}-40xy+25{y}^{2}]
  
 
 
 
 
 
 
 
 Example 5.4.5
  Multiply: [image: (4{u}^{3}+1)^{2}]
 
 Solution [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{4u^3\;+\;1}\right)^2]
 Step 1: Use the pattern.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}\;a^2\;\;+2\times \;\;a\;\;\times \;b\;+\;\;b^2}\\ (&4u)^2+2\times 4u^3\times1+(1)^2 \end{align*}]
 Step 2: Simplify.
 [image: 16u^6\;+\;8u^3\;+\;1]
  
 
 
 
 
 
 Try It
  10) Multiply: [image: (2{x}^{2}+1)^{2}]
 
 Solution [image: 4{x}^{4}+4{x}^{2}+1]
  
 
 
 11) Multiply: [image: (3{y}^{3}+2)^{2}]
 
 Solution [image: 9{y}^{6}+12{y}^{3}+4]
  
 
 
 
 
 
 
 
 We just saw a pattern for squaring binomials that we can use to make multiplying some binomials easier. Similarly, there is a pattern for another product of binomials. But before we get to it, we need to introduce some vocabulary.
 What do you notice about these pairs of binomials?
 [image: (x-9)(x+9)]                       [image: (y-8)(y+8)]                  [image: (2x-5)(2x+5)]
 
 Look at the first term of each binomial in each pair.
 [image: ({\color[rgb]{1.0, 0.0, 0.0}x}-9)({\color[rgb]{1.0, 0.0, 0.0}x}+9)]                       [image: ({\color[rgb]{1.0, 0.0, 0.0}y}-8)({\color[rgb]{1.0, 0.0, 0.0}y}+8)]                  [image: ({\color[rgb]{1.0, 0.0, 0.0}2x}-5)({\color[rgb]{1.0, 0.0, 0.0}2x}+5)]
 Notice the first terms are the same in each pair.
 Look at the last terms of each binomial in each pair.
 [image: \underbrace{(a+b)^2}_{(binomial)^2}\;\;=\;\;\underbrace{a^2\;}_{(first\;term)}\;+\;\underbrace{\;2ab}_{2(product\;of\;terms)}\;\;+\;\;\underbrace{b^2}_{(last\;term)^2}]
 Notice the last terms are the same in each pair.
 Notice how each pair has one sum and one difference.
 [image: \left(\underset{\overset{\color[rgb]{0.0, 0.0, 1.0}\uparrow}{Difference}}{x{\color[rgb]{1.0, 0.0, 0.0}-}9}\right)\left(\underset{\overset{\color[rgb]{0.0, 0.0, 1.0}\uparrow}{Sum}}{x{\color[rgb]{1.0, 0.0, 0.0}+}9}\right)\;\;\;\;\;\;\;\;\left(\underset{\overset{\color[rgb]{0.0, 0.0, 1.0}\uparrow}{Difference}}{y{\color[rgb]{1.0, 0.0, 0.0}-}8}\right)\left(\underset{\overset{\color[rgb]{0.0, 0.0, 1.0}\uparrow}{Sum}}{y{\color[rgb]{1.0, 0.0, 0.0}+}8}\right)\;\;\;\;\;\;\;\;\left(\underset{\overset{\color[rgb]{0.0, 0.0, 1.0}\uparrow}{Difference}}{2x{\color[rgb]{1.0, 0.0, 0.0}-}5}\right)\left(\underset{\overset{\color[rgb]{0.0, 0.0, 1.0}\uparrow}{Sum}}{2x{\color[rgb]{1.0, 0.0, 0.0}+}5}\right)]
 A pair of binomials that each have the same first term and the same last term, but one is a sum and one is a difference has a special name. It is called a conjugate pair and is of the form [image: (a-b)], [image: (a+b)].
 Conjugate Pair
 A conjugate pair is two binomials of the form
 [image: (a-b)], [image: (a+b)]
 The pair of binomials each have the same first term and the same last term, but one binomial is a sum and the other is a difference.
 
 
 
 There is a nice pattern for finding the product of conjugates. You could, of course, simply FOIL to get the product, but using the pattern makes your work easier.
 Let’s look for the pattern by using FOIL to multiply some conjugate pairs.
 	[image: (x-9)(x+9)] 	[image: (y-8)(y+8)] 	[image: (2x-5)(2x+5)] 
 	[image: x^2+9x-9x-81] 	[image: y^2+8y-8y-64] 	[image: 4x^2+10x-10x-25] 
 	[image: x^2-81] 	[image: y^2-64] 	[image: 4x^2-25] 
  
 
 [image: \begin{array}{ccc} ({\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{0.0, 0.0, 1.0}+9})({\color[rgb]{1.0, 0.0, 0.0}x}{\color[rgb]{0.0, 0.0, 1.0}-9})\;\;\;&({\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{0.0, 0.0, 1.0}-8})({\color[rgb]{1.0, 0.0, 0.0}y}{\color[rgb]{0.0, 0.0, 1.0}+8})\;\;\;&({\color[rgb]{1.0, 0.0, 0.0}2x}{\color[rgb]{0.0, 0.0, 1.0}-5})({\color[rgb]{1.0, 0.0, 0.0}2x}{\color[rgb]{0.0, 0.0, 1.0}+5})\\[2ex] {\color[rgb]{1.0, 0.0, 0.0}x^2}-9x+9x{\color[rgb]{0.0, 0.0, 1.0}-81}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}y^2}+8y-8y{\color[rgb]{0.0, 0.0, 1.0}-64}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}4x^2}+10x-10x{\color[rgb]{0.0, 0.0, 1.0}-25}\\[2ex] {\color[rgb]{1.0, 0.0, 0.0}x^2}{\color[rgb]{0.0, 0.0, 1.0}-81}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}y^2}{\color[rgb]{0.0, 0.0, 1.0}-64}\;\;\;&{\color[rgb]{1.0, 0.0, 0.0}4x^2}{\color[rgb]{0.0, 0.0, 1.0}-25} \end{array}]
 Each first term is the product of the first terms of the binomials, and since they are identical it is the square of the first term.
 [image: (a+b)(a-b)=a^2]____
 To get the first term, square the first term.
 The last term came from multiplying the last terms, the square of the last term.
 [image: (a+b)(a-b)=a^2-b^2]
 To get the last term, square the last term.
 
 What do you observe about the products?
 The product of the two binomials is also a binomial! Most of the products resulting from FOIL have been trinomials.
 Why is there no middle term? Notice the two middle terms you get from FOIL combine to 0 in every case, the result of one addition and one subtraction.
 The product of conjugates is always of the form [image: {a}^{2}-{b}^{2}] . This is called a difference of squares.
 This leads to the pattern:
 Product of Conjugates Pattern
 If [image: a] and [image: b] are real numbers,
 [image: This figure is divided into two sides. On the left side is the following formula: the product of a minus b and a plus b equals a squared minus b squared. On the right side is the same formula labeled: a minus b and a plus b are labeled “conjugates”, the a squared and b squared are labeled squares and the minus sign between the squares is labeled “difference”. Therefore, the product of two conjugates is called a difference of squares.]Figure 5.4.1 The product is called a difference of squares.
 To multiply conjugates, square the first term, square the last term, and write the product as a difference of squares.
 
 
 
 Let’s test this pattern with a numerical example.
 	 	[image: (10-2)(10+2)] 
 	It is the product of conjugates, so the result will be the difference of two squares. 	____ [image: -] ____ 
 	Square the first term. 	[image: 10^2-]____ 
 	Square the last term. 	[image: 10^2-2^2] 
 	Simplify. 	[image: 100-4\\=96] 
 	What do you get using the order of operations? 	[image: (10 - 2)(10 + 2)\\(8)(12)\\=96]
  
  
 Notice, the result is the same!
 Example 5.4.6
  Multiply: [image: (x - 8)(x + 8)]
 
 Solution First, recognize this as a product of conjugates. The binomials have the same first terms, and the same last terms, and one binomial is a sum and the other is a difference.
 Step 1: It fits the pattern.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{x\;-\;8}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{x\;+\;8}\right)]
 Step 2: Square the first term, [image: x].
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{x^2\;-\;\_\_}]
 Step 3: Square the last term, [image: 8].
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{x^2\;-\;8^2}]
 Step 4: The product is a difference of squares.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{x^2\;-\;64}]
  
 
 
 
 
 
 Try It
  12) Multiply: [image: (x-5)(x+5)]
 
 Solution [image: {x}^{2}-25]
  
 
 
 13) Multiply: [image: (w-3)(w+3)]
 
 Solution [image: {w}^{2}-9]
  
 
 
 
 
 
 
 
 Example 5.4.7
  Multiply: [image: (2x+5)(2x-5)]
 
 Solution Are the binomials conjugates?
 Step 1: It is the product of conjugates.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{2x\;+\;5}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{2x\;-\;5}\right)]
 Step 2: Square the first term, [image: 2x].
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{{(2x)}^2\;-\;\_\_}]
 Step 3: Square the last term, [image: 5].
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{{(2x)}^2\;-\;5^2}]
 Step 4: Simplify. The product is a difference of squares.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{4x^2\;-\;25}]
  
 
 
 
 
 
 Try It
  14) Multiply: [image: (6x+5)(6x-5)].
 
 Solution [image: 36{x}^{2}-25]
  
 
 
 15) Multiply: [image: (2x+7)(2x-7)]
 
 Solution [image: 4{x}^{2}-49]
  
 
 
 
 
 The binomials in the next example may look backwards – the variable is in the second term. But the two binomials are still conjugates, so we use the same pattern to multiply them.
 
 
 
 Example 5.4.8
  Find the product: [image: (3+5x)(3-5x)]
 
 Solution Step 1: It is the product of conjugates.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{3\;+\;5x}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{3\;-\;5x}\right)]
 Step 2: Use the pattern.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{3^2\;-\;{(5x)}^2}]
 Step 3: Simplify.
 [image: 9\;-\;25x^2]
  
 
 
 
 
 
 Try It
  16) Multiply: [image: (7+4x)(7-4x)]
 
 Solution [image: 49-16{x}^{2}]
  
 
 
 17) Multiply: [image: (9-2y)(9+2y)]
 
 Solution [image: 81-4y^{2}]
  
 
 
 
 
 Now we’ll multiply conjugates that have two variables.
 
 
 
 Example 5.4.9
  Find the product: [image: (5m-9n)(5m+9n)]
 
 Solution Step 1: This fits the pattern.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{5m\;-\;9n}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{5m\;+\;9n}\right)]
 Step 2: Use the pattern.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{{(5m)}^2\;-\;{(9n)}^2}]
 Step 3: Simplify.
 [image: 25m^2\;-\;81n^2]
  
 
 
 
 
 
 Try It
  18) Find the product: [image: (4p-7q)(4p+7q)]
 
 Solution [image: 16{p}^{2}-49{q}^{2}]
  
 
 
 19) Find the product: [image: (3x-y)(3x+y)]
 
 Solution [image: 9{x}^{2}-{y}^{2}]
  
 
 
 
 
 
 
 
 Example 5.4.10
  Find the product: [image: (cd-8)(cd+8)]
 
 Solution Step 1: This fits the pattern.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{cd\;-\;8}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{cd\;+\;8}\right)]
 Step 2: Use the pattern.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{{(cd)}^2\;-\;{(8)}^2}]
 Step 3: Simplify.
 [image: c^2d^2\;-\;64]
  
 
 
 
 
 
 Try It
  20) Find the product: [image: (xy-6)(xy+6)]
 
 Solution [image: {x}^{2}{y}^{2}-36]
  
 
 
 21) Find the product: [image: (ab-9)(ab+9)]
 
 Solution [image: {a}^{2}{b}^{2}-81]
  
 
 
 
 
 
 
 
 Example 5.4.11
  Find the product: [image: (6{u}^{2}-11{v}^{5})(6{u}^{2}+11{v}^{5})]
 
 Solution Step 1: This fits the pattern.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{6u^2\;-\;11v^5}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{6u^2\;+\;11v^5}\right)]
 Step 2: Use the pattern.
 [image: \overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{\left(6u^2\right)^2-\;\left(11v^5\right)^2}]
 Step 3: Simplify.
 [image: 36u^4\;-\;121v^{10}]
  
 
 
 
 
 
 Try It
  22) Find the product: [image: (3{x}^{2}-4{y}^{3})(3{x}^{2}+4{y}^{3})]
 
 Solution [image: 9{x}^{4}-16{y}^{6}]
  
 
 
 23) Find the product: [image: (2{m}^{2}-5{n}^{3})(2{m}^{2}+5{n}^{3})]
 
 Solution [image: 4{m}^{4}-25{n}^{6}]
  
 
 
 
 
 Recognize and Use the Appropriate Special Product Pattern
 
 
 
 
 We just developed special product patterns for Binomial Squares and for the Product of Conjugates. The products look similar, so it is important to recognize when it is appropriate to use each of these patterns and to notice how they differ. Look at the two patterns together and note their similarities and differences.
 
 Comparing the Special Product Patterns
 [image:  (a-b)(a+b)={a}^{2}-{b}^{2}]
 	Binomial Squares 	Product of Conjugates 
 	[image: (a+b)^{2}={a}^{2}+2ab+{b}^{2}] 	[image: {(a-b)}^{2}={a}^{2}-2ab+{b}^{2}] 
 	– Squaring a binomial 	– Multiplying conjugates 
 	– Product is a trinomial 	– Product is a binomial 
 	– Inner and outer terms with FOIL are the same. 	– Inner and outer terms with FOIL are opposites. 
 	– Middle term is double the product of the terms. 	– There is no middle term. 
  
 
 Example 5.4.12
  Choose the appropriate pattern and use it to find the product:
 a. [image: (2x-3)(2x+3)]
 b. [image: (8x-5)^{2}]
 c. [image: (6m+7)^{2}]
 d. [image: (5x-6)(6x+5)]
 
 Solution a. [image: (2x-3)(2x+3)] These are conjugates. They have the same first numbers, and the same last numbers, and one binomial is a sum and the other is a difference. It fits the Product of Conjugates pattern.
 
 Step 1: This fits the pattern.
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{2x\;-\;3}\right)\left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{2x\;+\;3}\right)]
 Step 2: Use the pattern.
 [image: \begin{align*} &{\color[rgb]{1.0, 0.0, 0.0}\;a^2\;\;\;-b^2}\\ (&2x)^2-3^2\\[2ex] \text{Simplify.}\;\;&4x^2\;-\;9 \end{align*}]
 
 b. [image: (8x-5)^{2}] We are asked to square a binomial. It fits the binomial squares pattern.
 
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{8x\;-\;5}\right)^2]
 Step 1: Use the pattern.
 [image: \begin{align*} &\overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{{(8x)}^2\;-\;2\;\times\;8x\;\times\;5\;+\;5^2}\\ \text{Simplify.}\;\;&64x^2\;-\;80x\;+\;25 \end{align*}]
 
 c. [image: (6m+7)^{2}] Again, we will square a binomial so we use the binomial squares pattern.
 
 [image: \left(\overset{{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}}{6m\;+\;7}\right)^2]
 Step 1: Use the pattern.
 [image: \begin{align*} &\overset{{\color[rgb]{1.0, 0.0, 0.0}a}^{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}a}{\color[rgb]{1.0, 0.0, 0.0}b}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}b}^{\color[rgb]{1.0, 0.0, 0.0}2}}{\left(6m\right)^2\;+\;2\;\times\;6m\;\times\;7\;+7^2}\\ \text{Simplify.}\;\;&36m^2\;+\;84m\;+\;49 \end{align*}]
 
 d. [image: (5x-6)(6x+5)] This product does not fit the patterns, so we will use FOIL.
 
 Step 1: Use FOIL.
 [image: \begin{align*} &30{x}^{2}+25x-36x-30\\ \text{Simplify.}\;\;&30{x}^{2}-11x-30 \end{align*}]
  
 
 
 
 
 
 Try It
  24) Choose the appropriate pattern and use it to find the product:
 a. [image: (9b-2)(2b+9)]
 b. [image: (9p-4)^{2}]
 c. [image: (7y+1)^{2}]
 d. [image: (4r-3)(4r+3)]
 
 Solution a. FOIL;  [image: 18{b}^{2}+77b-18]
 b. Binomial Squares; [image: 81{p}^{2}-72p+16]
 c. Binomial Squares; [image: 49{y}^{2}+14y+1]
 d. Product of Conjugates; [image: 16{r}^{2}-9]
  
 
 
 25) Choose the appropriate pattern and use it to find the product:
 a. [image: (6x+7)^{2}]
 b. [image: (3x-4)(3x+4)]
 c. [image: (2x-5)(5x-2)]
 d. [image: (6n-1)^{2}]
 
 Solution a. Binomial Squares; [image: 36{x}^{2}+84x+49]
 b. Product of Conjugates; [image: 9{x}^{2}-16]
 c. FOIL; [image: 10{x}^{2}-29x+10]
 d. Binomial Squares;  [image: 36{n}^{2}-12n+1]
  
 
 
 
 
 
 
 
 Access these online resources for additional instruction and practice with special products:
 	Special Products
 
 
 
 Key Concepts
  	Binomial Squares Pattern 	If [image: a] and [image: b] are real numbers,
  [image: {\underbrace{{(a\;+\;b)}^2}_{\left(binomial\right)^2}\;}=\;\underbrace{a^2}_{\left(first\;term\right)^2}\;+\;\underbrace{2ab}_{2(product\;of\;terms)}\;+\;\;\underbrace{b^2}_{{(last\;term)}^2}]
 	[image: (a+b)^{2}={a}^{2}+2ab+{b}^{2}]
 	[image: (a-b)^{2}={a}^{2}-2ab+{b}^{2}]
 	To square a binomial: square the first term, square the last term, double their product.
 
 
 
 
 	Product of Conjugates Pattern 	If [image: a] and [image: b] are real numbers
 [image: \underbrace{(a\;-\;b)(a\;+\;b)}_{conjugates}\;=\;\underset{squares}{\underbrace{a^{2\;}}\;\overset{\overset{difference}\downarrow}-\;\underbrace{b^2}}]
  
 	[image: (a-b)(a+b)={a}^{2}-{b}^{2}]
 	The product is called a difference of squares.
 
 
 
 
 	To multiply conjugates: 	square the first term square the last term write it as a difference of squares
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2811#h5p-29 
 
 b. On a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 Glossary
  	conjugate pair
 	A conjugate pair is two binomials of the form [image: (a-b)], [image: (a+b)]; the pair of binomials each have the same first term and the same last term, but one binomial is a sum and the other is a difference.
 
 
 
 
	

			
			


		
	
		
			
	
		

		5.5 Divide Monomials

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Simplify expressions using the Quotient Property for Exponents
 	Simplify expressions with zero exponents
 	Simplify expressions using the Quotient to a Power Property
 	Simplify expressions by applying several properties
 	Use the definition of a negative exponent
 	Simplify expressions with integer exponents
 	Simplify expressions by applying several properties with negative exponents
 	Divide monomials
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Simplify: [image: \frac{8}{24}]
 2) Simplify: [image: (2{m}^{3})^{5}]
 3) Simplify: [image: \frac{12x}{12y}]
 
 
 
 Simplify Expressions Using the Quotient Property for Exponents
 
 Earlier in this chapter, we developed the properties of exponents for multiplication. We summarize these properties below.
 Summary of Exponent Properties for Multiplication
 If [image: a] and [image: b] are real numbers, and [image: m] and [image: n] are whole numbers, then
 	Product Property 	[image: {a}^{m}\times{{a}^{n}}={a}^{m+n}] 
 	Power Property 	[image: ({a}^{m})^{n}={a}^{m\times{n}}] 
 	Product to a Power 	[image: {(ab)}^{m}={a}^{m}{b}^{m}] 
  
 
 
 Now we will look at the exponent properties for division. A quick memory refresher may help before we get started. You have learned to simplify fractions by dividing out common factors from the numerator and denominator using the Equivalent Fractions Property. This property will also help you work with algebraic fractions—which are also quotients.
 
 
 Equivalent Fractions Property
 If [image: a], [image: b], and [image: c] are whole numbers where [image: b\neq{0}, c\neq{0}] then
 [image: \frac{a}{b}=\frac{a\times{c}}{b\times{c}}] and  [image: \frac{a\times{c}}{b\times{c}}=\frac{a}{b}]
 
 As before, we’ll try to discover a property by looking at some examples.
 	 	Example 1 	Example 2 
 	Consider 	[image: \frac{x^5}{x^2}] 	[image: \frac{x^2}{x^3}] 
 	What do they mean? 	[image: \frac{{x}\cdot {x}\cdot {x}\cdot {x}\cdot {x}}{{x}\cdot {x}}] 	[image: \frac{{x}\cdot {x}}{{x}\cdot{x}\cdot{x}}] 
 	Use the Equivalent Fractions Property. 	[image: \frac{\cancel x\cdot\cancel x\cdot x\cdot x\cdot x}{\cancel x\cdot\cancel x}] 	[image: \frac{\cancel x\cdot\cancel x\cdot1}{\cancel x\cdot\cancel x\cdot x}] 
 	Simplify 	[image: x^3] 	[image: \frac{1}{x}] 
  
 
 Notice, in each case the bases were the same and we subtracted exponents.
 When the larger exponent was in the numerator, we were left with factors in the numerator.
 When the larger exponent was in the denominator, we were left with factors in the denominator—notice the numerator of 1.
 We write:
 	[image: \frac{x^5}{x^2}] 	[image: \frac{x^2}{x^3}] 
 	[image: x^{5-2}] 	[image: \frac{1}{x^{3-2}}] 
 	[image: x^3] 	[image: \frac{1}{x}] 
  
 This leads to the Quotient Property for Exponents.
 Quotient Property for Exponents
 If [image: a] is a real number, [image: a\neq{0}], and [image: n] are whole numbers, then
 [image: \frac{a^m}{a^n}=a^{m-n}], [image: m > n] and [image: \frac{a^m}{a^n}=\frac{1}{a^{m-n}}], [image: n>m]
 
 A couple of examples with numbers may help to verify this property.
 
 	[image: \begin{align*}\frac{3^4}{3^2}&=3^{4-2}\\[2ex]\frac{81}{9}&=3^{2}\\[2ex]9&=9\checkmark\end{align*}] 	[image: \begin{align*}\frac{5^2}{5^3}&=\frac1{5^{3-2}}\\[2ex]\frac{25}{125}&=\frac{1}{5^{1}}\\[2ex]\frac{1}{5}&=\frac{1}{5}\checkmark\end{align*}] 
  
 Example 5.5.1
  Simplify:
 a. [image: \frac{{x}^{9}}{{x}^{7}}]
 b. [image: \frac{{3}^{10}}{{3}^{2}}]
 
 Solution To simplify an expression with a quotient, we need to first compare the exponents in the numerator and denominator.
 a.
 
 Step 1: Since [image: 9 > 7], there are more factors of [image: x] in the numerator.
 [image: \frac{x^9}{x^7}]
 Step 2: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}={a}^{m-n}]
 [image: \begin{eqnarray*}&=&x^{{\color[rgb]{1.0, 0.0, 0.0}9}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}7}}\\ \text{Simplify.}\;\;&=&x^2 \end{eqnarray*}]
 
 b.
 
 Step 1: Since [image: 10 > 2], there are more factors of [image: x] in the numerator.
 [image: \frac{3^{10}}{3^2}]
 Step 2: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}={a}^{m-n}]
 [image: \begin{eqnarray*}&=&3^{\color[rgb]{1.0, 0.0, 0.0}{10\;-\;2}}\\ \text{Simplify.}\;\;&=&3^8 \end{eqnarray*}]
 Notice that when the larger exponent is in the numerator, we are left with factors in the numerator.
  
 
 
 
 
 
 Try It
  4) Simplify:
 a. [image: \frac{{x}^{15}}{{x}^{10}}]
 b. [image: \frac{{6}^{14}}{{6}^{5}}]
 
 Solution a. [image: {x}^{5}]
 b. [image: {6}^{9}]
  
 
 
 5) Simplify:
 a. [image: \frac{{y}^{43}}{{y}^{37}}]
 b. [image: \frac{{10}^{15}}{{10}^{7}}]
 
 Solution a. [image: {y}^{6}]
 b. [image: {10}^{8}]
  
 
 
 
 
 
 
 
 Example 5.5.2
  Simplify:
 a. [image: \frac{{b}^{8}}{{b}^{12}}]
 b. [image: \frac{{7}^{3}}{{7}^{5}}]
 
 Solution To simplify an expression with a quotient, we need to first compare the exponents in the numerator and denominator.
 a.
 
 Step 1: Since [image: 12 > 8], there are more factors of [image: b] in the denominator.
 [image: \frac{b^8}{b^{12}}]
 Step 2: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{n-m}}]
 [image: \begin{eqnarray*}&=&\frac{\color[rgb]{1.0, 0.0, 0.0}1}{b^{\color[rgb]{1.0, 0.0, 0.0}{12\;-\;8}}}\\ \text{Simplify.}\;\;&=&\frac{\color[rgb]{0.1, 0.1, 0.1}1}{b^4} \end{eqnarray*}]
 
 b.
 
 Step 1: Since [image: 5 > 3], there are more factors of [image: 3] in the denominator.
 [image: \frac{7^3}{7^5}]
 Step 2: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{n-m}}]
 [image: \begin{eqnarray*}&=&\frac{{\color[rgb]{1.0, 0.0, 0.0}1}}{7^{\color[rgb]{1.0, 0.0, 0.0}5-3}}\\[1ex] \text{Simplify.}\;\;&=&\frac{\color[rgb]{0.1, 0.1, 0.1}1}{7^2}\\[1ex] \text{Simplify.}\;\;&=&\frac{\color[rgb]{0.1, 0.1, 0.1}1}{49}\end{eqnarray*}]
 Notice that when the larger exponent is in the denominator, we are left with factors in the denominator.
  
 
 
 
 
 
 
 
 Try It
  6) Simplify: 
 a. [image: \frac{{x}^{18}}{{x}^{22}}]
 b. [image: \frac{{12}^{15}}{{12}^{30}}]
 Solution a. [image: \frac{1}{{x}^{4}}]
 b. [image: \frac{1}{{12}^{15}}]
  
 
 
 7) Simplify:
 a. [image: \frac{{m}^{7}}{{m}^{15}}]
 b. [image: \frac{{9}^{8}}{{9}^{19}}]
 
 Solution a. [image: \frac{1}{{m}^{8}}]
 b. [image: \frac{1}{{9}^{11}}]
  
 
 
 
 
 Notice the difference in the two previous examples:
 
 
 
 	If we start with more factors in the numerator, we will end up with factors in the numerator.
 	If we start with more factors in the denominator, we will end up with factors in the denominator.
 
 The first step in simplifying an expression using the Quotient Property for Exponents is to determine whether the exponent is larger in the numerator or the denominator. Later in this chapter, we will explore this further while using negative exponents.
 Example 5.5.3
  Simplify:
 a.  [image: \frac{{a}^{5}}{{a}^{9}}]
 b.  [image: \frac{{x}^{11}}{{x}^{7}}]
 
 Solution a. Is the exponent of [image: a] larger in the numerator or denominator? Since [image: 9 > 5], there are more [image: a]‘s in the denominator and so we will end up with factors in the denominator.
 
 Step 1: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{n-m}}]
 [image: \begin{eqnarray*}&=&\frac{\color[rgb]{1.0, 0.0, 0.0}1}{a^{\color[rgb]{1.0, 0.0, 0.0}{9\;-\;5}}}\\ \text{Simplify.}\;\;&=&\frac{\color[rgb]{0.1, 0.1, 0.1}1}{a^4}\end{eqnarray*}]
 
 b. Notice there are more factors of [image: x] in the numerator, since [image: 11 > 7]. So we will end up with factors in the numerator.
 
 Step 1: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{n-m}}]
 [image: \begin{eqnarray*}&=&x^{{\color[rgb]{1.0, 0.0, 0.0}11}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}7}}\\\text{Simplify.}\;\;&=&x^4 \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  8) Simplify:
 a. [image: \frac{{b}^{19}}{{b}^{11}}]
 b.  [image: \frac{{z}^{5}}{{z}^{11}}]
 
 Solution a. [image: {b}^{8}]
 b. [image: \frac{1}{{z}^{6}}]
  
 
 
 9) Simplify:
 a. [image: \frac{{p}^{9}}{{p}^{17}}]
 b. [image: \frac{{w}^{13}}{{w}^{9}}]
 
 Solution a. [image: \frac{1}{{p}^{8}}]
 b. [image: {w}^{4}]
  
 
 
 
 
 Simplify Expressions with an Exponent of Zero
 
 
 
 A special case of the Quotient Property is when the exponents of the numerator and denominator are equal, such as an expression like [image: \frac{{a}^{m}}{{a}^{m}}]. From your earlier work with fractions, you know that:
 [image: \frac{2}{2}=1]                                     [image: \frac{17}{17}=1]                                      [image:  \frac{-43}{-43}=1]
 In words, a number divided by itself is [image: 1]. So, [image: \frac{x}{x}=1], for any [image: x] [image: ({x} \neq {0})], since any number divided by itself is [image: 1].
 The Quotient Property for Exponents shows us how to simplify [image: \frac{{a}^{m}}{{a}^{n}}] when [image: m>n] and when [image: n < m] by subtracting exponents. What if [image: m=n]?
 Consider [image: \frac{8}{8}], which we know is [image: 1].
 [image: \begin{align*} &\;&\frac{8}{8}&=1\\[1ex] &\text{Write}\;8\;\text{as}\;2^3\;&\frac{{2}^{3}}{{2}^{3}}&=1\\[1ex] &\text{Subtract exponents}\;&{2}^{3-3}&=1\\ &\text{Simplify}\;&2^0&=1 \end{align*}]
 Now we will simplify [image: \frac{{a}^{m}}{{a}^{m}}] in two ways to lead us to the definition of the zero exponent. In general, for [image: {a}\neq{0}] :
 [image: \begin{array}{cc} \frac{a^m}{a^m}\;\;&\frac{a^m}{a^m}\\[3ex] a^{m-m}\;\;&\frac{\overbrace{\cancel a\cdot \cancel a\cdot...\cdot \cancel a}^{{\color[rgb]{0.0, 0.0, 1.0}m\;\text{factors}}}}{\underbrace{\cancel a\cdot \cancel a\cdot...\cdot \cancel a}_{{\color[rgb]{0.0, 0.0, 1.0}m\;\text{factors}}}}\\[3ex] a^0\;\;&1 \end{array}]
 We see [image: \frac{{a}^{m}}{{a}^{m}}]  simplifies to [image: {a}^{0}] and to [image: 1]. So [image: {a}^{0}=1]
 Zero Exponent
 If [image: a] is a non-zero number, then [image: {a}^{0}=1].
 Any nonzero number raised to the zero power is [image: 1].
 
 
 
 In this text, we assume any variable that we raise to the zero power is not zero.
 Example 5.5.4
  Simplify: 
 a. [image: {9}^{0}]          
 b. [image: {n}^{0}]
 Solution The definition says any non-zero number raised to the zero power is [image: 1].
 a.
 Step 1: Use the definition of the zero exponent.
 [image: \begin{eqnarray*}&=&9^0\\&=&1\end{eqnarray*}]
 
 b.
 Step 1: Use the definition of the zero exponent.
 [image: \begin{eqnarray*}&=&n^0\\&=&1\end{eqnarray*}]
  
 
 
 
 
 Try It
  10) Simplify:
 a. [image: {15}^{0}]
 b. [image: {m}^{0}]
 
 Solution a. 1
 b. 1
  
 
 
 11) Simplify:
 a. [image: {k}^{0}]
 b. [image: {29}^{0}]
 
 Solution a. 1
 b. 1
  
 
 
 
 
 Now that we have defined the zero exponent, we can expand all the Properties of Exponents to include whole number exponents.
 
 
 
 What about raising an expression to the zero power? Let’s look at [image: (2x)^{0}]. We can use the product to a power rule to rewrite this expression.
 [image: \begin{align*} &\;&(2x)^{0}\\[1ex] &\text{Use the product to a power rule.}\;&{2}^{0}{x}^{0}\\[1ex] &\text{Use the zero exponent property.}\;&1\times{1}\\ &\text{Simplify}\;&1 \end{align*}]
 This tells us that any nonzero expression raised to the zero power is one.
 Example 5.5.5
  Simplify:
 a. [image: (5b)^{0}]
 b. [image: (-4{a}^{2}b)^{0}]
 
 Solution a.
 Step 1: Use the definition of the zero exponent.
 [image: \begin{eqnarray*}&=&(5b)^0\\&=&1\end{eqnarray*}]
 
 b.
 Step 1: Use the definition of the zero exponent.
 [image: \begin{eqnarray*}&=&(-4a^{2b})^0\\&=&1\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  12) Simplify:
 a. [image: (11z)^{0}]
 b. [image: (-11p{q}^{3})^{0}]
 
 Solution a. [image: 1]
 b. [image: 1]
  
 
 
 13) Simplify:
 a. [image: (-6d)^{0}]
 b. [image: (-8{m}^{2}{n}^{3})^{0}]
 
 Solution a. [image: 1]
 b. [image: 1]
  
 
 
 
 
 Simplify Expressions Using the Quotient to a Power Property
 
 
 
 
 Now we will look at an example that will lead us to the Quotient to a Power Property.
 [image: \begin{align*} &\;&\;&\left(\frac{x}{y}\right)^{3}\\[1ex] &\text{This means:}&\;&\frac{x}{y}\cdot\frac{x}{y}\cdot\frac{x}{y}\\[1ex] &\text{Multiply the fractions.}&\;&\frac{x\cdot{x}\cdot{x}}{y\cdot{y}\cdot{y}}\\[1ex] &\text{Write with exponents.}&\;&\frac{{x}^{3}}{{y}^{3}} \end{align*}]
 Notice that the exponent applies to both the numerator and the denominator.
 [image: \begin{align*} &\text{We write:}\;&\left(\frac{x}{y}\right)^{3}\\[1ex] &\;&\frac{{x}^{3}}{{y}^{3}}\;\;\;\end{align*}]
 This leads to the Quotient to a Power Property for Exponents.
 Quotient to a Power Property for Exponents
 If [image: a] and [image: b] are real numbers, [image: b\neq{0}], and [image: m] is a counting number, then
 [image: (\frac{a}{b})^{m}=\frac{{a}^{m}}{{b}^{m}}]
 To raise a fraction to a power, raise the numerator and denominator to that power.
 
 An example with numbers may help you understand this property:
 [image: \begin{eqnarray*}(\frac{2}{3})^3 & = & \frac{2^3}{3^3}\\\frac{2}{3}\cdot\frac{2}{3}\cdot\frac{2}{3} & = & \frac{8}{27}\\\frac{8}{27} & = & \frac{8}{27}✓\end{eqnarray*}]
 
 
 Example 5.5.6
  Simplify:
 a. [image: (\frac{3}{7})^{2}]
 b. [image: (\frac{b}{3})^{4} ]
 c. [image: \left(\frac{k}{j}\right)^3]
 
 Solution a.
 
 Step 1: Use the Quotient Property, [image: (\frac{a}{b})^{m}=\frac{{a}^{m}}{{b}^{m}}]
 [image: \begin{eqnarray*}&=&{b}^{0}\\ \text{Simplify.}\;\;&=&1 \end{eqnarray*}]
 
 b.
 
 Step 1: Use the Quotient Property, [image: (\frac{a}{b})^{m}=\frac{{a}^{m}}{{b}^{m}}]
 [image: \begin{eqnarray*}&=&\frac{b^{\color[rgb]{1.0, 0.0, 0.0}4}}{3^{\color[rgb]{1.0, 0.0, 0.0}4}}\\ \text{Simplify.}\;\;&=&\frac{b^{\color[rgb]{0.1, 0.1, 0.1}4}}{81} \end{eqnarray*}]
 
 c.
 
 Step 1: Raise the numerator and denominator to the third power.
 [image: \frac{k^{\color[rgb]{1.0, 0.0, 0.0}3}}{j^{\color[rgb]{1.0, 0.0, 0.0}3}}]
  
 
 
 
 
 
 Try It
  14) Simplify:
 a. [image: (\frac{5}{8})^{2}]
 b. [image: (\frac{p}{10})^{4}]
 c. [image: (\frac{m}{n})^{7}]
 
 Solution a. [image: \frac{25}{64}]
 b. [image: \frac{{p}^{4}}{10,000}]
 c. [image: \frac{{m}^{7}}{{n}^{7}}]
  
 
 
 15) Simplify:
 a. [image: (\frac{1}{3})^{3}]
 b. [image: (\frac{-2}{q})^{3}]
 c. [image: (\frac{w}{x})^{4}]
 
 Solution a. [image: \frac{1}{27}]
 b. [image: \frac{-8}{{q}^{3}}]
 c. [image: \frac{{w}^{4}}{{x}^{4}}]
  
 
 
 
 
 Simplify Expressions by Applying Several Properties
 
 
 
 
 We’ll now summarize all the properties of exponents so they are all together to refer to as we simplify expressions using several properties. Notice that they are now defined for whole number exponents.
 Summary of Exponent Properties
 If [image: a] and [image: b] are real numbers, and [image: m] and [image: n] are whole numbers, then
 	Product Property 	[image: {a}^{m}\times{a}^{n}={a}^{m+n}] 
 	Power Property 	[image: ({a}^{m})^{n}={a}^{m\times{n}}] 
 	Product to a Power 	[image: (ab)^{m}={a}^{m}{b}^{m}] 
 	Quotient Property 	[image: \frac{{a}^{m}}{{b}^{m}} = {a}^{m-n}, a\neq{0} , m>n] [image: \frac{{a}^{m}}{{a}^{n}} = \frac{1}{{a}^{n-m}}, a\neq{0}, n>m]
 
 	Zero Exponent Definition 	[image: {a}^{0}=1, a\neq{0}] 
 	Quotient to a Power Property 	[image: (\frac{a}{b})^{m}=\frac{{a}^{m}}{{b}^{m}}, b\neq{0}] 
  
 
 Example 5.5.7
  Simplify: [image: \frac{(y^4)^2}{y^6}]
 
 Solution Step 1: Multiply the exponents in the numerator.
 [image: \frac{{y}^{8}}{{y}^{6}}]
 Step 2: Subtract the exponents.
 [image: {y}^{2}]
  
 
 
 
 
 
 Try It
  16) Simplify: [image: \frac{({m}^{5})^4}{m^7}]
 
 Solution [image: {m}^{13}]
  
 
 
 17) Simplify: [image: \frac{{({k}^{2})}^{6}}{{k}^{7}}]
 
 Solution [image: {k}^{5}]
  
 
 
 
 
 
 
 
 Example 5.5.8
  Simplify: [image: \frac{{b}^{12}}{{({b}^{2})}^{6}}]
 
 Solution Step 1: Multiply the exponents in the numerator.
 [image: \frac{{b}^{12}}{{b}^{12}}]
 Step 2: Subtract the exponents.
 [image: \begin{eqnarray*}&=&{b}^{0}\\ \text{Simplify.}\;\;&=&1 \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  18) Simplify: [image: \frac{{n}^{12}}{{({n}^{3}})^{4}}]
 
 Solution [image: 1]
  
 
 
 19) Simplify: [image: \frac{{x}^{15}}{(x^3)^{5}}]
 
 Solution [image: 1]
  
 
 
 
 
 
 
 
 Example 5.5.9
  Simplify: [image: \left(\frac{{y}^{9}}{{y}^{4}}\right)^{2}]
 
 Solution Step 1: Remember parentheses come before exponents.
 Notice the bases are the same, so we can simplify inside the parentheses.
 Subtract the exponents.
 [image: (y^5)^2]
 Step 2: Multiply the exponents.
 [image: {y}^{10}]
  
 
 
 
 
 
 Try It
  20) Simplify: [image: \left(\frac{{r}^{5}}{{r}^{3}}\right)^{4}]
 
 Solution [image: {r}^{8}]
  
 
 
 21) Simplify: [image: \left(\frac{{v}^{6}}{{v}^{4}}\right)^{3}]
 
 Solution [image: {v}^{6}]
  
 
 
 
 
 
 
 
 Example 5.5.10
  Simplify: [image: \left(\frac{{j}^{2}}{{k}^{3}}\right)^{4}]
 
 Solution Here we cannot simplify inside the parentheses first, since the bases are not the same.
 Step 1: Raise the numerator and denominator to the third power using the Quotient to a Power Property, [image: (\frac{a}{b})^{m}=\frac{{a}^{m}}{{b}^{m}}]
 [image: \left(\frac{{j}^{2}}{{k}^{3}}\right)^{4}]
 Step 2: Use the Power Property and simplify.
 [image: \frac{{j}^{8}}{{k}^{12}}]
  
 
 
 
 
 
 Try It
  22) Simplify: [image: \left(\frac{a^3}{b^2}\right)^{4}]
 
 Solution [image: \frac{{a}^{12}}{{b}^{8}}]
  
 
 
 23) Simplify: [image: \left(\frac{q^7}{r^5}\right)^3]
 
 Solution [image: \frac{{q}^{21}}{{r}^{15}}]
  
 
 
 
 
 
 
 
 Example 5.5.11
  Simplify: [image: \left(\frac{2{m}^{2}}{5n}\right)^{4}]
 
 Solution Step 1: Raise the numerator and denominator to the fourth power, using the Quotient to a Power Property, [image: \left(\frac{a}{b}\right)^m=\;\frac{a^m}{b^m}]
 [image: \frac{(2m^{2})^{4}}{{(5n)}^{4}}]
 Step 2: Raise each factor to the fourth power.
 [image: \frac{(2m^{2})^{4}}{{(5n)}^{4}}]
 Step 3: Use the Power Property and simplify.
 [image: \frac{16{m}^{8}}{625{n}^{4}}]
  
 
 
 
 
 
 Try It
  24) Simplify: [image: \left(\frac{7x^3}{9y}\right)^2]
 
 Solution [image: \frac{49{x}^{6}}{81{y}^{2}}]
  
 
 
 25) Simplify: [image: \left(\frac{3x^4}{7y}\right)^2]
 
 Solution [image: \frac{9{x}^{8}}{49{y}^{2}}]
  
 
 
 
 
 
 
 
 Example 5.5.12
  Simplify: [image: \frac{\left(x^3\right)^4\times\left(x^2\right)^5}{\left(x^6\right)^5}]
 
 Solution Step 1: Use the Power Property, [image: {(a^m)}^{n}={a}^{mn}]
 [image: \frac{\left(x^{12}\right)\times\left(x^{10}\right)}{\left(x^{30}\right)}]
 Step 2: Add the exponents in the numerator.
 [image: \frac{x^{22}}{x^{30}}]
 Step 3: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{n-m}}]
 [image: \frac{1}{{x}^{8}}]
  
 
 
 
 
 
 Try It
  26) Simplify: [image: \frac{{({a}^{2})}^{3}{({a}^{2})}^{4}}{({a}^{4})^{5}}]
 
 Solution [image: \frac{1}{{a}^{6}}]
  
 
 
 27) Simplify: [image: \frac{{({p}^{3})}^{4}{({p}^{5})}^{3}}{{({p}^{7})}^{6}}]
 
 Solution [image: \frac{1}{{p}^{15}}]
  
 
 
 
 
 
 
 
 Example 5.5.13
  Simplify: [image: \frac{(10p^3)^2}{(5p)^3\cdot\left(2p^5\right)^4}]
 
 Solution Step 1: Use the Product to a Power Property, [image: {(ab)}^{m}={a}^{m}{b}^{m}]
 [image: \frac{{(10)}^{2}{({p}^{3})}^{2}}{(5)^3(p)^{3}\cdot (2)^4(p^5)^4}]
 Step 2: Use the Power Property, [image: {{a}^{m}}^{n}={a}^{m\times{n}}]
 [image: \frac{100{p}^{6}}{125p^3\cdot 16{p}^{20}}]
 Step 3: Add the exponents in the denominator.
 [image: \frac{100{p}^{6}}{125\times{16}{p}^{23}}]
 Step 4: Use the Quotient Property, [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{n-m}}]
 [image: \begin{eqnarray*}&=&\frac{100}{125\times{16{p}}^{17}}\\[1ex] \text{Simplify.}\;\;&=&\frac{1}{20{p}^{17}} \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  28) Simplify: [image: \frac{{(3{r}^{3}}^{2}{({r}^{3})}^{7}}{{({r}^{3})}^{3}}]
 
 Solution [image: 9{r}^{18}]
  
 
 
 29) Simplify: [image: \frac{{(2{x}^{4})}^{5}}{{(4{x}^{3})}^{2}{({x}^{3})}^{5}}]
 
 Solution [image: \frac{2}{x}]
  
 
 
 
 
 Use the Definition of a Negative Exponent
 
 
 
 Up until this point, we have been careful to minimize our use of negative exponents. Before taking on division of polynomials, we will revisit some of the properties we’ve seen in the previous sections but, this time, with negative exponents.
 Quotient Property for Exponents
 If [image: a] is a real number, [image: {a}\neq 0] , and [image: m] and [image: n] are whole numbers, then
 [image: \frac{a^m}{a^n}=a^{m-n}], for [image: m>n] and [image: \frac{a^m}{a^n}=\frac{1}{a^{n-m}}], for [image: n>m].
 
 What if we just subtract exponents regardless of which is larger?
 Let’s consider [image: \frac{{x}^{2}}{{x}^{5}}].
 We subtract the exponent in the denominator from the exponent in the numerator.
 [image: \begin{eqnarray*}&=&\frac{{x}^{2}}{{x}^{5}}\\&=&{x}^{2-5}\\&=&{x}^{-3}\end{eqnarray*}]
 We can also simplify [image: \frac{{x}^{2}}{{x}^{5}}] by dividing out common factors:
 [image: \begin{eqnarray*}&=&\frac{{\color[rgb]{1.0, 0.0, 0.0}\cancel x}\cdot{\color[rgb]{1.0, 0.0, 0.0}\cancel x}}{{\color[rgb]{1.0, 0.0, 0.0}\cancel x}\cdot{\color[rgb]{1.0, 0.0, 0.0}\cancel x}\cdot x\cdot x\cdot x}\\&=&\frac1{x^3}\end{eqnarray*}]
 This implies that [image: {x}^{-3}=\frac{1}{{x}^{3}}] and it leads us to the definition of a negative exponent.
 Negative Exponents
 If [image: n] is an integer and [image: a\neq{0}], then [image: {a}^{\text{−}n}=\frac{1}{{a}^{n}}].
 
 The negative exponent tells us we can re-write the expression by taking the reciprocal of the base and then changing the sign of the exponent.
 Any expression that has negative exponents is not considered to be in simplest form. We will use the definition of a negative exponent and other properties of exponents to write the expression with only positive exponents.
 For example, if after simplifying an expression we end up with the expression [image: {x}^{-3}], we will take one more step and write [image: \frac{1}{{x}^{3}}]. The answer is considered to be in simplest form when it has only positive exponents.
 Example 5.5.14
  Simplify:
 a. [image: {4}^{-2}]
 b. [image: {10}^{-3}]
 
 Solution a.
 Step 1: Use the definition of a negative exponent, [image: {a}^{-n}=\frac{1}{{a}^{n}}].
 [image: \begin{eqnarray*}&=&\frac{1}{{4}^{2}}\\ \text{Simplify.}\;\;&=&\frac{1}{16} \end{eqnarray*}]
 
 b.
 Step 1: Use the definition of a negative exponent, [image: {a}^{-n}=\frac{1}{{a}^{n}}].
 [image: \begin{eqnarray*}&=&\frac{1}{{10}^{3}}\\ \text{Simplify.}\;\;&=&\frac{1}{1000}\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  30) Simplify:
 a. [image: {2}^{-3}]
 b. [image: {10}^{-7}]
 
 Solution a. [image: \frac{1}{8}]
 b. [image: \frac{1}{{10}^{7}}]
  
 
 
 31) Simplify:
 a. [image: {3}^{-2}]
 b. [image: {10}^{-4}]
 
 Solution a. [image: \frac{1}{9}]
 b. [image: \frac{1}{10,000}]
  
  
 
 
 
 
 In example 5.2.13 we raised an integer to a negative exponent. What happens when we raise a fraction to a negative exponent? We’ll start by looking at what happens to a fraction whose numerator is one and whose denominator is an integer raised to a negative exponent.
 [image: \begin{align*} &\;&\;&\frac{1}{a^{-n}}\\[1ex] &\text{Use the definition of a negative exponent,}\;{a}^{-n}=\frac{1}{a^n}&\;&\frac{1}{\frac{1}{{a}^{n}}}\\[1ex] &\text{Simplify the complex fraction.}&\;&1\cdot \frac{{a}^{n}}{1}\\[1ex] &\text{Multiply.}&\;&{a}^{n} \end{align*}]
 
 
 
 This leads to the Property of Negative Exponents.
 Property of Negative Exponents
 If [image: n] is an integer and [image: {a}\neq 0], then [image: \frac{1}{{a}^{-n}}={a}^{n}].
 
 Example 5.5.15
  Simplify:
 a.  [image: \frac{1}{{y}^{-4}} ]
 b. [image: \frac{1}{{3}^{-2}}]
 
 Solution a.
 Step 1: Use the property of a negative exponent, [image: \frac{1}{{a}^{-n}}={a}^{n}].
 [image: {y}^{4}]
 
 b.
 Step 1: Use the property of a negative exponent, [image: \frac{1}{{a}^{-n}}={a}^{n}].
 [image: \begin{eqnarray*}&=&{3}^{2}\\\text{Simplify.}\;\;&=&9\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  32) Simplify:
 a. [image: \frac{1}{{p}^{-8}}]
 b. [image: \frac{1}{{4}^{-3}}]
 
 Solution a. [image: {p}^{8}]
 b. [image: 64]
  
 
 
 33) Simplify:
 a. [image: \frac{1}{{q}^{-7}}]
 b. [image: \frac{1}{{2}^{-4}}]
 
 Solution a. [image: {q}^{7}]
 b. [image: 16]
  
 
 
 
 
 Suppose now we have a fraction raised to a negative exponent. Let’s use our definition of negative exponents to lead us to a new property.
 
 
 
 	 	[image: (\frac{3}{4})^{-2}] 
 	Use the definition of a negative exponent, [image: {a}^{-n}=\frac{1}{{a}^{n}}]. 	[image: \frac {1}{(\frac{3}{4})^{2}}] 
 	Simplify the denominator. 	[image: \frac{1}{\frac{9}{16}}] 
 	Simplify the complex fraction. 	[image: \frac{16}{9}] 
 	But we know that [image: \frac{16}{9}] is [image: (\frac{4}{3})^{2}]. 	[image: \frac{4^2}{3^2}] 
 	This tells us that: 	[image: (\frac{3}{4})^{-2} = (\frac{4}{3})^{2}] 
  
 To get from the original fraction raised to a negative exponent to the final result, we took the reciprocal of the base—the fraction—and changed the sign of the exponent.
 This leads us to the Quotient to a Negative Power Property.
 Quotient to a Negative Exponent Property
 If [image: a] and [image: b] are real numbers, [image: a \neq 0], [image: b\neq 0], and [image: n] is an integer, then [image: (\frac{a}{b})^{-n}= (\frac{b}{a})^{n}].
 
 Example 5.5.16
  Simplify:
 a. [image: \left(\frac{5}{7}\right)^{-2}]
 b. [image: \left(-\frac{2x}{y}\right)^{-3}]
 
 Solution a.
 Step 1: Use the Quotient to a Negative Exponent Property, [image: (\frac{a}{b})^{-n}={(\frac{b}{a})}^{n}].
 Step 2: Take the reciprocal of the fraction and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&\left(\frac{7}{5}\right)^{2}\;\;\\\text{Simplify.}\;\;&=&\frac{49}{25} \end{eqnarray*}]
 
 b.
 Step 1: Use the Quotient to a Negative Exponent Property, [image: (\frac{a}{b})^{-n}={(\frac{b}{a})}^{n}]
 Step 2: Take the reciprocal of the fraction and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&\left(-\frac{y}{2x}\right)^{3}\;\;\\[1ex]\text{Simplify.}\;\;&=&-\frac{{y}^{3}}{8{x}^{3}}\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  34) Simplify:
 a. [image: \left(\frac{2}{3}\right)^{-4}]
 b. [image: (-\frac{6m}{n})^{-2}]
 
 Solution a. [image: \frac{81}{16}]
 b. [image: \frac{{n}^{2}}{36{m}^{2}}]
  
 
 
 35) Simplify:
 a. [image: \left(\frac{3}{5}\right)^{-3}]
 b. [image: \left(-\frac{a}{2b}\right)^{-4}]
 
 Solution a. [image: \frac{125}{27}]
 b. [image: \frac{16{b}^{4}}{{a}^{4}}]
  
 
 
 
 
 
 
 
 When simplifying an expression with exponents, we must be careful to correctly identify the base.
 Example 5.5.17
  Simplify:
 a. [image: (-3)^{-2}]
 b. [image: -3^{-2}]
 c. [image: \left(-\frac{1}{3}\right)^{-2}]
 d. [image: -\left(\frac{1}{3}\right)^{-2}]
 
 Solution a. Here the exponent applies to the base [image: -3].
 Step 1: Take the reciprocal of the base and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&\frac{1}{(-3)^2}\\[1ex] \text{Simplify.}\;\;&=&\frac{1}{9}\end{eqnarray*}]
 
 b. The expression [image: -{3}^{-2}] means “find the opposite of [image: {3}^{-2}].”
 Step 1: Rewrite as a product with [image: -1].
 [image: -1\times 3^{-2}]
 
 Step 2: Take the reciprocal of the base and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&-1\cdot \frac{1}{{3}^{2}}\\[1ex]\text{Simplify.}\;\;&=&-\frac{1}{9}\end{eqnarray*}]
 
 c. Here the exponent applies to the base [image: -\frac{1}{3}].
 Step 1: Take the reciprocal of the base and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&\left(-\frac{3}{1}\right)^2\\[1ex]\text{Simplify.}\;\;&=&9\end{eqnarray*}]
 
 d. The expression [image: -(\frac{1}{3})^{-2}] means “find the opposite of [image: (\frac{1}{3})^{-2}].” Here the exponent applies to the base [image: \frac{1}{3}].
 Step 1: Rewrite as a product with [image: -1].
 [image: -1\cdot \left(\frac{3}{1}\right)^{2}]
 Step 2: Take the reciprocal of the base and change the sign of the exponent.
 [image: -9]
  
 
 
 
 
 
 Try It
  36) Simplify:
 a. [image: (-5)^{-2}]
 b. [image: {−}{5}^{-2}]
 c. [image: \left(-\frac{1}{5}\right)^{-2}]
 d. [image: {−}\left(\frac{1}{5}\right)^{-2}]
 
 Solution a. [image: \frac{1}{25}]
 b. [image: -\frac{1}{25}]
 c. [image: 25]
 d. [image: -25]
  
 
 
 37) Simplify:
 a. [image: (-7)^{-2}]
 b. [image: {−}{7}^{-2}]
 c. [image: \left(-\frac{1}{7}\right)^{-2}]
 d. [image: \left(-\frac{1}{7}\right)^{-2}]
 
 Solution a. [image: \frac{1}{49}]
 b. [image: -\frac{1}{49}]
 c. [image: 49]
 d. [image: -49]
  
 
 
 
 
 We must be careful to follow the Order of Operations. In the next example, parts (a) and (b) look similar, but the results are different.
 
 
 
 Example 5.5.18
  Simplify:
 a. [image: 4\times{2}^{-1}]
 b. [image: (4\times{2})^{-1}]
 
 Solution a.
 Step 1: Do exponents before multiplication.
 [image: 4\times{2}^{-1}]
 Step 2: Use [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \begin{eqnarray*}&=&4\times \frac{1}{{2}^{1}}\\[1ex] \text{Simplify.}\;\;&=&2\end{eqnarray*}]
 
 b.
 Step 1: Simplify inside the parentheses first.
 [image: (8)^{-1}]
 Step 2: Use [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \begin{eqnarray*}&=&\frac{1}{{8}^{1}}\\[1ex] \text{Simplify.}\;\;&=&\frac{1}{8} \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  38) Simplify:
 a. [image: 6\times{3}^{-1}]
 b. [image: (6\times 3)^{-1}]
 
 Solution a. [image: 2]
 b. [image: \frac{1}{18}]
  
 
 
 39) Simplify:
 a. [image: 8\times {2}^{-2}]
 b. [image: 8\times {2}^{-2}]
 
 Solution a. [image: 2]
 b. [image: \frac{1}{256}]
  
 
 
 
 
 When a variable is raised to a negative exponent, we apply the definition the same way we did with numbers. We will assume all variables are non-zero.
 
 
 
 Example 5.5.19
  Simplify:
 a. [image: {x}^{-6} ]
 b. [image: ({u}^{4})^{-3}]
 
 Solution a.
 Step 1: Use the definition of a negative exponent [image: {a}^{-n}=\frac{1}{{a}^{n}}]
 [image: \frac{1}{{x}^{6}}]
 
 b.
 Step 1: Use the definition of a negative exponent [image: {a}^{-n}=\frac{1}{{a}^{n}}].
 [image: \begin{eqnarray*}&=&\frac{1}{(u^4)^3}\\[1ex] \text{Simplify.}\;\;&=&\frac{1}{u^{12}} \end{eqnarray*}]
 
  
 
 
 
 
 
 Try It
  40) Simplify:
 a. [image: {y}^{-7}]
 b. [image: ({z}^{3})^{-5}]
 
 Solution a. [image: \frac{1}{{y}^{7}}]
 b. [image: \frac{1}{{z}^{15}}]
  
 
 
 41) Simplify:
 a. [image: {p}^{-9}]
 b. [image: ({q}^{4})^{-6}]
 
 Solution a. [image: \frac{1}{p}^{9}]
 b. [image: \frac{1}{q}^{24}]
  
 
 
 
 
 When there is a product and an exponent we have to be careful to apply the exponent to the correct quantity. According to the Order of Operations, we simplify expressions in parentheses before applying exponents. We’ll see how this works in the next example.
 
 
 
 Example 5.5.20
  Simplify:
 a. [image: 5{y}^{-1}]
 b. [image: (5y)^{-1}]
 c. [image: (-5y)^{-1}]
 
 Solution a.
 Step 1: Notice the exponent applies to just the base [image: y].
 Step 2: Take the reciprocal of [image: y] and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&5\cdot \left(\frac{1}{y^1}\right)\\[1ex] \text{Simplify.}\;\;&=&\frac{5}{y} \end{eqnarray*}]
 
 b.
 Step 1: Here the parentheses make the exponent apply to the base [image: 5y].
 Step 2: Take the reciprocal of [image: 5y] and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&\frac{1}{{5y}^1}\\[1ex] \text{Simplify.}\;\;&=&\frac{1}{5y} \end{eqnarray*}]
 
 c.
 Step 1: The base here is [image: −5y].
 Step 2: Take the reciprocal of [image: −5y] and change the sign of the exponent.
 [image: \begin{eqnarray*}&=&\frac{1}{-5y}\\[1ex]\text{Simplify.}\;\;&=&\left(-\frac{1}{5y}\right) \end{eqnarray*}]
  
 
 
 
 
 
 
 
 Try It
  42) Simplify:
 a. [image: (8{p}^{-1})]
 b. [image: {(8p)}^{-1}]
 c. [image: {(-8p)}^{-1}]
 
 Solution a. [image: \frac{8}{p}]
 b. [image: \frac{1}{8p}]
 c. [image: -\frac{1}{8p}]
  
 
 
 43) Simplify:
 a. [image: {11q}^{-1}]
 b. [image: {(11q)}^{-1}]
 c. [image: {(-11q)}^{-1}]
 
 Solution a. [image: \frac{1}{11q}]
 b. [image: \frac{1}{11q}]
 c. [image: -\frac{1}{11q}]
  
 
 
 
 
 With negative exponents, the Quotient Rule needs only one form [image: \frac{{a}^{m}}{{a}^{n}}={a}^{m-n}], for [image: a\neq{0}]. When the exponent in the denominator is larger than the exponent in the numerator, the exponent of the quotient will be negative.
 
 
 
 Simplify Expressions with Integer Exponents
 
 All of the exponent properties we developed earlier in the chapter with whole number exponents apply to integer exponents, too. We restate them here for reference.
 Summary of Exponent Properties
 If [image: a] and [image: b] are real numbers, and [image: m] and [image: n] are integers, then
 
 
 
 
 
 
 	Product Property 	[image: {a^m}\times{a^n} = a^{m+n}] 
 	Power Property 	[image: ({a^m})^n = {a}{mn}] 
 	Product to a Power 	[image: (ab)^m = a^m b^m] 
 	Quotient Property 	[image: \frac{a^m}{a^n} = {a}^{m-n}] 
 	Zero Exponent Property 	[image: a^0 = 1 , {a}\neq{1}] 
 	Quotient to a Power Property 	[image: (\frac {a}{b})^m = \frac{{a}^{m}}{{b}^{m}}, {b}\neq{0}] 
 	Properties of Negative Exponents 	[image: {a}^{-n} = \frac{1}{a^n}] and [image: \frac{1}{a^{-n}}=a^{n}] 
 	Quotient to a Negative Exponent 	[image: (\frac{a}{b})^{-n} = (\frac{b}{a})^{n} ] 
  
 
 Example 5.5.21
  Simplify:
 a. [image: {x}^{-4}\times{x}^{6}]
 b. [image: {y}^{-6}\times{y}^{4}]
 c. [image: {z}^{-5}\times{z}^{-3}]
 
 Solution a.
 Step 1: Use the Product Property,  [image: a^m\cdot a^n = a^{m+n}]
 [image: \begin{eqnarray*}&=&{x}^{-4+6}\\[1ex] \text{Simplify.}\;\;&=&x^2 \end{eqnarray*}]
 
 b.
 Step 1: Notice the same bases, so add the exponents.
 [image: \begin{eqnarray*}&=&y^{-6+4}\\[1ex] \text{Simplify.}\;\;&=&y^{-2}\end{eqnarray*}]
 Step 3: Use the definition of a negative exponent, [image: a^{-n} = \frac{1}{a^n}]
 [image: \frac{1}{y^2}]
 
 c.
 Step 1: Add the exponents, since the bases are the same.
 [image: \begin{eqnarray*}&=&z^{-5-3}\\[1ex] \text{Simplify.}\;\;&=&z^{-8}\end{eqnarray*}]
 Step 3: Take the reciprocal and change the sign of the exponent, using the definition of a negative exponent.
 [image: \frac{1}{z^{8}}]
  
 
 
 
 
 
 
 
 Try It
  44) Simplify:
 a. [image: {{x}^{-3}}\times{{x}^{7}}]
 b. [image: {{y}^{-7}}\times{{y}^{2}}]
 c. [image: {{z}^{-4}}\times{{z}^{-5}}]
 
 Solution a. [image: {x}^{4}]
 b. [image: \frac{1}{{y}^{5}}]
 c. [image: \frac{1}{{z}^{9}}]
  
 
 
 45) Simplify:
 a. [image: {{a}^{-1}}\times{{a}^{6}}]
 b. [image: b^{-8}\times b^{4}   ]
 c. [image: {c}^{-8}\times{{c}^{-7}}]
 
 Solution a. [image: {a}^{5}]
 b. [image: \frac{1}{{b}^{4}}]
 c. [image: \frac{1}{{c}^{15}}]
  
 
 
 
 
 
 
 
 In the next two examples, we’ll start by using the Commutative Property to group the same variables together. This makes it easier to identify the like bases before using the Product Property.
 Example 5.5.22
  Simplify: [image: ({m}^{4}{n}^{-3})({m}^{-5}{n}^{-2})]
 
 Solution Step 1: Use the Commutative Property to get like bases together.
 [image: m^4 m^{-5} n^{-2} n^{-3}]
 Step 2: Add the exponents for each base.
 [image: m^{-1} n^{-5}]
 Step 3: Take reciprocals and change the signs of the exponents.
 [image: \begin{eqnarray*}&=&\frac{1}{m^1} \frac{1}{n^5}\\[1ex] \text{Simplify.}\;\;&=&\frac{1}{mn^5}\end{eqnarray*}]
 
  
 
 
 
 
 
 Try It
  46) Simplify: [image: ({p}^{6}{q}^{-2})({p}^{-9}{q}^{-1})]
 
 Solution [image: \frac{1}{{p}^{3}{q}^{3}}]
  
 
 
 47) Simplify: [image: ({r}^{5}{s}^{-3})({r}^{-7}{s}^{-5})]
 
 Solution [image: \frac{1}{{r}^{2}{s}^{8}}]
  
 
 
 
 
 If the monomials have numerical coefficients, we multiply the coefficients, just like we did earlier.
 
 
 
 Example 5.5.23
  Simplify: [image: (2{x}^{-6}{y}^{8})(-5{x}^{5}{y}^{-3})]
 
 Solution Step 1: Rewrite with the like bases together
 [image: 2(-5)(x^{-6} x^{5}) (y^8 y^{-3})]
 Step 2: Multiply the coefficients and add the exponents of each variable.
 [image: -10x^{-1}y^5]
 Step 3: Use the definition of a negative exponent, [image: a^{-n}=\frac{1}{a^n}]
 [image: \begin{eqnarray*}&=&-10\cdot \left(\frac{1}{x^1}\right)\cdot y^5\\[1ex] \text{Simplify.}\;\;&=&-\frac{10y^5}{x}\end{eqnarray*}]
 
  
 
 
 
 
 
 Try It
  48) Simplify: [image: (3{u}^{-5}{v}^{7})(-4{u}^{4}{v}^{-2})]
 
 Solution [image: -\frac{12{v}^{5}}{u}]
  
 
 
 49) Simplify: [image: (-6{c}^{-6}{d}^{4})(-5{c}^{-2}{d}^{-1})]
 
 Solution [image: \frac{30{d}^{3}}{{c}^{8}}]
  
 
 
 
 
 In the next two examples, we’ll use the Power Property and the Product to a Power Property.
 
 
 
 Example 5.5.24
  Simplify: [image: (6{k}^{3})^{-2}]
 
 Solution Step 1: Use the Product to a Power Property, [image: (ab)^m = a^m b^m]
 [image: (6)^{(-2)}(k^3)^{-2}]
 Step 2: Use the Power Property, [image: (a^m)^n= {a}^{mn}]
 [image: 6^{-2}k^{-6}]
 Step 3: Use the Definition of a Negative Exponent, [image: a^{-n} = \frac{1}{a^n}]
 [image: \begin{eqnarray*}&=&\frac{1}{6^2}\cdot \frac{1}{k^6}\\[1ex]\text{Simplify.}\;\;&=&\frac{1}{36k^6}\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  50) Simplify: [image: (-4{x}^{4})^{-2}]
 
 Solution [image: \frac{1}{16{x}^{8}}]
  
 
 
 51) Simplify: [image: \left(2{b}^{3}\right)^{-4}]
 
 Solution [image: \frac{1}{16{b}^{12}}]
  
 
 
 
 
 
 
 
 Example 5.5.25
  Simplify: [image: (5{x}^{-3})^{2}]
 
 Solution Step 1: Use the Product to a Power property, [image: (ab)^m = a^m b^m]
 [image: 5^2(x^{-3})^2]
 Step 2: Simplify [image: 5^2] and multiply the exponents of [image: x] using the Power Property, [image: (a^m)^n = a^{mn}]
 [image: 25x^{-6}]
 Step 3: Rewrite [image: x^{-6}] by using the Definition of a Negative Exponent, [image: a^{-n}=\frac{1}{a^n}]
 [image: \begin{eqnarray*}&=&25\cdot \left(\frac{1}{x^6}\right)\\[1ex] \text{Simplify.}\;\;&=&\frac{25}{x^6} \end{eqnarray*}]
 
  
 
 
 
 
 Try It
  52) Simplify: [image: (8{a}^{-4})^{2}]
 
 Solution [image: \frac{64}{{a}^{8}}]
  
 
 
 53) Simplify: [image: (2{c}^{-4})^{3}]
 
 Solution [image: \frac{8}{{c}^{12}}]
  
 
 
 
 
 To simplify a fraction, we use the Quotient Property and subtract the exponents.
 
 
 
 Example 5.5.26
  Simplify:[image: \frac{{r}^{5}}{{r}^{-4}}]
 
 Solution Step 1: Use the Quotient Property, [image: \frac{a^m}{a^n}=a^{m-n}]c
 [image: \begin{eqnarray*}&=&r^{5-(-4)}\\[1ex]\text{Simplify.}\;\;&=&r^9 \end{eqnarray*}]
 
  
 
 
 
 
 
 
 Try It
  54) Simplify: [image: \frac{{x}^{8}}{{x}^{-3}}]
 
 Solution [image: {x}^{11}]
  
 
 
 55) Simplify: [image: \frac{{y}^{8}}{{y}^{-6}}]
 
 Solution [image: {y}^{14}]
  
 
 
 
 
 
 
 
 
 
 
 
 
 Divide Monomials
 
 
 
 
 You have now been introduced to all the properties of exponents and used them to simplify expressions. Next, you’ll see how to use these properties to divide monomials. Later, you’ll use them to divide polynomials.
 Example 5.5.27
  Find the quotient: [image: {56x^7}\div{8x^3}]
 
 Solution Step 1: Rewrite as a fraction.
 [image: \frac{56{x}^{7}}{8{x}^{3}}]
 Step 2: Use fraction multiplication.
 [image: \frac{56}{8}\times\frac{x^7}{x^3}]
 Step 3: Simplify and use the Quotient Property.
 [image:  7x^4]
  
 
 
 
 
 
 Try It
  56) Find the quotient: [image: 42{y}^{9}\div{6{y}^{3}}]
 
 Solution [image: 7{y}^{6}]
  
 
 
 57) Find the quotient: [image: 48{z}^{8}\div{8{z}^{2}}]
 
 Solution [image: 6{z}^{6}]
  
 
 
 
 
 
 
 
 Example 5.5.28
  Find the quotient: [image: \frac{45{a}^{2}{b}^{3}}{-5a{b}^{5}}]
 
 Solution Step 1: Use fraction multiplication.
 [image: {\frac{45}{-5}}{\frac{{a}^{2}}{a}}{\frac{{b}^{3}}{{b}^{5}}}]
 Step 2: Simplify and use the Quotient Property.
 [image: \begin{eqnarray*}&=&-9\cdot {a}\cdot {\frac{1}{{b}^{2}}}\\[1ex] \text{Multiply.}\;\;&=&-\frac{9a}{{b}^{2}} \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  58) Find the quotient: [image: \frac{-72{a}^{7}{b}^{3}}{8{a}^{12}{b}^{4}}]
 
 Solution [image: -\frac{9}{{a}^{5}b}]
  
 
 
 59) Find the quotient: [image: \frac{-63{c}^{8}{d}^{3}}{7{c}^{12}{d}^{2}}]
 
 Solution [image: \frac{-9d}{{c}^{4}}]
  
 
 
 
 
 
 
 
 Example 5.5.29
  Find the quotient: [image: \frac{24{a}^{5}{b}^{3}}{48a{b}^{4}}]
 
 Solution Step 1: Use fraction multiplication.
 [image: \frac{24}{48}\cdot \frac{a^5}{a}\cdot \frac{b^3}{b^4}]
 Step 2: Simplify and use the Quotient Property.
 [image: \begin{eqnarray*}&=&\frac{1}{2}\cdot {a}^{4}\cdot \frac{1}{b}\\[1ex] \text{Multiply.}\;\;&=&\frac{{a}^{4}}{2b} \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  60) Find the quotient:[image: \frac{16{a}^{7}{b}^{6}}{24a{b}^{8}}]
 
 Solution [image: \frac{2{a}^{6}}{3{b}^{2}}]
  
 
 
 61) Find the quotient: [image: \frac{27{p}^{4}{q}^{7}}{-45{p}^{12}q}]
 
 Solution [image: -\frac{3{q}^{6}}{5{p}^{8}}]
  
 
 
 
 
 Once you become familiar with the process and have practised it step by step several times, you may be able to simplify a fraction in one step.
 
 
 
 Example 5.5.30
  Find the quotient: [image: \frac{14{x}^{7}{y}^{12}}{21{x}^{11}{y}^{6}}]
 
 Solution Be very careful to simplify [image: \frac{14}{21}] by dividing out a common factor, and to simplify the variables by subtracting their exponents.
 Step 1: Simplify and use the Quotient Property.
 [image: \frac{2{y}^{6}}{3{x}^{4}}]
  
 
 
 
 
 
 Try It
  62) Find the quotient: [image: \frac{28{x}^{5}{y}^{14}}{49{x}^{9}{y}^{12}}]
 
 Solution [image: \frac{4{y}^{2}}{7{x}^{4}}]
  
 
 
 63) Find the quotient: [image: \frac{30{m}^{5}{n}^{11}}{48{m}^{10}{n}^{14}}]
 
 Solution [image: \frac{5}{8{m}^{5}{n}^{3}}]
  
 
 
 
 
 In all examples so far, there was no work to do in the numerator or denominator before simplifying the fraction. In the next example, we’ll first find the product of two monomials in the numerator before we simplify the fraction. This follows the order of operations. Remember, a fraction bar is a grouping symbol.
 
 
 
 Example 5.5.31
  Find the quotient:[image: \frac{(6{x}^{2}{y}^{3})(5{x}^{3}{y}^{2})}{(3{x}^{4}{y}^{5})}]
 
 Solution Step 1: Simplify the numerator.
 [image: \begin{eqnarray*}&=&\frac{30{x}^{5}{y}^{5}}{3{x}^{4}{y}^{5}}\\[1ex]\text{Simplify.}\;\;&=&10x \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  64) Find the quotient: [image: \frac{(6{a}^{4}{b}^{5})(4{a}^{2}{b}^{5})}{12{a}^{5}{b}^{8}}]
 
 Solution [image: 2a{b}^{2}]
  
 
 
 65) Find the quotient: [image: \frac{(-12{x}^{6}{y}^{9})(-4{x}^{5}{y}^{8})}{-12{x}^{10}{y}^{12}}]
 
 Solution [image: -4x{y}^{5}]
  
 
 
 
 
 
 
 
 Access these online resources for additional instruction and practice with dividing monomials:
 
 
 
 	Rational Expressions
 	Dividing Monomials
 	Dividing Monomials 2
 
 
 
 
 
 Key Concepts
  	Quotient Property for Exponents: 	If [image: a] is a real number, [image: a\neq{0}], and [image: m], [image: n] are whole numbers, then:
 [image: \frac{{a}^{m}}{{a}^{n}}={a}^{m-n}], [image: m>n] and [image: \frac{{a}^{m}}{{a}^{n}}=\frac{1}{{a}^{m-n}}], [image: n>m]
 
 
 	Zero Exponent 	If [image: a] is a non-zero number, then [image: {a}^{0}=1].
 
 
 
 
 	Quotient to a Power Property for Exponents: 	If [image: a] and [image: b] are real numbers, [image: b\neq{0}] and [image: m] is a counting number, then:
 [image: (\frac{a}{b})^{m}=\frac{{a}^{m}}{{b}^{m}}]
 	To raise a fraction to a power, raise the numerator and denominator to that power.
 
 
 
 
 	Summary of Exponent Properties 	If [image: a], [image: b] are real numbers and [image: m], [image: n] are whole numbers, then
 
 
 
 	Product Property 	[image: a^m a^n = a^{m+n}] 
 	Power Property 	[image: {(a^m)^n} = a^{mn}] 
 	Product to a Power 	[image: (ab)^m = a^m b^m] 
 	Quotient Property 	[image: \frac{a^m}{b^m} = a^{m-n} , a\neq{0} , m>n] 
 	 	[image: \frac{a^m}{a^n} = \frac{1}{a^{n-m}} , a\neq{0} , n>n=m] 
 	Zero Exponent Definition 	[image: a^{0} = 1 , a\neq{0}] 
 	Quotient to a Power Property 	[image: (\frac{a}{b})^m = \frac{a^m}{b^m} , b\neq{0}] 
  
 
 
 
 Self Check
 
 
 
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2842#h5p-30 
 
 b. On a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 
	

			
			


		
	
		
			
	
		

		5.6 Divide Polynomials

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Divide a polynomial by a monomial
 	Divide a polynomial by a binomial
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Add: [image: \frac{3}{d}+\frac{x}{d}]
 2) Simplify: [image: \frac{30x{y}^{3}}{5xy}]
 3) Combine like terms: [image: 8{a}^{2}+12a+1+3{a}^{2}-5a+4]
 
 
 Divide a Polynomial by a Monomial
 
 In the last section, you learned how to divide a monomial by a monomial. As you continue to build up your knowledge of polynomials the next procedure is to divide a polynomial of two or more terms by a monomial.
 The method we’ll use to divide a polynomial by a monomial is based on the properties of fraction addition. So we’ll start with an example to review fraction addition.
 [image:  \frac{y}{5}+\frac{2}{5}]
 The sum simplifies to
 [image: \frac{y+2}{5}]
 Now we will do this in reverse to split a single fraction into separate fractions.
 We’ll state the fraction addition property here just as you learned it and in reverse
 Fraction Addition
 If [image: a], [image: b] and [image: c] are numbers where [image: c\neq{0}], then
 [image: \frac ac+\frac bc=\frac{a+b}c] and [image: \frac{a+b}c =\frac ac+\frac bc]
 
 
 We use the form on the left to add fractions and we use the form on the right to divide a polynomial by a monomial.
 For example, [image: \frac{y+2}{5}] can be written [image: \frac{y}{5}+\frac{2}{5}]
 We use this form of fraction addition to divide polynomials by monomials.
 Division of a Polynomial by a Monomial
 To divide a polynomial by a monomial, divide each term of the polynomial by the monomial.
 
 
 
 Example 5.6.1
  Find the quotient: [image: \frac{7{y}^{2}+21}{7}]
 
 Solution Step 1: Divide each term of the numerator by the denominator.
 [image: \frac{7{y}^{2}}{7}+\frac{21}{7}]
 Step 2: Simplify each fraction.
 [image: {y}^{2}+3]
  
 
 
 
 
 
 Try It
  4) Find the quotient: [image: \frac{8{z}^{2}+24}{4}]
 
 Solution [image: 2{z}^{2}+6]
  
 
 
 5) Find the quotient: [image: \frac{18{z}^{2}-27}{9}]
 
 Solution [image: 2{z}^{2}-3]
  
 
 
 
 
 Remember that division can be represented as a fraction. When you are asked to divide a polynomial by a monomial and it is not already in fraction form, write a fraction with the polynomial in the numerator and the monomial in the denominator.
 
 
 
 Example 5.6.2
  Find the quotient: [image: (18{x}^{3}-36{x}^{2})\div{6x}]
 
 Solution Step 1: Rewrite as a fraction.
 [image: \frac{18{x}^{3}-36{x}^{2}}{6x}]
 Step 2: Divide each term of the numerator by the denominator.
 [image: \begin{eqnarray*}&=&\frac{18{x}^{3}}{6x}-\frac{36{x}^{2}}{6x}\\[1ex] \text{Simplify.}\;\;&=&3{x}^{2}-6x \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  6) Find the quotient: [image: (27{b}^{3}-33{b}^{2})\div{3b}]
 
 Solution [image: 9{b}^{2}-11b]
  
 
 
 7) Find the quotient: [image: (25{y}^{3}-55{y}^{2})\div{5y}]
 
 Solution [image: 5{y}^{2}-11y]
  
 
 
 
 
 When we divide by a negative, we must be extra careful with the signs.
 
 
 
 Example 5.6.3
  Find the quotient: [image: \frac{12{d}^{2}-16d}{-4}]
 
 Solution Step 1: Divide each term of the numerator by the denominator.
 [image: \frac{12{d}^{2}}{-4}-\frac{16d}{-4}]
 Step 2: Simplify. Remember, subtracting a negative is like adding a positive!
 [image: -3{d}^{2}+4d]
  
 
 
 
 
 
 Try It
  8) Find the quotient: [image: \frac{25{y}^{2}-15y}{-5}]
 
 Solution [image: -5{y}^{2}+3y]
  
 
 
 9) Find the quotient: [image: \frac{42{b}^{2}-18b}{-6}]
 
 Solution [image: -7{b}^{2}+3b]
  
 
 
 
 
 
 
 
 Example 5.6.4
  Find the quotient: [image: \frac{105{y}^{5}+75{y}^{3}}{5{y}^{2}}]
 
 Solution Step 1: Separate the terms.
 [image: \begin{eqnarray*}&=&\frac{105{y}^{5}}{5{y}^{2}}+\frac{75{y}^{3}}{5{y}^{2}}\\[1ex] \text{Simplify.}\;\;&=&21{y}^{3}+15y\end{eqnarray*}]
  
 
 
 
 
 
 Try It
  10) Find the quotient: [image: \frac{60{d}^{7}+24{d}^{5}}{4{d}^{3}}]
 
 Solution [image: 15{d}^{4}+6{d}^{2}]
  
 
 
 11) Find the quotient: [image: \frac{216{p}^{7}-48{p}^{5}}{6{p}^{3}}]
 
 Solution [image: 36{p}^{4}-8{p}^{2}]
  
 
 
 
 
 
 
 
 Example 5.6.5
  Find the quotient: [image: (15{x}^{3}y-35x{y}^{2})\div(-5xy)]
 
 Solution Step 1: Rewrite as a fraction.
 [image: \frac{15{x}^{3}y-35x{y}^{2}}{-5xy}]
 Step 2: Separate the terms.
 [image: \begin{eqnarray*}&=&\frac{15{x}^{3}y}{-5xy}-\frac{35x{y}^{2}}{-5xy}\\[1ex] \text{Simplify.}\;\;&=&-3{x}^{2}+7y \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  12) Find the quotient: [image: (32{a}^{2}b-16a{b}^{2})\div(-8ab)]
 
 Solution [image: -4a+2b]
  
 
 
 13) Find the quotient: [image: (-48{a}^{8}{b}^{4}-36{a}^{6}{b}^{5})\div(-6{a}^{3}{b}^{3})]
 
 Solution [image: 8{a}^{5}b+6{a}^{3}{b}^{2}]
  
 
 
 
 
 
 
 
 Example 5.6.6
  Find the quotient: [image: \frac{36x^3y^2+27x^2y^2-9x^2y^3}{9x^2y}]
 Solution Step 1: Separate the terms.
 [image: \begin{eqnarray*}&=&\frac{36{x}^{3}{y}^{2}}{9{x}^{2}y}+\frac{27{x}^{2}{y}^{2}}{9{x}^{2}y}-\frac{9{x}^{2}{y}^{3}}{9{x}^{2}y}\\[1ex] \text{Simplify.}\;\;&=&4xy+3y-{y}^{2} \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  14) Find the quotient: [image: \frac{40{x}^{3}{y}^{2}+24{x}^{2}{y}^{2}-16{x}^{2}{y}^{3}}{8{x}^{2}y}].
 Solution [image: 5xy+3y-2{y}^{2}]
  
 
 15) Find the quotient: [image: \frac{35{a}^{4}{b}^{2}+14{a}^{4}{b}^{3}-42{a}^{2}{b}^{4}}{7{a}^{2}{b}^{2}}]
 
 Solution [image: 5{a}^{2}+2{a}^{2}b-6{b}^{2}]
  
 
 
 
 
 
 
 Example 5.6.7
  Find the quotient: [image: \frac{10{x}^{2}+5x-20}{5x}]
 
 Solution Step 1: Separate the terms.
 [image: \begin{eqnarray*}&=&\frac{10{x}^{2}}{5x}+\frac{5x}{5x}-\frac{20}{5x}\\[1ex] \text{Simplify.}\;\;&=&2x+1+\frac{4}{x} \end{eqnarray*}]
  
 
 
 
 
 
 Try It
  16) Find the quotient: [image: \frac{18{c}^{2}+6c-9}{6c}]
 
 Solution [image: 3c+1-\frac{3}{2c}]
  
 
 
 17) Find the quotient: [image: \frac{10{d}^{2}-5d-2}{5d}]
 
 Solution [image: 2d-1-\frac{2}{5d}]
  
 
 
 
 
 Divide a Polynomial by a Binomial
 
 
 
 
 To divide a polynomial by a binomial, we follow a procedure very similar to long division of numbers. So let’s look carefully the steps we take when we divide a 3-digit number, [image: 875], by a 2-digit number, [image: 25].
 	We write the long division 	[image: The long division of 875 by 25.]Figure 5.6.1  
 	We divide the first two digits, [image: 87], by [image: 25]. 	[image: 25 fits into 87 three times. 3 is written above the second digit of 875 in the long division bracket.]Figure 5.6.2  
 	We multiply [image: 3] times [image: 25] and write the product under the [image: 87]. 	[image: The product of 3 and 25 is 75, which is written below the first two digits of 875 in the long division bracket.]Figure 5.6.3  
 	Now we subtract [image: 75] from [image: 87]. 	[image: 87 minus 75 is 12, which is written under 75.]Figure 5.6.4  
 	Then we bring down the third digit of the dividend, [image: 5]. 	[image: The 5 in 875 is brought down next to the 12, making 125.]Figure 5.6.5  
 	Repeat the process, dividing [image: 25] into [image: 125]. 	[image: 25 fits into 125 five times. 5 is written to the right of the 3 on top of the long division bracket. 5 times 25 is 125. 125 minus 125 is zero. There is zero remainder, so 25 fits into 125 exactly five times. 875 divided by 25 equals 35.]Figure 5.6.6  
  
 We check division by multiplying the quotient by the divisor.
 If we did the division correctly, the product should equal the dividend.
 [image: 35\times{25}\\875\checkmark]
 Now we will divide a trinomial by a binomial. As you read through the example, notice how similar the steps are to the numerical example above.
 Example 5.6.8
  Find the quotient: [image: ({x}^{2}+9x+20)\div(x+5)]
 
 Solution Step 1: Write it as a long division problem.
 Step 2: Be sure the dividend is in standard form.
 [image: The long division of x squared plus 9 x plus 20 by x plus 5]Figure 5.6.7 Step 3: Divide [image: x^2] by [image: x]. 
 It may help to ask yourself, “What do I need to multiply [image: x] by to get [image: x^2]?”
 Step 4: Put the answer, [image: x], in the quotient over the [image: x] term.
 [image: x fits into x squared x times. x is written above the second term of x squared plus 9 x plus 20 in the long division bracket.]Figure 5.6.8 Step 5: Multiply [image: x] times [image: x + 5]. 
 Line up the like terms under the dividend.
 Step 6: Subtract [image: x^2+5x] from [image: x^2+9x].
 [image: The product of x and x plus 5 is x squared plus 5 x, which is written below the first two terms of x squared plus 9x plus 20 in the long division bracket.]Figure 5.6.9 Step 7: Add, changing the signs might make it easier to do this. 
 Step 8: Then bring down the last term, [image: 20].
 [image: The sum of x squared plus 9 x and negative x squared plus negative 5 x is 4 x, which is written underneath the negative 5 x. The third term in x squared plus 9 x plus 20 is brought down next to 4 x, making 4 x plus 20.]Figure 5.6.10 Step 9: Divide [image: 4x] by [image: x]. 
 It may help to ask yourself, “What do I need to multiply [image: x] by to get [image: 4x]?”
 Step 10: Put the answer, [image: 4], in the quotient over the constant term.
 [image: 4 x divided by x is 4. Plus 4 is written on top of the long division bracket, next to x and above the 20 in x squared plus 9 x plus 20.]Figure 5.6.11 Step 11: Multiply [image: 4] times [image: x + 5].
 [image: x plus 5 times 4 is 4 x plus 20, which is written under the first 4 x plus 20.]Figure 5.6.12 Step 12: Subtract [image: 4x + 20] from [image: 4x + 20].
 [image: 4 x plus 20 minus 4 x plus 20 is 0. The remainder is 0. x squared plus 9 x plus 20 divided by x plus 5 equals x plus 4.]Figure 5.6.13 Step 13: Check:
 Multiply the quotient by the divisor.
 You should get the dividend.
 [image: (x + 4)(x + 5)\\x^2+9x+20\checkmark]
  
 
 
 
 
 
 Try It
  18) Find the quotient: [image: ({y}^{2}+10y+21)\div(y+3)]
 
 Solution [image: y+7]
  
 
 
 19) Find the quotient: [image: ({m}^{2}+9m+20)\div(m+4)]
 
 Solution [image: m+5]
  
 
 
 
 
 When the divisor has a subtraction sign, we must be extra careful when we multiply the partial quotient and then subtract. It may be safer to show that we change the signs and then add.
 
 
 
 Example 5.6.9
  Find the quotient: ([image: 2{x}^{2}-5x-3)\div(x-3)]
 
 Solution Step 1: Write it as a long division problem.
 Step 2: Be sure the dividend is in standard form.
 [image: The long division of 2 x squared minus 5 x minus 3 by x minus 3.]Figure 5.6.14 Step 3: Divide [image: 2x^2] by [image: x].
 Step 4: Put the answer, [image: 2x], in the quotient over the [image: x] term.
 [image: x fits into 2 x squared 2 x times. 2 x is written above the second term of 2 x squared minus 5 x minus 3 in the long division bracket.]Figure 5.6.15 Step 5: Multiply [image: 2x] times [image: x − 3]. 
 Line up the like terms under the dividend.
 [image: The product of 2 x and x minus 3 is 2 x squared minus 6 x, which is written below the first two terms of 2 x squared minus 5 x minus 3 in the long division bracket.]Figure 5.6.16 Step 6: Subtract [image: 2x^2-6x] from [image: 2x^2-5x].
 Step 7: Change the signs and then add.
 Step 8: Then bring down the last term.
 [image: The sum of 2 x squared minus 5 x and negative 2 x squared plus 6 x is x, which is written underneath the 6 x. The third term in 2 x squared minus 5 x minus 3 is brought down next to x, making x minus 3.]Figure 5.6.17 Step 9: Divide [image: x] by [image: x].
 Step 10: Put the answer, [image: 1], in the quotient over the constant term.
 [image: Plus 1 is written on top of the long division bracket, next to 2 x and above the minus 3 in 2 x squared minus 5 x minus 3.]Figure 5.6.18 Step 11: Multiply [image: 1] times [image: x - 3].
 [image: x minus 3 times 1 is x minus 3, which is written under the first x minus 3.]Figure 5.6.19 Step 12: Subtract [image: x-3] from [image: x-3] by changing the signs and adding.
 [image: The binomial x minus 3 minus the binomial negative x plus 3 is 0. The remainder is 0. 2 x squared minus 5 x minus 3 divided by x minus 3 equals 2 x plus 1.]Figure 5.6.20 Step 13: To check, multiply [image: (x − 3)(2x + 1)].
 The result should be [image: 2x^2-5x-3].
  
 
 
 
 
 
 Try It
  20) Find the quotient: [image: (2{x}^{2}-3x-20)\div(x-4)]
 
 Solution [image: 2x+5]
  
 
 
 21) Find the quotient: [image: (3{x}^{2}-16x-12)\div(x-6)]
 
 Solution [image: 3x+2]
  
 
 
 
 
 When we divided [image: 875] by [image: 25], we had no remainder. But sometimes division of numbers does leave a remainder. The same is true when we divide polynomials. In example 5.6.10 we’ll have a division that leaves a remainder. We write the remainder as a fraction with the divisor as the denominator.
 
 
 
 Example 5.6.10
  Find the quotient: [image: ({x}^{3}-{x}^{2}+x+4)\div(x+1)]
 
 Solution Step 1: Write it as a long division problem.
 Step 2: Be sure the dividend is in standard form.
 [image: The long division of x cubed minus x squared plus x plus 4 by x plus 1.]Figure 5.6.21 Step 3: Divide [image: x^3] by [image: x].
 Step 4: Put the answer, [image: x^2], in the quotient over the [image: x^2] term.
 Step 5: Multiply [image: x^2] times [image: x + 1]. 
 Line up the like terms under the dividend.
 [image: x fits into x squared x times. x is written above the second term of x cubed minus x squared plus x plus 4 in the long division bracket.]Figure 5.6.22 Step 6: Subtract [image: x^3+x^2] from [image: x^3-x^2] by changing the signs and adding.
 Step 7: Then bring down the next term.
 [image: The sum of x cubed minus x squared and negative x cubed plus negative x squared is negative 2 x squared, which is written underneath the negative x squared. The next term in x cubed minus x squared plus x plus 4 is brought down next to negative 2 x squared, making negative 2 x squared plus x.]Figure 5.6.23 Step 9: Divide [image: -2x^2] by [image: x].
 Step 10: Put the answer, [image: -2x], in the quotient over the [image: x] term.
 Step 11: Multiply [image: -2x] times [image: x+1].
 Line up the like terms under the dividend.
 [image: Minus 2 x is written on top of the long division bracket, next to x squared and above the x in x cubed minus x squared plus x plus 4. Negative 2 x squared minus 2 x is written under negative 2 x squared plus x.]Figure 5.6.24 Step 12: Subtract [image: -2x^2-2x] from [image: -2x^2+x] by changing the signs and adding.
 Step 13: Then bring down the last term.
 [image: The sum of negative 2 x squared plus x and 2 x squared plus 2 x is found to be 3 x. The last term in x cubed minus x squared plus x plus 4 is brought down, making 3 x plus 4.]Figure 5.6.25 Step 14: Divide [image: 3x] by [image: x].
 Step 15: Put the answer, [image: 3], in the quotient over the constant term.
 Step 16: Multiply [image: 3] times [image: x + 1]. Line up the like terms under the dividend.
 [image: Plus 3 is written on top of the long division bracket, above the 4 in x cubed minus x squared plus x plus 4. 3 x plus 3 is written under 3 x plus 4.]Figure 5.6.26 Step 17: Subtract [image: 3x + 3] from [image: 3x + 4] by changing the signs and adding.
 Step 18: Write the remainder as a fraction with the divisor as the denominator.
 [image: The sum of 3 x plus 4 and negative 3 x plus negative 3 is 1. Therefore, the polynomial x cubed minus x squared plus x plus 4, divided by the binomial x plus 1, equals x squared minus 2 x plus the fraction 1 over x plus 1.]Figure 5.6.27 Step 19: To check, multiply [image: (x+1)({x}^{2}-2x+3+\frac{1}{x+1})].
 The result should be [image: {x}^{3}-{x}^{2}+x+4]
  
 
 
 
 
 
 Try It
  22) Find the quotient: ({x}^{3}+5{x}^{2}+8x+6)\div(x+2)
 
 Solution [image: \left({x}^{2}+3x+2+\frac{2}{x+2}\right)]
  
 
 
 23) Find the quotient: [image: (2{x}^{3}+8{x}^{2}+x-8)\div(x+1)]
 
 Solution [image: \left(2{x}^{2}+6x-5-\frac{3}{x+1}\right)]
  
 
 
 
 
 Look back at the dividends in  Examples 5.6.8, 5.6.9, and 5.6.10 The terms were written in descending order of degrees, and there were no missing degrees. The dividend in Example 5.6.11 will be [image: {x}^{4}-{x}^{2}+5x-2]. It is missing an [image: {x}^{3}] term. We will add in [image: 0{x}^{3}] as a placeholder.
 
 
 
 Example 5.6.11
  Find the quotient: [image: ({x}^{4}-{x}^{2}+5x-2)\div(x+2)]
 
 Solution Notice that there is no [image: {x}^{3}] term in the dividend. We will add [image: 0{x}^{3}] as a placeholder.
 Step 1: Write it as a long division problem. 
 Be sure the dividend is in standard form with placeholders for missing terms.
 [image: The long division of x to the fourth power plus 0 x cubed minus x squared minus 5 x minus 2 by x plus 2.]Figure 5.6.28 Step 2: Divide [image: x^4] by [image: x].
 Step 3: Put the answer, [image: x^3], in the quotient over the [image: x^3] term.
 Step 4: Multiply [image: x^3] times [image: x + 2]. 
 Line up the like terms.
 Step 5: Subtract and then bring down the next term.
 [image: x cubed is written on top of the long division bracket above the x cubed term in the dividend. Below the first two terms of the dividend x to the fourth power plus 2 x cubed is subtracted to give negative 2 x cubed minus x squared. A note next to the division reads “It may be helpful to change the signs and add.”]Figure 5.6.29 Step 6: Divide [image: -2x^3] by [image: x].
 Step 7: Put the answer, [image: -2x^2], in the quotient over the [image: x^2] term.
 Step 8: Multiply [image: -2x^2] times [image: x + 1]. 
 Line up the like terms.
 Step 9: Subtract and bring down the next term.
 [image: x cubed minus 2 x squared is written on top of the long division bracket. At the bottom of the long division negative 2 x cubed minus 4 x squared is subtracted to give 3 x squared plus 5 x. A note reads “It may be helpful to change the signs and add.”]Figure 5.6.30 Step 10: Divide [image: 3x^2] by [image: x].
 Step 11: Put the answer, [image: 3x], in the quotient over the [image: x] term.
 Step 12: Multiply [image: 3x] times [image: x + 1]. 
 Line up the like terms.
 Step 13: Subtract and bring down the next term.
 [image: x cubed minus 2 x squared plus 3 x is written on top of the long division bracket. At the bottom of the long division 3 x squared plus 6 x is subtracted to give negative x minus 2. A note reads “It may be helpful to change the signs and add.”]Figure 5.6.31 Step 14: Divide [image: -x] by [image: x].
 Step 15: Put the answer, [image: -1], in the quotient over the constant term.
 Step 16: Multiply [image: -1] times [image: x + 1]. 
 Line up the like terms.
 Step 17: Change the signs, add.
 [image: x cubed minus 2 x squared plus 3 x minus 1 is written on top of the long division bracket. At the bottom of the long division negative x minus 2 is subtract to give 0. A note reads “It may be helpful to change the signs and add.” The polynomial x to the fourth power minus x squared plus 5 x minus 2, divided by the binomial x plus 2 equals the polynomial x cubed minus 2 x squared plus 3 x minus 1.]Figure 5.6.32 Step 18: To check, multiply [image: (x+2)({x}^{3}-2{x}^{2}+3x-1)].
 The result should be [image: ({x}^{4}-{x}^{2}+5x-2)]
  
 
 
 
 
 
 
 
 Try It
  24) Find the quotient: [image: ({x}^{3}+3x+14)\div(x+2)]
 
 Solution [image: {x}^{2}-2x+7]
  
 
 
 25) Find the quotient: [image: ({x}^{4}-3{x}^{3}-1000)\div(x+5)]
 
 Solution [image: {x}^{3}-8{x}^{2}+40x-200]
  
 
 
 
 
 In Example 5.6.12, we will divide by [image: 2a-3]. As we divide we will have to consider the constants as well as the variables.
 
 
 
 Example 5.6.12
  Find the quotient: [image: (8{a}^{3}+27)\div(2a+3)]
 
 Solution This time we will show the division all in one step. We need to add two placeholders in order to divide.
 [image: The figure shows the long division of 8 a cubed plus 27 by 2 a plus 3. In the long division bracket, placeholders 0 a squared and 0 a are added into the polynomial. On the first line under the dividend 8 a cubed plus 12 a squared is subtracted. To the right, an arrow indicates that this value came from multiplying 4 a squared by 2 a plus 3. The subtraction gives negative 12 a squared plus 0 a. From this negative 12 a squared minus 18 a is subtracted. To the right, an arrow indicates that this value came from multiplying 6 a by 2 a plus 3. The subtraction give 18 a plus 27. From this 18 a plus 27 is subtracted. To the right, an arrow indicates that this value came from multiplying 9 by 2 a plus 3. The result is 0.]Figure 5.6.33 To check, multiply [image: (2a+3)(4{a}^{2}-6a+9)]
 The result should be [image: 8{a}^{3}+27]
  
 
 
 
 
 
 Try It
  26) Find the quotient: [image: ({x}^{3}-64)\div(x-4)]
 
 Solution [image: {x}^{2}+4x+16]
  
 
 
 27) Find the quotient: [image: (125{x}^{3}-8)\div(5x-2)]
 
 Solution [image: 25{x}^{2}+10x+4]
  
 
 
 
 
 
 
 
 Access these online resources for additional instruction and practice with dividing polynomials:
 
 
 
 	Divide a Polynomial by a Monomial
 	Divide a Polynomial by a Monomial 2
 	Divide Polynomial by Binomial
 
 
 
 
 
 Key Concepts
  	Fraction Addition 	If [image: a], [image: b] and [image: c] are numbers where [image: c\neq{0}], then
 [image: \frac{a}{c}+\frac{b}{c}=\frac{a+b}{c}] and [image: \frac{a+b}{c}=\frac{a}{c}+\frac{b}{c}]
 
 
 
 
 	Division of a Polynomial by a Monomial 	To divide a polynomial by a monomial, divide each term of the polynomial by the monomial.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=2883#h5p-31 
 
 b. After reviewing this checklist, what will you do to become confident for all goals?
 
 
 
	

			
			


		
	
		
			
	
		

		5.7 Introduction to Graphing Polynomials

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Graph a basic polynomial function of the form [image: f(x)=ax^2+k].
 	Graph a basic polynomial function of the form [image: f(x)=ax^3+k].
 
 
 
 In this section, we will focus on graphing simple polynomial functions by identifying some important characteristics and creating a table of values. Polynomial functions can be represented graphically in the rectangular coordinate system, and these graphical representations can allow us to learn about the function visually and better understand the relationship between the variables. Polynomial functions can undergo many transformations to their form, but in this section, we will focus on vertical reflections and translations only.
 Please note that the figures created for this section were created using the desmos graphing calculator. Feel free to use this calculator in your studies to better understand the graph of functions.
 Graphs of Quadratic Equations
 Let’s examine the general shape of a graph of a general quadratic function [image: f(x)=ax^2]. The graph of a quadratic equation is called a parabola.
 In the figure below (Figure 5.7.1), we see the graphs of the functions [image: f(x)=x^2] and [image: f(x)=-x^2]. Notice that the only difference between these two equations is the sign in front of the [image: x^2]. This shows us that the sign of the leading coefficient, [image: a], determines the direction of opening of a parabola. If the leading coefficient of a quadratic function is positive, [image: a>0], the parabola will open upwards, whereas if the leading coefficient of a quadratic function is negative, [image: a<0], the parabola will open downwards.
 [image: See paragraph above to explain mathematical differences]Figure 5.7.1 Comparing the graphs of equations that have undergone a vertical reflection. Quadratic Equations Direction of Opening
 For a function of the form [image: f(x)=ax^2],
 if [image: a>0], the parabola opens upwards.
 if [image: a<0], the parabola opens downwards.
 
 Another important characteristic of a parabola is its vertex. Here, we see that the vertex is the origin [image: (0,0)] regardless of the leading coefficient. In this case, the vertex is also the [image: y]-intercept. When graphing any function, it is always important to find the value of the [image: y]-intercept to use this point in the graphing process. To find the [image: y]-intercept of a function, set the [image: x]-value to zero and evaluate for [image: y].
 Let’s examine a couple more graphs of quadratic functions.
 This time, the figure below shows [image: f(x)=x^2], [image: f(x)=2x^2] and [image: f(x)=\frac{1}{2}x^2] all in the same Cartesian plane for comparison purposes.
 [image: 3 graphs with a common vertex (y-intercept). See surrounding paragraphs above for explanation]Figure 5.7.2 This figure compares the graphs of quadratic equations that have undergone vertical stretches or compressions. Graphically, we can see that when the leading coefficient is [image: 2], the parabola is stretched vertically, whereas when the leading coefficient is [image: \frac{1}{2}], the parabola has been compressed vertically. This allows us to learn about the nature of a graph of a parabola when the leading coefficient is a value other than [image: 1]. In fact, the absolute value of [image: a] dictates the vertical stretch or compression of the graph of a quadratic equation.
 Quadratic Equations Vertical Stretch or Compression
 For a function of the form [image: f(x)=ax^2],
 if [image: |a|>1], the function is stretched by a factor of [image: a].
 if [image: |a|<1], the function is compressed by a factor of [image: a].
 
 Another way to observe the effects of vertical stretches and compressions is in the table of values associated with a particular function. For example, let’s compare the table of values for the functions [image: f(x)=x^2] and [image: f(x)=2x^2]. You will see that the [image: y]-values of the graph of [image: f(x)=2x^2] have been multiplied by [image: 2] and these values are reflected in Figure 5.7.2.
 	[image: x] 	[image: f(x)=x^2] 
 	[image: -2] 	[image: 4] 
 	[image: -1] 	[image: 1] 
 	[image: 0] 	[image: 0] 
 	[image: 1] 	[image: 1] 
 	[image: 2] 	[image: 4] 
  
 	[image: x] 	[image: f(x)=2x^2] 
 	[image: -2] 	[image: 8] 
 	[image: -1] 	[image: 2] 
 	[image: 0] 	[image: 0] 
 	[image: 1] 	[image: 2] 
 	[image: 2] 	[image: 8] 
  
 Finally, let’s examine what happens when we add a vertical translation of [image: k] to the quadratic equation. In the figure below (Figure 5.7.3), we see graphs of the equations [image: f(x)=x^2], [image: f(x)=x^2+2], and [image: f(x)=x^2-2].
 [image: See surrounding paragraphs for explanation of graphs]Figure 5.7.3 Comparing the graphs of equations with a vertical translation. Graphically, we can see that a vertical translation either moves the parabola up by [image: k] units or down by [image: |k|] units.
 Once again, we can also see these transformations within the table of values associated with the given functions. Below, we compare [image: f(x)=x^2] to [image: f(x)=x^2-2]. We see that the [image: y]-values have all been reduced by [image: 2]. It is also important to notice that the [image: y]-intercept (vertex) was also shifted down by [image: 2] units.
 	[image: x] 	[image: f(x)=x^2] 
 	[image: -2] 	[image: 4] 
 	[image: -1] 	[image: 1] 
 	[image: 0] 	[image: 0] 
 	[image: 1] 	[image: 1] 
 	[image: 2] 	[image: 4] 
  
 	[image: x] 	[image: f(x)=x^2-2] 
 	[image: -2] 	[image: 2] 
 	[image: -1] 	[image: -1] 
 	[image: 0] 	[image: -2] 
 	[image: 1] 	[image: -1] 
 	[image: 2] 	[image: 2] 
  
 Quadratic Equations Vertical Translation
 For a function of the form [image: f(x)=ax^2+k],
 if [image: k>0], the function is translated up by [image: k] units.
 if [image: k<0], the function is translated down by [image: |k|] units.
 
 HOW TO 
 Graph a polynomial function of the form [image: f(x)=ax^2+k].
 	Find the direction of opening by observing the sign of [image: a].
 	Find the [image: y]-intercept, which is also the vertex, by setting [image: x=0] and evaluating for [image: y].
 	Make a table of values for [image: -2\le x\le 2].
 	Plot the vertex and the ordered pairs from the table of values.
 	Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 	Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant, and original equations labelled).
 
 
 Example 5.7.1
  Graph the function [image: f(x)=-x^2+5].
 Solution Step 1: Note that the leading coefficient [image: a=-1]. This means that the parabola will open downwards.
 Step 2: The [image: y]-intercept can be found by setting [image: x=0], and evaluating for the value of the function.
 [image: \begin{eqnarray*}f(x)&=&-x^2+5\\f(0)&=&-(0)^2+5\\f(0)&=&5\end{eqnarray*}]
 Therefore, the [image: y]-intercept is the point [image: (0,5)]
 Step 3: Make a table of values for [image: -2\le x\le 2].
 	[image: x] 	[image: f(x)=-x^2+5] 
 	[image: -2] 	[image: 1] 
 	[image: -1] 	[image: 4] 
 	[image: 0] 	[image: 5] 
 	[image: 1] 	[image: 4] 
 	[image: 2] 	[image: 1] 
  
 Step 4: Plot the vertex and the ordered pairs from the table of values.
 Step 5: Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 [image: a graph of f(x)=minus x squared using the points identified in the previous step]Figure 5.7.4 Step 6: Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant, and original equations labelled).
  
 
 Example 5.7.2
  Graph the function [image: f(x)=2x^2-4].
 Solution Step 1: Note that the leading coefficient [image: a=2]. This means that the parabola will open downwards.
 Step 2: The [image: y]-intercept can be found by setting [image: x=0], and evaluating for the value of the function.
 [image: \begin{eqnarray*}f(x)&=&2x^2-4\\f(0)&=&2(0)^2-4\\f(0)&=&-4\end{eqnarray*}]
 Therefore, the [image: y]-intercept is the point [image: (0,-4)]
 Step 3: Make a table of values for [image: -2\le x\le 2].
 	[image: x] 	[image: f(x)=2x^2-4] 
 	[image: -2] 	[image: 4] 
 	[image: -1] 	[image: -2] 
 	[image: 0] 	[image: -4] 
 	[image: 1] 	[image: -2] 
 	[image: 2] 	[image: 4] 
  
 Step 4: Plot the vertex and the ordered pairs from the table of values.
 Step 5: Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 [image: A graph of f(x)=2x squared minus 4 using points identified in previous step]Figure 5.7.5 Step 6: Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant, and original equations labelled).
  
 
 Try It
  1) Graph the function [image: f(x)=-3x^2+6].
 Solution Use the desmos graphing calculator to check your answer.
  2) Graph the function [image: f(x)=x^2-10].
 Solution Use the desmos graphing calculator to check your answer.
  
 
 Graphs of Cubic Equations
 A cubic equation is one that contains a cubed variable term. In this section, we will focus on the graphs of cubic equations of the form [image: f(x)=ax^3+k]. It is important to note that cubic equations can have graphs that do not have this general shape, but we restrict our focus to cubic equations whose graphs have not undergone any further transformations other than vertical reflections and translations. We will see that changing the leading coefficient and the value of [image: k] will affect the graphs of cubic equations in the same (or similar) way as those transformations affected the graphs of quadratic equations.
 Let’s begin by comparing the graphs of the equations [image: f(x)=x^3] and [image: f(x)=-x^3].
 [image: See paragraphs below for explanation]Figure 5.7.6 Comparing the graphs of cubic equations that have undergone vertical reflections. As we can see above, the only difference between the two graphs is their orientation, and the only difference between the equations is the sign of the leading coefficient, [image: a]. When [image: a] is positive ([image: a>0]), the graph increases initially and for all of the values of [image: x]. Contrarily, when [image: a] is negative ([image: a<0]), the graph decreases initially and for all of the values of [image: x]. It is important to note that some cubic functions do have intervals of both increase and decrease, but since we are only studying cubic equations of the form [image: f(x)=ax^3+k], we will not investigate that case.
 Cubic Equations Direction of Increase or Decrease
 For cubic equations of the form [image: f(x)=ax^3+k],
 If [image: a>0], the function is increasing for all values of [image: x].
 If [image: a<0], the function is decreasing for all values of [image: x].
 
 We can also make note that the [image: y]-intercept of these graphs is the origin, [image: (0,0)]. In the case of cubic equations of this particular form, the [image: y]-intercept is also the point of inflection. An inflection point is a point where a curve changes its concavity.
 Next, we’ll examine the graphs [image: f(x)=2x^3] and [image: f(x)=\frac{1}{2}x^3], alongside [image: f(x)=x^3] for comparison. The figure below shows that cubic equations can undergo vertical stretches and compressions in the same way that quadratic equations could.
 [image: See surrounding paragraphs for explanation]Figure 5.7.7 Comparing the graphs of cubic equations that have undergone vertical stretches and compressions. Cubic Equations Vertical Stretch and Compression
 For a function of the form [image: f(x)=ax^3],
 if [image: |a|>1], the function is stretched by a factor of [image: a].
 if [image: |a|<1], the function is compressed by a factor of [image: a].
 
 What do we think would happen if we added a vertical translation to the equation? What might that look like? As was the case with quadratic equations, the graphs of cubic equations behave in the same way when they undergo vertical translations. The following figure show the graphs of [image: f(x)=x^3], [image: f(x)=x^3+2] and [image: f(x)=x^3-2].
 [image: See paragraph below for explanation]Figure 3.5.8 Comparing the graphs of cubic equations that have undergone vertical translations. Cubic Equations Vertical Translation
 For a function of the form [image: f(x)=ax^3+k],
 if [image: k>0], the function is translated up by [image: k] units.
 if [image: k<0], the function is translated down by [image: |k|] units.
 
 If we were to make a table of values for the cubic equations [image: f(x)=x^3] and [image: f(x)=x^3-3], we would see that the [image: y]-values have been reduced by [image: 3].
 	[image: x] 	[image: f(x)=x^3] 
 	[image: -2] 	[image: -8] 
 	[image: -1] 	[image: -1] 
 	[image: 0] 	[image: 0] 
 	[image: 1] 	[image: 1] 
 	[image: 2] 	[image: 8] 
  
 	[image: x] 	[image: f(x)=x^3-3] 
 	[image: -2] 	[image: -11] 
 	[image: -1] 	[image: -4] 
 	[image: 0] 	[image: -3] 
 	[image: 1] 	[image: -2] 
 	[image: 2] 	[image: 5] 
  
 Try It
  3) Make a table of values for the functions [image: f(x)=x^3] and [image: f(x)=x^3+7] for [image: -2\le x\le 2]. What transformation has occurred?
 Solution A translation of seven units upwards.
 	[image: x] 	[image: f(x)=x^3] 
 	[image: -2] 	[image: -8] 
 	[image: -1] 	[image: -1] 
 	[image: 0] 	[image: 0] 
 	[image: 1] 	[image: 1] 
 	[image: 2] 	[image: 8] 
  
 	[image: x] 	[image: f(x)=x^3+7] 
 	[image: -2] 	[image: -1] 
 	[image: -1] 	[image: 6] 
 	[image: 0] 	[image: 7] 
 	[image: 1] 	[image: 8] 
 	[image: 2] 	[image: 15] 
  
  
 
 HOW TO 
 Graph a polynomial function of the form [image: f(x)=ax^3+k].
 	Find the direction of the curve by observing the sign of [image: a].
 	Find the [image: y]-intercept, which is also the inflection point, by setting [image: x=0] and evaluating for [image: y].
 	Make a table of values for [image: -2\le x\le 2].
 	Plot the [image: y]-intercept and the ordered pairs from the table of values.
 	Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 	Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant direction, and original equations labelled).
 
 
 Example 5.7.3
  Graph the function [image: f(x)=-x^3+2].
 Solution Step 1: Note that the leading coefficient [image: a=-1]. This means that the graph of the cubic will be decreasing.
 Step 2: The [image: y]-intercept can be found by setting [image: x=0], and evaluating for the value of the function.
 [image: \begin{eqnarray*}f(x)&=&-x^3+2\\f(0)&=&-(0)^3+2\\f(0)&=&2\end{eqnarray*}]
 Therefore, the [image: y]-intercept is the point [image: (0,2)]
 Step 3: Make a table of values for [image: -2\le x\le 2].
 	[image: x] 	[image: f(x)=-x^3+2] 
 	[image: -2] 	[image: 10] 
 	[image: -1] 	[image: 3] 
 	[image: 0] 	[image: 2] 
 	[image: 1] 	[image: 1] 
 	[image: 2] 	[image: -6] 
  
 Step 4: Plot the [image: y]-intercept and the ordered pairs from the table of values.
 Step 5: Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 [image: Graph of f(x)=-x cubed +2 using points from step above]Figure 5.7.9 Step 6: Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant, and original equations labelled).
  
 
 Example 5.7.4
  Graph the function [image: f(x)=3x^3-10].
 Solution Step 1: Note that the leading coefficient [image: a=3]. This means that the graph of the cubic will be increasing.
 Step 2: The [image: y]-intercept can be found by setting [image: x=0], and evaluating for the value of the function.
 [image: \begin{eqnarray*}f(x)&=&3x^3-10\\f(0)&=&3(0)^3-10\\f(0)&=&-10\end{eqnarray*}]
 Therefore, the [image: y]-intercept is the point [image: (0,2)]
 Step 3: Make a table of values for [image: -2\le x\le 2].
 	[image: x] 	[image: f(x)=3x^3-10] 
 	[image: -2] 	[image: -34] 
 	[image: -1] 	[image: -13] 
 	[image: 0] 	[image: -10] 
 	[image: 1] 	[image: -7] 
 	[image: 2] 	[image: 14] 
  
 Step 4: Plot the [image: y]-intercept and the ordered pairs from the table of values.
 Step 5: Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 [image: Graph of f(x)=3x cubed -10 using points identified above]Figure 5.7.10 Step 6: Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant, and original equations labelled).
  
 
 Try It
  4) Graph the function [image: f(x)=-2x^3+1].
 Solution Use the desmos graphing calculator to check your answer.
  5) Graph the function [image: f(x)=x^3-4].
 Solution Use the desmos graphing calculator to check your answer.
  
 
 Key Concepts
  1) Quadratic Equations Direction of Opening
 For a function of the form [image: f(x)=ax^2],
 if [image: a>0], the parabola opens upwards;
 if [image: a<0], the parabola opens downwards.
 2) Quadratic Equations Vertical Stretch or Compression
 For a function of the form [image: f(x)=ax^2],
 if [image: |a|>1], the function is stretched by a factor of [image: a].
 if [image: |a|<1], the function is compressed by a factor of [image: a].
 3) Quadratic Equations Vertical Translation
 For a function of the form [image: f(x)=ax^2+k],
 if [image: k>0], the function is translated up by [image: k] units.
 if [image: k<0], the function is translated down by [image: |k|] units.
 4) How To Graph a polynomial function of the form [image: f(x)=ax^2+k].
 		Find the direction of opening by observing the sign of [image: a].
 	Find the [image: y]-intercept, which is also the vertex, by setting [image: x=0] and evaluating for [image: y].
 	Make a table of values for [image: -2\le x\le 2].
 	Plot the vertex and the ordered pairs from the table of values.
 	Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 	Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant, and original equations labelled).
 
 
 
 5) Cubic Equations Direction of Increase or Decrease
 For cubic equations of the form [image: f(x)=ax^3+k],
 If [image: a>0], the function is increasing for all values of [image: x].
 If [image: a<0], the function is decreasing for all values of [image: x].
 6) Cubic Equations Vertical Stretch and Compression
 For a function of the form [image: f(x)=ax^3],
 if [image: |a|>1], the function is stretched by a factor of [image: a].
 if [image: |a|<1], the function is compressed by a factor of [image: a].
 7) Cubic Equations Vertical Translation
 For a function of the form [image: f(x)=ax^3+k],
 if [image: k>0], the function is translated up by [image: k] units.
 if [image: k<0], the function is translated down by [image: |k|] units.
 8) How To Graph a polynomial function of the form [image: f(x)=ax^3+k].
 		Find the direction of the curve by observing the sign of [image: a].
 	Find the [image: y]-intercept, which is also the inflection point, by setting [image: x=0] and evaluating for [image: y].
 	Make a table of values for [image: -2\le x\le 2].
 	Plot the [image: y]-intercept and the ordered pairs from the table of values.
 	Join the points by a curve. Be sure to make the curve smooth with no sharp edges or points.
 	Remember the rules of good graphing (label axes, arrows on ends of axes and curves, at least [image: 3] scale markings in each relevant direction, and original equations labelled).
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=4911#h5p-35 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 
	

			
			


		
	
		
			
	
		

		5.8 Unit Sources

								

	
				Unit 5 Sources 
 5.1 “Add and Subtract Polynomials” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 5.2 “Use Multiplication Properties of Exponents” and “Integer Exponents and Scientific Notation” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 5.3 “Multiply Polynomials” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 5.4 “Special Products” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 5.5 “Divide Monomials” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 5.6 “Divide Polynomials” from Elementary Algebra 2e. by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 
	

			
			


		
	
		
			
	
		

		Unit 6: Geometry and Trigonometry

	

	
		 Chapter Outline
 6.0 Introduction
 6.1 Use Properties of Angels, Triangles, and the Pythagorean Theorem
 6.2 Use Properties of Rectangles, Triangles, and Trapezoids
 6.3 Solve Geometry Application: Circles and Irregular Figures
 6.4 Solve Geometry Application: Volume and Surface Area
 6.5 Sine, Cosine, and Tangent Ratios and Applications of Trigonometry
 6.6 Unit Sources
 
 
	

		


		
	
		
			
	
		

		6.0 Introduction

								

	
				[image: Part of a glass building is shown. The structure is made up of individual shapes.]Figure 6.0.1 Note the many individual shapes in this building. Photo by Bert Kaufmann CC-BY 4.0 We are surrounded by all sorts of geometry. Architects use geometry to design buildings. Artists create vivid images out of colourful geometric shapes. Street signs, automobiles, and product packaging all take advantage of geometric properties. In this chapter, we will begin by considering a formal approach to solving problems and use it to solve a variety of common problems, including making decisions about money. Then we will explore geometry and relate it to everyday situations, using the problem-solving strategy we develop.
 
	

			
			


		
	
		
			
	
		

		6.1 Use Properties of Angles, Triangles, and the Pythagorean Theorem

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use the properties of angles
 	Use the properties of triangles
 	Use the Pythagorean Theorem
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Solve: [image: x\;+\;3\;+\;6\;=\;11]
 2) Solve: [image: \frac a{45}\;=\;\frac43]
 3) Simplify: [image: \sqrt{36\;+\;64}]
 
 
 In this unit, we will study geometry and trigonometry in order to develop our understanding of how some of these tools can help us in a health career. For example, even having a simple understanding of angles will be helpful when performing injections.
 [image: Showing angles of different injections: Intramusclar 90 degrees, Subcutaneous 45 degrees, Intravenous 25 degrees, Intradermal 10-15 degrees]Figure 6.1.1 Use the Properties of Angles
 Are you familiar with the phrase ‘do a [image: 180]‘ It means to make a full turn so that you face the opposite direction. It comes from the fact that the measure of an angle that makes a straight line is [image: 180] degrees. See Figure 6.1.2.
 [image: The image is a straight line with an arrow on each end. There is a dot in the center. There is an arrow pointing from one side of the dot to the other, and the angle is marked as 180 degrees.]Figure 6.1.2 
 An angle is formed by two rays that share a common endpoint. Each ray is called a side of the angle and the common endpoint is called the vertex. An angle is named by its vertex. In Figure 6.1.3, [image: A] is the angle with vertex at point [image: A]. The measure of [image: A] is written [image: m\angle A].
 [image: m\angle A] is the angle with vertex at point [image: A].
 
 [image: The image is an angle made up of two rays. The angle is labeled with letter A.]Figure 6.1.3 
 We measure angles in degrees, and use the symbol [image: \circ] to represent degrees. We use the abbreviation [image: m] to for the measure of an angle. So if [image: A] is [image: 27^\circ], we would write [image: m\angle A=27].
 If the sum of the measures of two angles is [image: 180^\circ] then they are called supplementary angles. In Figure 6.1.4, each pair of angles is supplementary because their measures add to [image: 180^\circ]. Each angle is the supplement of the other.
 The sum of the measures of supplementary angles is [image: 180^\circ].
 [image: Part a shows a 120 degree angle next to a 60 degree angle. Together, the angles form a straight line. Below the image, it reads 120 degrees plus 60 degrees equals 180 degrees. Part b shows a 45 degree angle attached to a 135 degree angle. Together, the angles form a straight line. Below the image, it reads 45 degrees plus 135 degrees equals 180 degrees.]Figure 6.1.4 
 If the sum of the measures of two angles is [image: 90^\circ], then the angles are complementary angles. In Figure 6.1.5, each pair of angles is complementary, because their measures add to [image: 90^\circ]. Each angle is the complement of the other.
 The sum of the measures of complementary angles is [image: 90^\circ].
 [image: Part a shows a 50 degree angle next to a 40 degree angle. Together, the angles form a right angle. Below the image, it reads 50 degrees plus 40 degrees equals 90 degrees. Part b shows a 60 degree angle attached to a 30 degree angle. Together, the angles form a right angle. Below the image, it reads 60 degrees plus 30 degrees equals 90 degrees.]Figure 6.1.5 
 
 Supplementary and Complementary Angles
 If the sum of the measures of two angles is [image: 180^\circ] then the angles are supplementary.
 If  [image: A] and [image: B] are supplementary, then [image: m\angle A\;+\;m\angle B\;=\;180].
 If the sum of the measures of two angles is [image: 90^\circ], then the angles are complementary.
 If [image: A] and [image: B] are complementary, then [image: m\angle A\;+\;m\angle B\;=\;90].
 
 In this section and the next, you will be introduced to some common geometry formulas. We will adapt our Problem Solving Strategy for Geometry Applications. The geometry formula will name the variables and give us the equation to solve.
 
 In addition, since these applications will all involve geometric shapes, it will be helpful to draw a figure and then label it with the information from the problem. We will include this step in the Problem Solving Strategy for Geometry Applications.
 How To
 Use a Problem Solving Strategy for Geometry Applications
 	Read the problem and make sure you understand all the words and ideas. Draw a figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for and choose a variable to represent it.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 The next example will show how you can use the Problem Solving Strategy for Geometry Applications to answer questions about supplementary and complementary angles.
 Example 6.1.1
  An angle measures [image: 40^\circ]. Find:
      a. its supplement
      b. its complement
 Solution a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: 2 angles. Obtuse angle labled s and acute angle 40 degrees]Figure 6.1.6 Step 2: Identify what you are looking for.
 The supplement of a [image: 40^\circ] angle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: s=] the measure of the supplement
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}m\angle A\;+\;m\angle B\;&=&\;180\\s\;+\;40\;&=&\;180\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}s\;&=&\;140\end{eqnarray*}]
 Step 6: Check. 
 [image: \begin{eqnarray*}140\;+\;40\;&\overset?=&\;180\\180\;&=&\;180\end{eqnarray*}]
 Step 7: Answer the question.
 The supplement of the [image: 40^\circ] angle is [image: 140^\circ] .
 
 b. Step 1: Read the problem. Draw the figure and label it with the given information
 [image: First angle labeled c. Second angle 40 degrees]Figure 6.1.7 Step 2: Identify what you are looking for.
 The compliment of a [image: 40^\circ] angle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: c=] the measure of the complement.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in given information.
 [image: \begin{eqnarray*}m\angle A\;+\;m\angle B\;&=&\;90\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}c\;+\;40\;&=&\;90\\c\;&=&\;50\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}50\;+\;40\;&\overset?=&\;90\\90\;&=&\;90\end{eqnarray*}]
 Step 7: Answer the question.
 The complement of the [image: 40^\circ] angle is [image: 50^\circ].
  
 
 Try it
  4) An angle measures [image: 25^\circ]. Find its:
 a. supplement
 b. complement
 
  Solution a. 155°
 b. 65°
  
 
 
 
 
 
 Try it 
  5) An angle measures [image: 77^\circ]. Find its:
 a. supplement
 b. complement
 Solution a. 103°
 b. 13°
  
 
 
 
 
 
 Did you notice that the words complementary and supplementary are in alphabetical order just like [image: 90] and [image: 180] are in numerical order?
 Example 6.1.2
  Two angles are supplementary. The larger angle is [image: 30^\circ] more than the smaller angle. Find the measure of both angles.
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: angle 1 a+30 angle 2 a]Figure 6.1.8 Step 2: Identify what you are looking for.
 The measures of both angles.
 Step 3: Name. Choose a variable to represent it.
 Let [image: a=] measure of smaller angle
 [image: a\;+\;3=] measure of larger angle
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*} m\angle A\;+\;m\angle B\;&=\;180 \end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{align*}(a\;+\;30)\;+\;a\;&=\;180\\2a\;+\;30\;&=\;180\\2a\;&=\;150\\a\;&=\;75\;measure\;of\;smaller\;angle\\a\;&+\;30\;measure\;of\;larger\;angle\\75\;+\;30\;&=\;105\\\end{align*}]
 Step 6: Check.
 [image: \begin{eqnarray*}m\angle A\;+\;m\angle B\;&=&\;180\\75\;+\;105\;&\overset?=&\;180\\180\;&=&\;180\end{eqnarray*}]
 Step 7: Answer the question.
 The measures of the angles are [image: 75^\circ] and [image: 105^\circ].
  
 
 Try it 
  6) Two angles are supplementary. The larger angle is [image: 100^\circ] more than the smaller angle. Find the measures of both angles.
 Solution [image: 40^\circ] and [image: 140^\circ]
  
 
 
 Try it 
  7) Two angles are complementary. The larger angle is [image: 40^\circ] more than the smaller angle. Find the measures of both angles.
 Solution [image: 25^\circ] and [image: 65^\circ]
  
 
 
 
 Properties of Angles with Parallel Lines
 It will be helpful to understand the relationship between parallel lines that are cut by a transversal line and their angles. When two lines are parallel, they will never intersect. We can use this property to find missing angles in various situations.
 [image: two parallel lines labeled r and s. Line t intersects both r and s. The angles made from the intersection are labeled: T-R insterestion (top-left, clockwise) 1, 2, 3, 4. T-S intersection (top-left, clockwise) 5, 6, 7, 8.]Figure 6.1.9 In the image above, the lines [image: r] and [image: s] are parallel. We can denote this mathematically using the following notation, [image: r \parallel s]. The line [image: t] is called a transversal line and no matter how it passes through the parallel lines, it will always result in the relationship above.
 We notice that angles [image: \angle 1], [image: \angle 3], [image: \angle 5], and [image: \angle 7] will all be the same size. Similarly, angles [image: \angle 2], [image: \angle 4], [image: \angle 6], and [image: \angle 8] are all the same. Because of these properties, if we are missing certain angles we can find their values if given enough information. Before we do some examples, let’s learn some terminology.
 Corresponding angles: angles that occupy the same relative position. The corresponding angles are:
 [image: \angle 1] and [image: \angle 5]
 [image: \angle 2] and [image: \angle 6]
 [image: \angle 3] and [image: \angle 7]
 [image: \angle 4] and [image: \angle 8]
 Consecutive angles: angles that are pairs on the same side and inside the two parallel lines. The consecutive angles are:
 [image: \angle 3] and [image: \angle 6]
 [image: \angle 4] and [image: \angle 5]
 Alternate interior angles: angles that are pairs on opposite sides of the transversal and inside the two parallel lines. The alternate interior angles are:
 [image: \angle 4] and [image: \angle 6]
 [image: \angle 3] and [image: \angle 5]
 Alternate exterior angles: angles that are pairs on opposite sides of the transversal and outside the two parallel lines. The alternate exterior angles are:
 [image: \angle 1] and [image: \angle 7]
 [image: \angle 2] and [image: \angle 8]
 Example 6.1.3
  If [image: r \parallel s], and [image: \angle 8=110^{\circ}], find the value of all of the missing angles.
 [image: two parallel lines labeled r and s. Line t intersects both r and s. The angles made from the intersection are labeled: T-R insterestion (top-left, clockwise) 1, 2, 3, 4. T-S intersection (top-left, clockwise) 5, 6, 7, 8.]Figure 6.1.10 Solution Since [image: \angle 8=110^{\circ}] and [image: \angle 8] and [image: \angle 7] are supplementary angles, then
 [image: \angle 8 + \angle 7 = 180^{\circ}] we can solve this equation for the value of [image: \angle 7].
 [image: \begin{eqnarray*}110^{\circ} + \angle 7 &=& 180^{\circ}\\\angle 7 &=& 180^{\circ}- 110^{\circ}\\\angle 7 &=& 70^{\circ}\end{eqnarray*}]
 Now, since the lines are parallel, and we know the values of [image: \angle 8] and [image: \angle 7], we can find all the remaining angles. By our properties, [image: \angle 8 = \angle 6 = \angle 4 = \angle 2 = 110^{\circ}] and [image: \angle 7= \angle 5 = \angle 3 = \angle 1 = 70^{\circ}]
  
 
 Use the Properties of Triangles
 What do you already know about triangles? Triangles have three sides and three angles. Triangles are named by their vertices. The triangle in Figure 6.1.11 is called [image: \bigtriangleup ABC], read ‘triangle ABC’. We label each side with a lower case letter to match the upper case letter of the opposite vertex.
 [image: \bigtriangleup ABC] has vertices [image: A], [image: B], and [image: C] and sides [image: a], [image: b], and [image: c].
 
 
 
 [image: The vertices of the triangle on the left are labeled A, B, and C. The sides are labeled a, b, and c.]Figure 6.1.11 
 The three angles of a triangle are related in a special way. The sum of their measures is [image: 180^\circ]. [image: m\angle A\;+\;m\angle B\;+\;m\angle C\;=\;180].
 Sum of the Measures of the Angles of a Triangle
 For any [image: \bigtriangleup ABC], the sum of the measures of the angles is [image: 180^\circ]. [image: m\angle A\;+\;m\angle B\;+\;m\angle C\;=\;180]
 Example 6.1.4
  The measures of two angles of a triangle are [image: 55^\circ] and [image: 82^\circ]. Find the measure of the third angle.
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: A = 82 degrees, B=55 degrees, C=x]Figure 6.1.12 Step 2: Identify what you are looking for.
 The measure of the third angle in a triangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: x=] measure of the angle.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*} m\angle A\;+\;m\angle B\;+\;m\angle C\;&=&\;180 \end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}24\;&=&\;13\;+\;x\\11\;&=&\;x\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*} 55\;+\;82\;+\;43\;&\overset?=&\;180\\180\;&=&\;180\end{eqnarray*}]
 Step 7: Answer the question.
 The measures of the third angle is [image: 43] degrees.
  
 
 Try it
  8) The measures of two angles of a triangle are [image: 31^\circ] and [image: 128^\circ]. Find the measure of the third angle.
 Solution [image: 21^\circ]
  
 
 Try it
  9) A triangle has angles of [image: 49^\circ] and [image: 75^\circ]. Find the measure of the third angle.
 Solution [image: 56^\circ]
  
 
 Because the perimeter of a figure is the length of its boundary, the perimeter of [image: \bigtriangleup ABC] is the sum of the lengths of its three sides.
 [image: P\;=\;a\;+\;b\;+\;c]
 To find the area of a triangle, we need to know its base and height. The height is a line that connects the base to the opposite vertex and makes a [image: 90^\circ] angle with the base. We will draw [image: \bigtriangleup ABC] again, and now show the height, [image: h]. See Figure 6.1.13.
  
 The formula for the area of [image: \bigtriangleup ABC] is [image: A\;=\;\frac12bh] where [image: b] is the base and [image: h] is the height.
 [image: A triangle with vertices A, B, and C. The sides opposite these vertices are marked a, b, and c, respectively. The side b is parallel to the bottom of the page, and it has a dashed line drawn from vertex B to it. This line is marked h and makes a right angle with side b.]Figure 6.1.13 
 Triangle Properties
 [image: A triangle with vertices A, B, and C. The sides opposite these vertices are marked a, b, and c, respectively. The side b is parallel to the bottom of the page, and it has a dashed line drawn from vertex B to it. This line is marked h and makes a right angle with side b.]Figure 6.1.14 For [image: \bigtriangleup ABC]:
 Angle measures:
 [image: m\angle A\;+\;m\angle B\;+\;m\angle C\;=\;180]
 	The sum of the measures of the angles of a triangle is [image: 180^\circ].
 
 Perimeter:
 [image: P\;=\;a\;+\;b\;+\;c]
 	The perimeter is the sum of the lengths of the sides of the triangle.
 
 Area:
 [image: A\;=\;\frac12bh];  [image: b]=base, [image: h]=height
 	The area of a triangle is one-half the base times the height.
 
 
 
 
 
 
 Example 6.1.5
  The perimeter of a triangular garden is [image: 24] feet. The lengths of two sides are four feet and nine feet. How long is the third side?
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: 1 side = 4ft, 2nd side =9ft, 3rd side = c. below P=24ft]Figure 6.1.15 Step 2: Identify what you are looking for.
 The length of the third side of a triangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: c=] the third side.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*} P\;&=&\;a\;+\;b\;+\;c\\P\;&=&\;4\;+\;9\;+\;c \end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}24\;&=&\;13\;+\;c\\11\;&=&\;c\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}P\;&=&\;a\;+\;b\;+\;c\\24\;&\overset?=&\;4\;+\;9\;+\;11\\24\;&=&\;24\end{eqnarray*}]
 Step 7: Answer the question.
 The third side is [image: 11] feet long.
  
 
 Try it
  10) The perimeter of a triangular garden is [image: 48] feet. The lengths of two sides are [image: 18] feet and [image: 22] feet. How long is the third side?
 Solution [image: 8] feet
  
 
 Try it
  11) The lengths of two sides of a triangular window are seven feet and five feet. The perimeter is [image: 18] feet. How long is the third side?
 Solution [image: 6] feet
  
 
 Example 6.1.6
  The area of a triangular church window is [image: 90] square meters. The base of the window is [image: 15] meters. What is the window’s height?
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: bottom of triangle 15m line h noted perpendicular to bottom and connecting with top vertix]Figure 6.1.16 Step 2: Identify what you are looking for.
 The height of a triangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: h=] the height.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*} A\;&=&\;\frac12\;\times\;b\;\times\;h\\90\;&=&\;\frac12\;\times\;15\;\times\;h\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}90\;&=&\;\frac{15}2h\\12\;&=&\;h\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}A\;&=&\;\frac12bh\\90\;&\overset?=&\;\frac12\times15\times12\\90\;&=&\;90\end{eqnarray*}]
 Step 7: Answer the question.
 The height of the triangle is [image: 12] meters.
  
 
 Try it
  12) The area of a triangular painting is [image: 126] square inches. The base is [image: 18] inches. What is the height?
 Solution [image: 14] Inches
  
 
 Try it
  13) A triangular tent door has area [image: 15] square feet. The height is five feet. What is the base?
 Solution [image: 6] feet
  
 
 Right Triangles
 The triangle properties we used so far apply to all triangles. Now we will look at one specific type of triangle—a right triangle. A right triangle has one [image: 90^\circ] angle, which we usually mark with a small square in the corner, Figure 6.1.17.
 [image: A right triangle is shown. The right angle is marked with a box and labeled 90 degrees.]Figure 6.1.17 
 If we know that a triangle is a right triangle, we know that one angle measures [image: 90^\circ] so we only need the measure of one of the other angles in order to determine the measure of the third angle.
 Example 6.1.7
  One angle of a right triangle measures [image: 28^\circ]. What is the measure of the third angle?
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: angle A=90 degrees, angle B=28 degrees, angle C=x]Figure 6.1.18 Step 2: Identify what you are looking for.
 The measure of an angle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: x=] the measure of an angle.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}m\angle A\;+\;m\angle B\;+\;m\angle C\;&=&\;180\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}x\;+\;90\;+\;28\;&=&\;180\\x\;+\;118\;&=&\;180\\x\;&=&\;62\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}180\;&\overset?=&\;90\;+\;28\;+\;62\\180\;&=&\;180\end{eqnarray*}]
 Step 7: Answer the question.
 The measure of the third angle is [image: 62^\circ].
  
 
 Try it
  14) One angle of a right triangle measures [image: 56^\circ]. What is the measure of the other angle?
 Solution [image: 34^\circ]
  
 
 Try it
  15) One angle of a right triangle measures [image: 45^\circ]. What is the measure of the other angle?
 Solution [image: 45^\circ]
  
 
 In the examples so far, we could draw a figure and label it directly after reading the problem. In the next example, we will have to define one angle in terms of another. So we will wait to draw the figure until we write expressions for all the angles we are looking for.
 Example 6.1.8
  The measure of one angle of a right triangle is [image: 20^\circ] more than the measure of the smallest angle. Find the measures of all three angles.
 Solution Step 1: Read the problem.
 
 Step 2: Identify what you are looking for.
 The measure of all three angles.
 Step 3: Name. Choose a variable to represent it.
 [image: \begin{eqnarray*}Let\;a&=&\; the\; 1^{st}\; angle\\a\;+\;20\;&=&\;2^{nd}\;angle\\90\;&=&\;3^{rd}\;angle\;(the\;right\;angle)\end{eqnarray*}]
 Now draw the figure and label it with the given information.
 [image: angle A = a, angle B=a+20, angle C=90]Figure 6.1.19 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}m\angle A\;+\;m\angle B\;+\;m\angle C\;&=&\;180\\a\;+\;(a\;+\;20)\;+\;90\;&=&\;180\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}2a\;+\;110\;&=&\;180\\2a\;&=&\;70\\a\;&=&\;35\;(first\;angle)\\a\;&+&\;20\;(second\;angle)\\35\;+\;20\;&=&\;55\\90&=&(third\;angle)\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}35\;+\;55\;+\;90\;&\overset?=&180\\180\;&=&\;180\end{eqnarray*}]
 Step 7: Answer the question.
 The three angles measure [image: 35^\circ], [image: 55^\circ], and [image: 90^\circ].
  
 
 Try it
  16) The measure of one angle of a right triangle is [image: 50^\circ] more than the measure of the smallest angle. Find the measures of all three angles.
 Solution [image: 20^\circ], [image: 70^\circ], [image: 90^\circ]
  
 
 Try it
  17) The measure of one angle of a right triangle is [image: 30^\circ] more than the measure of the smallest angle. Find the measures of all three angles.
 Solution [image: 30^\circ], [image: 60^\circ], [image: 90^\circ]
  
 
 Similar Triangles
 When we use a map to plan a trip, a sketch to build a bookcase, or a pattern to sew a dress, we are working with similar figures. In geometry, if two figures have exactly the same shape but different sizes, we say they are similar figures. One is a scale model of the other. The corresponding sides of the two figures have the same ratio, and all their corresponding angles are have the same measures.
 The two triangles in Figure 6.1.20 are similar. Each side of [image: \bigtriangleup ABC] is four times the length of the corresponding side of [image: \bigtriangleup XYZ] and their corresponding angles have equal measures.
 [image: \bigtriangleup ABC] and [image: \bigtriangleup XYZ] are similar triangles. Their corresponding sides have the same ratio and the corresponding angles have the same measure.
 [image: Two triangles are shown. They appear to be the same shape, but the triangle on the right is smaller. The vertices of the triangle on the left are labeled A, B, and C. The side across from A is labeled 16, the side across from B is labeled 20, and the side across from C is labeled 12. The vertices of the triangle on the right are labeled X, Y, and Z. The side across from X is labeled 4, the side across from Y is labeled 5, and the side across from Z is labeled 3. Beside the triangles, it says that the measure of angle A equals the measure of angle X, the measure of angle B equals the measure of angle Y, and the measure of angle C equals the measure of angle Z. Below this is the proportion 16 over 4 equals 20 over 5 equals 12 over 3.]Figure 6.1.20 
 Properties of Similar Triangles
 If two triangles are similar, then their corresponding angle measures are equal and their corresponding side lengths are in the same ratio.
 [image: Two triangles are shown. They appear to be the same shape, but the triangle on the right is smaller. The vertices of the triangle on the left are labeled A, B, and C. The side across from A is labeled a, the side across from B is labeled b, and the side across from C is labeled c. The vertices of the triangle on the right are labeled X, Y, and Z. The side across from X is labeled x, the side across from Y is labeled y, and the side across from Z is labeled z. Beside the triangles, it says that the measure of angle A equals the measure of angle X, the measure of angle B equals the measure of angle Y, and the measure of angle C equals the measure of angle Z. Below this is the proportion a over x equals b over y equals c over z.]Figure 6.1.21 
 The length of a side of a triangle may be referred to by its endpoints, two vertices of the triangle. For example, in [image: \bigtriangleup ABC]:
 The length [image: a] can also be written [image: BC]
 The length [image: b] can also be written [image: AC]
 The length [image: c] can also be written [image: AB]
 We will often use this notation when we solve similar triangles because it will help us match up the corresponding side lengths.
 Example 6.1.9
  [image: \bigtriangleup ABC] and [image: \bigtriangleup XYZ] are similar triangles. The lengths of two sides of each triangle are shown. Find the lengths of the third side of each triangle.
 [image: Two triangles are shown. They appear to be the same shape, but the triangle on the right is smaller. The vertices of the triangle on the left are labeled A, B, and C. The side across from A is labeled a, the side across from B is labeled 3.2, and the side across from C is labeled 4. The vertices of the triangle on the right are labeled X, Y, and Z. The side across from X is labeled 4.5, the side across from Y is labeled y, and the side across from Z is labeled 3.]Figure 6.1.22 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 The figure is provided.
 Step 2: Identify what you are looking for.
 The length of the sides of similar triangles.
 Step 3: Name. Choose a variable to represent it.
 Let [image: a=] the length of the third side of [image: \bigtriangleup ABC].
 Let [image: y=] the length of the third side of [image: \bigtriangleup XYZ].
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 The triangles are similar, so the corresponding sides are in the same ratio. So:
 [image: \begin{eqnarray*}\frac{AB}{XY}=\frac{BC}{YZ}=\frac{AC}{XZ}\end{eqnarray*}]
 Since the side [image: AB\;=\;4] corresponds to the side [image: XY\;=\;3], we will use the ratio [image: \frac{AB}{XY}=\frac43] to find the other sides.
 Be careful to match up the corresponding sides correctly.
 [image: \begin{align*} &\text{Sides of large triangle (to find }a\text{):}&\frac{AB}{XY}&=\frac{BC}{YZ}\\[2ex] &\text{Sides of large triangle (to find }y\text{):}&\frac{AB}{XY}&=\frac{AC}{XZ}\\[2ex] &\text{Sides of small triangle (to find }a\text{):}&\frac43&=\frac a{4.5}\\[2ex] &\text{Sides of small triangle (to find }y\text{):}&\frac43&=\frac{3.2}y \end{align*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}3a\;&=&\;4(4.5)\\3a\;&=&\;18\\a\;&=&\;6\\\\4y\;&=&\;3(3.2)\\4y\;&=&\;9.6\\y\;&=&\;2.4\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}\frac43\;&\overset?=&\;\frac6{4.5}\\4(4.5)\;&\overset?=&\;6(3)\\18\;&=&\;18\\\\\frac43\;&\overset?=&\;\frac{3.2}{2.4}\\4(2.4)\;&\overset?=&\;3.2(3)\\9.6\;&=&\;9.6\end{eqnarray*}]
 Step 7: Answer the question.
 The third side of [image: \bigtriangleup ABC] is [image: 6] and the third side of [image: \bigtriangleup XYZ] is [image: 2.4].
  
 
 Try it
  18) [image: \bigtriangleup ABC] is similar to [image: \bigtriangleup XYZ]. Find [image: a].
 [image: Two triangles are shown. They appear to be the same shape, but the triangle on the right is larger The vertices of the triangle on the left are labeled A, B, and C. The side across from A is labeled a, the side across from B is labeled 15, and the side across from C is labeled 17. The vertices of the triangle on the right are labeled X, Y, and Z. The side across from X is labeled 12, the side across from Y is labeled y, and the side across from Z is labeled 25.5.]Figure 6.1.23 Solution [image: 8]
  
 
 Try it
  19) [image: \bigtriangleup ABC] is similar to [image: \bigtriangleup XYZ]. Find [image: y].
 [image: Two triangles are shown. They appear to be the same shape, but the triangle on the right is larger The vertices of the triangle on the left are labeled A, B, and C. The side across from A is labeled a, the side across from B is labeled 15, and the side across from C is labeled 17. The vertices of the triangle on the right are labeled X, Y, and Z. The side across from X is labeled 12, the side across from Y is labeled y, and the side across from Z is labeled 25.5.]Figure 6.1.24 Solution [image: 22.5]
  
 
 Use the Pythagorean Theorem
 The Pythagorean Theorem is a special property of right triangles that has been used since ancient times. It is named after the Greek philosopher and mathematician Pythagoras who lived around 500 BCE.
 Remember that a right triangle has a [image: 90^\circ] angle, which we usually mark with a small square in the corner. The side of the triangle opposite the [image: 90^\circ] angle is called the hypotenuse, and the other two sides are called the legs. See Figure 6.1.25.
 In a right triangle, the side opposite the [image: 90^\circ] angle is called the hypotenuse and each of the other sides is called a leg.
 [image: Three right triangles are shown. Each has a box representing the right angle. The first one has the right angle in the lower left corner, the next in the upper left corner, and the last one at the top. The two sides touching the right angle are labeled “leg” in each triangle. The sides across from the right angles are labeled “hypotenuse.”]Figure 6.1.25 
 The Pythagorean Theorem tells how the lengths of the three sides of a right triangle relate to each other. It states that in any right triangle, the sum of the squares of the two legs equals the square of the hypotenuse.
 The Pythagorean Theorem
 In any right triangle [image: ABC,\;a^2\;+\;b^2\;=\;c^2].
 Where [image: c] is the length of the hypotenuse [image: a] and [image: b] are the lengths of the legs.
 
 [image: A right triangle is shown. The right angle is marked with a box. Across from the box is side c. The sides touching the right angle are marked a and b.]Figure 6.1.26 
 To solve problems that use the Pythagorean Theorem, we will need to find square roots. In 1.6 The Real Numbers we introduced the notation [image: \sqrt m] and defined it in this way:
 If [image: m\;=\;n^2], then [image: \sqrt m\;=\;n] for [image: n\;\geq\;0].
 For example, we found that [image: \sqrt{25}] is [image: 5] because [image: 5^2\;=\;25].
 We will use this definition of square roots to solve for the length of a side in a right triangle.
 Example 6.1.10
  Use the Pythagorean Theorem to find the length of the hypotenuse.
 [image: Right triangle with legs labeled as 3 and 4.]Figure 6.1.27 Solution Step 1: Read the problem. 
 Step 2: Identify what you are looking for.
 The length of the hypotenuse of the triangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: c=] the length of the hypotenuse.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}a^2\;+\;b^2\;&=&\;c^2\\3^2\;+\;4^2\;&=&\;c^2\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}3a\;&=&\;4(4.5)\\3a\;&=&\;18\\a\;&=&\;6\\\\4y\;&=&\;3(3.2)\\4y\;&=&\;9.6\\y\;&=&\;2.4\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}3^2\;+\;4^2&=&\;5^2\\9\;+\;16&\overset?=&\;25\\25\;&=&\;25\end{eqnarray*}]
 Step 7: Answer the question.
 The length of the hypotenuse is [image: 5].
  
 
 Try it
  20) Use the Pythagorean Theorem to find the length of the hypotenuse.
 [image: A right triangle is shown. The right angle is marked with a box. Across from the box is side c. The sides touching the right angle are marked 6 and 8.]Figure 6.1.28 Solution [image: 10]
  
 
 Try it
  21) Use the Pythagorean Theorem to find the length of the hypotenuse.
 [image: A right triangle is shown. The right angle is marked with a box. The side across from the right angle is labeled as c. One of the sides touching the right angle is labeled as 15, the other is labeled “8”.]Figure 6.1.29 Solution [image: 17]
  
 
 Example 6.1.11
  Use the Pythagorean Theorem to find the length of the longer leg.
 [image: Right triangle is shown with one leg labeled as 5 and hypotenuse labeled as 13.]Figure 6.1.30 Solution Step 1: Read the problem. 
 Step 2: Identify what you are looking for.
 The length of the leg of the triangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: b=] the leg of the triangle. Label side [image: b].
 [image: right triangle. hypoteneuse=13, one leg=5, other leg=b]Figure 6.1.31 
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}a^2\;+\;b^2\;&=&\;c^2\\5^2\;+\;b^2\;&=&\;13^2\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}25\;+\;b^2\;&=&\;169\\b^2\;&=&\;144\\b^2\;&=&\;\sqrt{144}\\b\;&=&\;12\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}5^2\;+\;12^2\;&\overset?=&\;13^2\\25\;+\;144\;&\overset?=&\;169\\169\;&=&\;169\end{eqnarray*}]
 Step 7: Answer the question.
 The length of the leg is [image: 12].
  
 
 Try it
  22) Use the Pythagorean Theorem to find the length of the leg.
 [image: A right triangle is shown. The right angle is marked with a box. The side across from the right angle is labeled as 17. One of the sides touching the right angle is labeled as 15, the other is labeled “b”.]Figure 6.1.32 Solution [image: 8]
  
 
 Try it
  23) Use the Pythagorean Theorem to find the length of the leg.
 [image: A right triangle is shown. The right angle is marked with a box. The side across from the right angle is labeled as 15. One of the sides touching the right angle is labeled as 9, the other is labeled “b”.]Figure 6.1.33 Solution [image: 12]
  
 
 Example 6.1.12
  Kelvin is building a gazebo and wants to brace each corner by placing a 10-inch wooden bracket diagonally as shown. How far below the corner should he fasten the bracket if he wants the distances from the corner to each end of the bracket to be equal? Approximate to the nearest tenth of an inch.
 [image: A picture of a gazebo is shown. Beneath the roof is a rectangular shape. There are two braces from the top to each side. The brace on the left is labeled as 10 inches. From where the brace hits the side to the roof is labeled as x.]Figure 6.1.34 Solution Step 1: Read the problem. 
 Step 2: Identify what you are looking for.
 The distance from the corner that the bracket should be attached.
 Step 3: Name. Choose a variable to represent it.
 Let [image: x=] the distance from the corner.
 [image: legs labelled x. hypoteneuse 10in]Figure 6.1.35 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}a^{2\;}\;+\;b^2\;&=&\;c^2\\x^2\;+\;x^2\;&=&\;10^2\end{eqnarray*}]
 Step 5: Solve the equation.
 
 [image: \begin{align*} &\;&2x^2&=100\\ &\text{Isolate the variable.}&x^2&=50\\ &\text{Use the definition of the square root. Simplify.}&x&=\sqrt{50}\\ &\text{Approximate to the nearest tenth.}&b&\approx7.1 \end{align*}]
 Step 6: Check.
 [image: \begin{eqnarray*}a^2\;+\;b^2\;&=&\;c^2\\7.1^{2\;}+\;7.1^{2\;}&\overset?\approx&10^2\\Yes.\end{eqnarray*}]
 Step 7: Answer the question.
 Kelvin should fasten each piece of wood approximately [image: 7.1]” from the corner.
  
 
 Try it
  24) John puts the base of a [image: 13]ft ladder [image: 5] feet from the wall of his house. How far up the wall does the ladder reach?
 [image: A picture of a house is shown. There is a ladder leaning against the side of the house. The ladder is labeled 13 feet. The horizontal distance from the ladder's base to the house is labeled 5 feet.]Figure 6.1.36 Solution [image: 12] feet
  
 
 Try it
  25) Randy wants to attach a [image: 17] ft string of lights to the top of the [image: 15] ft mast of his sailboat. How far from the base of the mast should he attach the end of the light string?
 [image: A picture of a boat is shown. The height of the center pole is labeled 15 feet. The string of lights is at a diagonal from the top of the pole and is labeled 17 feet.]Figure 6.1.37 Solution [image: 8] feet
  
 
 ACCESS ADDITIONAL ONLINE RESOURCES
 	Animation: The Sum of the Interior Angles of a Triangle
 	Similar Polygons
 	Example: Determine the Length of the Hypotenuse of a Right Triangle
 
 
 
 Key Concepts
  	Supplementary and Complementary Angles 	If the sum of the measures of two angles is 180°, then the angles are supplementary.
 	If [image: \angle A] and [image: \angle B] are supplementary, then [image: m\angle A\;+\;m\angle B\;=\;180].
 	If the sum of the measures of two angles is [image: 90^\circ], then the angles are complementary.
 	If [image: \angle A] and [image: \angle B] are complementary, then [image: m\angle A\;+\;m\angle B\;=\;90].
 
 
 
 	Solve Geometry Applications 	Read the problem and make sure you understand all the words and ideas. Draw a figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for and choose a variable to represent it.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 	Sum of the Measures of the Angles of a Triangle
 [image: triangle ABC]Figure 6.1.38 	For any [image: \bigtriangleup ABC], the sum of the measures is [image: 180^\circ].
 	[image: mA+mB+mC=180].
 
 
 
 	Right Triangle
 [image: a right angle triangle]Figure 6.1.39 	A right triangle is a triangle that has one [image: 90^\circ] angle.
 
 
 
 	Properties of Similar Triangles 	If two triangles are similar, then their corresponding angle measures are equal and their corresponding side lengths have the same ratio.
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6531#h5p-37 
 
 
 b. What does this checklist tell you about your mastery of this section? What steps will you take to improve?
 
 Glossary
  	angle
 	An angle is formed by two rays that share a common endpoint. Each ray is called a side of the angle.
 
 	complementary angles
 	If the sum of the measures of two angles is 90°, then they are called complementary angles.
 
 	hypotenuse
 	The side of the triangle opposite the 90° angle is called the hypotenuse.
 
 	legs of a right triangle
 	The sides of a right triangle adjacent to the right angle are called the legs.
 
 	right triangle
 	A right triangle is a triangle that has one 90° angle.
 
 	similar figures
 	In geometry, if two figures have exactly the same shape but different sizes, we say they are similar figures.
 
 	supplementary angles
 	If the sum of the measures of two angles is 180°, then they are called supplementary angles.
 
 	triangle
 	A triangle is a geometric figure with three sides and three angles.
 
 	vertex of an angle
 	When two rays meet to form an angle, the common endpoint is called the vertex of the angle.
 
 
 
 
	

			
			


		
	
		
			
	
		

		6.2 Use Properties of Rectangles, Triangles, and Trapezoids

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Understand linear, square, and cubic measure
 	Use properties of rectangles
 	Use properties of triangles
 	Use properties of trapezoids
 
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) The length of a rectangle is [image: 3] less than the width. Let [image: w] represent the width. Write an expression for the length of the rectangle.
 2) Simplify: [image: \frac{1}{2}(6h)]
 3) Simplify: [image: \frac{5}{2}(10.3-7.9)]
 
 
 In this section, we’ll continue working with geometry applications. We will add some more properties of triangles, and we’ll learn about the properties of rectangles and trapezoids.
 
 Understand Linear, Square, and Cubic Measure
 When you measure your height or the length of a garden hose, you use a ruler or tape measure Figure 6.2.1. A tape measure might remind you of a line—you use it for linear measure, which measures length. Inch, foot, yard, mile, centimetre and meter are units of linear measure.
 
 This tape measure measures inches along the top and centimetres along the bottom.
 [image: A picture of a portion of a tape measure is shown. The top shows the numbers 1 through 5. The portion from the beginning to the 1 has a red circle and an arrow to a picture from 0 to 1 inch, with 1 sixteenth, 1 eighth, 3 eighths, 1 half, and 3 fourths labeled. Above this, it is labeled “Standard Measures.” The bottom of the tape measure shows the numbers 1 through 10, then 1 and 2. The region from the edge to about 3 and a half has a red circle with an arrow pointing to a picture from 0 to 3.5. It is labeled 0, 1 cm, 1.7 cm, 2.3 cm and 3.5 cm. Above this, it is labeled “Metric (S).”]Figure 6.2.1 
 When you want to know how much tile is needed to cover a floor, or the size of a wall to be painted, you need to know the area, a measure of the region needed to cover a surface. Area is measured is square units. We often use square inches, square feet, square centimetres, or square miles to measure area. A square centimetre is a square that is one centimetre (cm) on each side. A square inch is a square that is one inch on each side Figure 6.2.2.
 Square measures have sides that are each 1 unit in length.
 [image: Two squares are shown. The smaller one has sides labeled 1 cm and is 1 square centimeter. The larger one has sides labeled 1 inch and is 1 square inch.]Figure 6.2.2 
 Figure 6.2.3 shows a rectangular rug that is [image: 2] feet long by [image: 3] feet wide. Each square is [image: 1] foot wide by [image: 1] foot long, or [image: 1] square foot. The rug is made of [image: 6] squares. The area of the rug is [image: 6] square feet.
 The rug contains six squares of 1 square foot each, so the total area of the rug is 6 square feet.
 [image: A rectangle is shown. It has 3 squares across and 2 squares down, a total of 6 squares.]Figure 6.2.3 
 When you measure how much it takes to fill a container, such as the amount of gasoline that can fit in a tank, or the amount of medicine in a syringe, you are measuring volume. Volume is measured in cubic units such as cubic inches or cubic centimetres. When measuring the volume of a rectangular solid, you measure how many cubes fill the container. We often use cubic centimetres, cubic inches, and cubic feet. A cubic centimetre is a cube that measures one centimetre on each side, while a cubic inch is a cube that measures one inch on each side Figure 6.2.4.
 
 Cubic measures have sides that are 1 unit in length.
 [image: Two cubes are shown. The smaller one has sides labeled 1 cm and is labeled as 1 cubic centimeter. The larger one has sides labeled 1 inch and is labeled as 1 cubic inch.]Figure 6.2.4 
 Suppose the cube in Figure 6.2.5 measures [image: 3] inches on each side and is cut on the lines shown. How many little cubes does it contain? If we were to take the big cube apart, we would find [image: 27] little cubes, with each one measuring one inch on all sides. So each little cube has a volume of [image: 1] cubic inch, and the volume of the big cube is [image: 27] cubic inches.
 A cube that measures [image: 3] inches on each side is made up of [image: 27] one-inch cubes, or [image: 27] cubic inches.
 [image: A cube is shown, comprised of smaller cubes. Each side of the cube has 3 smaller cubes across, for a total of 27 smaller cubes.]Figure 6.2.5 
 Example 6.2.1
  For each item, state whether you would use linear, square, or cubic measure:
 a. amount of carpeting needed in a room
 b. extension cord length
 c. amount of sand in a sandbox
 d. length of a curtain rod
 e. amount of flour in a canister
 f. size of the roof of a doghouse.
 
 Solution 	a. You are measuring how much surface the carpet covers, which is the area. 	square measure 
 	b. You are measuring how long the extension cord is, which is the length. 	linear measure 
 	c. You are measuring the volume of the sand. 	cubic measure 
 	d. You are measuring the length of the curtain rod. 	linear measure 
 	e. You are measuring the volume of the flour. 	cubic measure 
 	f. You are measuring the area of the roof. 	square measure 
  
  
 
 
 
 
 
 
 
 Try It
  4) Determine whether you would use linear, square, or cubic measure for each item.
 a. amount of paint in a can
 b. height of a tree
 c. floor of your bedroom
 d. diameter of bike wheel
 e. size of a piece of sod
 f. amount of water in a swimming pool
 
 Solution a. cubic
 b. linear
 c. square
 d. linear
 e. square
 f. cubic
  
 
 
 5) Determine whether you would use linear, square, or cubic measure for each item.
 a. volume of a packing box
 b. size of patio
 c. amount of medicine in a syringe
 d. length of a piece of yarn
 e. size of housing lot
 f. height of a flagpole
 
 Solution a. cubic
 b. square
 c. cubic
 d. linear
 e. square
 f. linear
  
 
 
 
 
 
 
 
 Many geometry applications will involve finding the perimeter or the area of a figure. There are also many applications of perimeter and area in everyday life, so it is important to make sure you understand what they each mean.
 Picture a room that needs new floor tiles. The tiles come in squares that are a foot on each side—one square foot. How many of those squares are needed to cover the floor? This is the area of the floor.
 Next, think about putting new baseboard around the room, once the tiles have been laid. To figure out how many strips are needed, you must know the distance around the room. You would use a tape measure to measure the number of feet around the room. This distance is the perimeter.
 Perimeter and Area
 The perimeter is a measure of the distance around a figure.
 The area is a measure of the surface covered by a figure
 
 
 Figure 6.2.6 shows a square tile that is [image: 1] inch on each side. If an ant walked around the edge of the tile, it would walk [image: 4] inches. This distance is the perimeter of the tile.
 Since the tile is a square that is [image: 1] inch on each side, its area is one square inch. The area of a shape is measured by determining how many square units cover the shape.
 
 [image: \begin{array}{c}\text{Perimeter}=4\text{inches}\\ \text{Area}=1\text{square inch}\end{array}]
 
 When the ant walks completely around the tile on its edge, it is tracing the perimeter of the tile. The area of the tile is [image: 1] square inch.
 [image: A 5 square by 5 square checkerboard is shown with each side labeled 1 inch. An image of an ant is shown on the top left square.]Figure 6.2.6 
 Example 6.2.2
  Each of two square tiles is [image: 1] square inch. Two tiles are shown together.
 a. What is the perimeter of the figure?
 b. What is the area?
 [image: A checkerboard is shown. It has 10 squares across the top and 5 down the side.]Figure 6.2.7 
 Solution a. The perimeter is the distance around the figure. The perimeter is [image: 6] inches.
 b. The area is the surface covered by the figure. There are [image: 2] square inch tiles so the area is [image: 2] square inches.
  
 [image: A checkerboard is shown. It has 10 squares across the top and 5 down the side. The top and bottom each have two adjacent 1 inch labels across, the sides have 1 inch labels.]Figure 6.2.8  
 
 
 
 
 
 Try It
  6) Find the: a. perimeter and b. area of the figure:
 [image: A rectangle is shown comprised of 3 squares.]Figure 6.2.9 
 Solution a. 8 inches
 b. 3 sq. inches
  
 
 
 7) Find the: a. perimeter b. area of the figure
 [image: A square is shown comprised of 4 smaller squares.]Figure 6.2.10 
 Solution a. 8 centimetres
 b. 4 sq. centimetres
  
 
 
 
 
 Use the Properties of Rectangles
 
 
 
 
 A rectangle has four sides and four right angles. The opposite sides of a rectangle are the same length. We refer to one side of the rectangle as the length, [image: L], and the adjacent side as the width, [image: W]. See Figure 6.2.11.
 A rectangle has four sides, and four right angles. The sides are labelled [image: L] for length and [image: W] for width.
 [image: A rectangle is shown. Each angle is marked with a square. The top and bottom are labeled L, the sides are labeled W.]Figure 6.2.11 
 The perimeter, [image: P], of the rectangle is the distance around the rectangle. If you started at one corner and walked around the rectangle, you would walk  [image: L+W+L+W] units, or two lengths and two widths. The perimeter then is
 [image: P=L+W+L+W] or
 [image: P=2L+2W]
 What about the area of a rectangle? Remember the rectangular rug from the beginning of this section. It was [image: 2] feet long by [image: 3] feet wide, and its area was [image: 6] square feet. See Figure 6.2.13. Since [image: A=2\times\ 3] we see that the area, [image: A], is the length, [image: L], times the width, [image: W], so the area of a rectangle is [image: A=L\times \ W]
 The area of this rectangular rug is [image: 6] square feet, its length times its width.
 [image: A rectangle is shown. It is made up of 6 squares. The bottom is 2 squares across and marked as 2, the side is 3 squares long and marked as 3.]Figure 6.2.12 
 Properties of Rectangles
 	Rectangles have four sides and four right [image: 90^{\circ}] angles.
 	The lengths of opposite sides are equal.
 	The perimeter, [image: P], of a rectangle is the sum of twice the length and twice the width. See Figure 6.2.11.
  [image: P=2L+2W].
 
 	The area, [image: A], of a rectangle is the length times the width.
  [image: A=L\times W]
 
 
 
 
 For easy reference as we work the examples in this section, we will restate the Problem Solving Strategy for Geometry Applications here.
 
 HOW TO
 Use a Problem Solving Strategy for Geometry Applications
 	Read the problem and make sure you understand all the words and ideas. Draw the figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for. Choose a variable to represent that quantity.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 Example 6.2.3
  The length of a rectangle is [image: 32] meters and the width is [image: 20] meters. Find a. the perimeter b. the area
 
 Solution a.Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: .]Figure 6.2.13 Step 2: Identify what you are looking for.
 The perimeter of a rectangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: P]= the perimeter.
 Step 4: Translate. 
 Write the appropriate formula. Substitute.
 [image: \begin{eqnarray*}P\;&=&\;2L\;+\;2W\\P\;&=&\;2(32)\;+\;2(20)\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}P\;&=&\;64\;+\;40\\P\;&=&\;104\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}P\;&\overset?=&\;104\\20\;+\;32\;+\;20\;+\;32\;&\overset?=&\;104\\104\;&\overset?=&\;104\\\end{eqnarray*}]
 Step 7: Answer the question.
 The perimeter of the rectangle is [image: 104] meters.
 
 b.Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: .]Figure 6.2.14 Step 2: Identify what you are looking for.
 The area of a rectangle
 Step 3: Name. Choose a variable to represent it.
 Let [image: A]= the area.
 Step 4: Translate. 
 Write the appropriate formula. Substitute.
 [image: \begin{eqnarray*}A\;&=&\;L\;\times\;W\\A\;&=&\;32m\;\times\;20m\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}A\;&=&\;640\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}A\;&\overset?=&\;640\\32\;\times\;20\;&\overset?=&\;640\\640\;&\overset?=&\;640\end{eqnarray*}]
 Step 7: Answer the question.
 The area of the rectangle is [image: 60] square meters.
 
  
 
 
 
 
 
 Try It
  8) The length of a rectangle is [image: 120] yards and the width is [image: 50] yards. Find a. the perimeter and b. the area.
 
 Solution a. 340 yd
 b. 6000 sq. yd
  
 
 
 9) The length of a rectangle is [image: 62] feet and the width is [image: 48] feet. Find a. the perimeter and b. the area.
 
 Solution a. 220 ft
 b. 2976 sq. ft
  
 
 
 
 
 
 
 
 Example 6.2.4
  Find the length of a rectangle with perimeter [image: 50] inches and width [image: 10] inches.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: .]Figure 6.2.15 Step 2: Identify what you are looking for.
 The length of the rectangle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: L]= the length.
 Step 4: Translate. 
 Write the appropriate formula. Substitute.
 [image: \begin{align*}P&=2L+2W\\50&=2L+2(10)\end{align*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}50\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}\;}{\color[rgb]{1.0, 0.0, 0.0}20}\;&=&\;2L\;+\;20\;{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}20}\\30\;&=&2L\\\frac{30}{\color[rgb]{1.0, 0.0, 0.0}2}\;&=&\;\frac{2L}{\color[rgb]{1.0, 0.0, 0.0}2}\\15\;&=&\;L\\\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{align*}P&=50\\15+10+15+10&\overset?=50\\50&=50\checkmark\end{align*}]
 Step 7: Answer the question.
 The length is [image: 15] inches.
  
 
 
 
 
 
 Try It
  10) Find the length of a rectangle with a perimeter of 80 inches and width of 25 inches.
 
 Solution 15 in.
  
 
 
 11) Find the length of a rectangle with a perimeter of 30 yards and width of 6 yards.
 
 Solution 9 yd
  
 
 
 
 
 
 
 
 In the next example, the width is defined in terms of the length. We’ll wait to draw the figure until we write an expression for the width so that we can label one side with that expression.
 Example 6.2.5
  The width of a rectangle is two inches less than the length. The perimeter is [image: 52] inches. Find the length and width.
 
 Solution Step 1: Read the problem.
 
 Step 2: Identify what you are looking for.
 The length of the rectangle.
 Step 3: Name. Choose a variable to represent it.
 Since the width is defined in terms of the length, we let [image: L =] length. The width is two feet less that the length, so we let width [image: (W)=L-2].
           Now we can create a visual to represent it.
 [image: .]Figure 6.2.16 Step 4: Translate. 
 Write the appropriate formula. The formula for the perimeter of a rectangle relates all the information. 
 Substitute in the given information.
 [image: \begin{eqnarray*}P\;&=&\;2L\;+\;2W\\52\;&=&\;2L\;+\;2(L-2)\end{eqnarray*}]
 Step 5: Solve the equation.
 Combine like terms.
 [image: \begin{align*}52&=2L+2(L-2)\\ 52&={\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}L}{\color[rgb]{1.0, 0.0, 0.0}+}{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}L}-4\\ 52&={\color[rgb]{1.0, 0.0, 0.0}4}{\color[rgb]{1.0, 0.0, 0.0}L}-4 \end{align*}]
 Add [image: 4] to each side.
 [image: \begin{align*} {\color[rgb]{0.0, 0.0, 1.0}4}{\color[rgb]{0.0, 0.0, 1.0}+}52&=4L-4{\color[rgb]{0.0, 0.0, 1.0}+}{\color[rgb]{0.0, 0.0, 1.0}4}\\ 56&=4L\cancel{-4+4} \end{align*}]
 Divide by [image: 4] and solve.
 [image: \begin{align*} \frac{56}{{\color[rgb]{0.0, 0.0, 1.0}4}}&=\frac{4L}{{\color[rgb]{0.0, 0.0, 1.0}4}}\\ \frac{56}{{\color[rgb]{0.0, 0.0, 1.0}4}}&=\frac{\cancel4L}{{\color[rgb]{0.0, 0.0, 1.0}\cancel4}}\\ \frac{56}{4}&=L\\ 14&=L \end{align*}]
 Step 6: Find the width.
 [image: \begin{align*} W&=L-2\\ W&={\color[rgb]{1.0, 0.0, 0.0}14}-2\\ W&=12 \end{align*}]
 Step 7: Check.
 
 [image: \begin{align*} P&=2{\color[rgb]{1.0, 0.0, 0.0}L}+2{\color[rgb]{0.0, 0.0, 1.0}W}\\ 52&=2({\color[rgb]{1.0, 0.0, 0.0}14})+2({\color[rgb]{0.0, 0.0, 1.0}12})\\ 52&={\color[rgb]{1.0, 0.0, 0.0}28}+{\color[rgb]{0.0, 0.0, 1.0}24}\\ 52&=52\checkmark \end{align*}]
 Step 8: Answer the question.
 The length is [image: 14] feet and the width is [image: 12] feet.
  
 
 
 
 
 
 Try It
  12) The width of a rectangle is seven meters less than the length. The perimeter is 58 meters. Find the length and width.
 
 Solution 18 m, 11 m
  
 
 
 13) The length of a rectangle is eight feet more than the width. The perimeter is 60 feet. Find the length and width.
 
 Solution 11 ft , 19 ft
  
 
 
 
 
 
 
 
 Example 6.2.6
  The length of a rectangle is four centimetres more than twice the width. The perimeter is [image: 32] centimetres. Find the length and width.
 
 Solution Step 1: Read the problem.
 
 Step 2: Identify what you are looking for.
 The length and width.
 Step 3: Name. Choose a variable to represent it. Then draw a diagram to show what we are solving for. 
 Let [image: W =] width. The length is four more than twice the width. [image: 2w + 4 =] length.
 
 [image: ]Figure 6.2.17 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}P\;&=&\;{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}L}\;+\;{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}W}\\32\;&=&\;{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}(}{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}W}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}+}{\color[rgb]{0.0, 0.0, 1.0}\;}{\color[rgb]{0.0, 0.0, 1.0}4}{\color[rgb]{0.0, 0.0, 1.0})}\;+\;{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}W}\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{align*} 32&={\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}(}{\color[rgb]{0.0, 0.0, 1.0}2}{\color[rgb]{0.0, 0.0, 1.0}W}{\color[rgb]{0.0, 0.0, 1.0}+}{\color[rgb]{0.0, 0.0, 1.0}4}{\color[rgb]{0.0, 0.0, 1.0})}+{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}W}\\ 32&={\color[rgb]{0.0, 0.0, 1.0}4}{\color[rgb]{0.0, 0.0, 1.0}W}{\color[rgb]{0.0, 0.0, 1.0}+}{\color[rgb]{0.0, 0.0, 1.0}8}+{\color[rgb]{1.0, 0.0, 0.0}2}{\color[rgb]{1.0, 0.0, 0.0}W}\\ 32&=6W+8\\ 24&=6W\\ {\color[rgb]{1.0, 0.0, 0.0}4}&=W\\ 2W+4&=length\\ 2({\color[rgb]{1.0, 0.0, 0.0}4})+4&=\;length\\12&=\;legnth \end{align*}]
 Step 6: Check.
 
 [image: \begin{align*}P&=2L+2W\\32&\overset?=2\times12+2\times4\\32&=32\;\checkmark\end{align*}]
 Step 7: Answer the question.
 The length is [image: 12] cm and the width is [image: 4] cm.
  
 
 
 
 
 
 Try It
  14) The length of a rectangle is eight more than twice the width. The perimeter is 64 feet. Find the length and width.
 
 Solution 8 ft, 24 ft
  
 
 
 15) The width of a rectangle is six less than twice the length. The perimeter is 18 centimetres. Find the length and width.
 
 Solution 5 cm, 4 cm
  
 
 
 
 
 
 
 
 Example 6.2.7
  The area of a rectangular room is [image: 168] square feet. The length is [image: 14] feet. What is the width?
 [image: .]Figure 6.2.18 
 Solution Step 1: Read the problem. 
 Step 2: Identify what you are looking for.
 The width of a rectangular room
 Step 3: Name. Choose a variable to represent it. 
 Let [image: W =] width.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 [image: \begin{eqnarray*}A\;&=&\;LW\\168\;&=&\;14W\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}\frac{168}{14}\;&=&\;\frac{14W}{14}\\12\;&=&\;W\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{align*}A&=LW\\168&\overset?=14\times12\\168&=168\;\checkmark\end{align*}]
 Step 7: Answer the question.
 The width of the room is [image: 12] feet.
  
 
 
 
 
 
 Try It
  16) The area of a rectangle is 598 square feet. The length is 23 feet. What is the width?
 
 Solution 26 ft
  
 
 
 17) The width of a rectangle is 21 meters. The area is 609 square meters. What is the length?
 
 Solution 29 m
  
 
 
 
 
 
 
 
 
 Example 6.2.8
  Find the length of a rectangle with perimeter [image: 50] inches and width [image: 10] inches.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 [image: P=50] inches.
  
 [image: .]Figure 6.2.19 Step 2: Identify what you are looking for.
 The length of the rectangle.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: L =] the length.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}\mathrm P\;&=&\;2\mathrm L\;+\;2\mathrm W\\50\;&=&\;2\mathrm L\;+\;2(10)\\\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{align*} 50{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}}{\color[rgb]{1.0, 0.0, 0.0}20}&=2\mathrm L+20{\color[rgb]{1.0, 0.0, 0.0}-}{\color[rgb]{1.0, 0.0, 0.0}20}\\ 30&=2\mathrm L\\ \frac{30}2&=\frac{2\mathrm L}2\\ 15&=\mathrm L \end{align*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}15+10+15+10&\overset?=&50\\50&=&50\checkmark\end{eqnarray*}]
 Step 7: Answer the question.
 The length is [image: 15] inches.
  
 
 
 
 
 
 Try It
  18) Find the length of a rectangle with: perimeter 80 and width 25.
 
 Solution 15
  
 
 
 19) Find the length of a rectangle with: perimeter 30 and width 6.
 
 Solution 9
  
 
 
 
 
 
 
 
 Example 6.2.9
  The perimeter of a rectangular swimming pool is [image: 150] feet. The length is [image: 15] feet more than the width. Find the length and width.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: .]Figure 6.2.20 Step 2: Identify what you are looking for.
 The length and width of the pool.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: W=] width.
 Let [image: W+15=]length.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}\mathrm P\;&=&\;2\mathrm L\;+\;2\mathrm W\\150\;&=&\;2(\mathrm W\;+15)\;+\;2\mathrm W\\\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}150\;&=&\;2\mathrm W\;+\;30\;+\;2\mathrm W\\150\;&=&\;4\mathrm W\;+\;30\\120\;&=&\;4\mathrm W\\{\color[rgb]{1.0, 0.0, 0.0}30}\;&=&\;\mathrm W\;(\mathrm{the}\;\mathrm{width}\;\mathrm{of}\;\mathrm{the}\;\mathrm{pool})\\\\\mathrm W\;+\;15\;&=&\;\mathrm{length}\;\mathrm{of}\;\mathrm{pool}\\{\color[rgb]{1.0, 0.0, 0.0}30}\;+\;15\;&=&\;\mathrm L\\45\;&=&\;\mathrm L\\\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}\mathrm P\;&=&\;2\mathrm L\;+\;2\mathrm W\\150\;&\overset?=&\;2(45)\;+\;2(30)\\150\;&=&\;150✓\end{eqnarray*}]
 Step 7: Answer the question.
 The length of the pool is [image: 45] feet and the width is [image: 30] feet.
  
 
 
 
 
 
 Try It
  20) The perimeter of a rectangular swimming pool is 200 feet. The length is 40 feet more than the width. Find the length and width.
 
 Solution 30 ft, 70 ft
  
 
 
 21) The length of a rectangular garden is 30 yards more than the width. The perimeter is 300 yards. Find the length and width.
 
 Solution 60 yd, 90 yd
  
 
 
 
 
 Use the Properties of Triangles
 
 
 
 
 We now know how to find the area of a rectangle. We can use this fact to help us visualize the formula for the area of a triangle. In the rectangle in Figure 6.2.21, we’ve labelled the length [image: b] and the width [image: h], so it’s area is [image: bh].
 
 The area of a rectangle is the base, [image: b], times the height, [image: h].
 [image: A rectangle is shown. The side is labeled h and the bottom is labeled b. The center says A equals bh.]Figure 6.2.21 
 We can divide this rectangle into two congruent triangles Figure 6.2.22. Triangles that are congruent have identical side lengths and angles, and so their areas are equal. The area of each triangle is one-half the area of the rectangle, or [image: \frac{1}{2}bh]. This example helps us see why the formula for the area of a triangle is [image: A=\frac{1}{2}bh].
 A rectangle can be divided into two triangles of equal area. The area of each triangle is one-half the area of the rectangle.
 [image: A rectangle is shown. A diagonal line is drawn from the upper left corner to the bottom right corner. The side of the rectangle is labeled h and the bottom is labeled b. Each triangle says one-half bh. To the right of the rectangle, it says “Area of each triangle,” and shows the equation A equals one-half bh.]Figure 6.2.22 
 The formula for the area of a triangle is [image: A=\frac{1}{2}bh], where [image: b] is the base and [image: h] is the height.
 To find the area of the triangle, you need to know its base and height. The base is the length of one side of the triangle, usually the side at the bottom. The height is the length of the line that connects the base to the opposite vertex, and makes a [image: 90^{\circ}] angle with the base. Figure 6.2.23 shows three triangles with the base and height of each marked.
 The height [image: h] of a triangle is the length of a line segment that connects the the base to the opposite vertex and makes a [image: 90^{\circ}] angle with the base.
 [image: Three triangles are shown. The triangle on the left is a right triangle. The bottom is labeled b and the side is labeled h. The middle triangle is an acute triangle. The bottom is labeled b. There is a dotted line from the top vertex to the base of the triangle, forming a right angle with the base. That line is labeled h. The triangle on the right is an obtuse triangle. The bottom of the triangle is labeled b. The base has a dotted line extended out and forms a right angle with a dotted line to the top of the triangle. The vertical line is labeled h.]Figure 6.2.23 
 Triangle Properties
 For any triangle [image: \bigtriangleup ABC], the sum of the measures of the angles is [image: 180^{\circ}].
 [image: m\angle A+m\angle B+m\angle C=180^{\circ}]
 The perimeter of a triangle is the sum of the lengths of the sides.
 [image: P=a+b+c]
 
 The area of a triangle is one-half the base, [image: b], times the height, [image: h].
 
 [image: A=\frac{1}{2}bh]
 [image: A triangle is shown. The vertices are labeled A, B, and C. The sides are labeled a, b, and c. There is a vertical dotted line from vertex B at the top of the triangle to the base of the triangle, meeting the base at a right angle. The dotted line is labeled h.]Figure 6.2.24 
 Example 6.2.10
  Find the area of a triangle whose base is [image: 11] inches and whose height is [image: 8] inches.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: ]Figure 6.2.25 Step 2: Identify what you are looking for.
 The area of the triangle.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: A =] area of the triangle.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}A\;&=&\;\frac12\times\;b\;\times\;h\\A\;&=&\;\frac12\times\;11\;\times\;8\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}A\;&=&\;44\;\text{square inches}\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}A\;&=&\frac12bh\\44\;&\overset?=&\;\frac12\;(11)8\\44\;&=&\;44\;\checkmark\\\end{eqnarray*}]
 Step 7: Answer the question.
 The area is [image: 44] square inches.
  
 
 
 
 
 
 Try It
  22) Find the area of a triangle with base 13 inches and height 2 inches.
 
 Solution 13 sq. in.
  
 
 
 23) Find the area of a triangle with base 14 inches and height 7 inches.
 
 Solution 49 sq. in.
  
 
 
 
 
 
 
 
 Example 6.2.11
  The perimeter of a triangular garden is [image: 24] feet. The lengths of two sides are [image: 4] feet and [image: 9] feet. How long is the third side?
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: .]Figure 6.2.26 Step 2: Identify what you are looking for.
 The length of the third side of a triangle.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: c =] the third side.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}P\;&=&\;a\;+\;b\;+\;c\\P\;&=&\;4\;+\;9\;+\;c\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}24\;&=&\;13\;+\;c\\11\;&=&\;c\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}P\;&=&\;a\;+\;b\;+\;c\\24\;&\overset?=&\;4\;+\;9\;+\;11\\24\;&=&\;24\;\checkmark\\\end{eqnarray*}]
 Step 7: Answer the question.
 The third side is [image: 11] feet long.
  
 
 
 
 
 
 Try It
  24) The perimeter of a triangular garden is 24 feet. The lengths of two sides are 18 feet and 22 feet. How long is the third side?
 
 Solution 8 ft
  
 
 
 25) The lengths of two sides of a triangular window are 7 feet and 5 feet. The perimeter is 18 feet. How long is the third side?
 
 Solution 6 ft
  
 
 
 
 
 
 
 
 Example 6.2.12
  The area of a triangular church window is [image: 90] square meters. The base of the window is [image: 15] meters. What is the window’s height?
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: .]Figure 6.2.27 Step 2: Identify what you are looking for.
 The height of a triangle.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: h =] the height.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{align*}A&=\frac12\times b\times h\\90&=\frac12\times15\times h\end{align*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}90\;&=&\;\frac{15}2h\\12\;&=&\;h\\\\\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}A\;&=&\;\frac12bh\\90\;&\overset?=&\;\frac12\;\times\;15\;\times\;12\\90\;&=&\;90\;\checkmark\\\\\end{eqnarray*}]
 Step 7: Answer the question.
 The height of the triangle is [image: 12] meters.
  
 
 
 Try It
  26) The area of a triangular painting is 126 square inches. The base is 18 inches. What is the height?
 
 Solution 14 in.
  
 
 
 27) A triangular tent door has an area of 15 square feet. The height is 5 feet. What is the base?
 
 Solution 6 ft
  
 
 
 
 
 Isosceles and Equilateral Triangles
 
 
 
 Besides the right triangle, some other triangles have special names. A triangle with two sides of equal length is called an isosceles triangle. A triangle that has three sides of equal length is called an equilateral triangle. Figure 6.2.28 shows both types of triangles.
 In an isosceles triangle, two sides have the same length, and the third side is the base. In an equilateral triangle, all three sides have the same length.
 [image: Two triangles are shown. All three sides of the triangle on the left are labeled s. It is labeled “equilateral triangle”. Two sides of the triangle on the right are labeled s. It is labeled “isosceles triangle”.]Figure 6.2.28 
 Isosceles and Equilateral Triangles
 An isosceles triangle has two sides the same length.
 An equilateral triangle has three sides of equal length.
 
 
 
 Example 6.2.13
  The perimeter of an equilateral triangle is [image: 93] inches. Find the length of each side.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 Perimeter = 93 in.
 
 [image: .]Figure 6.2.29 Step 2: Identify what you are looking for.
 The length of the sides of an equilateral triangle.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: s =] length of each side.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}P\;&=&\;a\;+\;b\;+\;c\\93\;&=&\;s\;+\;s\;+\;s\\\\\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}93\;&=&\;3s\\31\;&=&\;s\\\\\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}93\;&\overset?=&\;31\;+\;31\;+\;31\\93\;&=&\;93\;\checkmark\end{eqnarray*}]
 Step 7: Answer the question.
 Each side is [image: 31] inches.
  
 
 
 
 
 
 Try It
  28) Find the length of each side of an equilateral triangle with perimeter 39 inches.
 
 Solution 13 in.
  
 
 
 29) Find the length of each side of an equilateral triangle with perimeter 51 centimetres.
 
 Solution 17 cm
  
 
 
 
 
 
 
 
 Example 6.2.14
  Arianna has [image: 156] inches of beading to use as trim around a scarf. The scarf will be an isosceles triangle with a base of [image: 60] inches. How long can she make the two equal sides?
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 
 P = [image: 156] in
 [image: .]Figure 6.2.30 Step 2: Identify what you are looking for.
 The lengths of the two equal sides.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: s =] the length of each side.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}P\;&=&\;a\;+\;b\;+\;c\\156\;&=&\;s\;+\;60\;+\;s\\\\\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}156\;&=&\;2s\;+\;60\\90\;&=&\;2s\\48\;&=&\;s\\\\\end{eqnarray*}]
 Step 6: Check.
 
 [image: \begin{eqnarray*}P\;&=&\;a\;+\;b\;+\;c\\156\;&\overset?=&\;48\;+\;60\;+\;48\\156\;&=&\;156\;\checkmark\\\\\end{eqnarray*}]
 Step 7: Answer the question.
 Arianna can make each of the two equal sides [image: 48] inches long.
  
  
 
 
 
 
 
 Try It
  30) A backyard deck is in the shape of an isosceles triangle with a base of 20 feet. The perimeter of the deck is 48 feet. How long is each of the equal sides of the deck?
 
 Solution 14 ft
  
 
 
 31) A boat’s sail is an isosceles triangle with base of 8 meters. The perimeter is 22 meters. How long is each of the equal sides of the sail?
 
 Solution 7 m
  
 
 
 
 
 Use the Properties of Trapezoids
 
 
 
 
 
 A trapezoid is four-sided figure, a quadrilateral, with two sides that are parallel and two sides that are not. The parallel sides are called the bases. We call the length of the smaller base [image: b], and the length of the bigger base [image: B]. The height, [image: h], of a trapezoid is he distance between the two bases as shown in Figure 6.2.31
 A trapezoid has a larger base, [image: B], and a smaller base, [image: b]. The height [image: h] is the distance between the bases.
 [image: A trapezoid is shown. The top is labeled b and marked as the smaller base. The bottom is labeled B and marked as the larger base. A vertical line forms a right angle with both bases and is marked as h.]Figure 6.2.31 
 The formula for the area of a trapezoid is:
 
 [image: {Area}_{trapezoid}=\frac{1}{2}(b+B)]
 
 Splitting the trapezoid into two triangles may help us understand the formula. The area of the trapezoid is the sum of the areas of the two triangles. See Figure 6.2.32.
 Splitting a trapezoid into two triangles may help you understand the formula for its area.
 [image: An image of a trapezoid is shown. The top is labeled with a small b, the bottom with a big B. A diagonal is drawn in from the upper left corner to the bottom right corner.]Figure 6.2.32 
 The height of the trapezoid is also the height of each of the two triangles. See Figure 6.2.33.
 [image: An image of a trapezoid is shown. The top is labeled with a small b, the bottom with a big B. A diagonal is drawn in from the upper left corner to the bottom right corner. There is an arrow pointing to a second trapezoid. The upper right-hand side of the trapezoid forms a blue triangle, with the height of the trapezoid drawn in as a dotted line. The lower left-hand side of the trapezoid forms a red triangle, with the height of the trapezoid drawn in as a dotted line.]Figure 6.2.33 
 The formula for the area of a trapezoid is
 [image: The top line says area of trapezoid equals one-half times blue little b times h plus one-half times red big B times h. Below this is area of trapezoid equals A sub blue triangle plus A sub red triangle.]Figure 6.2.34  
 If we distribute, we get,
  
 [image: The top line says area of trapezoid equals one-half times blue little b times h plus one-half times red big B times h. Below this is area of trapezoid equals A sub blue triangle plus A sub red triangle.]Figure 6.2.35 
 Properties of Trapezoids
 	A trapezoid has four sides. See Figure 6.2.31
 	Two of its sides are parallel and two sides are not.
 	The area, [image: A], of a trapezoid is [image: {A}=\frac{1}{2}h(b+B)].
 
 
 
 Example 6.2.15
  Find the area of a trapezoid whose height is [image: 6] inches and whose bases are [image: 14] and [image: 11] inches.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: Trapezoid B=14in, b=11in, h=6in]Figure 6.2.36 Step 2: Identify what you are looking for.
 The area of the trapezoid.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: A=]the area.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 [image: \begin{eqnarray*}A\;&=&\;\frac12\times\;b\;\times\;h\\A\;&=&\;\frac12\times\;6\times\;(11+14)\\\\\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}1A\;&=&\;\frac12\times\;6(25)\\A\;&=&\;3(25)\\A\;&=&\;75\;sq.\;inches\\\\\end{eqnarray*}]
 Step 6: Check.
 Is this answer reasonable?
 The area of the larger rectangle is [image: 84] square inches and the area of the smaller rectangle is [image: 66] square inches. So it makes sense that the area of the trapezoid is between [image: 84] and [image: 66] square inches
 Step 7: Answer the question.
 The area of the trapezoid is [image: 75] square inches.
  
 
 
 
 
 
 Try It
  32) The height of a trapezoid is 14 yards and the bases are 7 and 16 yards. What is the area?
 
 Solution 161 sq. yd
  
 
 
 33) The height of a trapezoid is 18 centimetres and the bases are 17 and 8 centimetres. What is the area?
 
 Solution 225 sq. cm
  
 
 
 
 
 
 
 
 Example 6.2.16
  Find the area of a trapezoid whose height is [image: 5] feet and whose bases are [image: 10.3] and [image: 13.7] feet.
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: trapezoid B=13.7ft, b=10.3ft, h=5ft]Figure 6.2.37 Step 2: Identify what you are looking for.
 The area of the trapezoid.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: A =] the area.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}A\;&=&\;\frac12\;\times\;h\;\times\;(b+B)\\A\;&=&\;\frac12\;\times\;5\;\times\;(10.3\;+\;13.7)\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}1A\;&=&\;\frac12\;\times\;5(24)\\A\;&=&\;12\;\times\;5\\A\;&=&\;60\;sq.\;ft\\\end{eqnarray*}]
 [image: An image of a trapezoid is shown with a red rectangle drawn around it. The larger base of the trapezoid is labeled 13.7 ft. and is the same as the base of the rectangle. The height of both the trapezoid and the rectangle is 5 ft. Next to this is an image of a trapezoid with a black rectangle drawn inside it. The smaller base of the trapezoid is labeled 10.3 ft. and is the same as the base of the rectangle. Below the images is A sub red rectangle is greater than A sub trapezoid is greater than A sub rectangle. Below this is 68.5, 60, and 51.5.]Figure 6.2.38 Step 6: Check: Is this answer reasonable?
 
 The area of the trapezoid should be less than the area of a rectangle with base [image: 13.7] and height [image: 5], but more than the area of a rectangle with base [image: 10].3 and height [image: 5].
 Step 7: Answer the question.
 The area of the trapezoid is [image: 6]0 square feet.
  
 
 
 
 
 
 Try It
  34) The height of a trapezoid is 7 centimetres and the bases are 4.6 and 7.4 centimetres. What is the area?
 
 Solution 42 sq. cm
  
 
 
 35) The height of a trapezoid is 9 meters and the bases are 6.2 and 7.8 meters. What is the area?
 
 Solution 63 sq. m
  
 
 
 
 
 
 
 
 Example 6.2.17
  Vinny has a garden that is shaped like a trapezoid. The trapezoid has a height of [image: 3.4] yards and the bases are [image: 8.2] and [image: 5.6] yards. How many square yards will be available to plant?
 
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: The trapezoid has a height of 3.4 yards and the bases are 8.2 and 5.6 yards]Figure 6.2.39 Step 2: Identify what you are looking for.
 The area of a trapezoid.
 Step 3: Name. Choose a variable to represent it. 
 Let [image: A =] the area.
 
 Step 4: Translate. 
 Write the appropriate formula and substitute in the given information.
 
 [image: \begin{eqnarray*}A\;&=&\;\frac12\times\;b\;\times\;(b+B)\\A\;&=&\;\frac12\;\times\;3.4\;\times\;(5.6\;+\;8.2)\\\\\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}A\;&=&\;\frac12(3.4)(13.8)\\A\;&=&\;23.46\;sq.\;yards\\\\\end{eqnarray*}]
 	[image: \begin{align*} A_{\color[rgb]{1.0, 0.0, 0.0}\text{rectangle}}&=Bh\\ &=(8.2)(3.4)\\ &=27.88\;yd^2 \end{align*}] 	[image: \begin{align*} A_\text{trapezpoid}&=\frac12(3.4\;yd)(5.6=8.2)\\ &=23.46\;yd^2 \end{align*}] 	[image: \begin{align*} A_{\color[rgb]{0.0, 0.0, 1.0}\text{rectangle}}&=bh\\ &=(5.6)(3.4)\\ &=19.04\;yd^2 \end{align*}] 
 	[image: \begin{align*}A&_{\color[rgb]{1.0, 0.0, 0.0}\text{rectangle}}&>\;\;\;A&_\text{trapezoid}&>\;\;\;A&_{\color[rgb]{0.0, 0.0, 1.0}\text{rectangle}}\\&{\color[rgb]{1.0, 0.0, 0.0}27.88}&\;&23.46&\;&{\color[rgb]{0.0, 0.0, 1.0}19.04}\end{align*}] 
  
 Step 6: Check: Is this answer reasonable?
 
 Yes. The area of the trapezoid is less than the area of a rectangle with a base of [image: 8.2] yd and height [image: 3.4] yd, but more than the area of a rectangle with base [image: 5.6] yd and height [image: 3.4] yd.
 
 Step 7: Answer the question.
 Vinny has [image: 23.46] square yards in which he can plant.
  
 
 
 
 
 
 Try It
  36) Lin wants to sod his lawn, which is shaped like a trapezoid. The bases are 10.8 yards and 6.7 yards, and the height is 4.6 yards. How many square yards of sod does he need?
 
 Solution 40.25 sq. yd
  
 
 
 37) Kira wants cover his patio with concrete pavers. If the patio is shaped like a trapezoid whose bases are 18 feet and 14 feet and whose height is 15 feet, how many square feet of pavers will he need?
 
 Solution 240 sq. ft
  
 
 
 
 
 
 
 
 Additional resources listed. The Links to Literacy activity Spaghetti and Meatballs for All will provide you with another view of the topics covered in this section.
 	Perimeter of a Rectangle
 	Area of a Rectangle
 	Perimeter and Area Formulas
 	Area of a Triangle
 	Area of a Triangle with Fractions
 	Area of a Trapezoid
 
 
 
 
 
 Key Concepts
  	Properties of Rectangles 	Rectangles have four sides and four right ([image: 90°]) angles.
 	The lengths of opposite sides are equal.
 	The perimeter, [image: P], of a rectangle is the sum of twice the length and twice the width. 	[image: P=2L+2W]
 
 
 	The area, [image: A], of a rectangle is the length times the width. 	[image: A=L\times W]
 
 
 
 
 	Triangle Properties 	For any triangle [image: \bigtriangleup ABC], the sum of the measures of the angles is [image: 180°]. 	[image: m\angle A+m\angle B+m\angle C=180°]
 
 
 	The perimeter of a triangle is the sum of the lengths of the sides. 	[image: P=a+b+c]
 
 
 	The area of a triangle is one-half the base, [image: b], times the height, [image: h]. 	[image: A=\frac{1}{2}bh]
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6623#h5p-39 
 
 
 b. On a scale of 1–10, how would you rate your mastery of this section in light of your responses on the checklist? How can you improve this?
 
 
 Glossary
  	area
 	The area is a measure of the surface covered by a figure.
 
 	equilateral triangle
 	A triangle with all three sides of equal length is called an equilateral triangle.
 
 	isosceles triangle
 	A triangle with two sides of equal length is called an isosceles triangle.
 
 	perimeter
 	The perimeter is a measure of the distance around a figure.
 
 	rectangle
 	A rectangle is a geometric figure that has four sides and four right angles.
 
 	trapezoid
 	A trapezoid is four-sided figure, a quadrilateral, with two sides that are parallel and two sides that are not.
 
 
 
 
	

			
			


		
	
		
			
	
		

		6.3 Solve Geometry Applications: Circles and Irregular Figures

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Use the properties of circles
 	Find the area of irregular figures
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Evaluate [image: x^2] when [image: x\;=\;5].
 2) Using [image: 3.14] for [image: \mathrm\pi], approximate the (a) circumference and (b) the area of a circle with radius [image: 8] inches.
 3) Simplify [image: \frac{22}7{(0.25)}^2] and round to the nearest thousandth.
 
 
 
 In this section, we’ll continue working with geometry applications. We will add several new formulas to our collection of formulas. To help you as you do the examples and exercises in this section, we will show the Problem Solving Strategy for Geometry Applications here.
 HOW TO
 Problem Solving Strategy for Geometry Applications
 	Read the problem and make sure you understand all the words and ideas. Draw the figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for. Choose a variable to represent that quantity.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 Use the Properties of Circles
 Do you remember the properties of circles from Decimals and Fractions Together? We’ll show them here again to refer to as we use them to solve applications.
 
 Properties of Circles
 [image: A circle with the midpoint, radius, and diametre indicated]Figure 6.3.1 
 	[image: r] is the length of the radius
 	[image: d] is the length of the diameter
 	[image: d\;=\;2r]
 	Circumference is the perimeter of a circle. The formula for circumference is [image: C\;=\;2\mathrm{πr}]
 
 	The formula for area of a circle is [image: A\;=\;\pi r^2]
 
 
 
 Remember, that we approximate [image: \pi] with [image: 3.14] or [image: \frac{22}7] depending on whether the radius of the circle is given as a decimal or a fraction. If you use the [image: \pi] key on your calculator to do the calculations in this section, your answers will be slightly different from the answers shown. That is because the [image: \pi] key uses more than two decimal places. On assessments, we will always give specific instructions on whether to use the approximations above or not.
 Example 6.3.1
  A circular sandbox has a radius of [image: 2.5] feet. Find the:
 a. circumference
 b. area of the sandbox
 Solution a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: radius 2.5ft]Figure 6.3.2 Step 2: Identify what you are looking for.
 The circumference of the circle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: c=] the circumference of the circle.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}C\;&=&\;2\pi r\\\mathrm C\;&=&\;2\mathrm\pi(2.5)\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}C\;&\approx&\;2(3.14)(2.5)\\C\;&\approx&\;15ft\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 Yes. If we draw a square around the circle, its sides would be [image: 5] ft (twice the radius), so its perimeter would be [image: 20] ft. This is slightly more than the circle’s circumference, [image: 15.7] ft.
 [image: Cirle with r=2.5ft. Red square drawn around circle each side is 5ft]Figure 6.3.3 Step 7: Answer the question.
 The circumference of the sandbox is [image: 15.7] feet.
 
 b. Step 1: Read the problem. Draw the figure and label it with the given information
 [image: circle with r=2.5ft]Figure 6.3.4 Step 2: Identify what you are looking for.
 
 The area of the circle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: A=] the area of the circle.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}A\;&=&\;\mathrm{\pi r}^2\\\mathrm A\;&=&\;\mathrm\pi{(2.5)}^2\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}A&\approx&\;(3.14){(2.5)}^2\;\\A&\approx&\;19.625\;sq.\;ft\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 Yes. If we draw a square around the circle, its sides would be [image: 5] ft, as shown in part a.. So the area of the square would be [image: 25] sq. ft. This is slightly more than the circle’s area, [image: 19.625] sq. ft.
 Step 7: Answer the question.
 The area of the circle is [image: 19.625] square feet.
  
 
 Try It
  4) A circular mirror has radius of [image: 5] inches. Find the a. circumference and b. area of the mirror.
 
 Solution a. [image: 31.4] in.
 b. [image: 78.5] sq. in.
  
 
 
 
 
 
 Try It
  5) A circular spa has radius of [image: 4.5] feet. Find the a. circumference and b. area of the spa.
 
 Solution a. [image: 28.26] ft
 b. [image: 63.585] sq. ft
  
 
 
 
 
 
 We usually see the formula for circumference in terms of the radius [image: r] of the circle: [image: C\;=\;2\mathrm{\pi r}]
 But since the diameter of a circle is two times the radius, we could write the formula for the circumference in terms [image: d].
 Using the Communitive Property, we get: [image: \begin{eqnarray*}C\;&=\;2\mathrm{\pi r}\\\mathrm C\;&=\;\mathrm\pi2\mathrm r\end{eqnarray*}]
 Then, substituting [image: d\;=\;2r]: [image: \begin{eqnarray*}C\;&=\mathrm{\pi d}\end{eqnarray*}]
 We will use this form of the circumference when we’re given the length of the diameter instead of the radius.
 Example 6.3.2
  A circular table has a diameter of four feet. What is the circumference of the table?
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: cicle in wooden pattern d=4ft]Figure 6.3.5 Step 2: Identify what you are looking for.
 The circumference of the table.
 Step 3: Name. Choose a variable to represent it.
 Let [image: c=] the circumference of the table.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}C\;&=&\;\mathrm{\pi d}\\\mathrm C\;&=&\;\mathrm\pi(4)\end{eqnarray*}]
 Step 5: Solve the equation, using [image: 3.1]4 for [image: \mathrm\pi].
 [image: \begin{eqnarray*}C\;&\approx&\;(3.14)(4)\\C\;&\approx&\;12.56\;feet\end{eqnarray*}]
 Step 6: Check.
 If we put a square around the circle, its side would be [image: 4]. The perimeter would be [image: 16]. It makes sense that the circumference of the circle, [image: 12.56], is a little less than [image: 16].
 [image: circle d=4ft. Red square drawn around circle each side = 4ft]Figure 6.3.6 Step 7: Answer the question.
 The diameter of the table is [image: 12.56] square feet.
  
 
 Try It
  6) Find the circumference of a circular fire pit whose diameter is [image: 5.5] feet.
 
 Solution [image: 17.27] ft
  
 
 
 
 
 
 Try It
  7) If the diameter of a circular trampoline is [image: 12] feet, what is its circumference?
 
 Solution [image: 37.68] ft
  
 
 
 Example 6.3.3
  Find the diameter of a circle with a circumference of [image: 47.1] centimetres.
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: circle with diametre line indicated. C=47.1cm]Figure 6.3.7 Step 2: Identify what you are looking for.
 The diameter of the circle.
 Step 3: Name. Choose a variable to represent it.
 Let [image: d=] the diameter of the circle.
 Step 4: Translate. 
 Write the formula, using [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}C\;&=&\;\mathrm{\pi d}\\\mathrm C\;&=&\;\mathrm\pi(4)\end{eqnarray*}]
 Step 5: Solve the equation.
 
 [image: \begin{eqnarray*}C\;&\approx&\;(3.14)(4)\\C\;&\approx&\;12.56\;feet\end{eqnarray*}]
 Step 6: Check.
 [image: \begin{eqnarray*}C\;&=&\;\mathrm{\pi d}\\47.1\;&\overset?=&\;(3.14)(15)\\47.1\;&=&\;47.1\end{eqnarray*}]
 Step 7: Answer the question.
 The diameter of the circle is approximately [image: 15] centimetres.
  
 
 Try It
  8) Find the diameter of a circle with circumference of [image: 94.2] centimetres.
 
 Solution [image: 30] cm
  
 
 
 
 
 
 Try It
  9) Find the diameter of a circle with circumference of [image: 345.4] feet.
 
 Solution [image: 110] ft
  
 
 
 
 
 
 
 Find the Area of Irregular Figures
 So far, we have found area for rectangles, triangles, trapezoids, and circles. An irregular figure is a figure that is not a standard geometric shape. Its area cannot be calculated using any of the standard area formulas. But some irregular figures are made up of two or more standard geometric shapes. To find the area of one of these irregular figures, we can split it into figures whose formulas we know and then add the areas of the figures.
 Example 6.3.4
  Find the area of the shaded region.
 [image: irregular shape with side legnths as follows: 4, 12, 10, 2]Figure 6.3.8 Solution The given figure is irregular, but we can break it into two rectangles. The area of the shaded region will be the sum of the areas of both rectangles.
 [image: Afigure=Ablue rectangle + A red rectangle. Blue rectangle sides are 4 & 12. Red rectangle sides are 2 & 10-4]Figure 6.3.9 The blue rectangle has a width of [image: 12] and a length of [image: 4] The red rectangle has a width of [image: 2], but its length is not labelled. The right side of the figure is the length of the red rectangle plus the length of the blue rectangle. Since the right side of the blue rectangle is [image: 4] units long, the length of the red rectangle must be [image: 6] units.
 [image: Blue and red coloured shape. Blue rectangle sides, 4, 12, 4, 12. Red rectangle sides 2, 6, 2, 6. Total side legnth of 10 show and divided as 4 & 6]Figure 6.3.10 [image: \begin{eqnarray*}A_{figure}&=&A_{blue\;rectangle}\;+\;A_{red\;rectangle}\\A_{figure\;}&=&bh\;+\;bh\\A_{figure}&=&12\;\times\;4\;+\;2\;\times\;6\;\\A_{figure}&=&48\;+12\\A_{figure}&=&60\\\end{eqnarray*}]
 The area of the figure is [image: 60] square units.
 Is there another way to split this figure into two rectangles? Try it, and make sure you get the same area.
  
 
 Try It
  10) Find the area of each shaded region:
 [image: irregular shape with sides: 8, 2, 3, 6]Figure 6.3.11  
 
 Solution [image: 28] sq. units
  
 
 
 
 
 
 Try It
  11) Find the area of each shaded region:
 [image: irregular shape with sides: 5, 14, 10, 6]Figure 6.3.12 
 Solution 110 sq. units
  
 
 
 Example 6.3.5
  Find the area of the shaded region.
 [image: irregular shape with sides: 5, 7, 8, 4]Figure 6.3.13 Solution We can break this irregular figure into a triangle and rectangle. The area of the figure will be the sum of the areas of triangle and rectangle.
 The rectangle has a length of [image: 8] units and a width of [image: 4] units.
 We need to find the base and height of the triangle.
 Since both sides of the rectangle are [image: 4], the vertical side of the triangle is [image: 3], which is [image: 7-4].
 The length of the rectangle is [image: 8], so the base of the triangle will be [image: 3], which is [image: 8-4].
 [image: shape divided into a rectangle (blue) and a triangle (red). Rectangle sides: 8, 4, 8, 4. Right triangle sides (legs) 3, 3. Triangle and rectangle total side of 7 show and broken into 3, 4]Figure 6.3.14 Now we can add the areas to find the area of the irregular figure.
 [image: \begin{eqnarray*}A_{Figure}\;&=&A_{rectangle}\;+\;A_{triangle}\\A_{Figure}\;&=&\;lw\;+\;\frac12bh\\A_{Figure}\;&=&\;8\;\times\;4\;+\frac12\;\times\;3\;\times\;3\\A_{Figure}\;&=&\;32\;+\;4.5\\A_{Figure}\;&=&\;36.4\;sq.\;units\end{eqnarray*}]
 The area of the figure is [image: 36.5] square units.
  
 
 Try It
  12) Find the area of each shaded region.
 [image: A blue geometric shape is shown. It looks like a rectangle with a triangle attached to the lower right side. The base of the rectangle is labeled 8, the height of the rectangle is labeled 4. The distance from the top of the rectangle to where the triangle begins is labeled 3, the top of the triangle is labeled 3.]Figure 6.3.15 
 Solution 36.5 sq. units
  
 
 
 
 
 
 Try It
  13) Find the area of each shaded region.
 [image: ]Figure 6.3.16 
 Solution 70 sq. units
  
 
 Example 6.3.6
  A high school track is shaped like a rectangle with a semi-circle (half a circle) on each end. The rectangle has length [image: 105] meters and width [image: 68] meters. Find the area enclosed by the track. Round your answer to the nearest hundredth.
 [image: areal image of a track with a large blue oval centre and red rings around it]Figure 6.3.17 Solution We will break the figure into a rectangle and two semi-circles. The area of the figure will be the sum of the areas of the rectangle and the semicircles.
 [image: 68m written inside the shape. 105m written below the shape]Figure 6.3.18 The rectangle has a length of [image: 105]m and a width of [image: 68]m. The semi-circles have a diameter of [image: 68]m, so each has a radius of [image: 34]m.
 [image: \begin{eqnarray*}A_{Figure}\;&=&A_{rectangle}\;+\;A_{semicircles}\\A_{Figure}\;&=&\;bh\;+\;2(\frac12\mathrm\pi\times\mathrm r^2)\\A_{Figure}\;&\approx&\;105\;\times\;68\;+\left(\frac12\times3.14\times34^2\right)\\A_{Figure}\;&\approx&\;7140\;+3629.84\\A_{Figure}\;&\approx&\;10,769.84\end{eqnarray*}]
 The area enclosed is [image: 10,769.84] square meters.
  
 
 Try It
  14) Find the area:
 [image: A shape is shown. It is a blue rectangle with a portion of the rectangle missing. There is a red circle the same height as the rectangle attached to the missing side of the rectangle. The top of the rectangle is labeled 15, the height is labeled 9.]Figure 6.3.19 
 Solution [image: 103.2] sq. units
  
 
 
 
 
 Try It
  15) Find the area:
 [image: A blue geometric shape is shown. It appears to be two trapezoids with a semicircle at the top. The base of the semicircle is labeled 5.2. The height of the trapezoids is labeled 6.5. The combined base of the trapezoids is labeled 3.3.]Figure 6.3.20 
 Solution [image: 38.24] sq. units
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 Key Concepts
  		Problem Solving Strategy for Geometry Applications 	Read the problem and make sure you understand all the words and ideas. Draw the figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for. Choose a variable to represent that quantity.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 
 
 
 		Properties of Circles
 
 
 
 [image: A circle with the midpoint, radius, and diametre indicated]Figure 6.3.21 		[image: d\;=\;2r]
 	Circumference: [image: C\;=\;2\mathrm{\pi r}] or [image: C\;=\;\mathrm{\pi d}]
 	Area: [image: \mathrm A\;=\;\mathrm{\pi r}^2]
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6679#h5p-40 
 
 
 b. After looking at the checklist, do you think you are well prepared for the next section? Why or why not?
 
 
 
 
 
 
 
 
 
 
 
 Glossary
  	irregular figure
 	An irregular figure is a figure that is not a standard geometric shape. Its area cannot be calculated using any of the standard area formulas.
 
 
 
 
	

			
			


		
	
		
			
	
		

		6.4 Solve Geometry Applications: Volume and Surface Area

								

	
				 Learning Objectives
  By the end of this section, you will be able to:
 	Find volume and surface area of rectangular solids
 	Find volume and surface area of spheres
 	Find volume and surface area of cylinders
 	Find volume of cones
 
 
 
 Try It
  Before you get started, take this readiness quiz:
 1) Evaluate [image: x^3] when [image: x\;=\;5].
 2) Evaluate [image: 2^x] when [image: x\;=\;5].
 3) Find the area of a circle with radius [image: \frac72].
 
 
 
 In this section, we will finish our study of geometry applications. We find the volume and surface area of some three-dimensional figures. Since we will be solving applications, we will once again show our Problem-Solving Strategy for Geometry Applications.
 
 HOW TO
 Problem Solving Strategy for Geometry Applications
 	Read the problem and make sure you understand all the words and ideas. Draw the figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for. Choose a variable to represent that quantity.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
 
 Find Volume and Surface Area of Rectangular Solids
 
 
 A cheerleading coach is having the squad paint wooden crates with the school colours to stand on at the games. (See Figure 6.4.1.). The amount of paint needed to cover the outside of each box is the surface area, a square measure of the total area of all the sides. The amount of space inside the crate is the volume, a cubic measure.
 This wooden crate is in the shape of a rectangular solid. (Figure 6.4.1)
 Each crate is in the shape of a rectangular solid. Its dimensions are the length, width, and height. The rectangular solid shown in (Figure 6.4.1) has length [image: 4] units, width [image: 2] units, and height [image: 3] units. Can you tell how many cubic units there are altogether? Let’s look layer by layer.
 
 Breaking a rectangular solid into layers makes it easier to visualize the number of cubic units it contains. This [image: 4] by [image: 2] by [image: 3] rectangular solid has [image: 24] cubic units.
 
  
 [image: A stacked 3 colour rectangular solid. The second image pulls the layers apart. The top layer has 8 cubic units, the middle layer has 8 cubic units, the bottom layer has 8 cubic units]Figure 6.4.1 Altogether there are [image: 24] cubic units. Notice that [image: 24] is the [image: length\;\times\;width\;\times\;height].
 
 [image: \begin{eqnarray*}Volume\;&=&\;L\;\times\;W\;\times\;H\\24\;&=&\;4\;\times\;2\;\times\;3\end{eqnarray*}]
 The volume, [image: V], of any rectangular solid is the product of the length, width, and height.
 [image: V=LWH]
 We could also write the formula for volume of a rectangular solid in terms of the area of the base. The area of the base, [image: B], is equal to [image: length\times width].
 [image: B\;=\;LW]
 We can substitute [image: B] for [image: LW] in the volume formula to get another form of the volume formula.
 
 [image: \begin{eqnarray*}V\;&=&\;L\;\times\;W\;\times\;H\\V\;&=&\;(L\times W)\;\times\;H\\V&=&\;Bh\end{eqnarray*}]
 We now have another version of the volume formula for rectangular solids. Let’s see how this works with the [image: 4\;\times\;2\;\times\;3] rectangular solid we started with. See Figure 6.4.2.
 [image: A rectangular solid with sides 2, 4, 3]Figure 6.4.2 To find the surface area of a rectangular solid, think about finding the area of each of its faces. How many faces does the rectangular solid above have? You can see three of them.
 
 	[image: A_{front}\;=\;LW] 	[image: A_{side}\;=\;LW] 	[image: A_{top}\;=\;LW] 
 	[image: A_{front}\;=\;4\;\times\;3] 	[image: A_{side}\;=\;2\;\times\;3] 	[image: A_{top}\;=\;4\;\times\;2] 
 	[image: A_{front}\;=\;12] 	[image: A_{side}\;=\;6] 	[image: A_{top}\;=\;8] 
  
 
 Notice for each of the three faces you see, there is an identical opposite face that does not show.
 
 
 [image: \begin{eqnarray*}S\;&=&\;(front\;+\;back)\;+\;(left\;side\;+\;right\;side)\;+\;(top\;+\;bottom)\\S\;&=&\;2(front)\;+\;2(left\;side)\;+\;2(top)\\S\;&=&\;2(12)\;+\;2(6)\;+\;2(8)\\S\;&=&\;24\;+\;12\;+\;16\\S\;&=&\;52\;sq.\;units\end{eqnarray*}]
 The surface area [image: S] of the rectangular solid shown in Figure 6.4.2 is [image: 52] square units.
 In general, to find the surface area of a rectangular solid, remember that each face is a rectangle, so its area is the product of its length and its width (see Figure 6.4.3). Find the area of each face that you see and then multiply each area by two to account for the face on the opposite side.
 [image: S\;=\;2LH\;+\;2LW\;+\;2WH]
 
 For each face of the rectangular solid facing you, there is another face on the opposite side. There are [image: 6] faces in all.
 [image: A rectangular solid is shown. The sides are labeled L, W, and H. One face is labeled LW and another is labeled WH.]Figure 6.4.3 
 Volume and Surface Area of a Rectangular Solid
 For a rectangular solid with length [image: L], width [image: W], and height [image: H]:
 [image: A rectangular solid is shown. The sides are labeled L, W, and H. Beside it is Volume: V equals LWH equals BH. Below that is Surface Area: S equals 2LH plus 2LW plus 2WH.]Figure 6.4.4 
 Example 6.4.1
  For a rectangular solid with length [image: 14] cm, height [image: 17] cm, and width [image: 9] cm, find:
 a. volume
 b. surface area
 Solution Step 1 is the same for both a. and b., so we will show it just once.
 a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: Rectangular solid with side 14, 9, 17]Figure 6.4.5 Step 2: Identify what you are looking for.
 The volume of the rectangular solid.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}V\;&=&\;LWH\\V\;&=&\;14\;\times\;9\;\times17\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}V\;&=&\;2,142\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 We leave it to you to check your calculations.
 Step 7: Answer the question.
 The volume is [image: 2,142] cubic centimetres.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the solid
 Step 3: Name. Choose a variable to represent it.
 Let [image: S] = surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}S\;&=&\;2LH\;+\;2LW\;+\;2WH\\S\;&=&\;2(14\times17)\;+\;2(14\times9)\;+\;2(9\times17)\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}S\;&=&\;1,034\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 Double-check with a calculator.
 Step 7: Answer the question.
 The surface area is [image: 1,034] square centimetres.
  
 
 Try It
  4) Find the a. volume and b. surface area of rectangular solid with the: length [image: 8] feet, width [image: 9] feet, and height [image: 11] feet.
 
 Solution a. [image: 792] cu. ft
 b. [image: 518] sq. ft
  
 
 
 Try It
  5) Find the a. volume and b. surface area of rectangular solid with the: length [image: 15] feet, width [image: 12] feet, and height [image: 8] feet.
 
 Solution a. [image: 1,440] cu. ft
 b. [image: 792] sq. ft
  
 
 
 
 Example 6.4.2
  A rectangular crate has a length of [image: 30] inches, width of [image: 25] inches, and height of [image: 20] inches. Find:
 a. volume
 b. surface area
 Solution Step 1 is the same for both a. and b., so we will show it just once.
 a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: rectangular solid with sides 30, 25, 20]Figure 6.4.6 Step 2: Identify what you are looking for.
 The volume of the crate.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}V\;&=&\;LWH\\V\;&=&\;30\;\times\;25\;\times\;20\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}V\;&=&\;15,000\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 Double check your math.
 Step 7: Answer the question.
 The volume is [image: 15,000] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the crate.
 Step 3: Name. Choose a variable to represent it.
 Let [image: S=] surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation and substitute in the given information.
 [image: \begin{eqnarray*}S\;&=&\;2LH\;+2LW\;+2WH\\S\;&=&\;2(30\;\times20)\;+2(30\times25)\;+2(25\times20)\end{eqnarray*}]
 Step 5: Solve the equation.
 [image: \begin{eqnarray*}S\;&=&\;3,700\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 Check it yourself!
 Step 7: Answer the question.
 The surface area is [image: 3,700] square inches.
  
 
 Try It
  6) A rectangular box has length [image: 9] feet, width [image: 4] feet, and height [image: 6] feet. Find its a. volume and b. surface area.
 
 Solution a. [image: 216] cu. ft
 b. [image: 228] sq. ft
  
 
 
 
 
 
 Try It
  7) A rectangular suitcase has length [image: 22] inches, width [image: 14] inches, and height [image: 9] inches. Find its a. volume and b. surface area.
 
 Solution a. [image: 2,772] cu. in.
 b. [image: 1,264] sq. in.
  
 
 
 
 
 
 Volume and Surface Area of a Cube
 A cube is a rectangular solid whose length, width, and height are equal. See Volume and Surface Area of a Cube, below. Substituting, [image: s] for the length, width and height into the formulas for volume and surface area of a rectangular solid, we get:
 [image: V\;=\;LWH\\\\\\] [image: S\;=\;2LH\;+\;2LW\;+\;2WH\\\\\\] [image: V\;=\;sss\\\\\\] [image: S\;=\;2ss\;+\;2ss\;+\;2ss\\\\\\] [image: V\;=\;s^3\\\\\\] [image: S\;=\;2s^2\;+\;2s^2\;+\;2s^2\\\\\\] [image: S\;=\;6s^2\\\\\\] 
 So for a cube, the formulas for volume and surface area are [image: V\;=\;s^3] and [image: S\;=\;6s^2].
 Volume and Surface Area of a Cube
 For any cube with sides of length [image: s],
 [image: An image of a cube is shown. Each side is labeled s. Beside this is Volume: V equals s cubed. Below that is Surface Area: S equals 6 times s squared.]Figure 6.4.7 
 Example 6.4.3
  A cube is [image: 2.5] inches on each side. Find:
      a. volume
      b. surface area
 Solution Step 1 is the same for both a. and b., so we will show it just once.
 a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: cube with sides 2.5, 2.5, 2.5]Figure 6.4.8 Step 2: Identify what you are looking for.
 The volume of the cube.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation.
 [image: \begin{eqnarray*}V\;&=&\;s^3\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}V\;&=&\;{(2.5)}^3\;\\V\;&=&\;15.625\end{eqnarray*}]
 Step 6: Check — Check your work.
 Step 7: Answer the question.
 The volume is [image: 15.625] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the cube.
 Step 3: Name. Choose a variable to represent it.
 Let [image: S] = surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 [image: \begin{eqnarray*}S\;&=&\;6s^2\end{eqnarray*}]
 Step 5: Solve and substitute into the equation.
 [image: \begin{eqnarray*}S\;&=&\;6\;\times\;{(2.5)}^2\;\\S\;&=&\;37.5\end{eqnarray*}]
 Step 6: Check. Does this answer make sense? 
 Check is left to you.
 Step 7: Answer the question.
 The surface area is [image: 37.5] square inches.
  
 
 Try It
  8) For a cube with side [image: 4.5] meters, find:
 a. volume
 b. surface area of the cube
 
 Solution a. [image: 91.125] cu. m
 b. [image: 121.5] sq. m
  
 
 
 
 
 
 Try It
  9) For a cube with side [image: 7.3] yards, find:
 a. volume
 b. surface area of the cube
 
 Solution a. [image: 389.017] cu. yd.
 b. [image: 319.74] sq. yd.
  
 
 
 
 
 Example 6.4.4
  A notepad cube measures [image: 2] inches on each side. Find:
      a. volume
      b. surface area
 Solution a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: cube with sides 2, 2, 2]Figure 6.4.9 Step 2: Identify what you are looking for.
 The volume of the cube.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation.
 [image: \begin{eqnarray*}V\;&=&\;s^3\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}V\;&=&\;2^3\\V\;&=&\;8\end{eqnarray*}]
 Step 6: Check
 Check that you did the calculations correctly. 
 Step 7: Answer the question.
 The volume is [image: 8] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the cube
 Step 3: Name. Choose a variable to represent it.
 Let [image: S=] surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 [image: \begin{eqnarray*}S\;&=&\;6s^2\end{eqnarray*}]
 Step 5: Solve and substitute into the equation.
 [image: \begin{eqnarray*}S\;&=&\;6\;\times\;{(2)}^2\;\\S\;&=&\;24\end{eqnarray*}]
 Step 6: Check. Does this answer make sense?
 Check is left to you.
 Step 7: Answer the question.
 The surface area is [image: 24] square inches.
  
 
 Try It
  10) A packing box is a cube measuring [image: 4] feet on each side. Find:
      a. volume
      b. surface area.
 
 Solution a. [image: 64] cu. ft
 b. [image: 96] sq. ft
  
 
 
 
 
 Try It
  11) A wall is made up of cube-shaped bricks. Each cube is [image: 16] inches on each side. Find the a. volume and b. surface area of each cube.
 
 Solution a. [image: 4,096] cu. in.
 b. [image: 1536] sq. in.
  
 
 
 
 
 
 
 Find the Volume and Surface Area of Spheres
 A sphere is the shape of a basketball, like a three-dimensional circle. Just like a circle, the size of a sphere is determined by its radius, which is the distance from the centre of the sphere to any point on its surface. The formulas for the volume and surface area of a sphere are given below.
 Showing where these formulas come from, like we did for a rectangular solid, is beyond the scope of this course. We will approximate [image: \mathrm\pi] with [image: 3.14].
 Volume and Surface Area of a Sphere
 For a sphere with radius [image: r]:
  
 
 [image: An image of a sphere is shown. The radius is labeled r. Beside this is Volume: V equals four-thirds times pi times r cubed. Below that is Surface Area: S equals 4 times pi times r squared.]Figure 6.4.10 
 Example 6.4.5
  A sphere has a radius [image: 6] inches. Find:
      a. volume
      b. surface area
 Solution Step 1 is the same for both a. and b., so we will show it just once.
 a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: sphere with radius 6]Figure 6.4.11 Step 2: Identify what you are looking for.
 The volume of the sphere.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation.
 [image: \begin{eqnarray*}V\;&=&\;\frac43\mathrm{\pi r}^3\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}V\;&\approx&\frac43(3.14)6^3\\V\;&\approx&904.32\end{eqnarray*}]
 Step 6: Check. Double-check your math on a calculator. 
 Step 7: Answer the question.
 The volume is [image: 904.32] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the sphere.
 Step 3: Name. Choose a variable to represent it.
 Let [image: S=] surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 [image: \begin{eqnarray*}S\;&=&\;4\mathrm{\pi r}^2\end{eqnarray*}]
 Step 5: Solve and substitute into the equation.
 [image: \begin{eqnarray*}S\;&\approx&\;4(3.14)6^2\\S\;&\approx&\;452.16\end{eqnarray*}]
 Step 6: Check math on a calculator.
 Step 7: Answer the question.
 The surface area is [image: 452.16] square inches.
  
 
 Try It
  12) Find the a. volume and b. surface area of a sphere with radius [image: 3] centimetres.
 
 Solution a. [image: 113.04] cu. cm
 b. [image: 113.04] sq. cm
  
 
 
 
 
 Try It
  13) Find the a. volume and b. surface area of each sphere with a radius of [image: 1] foot.
 
 Solution a. [image: 4.19] cu. ft
 b. [image: 12.56] sq. ft
  
 
 
 
 
 
 Example 6.4.6
  A globe of Earth is in the shape of a sphere with radius [image: 14] centimetres. Find its a. volume and b. surface area. Round the answer to the nearest hundredth.
 Solution a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: globe (sphere) with radius 14]Figure 6.4.12 Step 2: Identify what you are looking for.
 The volume of the sphere.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation.
 [image: \begin{eqnarray*}V\;&=&\;\frac43\mathrm{\pi r}^3\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}V\;&\approx&\;\frac43(3.14)14^3\\V\;&\approx&\;11,488.21\end{eqnarray*}]
 Step 6: Check. Double-check your math on a calculator. 
 Step 7: Answer the question.
 The volume is [image: 11,488.21] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the sphere.
 Step 3: Name. Choose a variable to represent it.
 Let [image: S=] surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 [image: \begin{eqnarray*}S\;&=&\;4\mathrm{\pi r}^2\end{eqnarray*}]
 Step 5: Solve and substitute into the equation.
 [image: \begin{eqnarray*}S\;&\approx&\;4(3.14)14^2\\S\;&\approx&\;2461.76\end{eqnarray*}]
 Step 6: Check math on a calculator.
 Step 7: Answer the question.
 The surface area is [image: 2461.76] square inches.
  
 
 Try It
  14) A beach ball is in the shape of a sphere with radius of [image: 9] inches. Find:
      a. volume
      b. surface area
 
 Solution a. [image: 3052.08] cu. in.
 b. [image: 1017.36] sq. in.
  
 
 
 
 
 
 Try It
  15) A Roman statue depicts Atlas holding a globe with radius of [image: 1.5] feet. Find:
      a. volume
      b. surface area of the globe
 
 Solution a. [image: 14.13] cu. ft
 b. [image: 28.26] sq. ft
  
 
 
 
 
 
 
 Find the Volume and Surface Area of a Cylinder
 If you have ever seen a can of soda, you know what a cylinder looks like. A cylinder is a solid figure with two parallel circles of the same size at the top and bottom. The top and bottom of a cylinder are called the bases. The height [image: h] of a cylinder is the distance between the two bases. For all the cylinders we will work with here, the sides and the height, [image: h] , will be perpendicular to the bases.
 A cylinder has two circular bases of equal size. The height is the distance between the bases.
 [image: An image of a cylinder is shown. There is a red arrow pointing to the radius of the top labeling it r, radius. There is a red arrow pointing to the height of the cylinder labeling it h, height.]Figure 6.4.13 
 Rectangular solids and cylinders are somewhat similar because they both have two bases and a height. The formula for the volume of a rectangular solid, [image: V=Bh], can also be used to find the volume of a cylinder.
 For the rectangular solid, the area of the base, [image: B], is the area of the rectangular base, [image: length\times width]. For a cylinder, the area of the base, [image: B], is the area of its circular base, [image: \mathrm{\pi r}^2]. Figure 6.4.14 compares how the formula [image: V=Bh] is used for rectangular solids and cylinders.
 Seeing how a cylinder is similar to a rectangular solid may make it easier to understand the formula for the volume of a cylinder.
 [image: In (a), a rectangular solid is shown. The sides are labeled L, W, and H. Below this is V equals capital Bh, then V equals Base times h, then V equals parentheses lw times h, then V equals lwh. In (b), a cylinder is shown. The radius of the top is labeled r, the height is labeled h. Below this is V equals capital Bh, then V equals Base times h, then V equals parentheses pi r squared times h, then V equals pi times r squared times h.]Figure 6.4.14 
 To understand the formula for the surface area of a cylinder, think of a can of vegetables. It has three surfaces: the top, the bottom, and the piece that forms the sides of the can. If you carefully cut the label off the side of the can and unroll it, you will see that it is a rectangle. See Figure 6.4.15.
 By cutting and unrolling the label of a can of vegetables, we can see that the surface of a cylinder is a rectangle. The length of the rectangle is the circumference of the cylinder’s base, and the width is the height of the cylinder.
 [image: A cylindrical can of green beans is shown. The height is labeled h. Beside this are pictures of circles for the top and bottom of the can and a rectangle for the other portion of the can. Above the circles is C equals 2 times pi times r. The top of the rectangle says l equals 2 times pi times r. The left side of the rectangle is labeled h, the right side is labeled w.]Figure 6.4.15 
 The distance around the edge of the can is the circumference of the cylinder’s base it is also the length [image: L] of the rectangular label. The height of the cylinder is the width [image: W] of the rectangular label. So the area of the label can be represented as:
 [image: \begin{eqnarray*}A\;&=&\;L\;\times\;W\\A\;&=&\;(2\mathrm{\pi r})\;\times\;(h)\end{eqnarray*}]
 To find the total surface area of the cylinder, we add the areas of the two circles to the area of the rectangle.
 [image: A rectangle is shown with circles coming off the top and bottom.]Figure 6.4.16 The surface area of a cylinder with radius [image: r] and height [image: h], is:
 [image: S\;=\;2\mathrm{\pi r}^2\;+\;2\mathrm{\pi rh}]
 Volume and Surface Area of a Cylinder
 For a cylinder with radius [image: r] and height [image: h]:
 [image: A cylinder is shown. The height is labeled h and the radius of the top is labeled r. Beside it is Volume: V equals pi times r squared times h or V equals capital B times h. Below this is Surface Area: S equals 2 times pi times r squared plus 2 times pi times r times h.]Figure 6.4.17 
 Example 6.4.7
  A cylinder has height [image: 5] centimetres and radius [image: 3] centimetres. Find the a. volume and b. surface area.
 Solution a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: cylindar with radius 3 height 5]Figure 6.4.18 Step 2: Identify what you are looking for.
 The volume of the cylinder.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 Use [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}V\;&=&\;\mathrm{\pi r}^2\mathrm h\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}V\;&\approx&\;(3.14)3^2\times\;5\\V\;&\approx&\;141.3\end{eqnarray*}]
 Step 6: Check. Double-check your math on a calculator. 
 Step 7: Answer the question.
 The volume is [image: 141.3] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the cylinder.
 Step 3: Name. Choose a variable to represent it.
 Let [image: S=] surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 Use [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}S\;&=&\;2\mathrm{\pi r}^2\;+\;2\mathrm{\pi rh}\end{eqnarray*}]
 Step 5: Solve and substitute into the equation.
 [image: \begin{eqnarray*}S\;&\approx&\;2(3.14)3^2\;+\;2(3.14)(3)5\\S\;&\approx&\;150.72\end{eqnarray*}]
 Step 6: Check math on a calculator.
 Step 7: Answer the question.
 The surface area is approximately [image: 150.72] square inches.
  
 
 Try It
  16) Find the a. volume and b. surface area of the cylinder with radius [image: 4] cm and height [image: 7] cm.
 
 Solution a. [image: 351.68] cu. cm
 b. [image: 276.32] sq. cm
  
 
 
 
 
 
 Try It
  17) Find the a. volume and b. surface area of the cylinder with given radius [image: 2] ft and height [image: 8] ft.
 
 Solution a. [image: 100.48] cu. ft
 b. [image: 125.6] sq. ft
  
 
 
 
 
 
 Example 6.4.8
  Find the a. volume and b. surface area of a can of soda. The radius of the base is [image: 4] centimetres and the height is [image: 13] centimetres. Assume the can is shaped exactly like a cylinder.
 Solution a. Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: pop can (cylindar) radius 4 height 13]Figure 6.4.19 Step 2: Identify what you are looking for.
 The volume of the cylinder.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 Use [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}V\;&=&\;\mathrm{\pi r}^2\mathrm h\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}V\;&\approx&\;(3.14)4^2\times13\\V\;&\approx&\;653.12\end{eqnarray*}]
 Step 6: Check. Double-check your math on a calculator. 
 Step 7: Answer the question.
 The volume is approximately [image: 653.12] cubic inches.
 
 b. Step 2: Identify what you are looking for.
 
 The surface area of the cylinder.
 Step 3: Name. Choose a variable to represent it.
 Let [image: S=] surface area.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 Use [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}S\;&=&\;2\mathrm{\pi r}^2\;+\;2\mathrm{\pi rh}\end{eqnarray*}]
 Step 5: Solve and substitute into the equation.
 [image: \begin{eqnarray*}S\;&\approx&\;2(3.14)4^2\;+\;2(3.14)(4)13\\S\;&\approx&\;427.04\end{eqnarray*}]
 Step 6: Check math on a calculator.
 Step 7: Answer the question.
 The surface area is approximately [image: 427.04] square inches.
  
 
 Try It
  18) Find the a. volume and b. surface area of a can of paint with radius [image: 8] centimetres and height [image: 19] centimetres. Assume the can is shaped exactly like a cylinder.
 
 Solution a. [image: 3,818.24] cu. cm
 b. [image: 1,356.48] sq. cm
  
 
 
 
 
 
 Try It
  19) Find the a. volume and b. surface area of a cylindrical drum with radius [image: 2.7] feet and height [image: 4] feet. Assume the drum is shaped exactly like a cylinder.
 
 Solution a. [image: 91.5624] cu. ft
 b. [image: 113.6052] sq. ft
  
 
 
 
 
 
 
 Find the Volume of Cones
 The first image that many of us have when we hear the word ‘cone’ is an ice cream cone. There are many other applications of cones (but most are not as tasty as ice cream cones). In this section, we will see how to find the volume of a cone.
 In geometry, a cone is a solid figure with one circular base and a vertex. The height of a cone is the distance between its base and the vertex. The cones that we will look at in this section will always have the height perpendicular to the base. See Figure 6.4.20. The height of a cone is the distance between its base and the vertex.
 [image: An image of a cone is shown. The top is labeled vertex. The height is labeled h. The radius of the base is labeled r.]Figure 6.4.20 
 Earlier in this section, we saw that the volume of a cylinder is [image: \mathrm V\;=\; \pi \mathrm r^2\mathrm h]. We can think of a cone as part of a cylinder. Figure 6.4.21 shows a cone placed inside a cylinder with the same height and same base. If we compare the volume of the cone and the cylinder, we can see that the volume of the cone is less than that of the cylinder.
 The volume of a cone is less than the volume of a cylinder with the same base and height.
 [image: An image of a cone is shown. There is a cylinder drawn around it.]Figure 6.4.21 
 In fact, the volume of a cone is exactly one-third of the volume of a cylinder with the same base and height. The volume of a cone is:
 [image: V\;=\;\frac13Bh]
 Since the base of a cone is a circle, we can substitute the formula of area of a circle, [image: \mathrm{\pi r}^2], for [image: B] to get the formula for volume of a cone.
 
 [image: \mathrm V\;=\frac13\mathrm{\pi r}^2\mathrm h]
 In this book, we will only find the volume of a cone, and not its surface area.
 Volume of a Cone
 For a cone with radius [image: r] and height [image: h].
 [image: An image of a cone is shown. The height is labeled h, the radius of the base is labeled r. Beside this is Volume: V equals one-third times pi times r squared times h.]Figure 6.4.22 
 Example 6.4.9
  Find the volume of a cone with height [image: 6] inches and radius of its base [image: 2] inches.
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: cone radius=2 height=6]Figure 6.4.23 Step 2: Identify what you are looking for.
 The volume of the cone.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 Use [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}\mathrm V\;&=&\frac13\mathrm{\pi r}^2\mathrm h\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}\mathrm V\;&\approx&\frac13\times3.14\times{(2)}^2\times(6)\\\mathrm V\;&\approx&25.12\end{eqnarray*}]
 Step 6: Check. Double-check your math on a calculator. 
 Step 7: Answer the question.
 The volume is approximately [image: 25.12] cubic inches.
  
 
 Try It
  20) Find the volume of a cone with height [image: 7] inches and radius [image: 3] inches
 
 Solution [image: 65.94] cu. in.
  
 
 
 
 
 
 Try It
  21) Find the volume of a cone with height [image: 9] centimetres and radius [image: 5] centimetres
 
 Solution [image: 235.5] cu. cm
  
 
 
 
 
 
 Example 6.4.10
  Marty’s favourite gastro pub serves french fries in a paper wrap shaped like a cone. What is the volume of a conic wrap that is [image: 8] inches tall and [image: 5] inches in diameter? Round the answer to the nearest hundredth.
 Solution Step 1: Read the problem. Draw the figure and label it with the given information.
 [image: cone height=8 radius=5]Figure 6.4.24 Step 2: Identify what you are looking for.
 The volume of the cone.
 Step 3: Name. Choose a variable to represent it.
 Let [image: V=] volume.
 Step 4: Translate. 
 Write the appropriate formula for the situation. 
 Use [image: 3.14] for [image: \mathrm\pi].
 [image: \begin{eqnarray*}\mathrm V\;&=&\frac13\mathrm{\pi r}^2\mathrm h\end{eqnarray*}]
 Step 5: Solve. Substitute and Solve.
 [image: \begin{eqnarray*}\mathrm V\;&\approx&\frac13\times3.14\times{(2.5)}^2\times(8)\\\mathrm V\;&\approx&52.33\end{eqnarray*}]
 Step 6: Check. Double-check your math on a calculator. 
 Step 7: Answer the question.
 The volume of the wrap is approximately [image: 52.33] cubic inches.
  
 
 Try It
  22) How many cubic inches of candy will fit in a cone-shaped piñata that is [image: 18] inches long and [image: 12] inches across its base? Round the answer to the nearest hundredth.
 
 Solution [image: 678.24] cu. in.
  
 
 
 
 
 
 Try It
  23) What is the volume of a cone-shaped party hat that is [image: 10] inches tall and [image: 7] inches across at the base? Round the answer to the nearest hundredth.
 
 Solution [image: 128.2] cu. in.
  
 
 
 
 
 
 
 Summary of Geometry Formulas
 The following charts summarize all of the formulas covered in this chapter.
 [image: A table is shown that summarizes all of the formulas in the chapter. The first cell is for Supplementary and Complementary Angles, and says that the measure of angle A plus the measure of angle B equals 180 degrees for supplementary angles A and B and the measure of angle C plus the measure of angle D equals 90 degrees for complementary angles C and D. There is an image of two angles A and B that together form a straight line and two angles C and D that together form a right angle. The next cell says Rectangular Solid and shows the formulas Volume equals LWH and Surface Area equals 2LH plus 2LW plus 2WH. An image of a rectangular solid with sides L, W, and H is shown. The next cell says Triangle. An image of a triangle is shown with sides a, b, and c, vertices A, B, and C, and height h. It says, “For triangle ABC, angle measures measure of angle A plus measure of angle B plus measure of angle C equal 180 degrees. Below this is Perimeter, P equals a plus b plus c. Below this is Area, A equals one-half bh. The next cell says Cube and shows an image of a cube with sides s. It says Volume V equals s cubed and Surface Area S equals 6 times s squared. The next cell says Similar Triangles. It shows two similar triangles ABC and XYZ. It says if triangle ABC is similar to triangle XYZ, then measure of angle A equals measure of angle X, measure of angle B equals measure of angle Y, and measure of angle C equals measure of angle Z. It then says a over x equals b over y equal c over z. The next cell says Sphere and shows an image of a sphere with radius r. It says volume V equals four-thirds times pi times r and Surface Area S equals 4 times pi times r squared. The next cell says Circle. There is an image with two radii labeled r and the diameter labeled d. It says Circumference C equals 2 pi times r and C equals pi times d. It says Area equals pi times r squared. The next cell says Cylinder and shows an image of a cylinder with height h and radius of the base r. It says Volume V equals pi times r squared times h. Below this is V equals Bh. Below that is Surface Area S equals 2 times pi times r squared plus 2 times pi times rh. The next cell says Rectangle and shows an image of a rectangle with sides W and L. It says Perimeter P equals 2L plus 2W, then Area A equals LW. The next cell says Cone and shows an image of a cone with height h and radius of the base r. It says Volume V equals one-third times pi times r squared times h. The last cell says Trapezoid and shows an image of a trapezoid with bases little b and capital B, and height h. It says Area A equals one-half times h times parentheses little b plus capital B.]Figure 6.4.25 [image: This image shows a row with three columns. The first column says Rectangular solid with the formula below that says volume: V equals LWH. Under this, it says Surface Area: S equals 2LH plus 2LW plus 2WH. An image shows an image of a rectangular solid with the sides labeled L , W and H. The middle column says Rectangle. Under this it says Perimeter P equals 2L plus 2W, then Area A equals LW. An image of a rectangle with sides W and L. The right column says Cube. Under this it says “Volume: V equals s to the third power.” Under this is says “Surface area: S equals 6 times s squared. Below it is an image of a cube with three sides labeled “s”.]Figure 6.4.26 Access Additional Online Resources
 	Volume of a Cone
 
 
 Key Concepts
  	Volume and Surface Area of a Rectangular Solid 	[image: V=LWH]
 	[image: S=2LH+2LW+2WH]
 
 
 	Volume and Surface Area of a Cube 	[image: V={s}^{3}]
 	[image: S=6{s}^{2}]
 
 
 	Volume and Surface Area of a Sphere 	[image: V=\frac{4}{3}\pi {r}^{3}]
 	[image: S=4\pi {r}^{2}]
 
 
 	Volume and Surface Area of a Cylinder 	[image: V=\pi {r}^{2}h]
 	[image: S=2\pi {r}^{2} 2\pi rh]
 
 
 	Volume of a Cone 	For a cone with radius [image: r] and height [image: h]:
  Volume: [image: V=\frac{1}{3}\pi {r}^{2}h]
 
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6714#h5p-41 
 
 
 b. After reviewing this checklist, what will you do to become confident for all objectives?
 
 
 Glossary
  	cone
 	A cone is a solid figure with one circular base and a vertex.
 
 	cube
 	A cube is a rectangular solid whose length, width, and height are equal.
 
 	cylinder
 	A cylinder is a solid figure with two parallel circles of the same size at the top and bottom.
 
 
 
 
	

			
			


		
	
		
			
	
		

		6.5 Sine, Cosine and Tangent Ratios and Applications of Trigonometry

								

	
				 Learning Objectives
  By the end of this section it is expected that you will be able to
 	Find missing side of a right triangle using sine, cosine, or tangent ratios
 	Find missing angle of a right triangle using sine, cosine, or tangent ratios
 	Solve applications using right angle trigonometry
 
 
 
 
 Now, that we know the fundamentals of algebra and geometry associated with a right triangle, we can start exploring trigonometry. Many real life problems can be represented and solved using right angle trigonometry.
 Sine, Cosine, and Tangent Ratios
 We know that any right triangle has three sides and a right angle. The side opposite to the right angle is called the hypotenuse. The other two angles in a right triangle are acute angles (with a measure less than [image: 90] degrees). One of those angles we call reference angle and we use [image: θ] (theta) to represent it.
 The hypotenuse is always the longest side of a right triangle. The other two sides are called opposite side and adjacent side. The names of those sides depends on which of the two acute angles is being used as a reference angle.
 [image: This image shows a right triangle. One of the angles is marked. The side that is shared between this angle and the 90 degree angle is called Adjacent. The other side of the angle is called Hypotenuse and the side opposite to the angle is called "opposite".]Figure 6.5.1 
 
 In the right triangle each side is labelled with a lowercase letter to match the uppercase letter of the opposite vertex.
 Example 6.5.1
  Label the sides of the triangle and find the hypotenuse, opposite, and adjacent.
 [image: A right triangle is shown in this image. one on the angles next to the 90degree one is called "theta".]Figure 6.5.2 Solution We labelled the sides with a lowercase letter to match the uppercase letter of the opposite vertex.
 [image: c] is hypotenuse
 [image: a] is opposite
 [image: b] is adjacent
 [image: A right triangle is shown in this image. one on the angles next to the 90degree one is called "theta". the side facing point A, is called lower case a. the same for points C and B]Figure 6.5.3  
 
 Try It
  1) Label the sides of the triangle and find the hypotenuse, opposite and adjacent.
 [image: A right triangle is shown in this image. the 90 degree angle is called Y, the other two angles are called x and z. the angle z is marked.]Figure 6.5.4 Solution [image: y] is hypotenuse
 [image: z] is opposite
 [image: x] is adjacent
  
 
 
 Trigonometric Ratios
 Trigonometric ratios are the ratios of the sides in the right triangle. For any right triangle we can define three basic trigonometric ratios: sine, cosine, and tangent.
 Let us refer to Figure 6.5.1 and define the three basic trigonometric ratios as:
 Three Basic Trigonometric Ratios 
 			[image: sine(\theta) = \frac{\text{the length of the opposite side}}{\text{the length of the  hypotenuse side}}]
 	[image: cosine(\theta) = \frac{\text{the length of the adjacent side}}{\text{the length of the  hypotenuse side}}]
 	[image: tangent(\theta) = \frac{\text{the length of the opposite side}}{\text{the length of the  adjacent side}}]
 
 
 
 
 
 Where [image: θ] is the measure of a reference angle measured in degrees.
 
 Very often we use the abbreviations for sine, cosine, and tangent ratios.
 			[image: sin(\theta)=\frac{opp}{hyp}]
 	[image: cos(\theta)=\frac{adj}{hyp}]
 	[image: tan(\theta)=\frac{opp}{adj}]
 
 
 
 
 
 
 Some people remember the definition of the trigonometric ratios as SOH CAH TOA.
 Let’s use the [image: \Delta DEF] from Example 6.5.2 to find the three ratios.
 Example 6.5.2
  For the given triangle find the sine, cosine and tangent ratio.
 [image: A right triangle is shown in this image. one on the angles next to the 90degree one is called "theta". the side facing point D, is called lower case a. the same for points E and F]Figure 6.5.5 Solution [image: \begin{align*}sin(\theta) &= \frac{f}{d}\\[2ex]cos(\theta)&= \frac{e}{d}\\[2ex]tan(\theta)&= \frac{f}{e}\end{align*}]
  
 
 Try It
  2) For the given triangle find the sine cosine and tangent ratio.
 [image: A right triangle is shown in this image. one on the angles next to the 90degree one is called "theta".]Figure 6.5.6 
 Solution [image: \begin{align*}sin(\theta)&= \frac{z}{y}\\[2ex]cos(\theta)&= \frac{x}{y}\\[2ex]tan(\theta)&= \frac{z}{x}\end{align*}]
  
 
 
 In Example 6.5.2, our reference angles can be angle [image: E] or angle [image: F]. Using the definition of trigonometric ratios, we can write [image: sin(E)=\frac{e}{d}], [image: cos(E)=\frac{f}{d}], and [image: tan(E)=\frac{e}{f}].
 When calculating we will usually round the ratios to four decimal places and at the end our final answer to one decimal place unless stated otherwise.
 Example 6.5.3
  For the given triangle find the sine, cosine and tangent ratios. If necessary round to four decimal places.
 [image: Triangle PRS. p=6, r=4, s=3]Figure 6.5.7 Solution We have two possible reference angles: [image: R] and [image: S].
 Using the definitions, the trigonometric ratios for angle [image: R] are:
 	[image: sin(R)= \frac{4}{5} = 0.8]
 	[image: cos(R)= \frac{3}{5} = 0.6]
 	[image: tan(R)=\frac{4}{3} = 1.3333...]
 
 Using the definitions, the trigonometric ratios for angle [image: S]:
 	[image: sin(S)= \frac{3}{5} = 0.6]
 	[image: cos(S)= \frac{4}{5} = 0.8]
 	[image: tan(S)= \frac{3}{4} = 0.75]
 
  
 
 Try It
  3) For the given triangle find the sine, cosine, and tangent ratios. If necessary round to four decimal places.
 [image: Triangle DEF. d=6, e=10, f=8]Figure 6.5.8 Solution 	[image: sin(F)= \frac{8}{10} = 0.8]
 	[image: cos(F)= \frac{6}{10} =0.6]
 	[image: tan(F)= \frac{8}{6} = 1.3333...]
 	[image: sin(D)= \frac{6}{10} = 0.6]
 	[image: cos(D)= \frac{8}{10} = 0.8]
 	[image: tan(D)= \frac{6}{8} = 0.75]
 
  
 
 
 Now, let us use a scientific calculator to find the trigonometric ratios.  Can you find the sin, cos, and tan buttons on your calculator? To find the trigonometric ratios make sure your calculator is in Degree Mode.
 Example 6.5.4
  Using a calculator find the trigonometric ratios. If necessary, round to 4 decimal places.
 a) [image: sin(30^\circ)]
 b) [image: cos(45^\circ)]
 c) [image: tan(60^\circ)]
 Solution Make sure your calculator is in Degree Mode.
 a.  Using a calculator find that [image: sin(30^\circ)=0.5]
 b.  Using a calculator find that [image: cos(45^\circ)=0.7071] Rounded to 4 decimal places.
 c.  Using a calculator find that [image: tan(60^\circ)=1.7321] Rounded to 4 decimal places.
  
 
 Try It
  4) Find the trigonometric ratios. If necessary, round to 4 decimal places.
 a. [image: sin(60^\circ)]
 b. [image: cos(30^\circ)]
 c. [image: tan(45^\circ)]
 Solution: a. [image: sin(60^\circ)=0.8660]
 b. [image: cos(30^\circ)=0.8660]
 c. [image: tan(45^\circ)=1]
  
 
 
 Finding Missing Sides of a Right Triangle
 In this section you will be using trigonometric ratios to solve right triangle problems. We will adapt our problem solving strategy for trigonometry applications. In addition, since those problems will involve the right triangle, it is helpful to draw it (if the drawing is not given) and label it with the given information. We will include this in the first step of the problem solving strategy for trigonometry applications.
 HOW TO:
 Solve Trigonometry Applications
 	Read the problem and make sure all the words and ideas are understood. Draw the right triangle and label the given parts.
 	Identify what we are looking for.
 	Label what we are looking for by choosing a variable to represent it.
 	Find the required trigonometric ratio.
 	Solve the ratio using good algebra techniques.
 	Check the answer by substituting it back into the ratio in step 4 and by making sure it makes sense in the context of the problem.
 	Answer the question with a complete sentence
 
 
 In the next few examples, having given the measure of one acute angle and the length of one side of the right triangle, we will solve the right triangle for the missing sides.
 Example 6.5.5
   Find the missing sides. Round your final answer to two decimal places
 [image: Triangle XYZ. X=90 degrees Y=35 degrees, x=14, z=?, y=?]Figure 6.5.9 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label  the given parts.
 
 A drawing is given. Angle [image: Y] is our reference angle, [image: y] is opposite side, [image: z] is adjacent side, and [image: x=14] is the hypotenuse.
 Step 2: Identify what you are looking for.
 a. The opposite side.
 b. Adjacent side.
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}y&=&?\\z&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}\text{a.}\;sin(35^\circ)&=& \frac{y}{14}\\[3ex]\text{b.}\;cos(35^\circ)&=&\frac{z}{14}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}\text{a.}\;14\;sin(35^\circ)&=&y\\8.03&=&y\\[3ex]\text{b.}\;14\;sin(35^\circ)&=&z\\11.47&=&z\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{align*}\text{a.}\;0.57&\overset?=8.03 \div14\\ 0.57&=0.57\checkmark\\[3ex] \text{b.}\;0.82&\overset?=11.47 \div14\\ 0.82&=0.82 \checkmark \end{align*}]
 Step 7: Answer the question with a complete sentence.
 a. The opposite side is [image: 8.03].
 b. The adjacent side is [image: 11.47].
  
 
 
 Try It
   5) Find the missing sides. Round  your final answer to one decimal place.
 [image: Triangle ABC. C=90 degrees, A=51 degrees, c=26, b=?, a=?]Figure 6.5.10 Solution [image: \begin{align*}a &= 20.2\\b &= 16.4\end{align*}]
  
 
 
 Example 6.5.6
  Find the hypotenuse. Round your final answer to one decimal place.
 [image: Triangle PRS. P=90 degrees, S=32 degrees, r=4, p=?]Figure 6.5.11 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label  the given parts.
 
 A drawing is given. Angle [image: S] is our reference angle, [image: R] is opposite side, [image: r = 4] is the adjacent side, and [image: P] is the hypotenuse.
 Step 2: Identify what you are looking for.
 The hypotenuse.
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}p&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}cos(32^\circ)&=&\frac{4}{p}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}0.8480&=&\frac{4}{p}\\p&=&4.7170\;\;\text{Rounding the ratios to 4 decimal places}\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{eqnarray*}0.8480&\overset?=&\frac{4}{4.7170}\\0.8480&=&0.8480\checkmark\end{eqnarray*}]
 Step 7: Answer the question with a complete sentence.
 The hypotenuse is [image: 4.7]. Round final answer to one decimal place.
  
 
 Try It
  6) Find the hypotenuse. Round your final answer to one decimal place.
 [image: Triangle PRS. P=90 degrees, R=72 degrees, s=7, p=?]Figure 6.5.12 Solution [image: p = 22.7]
  
 
 
 Finding Missing Angles of a Right Triangle
 Sometimes we have a right triangle with only the sides given. How can we find the missing angles? To find the missing angles, we use the inverse of the trigonometric ratios. The inverse buttons [image: sin^{-1}], [image: cos^{-1}], and [image: tan^{-1}] are on your scientific calculator.
 Example 6.5.7
  Find the angles. Round your final answer to one decimal place.
 a.  [image: sin(A)= 0.5]
 b.  [image: cos(B)= 0.9735]
 c.  [image: tan(C)= 2.89358]
 Solution Use your calculator and press the 2nd FUNCTION key and then press the SIN, COS, or TAN key
 a.  [image: \begin{align*}A &= sin^{-1}(0.5)\\\angle A\ &= 30^\circ\end{align*}]
 b.  [image: \begin{align*}B &= cos^{-1}(0.9735)\\\angle B\  &= 13.2^\circ\end{align*}]    Rounded to one decimal place
 c. [image: \begin{align*}C &= tan^{-1}(2.89358)\\\angle C\ &= 70.9^\circ\end{align*}]    Rounded to one decimal place
  
 
 Try It
  7) Find the angles. Round your final answer to one decimal place.
 a.  [image: sin(X) = 1]
 b.  [image: cos(Y) = 0.375]
 c.  [image: tan(Z)= 1.676767]
 Solution a.  [image: \angle X\  = 90^\circ]
 b.  [image: \angle Y\  = 68^\circ]
 c.  [image: \angle Z\  = 59.2^\circ]
  
 
 
 In the example below we have a right triangle with two sides given. Our acute angles are missing. Let us see what the steps are to find the missing angles.
 Example 6.5.8
  Find the missing [image: \angle T] . Round your final answer to one decimal place.
 [image: Triangle TRS. R=90 degrees, T=theta, t=7, r=11]Figure 6.5.13 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label  the given parts.
 
 A drawing is given. Angle [image: T] is our reference angle,  [image: t = 7] is the opposite side,  [image: s] is adjacent side, and [image: r =11] is the hypotenuse.
 Step 2: Identify what you are looking for.
 Angle [image: T].
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}\angle T&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}\sin(T)\;&=&\;\frac7{11}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}sin(T)&=&0.6364\\T&=&sin^{-1}(0.6364)\\\angle T&=&39.5239^\circ\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{align*}sin\left(39.523^\circ\right)&\overset?=0.6364\\0.6364&=0.6364\checkmark\end{align*}]
 Step 7: Answer the question with a complete sentence.
 The missing angle [image: T] is [image: 39.5^\circ].
  
 
 Try It
  8) Find the missing angle [image: X]. Round your final answer to one decimal place.
 [image: Triangle XYZ Y=90 degrees, y=35, x=12]Figure 6.5.14 Solution [image: 20.1^\circ]
  
 
 
 Example 6.5.9
  Find the missing angle [image: A]. Round your final answer to one decimal place.
 [image: Triangle ABC B=90 degrees c=5, a=9]Figure 6.5.15 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label  the given parts.
 
 A drawing is given. Angle [image: A] is our reference angle,  [image: a = 9] is the opposite side,  [image: c = 5]  is the adjacent side, and [image: b] is the hypotenuse.
 Step 2: Identify what you are looking for.
 Angle [image: A].
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}\angle A&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}tan A&=&\frac{9}{5}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}tan(A)&=&1.8\\A&=&tan^{-1}(1.8)\\\angle A&=&60.9^\circ\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{eqnarray*}tan\;60.9^\circ&\overset?=&\;1.8\\1.8&=&1.8 \checkmark\end{eqnarray*}]
 Step 7: Answer the question with a complete sentence.
 The missing angle [image: A] is [image: 60.9^\circ].
  
 
 Try It
  9) Find the missing angle [image: C]. Round your final answer to one decimal place.
 [image: triangle ABC B=90 degrees c=5 a=9]Figure 6.5.16 Solution [image: 29.1^\circ]
  
 
 
 Solving a Right Triangle
 From the section before we know that any triangle has three sides and three interior angles. In a right triangle, when all six parts of the triangle are known, we say that the right triangle is solved.
 Example 6.5.10
  Solve the right triangle. Round your final answer to one decimal place.
 [image: Triangle ABC C=90 degrees, A=42 degrees a=8]Figure 6.5.17 Solution Since the sum of angles in any triangle is [image: 180^\circ], the measure of angle B can be easy calculated.
 [image: \begin{align*}\angle B\  &=  180^\circ − 90^\circ − 42^\circ\\\angle B\  &= 48^\circ\end{align*}]
 
 Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label the given parts.
 
 A drawing is given. Angle [image: A] is our reference angle, [image: a = 8] is the opposite side, [image: b] is the adjacent side, and [image: c] is the hypotenuse.
 Step 2: Identify what you are looking for.
 a. The adjacent side.
 b. The hypotenuse.
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}\text{a.}\;b&=&?\\ \text{b.}\;c&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}\text{a.}\;tan(42^\circ)&=&\frac{8}{b}\\[2ex] \text{b.}\;sin(42^\circ)&=&\frac{8}{c}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}\text{a.}\;0.9004&=&\frac{8}{b}\\0.9004 b&=&8\\b&=&8.8849\\[3ex]\text{b.}\;0.6691&=&\frac{8}{c}\\0.6691 c&=&8\\c&=&11.9563\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{eqnarray*}\text{a.}\;tan(42^\circ)&\overset?=&\frac8{8.8849}\\0.9&=&0.9 \checkmark\\[3ex]\text{b.}\;sin(42^\circ)&\overset?=&\frac8{11.9563}\\0.6691&=&0.6691 \checkmark\end{eqnarray*}]
 Step 7: Answer the question with a complete sentence.
 a. The adjacent side is [image: 8.9]. Rounded to one decimal place.
 b. The hypotenuse is [image: 12].
 
 We solved the right triangle
 [image: \begin{align*}\angle A\ &= 42^\circ\\\angle B\ &= 48^\circ\\\angle C\ &= 90^\circ\\[2ex]a &= 8\\b &= 8.9\\c &= 12\end{align*}]
  
 
 Try It
  10) Solve the right triangle. Round your final answer to one decimal place.
 [image: Triangle ABC C=90 degrees B=69 degrees a=6]Figure 6.5.18 [image: \begin{align*}\angle A\ &= 21^\circ\\\angle B\ &= 69^\circ\\\angle C\ &= 90^\circ\end{align*}]
 Solution [image: \begin{align*}a &= 6\\b &= 15.6\\c &= 16.7\end{align*}]
  
 
 
 Example 6.5.11
  Solve the right triangle. Round to two decimal places.
 [image: Triangle DEF E=90 degrees, e=9 d=4]Figure 6.5.19 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label the given parts.
 
 A drawing is given. Let angle [image: D] be our reference angle,  [image: d = 4] is the opposite side,  [image: f] is the adjacent side, and [image: e = 9] is the hypotenuse.
 Step 2: Identify what you are looking for.
 a. Angle D.
 b. The adjacent.
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}\text{a.}\;\angle D&=&?\\[2ex] \text{b.}\;f&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}\text{a.}\;sin(D)&=&\frac{4}{9}\\[2ex] \text{b.}\;4^2+f^2&=&9^2\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{align*} &\text{a.}&sin(D)&=0.4444\\ &\;&D&=sin{-1}{0.4444}\\ &\;&\angle D&=26.3850^\circ\\[3ex] &\text{b.}&16+f^2&=81\\ &\;&f^2&=81-16\\ &\;&f^2&=65\\ &\;&f&=\sqrt{65}\\ &\;&f&=8.06 \end{align*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{align*} &\text{a.}&sin(26.3850^\circ)&\overset?=\frac49\\ &\;&0.4444&=0.4444\checkmark\\[3ex] &\text{b.}&4^2+8.06^2&\overset?=9^2\\ &\;&81&=81\checkmark \end{align*}]
 Step 7: Answer the question with a complete sentence.
 a. The missing angle [image: D] is [image: 26.39^\circ].
 b. The adjacent side is [image: 8.06]. Rounded to two decimal places.
 
 The missing angle [image: \begin{eqnarray*}F&=&180^\circ - 90^\circ - 26.39^\circ\\F&=&63.61^\circ\end{eqnarray*}].
 We solved the right triangle
 [image: \begin{align*}\angle D\ &= 26.39^\circ\\\angle E\ &= 90^\circ\\\angle F\ &= 63.61^\circ\\[2ex]d &= 4\\e &= 9\\f &= 8.06\end{align*}]
  
 
 Try It
  11) Solve the right triangle. Round to one decimal place.
 [image: Triangle DEF E=90 degrees f=16 d=9]Figure 6.5.20 [image: \begin{align*}\angle D\ &= 29.3^\circ\\\angle E\ &= 90^\circ\\\angle F\ &= 60.7^\circ\end{align*}]
 Solution [image: \begin{align*}d &= 29.4\\e &= 18.4\\f &= 60.6\end{align*}]
  
 
 
 Solve Applications Using Trigonometric Ratios
 In the previous examples we were able to find missing sides and missing angles of a right triangle. Now, let’s use the trigonometric ratios to solve real-life problems.
 Many applications of trigonometric ratios involve understanding of an angle of elevation or angle of depression.
 The angle of elevation is an angle between the horizontal line (ground) and the observer’s line of sight.
 [image: Diagram showing an observer looking up at the height of a building (angle of elevation)]Figure 6.5.21 The angle of depression is the angle between horizontal line (that is parallel to the ground) and the observer’s line of sight.
 [image: An observer standing on the building looking down at the ground (angle of depression)]Figure 6.5.22 Example 6.5.12
  James is standing [image: 31] metres away from the base of the Harbour Centre in Vancouver. He looks up to the top of the building at a [image: 78^\circ] angle. How tall is the Harbour Centre?
 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label the given parts.
 [image: James standing on corner X, building and ground corner Z. Angle of elevation 78 degrees, he is standing 31m away from the building. Height of the building =x]Figure 6.5.23 
 Angle [image: X] is our reference angle, [image: x] is opposite side, [image: y = 31]m is the adjacent side, and [image: z] is the hypotenuse.
 Step 2: Identify what you are looking for.
 The opposite side.
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}x&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}tan(78^\circ)&=&\frac{x}{31}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}4.7046&=&\frac{x}{31}\\x&=&145.8426\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{eqnarray*}4.7046&\overset?=&\frac{145.8426}{31}\\4.7046&=&4.7046 \checkmark\end{eqnarray*}]
 Step 7: Answer the question with a complete sentence.
 The Harbour Centre is [image: 145.8426] metres or rounded to 146 metres.
  
 
 Try It
  12) Marta is standing [image: 23] metres away from the base of the tallest apartment building in Prince George and looks at the top of the building at a [image: 62^\circ] angle. How tall is the building?
 Solution [image: 43.3] metres
  
 
 
 Example 6.5.13
  Thomas is standing at the top of the building that is [image: 45] metres high and looks at her friend that is standing on the ground, [image: 22] metres from the base of the building. What is the angle of depression?
 Solution Step 1: Read problem and make sure all the words and ideas are understood. Draw the right triangle and label the given parts.
 [image: Thomas is standing on a building (45m) looking at Friend who is 22m away from the building. The angle of degressing is the angle he is looking down at]Figure 6.5.24 Angle [image: Y] is our reference angle,  [image: y = 45]m is the opposite side,  [image: z = 22]m  is the adjacent side, and [image: x] is the hypotenuse.
 Step 2: Identify what you are looking for.
 The angle [image: Y].
 Step 3: Label what we are looking for by choosing a variable to represent it.
 [image: \begin{eqnarray*}\angle Y&=&?\end{eqnarray*}]
 Step 4: Find the required trigonometric ratio.
 
 [image: \begin{eqnarray*}tan(Y)&=&\frac{45}{22}\end{eqnarray*}]
 Step 5: Solve the ratio using good algebra techniques.
 [image: \begin{eqnarray*}tan(Y)&=&2.0455\\Y&=&tan^{-1}(2.0455)\\\angle\;Y&=&63.9470^\circ\end{eqnarray*}]
 Step 6: Check the answer in the problem and by making sure it makes sense.
 
 [image: \begin{align*}tan(63.9470^\circ)&\overset?=\;2.0455\\2.0455&=2.0455\checkmark\end{align*}]
 Step 7: Answer the question with a complete sentence.
 The angle  of depression is [image: 63.9470^\circ] or  [image: 64.0^\circ] rounded to one decimal place.
  
 
 Try It
  13) Hemanth is standing on the top of a cliff [image: 250] feet above the ground and looks at his friend that is standing on the ground, [image: 40] feet from the base of the cliff. What is the angle of depression?
 Solution [image: 80.9^\circ]
  
 
 
 Key Concepts
  	Three Basic Trigonometric Ratios: (Where [image: θ] is the measure of a reference angle measured in degrees). 	[image: sine\;\theta = \frac{\text{the length of the opposite side}}{\text{the length of the  hypotenuse side}}]
 	[image: cosine\;\theta = \frac{\text{the length of the adjacent side}}{\text{the length of the  hypotenuse side}}]
 	[image: tangent\;\theta = \frac{\text{the length of the opposite side}}{\text{the length of the  adjacent side}}]
 
 
 
 	Problem-Solving Strategy for Trigonometry Applications 	Read the problem and make sure all the words and ideas are understood. Draw the right triangle and label  the given parts.
 	Identify what we are looking for.
 	Label what we are looking for by choosing a variable to represent it.
 	Find the required trigonometric ratio.
 	Solve the ratio using good algebra techniques.
 	Check the answer by substituting it back into the ratio solved in step 5 and by making sure it makes sense in the context of the problem.
 	Answer the question with a complete sentence.
 
 
 
 
 
 
 Self Check
 a. After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.
 
  An interactive H5P element has been excluded from this version of the text. You can view it online here:
 https://ecampusontario.pressbooks.pub/prehealthsciencesmath1/?p=6064#h5p-35 
 
 b. Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
 
 
 
	

			
			


		
	
		
			
	
		

		6.6 Unit Sources

								

	
				Unit 6 Sources 
 6.1 “Use Properties of Angles, Triangles, and the Pythagorean Theorem” from Prealgebra 2e by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 6.2 “Use Properties of Rectangles, Triangles, and Trapezoids” from Prealgebra 2e by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 6.3 “Solve Geometry Applications: Circles and Irregular Figures” from Prealgebra 2e by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 6.4 “Solve Geometry Applications: Volume and Surface Area” from Prealgebra 2e by Open Stax – Rice University is licensed under a Creative Commons Attribution 4.0 International License.
 6.5 “Solve Applications: Sine, Cosine and Tangent Ratios” from Business/Technical Mathematics by Izabela Mazur and Kim Moshenko  is licensed under a Creative Commons Attribution 4.0 International License, except where otherwise noted.
 
  
 
	

			
			


		
	
		
			
	
		1

		Versioning History

								

	
				This page provides a record of edits and changes made to this book since its initial publication. Whenever edits or updates are made in the text, we provide a record and description of those changes here. If the change is minor, the version number increases by 0.1. If the edits involve a number of changes, the version number increases to the next full number.
 The files posted alongside this book always reflect the most recent version.
 	Version 	Date 	Change 	Affected Web Page 
 	1.0 	 December, 2022 	First Publication 	N/A 
  
 
	

			
			


		
	EPUB/assets/60caefd6035892c5e2b43cc5c1179396.png





EPUB/assets/761660664c4ab31350fbb7356c20b962.png
R YR YRR Y EYEY.





EPUB/assets/f5c6e01b3510b18445d9badc9ecd3c78.png
Simplify.





EPUB/assets/035363bab1386ed1755cdba5ae572be1.png
6 %(Tg:.]l.o. 0.0,0.040) + %(ryb]l 0,0.0,0.040) — %(rgb]l. 0.0,0.040)

622041630
6=6v





EPUB/assets/c940835a64f0c15307dd6aea0168063e.png
a,b,c and d





EPUB/assets/3aac9b0acbc16c592f7071fe59ea1d5f.png
$7.30





EPUB/assets/d7113ec3ad2ba039865cb9d8902c88a0.png





EPUB/assets/69071521562f8e3c131ef289d4273d06.png
2(rgb]1.0,0.0,0.02rgb]1.0,0.0,0.0Wrgb|1.0,0.0,0.0+rgb|1.0,0.0,0.05) + 2W = 88
AW 410+ 2W = 88

61+ 10 = 88

6W = 78






EPUB/assets/75e135e6e7f15ec72c7facfa80e5005d.png





EPUB/assets/a01be107c2cff5d068c2e78ae5aeb70c.png
TxT





EPUB/assets/e8d6db336b5c1119e66355d85228d234.png
s





EPUB/assets/3778f66355ff56a03a6c5c95f88c32b7.png





EPUB/assets/15061aa8fe183c3c4ee00572b3102eac.png





EPUB/assets/66e25950b35d8bd9495fd7440cf3c966.png





EPUB/assets/b8fc0833a5ea303074aca5e543a59a72.png





EPUB/assets/2b5d9e11986e1c23c39807f11da754ec.png
23r + 145 + 9r + 155





EPUB/assets/eecc4beebf55cd1604d4fbf63a665f20.png





EPUB/assets/6060d6c71f1a5fa33698371bde4deab8.png
9 quarters 9(0.25) = 2.25
18 pennies  18(0.01) = 0.18
Total $2.437





EPUB/assets/29065c8b9d888945e6250eb68ab77acb.png





EPUB/assets/e609d624345ce4dae2d74a3e5810861f.png
4





EPUB/assets/84cd4a62a567321aa334a9dc45debdf1.png





EPUB/assets/b0c854ff28692d7dd0679fefc3cb177a.png





EPUB/assets/c09ef77dd1fed188778fd7e26031d513.png





EPUB/assets/285fbcd2395584da333798e55b376d5f.png





EPUB/assets/58103ff08fbc71907ecda86d9cbd9ac4.png





EPUB/assets/d7a6f7c9bf39cd419f70a11d91ea9565.png
w + h = 110,000
w = 2h — 16,000





EPUB/assets/bb0e292006cfaf3f24f30ea955a24c56.png
h +2h — 16,000 = 110,000

Combine like terms. 3k~ 16,000 = 110,000

Add 16,000 to both sides and simplify. 3h = 126,000

Divide each side by 3. = 42,000
$42,000 the amount the husband earns
2rgh|1.0,0.0,0.0h 16 the amount the wife carns

2(rgb[1.0,0.0,0.042,000) — 16,000
84,000 — 16,000 8, 000






EPUB/assets/50b57e72cda3530c1f1f4466161df683.png
5 years





EPUB/assets/CNX_ElemAlg_Figure_06_03_009a_img_new.jpg
/N
2+ 96y 4)





EPUB/assets/844d83926c562e7d4b195be2b0c30ab0.png
my





EPUB/assets/c983b4fc3064ddf6cc77a2ef9883cae2.png
1.80





EPUB/assets/a1c25aa9eb4c23cf4c4b2a48cab5ec75.png
length x width x height





EPUB/assets/eee2d89ac4f062f57d1e5eb4957aafed.png
ntn+lint2=-42
Combine like terms. 3n+3=—a2
Subtract 3 from each side. 3n=-15
Divide each side by 3. n=-15 1% integer
g]1.0,00,00n + 1
7gb[1.0,0.0,0.0-7gb[1.0,0.0,0.015 + 1 = ~14 2 integer
gh|1.0,0.0,0.0 — 15+ 2 = —13 3 integer






EPUB/assets/107615a81eb3e419b9eaf2b740fa6213.png
{

@ — by
2 — dy

4





EPUB/assets/CNX_ElemAlg_Figure_01_07_005a_img_new-2.jpg
tenths place

18.379





EPUB/assets/8619dcd13069ae91d499e4c62afab378.png
(22° — 3zy — 2°) + (52* — 3zy)





EPUB/assets/Fig-25-300x179-1.png
52






EPUB/assets/32849d0d892cdd385fd390d07c8b0c0f.png





EPUB/assets/61b09f790ab9a942da63c24fa68ef4ec.png
rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.02





EPUB/assets/23762a98e642723de2cf3be7de1fa066.png





EPUB/assets/83bc4d9379a1654a650b3c8496bde2c7.png





EPUB/assets/4cf683ca800238403e1504289490ced7.png
03





EPUB/assets/69dbef828fb7e0d356021b73b57f3383.png
0.07 =p-3.7T1






EPUB/assets/b7927644cbeefd456d97c4007798fba0.png
$185





EPUB/assets/5a5e48c4026aa5fd52d98f929d026a7d.png
T + 2y

3





EPUB/assets/f42559533e3cf6415231f00e4bb17724.png





EPUB/assets/b3b5646f0579b33529102d836a8ef32c.png
M(t) = mt +





EPUB/assets/6ba19aa5d4b47babd05a662f40a96b4c.png





EPUB/assets/93521cbe629cbbef06f9d72143beefac.png
T+ 4





EPUB/assets/2f44d42d238367cc6da369624301ca3c.png
2(16) + 3(4) + 8





EPUB/assets/3bf0ab26435bfbeb61cb18216dd7e38f.png





EPUB/assets/122d97f3c31ec211f67bf605a0209283.png





EPUB/assets/15a3dfbc7384b12b5ddb553831c9898d.png





EPUB/assets/1ac434e50ef084b281da363eae38d274.png





EPUB/assets/9776f244dc3fa91e72fb43bbf1c13217.png





EPUB/assets/7c3a83169e9604749c9adf34b8f225ab.png





EPUB/assets/326cfb275cdac6a859b0d039e9690050.png
322 +Te +9+ Tz +9z + 8





EPUB/assets/1.6Ordering-blue.jpg
0.4

0.04

PSRN R TR Ny RN EREEE RS NS RS N
e

1.0

09

0.8

0.7

0.6

05

04

03

0.2

01

0.0





EPUB/assets/b1484a5b96157881a24c1a27244a158a.png
gb|1.0,0.0, 0.0Hundreds place: 103, [rg8]1.0,0.0,0.00] ~ 78 = 104,000

~
i 1 replace with 0
i1-10
replace 9 with 0
and carry the 1






EPUB/assets/6a6fd6777c591b7c9bdad1773bdffe05.png
(n* +4)(n—-1)





EPUB/assets/287582e3ca194c1953e5dae39fa531f8.png





EPUB/assets/ae9c6374ec6026986caf15216b75507a.png





EPUB/assets/CNX_ElemAlg_Figure_04_03_011_img_new.jpg





EPUB/assets/2f241472cbfd65171dba90e8db327abd.png
(ab)™






EPUB/assets/8817d92c425ea51745f5a4d2383ce070.png
latex]

9.12 x
912 x
912 x
912 x

01,200 x

10°

107
10,000
0.0001
0.000012





EPUB/assets/CNX_ElemAlg_Figure_04_02_039_img_new.jpg
12

-






EPUB/assets/1f841717b9f3948e9b801707c77dae41.png





EPUB/assets/f7d963bb91cc8637906fd24e8e09ecf9.png
(3z — y)(3z + y)





EPUB/assets/fd4516acf504b5452f8a8a056c26b8f6.png





EPUB/assets/d4cb65230777a969e832798763038eb3.png
3.14





EPUB/assets/a9328efc98c46fe234bbd51c0798e21a.png
5.2 0.001 = 0.0052
0.0052 = 5.2 x 10°*






EPUB/assets/d01a93f427d1b33486742691bab6bf15.png
tm . 1000mm
1000mm m






EPUB/assets/7965eefbfd800c9981669019fa71b4e7.png
6.2





EPUB/assets/d7f0927da0b40518b1ed0e38dd40c973.png
P=2L+2W
50 = 2L + 2(10)





EPUB/assets/645418ca487d865c575e68323dea0294.png
$30





EPUB/assets/7f39ff7598f6e2c1c54cedd81447925f.png
70°





EPUB/assets/4a591cdbf7369b3e076224e91f9d1698.png





EPUB/assets/dbdc26eea0851733a4a2fa9adee090d4.png
4. 075
(4. 078 )
ol





EPUB/assets/37db7f2faa61eeaae801b9739904762c.png





EPUB/assets/adb0e9d0173161dba995f9f760243827.png
—3 x rgb|0.0,0.0,1.0(rgh|0.0,0.0,1.0-rgb|0.0,0.0,1.01rgh/0.0,0.0,1.0) + 2





EPUB/assets/CNX_ElemAlg_Figure_01_03_034a_img_new.jpg





EPUB/assets/d7a8bc6cdf93d4e5c57bf0ccd630d6be.png





EPUB/assets/901d50af3eccd1f28f817a1870ff646a.png





EPUB/assets/02a27b09d7264b64dba6becf4e6a72bc.png





EPUB/assets/ebc261342e3089083d78d74eec73083c.png
230





EPUB/assets/9a08b1140eebdd65dad11c1ffa23b478.png
/106





EPUB/assets/e07706f3d9af071ad147b1f39eab9cf7.png
1kg
3,200 grams - o e





EPUB/assets/1a25d5db641c09c1cb9eb452e92d9bb1.png
c+2=ze
Y





EPUB/assets/691205a269572be3118a298a91b058f9.png
City 40 mph (2 hours) = 80 miles
175 miles

Desert 70 mph (25 hours) = -2
“miles





EPUB/assets/e46266f7ff9059371ad30fa86afe09de.png
| -1





EPUB/assets/d289a2684304ea091fe2f83baf319828.png
2+ (—4)





EPUB/assets/e2bf65f957e8f6fc4489795bd249dcb6.png





EPUB/assets/03f20a55c8754465a3acf97819f585a1.png
5.63(100)





EPUB/assets/2d79402b35ea74f179c77615463cded8.png





EPUB/assets/29efd68186762b4db00eff762af9591d.png
—250z + 1000

1000 = 2502

=z





EPUB/assets/03513a1f3c299eb7c945fddaea6f6a4d.png
20 + 32 + 20 + 32 2
104 2






EPUB/assets/6c133f0962f9e0b6d22611547f397155.png
0.059 f





EPUB/assets/177edd94d2a10f3e938985eb8790ff2b.png





EPUB/assets/35e8ff5e1dd46daa32f68bfcdac6e7fb.png
(4, -3)





EPUB/assets/0fbe17ea1c140d24cf328eed2d559e40.png
sin(0) =

cos(6) =

tan(6) =

sle @iy @ ln





EPUB/assets/3092aaf88d9f716806483591ebde2a62.png
Fornula does not parse





EPUB/assets/ce7a44d97abbe440186f498c23db5989.png





EPUB/assets/0d698640c8a2b6d0b218206e935efc22.png
(0,0)





EPUB/assets/ac1638335c823daef17920884f18d723.png
0b]1.0,0.0,0.00" 11 0000 %15}1.0,0.0,0.0 7gb]1.0.0.0.0.0-rg5]1.0,0.0,0.0 rgb]1.0,0.0,0.02r4]1.0,0.0,0.0ar95}1.0.0.0.0.06rgh]1.0,0.0,0.0 rb{1.0.0.0.0.0-rH1.0.0.0.0.0 rgb}1.0.0.0,0.067%/1 000002
(6m)® + 2 x 6m x T +7°
Simplify. 36m? + 84m + 49





EPUB/assets/bafbb37b19fd8b99694fbce93da24657.png
6.64583





EPUB/assets/55645bd297faa38bc13a071f6667fa85.png





EPUB/assets/2255e0c5e1a375c8ebda70e20465365d.png
10+4p—-20=0
Combine like terms. 4p—10=0





EPUB/assets/2953cfb421e9a0004dc6d808c1bfa9fd.png
~bh

3 %1512
90 v





EPUB/assets/bceed74ae7cba975878a659ed458ac17.png
(4, —6)





EPUB/assets/6fefc62652df471b27d46436719e72b0.png





EPUB/assets/b9e38876c608f6d0bf4b54617b81a4a5.png
2.15






EPUB/assets/2ccf3c7eaf6bfabd783f71cc6a229f90.png





EPUB/assets/CNX_ElemAlg_Figure_01_07_017_img_new.jpg





EPUB/assets/04607096390ccfde393ecaf0a4a8e7ef.png





EPUB/assets/90efee95854c2b718ebb537b879cd8fe.png





EPUB/assets/d193b34559677d98d8dc326c71f39fd8.png





EPUB/assets/a5be417031949320d7034c048080b299.png





EPUB/assets/a37cb7197809b440cc5580024c2927a4.png
@l

(6-760]1.0,0.0,0.02- 3

— 7gb]1.0,0.0,0.02






EPUB/assets/f03a4588f19f736e86c95a2336f82328.png
4.19





EPUB/assets/fef0ea7559c9a89bb0a5e7adc73b8ef4.png
1.8000 = 10*





EPUB/assets/d911b80b92aaf4a82d89585dd87ac24f.png





EPUB/assets/9676b389a148a05a9eafdaedcdbba6f5.png





EPUB/assets/2e852d1a5ffe8b589eaeb39f5eae1071.png
12x





EPUB/assets/e694ab03a06514104126951defaeb668.png
140°





EPUB/assets/80c93861e2882ef5694820f5337686b3.png





EPUB/assets/439575038266bfe906b88760df7b258b.png





EPUB/assets/4d50cce6ca8583028942a94e51153f67.png





EPUB/assets/94532488289e24537bd5647f1bdf4c4c.png





EPUB/assets/beb3c4f160a44747edae1300805afb1c.png
{

Ty
-y






EPUB/assets/4bf32329119476254c04357d9059c8d7.png
100
T 16p'7
1
20p'7

Simplify.





EPUB/assets/e83b084633a8ca90b19eaec5c5f46bf0.png
(-5)*





EPUB/assets/e4966909846317f4c3c2e50a063a8b05.png
10 + 4(p — 5)






EPUB/assets/a88dd748a75dd061a3de1df70fb848fe.png
12z
12y





EPUB/assets/b70723d5ebbede0ddbe87c6451892236.png
~5aib?





EPUB/assets/34db45c1666cdc430b0cbdaf30021980.png
(6,-2)





EPUB/assets/9cce499abc83d945d123aab926361018.png





EPUB/assets/6ccb796497e239e0c86cd42d6232404e.png
cos(F) = — = 0.6





EPUB/toc.xhtml

		
			Table of Contents


			
														
				
									
													Cover


																				
				
									
													Title Page


																				
				
									
													Copyright


																				
				
									
													Table Of Contents


																				
				
									
													Welcome to Pre-Health Sciences Mathematics 1!


																				
				
									
													Acknowledgements


																				
				
									
													About This Book


																				
				
									
																											Unit 1: The Real Numbers and Introduction to Algebra
																										
				
									
													1.0 Introduction


																				
				
									
													1.1 Introduction to Whole Numbers


																				
				
									
													1.2 Introduction to the Language of Algebra


																				
				
									
													1.3 Integers


																				
				
									
													1.4 Fractions


																				
				
									
													1.5 Decimals


																				
				
									
													1.6 The Real Numbers


																				
				
									
													1.7 Properties of Real Numbers


																				
				
									
													1.8 Unit Sources


																				
														




				
									
																											Unit 2: Measurement
																										
				
									
													2.0 Introduction


																				
				
									
													2.1 Systems of Measurement


																				
				
									
													2.2 Accuracy, Precision, and Rounding Rules


																				
				
									
													2.3 Scientific Notation


																				
				
									
													2.4 More Unit Conversions and Rounding Rules


																				
				
									
													2.5 Unit Sources


																				
														




				
									
																											Unit 3: Solving Linear Equations, Graphs of Linear Equations, and Applications of Linear Functions
																										
				
									
													3.0 Introduction


																				
				
									
													3.1 Solve Equations Using the Subtraction and Addition Properties of Equality


																				
				
									
													3.2 Solve Equations using the Division and Multiplication Properties of Equality


																				
				
									
													3.3 Solve Equations with Variables and Constants on Both Sides


																				
				
									
													3.4 Use a General Strategy to Solve Linear Equations


																				
				
									
													3.5 Solve Equations with Fractions or Decimals


																				
				
									
													3.6 Solve a Formula for a Specific Variable


																				
				
									
													3.7 Use a Problem-Solving Strategy and Applications


																				
				
									
													3.8 Solve Mixture and Uniform Motion Applications


																				
				
									
													3.9 Graph Linear Equations in Two Variables


																				
				
									
													3.10 Slope of a Line


																				
				
									
													3.11 Find the Equation of a Line


																				
				
									
													3.12 Linear Functions and Applications of Linear Functions


																				
				
									
													3.13 Unit Sources


																				
														




				
									
																											Unit 4: Systems of Linear Equations
																										
				
									
													4.0 Introduction


																				
				
									
													4.1 Solve Systems of Equations by Graphing


																				
				
									
													4.2 Solve Systems of Equations by Substitution


																				
				
									
													4.3 Solve Systems of Equations by Elimination


																				
				
									
													4.4 Solve Applications with Systems of Equations


																				
				
									
													4.5 Solve Mixture Applications with Systems of Equations


																				
				
									
													4.6 Unit Sources


																				
														




				
									
																											Unit 5: Introduction to Polynomials
																										
				
									
													5.0 Introduction


																				
				
									
													5.1 Add and Subtract Polynomials


																				
				
									
													5.2 Use Multiplication Properties of Exponents


																				
				
									
													5.3 Multiply Polynomials


																				
				
									
													5.4 Special Products


																				
				
									
													5.5 Divide Monomials


																				
				
									
													5.6 Divide Polynomials


																				
				
									
													5.7 Introduction to Graphing Polynomials


																				
				
									
													5.8 Unit Sources


																				
														




				
									
																											Unit 6: Geometry and Trigonometry
																										
				
									
													6.0 Introduction


																				
				
									
													6.1 Use Properties of Angles, Triangles, and the Pythagorean Theorem


																				
				
									
													6.2 Use Properties of Rectangles, Triangles, and Trapezoids


																				
				
									
													6.3 Solve Geometry Applications: Circles and Irregular Figures


																				
				
									
													6.4 Solve Geometry Applications: Volume and Surface Area


																				
				
									
													6.5 Sine, Cosine and Tangent Ratios and Applications of Trigonometry


																				
				
									
													6.6 Unit Sources


																				
														




				
									
													Versioning History


																		


		
	

EPUB/assets/1bcae661f3f333ddc65b4bf43d565624.png





EPUB/assets/d51278c40ef9ff68ee01af8f66a69762.png





EPUB/assets/000fa803e0eb6772aa6426f63198099f.png
(z3,y3)





EPUB/assets/7cabe992fd5fb8bd13515f4330577854.png
.9)(4.075) = —15.8925





EPUB/assets/b6170b037648614ee1c66f77af184d15.png
7.1





EPUB/assets/29adcd1e20a54f4a1fa35bf5cefbf833.png
1.4 kilograms





EPUB/assets/487e3813d010e7c696c16ac94c5fc4ad.png
_ 20.18kg 2.20lbs 1.00L

1L 1.00kg 0.264gal
20.18 x 2.20 x 1.00lbs

Tx 100 x 0.264gal
68.161bs /gal






EPUB/assets/604ad19b2c4bbf506630cc973c9ad44c.png





EPUB/assets/63edab2f5ac20a977d774d78ab5d841c.png






EPUB/assets/b0ad8ba304561145a2c60a95ee2bee6c.png
(2,3)





EPUB/assets/f7bdb019ac0e9d174d6916e6307a8ace.png
15 -4 # 0





EPUB/assets/bbf567ad8d21267bd52e6638a66d7f3d.png
3z + 4y = 10





EPUB/assets/599bf7d20c57fd3c669ab4955a71c3cc.png
L





EPUB/assets/82c0cff3aa0782179f01fc1b1673891b.png





EPUB/assets/18dcaee355c0df76d43488d6406a2aa0.png
(2¢ 1)?





EPUB/assets/3d77d6d3c6e9d9bc2ae5dfdf0b7d59b4.png
Simplify. =





EPUB/assets/5aa7bf05cfb19803ddad551b446d8c87.png





EPUB/assets/CNX_ElemAlg_Figure_04_01_029_img_new.jpg





EPUB/assets/7cf5727150a3f9056a3e5bbbe6b87228.png
$42, 000





EPUB/assets/987cb5beeb4322d24c7e658069389da5.png
8| -





EPUB/assets/f30e1222cddb5a539cee5ed60bb6c20f.png
190mg





EPUB/assets/77df67e08ba19f3e45949d9e397398c7.png
(1,6)





EPUB/assets/c1446445a166f7c13a0601a34e92125b.png
rgb]1.0,0.0,0.0a* — 2 x a x b+ b*
Fo2xyx3is?





EPUB/assets/0e4c58ae2313af81aee4908b2f563bf1.png





EPUB/assets/6c40b0964bf2dbb30828bf0037a11856.png





EPUB/assets/98a4cb871bc41d581820fb596d5f1911.png





EPUB/assets/bc638986ca9df44a377eb369b89b2e16.png
10 - 4





EPUB/assets/7be6c8fa664a7fac1b828f80e280b5ac.png
(6,1)





EPUB/assets/c4f1a0affda44be17be4a3e589b93b5e.png
19x10% -149x 10"
119 % 107~ 1.49 % 107
~13x107"






EPUB/assets/a7e9460e84f54c40c14c71ea86464f60.png





EPUB/assets/27e97c2afebbffccf43a2e935a44be91.png





EPUB/assets/60db5ed40168b46770d803c6158dbd0f.png
(37)7





EPUB/assets/CNX_ElemAlg_Figure_04_05_012_img_new.jpg





EPUB/assets/aa7af1c8797df5f0e21c4630ba7096fc.png
15y — zmgo]m,o.n,o.n(

3

A

3
2

)





EPUB/assets/c1bfa50642ca3232cba625540de621aa.png
a+b+te

449411
24






EPUB/assets/dee5b4e6b7b5e43fbbbd25faa0526430.png
4 3 4
76t]1.0,00,0.05 - 37 = rgh]1.0,0.0,0.05 12
Reciprocals multiply to 1 o= % %

Mulitply. z=16





EPUB/assets/aed633d6fe89b302733cb3d23b6b5c90.png
A = 44 square inches





EPUB/assets/ea173e58d731224358131a685576ee79.png
$49





EPUB/assets/d48026972d286397cc410ddade66f6a9.png





EPUB/assets/54e41a05b7b9f79091b2f0f50c37e984.png





EPUB/assets/6e07898e8ddea0cbc2b757fc609a93fd.png
(8z — 5)*





EPUB/assets/0a9dd63c8952563e48b9aa931d237ba7.png
6-3(5)
32,3






EPUB/assets/35b0066ece3ee32f838432d631a78246.png
31.5





EPUB/assets/26246eafd15cb333f668f7cdb50f1ad9.png





EPUB/assets/6807bc649b36b3dcac08e360bb02a0e0.png
30d°





EPUB/assets/f40ea2b6dcff1775c05691d35f8c5719.png
1* number





EPUB/assets/4850f0ecb4d93e3ca012d826b68a46db.png
8§+ C





EPUB/assets/e3079268c43df3c6091527b09047425a.png
—9z'y®

gb0.0,0.0,1.08





EPUB/assets/e561fd20f1d34eb01f8323613ba91dc2.png





EPUB/assets/82aa237463a0582c7cd882c21e5130c1.png
4(z + 3)





EPUB/assets/ebd21b24cab94246a0f96a7514a6883c.png





EPUB/assets/788387480922e6b756fc7bb1d771d0f0.png
1.001b = 4544





EPUB/assets/d07d01e5bbd6a84df5fad6638d2a5958.png
1
Zh(b+B)





EPUB/assets/62f2183f46b9f2e8ab218846e837928c.png
b7





EPUB/assets/c9581259cedaff586992428beda42052.png
10’ ()"
e @R





EPUB/assets/f9891186be274f64fab1695d4319d98a.png





EPUB/assets/55b25541c9c0e95c03a23390ed802fcf.png
10"





EPUB/assets/39b4fe9e9533cd55b404a43a659d1256.png





EPUB/assets/43c531c1b1c1b881ae10a139bdde7aa8.png
67.08uL





EPUB/assets/5dfc2932caa6bd02efba9f393e325795.png





EPUB/assets/f2e3baf20a64a19ffb21dbb774e1cd05.png
—(—1)





EPUB/assets/6e4bdb8270e7f277353cf84aac7e605b.png





EPUB/assets/834e51ce4e8a66d4ca8f131300252e54.png
12°





EPUB/assets/CNX_ElemAlg_Figure_04_05_003_img_new.jpg





EPUB/assets/bee74ad29e9b363fa0eaa08db07f30f5.png
r = rghl0.0,0.0,1.01





EPUB/assets/8f771f67084887040aa8c3b25742a031.png
2z +4y = -10
2% 3+4(~4) = ~10
6-162

~10






EPUB/assets/CNX_ElemAlg_Figure_05_01_015_img_new.jpg
= A A

Intersecting Parallel Coincident





EPUB/assets/4841953213ce9cef7551b5c7361f9276.png
21





EPUB/assets/d5d0af318971cd96b97974fb2da8bb3a.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_001f_img_new.jpg
Step 6. Check that the
ordered pair is a solution to
both original equations.

Substitute (4, 1) into both A+y=7 x-29=6

equations and make sure 2 2

they are both true. AN #6047 4=2-1)=6
7=7v 6=6v

Both equations are true.

(4,-1)is the solution to the system.






EPUB/assets/16be4a5795d94e3c97c1ab5710e474e5.png





EPUB/assets/7d0ac2812a0c4d2a9cba5755e91a27b9.png
26





EPUB/assets/c10c3c566f65aecfa61b6481a61b89d9.png
.5 + 12.5





EPUB/assets/8e09c891bca40059b628dc2aa6728bd4.png
(22)"
Use the product to a power rule. 2%°

Use the zero exponent property. 1 x 1
Simplify 1





EPUB/assets/96267f2a7f132c69d286899ec3851539.png
—y+ 8





EPUB/assets/f8dc87a1254fed794198b034e3039b77.png
4 x 1000





EPUB/assets/156cc1fcf41f82cc1e454a40f25d0951.png





EPUB/assets/313ff11773f72722eaed8975f98663ab.png
(z2,12)





EPUB/assets/397c58dc215dc867750723aa0749acb5.png





EPUB/assets/28100944bedc1d63e200db4130d897c2.png
b+#0,c+#(





EPUB/assets/fceef43fc97fba8c9f862da9ade06587.png
atb






EPUB/assets/CNX_ElemAlg_Figure_04_03_002_img_new.jpg
6
5
4
3
2
1 1
- -—x - -x
6-5-4-3-2-10 6543210 13456
-2 -2
-3 -3
4 -4
-5 -5
-6 -6
(a) (b)






EPUB/assets/a2f6b5085e9ecb0b2761e5cb4153820f.png
$26





EPUB/assets/692d211e67e7f5b846e93438744d049b.png
time





EPUB/assets/af16cb2aae5f7f10e2d9e42cd09db47d.png
23w 3





EPUB/assets/6fe4941a9f26cd2e893737e332498a5a.png
4704675

= = 145.8426





EPUB/assets/59ef19ff0bb4d0512067452195cd317b.png





EPUB/assets/15f6228c86caccb8bf9db8e9170ab712.png





EPUB/assets/6a0712460352a247f05e764fc3220509.png





EPUB/assets/914fbefce832ab99afc1ce91bc1cc3e7.png
msA+msZB+mZC = 180





EPUB/assets/6087807c2862a87988df31d2e08dcf51.png
13
=

(~148)





EPUB/assets/66f4e0c1858a638e127981b8359e3182.png
11134 x 10°
71.48 % 10





EPUB/assets/503da8ade9d089bc63c0e5e5a590dae7.png
$840





EPUB/assets/2d00147dd31a83aae00a8b9eccee9df7.png
rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.09 — 28






EPUB/assets/4eb8e760d83d66701e286f8e99eee153.png
$35





EPUB/assets/def617b9a94513bc3022946452b6e2f6.png
65°





EPUB/assets/b08d45deca1200bf98d1706bb849be5f.png





EPUB/assets/ecca0b7a5ce32e8d622d79a64546088d.png
199





EPUB/assets/7b599c38762fa6ba3c3b8a0479400ec3.png





EPUB/assets/7ee37c1991d1700e2c06db937db5316a.png





EPUB/assets/e1412e27314b2cadc3a9a4dfefd292c7.png





EPUB/assets/a2a943b5e6ce0049897dfa75145089c2.png





EPUB/assets/eacb4a95dcfd3b7f17013353998a3c84.png
y=-2+5
12 -2x2+5





EPUB/assets/2bcee683a0f36dc51334f13cd3c94abb.png





EPUB/assets/3164cb726d9daa9a436e22e36a054504.png





EPUB/assets/cd1e612b0f14fb49fc5e2bdace70f775.png
Fornula does not parse





EPUB/assets/2989daf82bae67aaa972c0d2ee854e5d.png
2(4)* + 3(4) + 8





EPUB/assets/eece0b6d7d3b5de76ea1187c96ac8fce.png





EPUB/assets/507b2da35facfc66b7c298b5b6759304.png
180






EPUB/assets/CNX_ElemAlg_Figure_06_06_001c_img_new.jpg
X+5) ¥ +9%+20





EPUB/assets/7122bdc57f16c5c906bf8d3bfcc31f4d.png
Fornula does not parse





EPUB/assets/CNX_ElemAlg_Figure_04_05_030_img_new.jpg
Ao N ®
-<

N

8-7-6-5-4-3-2-1) 5678






EPUB/assets/a6ada06603658cab5a25abfbee793aff.png
T+ 5





EPUB/assets/1a6273fa33f969d7c2038c2ae5cc24cc.png





EPUB/assets/459b7f37b96ad9ceec637165ab0ba43a.png





EPUB/assets/7df2ef5662384102dce6b3dd1b748946.png
$350





EPUB/assets/c82b5073a2c696b56a3f5cb8a5006406.png
Fornula does not parse





EPUB/assets/f70d59aa75df603ee637e73bb3f42522.png





EPUB/assets/5b959cb9712b940289991c06da2ff06b.png
(0.63)°





EPUB/assets/a4bf78327daed23a4c47cd3001b73552.png





EPUB/assets/df22da80990aa6dc9e342199c0417a2b.png
3.7 x 10" = 37,000





EPUB/assets/d349e59b725079de5a31a8155fec2aaf.png
3y + 39





EPUB/assets/88ed2d96e367313af150fd34c1cb8b7f.png
16 > —16





EPUB/assets/7ab5c57a41c63e87df87f50ec9e808f3.png
0.9





EPUB/assets/a2f2644b6b4726800440d31406838e1b.png
zy — 2z + 2y





EPUB/assets/b94f7609488a89d29b17497bb9c5d56c.png





EPUB/assets/f498fcda7d8bc4366fb3975a31b82b85.png
~16¢% + 250





EPUB/assets/0c873923005eb25aa8d4018cce22182a.png
19





EPUB/assets/9ce45da6bd23b37c86b9d9615c1f97b3.png
4.5





EPUB/assets/c44418e273c5dbe7f1d53961c8c60a85.png
P(w)





EPUB/assets/CNX_ElemAlg_Figure_03_04_026b_img_new.jpg
10in






EPUB/assets/cf4f1862393d307e6c15930d45f94f53.png
B2





EPUB/assets/f0f471154994730420e12f8039ee1165.png





EPUB/assets/3ae6418ed4c5b1256e5c8c54448e8d6a.png
4





EPUB/assets/4266b24c0bf934ce70c57dd55f4cff25.png





EPUB/assets/93cb456881c9223020b978d7e4da78d4.png
THLOD00mHLO0D0ars 000,001,004 irelL0.000dargt{1 000 MrLOOLL N O0000¢. _ reLOLO0GerglL 0000 0IL0.0.00.0nrb]1 0,000 (gl 00.000rh]L00.00.0er L0000 0nrhL00.00.0
Sy 0





EPUB/assets/73ced1430fb06619ec4c7283e28e7361.png
15

L%





EPUB/assets/53dab648743e00fb063ae2409dd035a9.png





EPUB/assets/5d38bedae0086d827347db11abdb6510.png





EPUB/assets/70a09bcbc6eba4677ffab75c825166ed.png
-1)






EPUB/assets/5154ff570e6060606644d037f794e319.png





EPUB/assets/5a935817eb46b1b852fba787c10a448e.png
$280, 900





EPUB/assets/b5c931141019d72bc066459817527ee1.png





EPUB/assets/aad95ac109c615a2d19b64464b395f16.png





EPUB/assets/c9ee09729c96c20f718d838b09947431.png
(axb)xe=ax(bxc)





EPUB/assets/441f042eb5446117a9a96f81c37ac5ea.png
po

Simplify. r’





EPUB/assets/2fb6556b03fca6e3eb15150fe4bd45e4.png
10e + 20rgb|1.0,0.0,0.0¢c = 278
10 + 20(rgb]1.0,0.0,0.08rgb[1.0,0.0,0.0.rgb]1.0,0.0,0.03) = 278
10¢ + 166






EPUB/assets/3188bd469f0b56258161afc23c5a5ec0.png
05





EPUB/assets/772f367f0e5fb888d209cd1082a86256.png





EPUB/assets/5acb0f009b079e61986a6cc05d54593b.png
156





EPUB/assets/66a0cd15e83a3431ebb2eb1cb39d8f56.png





EPUB/assets/38d5549dde7729d83fabf0c134ed0599.png
(6u+3)=7-






EPUB/assets/833cfcac81d16e30da0dd4c935302b7d.png
168 _ 14W
U
12 - W





EPUB/assets/Fig-11-300x194-1.png






EPUB/assets/d55bdf354e85828eeb45d58e7afe9f98.png
f(z) = az?





EPUB/assets/05cb6e2b690fbc0b4e0570afaf17585c.png
(4y + 5)(4y — 10)





EPUB/assets/4db9e3c71fa0534a5c3fa57941d39245.png
(10.3 - 7.9)





EPUB/assets/CNX_ElemAlg_Figure_06_03_007c_img_new.jpg
Y
0+ 3)x+7)





EPUB/assets/e7299da8df1043583e1f5b39193acde6.png





EPUB/assets/701ab18a2bb3f590b886072d5d81c395.png
) (~rgb]1.0,0.0,0.09) = 9
Simplify 9-9/





EPUB/assets/CNX_ElemAlg_Figure_01_05_016_img_new.jpg
One fourth of two pizzas is one half of a pizza.  There are eight quarters in $2.00.

1 %1
Zog 2+
2.4 21
17 174
2 2.4
2 T°7
1
I 8





EPUB/assets/e6dac65cddc1eecdfd7dacf99ad60a9d.png





EPUB/assets/754f34bdfb6bf65d4944ef00de4102b1.png





EPUB/assets/8eb408b8c78607994d58ad66f5e52132.png





EPUB/assets/4ef98f5b211613d8d2b5fa214046b5c4.png
1mL
450,000 mL





EPUB/assets/3b1940646bc169d25e700b313eab7309.png
(52 — 6z — 2)





EPUB/assets/0c65b3bf5595ed2de46e9f39c5ae7ed5.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_011a_img_new.jpg





EPUB/assets/01a9fd4f46cf25f9c511c90b2d0ce9b5.png
00°





EPUB/assets/89e67c0116779446aa4af9c6704df9ea.png





EPUB/assets/9eb20340b0b507c36bf621c33685667d.png





EPUB/assets/8354017f3c314650c29fa37b3ce4b31b.png
yxy-yx2
Simplify. ¥ — 2y





EPUB/assets/42a63de8a97bf6f39d47e5eec2c637eb.png
1l xa





EPUB/assets/3ded94e3ca5a0961d662841859230d02.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_013b_img_new.jpg
Step 2. Multiply the Outer terms. (x+5)(x+9) X+0x+_+_
Dl F o I L





EPUB/assets/875a9ad2b225ccb3cceea116af2be455.png





EPUB/assets/edbc3535cbff1562bed89d60dae9be95.png





EPUB/assets/b7994995a36b4be2f7b5c31e73035982.png





EPUB/assets/993078e6982d05b274d1dba0988987b2.png
(z +y)





EPUB/assets/636186f10d480318ec13e40096f22b3b.png
J6=/4

10°





EPUB/assets/27ea4b89ffaf38ea8e7596aeb9bed9c9.png





EPUB/assets/365a62f650cd60b4ebc65d8c40527766.png





EPUB/assets/ac34e45bcbba0b502cb097165c2738d4.png





EPUB/assets/e9b172678f43fc035c1695c20b9f7d42.png
v

10%ns

= 368090ns = 3.6809 x 10°ns





EPUB/assets/a9da5af4c4016aa10e50479ea264bb2b.png
2p(6p + 1)





EPUB/assets/3ac125d2f56ed2765b8ffabc846832d2.png
(3.495 + 12.45)

24





EPUB/assets/b2f518a13790607bbe99446b2f90e954.png
(-8 —-12)+7=-13





EPUB/assets/45309ec28e22d82928f15b99c8e939c9.png
1B+





EPUB/assets/7ae9f9a28fe1aba5bbf9fd5329341682.png
Combine like terms. 9z — 5 — 8z
92— 8r—5-6=
—11






EPUB/assets/f4f1106cf156fe026121097ed0c25959.png
L x W
(@m) % (h)





EPUB/assets/1c07a23dc51552c4b78aa5673ce41794.png





EPUB/assets/13d5ab98a6a2adb5a0e08166abdafb18.png
-5 — (—3)





EPUB/assets/150c1ab90616b37c0c5ba4a88acebd46.png
0.15(40m — 120)

5(60m + 12)





EPUB/assets/c057c22c08808b4619867f69dcfacd23.png
$1, 506





EPUB/assets/2aef8b1964b858b2671c6e9e6f2f72c9.png





EPUB/assets/5170023f423325efd868bbbcb0ec2dba.png
1kg = 1000g





EPUB/assets/5f22152fecc587dcb1e65f8dde6e1019.png





EPUB/assets/a57d5c8fa4a3e631f555c9f0eb6de398.png
$12, 500





EPUB/assets/eb7c20615bbadb20be06fe4d1f3ef530.png





EPUB/assets/ae4b8e882c9b60a6e39bdf6640817933.png
2+y="7
-2 =6





EPUB/assets/7e38a06e7b7b9b70c159f6b151346715.png
br + 4y

1





EPUB/assets/b0eebe963d5b3d3cd684f02c7c61cb50.png
51





EPUB/assets/74d091860f2e2771eb8da898d3ff1f42.png
235





EPUB/assets/823d4de6b82bce639e805dd6e8db6c3b.png





EPUB/assets/CNX_ElemAlg_Figure_05_05_008_img_new.jpg
Type

Number + Value(s) =

Total Value(s)

Total






EPUB/assets/c5804335756bbfbd292cf998f1c94aad.png
ma





EPUB/assets/05ff4154ae575638ba52fa8d9fb7d694.png





EPUB/assets/2dc957b3ffa1f658c4e6d9bbfe7e0115.png
(3mn)®





EPUB/assets/0418a96aa23daa5f90ba8751a5a8d34d.png
-17 + (—9)





EPUB/assets/1f1bef945a5f4adccc3336b91af0abe4.png
20.18kg/L

681bs / gal





EPUB/assets/80c2951752774a41eb6b1a11b549a2c7.png
B
o





EPUB/assets/7bce80421adc8f1fa35b046bac459754.png
Fornula does not parse





EPUB/assets/f8df9c517524f92dcd3246b24dfdae08.png





EPUB/assets/770015d87b52dbbe0f0aab4a94cc4463.png
652





EPUB/assets/6c743ba4ea3ddbeb3cc48d15599f2bcf.png
21,540
0.105b + 0.059f = 1,669.68






EPUB/assets/ed0087174c1d9de7d7c5fea64173eab0.png
$7.00





EPUB/assets/8c026278180dd29298f876ae80239576.png
1000.0000000000...g
1.0000000000.






EPUB/assets/ee360d96070de79d108f60ab315840b4.png
()"





EPUB/assets/3009c2bf56e81d1ce7409cfee6800ada.png





EPUB/assets/425e95a7b231c9e6962f736eaa989f02.png





EPUB/assets/bb83c73b9d3f4acd4bbda64a23c587bc.png
3(rgh|0.0,0.0,1.01) + 2y = 6





EPUB/assets/676b9b9b24a904123e4887ebe7ccaa66.png
Az + 12z + 9





EPUB/assets/9bd0636c524607b3e7960d92d346c811.png
5(z + 3)






EPUB/assets/0ccdd08b1c443dc7e032cacf9f676d88.png
0.01





EPUB/assets/ecc487d37fe5693e3bf68f3deea71564.png
(0,32)





EPUB/assets/8426d4b98439e76f6434a5d5efa0e03e.png
29"





EPUB/assets/30ca080a646063c3a3e9eb67e79aa4fa.png





EPUB/assets/01df79acc6dc238158f39b09e6c730d5.png





EPUB/assets/229cc6fe027f41cb5a60c885d9e8dcf1.png





EPUB/assets/248fd5ebb3644bf94fc2bbbfbe1f16df.png
$920 - $760
5-3

_ 8100
2 policies

180 per policy





EPUB/assets/e45c6a39d29f496b7b22d3ff52aaf7ba.png
4 x 2 x 3





EPUB/assets/d32bee94788a69c82006425976a0ee98.png
10"





EPUB/assets/0deb4593c99dd506ed9689c85f6bbb9c.png
50rgb|1.0,0.0,0.0~rgb]1.0,0.0,0.0rgb|1.0,0.0,0.020 = 2L + 20rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.020

30 = 2L
30 2L
22

151





EPUB/assets/278e03a37f84844bbc1829e6096c363a.png
6





EPUB/assets/3ec5e6e6331bad35a72d98766e58d72c.png
1

3

Simplify. é





EPUB/assets/bf0614c2be64e61aa6aac2c0c4e93485.png
max + b






EPUB/assets/1b030204f8620732cbc654536bbc5b3f.png
3,818.24





EPUB/assets/82a18b5821b240daeb9271dc4c93bc7b.png





EPUB/assets/CNX_ElemAlg_Figure_04_04_049_img_new.jpg





EPUB/assets/0f7c136373553a740a57e90178b9e4bd.png
25





EPUB/assets/ef261c657fc8c83529e4bf89837a0dd7.png
—8(a+c) = —8(147)
1la + 8¢ = 1302





EPUB/assets/2dae99a5d434851792e992bd67aee8e0.png





EPUB/assets/bf3521fe5d86a9bf578fd3bf3609ea07.png
16





EPUB/assets/022cea0fba29bb8d4dcd3fa805227045.png
B

2L + 2W

— 2L + 2(L-2)





EPUB/assets/842be7542c8d8d0991e3b42b675cedbe.png





EPUB/assets/59033b28307367bc98834a1aa90ed753.png
3z + 4z + 1





EPUB/assets/d092f46b872c7d7e0b79dbd1b616abde.png





EPUB/assets/ed3212a3bbcdf5831f2005c05a86d724.png
Fornula does not parse





EPUB/assets/5419eea15ba2ada194639a414549efc1.png





EPUB/assets/57177fa0a481394b161d556558502aef.png
|—5|






EPUB/assets/69ce84b9b9be18bb6bdf914f036e5406.png





EPUB/assets/09ef4c78dcdddc32ef7b0697562a3509.png
cos(S) = % — 08





EPUB/assets/c508a3f7e3e5ec8b86504d9637d93313.png
Let a = the 1" angle
a + 20 = 2" angle
90 = 3™ angle (the right angle)






EPUB/assets/3f632ba69cbc94d2a294401d8bf5c3d9.png
rgb|1.0,0.0,0.0100(0.06x + 0.02) = rgb|1.0,0.0,0.0100(0.25x — 1.5)





EPUB/assets/ff21a9ef2ecc803a0a7d947488e557dc.png
rgb|0.0, 0.0, 1.0-rgb|0.0,0.0,1.01





EPUB/assets/70672565d79df577c5395eb1ab96f5f6.png





EPUB/assets/10a27818ffbf55a33be5d55de3ebfdec.png
$1, 066





EPUB/assets/3fd7633fac728db08853300632cedef9.png
2 % 10?






EPUB/assets/2c56b93ab4b6cae37964cecd36820c70.png





EPUB/assets/344318aad5936fe3ea44446ed2580634.png
(rgb|1.0,0.0,0.0z — 9)(rgb|1.0,0.0,0.0x + 9)





EPUB/assets/CNX_ElemAlg_Figure_01_10_009_img_new.jpg





EPUB/assets/5f932b8f71f89c3c83b08574126751ba.png
y = rgb|1.0,0.0,0.0mz + rgb|0.0,0.0,1.06
y = rgb]1.0,0.0,0.0-rgb]1.0,0.0,0.07z + (gb]0.0, 0.0, 1.0~rgb]0.0,0.0, 1.01)
y=-Te—1





EPUB/assets/af0d9e86669b89a34b584f393b1d01e6.png





EPUB/assets/5c67d88fe324bfef29fb3e6e42e81e30.png
aa

= 2mr
2m(2.5)





EPUB/assets/a983795678d59bcb4be170bb7534a417.png
P=a+b+c





EPUB/assets/2a90f9260b4624eb5770c9c28eaaa5e6.png
(8p) !





EPUB/assets/f0f235b2e49595c89ee0cfec780c0576.png
—~18m — 15





EPUB/assets/aeafccbe8ffddf060a2da601cf19d7c3.png
$0.02





EPUB/assets/88e622db3a57f3a2193d4b50bc371b5f.png
(+,-)





EPUB/assets/835ed85921901138d0621acaafb5a74c.png





EPUB/assets/453018719e8de0d9332d4323c573d897.png
Fornula does not parse





EPUB/assets/81b4bada76a126f75544496033fc2e24.png
1522 + 3z — 5





EPUB/assets/4e160030499097f4810741fc4aeee9f2.png





EPUB/assets/fabb1d5edc48bb32cba0deaf1848e722.png





EPUB/assets/120b18a799b4350bf340403b839658fa.png
$6, 596.25





EPUB/assets/7ae7ab2dd9e96ad604014345ac62df9c.png





EPUB/assets/8510b05f0587ebb5dd9f78a62a7d9e14.png
$900





EPUB/assets/36ebdc2d67614ace5c7e8630a3fc1d10.png





EPUB/assets/cd52e9b039b86197f3d7f9ec69d465ea.png





EPUB/assets/d14b50f599053fc62d112fc144aa4705.png
By—1

x2y—6

7g]1.0,00,00 — 18y + 6
rgb)0.0,0.0, 1.06y* — 2y

6y — 20z + 6





EPUB/assets/d5607bd28ea7ea7533815df2d305a47d.png
Apront = 12





EPUB/assets/2ce6ee20b1255fdd17327eb8ed62264a.png
102





EPUB/assets/69a996b130eddf88ae9a25db5c2df20e.png
2a — 3





EPUB/assets/70c2fa428d867a94cb83c45e56c88268.png





EPUB/assets/023057a4acf52863f20c9c138f550bdc.png
4z — 3rgh|1.0,0.0,0.0y = 12
4z — 3 x (rgb|L.0,0.0,0.00) = 12





EPUB/assets/3079019c5d5acd707ce9adcc3688ed98.png
b





EPUB/assets/51cc8d37d1451143381ee2195d2786fc.png
Fornula does not parse





EPUB/assets/91d2bd031742f1a4b9943573a4128c6f.png





EPUB/assets/22c274452f7af359c3efa6071b71845a.png
10% -





EPUB/assets/645a7745a7dd997ac8523764cd83443e.png
10¢* — 60¢ — ed + 6d





EPUB/assets/eebee184ac33ad8b400611cf0fada208.png





EPUB/assets/564de3a6da85ca449a5d3b61acba14ff.png
1
rgb|1.0,0.0,0.0rrgb]1.0,0.0,0.0¢  rgb]1.0, 0.






EPUB/assets/1234729ce72d3d9d384dab62b3529c2c.png





EPUB/assets/2a678a19941efbd15e7f42c65b8402c3.png
1 1
—h= Bt ged

241

Simplify.





EPUB/assets/7f1ed727ca474216f497fa0fc46c65aa.png
12n





EPUB/assets/d380030b3acb73b27b07018f4fad4876.png
2r + 2.5(1.75r) = 255





EPUB/assets/725919ca84f4c718e4e464f0ff398683.png
0





EPUB/assets/CNX_ElemAlg_Figure_01_07_001_new.jpg
| stppuesnoy-paipuny
[ Spuesnour-UL

| syipuesnoyL
SyIpaspunH

squaL

sauo
suaL

Place Value

[ Spoipun
spuesnouL

spuesnop uaL
| SpUBSNOY) PAIPUNH






EPUB/assets/CNX_ElemAlg_Figure_04_05_031_img_new.jpg
OR O T MmN






EPUB/assets/6cf81783730ffd884f4ffa4629c21d7e.png
S





EPUB/assets/f9134fc8038ee3618d9f74b43571d79e.png





EPUB/assets/f40733da58166c76773704c9ced55a6b.png





EPUB/assets/1a84f0dede36c18c55da6b11a447f089.png
$11,450





EPUB/assets/4fdaa402d034701fd8f7e0fd5d5585c1.png
S§ = 2LH +2LW +2WH
S = 2(30 x 20) + 2(30 x 25) + 2(25 x 20)





EPUB/assets/8dbaec8a1ecdef28ec95869791cd3919.png
25y* — 15y





EPUB/assets/97f738a14f94bbf72967bed4cf09cecb.png





EPUB/assets/8c6a4bd58923cd95472b78e1293e3669.png
b+#0,c+#(





EPUB/assets/39b932928310a4c35f3678200f516a06.png
R.41





EPUB/assets/73d039667692f570690e513d7970f559.png
6
100





EPUB/assets/66626ff59dd04f22e38b070fcd1728dd.png





EPUB/assets/3a258aae0a129a4a94140f0fbaabfc9a.png
0z + Tz + 12





EPUB/assets/44c0214cfdf0ada944dc83428658a2a7.png
162
— 40z
oy +
257





EPUB/assets/9452f78038aa8fe7cdc24d510d246ab2.png
12
—(~202)





EPUB/assets/f55f24b56c3b9e20d5c09b4f9d7f894c.png
0.55(100n + 8)

).6(85n + 14)





EPUB/assets/315b4d120172ff01ba64f23c403047ef.png
3z+y = -1

y = —3z-1
m = -3
b= 1

2z +y 0
v 20
mo—





EPUB/assets/f9ad152d1e19686d0e150aa8aea6f674.png
40w + 1000





EPUB/assets/eaf7560d74abec9a399106d399580b00.png





EPUB/assets/20-1.jpg
6% 78% 2.7% 135%
WoOW W W

0.06 0.78 0.027 1.35





EPUB/assets/38d6763ab63996d000af3a48e6881ecc.png
4rgb|1.0,0.0,0.0z — 3y = 12
4 x rgh1.0,0.0,0.00 — 3y — 12






EPUB/assets/1ffbe92c23df0496d0441857fa2b4a8d.png
L0000 0ersBL 00000 LONDOLALO0000arg L0000 LODONUGLOND00 _ robLOMDOIETHILO0 00 e LOND0IGHILO00 DrghO00.00rHILO0D00er L0000 0nrb1 000,001
0z Y





EPUB/assets/e16b033f6d48d8c4684877d59e528e68.png





EPUB/assets/7f7fd4c2c74c8508d9d19492e009d247.png
142* — 352 — 22y + 10y





EPUB/assets/15487c612aec43f3da002eeeefa5c915.png





EPUB/assets/39586f3a18ab8dd8a2ad6f36f60c8e82.png





EPUB/assets/a119af4adf1d45703ae7295ef631e815.png
(2ab + 5)(4ab — 4)





EPUB/assets/f0fc0e04529bae03b3f20fb4c83d5ab4.png
1,000





EPUB/assets/3b127c27b05b36f6a7a41c45e693a097.png





EPUB/assets/8039da17304dcbdd1438eda2a28ad8e0.png





EPUB/assets/1fc263efb1d3294795785b773073c37b.png
17





EPUB/assets/59421fe9a0ee0f805fa64d49a19f5ec6.png
z +rgb|1.0,0.0,0.0 rgb]1.0,0.0, 0.0zrgb]1.0,0.0,0.0 rgb]1.0,0.0,0.0+rgb]1.0,0.0,0.0 rgb|1.0,0.0,0.05 = —1
2 +5=-1
2 — —6





EPUB/assets/957b4aba4af5e4a0d77e7c4458582255.png
4 o
V = 3(314)6

Vo~ 004.32





EPUB/assets/171be1fc587d64be3349a21cc1281c70.png
—0.6





EPUB/assets/fafa0b14fc28e35c2fd0f45a56d96b54.png
120





EPUB/assets/d1e498207bcd79f57fb666eb02ba1207.png
(m? + 9m + 20) = (m + 4)





EPUB/assets/632bd48e91a9a7d15a29492f9facf106.png
s
SAA

050 om e





EPUB/assets/253ca99ea63ef5d563c13b57fc0d439c.png





EPUB/assets/da1beadc8d282cb7bb395f34949c9b47.png
sl | B





EPUB/assets/56b24d8e0d01ad8987733fae2caf432d.png





EPUB/assets/e8f69fd72f5be65119ad6441f5cff4a7.png
(3,0)





EPUB/assets/20dd9fb2f635028e1f2ca5d98706ffce.png
(61)





EPUB/assets/a4d25003eae104c842ae6d2e472fe77d.png





EPUB/assets/06690f70902e8dc2c28435d813b758e3.png





EPUB/assets/3e014a5db4fcafa62c4d2ecf3c341cd9.png
(b + 3)(26* — 5b + 8)





EPUB/assets/CNX_ElemAlg_Figure_06_03_013a_img_new.jpg
(x+5)(x+9)

(ﬁ?}()& 9)






EPUB/assets/261adce4bb85c89be0db720c3743abd0.png
|—35|





EPUB/assets/8fe0efe4e263db0d82fe900f814743a6.png
Integer
Decimal form






EPUB/assets/70d236a08d8f9850c87f9e05e56268d7.png





EPUB/assets/5564928145effb1bc69a9d33cab81e39.png
(2)?





EPUB/assets/898ec0766274d5948fabd16b5ae69eed.png





EPUB/assets/420ef949932bb597664b3cbac3bc403d.png





EPUB/assets/f5b490e0dfed074707d1652b22d96b46.png
5.5 feet





EPUB/assets/37540ce129adeae78e679dc82a9dc1a3.png





EPUB/assets/f5f0f128cf5cc9ddd1155b38656e41b7.png





EPUB/assets/07cd22c14b887304d8e6a7be164b1560.png
gb/1.0,0.0,0.05 +
7gb]1.0,0.0,0.032rgb]1.0,0.0,0.0,rgb]1.0,0.0,0.0800 +

40,000
=17,200






EPUB/assets/effb436e87b3402523f4f4a61c38da76.png
Subtract from both sides.  z + 5rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.05 = 2rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.05
Simplify. z=-3





EPUB/assets/b2e59296904206d77dd96cae60583817.png
$16, 000





EPUB/assets/986d3b5a4199df43c3529dc14af89802.png
7.31





EPUB/assets/ad17779efc7da6e5d34ea390b7390b8b.png
—~1n





EPUB/assets/e04c9fac72d41bc0f01b665fae55dea1.png





EPUB/assets/e1c488cb1837fdd48b0810e98c27b40e.png
0 = —400¢ + 3500

_ 3500
400

=875





EPUB/assets/ac2faf1e8847e276a98119ace49308ea.png
|4





EPUB/assets/50d91870062378832460b123f35ef1a6.png
4rovL000004 x T
Simplify. 425





EPUB/assets/d7dc20064e0e8bbeae32bee01384c706.png





EPUB/assets/25db330e41dfe8220a9dcffb0434a240.png
m = rgb|1.0,0.0,0.00





EPUB/assets/CNX_BMath_Figure_09_03_047_img-01-1.png





EPUB/assets/CNX_ElemAlg_Figure_05_03_008e_img_new.jpg





EPUB/assets/ade600913017ce2c846c6cf75bacf81b.png
5+ 2% + 3(0]





EPUB/assets/0f12afa38530ecc5925e2b64a82112df.png
0.03





EPUB/assets/e62c19945c963eb808ae449f2c4b5855.png
2% x 2 + (22%) x (-8z) + (22°) x 1
Simplify. 22° — 16z* + 22°





EPUB/assets/f74cf4690b593db259c104b7a57e11bd.png
155





EPUB/assets/486e0ae2b80494e21f47281b4dd73de4.png
(z +5)°





EPUB/assets/69ab9bc12e706dba726d78af83cc1f99.png
"g6]1.0,0.0,0.0¢rg5]1.0,0.0,0.00rg5]1.0,0.0,0.0nrg5]1.0,0.0,0.06rgbl1.0,0.0,0.0¢rgb]1.0,0.0,0.0ar98]1.0,0.0,0.0nrgb1.0,0.0,0.0¢  rb}1.0,0.0,0.0urgb}1.0,0.0,0.0argb]1.0,0.0,0.0rrgb|1.0,0.0,0.01rgb]1.0,0.0,0.0argb] 1.0,0.0,0.06rg5] 1.0,0.0,0.06rgb]1.0,0.0,0.0¢
Ta - 13a 47






EPUB/assets/d12e3c65a5d2cdfd8208cc13a085c374.png
$18





EPUB/assets/0912ce9a5e5511b0768c54db8f4a16db.png
103
60





EPUB/assets/57a117eac186caa72ff0bcfb1f8483ef.png
I
o





EPUB/assets/e0b482dd16d72015425ec617d63fb8a1.png
Walk 3 mph(0.5 hours) = 1.5 miles
Bike 6 mph(0.25 hour) = 1.5 miles





EPUB/assets/3340358a30adb53119b93c45a0fcf338.png





EPUB/assets/4acfc4a25e6cd3796e8b6c13d72151b8.png
T
< +6.4=7.25





EPUB/assets/CNX_ElemAlg_Figure_06_06_002b_img_new.jpg
Xx-3)2¢-5x-3





EPUB/assets/844b687161bbbfd622d20d6885173357.png
2% x 2t x 2%





EPUB/assets/24764b6c7fe48c268523463acde02ba0.png
15





EPUB/assets/fc02a84fdf03fe7ad70f361c13bebadb.png
=1





EPUB/assets/458729c88cd2205e6582a57b54e9c0b1.png





EPUB/assets/b7d5b21951fd0afde46b1eaeb633936c.png
(~5y) !





EPUB/assets/bd67ebb4152f7aee2b04150bf4a4f100.png





EPUB/assets/a1f02d0bb1ba752405e622ce6d4e6cd6.png
(2z + 5)(2z — 5)





EPUB/assets/60e46990a14450e9d486285ddc447d3c.png
(5m — 7)(3m — 6)





EPUB/assets/CNX_ElemAlg_Figure_01_07_004d_new-e1669919985450-150x102.jpg
18.38

18.38is 18.379
rounded to the
nearest hundredth.





EPUB/assets/e512b1b15d5bc76c40996861f422cde6.png
$15





EPUB/assets/9b30878d3df20d8b4a0fac95baf6de61.png





EPUB/assets/d90d54154fe907c907eb98aeecd516ec.png
3622

25





EPUB/assets/4ac8bdb8ebbb29a8a9711c77dd084659.png
my = ——





EPUB/assets/73e64de3c5a0f08150a077384ddd9953.png





EPUB/assets/6740e670404dce03a3b7395450a075f8.png
13
5.7+ o





EPUB/assets/6c478c8208cbe111fba1f25330d34f54.png
—1R





EPUB/assets/a4f288523671c66211cfe643adde519e.png
3z + 2z — 15





EPUB/assets/2472c867a481a6534accc7f9e51870e1.png





EPUB/assets/e322419cb22b072b4180fb7339a1da84.png
Rl





EPUB/assets/3fc55c0965fa8469530050b3b942f02d.png





EPUB/assets/a96a96276c046d7c2aadb7c1143b4523.png
$R





EPUB/assets/8ecd3e1c11363858ddf7507c55cd6eb7.png





EPUB/assets/d4259023b32eaadf50a68233d91c5a0b.png
7(—2) +4(-7) -6





EPUB/assets/6d055a18bde057b2ba89bcf1d11eec8c.png





EPUB/assets/85616a57d962fd26e119b955c6ffc61e.png
(8,5)





EPUB/assets/2ba8ea5d8dac454b3a492f336492a7e1.png





EPUB/assets/f8e297c47240563cb3cac8eaef407022.png
(1,7)





EPUB/assets/d147d0d085f9f6440fd794a7f71a1a77.png





EPUB/assets/CNX_BMath_Figure_09_03_022-1.jpg
32






EPUB/assets/6d1f55e21bd0566e0a22f4462573b9ec.png





EPUB/assets/06ef365e8b69b52077c7e57fe8ce9484.png
V36 + 64





EPUB/assets/4538adb16fa930e1fa11c903d6165683.png
Simplify. 625





EPUB/assets/64685a33b79c37cc97298c643b23e565.png
-102°





EPUB/assets/CNX_ElemAlg_Figure_06_06_001d_img_new.jpg
X
X+5) ¥ +9x+20





EPUB/assets/d39620429dc511aa9bb9c0c5f6a9dec7.png
(5%)3





EPUB/assets/105d8aecf26b2790111e50636e1b9aa3.png





EPUB/assets/bf9c1ed378cb18cbf34e5f4ba0bcef42.png





EPUB/assets/879cb97fa4bffe9d886d74a47858fbf4.png
rgb|1.0, 0.0, 0.060





EPUB/assets/a4dbbc657cc1415aa117c865a546e782.png
(0,8)





EPUB/assets/afaaaf3e16721e292062b213b0432205.png
$6





EPUB/assets/9f80fd2236c0094befd5422895f4cc54.png





EPUB/assets/b869de7e9ef51f0b45a19a3e59168330.png
522 + 14z + T





EPUB/assets/038dd9d2ca2702e2d380cf493c6c7058.png
100p"
125 x 16p>





EPUB/assets/4aca7465b2999c4aed431cc393c724d1.png
zrgb|1.0,0.

).0(rgb|1.0, 0.0, 0.02rgh|1.0, 0.0, 0.0 rgb!1.0,0.0,0.0—-rgh/1.0, 0.0, 0.0 rgb/1.0, 0.0, 0.0yrgb|1.0, 0.0, 0.0) rgb1.0,0.0,0.0— 2rgb|1.0,0.0,0.0(rgb|1.0,0.0, 0.0zrgb|1.0, 0.0, 0.0 rgb|1.0,0.0,0.0—rgb|1.0, 0.0, 0.0 rgb|1.0, 0.0, 0.0yrgb|1.0, 0.0, 0.0)





EPUB/assets/1a641392d106debc5d4a2f35e3a31658.png
—35





EPUB/assets/3d3226b7ea1b78b09b78fc351da51e4b.png
Fornula does not parse





EPUB/assets/7b7579eecc0b9e0de6953cd835c43495.png
(10p%)?
(5p)3 - (2p°)*





EPUB/assets/2faf93036bc67b482bf6a5ef0258ce53.png
~4(q—2)-8=24





EPUB/assets/dcf767c90011e1dcb2ccb29b44d78b52.png
225





EPUB/assets/51bcab1cb7fb34a2c57cf95c4c34585c.png





EPUB/assets/a943eb71ada67d246c1ac4255e1cf0dd.png





EPUB/assets/b472f53f221ea5709554afaaad77be71.png
[9bI10,00,0.05 x 9
Y

Simplify. y'®





EPUB/assets/8db4ff6ea522e9a4f43d3012db4228e7.png





EPUB/assets/0a10cf305de151629f36754ff5886bf7.png





EPUB/assets/54bad543a8c707cc40b5df22ca780614.png
04.2





EPUB/assets/f61879bf87059b8f77687c60c650ba78.png
(rgb]0.0,0.0,1.0 — 1,74b]1.0,0.0,0.0 - 5)
y=22-3
rgb1.0,0.0,0.0 ~ 5 = 2(rgb|0.0,0.0,1.0 - 1) - 3
e






EPUB/assets/6c7fe20c6ba5124f3b629bd3f2414b13.png
b+1
r6b0.0,0.0,1.01 0
rgb]1.0,0.0,0.01





EPUB/assets/caf5a10b53dc3df04bd9c9f28df1efb9.png
(—5,0)





EPUB/assets/0d7860c1058cb509ed926f7499bb5e3b.png
$12.66





EPUB/assets/a800931f6b278c795280f710cfd5aea9.png





EPUB/assets/c3feb931bd405f396c0f7052a5b97250.png
(3x10%)(3x101)





EPUB/assets/113f673191de7bebec9be1129fd36e29.png
$65, 200





EPUB/assets/CNX_BMath_Figure_09_04_006-1.jpg
Tinch

1inch 1inch

1inch





EPUB/assets/5a8d55c880008dc298c05c2202927aee.png
160" + 8u® + 1





EPUB/assets/aca1e4a119b9ee1f40895a60e3be8bf7.png
Fornula does not parse





EPUB/assets/507d410415c271afb4ca0f9bff7a1721.png





EPUB/assets/77a3964b2c8d1d6d3c9e8a71f64c2a06.png
19 + (—47)





EPUB/assets/f984b439c5aa2d20db6a776a4875912d.png





EPUB/assets/feedab12030cc7aea33abfa4e23c3b56.png
(2* - 2%y) — (2 +°) + (2%y + =)





EPUB/assets/9fd35a5ccbf7e1b1d26cc694ec121918.png





EPUB/assets/be0698e930cc66b2e6f641295109c49f.png
2z ty=12
Oz + dy = 51





EPUB/assets/a02abce376f9c66cfa44302ca02a922e.png
$17,590





EPUB/assets/93b339899a130f434e130b3df4b57764.png





EPUB/assets/6c3113eec80b79ebb2667ff69482dd5a.png





EPUB/assets/0e95bdf67c34a554da4d8908c9976a35.png
3 1
T4 Ty=-—7

V775
T
3T 3¥=7%





EPUB/assets/fd620b7d5bca828fcad6704d3d2ddd01.png





EPUB/assets/0017a7ea42af966235fea6a5b3e7d53f.png





EPUB/assets/d56be9906b72e87abd89724ea38635a6.png
43





EPUB/assets/8c0d9f7d344c4ae70d8f4eac9396369d.png
2 + 9z + Tx + 63





EPUB/assets/29542b510ad0768305eeb1ec2646d00c.png





EPUB/assets/6b82c89123d6d8523b2e3c3fade1971b.png
$6.50





EPUB/assets/CNX_ElemAlg_Figure_06_06_002c_img_new.jpg
X-3I2*-5x-3





EPUB/assets/4dd671eb0d5b01324a70754c381854c4.png
y—y =mlz =)

(- (-2)

y-1

(@+2)





EPUB/assets/584496eb314f922d3c15df2253bd8ad4.png
(0,3)





EPUB/assets/bd98317fd64ef9e756e7fbe06935c041.png
1 kilogram

3 pounds x
P 9.2 pounds





EPUB/assets/09244d6fff16929f0aa8863a4a6f69f2.png
5z +T)





EPUB/assets/119a9b6f536b8730162f7613add2075c.png
S = 285 + 285 + 288





EPUB/assets/2936dd9fdd0a01e6bc74a118094fdff9.png
Sa

gbj1.0,00,0.05  rgb]L.
Simplify. a=-2






EPUB/assets/1088e34c50463033dd78ad64f792bd09.png





EPUB/assets/7da22525efecdc1e205edf2a2cfe09b7.png





EPUB/assets/7e93ec432a8bdfb7e8b61c857f29a5b4.png
(y — 8)(y + 8)





EPUB/assets/02fa9033ce8dbca8a803703172592d02.png





EPUB/assets/fc947d89cb48e6f604cf5d0d278cc40c.png
Fornula does not parse





EPUB/assets/7ee06b9a1b357325de88a55d6baa2036.png
O()





EPUB/assets/a468f9ed3ce43335b6781daa2b3f6f19.png
1
Frbxh

1
3% 6x (11419





EPUB/assets/d525c1733aa200435aad4b5fd53cc835.png
Y+





EPUB/assets/2e3325e0e2a622658455b29cba8da465.png
rgh|1.0,0.0,0.02 - 90 = rgb|1.0,0.0,0.02 - %15».





EPUB/assets/27cd16867d9ef32df446b5627be4e44a.png
axl





EPUB/assets/07bf4bcb7be80bd13f5173332e1beea2.png
$13





EPUB/assets/98af5da4c0744d4d3d5775154aeda6d3.png
Fornula does not parse





EPUB/assets/d32b698c6edc02a96daee31e848c85cb.png
18b% + 77b — 18





EPUB/assets/bcda095d7d1cffe29b3b0ff7ff0907c0.png
102 + 422 —





EPUB/assets/49937745ea0ae044a761305b61a2111b.png
F =180" — 90° — 26.39"
F = 63.61°





EPUB/assets/ccc9be67ed93e03f121f079d9af96dbe.png
(0.25z) + 0.10(x + 4

2.5





EPUB/assets/821a277b6522cd25a24414f3fde362a6.png
6 x3!





EPUB/assets/bb195170b8917c45f3bdda68c2de3a1f.png
10(5.20)





EPUB/assets/aac6b50a698d8dc3a4918606c44c08fb.png
14m + 27rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.014rgb|1.0, 0.0, 0.0m = 14m — 22rgb|1.0,0.0,0.0~rgb|1.0,0.0, 0.014rgb]1.0,0.0,0.0m
Simplify 27 £ 22





EPUB/assets/4b05658cad488efcdcd86172763dae03.png
A PTO0O00E 5 2rgh11.0,0.0, 0.0
Simplify. d"!





EPUB/assets/aa8745465cd8fe52caf26bbffff912dd.png
rgb1.0,0.0,0.05r





EPUB/assets/derek-lee-C031beKcwdQ-unsplash-225x300.jpg





EPUB/assets/06ad3cd9305dc67070a210cb03ea2f1d.png





EPUB/assets/7857573a7899f46a2d8801957c88db66.png
22 y? + 2zy — 15





EPUB/assets/9fdb4cad01534af56b1cc9955ae0dfd3.png
¥’ o+ 13y + 40





EPUB/assets/CNX_BMath_Figure_09_06_038_img-01-1.png





EPUB/assets/7884f59c9e0d4da2323fcb8b457aed51.png
20.1°





EPUB/assets/95151ee0b40b36cb3d9a7d686d82f321.png
(y — 3)(y° — 5y +2)





EPUB/assets/4d083b5644088edc78338158109c45a2.png
(—6d)"





EPUB/assets/22952a86db8a5720a5f26a04d02fb52f.png
3%





EPUB/assets/bdbac068479e77f30cafba559333d130.png
7gb|1.0,0.0,0.0 a* — b
(22)% - 3*

Simplify. 422 — 9





EPUB/assets/73ef49f570df82b116a4949d45ded5d1.png
rgb|1.0, 0.0, 0.060¢





EPUB/assets/1f6a20b827997ddc0c5af9c630dab5cd.png
$5, 500





EPUB/assets/f1742bb5da944312035070bb6e134e6f.png
2432 -1
rgb0.0,00,104 2 0

7gb|1.0,0.0,0.04





EPUB/assets/7cfc0f362b2c12306cb3f9a2fe3941f9.png
(6x3)!





EPUB/assets/25413e37ffec6a55ed14d1373fd575cc.png
r+1





EPUB/assets/7ec1c507e5a46c92378368562fd80a2e.png





EPUB/assets/9b3dc7b922deab5e258ff34f662cab59.png





EPUB/assets/5c7e8475c126ec7635c21fffe3a780dc.png





EPUB/assets/56574dd69bc30f773994691320e45ee1.png
2z — 3y = 12





EPUB/assets/5cb14a5d391128559cded810dedbd3ea.png
y? + 8y — 8y — 64





EPUB/assets/0719a1a190f11d053e1c83e1689533b1.png
430





EPUB/assets/c765f872bd445bacc2ff357d0a45eb1f.png
3¢ +dy =12
3
y=3-¢






EPUB/assets/78950f747cdfdbf1529abf4b6471012e.png
(1,2)





EPUB/assets/31d6a63c0ac900d83f098fee7837c64d.png
169° — 20y — 50





EPUB/assets/7210850d2c311481027902f5fe6bcf22.png





EPUB/assets/d867260467ab70d386ff02f96d7ea05b.png
6(10 — x)





EPUB/assets/bb8b6f937c7f2292cbd0f8e7757721c7.png





EPUB/assets/59059f2a484ee684edec27f0dc847689.png
~1(y + 5)





EPUB/assets/6205211d1426d83471b33d68a54e10a9.png





EPUB/assets/CNX_ElemAlg_Figure_04_01_001_img_new.jpg
- -x

7-65-432-1 1234567

m 3






EPUB/assets/981e33e676ee57a272e654bcdc10df12.png
—25





EPUB/assets/143ae2fffa443d64bffa388558d0183d.png





EPUB/assets/e03a3121cb7a9a9eaa08a400462b555d.png
105y" + 75y°
5y?





EPUB/assets/33c21820af47e087b7e89a7dd2596ab4.png
6a





EPUB/assets/74c690167b99f75f60aefd5ed2efff2b.png
—6z 42
7gb]1.0,0.0,0.0-rgb[1.0,0.0,0.06  rgb]1.0,0.0,0.0-rgb]1.0,0.0,0.06
-7

Divide cach side by -.

Simplify.






EPUB/assets/b47d295b262c63ddf82cb4fb60142763.png
'795]1.0,0.0,0.0arg5|1.0,0.0,0.0 rgb]1.0,0.0,0.0-rgbj1.0,0.0,0.0 rgbj1.0,0.0,0.0)  (rgb]1.0,0.0,0.0arg5|1.0,0.0,0.0 rgb]1.0,0.0,0.0+-rgb]1.0,0.0,0.0 rbj1.0,0.0,0.06°
5m — 9n 5m + 9n





EPUB/assets/fc5e8ab6938d6b4be120cee8726eb97c.png
(-2,1)





EPUB/assets/11df859cb160cbfe592dd53717c26b4c.png
2r +y






EPUB/assets/dc2eadeba596719f66c876cf6525ceea.png
0.08





EPUB/assets/803042dfd84e4bc80438b6ea06080ccc.png





EPUB/assets/017da52f62306afa1e40f70c021ddb47.png
rgb|1.0,0.0,0.070





EPUB/assets/43ee95b96cabdaebb10c0c7d555094a6.png
6z° + 15zy





EPUB/assets/0863925c485284eafcdb7405192bb580.png
3z -2y
5z — 6y =10





EPUB/assets/cb51961df731c1fc27d191ebc309e8fa.png
0+ (-73)





EPUB/assets/6aa67c5ee88e8128570a1d5add960212.png
(z1,11)





EPUB/assets/73c8c842ef9626e3460927deefd7dc81.png





EPUB/assets/7efc92b581c0aba7c6d855080b79dd6b.png





EPUB/assets/a2d3c15db16f7be0c833fe9c1ca8196f.png
krebl1.0,0.0,0.03
000008





EPUB/assets/dae50e6d4ce0dbfe143313f72fa3876f.png
4, 096





EPUB/assets/3a046998f09f181f341549e8ab258a47.png
(y—7)(y+4)





EPUB/assets/6d780016cf3b7351adf841082768f6bd.png
748]1.0,0.0,0.0z;  r4b]1.0,0.0,0.0y,
10, 3





EPUB/assets/f62771825ffa4ec1558615dc878d8c2f.png





EPUB/assets/55d8fe61e35a0a7090ab81ad57395509.png





EPUB/assets/b7c5955384fbed2f7dea4bd42dbd1589.png





EPUB/assets/0a9339d4c8604ab46da42c3bed12f092.png
Sz x3
B =10






EPUB/assets/315b0a5567fd2e618ceeb8908fabe5f5.png





EPUB/assets/32817e8118a49a685271cbbdf31fdafc.png
rabl1.0,0.0,000"41 9200 gh11.0,0.0,00 rghi10,0.0,0.0-rgh1.0,0.0.0.0 510,000,001 0000
4z — 95





EPUB/assets/f7671a00f66b57248012cb845a04c5b6.png





EPUB/assets/feb0558216000390c559f8fe06a827d5.png
(2,-4)





EPUB/assets/062632e58f682c6bafabbe13b63d22e6.png
b6 + 42





EPUB/assets/ef3fcd1d37038e430ed6b4357f6f228d.png





EPUB/assets/b23c90f5fdb58ee4f68550060b519bd6.png
.0,1.03)





EPUB/assets/141877dc2f04360c048f0a7a344323e9.png
Fornula does not parse





EPUB/assets/87e47c9a062ea5947342e8e86c267a99.png
0.83__ 0.803





EPUB/assets/1afba9c384250e715641a63a9acbfee6.png
8(—3) +5(-7) — 4





EPUB/assets/11cbf9d3220bbd2841179a27380d3c95.png
3¢ +0 =
3z =





EPUB/assets/49427447ee912eb4fb0ddbba4609e89d.png
39





EPUB/assets/531717d2298b10c19215f8bfea9b0699.png
8.25%





EPUB/assets/abb6e59467866b8f3a41f6487870c407.png





EPUB/assets/dd9e9d6446a1fd599302db76b1e552b1.png
Simplify.

m=

m=





EPUB/assets/ba2c66964ba57adc389e24572cfacb99.png
x2x2x3x3
LCM =72






EPUB/assets/a3838e2ca02dfe4b456f54ece4ce4f68.png





EPUB/assets/4858d4eb8778d998da033fd09977e42d.png





EPUB/assets/7aeb065a2de2858a4593b754ddd95cec.png





EPUB/assets/a7c7e0673c79f70083896a06b6fe3846.png





EPUB/assets/5d11f29e1365180e5a54cfdde16ece9b.png





EPUB/assets/0c21fddedb4dfa3937ef163b1f5f7fe9.png
2
(ga‘b’)(lsab‘)





EPUB/assets/65e31253704dc75f2e8abe6ae79c19ae.png
(T+8)+2=T7+(8+2)





EPUB/assets/8be398185668a26bc69f72bc8d5cbf17.png
dr — 2

'+ 1





EPUB/assets/89f3945b8a0eb8e1851a8e04c4bf0804.png





EPUB/assets/6aae3b380265737f05adda554f4bbc21.png
m





EPUB/assets/c728c401e7553b7287946fa749760aba.png
Sz x5  3x3
625  10x3






EPUB/assets/f75afefbff53a0cb11973375ed9dbc32.png
0.03z + 0.05(20,000 — z)

).045(20, 000)





EPUB/assets/d459368c392b9be2f27db7a2cc0c0acc.png





EPUB/assets/82e167a31a915185642f5085e596aac5.png
Z x1x 2
Zx 7 x4x3





EPUB/assets/895c97f3ad4abd9a3a9b55abe6ca17db.png





EPUB/assets/47c307667b7e57640c36b4c572887ced.png
5.8 x10°) x (2.84 x 10 T)10°"
5.8-2.84) x 1077
= 16.472 x 1072






EPUB/assets/f23c565c7ea3543d6b4bf6b2783133c2.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_022_img_new.jpg





EPUB/assets/daf6ca66736946410a535a707ec5db5f.png
(6u — 112°)(6u® + 110°)





EPUB/assets/f30ce133fede144197d419648445a1e4.png
2z + 3y = 12





EPUB/assets/6c47bcd40ecfcfe1fbe1ad59b08dbfc2.png
5m — 2rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.02 = 8rgb|1.0,0.0,0.0+rgb|1.0,0.0,0.02
Simplify. 5m =10






EPUB/assets/810201d06edc8c5d4be8838ac94cfd60.png
$600





EPUB/assets/6b48487ad71a4e80a9ed63dd9addd2ba.png





EPUB/assets/c083def60c8a1c2fcf1e1545a802643b.png
4y —9+9





EPUB/assets/edd66d7d3a2f6ba03bb92fd35b6b8d09.png
0.06 (rgb]1.0,0.0,0.08) +0.02 £ 0.25 (rgb]1.0,0.0,0.08) — 1.5

0.48+0.02£2.00- 1.5
0.50 = 0.50¢"






EPUB/assets/5e6362021d0d8a313be894db3b80f9a3.png
Tx 2T
18 = 14





EPUB/assets/a115615e60ccc10c158a55de8bd5ec15.png
x gy





EPUB/assets/20bc1b224bf63f52b6be83c091b3dc45.png
Fornula does not parse





EPUB/assets/eaece5437f853f125fc229a9714336cb.png
(ab — 9)(ab + 9)





EPUB/assets/968872e2a6ec4c465c24ab5ecae96a0b.png
Simplify.






EPUB/assets/0bd8cd849dd4f36e7774df252394ebe7.png
27°





EPUB/assets/86db7fa3658bbacb61fd5470c75ee069.png





EPUB/assets/135bb175b0691ef1b1f09ea01f22a4c7.png
(62 + 3)*





EPUB/assets/331a771953f24a6534042173f0223f83.png





EPUB/assets/5b469282d59ca9c5147cc31ea1687baf.png
75 miles
40 miles
115 miles

Christopher drove 50 mph(1.5 hours)
His parents drove 40 mph(1 hour)






EPUB/assets/CNX_ElemAlg_Figure_05_02_009i_img_new.jpg





EPUB/assets/6660f46028509fca0e92afbae5cda2e0.png
1,440





EPUB/assets/212c958de30561db93b5778ecaebc9ba.png





EPUB/assets/3b0914696a3d5c4e8754e088b50dba87.png





EPUB/assets/124bdeeaaefea1072d6948ba2e699703.png





EPUB/assets/3117492d5f639aa75b97c0c9585dafd0.png





EPUB/assets/68e1171f539ada5e9af0b315ae6cca78.png
4(p+q)





EPUB/assets/CNX_BMath_Figure_09_06_046_img-01-1.png





EPUB/assets/f90ad6aafc34e6e9834bf9a4957f589d.png
(a —b)(a+b)





EPUB/assets/04c7baf1b60368e97e5d7a05bd6c93bf.png





EPUB/assets/085ac4128e29c7e2f509a882a89269d5.png
roL0.0000a"H 80 rghL00.000 roL A000.0-rgHL00000 re1 4,000 124007
(2z)) —





EPUB/assets/ec822a5a17506d54902ee0fd4317b95b.png
Iy





EPUB/assets/fa31921f07288661c4133730aefc58a4.png
(2,-2)





EPUB/assets/1a310352fd5efee770d34607849841cf.png





EPUB/assets/6198fa7d92d562137ec671073f147d73.png





EPUB/assets/73664905bf28667809cc21d781adfb6f.png





EPUB/assets/abdc30e012ffebca8ae790de19d2e73c.png
4y — 4





EPUB/assets/811b98f1b5dc2c4ca39419ec0786cb90.png





EPUB/assets/bbde38f60be34db66743f1c7eea5ac3a.png





EPUB/assets/77d759666262b540449d9a649028a619.png





EPUB/assets/6c96b03192e1deaeed1b35f22734ca33.png
—45





EPUB/assets/bc879dc6356b88d3878fa6ebff2cb047.png
Equation 1: = + y = 10
1+ (-1)<10
10=10v

Equation 2: ¢ — y =12
- (-2
12=12¢






EPUB/assets/5fe019e14d2f232c7d3631efada26476.png
3+5





EPUB/assets/810c045a6916c42140a30d8125918e52.png
TXpE3xp
Simplify. zp + 3p





EPUB/assets/3b7ea06e2792582586cae92061f238cc.png





EPUB/assets/5b7aa7ff88b5248e3639d0fc08e94607.png





EPUB/assets/0e7cacc16dfa9bfc47e756156f5a47a5.png
n+2+ 2





EPUB/assets/CNX_BMath_Figure_09_06_041_img-01-1.png





EPUB/assets/ee3bdb99178f8ec08ee2633caf0726aa.png





EPUB/assets/7dda1cd585042310560e79a1c8293842.png





EPUB/assets/9af246b935374d369fa6a2c0d6b3989d.png





EPUB/assets/252527e2868ec4d4a24b10fa94bb3c81.png
ztdy =
2+ 5y =






EPUB/assets/bdd5d42c461386b4c129b6c50eeedefd.png





EPUB/assets/998f9d1c07fcd186efb920b4fc7dcae6.png





EPUB/assets/4504b3f67a980fac02d94ada9b75d0b7.png
29





EPUB/assets/81479a3682fad65109f08af4e3944d30.png
< or >:0.76__0.706





EPUB/assets/1dde0d81432d73053521a17af5443323.png
x = rgb0.0,0.0,1.00 x = rgb0.0,0.0,1.01 « = rgb|0.0,0.0,1.0 - 2
-3 y=-3
~3-7gb)0.0,00,101  y=—3(rg}]0.0,0.0,1.0 - 2)
-3 6






EPUB/assets/e1898f6f551801a00758aea1250171f3.png





EPUB/assets/ef4edb5bd2cbed2ad082ce560bc7dd12.png





EPUB/assets/efa52bebc8906b4134f1f0b53d1eab24.png
(5n + 8) — (2n — 1)





EPUB/assets/ca2872511fcb1657a37146c6fced9391.png
7gb]1.0,0.0,0.0z — rgbl0.0,0.0,1.0y = —1

rgb]1.0,0.0,0.0-7gb[1.0,0.0,0.02 — (rgbl0.0,0.0,1.0-rgb]0.0,0.0,1.01)
-1

2rgh|1.0,0.0,0.02 — rgbl0.0,0.0,1.0y = 5

2(rgh|1.0,0.0,0.0-rgb[1.0,0.0,0.02rgh)0.1,0.1,0.1) — (rgh}0.0,0.0,1.0-rgh}0.0,0.0,1.01) £ —5
5 45






EPUB/assets/ecf72f8d21f854ba98644ee25ca4eb3f.png
2.318





EPUB/assets/CNX_ElemAlg_Figure_04_03_012_img_new.jpg





EPUB/assets/ce4ed25e483bce11dc8ecc4ca1cb7af7.png
r9b]1.0,0.0,0.0vrgb]1.0,0.0,0.0arg5|1.0,0.0,0.0rrgb|1.0,0.0.0.0rgb|1.0,0.0,0.0argb]1.0,0.0,0.0brgb1.0,0.0,0.0irgh|1.0,0.0.0.0¢  rgb}1.0,0.0,0.0crgb|1.0,0.0,0.00rgb|1.0,0.0,0.0nrgb|1.0,0.0.0.06rg8|1.0,0.0,0.0trgb]1.0,0.0,0.0arg|1.0,0.0,0.0nrg5]1.0,0.0,0.0¢
T +5 6z + 2





EPUB/assets/acbd61225a3fbf3344d807f6234455e6.png
(—4,4)





EPUB/assets/d64d7cf468483635758a3ce9db8a7453.png
f(z) = az® + k





EPUB/assets/6bed3dcedd8b51de8eb9a8a83bca3da5.png





EPUB/assets/b6e1973baafd6911017020a8f05b6168.png





EPUB/assets/64fa79ad55cdb42ff618367d0d096980.png





EPUB/assets/71f66102aceaffa81eb439f92c34316e.png





EPUB/assets/46d1d1f67cea35d5d8a43371de0fefde.png
(8,2)





EPUB/assets/8d75e338ee600ff0250e65906f22ecc7.png
140





EPUB/assets/cf80326d1314fc4a58352aaa3da6c4d9.png
1.8g/L





EPUB/assets/7240f088bacaff606910c4a48f3ccff0.png
6.2 % 10%





EPUB/assets/fa209414e6c9f27c6e25eed86cecabce.png
sin(D) = — = 0.6





EPUB/assets/10fbb721e7cf9a48c46a172bff2443ad.png





EPUB/assets/7cf386c49775c18b66213f94e20fabd5.png
80 % 10 % = 0.089





EPUB/assets/5f169c47656d035188b3916bb42c2881.png
15a°y — 35zy°
b2y





EPUB/assets/eca53d00d1d701abebb26e52f9598fca.png
4(=3)+6(-2)
—3(2) —






EPUB/assets/c1011bf01a60f836d1b90c41726df97c.png
n < m





EPUB/assets/f3e869819c4ca6b1ce8bb0b59a5fc912.png





EPUB/assets/20502a9c2cddc1cd58ca6c00aeebfa19.png





EPUB/assets/688228ab2dca2f41d05cdc1b80dfb4cd.png





EPUB/assets/04edb5e9a5d822ae2c2b7e430b3891b2.png
Fornula does not parse





EPUB/assets/484dcd8cb162d96703ada918a5e4f0dc.png
Afigure = Abtue rectangle + Ared rectangic
Afigire =bh + bh

Afigre =12 X 4 + 2 x 6

Afigure =48 +12

Afigure = 60





EPUB/assets/2bd96b05c7faa1ed17c59e17e94f02ca.png





EPUB/assets/651f2ecbacc87ea5fb7a33b1e7a84f6c.png





EPUB/assets/b022f93f2209981ca6e57b069a539919.png
(6n — 1)





EPUB/assets/bf90bc3819a6c43f2dbf8f8b835fb7c6.png





EPUB/assets/6f8ce9f64ae3c983fd4ce786a2d80eac.png
(—=2)(—2)(-2)(—-2)





EPUB/assets/9fb63ec2176f54bb8d52a2aba3b6f684.png
(y—1T7)





EPUB/assets/30ca5cffe22f81ed128f0aebd3ede30d.png





EPUB/assets/2dd0d3e0e2a7d72dff6f58d62a64045f.png
The number of girls (11) was three more than twice the number of boys






EPUB/assets/7fd4c2296a2975a911c9ad337b915ffa.png
10°





EPUB/assets/fc5c356579a75c88bada653cf30ec9f6.png
by — 6+ 2y
s -6
8y

34
34
0





EPUB/assets/d490c87113b5ca42526d5885ec26ca62.png
/144






EPUB/assets/41178426ba5805541df8be3997deaacd.png
4+ 2y
6z —y






EPUB/assets/07a34210897a8e03b7c979f013e9b942.png





EPUB/assets/7ffaa0803dc3a15a709f99934471fd13.png
T — 2y






EPUB/assets/64942365194c8c53210f58c0510c1a72.png
gt 4 22y + 121





EPUB/assets/bd5854466164e075dffe9292b8868991.png
mZA + mZB + mZC = 180
a4+ (a + 20) + 90 = 180





EPUB/assets/92472365c0db0c504520b073ade70a2d.png





EPUB/assets/87572eb5b162788e915072242e9d9ee2.png
2% + 14z + 48





EPUB/assets/a03a24f662bff3821a624e798e5eede8.png





EPUB/assets/f18c149ee7f040febd1daddbd5b5d632.png





EPUB/assets/5806f4f568db97d409e4a0d6fc47bad3.png
—6(x +3)






EPUB/assets/86c7be39353ebde222ae759cbb8beb65.png





EPUB/assets/f79e4b4e7f6d4aa3f851305067631252.png
9(3s — 5)





EPUB/assets/3138ee58b22ed8cc8c5f3172f4ad0b98.png
What percent of 480 is 2407
P o





EPUB/assets/35806d1e8878505265bfdb4175c5c3e3.png
P
4y





EPUB/assets/8f38822e7fce34464db1ad753421a3b6.png
-+ 2y






EPUB/assets/d4aed1a0f4025a2b404df571aa5fc2bf.png
m





EPUB/assets/7c10d4760f687dd4f18505616fa5fc28.png
8(0.02) +20(0.41)

0.16+820
8.36

8.36

36
36¢






EPUB/assets/58bdb8b638511fc3fc67ab0ac3b0ed75.png





EPUB/assets/4e733f67b0ad401c776b253ec034d030.png
3z -2y

—3r+4
vy






EPUB/assets/b4d72a11c80de20d5a91c5ae345bd5c7.png
36m?





EPUB/assets/11562e8a4a72e19b6aadd65eecdb6e4d.png
Fornula does not parse





EPUB/assets/151d0e22d55b7a4010fc2414cf79a08f.png
n

1* number





EPUB/assets/f641cb0de4b2f4ab318eb17b4badbe70.png
8y

gb0.0,0.0,1.02





EPUB/assets/5de3671c494b8deec8bb603c9fb2aa4e.png





EPUB/assets/443db86a0d5d8444ae181e60b4c1366b.png





EPUB/assets/7af4f9892a94faaf788453d3da704d7e.png
Aigure
Arigure

Arigure

Apigure
Arigure

Arcctangie + Atriangle
1
b + b
1
8xddgx3x3

32+ 45
36.4 sq. units





EPUB/assets/1384d6dac9df99579cc1a929200d1ac8.png
(82 +4)





EPUB/assets/cc4b2f616ee0d8432674fe74dafb3c9b.png
1kg
(1000g)

kg = 1000g :





EPUB/assets/7497b7ec214f68a75f374128b60aa1e4.png
—-96





EPUB/assets/88661bf946ccd49557299a562b981e9b.png
{





EPUB/assets/bc6aa3e8e72b253e0d4ec11b60470489.png
2c





EPUB/assets/ea96df47ba4eddd02ac939d565c0573f.png





EPUB/assets/f508c615ee34ad4472452fe3135d88a6.png
5z + 6y = 12
y:%w*]





EPUB/assets/115d9356844da70a1b36f4f3df081242.png
Ta





EPUB/assets/ee4ee34104dbddb8323abf2672c98280.png
Tx(2z + y)





EPUB/assets/47ff2e96fcfeb178c6ce65ff15f1f2f9.png





EPUB/assets/6d9a0e350be1294e81bae83e1be40044.png





EPUB/assets/4fb43b92bfa49c796ac7b4d1a2381c09.png
= Bh
Argh]1.0,0.0,00rectangle s
= 27.88 yd®





EPUB/assets/82ef4ec08f0894c64ba7c724aee9398e.png
(a+b)? =





EPUB/assets/ebec548ab5d068d31d815dab5a4a7d47.png





EPUB/assets/567df20cba1a8b762f42e14341f972b9.png
0 =7





EPUB/assets/be5256bb91805679ee96ceaefaa54712.png
10+ 4(6 — 2)





EPUB/assets/cd633a5e47ea1353baf3cdd240b13abb.png
(4,1)





EPUB/assets/afa4b13c9f325082a5a9063c936db72a.png





EPUB/assets/e5d5f7e2e4d06b202c4aa420af03cf93.png
120°






EPUB/assets/800px-Grapevinesnail_01-1.jpg





EPUB/assets/2a7e658c378e2e3de6b4b6f3b3726212.png
(5.8 % 10°) x (2.84 x 10°7)





EPUB/assets/bbb19d9b268ad09061d9cf03afb86c61.png





EPUB/assets/f5196c9698f4bbe146d030add346d5c0.png





EPUB/assets/a9e1fefe699c069719f72a0731bc3876.png
(z — 5)(x + 5)





EPUB/assets/3599deeb1aefff11e0e9342343bcf819.png





EPUB/assets/895f57f5544599cffb58f219b92190bd.png





EPUB/assets/99ae7af52d87dedebe3e69c7223b3cb7.png





EPUB/assets/da406062b45a839888a0554cdf190738.png
8a’b® + 12ab — 20





EPUB/assets/8ae6b3b052d26b19638daadab1b2462d.png
187
500





EPUB/assets/cbcd663f9bb9851621e293530162a242.png





EPUB/assets/1166104fc1e490415964d334fb33dd0d.png





EPUB/assets/6f142dab9209f694deb643c6b33e5ce1.png





EPUB/assets/fe37b8f240de8071c9c121f165640c83.png
~17-9=-26
174 (~9) = 26





EPUB/assets/269f351e896c2fed7ac2de3fdd1afae5.png
~2(—-5) =10





EPUB/assets/9c3c6e2c4f4a0d257c794f859ba0a037.png





EPUB/assets/601eb91a39bd5d1d0fdb0a65a3455298.png





EPUB/assets/068e0c424cc4560e44ee313e1e6afd80.png
17x





EPUB/assets/29a22de316177a25f6c7091acd187cfe.png





EPUB/assets/eecd985025b7657eab200d4077667bd0.png
ALO00DrHLIO0D0ersBL 00000 LONDOLIAILO0000arg L0000 LODONUGLOND00  robLOMDOIETHILO0 00 0rgHLONDOIGHILON 00 Drglf D000 0THILO0000er L0000 0nrb1 000,01
122 o





EPUB/assets/1e5e51266c6cdfd9795351ef2f6b888f.png
$12, 000





EPUB/assets/4f4730fc23927a3ec1fe2ef23c9531d5.png
(—3,8)





EPUB/assets/8f13041af465ddd9529b5f5295079179.png
390, 000





EPUB/assets/0a164ee8eb16499b0c0b8751df9f2164.png
rgb1.0,0.0,0.0zrgb|1.0,0.0,0.0 rgb/1.0,0.0,0.0

0.0,0.0 rgbl1.0,0.0,0.02





EPUB/assets/2deae4c6f2b9a5ea8b1d25911c71daed.png





EPUB/assets/35a3ee52cc2dcbb8d392b0203861594f.png
(4z + 3)(2z — 5)





EPUB/assets/68195e2f010746d17ab8f7865e87f99d.png
35





EPUB/assets/c7c045a05b43f8368f8dbf1f8afef203.png





EPUB/assets/CNX_ElemAlg_Figure_01_07_014b_img_new.jpg
427.5
006.)2565.0





EPUB/assets/34ba35934637a5c8dd7b7f75bd7b656b.png
6y° + 23y + 20





EPUB/assets/ee10172066fb1c5f642767f3bb4a2ace.png





EPUB/assets/d3791ec1c9ecb1153a8f15ddc7c56f50.png





EPUB/assets/0ad3e7c037b7af715e72f6e0da5465ea.png
(2:3+61757L
41





EPUB/assets/1b9bc37b041ef599e0f604e1c1c69a44.png
Sides of large triangle (to find a)

Sides of large triangle (to find y):

Sides of small triangle (to find a):

Sides of small triangle (to find y):





EPUB/assets/958e9667863bac7c943604abebc9f1c3.png





EPUB/assets/Figure_01_03_03-1.jpg





EPUB/assets/c539e3a6ee5bcde0342b5b2c95089d1a.png





EPUB/assets/01c674c2c028c2d2fce21f74bc4244a5.png
135
100






EPUB/assets/36d27e65eb6692054d2e99a88f2d2623.png
1.9%





EPUB/assets/94cea943eebf6adb4b94d745df0d85e2.png
<i®

ym

a™
7





EPUB/assets/effe54ee80df53b1ed39599576d7a491.png





EPUB/assets/756a2d0beb6b80372041b422ffd90362.png
gh]1.0,0.0,0.03rgb]1.0,0.0,0.0-V = rgb|1.0,0.0,0.03rgb[1.0, 0.0, 0.0- %mzh
Simplify. 3V =mrth





EPUB/assets/9bc9aecb82547fa58d6873e7d3b28a53.png
5 x 3





EPUB/assets/b47b0c29abf7f0dd2faa3927f7355d62.png





EPUB/assets/6c050990b49576bd89edcd060e5b65c3.png
(2)?





EPUB/assets/CNX_ElemAlg_Figure_04_04_057_img_new.jpg





EPUB/assets/a92b9776a0e738fe290f6bc8de32b1c5.png





EPUB/assets/CNX_ElemAlg_Figure_01_10_010_img_new.jpg
s

S E






EPUB/assets/75de78b0b890cd0946b6a8621af1ebc0.png
Atop

4 x 2





EPUB/assets/e6ef651df4aaf6ddf1c6a0164e67199b.png
100





EPUB/assets/053f49bc2e4ba16c64a792c6aa5cb140.png
* 1000





EPUB/assets/b32fca464b7a6805bfbc7c9ba6d5934a.png





EPUB/assets/118de008466020b678e39c0fd835b288.png





EPUB/assets/4cc3cbe7772de29f29021af2274682cd.png





EPUB/assets/Fig-1-300x188-1.png





EPUB/assets/21-2.jpg
0.093





EPUB/assets/Example-6.3.1-part-b-step-1.png





EPUB/assets/a527b2ba49b81f187cc85d2a4496a6bf.png





EPUB/assets/52390a46a94b867eef04690478b5ab38.png





EPUB/assets/CNX_ElemAlg_Figure_04_02_030_img_new.jpg





EPUB/assets/c9aa1b1f3be84ab1fc9df7b52505d940.png





EPUB/assets/f0c7dbab19030c398b564cfbccc42b38.png
(0,-1)





EPUB/assets/9270cf88563c6fde35613c52ad9150da.png
Ox





EPUB/assets/28da3add44158c656090ce7717d8276e.png





EPUB/assets/e10b7c4134858f012d59035454695d40.png





EPUB/assets/5c82d8154506b09c7afedb3d2389936b.png





EPUB/assets/fe96adf111b88583112f69f32fbce534.png
$17.05





EPUB/assets/b67041a0900ee5628246ca7a6b02e027.png





EPUB/assets/348021ebbb6a1ee16da132f23ccfa500.png
347





EPUB/assets/a3c7c7e375e164d06d5300998c3184c8.png
5627
823





EPUB/assets/2347e9334ad71c519b6abe17c0311906.png





EPUB/assets/0345650b1cfb952b5a66d43d98d755b4.png





EPUB/assets/18f66ea86d574f74eb5e5647399a7eb6.png
distance driven in the city + distance driven in desert = 255






EPUB/assets/CNX_Precalc_Figure_02_03_002.jpg
M(t) =mt+b
—400 3500

M(t) = —400¢t + 3500






EPUB/assets/1c2bcf37221de032acd3f91e4f5d89a8.png
$250





EPUB/assets/c24be71c4f5541e4aae045fcfcf1596e.png





EPUB/assets/d6c2442139b3b359621058eff3461fa9.png
$120, 000





EPUB/assets/71e7d339ea0cd4220941bb1afde4a2fd.png





EPUB/assets/41a70ca04d63021f2491a3f471f8c6f2.png
a < b






EPUB/assets/CNX_BMath_Figure_09_03_036-1.jpg
10inches






EPUB/assets/f925c2b8de2777b4646c9fe1b9bd7367.png
+/100 = 10





EPUB/assets/a0a7d1a4bc00ef8e498553e571b825d4.png
(z — 7)(z + 5)





EPUB/assets/980f780d3ec759390dbe8fc8f025b83b.png





EPUB/assets/fcebd85e0fac4825719e42cea656e3a9.png
dr + 2y = 4





EPUB/assets/ace9afa8829bc62321c457f9e86e0e9f.png
2o





EPUB/assets/d26e5ed7445e826949ed2d7927be8279.png
(-3 =9 (—8)* =64 (—11)* =121 (—15)% =225





EPUB/assets/de0a49fda5c228ba93c71979b6b4ee4d.png





EPUB/assets/307a1307c31fd67b80227cf81c230e7a.png
0y® + 2y — 8





EPUB/assets/8bd3ce40b1d18cf3c8b8b5e5261fca0a.png





EPUB/assets/d0f06ac31f0d8a222aea03fde846829f.png
~1xy+-1x5





EPUB/assets/CNX_ElemAlg_Figure_06_06_003c_img_new.jpg
25)875

7S





EPUB/assets/0e4e840ca30e2486ed3e06714dc0ff97.png
~14 + (—8)





EPUB/assets/4ebf84ca249229554d35bf71b74725a8.png





EPUB/assets/e39145ed1ffcc55e5a2207d7a3d722d3.png
rgb|1.0,0.0,0.00"- 050002 1511.0,0.0,0.0 rgh1.0,0.0,0.0-rgh|1.0,0.0.0.0 rgh1.0,0.0,0.08701 000002
(cd)* — (8)°





EPUB/assets/d39a807217edd8ca664b0fccf1c7bea0.png
Ty





EPUB/assets/f449dd0d947d08399817cc91f5ef0479.png
128 ounces





EPUB/assets/e4b95ecb5c68cfd3b8832cebb17d2797.png





EPUB/assets/CNX_BMath_Figure_09_03_023-1.jpg
255
17 y
15






EPUB/assets/a4800fee3cfffb5b5758c8915e5ec8cc.png
$32.50





EPUB/assets/0656682e720957b2b52b74cfab0c2cc9.png
(

7z’

)





EPUB/assets/20982560dc5883fe5fa8764652552f13.png
5q -+ 30rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.030 = 5rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.030
Simplify. 5g=—25





EPUB/assets/fec2eb7212fcea2918257c0597281f67.png
(22 + 82® + = — 8)

(z+1)





EPUB/assets/4fb3034172d19ccef58892263e7e0c12.png
5
|&

)





EPUB/assets/597877783c7a7e5cf7a65881ef370e4b.png
=16





EPUB/assets/95e0573ae0730354f2c5d23d45cd1cf7.png





EPUB/assets/964d9ac1b171dde9670dd7334123c1c0.png
n -+ 2





EPUB/assets/89ec6254fcbf019f2a41021db7e1d3a4.png





EPUB/assets/cbe3214d459da20c74e16109e9dde0a4.png
1

The sum of three — eighths and @ is —

— T TS 2
P - Y






EPUB/assets/9a060c1407ea77162c6a5ee7c3734132.png
(—2c'd?)?





EPUB/assets/3a49480d80dc7c6df45042f11ef9bcd5.png





EPUB/assets/18868cd6e88615509aa5b6f38ac6c8bf.png
(2,1)





EPUB/assets/090b9502c2d2bc28a75461359ca18fbb.png
615





EPUB/assets/80bfaddb135c05d09b88e1ec06fe45b5.png
(z* — 32 - 1000) = (z + 5)





EPUB/assets/e0e94141437e0577cf019c63c8d0de70.png





EPUB/assets/CNX_BMath_Figure_09_03_052_img-04-1.png
a + 20

[]90°





EPUB/assets/b0efd33c05e0997bc5cfdaba4b578289.png
20





EPUB/assets/b95bcf3dac05fba237ce66ccd1562097.png
51

11y





EPUB/assets/29efd94f534aa626d96928adebe4105b.png
y=52-3

z-2y=4
The first line is in slope-intercept form. If we solve the second equation for y, we get
z-2 = 4
la-3 —2y = —z+4

~2






EPUB/assets/2b9c1cf6577fb68ff21ab048266cdb85.png
2rgh1.0,0.0,00z + y = 6
2 % rgh|1.0,0.0,0.00 + y = 6





EPUB/assets/37f38393b8b269cdb6802b510e660e79.png
1022






EPUB/assets/dbe60025abb262272b2de13a66bf0620.png
0b]1.0,0.0,0.00" 11 0000 %11}1.0,0.0,0.0 795} 1.0,0.0,0.0rgb]1.0,0.0,0.0 rgb|1.0.0.0,0.02r4]1.0,0.0,0.0argb}1.0.0.0.0.06rgh]1.0,0.0,0.0 rb{1.0.0.0.0.0-rh1.0.0.0.0.0 rgb}1.0.0.0,0.057/1 000002
(8z) — 2 x 8z x 5 + 5
Simplify. 6422 — 80z + 25





EPUB/assets/bdd8830adcdbf170f71c1348f87a8adc.png





EPUB/assets/8fc3587479f309ca84593507f0a2d5e6.png
25,000 + 15n





EPUB/assets/1bf44b69332517de675682ab1fd0b32d.png
(12 - 5) x 2





EPUB/assets/e1665d4965644ed1c13b631e34e186cd.png





EPUB/assets/6503d687c6dfc7a338c57a52d9b542f5.png





EPUB/assets/e90daf26a991728083e87e0dda56c8c5.png
12

(

2o

)





EPUB/assets/a697cd0096f916e6df9932705e4a1466.png
z = rgb]0.0,0.0,1.01
Y= -3z + 2





EPUB/assets/0a6406ba4729618de7e1877afd838c84.png
160 m®

(?7)kL





EPUB/assets/576a74bbc7201a5ed4d52d8f7a044239.png
ol e





EPUB/assets/83579ded831941ce27c01f81cd8a8576.png
/225





EPUB/assets/2aaff3f809427dc9248440936515f620.png
12.5





EPUB/assets/4c484adeef200381a2ae6185b4080d69.png
$5,600,r = 4%, t






EPUB/assets/713bc8b888c504b5969065034c1e7e90.png





EPUB/assets/7f53dbcc378e6f55cfa7efb155358629.png
1Y





EPUB/assets/0e945d67f4ab6910a8f32d65a4d84c60.png
(62 + 9z — 1)





EPUB/assets/b1148ef212ddd3a28779e2971c04db0e.png





EPUB/assets/1eba59c05f4603087b96bf5f2f4e6036.png
—48n — 66





EPUB/assets/80b9d85a992324ce3819fa424d912c33.png
1l xa





EPUB/assets/f5044b62b86d33e1768ca5781336ebd4.png





EPUB/assets/2d3ccdedc52743840d64a64fa5ad87b5.png
11





EPUB/assets/a75fcf15af5b3bb92bb44fba8d9819e0.png





EPUB/assets/dfd2414bf6f82896f46025f1a7cc752a.png





EPUB/assets/ef456c8efe2370ddce50861824b11e62.png





EPUB/assets/63e897ed71a3493dc30e789f9e11d4d5.png





EPUB/assets/3092a678610bfcef292502908beed996.png





EPUB/assets/4cbdf697bc84ba1c1645e1047a399d49.png





EPUB/assets/aeef248eef55cecc89d99915ba4632bc.png
0.10





EPUB/assets/66d82476a62815cba6067a6a00625b05.png
Number x Value = Total Value





EPUB/assets/0e9abc45e99b29ee72e75b9bd602012c.png





EPUB/assets/b8c5ce83f62a7e4cdd8ed71c6050d614.png
"a” = q™t"





EPUB/assets/dc8cf3bb1932fce708cde8d064779472.png





EPUB/assets/8a353117064c3f283b364c77c9c34279.png





EPUB/assets/23c118eca9763ba6b35614130e3d5338.png
(2,8)





EPUB/assets/b6ebcfb604f36f9eeec9acc888f3822c.png





EPUB/assets/8cbb8f7cd74f80494e30124df5e69d26.png
6.35





EPUB/assets/61dd1ccf983f3b18b247f40c5cd8db73.png
$0





EPUB/assets/a27022b16a495e3d46aa29fe8a85b511.png





EPUB/assets/54184e39f13ab8c90a7a38e13dca2a13.png
§ = 4(3.14)6
S 452.16





EPUB/assets/c8023ae240d2376bb16ab4e229b3dc93.png





EPUB/assets/7d9ffe83af152f75fdf3c2abbca275e0.png
run





EPUB/assets/d9cd830b205e2b1bc55071eecfca6a4d.png
Ts one number 5 more than the other? 134845
Is thirteen 5 more than 87 Yes. 13 =13v

Ts the sum of the two numbers 217 8+13521
21 =21/





EPUB/assets/41d6f7d33199367692305db60b0e83a6.png





EPUB/assets/c13aa488082bb3ddc331966e74ec298c.png
—b6





EPUB/assets/e5ca328f5c0e841b220e01d8bdd21174.png





EPUB/assets/CNX_ElemAlg_Figure_04_01_028_img_new.jpg





EPUB/assets/017d1b52426c8c5461c04816799bfddf.png





EPUB/assets/05d8f5cc7549fff6b031e4025d01d0ea.png





EPUB/assets/CNX_ElemAlg_Figure_05_03_007e_img_new.jpg





EPUB/assets/0d3102052bb074c1ea98e903933da66e.png
th





EPUB/assets/4f442e1fc8d9e747e9fed8f6f6c63b1d.png
12(0.10)






EPUB/assets/b3b079000009f8a0f5692c24a2f89eb5.png





EPUB/assets/f5b1af37fe96dab2a89d9e5900f482ac.png
3*





EPUB/assets/dc5d3efa359358167a22f8a8c4155a35.png





EPUB/assets/fbdd267414c844f56cbcaffeb2de8941.png





EPUB/assets/470d716fd9727cf3234390eb260377dc.png
reL00000ar % gh.0.00,00 roHLO0DM0-roHLON00 red1 000 F L0
z — 64





EPUB/assets/39e8094041f6a1de6c614c66302ea450.png
(z #0)





EPUB/assets/327d446d7a782342694e811a34cec89a.png





EPUB/assets/6ce96ab6e327b0477738950e6b182d48.png
Fornula does not parse





EPUB/assets/d5291dc69419e52ad55b342892d8de65.png
(4,-1)





EPUB/assets/111047976179fea9af1dbe7fff838269.png





EPUB/assets/a5e31151e815a4dbf6cf31446dc50614.png
2z + 6(10 + x) = 10(5.20)





EPUB/assets/0c270c166cb6a1bc4d3e981752ac3765.png
5.63(1000)





EPUB/assets/75a3dd9dd3c47dc10c15598e59b5d98f.png
10 °





EPUB/assets/efecfb6c442b3a269939066d42cfdc1c.png
y=z+5

2—2/





EPUB/assets/c1ec6e10871a0887d892c7cdfb043ccf.png





EPUB/assets/56c028f4a10f57ba848e159cff4af7db.png





EPUB/assets/98fbcc5ad86b27cdd8a1708f174d0e8c.png





EPUB/assets/8185a18f9ded617b351577b36be8bec0.png





EPUB/assets/dc6b964c0db959f8d30b5343a0eba07e.png





EPUB/assets/278c696d833ddeeaa0a3b48499c8aa01.png
T





EPUB/assets/c41a41bf06162328189af588dd564210.png





EPUB/assets/CNX_BMath_Figure_09_04_007-1.jpg





EPUB/assets/08296384010a8eb41d4fa73feb2f2632.png
P = 812,500





EPUB/assets/a3a73614cf4fbb02d1c0fd21a81cb6fc.png
18 +6+4(5—2)





EPUB/assets/23d429523148843119b3b9652e288760.png





EPUB/assets/6a26d5183349f87fa10ff40db4814e69.png





EPUB/assets/c5c5f8622a305dbe9134973b80be611d.png
C = tan '(2.89358)
/C =70.9°






EPUB/assets/5a53d359e740d2cf40eaec3797689f05.png
0.40(200)





EPUB/assets/fff49137cd2a9bdb3d6689b7a6df0eb7.png





EPUB/assets/c0060e0d5b2d8147c0ecd004f59bbe3d.png
Atop





EPUB/assets/08076ab09e59079f4e85cceeb148da9e.png
137





EPUB/assets/02bc5a565b904b07f4e21b96c02e1c56.png
yt+5





EPUB/assets/b4253014d3563a321fcadf2dc8540529.png
rgb]1.0,0.0,0.0a"-02020%511.0,0.0,0.0 7gbl1.0,0.0,0.0-rghi1.0,0.0,0.0 7gb|1.0,0.0,0.08911 00002
(2z)? — 5°





EPUB/assets/eacc1e021c79492691f2a90f71715575.png
32+ 158 = 180V
5% 32— 12 = 147¢





EPUB/assets/737526e87ea3b7bdd48808bdd95d6357.png
r = rate





EPUB/assets/7c6f91267a40c7917063339e9f948f3e.png





EPUB/assets/a2d3f4d317b7d4ebbabefc6889c50074.png
(6k%) 2





EPUB/assets/1fa0af535f317c8810b33fd1229f4ddc.png
4-2(3)
22 19






EPUB/assets/c0bcbd31b96bea664eabe68355945090.png





EPUB/assets/fe588bce5e545f48097cf12712a78003.png
non

)
ERTE)

7gb]1.0,0.0,0.0m = gbj0.0,0.0, 1.0






EPUB/assets/74c28186e0cb46ea9019b3232a6fa913.png
8- 7gb[1.0,0.0,0.05 — 9






EPUB/assets/9ea1c547b6f85e0ce3589075be4cd84e.png
{

Ty
3z-2





EPUB/assets/feaaeb0f0cf9b83b14dc98f39dd0b488.png
{

z+y

v

z4+5






EPUB/assets/0aa5cc60abf4da364e83572de76ad473.png
$13.36





EPUB/assets/3c8467bc57df11fa0717949d82715a82.png
4-(=3)

Z — Iy





EPUB/assets/e3b6a20adee23f1fde54197b4dcbd859.png





EPUB/assets/18e9e379ff4046fea4ed3b2e1523de00.png
3(—15)





EPUB/assets/198b858dd7ccded510854fbc2339fd61.png





EPUB/assets/3475627debd5d8ab44fe403319d5ce17.png
180mg/dL





EPUB/assets/CNX_BMath_Figure_09_04_008-1.jpg
1inch Tinch

1inch 1inch





EPUB/assets/a94960fffba59ca50531cf98f5dd03dd.png
rgb|1.0,0.0,0.0mrgb]1.0,0.0,0.0-rgb|1.0,0.0,0.09 + m = 0
2m-9=0
2m =9





EPUB/assets/c9bd606ee31629d39d937401799471d4.png
24 - T





EPUB/assets/4100aaa315ad46fd4e98d434875fdafb.png





EPUB/assets/ad7507271c36b872b371b426e279714c.png
12°d* + 9t d® —






EPUB/assets/e22edcaa4a6e1aa739666194135a360a.png





EPUB/assets/5da2309bb3f4e75cda51a596b88a4fd8.png





EPUB/assets/3dbfd9aea29a56178ae1bc9e2901697f.png
15, 000





EPUB/assets/3ea1b922ecb74d83d078ed2aae304ab6.png





EPUB/assets/8942d8cff6461d4117c23db119bf0e17.png





EPUB/assets/712fe015f4ee8ebdb28702da0c9c2858.png





EPUB/assets/32d5e41cf4eb7180b855c17bc1a422a6.png





EPUB/assets/4c978a1962f45530658aa00c75a404ec.png





EPUB/assets/44297e168e00f233e30b55a9db2ff966.png





EPUB/assets/4e0262643a49cdb671735f87cbaac46c.png
$256.75





EPUB/assets/efa703c90b2be86295f7a4f732def0c3.png
10, is what percent of 267
~— At pereem S





EPUB/assets/5d915a454e75cd735bae0fce202bbc7a.png
tan(Z) = 1.676767






EPUB/assets/ce4435b98b995584afcef21a188d05f9.png
5-16 —8(4) + 4





EPUB/assets/CNX_ElemAlg_Figure_06_03_007a_img_new.jpg
N
x+3)p





EPUB/assets/CNX_ElemAlg_Figure_04_02_038_img_new.jpg
-

2






EPUB/assets/fd397da7841c6b9202a629cefe8a7f53.png
6m* —m*n® + 8mn”
rgh0.0,00,104 5 6
gb|1.0,0.0,0.06





EPUB/assets/3dcb13d39d59ab0b5e1e962f41e88966.png
2ab’





EPUB/assets/68fe1c2f30eda8fd4b91d90729801422.png





EPUB/assets/03cd866d61464ad6c9278fc2875e1eb6.png





EPUB/assets/a8e221873ff0c4b08216196055df6b4d.png





EPUB/assets/d059c792500987d4b56d3e34d44bb4fa.png
(20y + 50)





EPUB/assets/CNX_ElemAlg_Figure_06_06_002d_img_new.jpg
x-3)2x*-5x-3

2x - 6x






EPUB/assets/87177d038cd10305820a83961e87a7a6.png
2(16)+ 12+ 8
32+ 12+ 8






EPUB/assets/8d5b7dbc544169bd53c89c58b040dd78.png
cO8





EPUB/assets/0e54263ed5cf3f258c416ba656541aef.png
5| > — |—5|





EPUB/assets/fb30c41d1d52084b3b5c921e46f97fa3.png
—by





EPUB/assets/7c8bb10cb9b25d4c3bdaa4c64d9d904c.png
15+ (—T7)





EPUB/assets/d56b846ead880cd023971fbf10985321.png
—~$250





EPUB/assets/f58fa944b7f7a8b3ddb2d597ed9310ee.png
15 + (—32)





EPUB/assets/1aa3515aee0d54b4be9e7d79aec9fd04.png





EPUB/assets/60edb719850bf45dc5961a41ae622b24.png
I=Prt

6.596.25 = (14,590)(0.075)(5)
6,596.25 — 6,596.25¢






EPUB/assets/a6616cba132d02f711da721715f5165b.png
a-+ 7





EPUB/assets/c2dace103d6ec5c416f42dcd2270083f.png





EPUB/assets/c94559e65b5ab9801e63de62c06a2b46.png
(-2,3)





EPUB/assets/0b9a50388c0dc912572b18c61f7bf661.png
2.25





EPUB/assets/e91b338f9f2a9de275b3cda2922359f2.png





EPUB/assets/0959b6b8f6e5c724f72976a2aa27668d.png
(4, -2)





EPUB/assets/9f3efdd8cde482af731a1b51fee1276d.png
P





EPUB/assets/bbc478932a8f30d4f272b3a2394ac2eb.png
3,200 kilograms
1,000





EPUB/assets/4ac72e79006d002ad03e00b9b661bc45.png





EPUB/assets/29b0cfe622f98b319bf8f1036cc21c27.png
$0.04





EPUB/assets/ac884b60e85e9bc261df03da09a52441.png
19





EPUB/assets/719e2677fa12fb7071d2b4c13d3bde1a.png





EPUB/assets/1769fe0ec8e8ffe9db515e23738e1c9a.png





EPUB/assets/bfd76b37359d31d535f52d9ee5ffb903.png
(0,b)





EPUB/assets/CNX_ElemAlg_Figure_04_02_019_img_new.jpg





EPUB/assets/bb4c8f802bc22796a9c815045a45dbef.png
8y —9






EPUB/assets/3e3d5fd9537e047d14881f1f39392975.png





EPUB/assets/4a8697b3fa7b2ca954cd2f48ccc7e0a5.png
w + h = 110,000





EPUB/assets/0c55c3fde10a0c98c19fbc698992685a.png
oy





EPUB/assets/3ba5096dfbd49b79bca923e0b9209627.png
18x





EPUB/assets/c6c1f4c29f1024838bff2ce1b74c8afc.png
T years





EPUB/assets/7ec4d2e40b41009aeb677e1f2f4d2834.png
10.5





EPUB/assets/8487377f971dbc985ab22f6e24e9a9ac.png
-21





EPUB/assets/1751dfb343be15417dd9da065473c26c.png





EPUB/assets/0b65cad315375fcbec606743d04f2dac.png
17 — 4(8 — 11)





EPUB/assets/53608503545d1609043d5c2de7b576a6.png
n — 0.63rgb]1.0,0.0,0.0+rgb|1.0,0.0, 0.00rgb]1.0, 0.0, 0.0.rgb]1.0, 0.0,0.063 = —4.2rgb|1.0,0.0,0.0+rgb] 1.0, 0.0, 0.00rgb]1.0, 0.0, 0.0.7gb]1.0, 0.0, 0.063

Add. —357






EPUB/assets/8b968d8bd97cc5d60e79c8825e079e9a.png
+ Tz 4 3z 4+ 21
o I L






EPUB/assets/508276eee0928ec7e45e98e168e8371a.png





EPUB/assets/d4983537a9cac524969b5bc1fa85742f.png
Multiply.

o ol






EPUB/assets/149d88657c8e6b3c6d41dee71697cf61.png
20,550 — 875 - 28,675
28,675 = 28,675






EPUB/assets/c6b0296290f7c8ee06e675ee7ad05d5b.png
(4z + 6)*





EPUB/assets/78a41298dd1e325ff3ef6c1050b8fa41.png
30z + 15rgb]1.0,0.0,0.0-rgb]1.0,0.0,0.015 = 285rgb]1.0,0.0, 0.0-rgb|1.0,0.0,0.015
Simplify. 30z = 270






EPUB/assets/84b23c8cfb09db83a00ec7f6af32f0a1.png
—2y(4y* + 3y - 5)





EPUB/assets/7ef5ac23d15a87da125567ec4c45108d.png





EPUB/assets/4c478d66c23412fd392804c0f36d3985.png
47.1





EPUB/assets/c95d7dce4ff8fddfc15923fe7ca52e0f.png





EPUB/assets/3196ea86995535bdf8d8cab917cbf030.png





EPUB/assets/4b3497e85325f5eda2d089230438e5aa.png
<or>:0.18__ 0.1





EPUB/assets/947657ccfb8d838f051af66e7649e70d.png
36u? — 1210





EPUB/assets/fb29aaa4bf7c321481b8d3e72ef9dd19.png
2% + 18z + 81





EPUB/assets/1c957b3c383fb116a4c6fad0dc38c3ed.png





EPUB/assets/d2171c0d96c14a634368b0afdcb9e96b.png
Fornula does not parse





EPUB/assets/edcbb270b5e8fc0a6e733e6640b65d60.png
rgb|1.0,0.0,0.0325





EPUB/assets/07977265a440ebdd6056692f4fb4730f.png





EPUB/assets/3103dfcec1ec229496fec88a0a98e6a3.png





EPUB/assets/f198a083e7d987cb22bb54b088439911.png





EPUB/assets/2abb6f27966b1cbe1e7404501c6010d3.png
0.105





EPUB/assets/46c0a2523a6e5cf9886ba3b61fb342f6.png
bz + 4y)





EPUB/assets/a47dfe5cfda3b44b59869544445afb86.png
—by 2
7gb]1.0,0.0,0.0-7gh]1.0,0.0,0.06  gb[1.0,0.0,0.0-rgb[1.0,0.0,0.06
1

y






EPUB/assets/f6c4b1db75941f52025e7593a81f90b2.png





EPUB/assets/6e3a72454d2ea3e2bd187e276ceac59d.png
Distribute.

Simpli






EPUB/assets/c2c663b64bfac7574b9f93b71466c6ac.png





EPUB/assets/830a30baf3bb6f38365a51eff1f79ed0.png
m

ol e





EPUB/assets/e948bd4a02002e3bbafb1b59b0e3b7b0.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_004b_img_new.jpg
X+1) X=X+ x+4





EPUB/assets/b845b354721585d82c436eebd9b7c357.png
0.36(100n + 5)

.6(30n + 15)





EPUB/assets/704c27148867f3049ecf6588c06420cb.png
w + 28rgb|1.0,0.0,0.0—rgb]1.0,0.0,0.028 = 57rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.028
w—29





EPUB/assets/6fc1cc40fd0f9139695204ea5c1962b2.png





EPUB/assets/a3d0113da028b756aba94a73fa9fe090.png
4% 92!





EPUB/assets/8eca5e122d9c797f560010bedbf45b92.png
—~16





EPUB/assets/2af6c776edf76ac2b6b854e6c8c7b960.png
—~0.5





EPUB/assets/ff8ff867c00bec715c859179386800b4.png
37Tm + 21ln +4m — 15n





EPUB/assets/14149d4e7a50d52bbe9b23aacdf20076.png





EPUB/assets/00e6ce92b60fe96c7eac0d500b804fa9.png
429





EPUB/assets/0cf3be446b66cd33b286e061acad4376.png
120
102





EPUB/assets/d8a463a48ad09723716d9fc3225b2e24.png
(0,-4)





EPUB/assets/6259397509a53aae57652ae0e1a67500.png





EPUB/assets/65767bf7da0f47098f476b5d88720fe6.png
(—2,5)





EPUB/assets/f931e8b1d96593df0652e1f9b705af09.png





EPUB/assets/23a17fc0a84199c6bdda8290934a6f7d.png





EPUB/assets/da753a7d812d962de9353cb5840c0e48.png
4
cos(32°) = —
(32°) >





EPUB/assets/e0e22ae4f9d103e5b17a450999e08644.png
12 x 4 x fz





EPUB/assets/fa46f4ffab42bb4a70e9fd025fd2132e.png





EPUB/assets/020eceb12ba432e1d68a7bedd66918a5.png
$11





EPUB/assets/7ef5169bb2003b6f2a2017b9d2a5c719.png
ZC+32=F





EPUB/assets/3.10.2-e1668606064891.jpg





EPUB/assets/03773d4aad56a67442407acaf7e2e682.png
37 + (—53)

—16





EPUB/assets/07c6337b81e62757ea4f614d9393a866.png





EPUB/assets/3c22d65ec227f0a2525f0768bb5dd12f.png
20,000 —






EPUB/assets/5efa404048d723bd7a6ab25cff146d51.png
72





EPUB/assets/f4f4f517c24c113f0ca499c2ffb81ac1.png





EPUB/assets/731123d358bb03964f738852950e7d3d.png
tan(60°)





EPUB/assets/50d1b5b30ebaa47ff6ca5fdb1f52429a.png
(2,0)





EPUB/assets/2304ff56b9f9f1aa284974b00b48778f.png





EPUB/assets/a2ad693be50d5b75825f16977bc470f2.png





EPUB/assets/39dd91bf9f94097ed799d3f61e589102.png
%(rgb]l.ﬂ,o.ﬂ,o.ﬂ!l —5L %(vgb]l.ﬂ,ﬂ.ﬂ,ﬂ.og —1)





EPUB/assets/8fa1e18f16a8cec4d1fdc5ef9c8bc694.png





EPUB/assets/f8c2fd12a916e3b6b2fa3579b22c438b.png
—42 + (—28)





EPUB/assets/e986b871e3011f4dafff7ad71719fe80.png





EPUB/assets/53f80bf8804aa1e39d218afa490b8927.png
"a” = q™t"





EPUB/assets/082344d97358b6450fbb1ed5a2b9a9c0.png
(2,-2)





EPUB/assets/991435c6b425625c94da468abf56ffcf.png
(2,-3)





EPUB/assets/5bf69e3746aa5f1834eba8cce0f6f1bb.png
rgb|1.0,0.0,0.01.5(r + 10)





EPUB/assets/b0a90bbee628b8338a091468fbe894db.png
z + rgh|1.0,0.0,0.05rgbh|1.0, 0.0, 0.0xrgh)1.I

0.0,0.0-rgb/1.0,0.0,0.012 = 180





EPUB/assets/0a1559f546ee64771552969c122387da.png





EPUB/assets/1687daf5b50b95d04cc900a0a6a1b74b.png
169





EPUB/assets/5d719a00fae41bd9ac793f6b5c1d2d9b.png
17.05 = 31r
Divide both sides by 31 055=r
Change to percent form »=55%





EPUB/assets/4b2bd83b21cb12c17233b4092db0f4ad.png





EPUB/assets/4de4dee0547571a5925c1e5107f6b3c8.png





EPUB/assets/ad831e1cc6484a9269e917642565e523.png
18n + 1.8rgb]1.0,0.0,0.0-rgb|1.0,0.0,0.01rgb]1.0, 0.0, 0.0.rgb] 1.0, 0.0, 0.08 = 9rgb|1.0,0.0,0.0—-rgb]1.0, 0.0, 0.01rgb]1.0,0.0,0.0.rgb]1.0, 0.0, 0.08
Simplify. 18n = 7.2





EPUB/assets/2c9a91e230f219b051325ba1f77941af.png





EPUB/assets/4ddede753462ed4678042d480fd384d3.png





EPUB/assets/c901ef7d40f2e67184668df3032feefe.png
IR





EPUB/assets/CNX_ElemAlg_Figure_05_01_014e_img_new.jpg
-~

S~ NwWh U

76-54-3-2-17 234567
2






EPUB/assets/1f2192f16b4c9f51b4203b095aeca9ec.png
-8





EPUB/assets/13f16c5685d93417f74d233459f04706.png
TR T





EPUB/assets/9a5ccae0c2e710352aa1e74de82f3966.png
Fornula does not parse





EPUB/assets/93ffd4a8c21f8e9b5a985e799e07214b.png
Py





EPUB/assets/25d8a4920fc6908006296e257c315694.png
$1,196





EPUB/assets/536ea3955725bd0fcab96867fc94a64e.png





EPUB/assets/3b87da31da192b2d4a55f59c22d0e374.png
$4.20





EPUB/assets/31a4395f0e60f66c526eae28b599e1ac.png
Simplify.  m= -





EPUB/assets/a580ea39792c5a9c9bc2d7a445b9b19b.png
n zz

1

2(3.14)(2.5)
ft





EPUB/assets/537b4d4e5d3a581c4ddfb359778862a3.png
$520





EPUB/assets/5cce6d8275d265139061f0724f4cb349.png
—~5ab — 5b°





EPUB/assets/6b9b322b0d24d2578b2bba1dd68f7522.png
(rgbl0.0,0.

y=22-3

rgb]1.0,0.0,0.0 ~ 3 £ 2(rgb|0.0,0.0,1.02) ~ 3
341

1.02,rgb/1.0,0.0,0.0 - 3)






EPUB/assets/0c35c7486fba1b73cc284f61b4e80253.png
d* — 11d





EPUB/assets/c529f422f82e359a6adabf1562b6f0ca.png





EPUB/assets/767054351619a3331c3fcb29ea0a1d97.png
—2 1

—
3 1

Negative numbers

Zero

Positive numbers





EPUB/assets/b5d57db2313bd4bb505ed7401b99513a.png





EPUB/assets/CNX_ElemAlg_Figure_01_03_032d_img_new.jpg
CO000 OO0





EPUB/assets/920969b9e76ce3189c50cf76abd0e136.png





EPUB/assets/53670feaa8ffe16baf5bd86b6a10c1ee.png
T8k






EPUB/assets/8dbf9046ea836b418d296b5125d12ef8.png





EPUB/assets/8f5ee23f6d6e24b8bdd78422b54b0994.png





EPUB/assets/d9f65d1823b297bf3616e9cd6441537f.png





EPUB/assets/7c06ae24902ce9154746dd6ff6961c91.png
1.000 = 10*





EPUB/assets/5c1f7542cbc5b4f75a6e9ecc3c6a6b47.png
~4(a—3)-T=25





EPUB/assets/CNX_BMath_Figure_09_04_038_img-1.jpg





EPUB/assets/8d81350a51f69f2ab3406fa16a8547b9.png





EPUB/assets/53bacfc8a32a77772708bebccf5af2a7.png
—25





EPUB/assets/e219aebd4f66f8ae186d5ec2a496cbee.png
rise = 15





EPUB/assets/68ab8404b841615c0625de8442b6d876.png
—14





EPUB/assets/ca7b7f2f8965d6a9c95f6250ce5bca80.png





EPUB/assets/85bf9e43093755ecf4b81ea8db0e9367.png
¢ + 7d® - 6¢c2





EPUB/assets/f623180ab22e89191ae5a03500593c38.png
10





EPUB/assets/42da2f56f80af1e1f4aa4601aad3b5c3.png
7gb|1.0,0.0,0.0 a* +2x a xb+b
(4z)® +2 x 4z x 6 + 67





EPUB/assets/9531631d8962b8d35bda20d3ea8fe6be.png
4 (v‘gb]l,D,ﬂvD,ﬂvargb 1.0,0.0,0.0%) -

(-
—22-2L15(-6)+6

24<-3046
94— 24y

= [2 (Wb]l,o,llo,ﬂofrgb]l u,nn,uu%) +a] +6

15(-9+3)+6






EPUB/assets/6765a04aa1d32bbaee059da1cde5acf5.png
(n+2)





EPUB/assets/a74ebcf4218d4bbd99a2cbea643f2456.png
—6y — 2rgb]1.0,0.0,0.0+rgb]1.0,0.0,0.02 = 0rgb]1.0,0.0,0.0+rgb|1.0,0.0,0.02
Simplify. ey =2





EPUB/assets/26fdfa93fc9bab139696a996366682e8.png





EPUB/assets/a0ab475b49c39a826d257226bde8cbd9.png





EPUB/assets/10b441a295ae4ef8007c5ba75190a5ee.png





EPUB/assets/57210e1b9018bad0525ec31c8966809d.png
81/





EPUB/assets/a66c88239a210b626b4b0d519e93c4ec.png
31> 10
100 % 10





EPUB/assets/ebc9ff51628e97b9e4d6469cd2736c05.png
125w’ z*





EPUB/assets/0cedc550798904595f846848eb7f78af.png





EPUB/assets/446e2d4e3e37c9d520bf032a33ac4ab1.png
(0,6)





EPUB/assets/CNX_ElemAlg_Figure_04_04_048_img_new.jpg





EPUB/assets/a5b2540555acdc0bf46eec1af3e9d221.png
3" =3 x3x3x3





EPUB/assets/848a7756f30b29c798d5b8c8678773bf.png





EPUB/assets/f6cb133d6b6505d2800843f8740c583f.png





EPUB/assets/229fd7157dd5d0a95d30013eb667c754.png
(z + 3)p





EPUB/assets/298839d8386766a997fa3f0aeb647399.png





EPUB/assets/4006789ca39add9fa5da29efae9996b0.png





EPUB/assets/e7f47126525dbbf6854f67cabd4ed707.png
9*
o





EPUB/assets/08060bdf7348b4b7ab40c6d5125f3d94.png





EPUB/assets/b8818cd5ea65f998fdab55b425882e7e.png
8 —2(z+3)





EPUB/assets/1f1811d280fce95072e83e6c53d1abff.png
0z’

16





EPUB/assets/832682797b33a8b22d024a1cc81779ca.png





EPUB/assets/1bdcf4fc495e71ed0c6b9620e53a8fba.png





EPUB/assets/470a7d91a786099bc29fee2ec1fcfa52.png
$70





EPUB/assets/7a7175976b92ab84f4ee29f6e4d83f6e.png





EPUB/assets/787feb70906c2266a897d3d05c632b45.png





EPUB/assets/CNX_BMath_Figure_09_03_055_img-01-1.png





EPUB/assets/19e4dbf8101d0434094acd19f535f153.png
Apigure = Arcctangle + Ascmicirdes
Arigre = Vb + 237 xe)
Aripre ~ 105 x 68 + (% x314x347)

Apigure = TI0 +3620.84
Apigure ~ 10,769.84





EPUB/assets/fb264ee2415ce4f5b0a148224753eac8.png





EPUB/assets/8bf5581a026c19c3bebea428c163ad8b.png
(a + b)





EPUB/assets/4e5dfb703f1690e14edfd46188438608.png
(y—17)°





EPUB/assets/075ff5169a844b12c1d78701abfbf5b2.png
(—122%")(—42"y")
BT T a—





EPUB/assets/afbec788b98373d424769f0373d32558.png
$12.33





EPUB/assets/955140229713c0262e6aca20ff2dab04.png
tan(Y) = 2.0455
Y = tan ' (2.0455)
/Y = 63.9470°






EPUB/assets/18c9f1d1e93f2997d4a394a45c607d79.png
8a’b + 6a’b*





EPUB/assets/62e06dbdb89be11cb635692a2c067bc9.png





EPUB/assets/b0ae38325fa988636255ae303bc339f8.png
$27





EPUB/assets/c2ae9a6026f1e31e353877d6a40cf5b5.png





EPUB/assets/12d3ff18ae37afd28f874e19f9ff9ad3.png





EPUB/assets/185e594140ab85d91abc161fbf4ce79b.png
Az? + 5z + 17





EPUB/assets/1a4f9a378f06371c01f277cf9690eb73.png
(0,-1)
o= rghl0.0,0.0,1.00,
v
gb]1.0,0.0,0.0 ~ 1 £ 5(rgb]0.0,0.0,1.00) —
Lo-1
v






EPUB/assets/86d3ce039ef01abc35886ce95bbbc064.png





EPUB/assets/a22bc0c9d9e8bd85c81f9b2cfeca1c60.png





EPUB/assets/3680c9b6f4ff86bf3b9e998987164e8c.png





EPUB/assets/82b039d8759ee45ac065cfc6fa6bf7ef.png





EPUB/assets/ebc387feebe2c5836aa3f7fe8f11a88c.png
z
4rgh|1.0,0.0,0.02 + 2y
4(rgb|1.0,0.0,0. ug) 2y

542y
2y

y





EPUB/assets/78cfe388f57853600c54871f2454fc44.png





EPUB/assets/be137d3e3540d5a520d23e893be80c2b.png





EPUB/assets/1ccda166d365c1f93348b6232c759ecd.png





EPUB/assets/125ddae2f2a56498b983f7c538bd7ce3.png





EPUB/assets/2f1ee0e8bc267102b9f413637276338c.png
(10,0)





EPUB/assets/3aa3169836b620ca46f2efd36333f006.png
2¢ + 60 — 6 = 52
4z = -8
2 = 2 pounds of raisins






EPUB/assets/05a0dcf445d94b41b5de78875594c9ec.png
—-20





EPUB/assets/2ee9aad8aaab9e04ad95156ac7421188.png





EPUB/assets/0688bb44c152303d0b1a4b94fef8b0b2.png
(22° — 3z — 20) + (z — 4)





EPUB/assets/7d7346105ef5a30eadad04d8978eff59.png





EPUB/assets/0b0d2f793c48d6986041ed08c40292c7.png
49 — 162°





EPUB/assets/47ca1b0c9adddc21d3b8fd7fbbc25734.png
—~8.4





EPUB/assets/f1756f9c44c9945a8af0d92de8d40642.png
0.09





EPUB/assets/4ecff87e079fbbb3e7cf22a230baa74f.png
These decimal numbers stop.





EPUB/assets/f6215bdfb4bc8b635a3ad02807b04097.png
470





EPUB/assets/5d554b96edb760d2103a06ef67b68507.png
y — rgbl0.0,0.0,1.0y, 4000010 = rgb/1.0,0.0,0.0m(z — rgb|0.(

1.0z, 40.000.1.01)






EPUB/assets/d2cee35fa7ddaa5e53fd44c1483e2b4b.png





EPUB/assets/d999fa5414a8db0b367a04cc327d660a.png
6z+ 55z~






EPUB/assets/2b5945962f200813478dec877e7758ca.png





EPUB/assets/280238000222801717828bafa64fdb0a.png





EPUB/assets/be820f40045e4dc9e5704204af59bde0.png





EPUB/assets/0e29ae90009b5b5702dd34775f2a3307.png





EPUB/assets/026e2d96ac232365d95c9e42f55a3136.png





EPUB/assets/0eb54d027ee91117581453cf76a60982.png
s

(122 + 16)





EPUB/assets/d5baa9b77b5755b74a6f3ad6b4a080fb.png
o





EPUB/assets/4ef1706c7a40ba55c4b4d46a02bbf205.png
14.5





EPUB/assets/b449260f8d89d74c2b535309af157378.png





EPUB/assets/767df153db905378df5a54d7e9e83c9d.png
(3,6)





EPUB/assets/f145ad1ed9970b55a9dd8a9fc76ac931.png
(a+b)? = 5/ + 2ab + b

o7 <= <
oy Uit erm)  2product of terms) (st term’





EPUB/assets/cd1db6e52a94eb45320e633e208b5e6d.png





EPUB/assets/502a9a3724b0d701e6b0f2c740b22c75.png
¥ — 10rgb/1.0,0.0,0.0+rgb]1.0,0.0,0.010

—1rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.010
Simplify. 9






EPUB/assets/4e03c94358656598507315fc90401b36.png
$3.25





EPUB/assets/cc8a728d2672314dd151bcd68286f9a9.png
mb]w,uo,uo%c:mb]i u,ou,oug . g([’f 32)

Simplify. %c —(F-32)





EPUB/assets/340e4fe4b32a277d46dbf0c7913fddb6.png
(6 + 12)





EPUB/assets/537de6607dd3fd002e9de64aadfa4d39.png





EPUB/assets/8002a0c12c862ac4e05d9919f72effbf.png





EPUB/assets/8d6beb6525cf78eaa75cbe7ecc842005.png
Tz + 8rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.0 rgb|1.0,0.0,0.08 = —13 rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.0 rgb|1.0,0.0,0.08
Simplify Tz = —21





EPUB/assets/bef4462ac0e9549d2097a6816baf7eb0.png





EPUB/assets/e93accc89d532a5afa7ed2674a49dd28.png
-12





EPUB/assets/b581b932920333c9fb2cd9cf0ef429aa.png
d = distance





EPUB/assets/9a0205dbfa1090aaa1ec23275c3411e8.png





EPUB/assets/9b5d0bf5f051540632cc0a1848485970.png
5a + 6rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.06 = —drgb|1.0,0.0,0.0-rgb]1.0,0.0,0.06
Simplify. 5a=—10





EPUB/assets/6a6d22d452fb3fab6ac9529d75979375.png





EPUB/assets/cfe046fad3fef42a5d7abef523e57365.png





EPUB/assets/d11cf7cf49ef64db04d0a0363f6fa1f2.png
l1.0.0.00.00rgH1.0,0.0,00 rgb 1000007610000 rgh1.0.0.00.05
6m + 7





EPUB/assets/b90ba6bfd27078a7dfb20e23fa820276.png
—6 — (—4)





EPUB/assets/d55ac9d19e5a53c7b81503a139b82e89.png
1, 280, 000, 000





EPUB/assets/38fd2385a749e4db142127c13679aad2.png
— 14y + 49





EPUB/assets/3b1980eb7e0e4c4ec19259bf68a51833.png





EPUB/assets/4ca15815e841c8da216a8c9ed5705f6d.png
555 % 10 "m






EPUB/assets/79e3f2b7a3c08d83d4909fcc24cc8530.png





EPUB/assets/b3acd1666764a19860a819a0d631323e.png
mZA + mZB = 180

75 + 105 < 180
180 = 180






EPUB/assets/CNX_ElemAlg_Figure_06_06_003a_img_new.jpg
25)875





EPUB/assets/07da726209971739484b19ee72e8a235.png





EPUB/assets/40d89317dc0ee96c5e88ec6b4b3b257a.png





EPUB/assets/Figure_01_03_04-1.jpg





EPUB/assets/35549b2c555fd35d899a936a8edbca9d.png
h+#10





EPUB/assets/60fcb78a53e90d1d9a61e11b91f76ee3.png
30





EPUB/assets/380a4135022b653a79127ab07c66843e.png
) = 2(-2z + 5)





EPUB/assets/5b354ab8e9e01fc6d732b0716befd135.png
kL





EPUB/assets/da3fac52131a26a8449797796f02ca78.png
162® + 48z + 36





EPUB/assets/d89208e9a77792ecfa5c540044f5ccbc.png





EPUB/assets/1140123512473d2aa02e7053d29edd8c.png
6s + 9(3s — 5)

506





EPUB/assets/4444d139075517972620d1ef113b7fdc.png
atb

sle





EPUB/assets/12fe7b49937beed09a74718c83748e5b.png





EPUB/assets/15c1418d09b303deb0309a43d24596f1.png
(-2)*





EPUB/assets/828321de822a0bb940265d79598740c8.png





EPUB/assets/CNX_ElemAlg_Figure_04_04_059_img_new.jpg





EPUB/assets/3e5c99c5538b89b4f0a6cf27591baf10.png





EPUB/assets/ca1ba7b0a16964fa5c41b792e48b58fc.png
453.592¢





EPUB/assets/7a922ee0f8cb92089eecc4b7ffe988ac.png
1m 1m
x

= 0.472696m” = 0.473m’
0007 100,07 " e

36.7 0o X 128.8 oot x





EPUB/assets/f588cc794fe46c65a2e5b0465d59f074.png
a— 28





EPUB/assets/09e46a87adca7b9268e465c530a5fe04.png
x 3 x3





EPUB/assets/b123d06987bfeca567415c5d9f08513c.png
$950





EPUB/assets/16a52372202efb0c2b036d57ba3ad02c.png
/5=/3






EPUB/assets/6f2a7416adf50bcc87fb3d6012b417f4.png
3z + 12





EPUB/assets/3db375c22acef4b8f7d1344d7b182669.png





EPUB/assets/504f207ae5687e2bc02719fc4bad9866.png
347






EPUB/assets/c5b112032d92e7d747c098e36b166559.png





EPUB/assets/dc1ffb5bc7ae339c78152a941dcbc842.png
m = 0.40 - 250)
00






EPUB/assets/ae1538e54866f493ac83c397a0f2983d.png





EPUB/assets/c7fc3dcd939624d0585136747b3b4723.png
(3.8 x 10%)(2.93 x 10%)
(8 x 107%)(8.935 x 10%)





EPUB/assets/c9ac12122a3fd0ea135e8c50ba419687.png
S = 1,034





EPUB/assets/fcee043a91f8341d599af743263da87a.png
1, 000mm.





EPUB/assets/d464f8697efc002ccb20372edfe31fb4.png
14y





EPUB/assets/dfc7efba358e7d1a6209d2fd37cd9437.png
13m





EPUB/assets/92861cb634c220e3f2cb62007c3bcc64.png





EPUB/assets/4645046e3b2021e4047b4bd44a9de6f5.png
$4, 866.25





EPUB/assets/22b029453e370c3e0b7d514d43102304.png
Substitute j=347.  3(rgb[1.0,0.0,0.0;j + w) = 1095
3(rgb[1.0,0.0,0.0347 + w) = 1095
Solve for w. 1041 + 3w = 1095

3w =54

w=18






EPUB/assets/84dbc6135cbc6bda799128710136c4ba.png





EPUB/assets/4ebdb8f36a5556ab509a66a36603098e.png
64 —2(Ty— 1






EPUB/assets/999bea2250a2f8d20a39abb2b262383c.png
a3+11 554
54=54





EPUB/assets/481e20c673f22d74d42b8b2638a8eb16.png
—25.56

(—0.06)





EPUB/assets/ff93ab398e56dbb79ba57cc96c2f2bd3.png
26.39°





EPUB/assets/a3a89ef6d62ee4d27ced6eb52e642149.png





EPUB/assets/Fig-21-300x178-1.png
v

35

12





EPUB/assets/c011ab8ea2e554f953621794ed346882.png
(—3,2)





EPUB/assets/ce73544677eae26d39a1fa5d73f0ab4c.png
Lo

8 ounces

1

T et

1 o’





EPUB/assets/14834eca8d6e30ba2b43966b2562fa3c.png





EPUB/assets/2b08e21d457e9beb40353c54588030be.png





EPUB/assets/fe6e966f4ea27dae34a01f1f23a646da.png
+2ab+





EPUB/assets/34fcaf43398bea6c0a7cf14f238a663d.png
Sx

27





EPUB/assets/CNX_ElemAlg_Figure_04_00_001_img_new.jpg
Annual Vehicle Sales (MM/yr)

25

20

15

10

1996

Gas Motorcycles

1998

2000

2002

2004

2006

EVs

Gas Cars

2008 2010





EPUB/assets/4013505ac5836de037f0eba4ad02795a.png
x

1000mg
19

= 2770000m = 2.77 x 10°mg





EPUB/assets/4176d2c5cf2c4c7c65f72a65629ca25e.png
Fornula does not parse





EPUB/assets/ae41e76321db1102d61dff188bca340e.png





EPUB/assets/782f06d393da516c0bdd4b67dada3174.png





EPUB/assets/aa2039321acdaf3d958180f2913abf1d.png





EPUB/assets/39f7edce4a59c1233d5caa6a0e254b53.png





EPUB/assets/aa0e7891839d33a8f6a245d9db7a492f.png
302 + 25z — 36z — 30
Simplify. 30z — 11z — 30





EPUB/assets/33114e5cb3cf4b89adebdee7682fd195.png
1foot
12inch






EPUB/assets/9798474c1ad834601499e326d38b1a11.png
987 miles.





EPUB/assets/77376008af8e1799f65e43a351bb0d50.png
$2,975





EPUB/assets/CNX_BMath_Figure_09_03_024-1.jpg
hypotenuse

leq

leg

leg

hypotenuse

leg

hypotenuse





EPUB/assets/63ffc76899eab2bace19c630c89d3b8a.png





EPUB/assets/b477fc82a6b46e10c283c52c7f875fb4.png





EPUB/assets/9d49839bc1c3585cf574239b4f3062f9.png
157





EPUB/assets/6559bbf2ca04576a49b65f144221ec61.png
3 kilograms
29





EPUB/assets/05aab8654afc0470f4585622528416a4.png
P . | B—
Tgh]10,0.0,0.08  rgb]10,0.0,0.03
Simplify 3oy





EPUB/assets/9721abf5302865a4df6ae13840200481.png





EPUB/assets/11aea17c02f0f36bb98926692af5c24e.png
Fornula does not parse





EPUB/assets/b1a0af659c31e40110ed3118f1012afb.png
180 £ 90 + 28 + 62
180 = 180





EPUB/assets/99e84c8d3d16de54e4001f257126bef2.png





EPUB/assets/dfa07d8d3f5ff602084a22a28e0cb092.png





EPUB/assets/93729b54451062877dde37cd74c43522.png
104





EPUB/assets/4a201b2daa03d8432365d85cc5e50673.png





EPUB/assets/53300daaadf16538ed97481a13c79021.png





EPUB/assets/d50fdfd4aa3447cc7d2b7205e81bbbc1.png





EPUB/assets/e1207dccdc83a638f625e9b4506dc074.png





EPUB/assets/CNX_BMath_Figure_09_03_011-1.jpg





EPUB/assets/bfa445fb4bf337af5885f5c38de9af90.png





EPUB/assets/f35175dad9f3765d3bd4a94e20adc3ae.png





EPUB/assets/266d2a716d9464b99f40890dbe7f099e.png
reiL00000r 0% gh1.0.0000 roHLODAN-roHLOL000 red1 0000
z? — §





EPUB/assets/Needle-insertion-angles-1.png
Intramuscular: Subcutaneous

o A48

Intravenous.
<25 A Intradermal
Y1015t
Epidermis
Dermis
~— Subcutaneous

tissure
Muscle

Angle of injections.

p ,
o

Intramuscular Subcutaneous  Intravenous Intradermal





EPUB/assets/0ed68a8a4d253cd488470ed933ebd226.png
115





EPUB/assets/32f895012f9e17b0fae010cf844111ee.png
{4#45 =-1240
2/ +5 =820
~3s

420





EPUB/assets/08aaf4fe13935ed66eba2c1dc834e7ce.png





EPUB/assets/bba01c06a5bdbdc49c44c17bd0a6379a.png





EPUB/assets/798b97b44b3f9c29b600dd661facc735.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_011a_img_new.jpg





EPUB/assets/63d6ac63990bffd98a4bd2069f20da16.png





EPUB/assets/d2265713a463250f9f540dd7251e257b.png
Letz =0
—c+2y=6
—rgb]1.0,0.0,0.00 + 2y = 6
=6
y=3

The y-intercept is (0,3).





EPUB/assets/47bdb72cfb192edbf3058e07897586c1.png
On?





EPUB/assets/79776dd0a53f87459d890382cc72f9b6.png





EPUB/assets/9c872892bb90a0ba0b84a7868787b45a.png
214°





EPUB/assets/a980c0db9663f2e5ffd9ac91c5d04f8f.png
23
x46

138 partial product  Start by multiplying 23 by 6 to get 138.
92 partial product  Next, multiply 23 by 4, lining up the partial product in the correct columns.
1058 product Last you add the partial products.





EPUB/assets/223c631e20c93310f551b0eb690dd57d.png
run





EPUB/assets/022586f7cd7a374b1e08a1ee2ac6adbe.png





EPUB/assets/82508a92f53ce5c9e1c6c1fb22597099.png
dr +Tx +x





EPUB/assets/aa651c9d0f1125ca7bfeb466aa67a7f8.png
12¢° + 9¢°





EPUB/assets/c73b92da9f482bc2f6d7e2cb72af7892.png
(6,0)





EPUB/assets/b5672825a1d07a43051f6951441ee07d.png
294





EPUB/assets/a41a586645d48b9edef864f0d4e9e0e3.png
number x value





EPUB/assets/4e80898ca50f43e9b3579ea4a6c64ca8.png





EPUB/assets/4610850f0b84656cff5d520c9ea4bdb2.png
O





EPUB/assets/f031403ee7312919123cfd44be67e205.png
-222 +





EPUB/assets/c2074d230e3d98171a6726d93e561beb.png
$1, 200





EPUB/assets/39ed21beb1a00785d9229cae954503b0.png
bbb Al A Al

o





EPUB/assets/ccf35b07a59ef8906c8108fadd57701e.png





EPUB/assets/f9b5d1cb4eee48de3750f58ec78823ee.png





EPUB/assets/3296124da1a007c86a2da2eea2035783.png





EPUB/assets/551d98e91e22e8345968c5c329f65a4a.png
—6z — 18rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.018 = 24rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.018
Simplify. r—rY





EPUB/assets/520b93a610a9642b42daaacf36d4c40d.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_001e_img_new.jpg
The ordered pair is (x, y). 4.-1)





EPUB/assets/15ec43fdea07a860d84f87199e87f71a.png
520

65t





EPUB/assets/34c51f8836d039731ca52dc3503260fb.png





EPUB/assets/eb4caeb2fa1f1124f72b731751b92969.png
32 %3

729





EPUB/assets/dd0f032e47bc03380846e42d30c3f91f.png
rgb1.0,0.0,0.0—rgb|1.0,0.0,0.050 + 37 = —13
—132 _13v





EPUB/assets/81fc39e914a7325cd4b0c30424cce10b.png





EPUB/assets/db5eb9a710b2753e0ab6f1c249e1f434.png





EPUB/assets/4d984d9f0b2f5e2e6f21011ccf67b221.png
rgh]1.0,0.0,0.08 g—u,b 1.0,0.0,0.08 (—32)
Simplify n——256





EPUB/assets/cec26f9ea7facdc27ed0f03d9fd0ca99.png





EPUB/assets/4015d2ac1493f23470d78b0a2ca1753e.png
dr — 6






EPUB/assets/2c043b71bceaf326ce0628731de98a22.png
31.5m/min





EPUB/assets/85ca6c02df62d673b97e170879815f1d.png
(z +5)(x +9)





EPUB/assets/6d9f78938e401e9fe1cb6efae15ce0d3.png
2% 2 %92





EPUB/assets/5ac4a8678f856eac5e6fd6bb10495c3f.png
5+ 2% + 3(6 — 6]





EPUB/assets/49c0b7f8ae3afc8fd5221b9d39fa9391.png
4z* (22° — 3z + 5)





EPUB/assets/6476783c2d0668e1a5e5b4b9a5adeaf0.png
0.74





EPUB/assets/6686c5942e97bf0dee64cbe6ef37680b.png
8 (rgb]l.(), 0.0,0.0-rgb]1.0,0.






EPUB/assets/1bfb0ce301347648bb6abfa086aba687.png





EPUB/assets/703ebbce74f88d2e8d8d30494d32743a.png
2|5





EPUB/assets/308aa5f4d060a05c8534c2f57e12e012.png
1.25





EPUB/assets/eb15affffb397fb3f8d7fa6ece6837f4.png
0.0





EPUB/assets/6d335eb69342e900921dd6a9dba5e0fa.png
(8a® + 27) + (2a + 3)





EPUB/assets/391f116880da9ed98e6f54ee53dbe26d.png
f(z) = az® + k





EPUB/assets/1.6numberline-blue.jpg
o H3
cokn
~ @

<o

-in @

wio @

i
Hs
?

-5 -






EPUB/assets/ae080893cee14695d1fef2e0f49715fd.png





EPUB/assets/95377083e386b72bdbd18256a2dd74a1.png





EPUB/assets/fec067fa3660bf53e1c0c1f1ea83d799.png





EPUB/assets/0d5b9679191f6fdd2132a37cf1980d9b.png
180





EPUB/assets/b8d950ce2e4d0d8bfad38bbda279aed8.png
Fornula does not parse





EPUB/assets/ff5cbfc39baefcf26ce89849cfdb5123.png
I'hree — th: 18.
ree Jourths ol 8 3 <






EPUB/assets/24c177fa7d4dd2fe8d11d660afde229f.png





EPUB/assets/21b37da2cd91d7f38cc29561a75c68f0.png
tan(63.9470°) £ 2.0455
2.0455 — 20455/





EPUB/assets/39ca0d810986f2d5141e10c5683cc6b3.png
A o
Ao v





EPUB/assets/4b9211cc59e6fab35466aa3d37876b2e.png
1
ax =





EPUB/assets/4c523591d6d1ed0173172c6ac8ef5add.png
1
S





EPUB/assets/a919ee821ba6d3b43194c87e4803c082.png





EPUB/assets/9311b0eaecfd0a06e5e0a26fdfb0dabd.png
i1
100






EPUB/assets/b53956fd43d00ebdbcc4be2c03f46f34.png
(z +9)°





EPUB/assets/4a6674418a4d2d28a2a6946184f4c9e6.png
express train 60 mph(4 hours) = 240 miles
local train 48 mph(5 hour) = 240 miles





EPUB/assets/17393f5b93a12354f707502dfd559207.png





EPUB/assets/f420f0a310cf64b69132daa55cfc0a82.png
10p + 2
10(rgb]1.0,0.0,0.04) + 2
42 nickles





EPUB/assets/4891f3885e488b1ef3e3fd11398be39c.png





EPUB/assets/34b4d591c9d0fbf59b5f6722ca0c92e4.png
(0,2)





EPUB/assets/eb04fba8d03c374dc5e3d5dbe9d0a252.png
(2z2°
+1)?





EPUB/assets/5fda14a07eb599cbb020bf28bab0b035.png





EPUB/assets/d4bcf27c9751e983019a115c930c3e46.png





EPUB/assets/CNX_BMath_Figure_09_03_031_img-1.jpg
13





EPUB/assets/9bd74b1bc9bc2282b49bf934d4f03afa.png
(4, -4)





EPUB/assets/d895adf630eafbf0644c4dd5bbc5e758.png





EPUB/assets/a9215d8bbdee7768110c33006fe6779f.png
bx + 6y + 2z





EPUB/assets/d27cf7abd449c41273184f8d2b5214e4.png





EPUB/assets/d5a4b6e9e5b59961ca806428c2a1a006.png





EPUB/assets/5e708c56651615fd0c16b62dba0a7eac.png
< | &





EPUB/assets/7f0cb9283d0412b2102817af322e1f74.png
rgb]lﬂDﬂDﬂlZ( +2)—wgb]10000012( 3)





EPUB/assets/CNX_ElemAlg_Figure_05_02_010l_img_new.jpg





EPUB/assets/52d2907f52967d289d4b322caab882a9.png
(c*d®)"(3ed”)!





EPUB/assets/ae6d39e0e0acae1810753ccce9e2f4e1.png





EPUB/assets/4b10c34ba64ea52cf3ab2d81b8b1aa11.png
Multiply 5 % (5

Multiply.





EPUB/assets/c989b93ea0ae8ecdd4b8fa304f6433a6.png





EPUB/assets/b9922b2d6d29ed721988d615101538e0.png
Simplify.





EPUB/assets/22b406c480e5c95c653cb26aef503801.png





EPUB/assets/47019c2aa140ca2da843f2ecec734c36.png
1.5





EPUB/assets/Fig-15-300x232-1.png
x4






EPUB/assets/700c2508f84ed73ca1f68090e048ce86.png
2¢% — 5z — 3) + (z — 3)





EPUB/assets/1387af6ec4fb54c4b0fff34d2d477c27.png
$50, 000





EPUB/assets/6c81739b135b5d2e02e57b87a37462d9.png
66 inchz;






EPUB/assets/747aa7eb2feae6d1e88b89a04a806c1b.png
P
4y





EPUB/assets/b7c19f276aa5080b1c2f2c3a03ed5c1b.png





EPUB/assets/e7b7afed745351653ebf7db760f87c4e.png





EPUB/assets/13bafda80015f805c4ba24dcc5203c9e.png
-+ 2y






EPUB/assets/c35345c3be167b6579da24b07752dce6.png
1+ (-5)





EPUB/assets/eb6ec144bfbc1a3ec075b29977ee1983.png
da 20
(wbjl 0,0.0,0.0 rgbjLD,ﬂ,D,D,Dd) - (rgb\l.n,o.n,o.n 7gbj1v0,ﬂv0,ﬂv04)
Divide. a=-5






EPUB/assets/612831f6e22c56cc24e4d6ed6cb3716d.png
V = LWH
V =30 x 25 x 20





EPUB/assets/d545677d6cd3f3bfc4a7eacbb8f56993.png
2r - 2x - 2x





EPUB/assets/9972035021b162423c23b849134719a2.png





EPUB/assets/9c2f43d004a2009d17a4b691e7bb8ea3.png
3z — 2y





EPUB/assets/c501edab783f33bb32103976bb139aa4.png
(5,6)





EPUB/assets/9a6f571181b7620f28cea3e04654b1f8.png
(11,-1)





EPUB/assets/14dc6e378b8470c45ca945caa4cb4678.png





EPUB/assets/2f9b4cd75c4b03cd0f34f0e027ff1e9b.png





EPUB/assets/8eb22015ebb2b5aafa05c920b6bf5a18.png





EPUB/assets/ef239f8a940f20e944d470448ede811f.png





EPUB/assets/a549d497f830c44eecaa36cef7bb354e.png
$10, 000 + $40





EPUB/assets/969f5972cf9e4fbe3fec7158a3a4f417.png
Fornula does not parse





EPUB/assets/dcbda3434219023b5691c4f610580786.png
a + b
2+ 22






EPUB/assets/2e52b0abb7fedc8e7cccab3242eb8877.png





EPUB/assets/6c37e79a60032b97464e95f5161370c3.png
5a — 10rgh|1.0,0.0,0.0+rgb|1.0,0.0,0.010 =
Simplify. 5a

10rgb|1.0,0.0,0.0+rgb|1.0,0.0,0.010






EPUB/assets/icon-video.png
M





EPUB/assets/dc1e668345c7a0a725a76ad4b9dbc887.png





EPUB/assets/21.jpg
® 0000 -





EPUB/assets/884c62c020a626aced381444313d3ff2.png





EPUB/assets/20.jpg
53 -5(3)
add 5, 3 times. add -5, 3times

15 positives 15 negatives

5¢3=15 -5(3)=-15





EPUB/assets/73d3e42ab9fb3a327b172ac5944fb202.png





EPUB/assets/d3693a9536cdb96dcf6d747ba45ab920.png





EPUB/assets/eb08a7c4d4c02ec507839114955968f3.png
{

ly=
T+ qy="6

342y
o4 2y=





EPUB/assets/7d1dc06f40f1f049d3ac4f77815d0239.png
6z° — 15z — 2zy + 5y





EPUB/assets/eb5499ef8f3d9c5c7743af653f4f82d0.png
rgh]1.0,0.0,0.02 - A = rgb]1.0,0.0,0.02 - %bh





EPUB/assets/8fcf30fedfe3cb92868c5c67b80f8c8a.png





EPUB/assets/f16d231fce782a1c2c86c6d4b6aa1e01.png
(—48a°b"
36a°b°) + (—6a’b’)





EPUB/assets/045cc4988fbe9c24cca5ac2c6ff80f6d.png





EPUB/assets/da67fc505505ff7da66948d52ec05c6f.png
H(z)





EPUB/assets/5e0efc8b5b1518cb4201d2ffc42ff402.png





EPUB/assets/192631ab779bfcf4ea4874fe750c0dcb.png
Tp + 8p





EPUB/assets/872a41050809a0f4f048876bc6dd11a7.png
6 feet dinches
4

24 feet 16 inches





EPUB/assets/8ac1b487148646fc8daf40b0de9632d4.png
1ft = 12in





EPUB/assets/d8e964353662898da2db93b41e3ede53.png





EPUB/assets/1fc665d42d35abc056c423b7b03dd5c0.png
Fornula does not parse





EPUB/assets/992c7d6130427add16994211518d2d0c.png
10





EPUB/assets/7e19a26be0e53caba5bc58a31d336040.png





EPUB/assets/478b087be4806ae4585027452b1bf872.png
(a+b)(a—b)






EPUB/assets/ae4985b7ae605b3570e3e22dfb25f4bf.png





EPUB/assets/db82ecfb7939ec9c409c053a4241644c.png
(2z %3*)(-52°y ?)





EPUB/assets/4ffa5ddad5a3519d29a2baddb58ad979.png
1,356.48





EPUB/assets/5cfc51a7747aa2b8a94ba8554e1f27a2.png
Fornula does not parse





EPUB/assets/8257320a21ab529e1dd6ee4c84215839.png
5-4—8(-2)+4





EPUB/assets/c5009a1be02bd8bd918b3b2062968f45.png





EPUB/assets/54b96917729ffdb872d3f1cae1a3417e.png





EPUB/assets/0520448f1bd202efe5ec07c8abde640d.png
—27 6z
gb[1.0,00,0.06  gb]1.0,0.0,0.06






EPUB/assets/2ae301b6f29e6494b54c124aeb733240.png
d=rt
520 = 65¢
t=8





EPUB/assets/CNX_BMath_Figure_09_06_043_img-01-1.png
NK 4





EPUB/assets/30b417e8ac3c2bd40ff9ca173333b9c4.png
a™

e

=a" " a#0m>n





EPUB/assets/8b43838679da540dec4aa05514a23923.png





EPUB/assets/d696d38ae3cce1ffb64eb920b8d392fd.png
(,_,m 0,0.0,0.0argh]1.0,0.0,0.0 rgbl1.0,0.0,

9b]1.0,0.0,0.0 rgb1.0,0.0,0. nv)





EPUB/assets/2d58beff3bff50e285d09161292da6b4.png





EPUB/assets/2bc808a0a2454815ae8283b26db01b61.png





EPUB/assets/e9ada188b8c6021800dadac671c3a5b3.png
$R0)





EPUB/assets/f834bdf28f63076bf72f9d9173ebaf85.png





EPUB/assets/7aafd23e040012f042972d10e276d11f.png
lyd 37t
Tyd  1yd





EPUB/assets/438b033e79bfe9bd1fa60a0f3fb932d1.png
rgb|1.0,0.0,0.00" 020002 1511.0,0.0,0.0 rgh1.0,0.0,0.0-rgh|1.0,0.0,0.0 rgh1.0,0.0,0.08701 000002
(5m)? — (9n)?





EPUB/assets/4d6c0bd660cbb158b7a3238cfadb7f9b.png
2.5





EPUB/assets/a6c2c0cb3dec79e25f0dc6402fe33a16.png





EPUB/assets/b3933aedd353a228ebbd09d500bc7774.png
(m*n 3)(m *n?)





EPUB/assets/bb5b0691b8ac9d0f6c9988ccae39e4e3.png
1415927 x (1.2 m)*

4.5238934 m*





EPUB/assets/dbe95ca60527cf34e72fcc0d8702195e.png
18





EPUB/assets/43e23aad36481bde503b6fe8388f4636.png





EPUB/assets/CNX_ElemAlg_Figure_01_01_003_img_new.jpeg
sauQ

suaL

spaipuny

spuesnoyy.

spuesnouy uay

SPUESNOY PIPUNH

ns | Thousands | Ones

6[3[4|0|7|2]1]8






EPUB/assets/16.jpg
g
22
Divide 43 by 22. 1.95454
22)43.00000
4
10
198

1%3 ¥ 120 repeats

100

%0 T~ The pattern repeats, so the

170 numbers in the quotient wil
100 repeats __,. 100 repeat as well.
88 -—

SD—‘1954





EPUB/assets/344dbc9abafd3487d0e2fadae72bfece.png
+ 6) = rgb]1.0,0.0,0.04 (y)

rgb]1.0,0.0,0.04 (“2‘ 3





EPUB/assets/fc0242fc2891cf2c00e90885cbf6b12e.png





EPUB/assets/1.7.jpg
L ¢
24y +1)





EPUB/assets/14.jpg





EPUB/assets/15.jpg





EPUB/assets/12.jpg
0.06)25.65





EPUB/assets/13.jpg
5-3=2

’@ (0]@) (:;5 S}l =;.





EPUB/assets/10.jpg
—S+3

308°° §89°°

More negatives - the sum is negative. ~ More positives — the sum is positive.





EPUB/assets/11.jpg
5.63





EPUB/assets/59dd7ccc2c5e60a6d3b296a93d1cf28a.png





EPUB/assets/e1568f18416df3532727a1c4e8358dfe.png





EPUB/assets/ff8272461115d63057578c7f793001e7.png
0.25n + 0.05(n + 5) = 2.95






EPUB/assets/9b6700fe77437f589a99519f3cc11f4d.png





EPUB/assets/ef640b0a5b2e88e55350e576a3729a73.png





EPUB/assets/4635097675255aa0187fa7941f73e1fa.png





EPUB/assets/CNX_BMath_Figure_09_04_076_img-01-1.png





EPUB/assets/35e21f1292c7e8adecf553d52b53d241.png
(6,1240)





EPUB/assets/5db5ded1fb269f8f146b9017bb8baa54.png
14— 23 £ 12 (gb]1.0,0.0,0.0-7gb]1.0,0.0,0.03) — 4 (rgb]1.0, 0.0, 0.0-rgb]1.0,0.0,0.03) — 5 (rgb] 1.0, 0.0,0.0-rgb]1.0,0.0,0.03)

14-23L-36+12+15
I —v






EPUB/assets/8fe4d90a0625a7a808f30d819c2bd356.png





EPUB/assets/18.jpg
8+5






EPUB/assets/df19dc5ff2db553480118c545c6b60df.png





EPUB/assets/19.jpg
563)
take away 5, 3 times

What's left?

15 negatives
5(3)=-15

5)-3)
take away -5, 3 times

Q0000

15 positives
5X-3)=15





EPUB/assets/8cf98180027e6e44dad45ca3df465aef.png
V = LWH
V= 14x9 x17





EPUB/assets/2499631baa18a42106d9aa92ddb72a6b.png
36





EPUB/assets/54101e2445468759de7bdc140fd9813e.png
Fornula does not parse





EPUB/assets/80528d4b2e0f95abe4bc9fee9ad6cab9.png
10:
)z? /7





EPUB/assets/a5210b9d4251fb9120392eeb575dc8ac.png
—2x





EPUB/assets/06a6559c88a0a91fb577c38b61f7d644.png
(2,4)





EPUB/assets/383dce9574da076a31a1b8faf1374b3f.png
$32





EPUB/assets/fc5e335aecab6415e08f8cfc892100b8.png
35 + 55 + 90 £ 180
180 = 180





EPUB/assets/62f2a8a0c4bece924063697f8345c414.png
2 + 10z + 21





EPUB/assets/29d6eff80bd1280f91c71511def93a7a.png





EPUB/assets/0b70cd4c72e5dac7ab14f1a39f3a5dc8.png





EPUB/assets/b3ac17792b0b2e58640ab4925bde23f9.png





EPUB/assets/60358bacd46d2a21b38f6b0466caee9d.png
0.045(20, 000)





EPUB/assets/e8dc38788079bf47c9f37956a3113d8b.png
3y + 13)





EPUB/assets/41ec61dbbb6f6a842143c3cccb1988b3.png
107





EPUB/assets/ecd5b15f2ce4f031ed2d20ad8aceae44.png
5h





EPUB/assets/c41e3e540b6e9833eeb365c915fac0c0.png





EPUB/assets/0ffffd20d9efc6ef51316e08fe9029a9.png
—y — 9rgb|1.0,0.0,0.0+rgb|1.0,0.0,0.09 = 8rgb|1.0,0.0,0.0+rgb|1.0,0.0,0.09
Simplify. —y






EPUB/assets/CNX_ElemAlg_Figure_06_03_020b_img_new.jpg





EPUB/assets/3e7dc29cb512e487a18c5573ab8b6dfd.png
2y — 2





EPUB/assets/Fig-6-300x201-1.png





EPUB/assets/b8116f4197f80f199915cff4826a7e85.png
55°





EPUB/assets/cb3aecc91e74342cfc37565ad7fd1380.png
u7
500





EPUB/assets/fd5064faaf12f8645dbc23dadafd8fdb.png
(82 + 3z — 19) — (T2* - 14)





EPUB/assets/6c3ef898a901f84c446323dc1b1be404.png





EPUB/assets/b97586e6972c87ec042ed887eb20ac26.png
52





EPUB/assets/d25ad4a1c5db6fcf8fb9ff531dffa464.png
—-23





EPUB/assets/687d4c62ebab87ada724f1e64a8fadc0.png





EPUB/assets/1fc77afc9657c137215a4daf178f3f74.png





EPUB/assets/CNX_BMath_Figure_09_03_054_img-01-1.png





EPUB/assets/313178542150b71c1983732d67c16305.png





EPUB/assets/3c6c035f29e9e6eebd566f84590e4b5b.png





EPUB/assets/69dfb06c9b59f7fcc1e8e5713ee09d88.png





EPUB/assets/ba4c8b78847b3555845a5fffc6ad9611.png
v

2]
'h

h





EPUB/assets/1d0ca2a8b5f7a5ce81aaee23d24a73dd.png





EPUB/assets/2f78d91772b3b18f40664566d3b3e209.png
5 years





EPUB/assets/c7caf708473521190f275cf57b707cc2.png
(3,2)





EPUB/assets/df787f2607ce72c6b18c12ec2c9d6db0.png





EPUB/assets/eb3538f1f874e7241b5d826ba0dca1d8.png
$13.95





EPUB/assets/53f74822083c763d8494b35e34385680.png





EPUB/assets/7f1f79e2f16e73a13c8298febb2b50c1.png
(ab)™






EPUB/assets/9cf048b4045960e7270dd30c199175e8.png





EPUB/assets/e3a63c0b2ed50ce190f5bf45ff2e5df8.png





EPUB/assets/13c7ba85fd44ba94f7c2e04c650ca0ee.png
$110, 000





EPUB/assets/5.2.jpg





EPUB/assets/5.3.jpg
CO0000000

sssssssss





EPUB/assets/5.1.jpg
00000





EPUB/assets/18fe59a3a3656b065596dbf6f8d6ae0f.png





EPUB/assets/3afa6e1ca1e784ebf247541b503a09b5.png
(—2,4)





EPUB/assets/18a2a2c7b2843f5116ad80a8e7efc03a.png
3r9%]1.0,0.0,0.01rgb]1.0,0.0,0.0 rgb[1.0,0.0,0.04-rgb]1.0,0.0,0.0 rgbj1.0,0.0,0.04
Simplify. 3°





EPUB/assets/eaa4e0085a57974b52ae75423ab12f71.png





EPUB/assets/bf63b908b7ec612851337a80c8f6c755.png
105°





EPUB/assets/9a80272153bcb7ebed901342d64e0a53.png
rgb|0.0, 0.0, 1.0yrgb|0.0,0.0, 1.0 rgb|0.0, 0.0, 1.0 =rgb|0.0, 0.0, 1.0 rgb|0.0, 0.0, 1.0—rgb|0.0,0.0,1.01






EPUB/assets/2bd9617d08d216d739f95365658341c5.png
a and b





EPUB/assets/bc3ef77c3740713d3f47b5a3dbdab497.png
25





EPUB/assets/03c4839c880d25b18e7a7e8add07bbbd.png





EPUB/assets/c7b581382e602b7a7f0e4537a4fdffcc.png





EPUB/assets/ec89c0114189903dbd2965e2ab35eb49.png
{

s

25,000 + 15n
10, 000 + 40n





EPUB/assets/04a78747a46432c9ad4939221ca55b46.png
4 — 3y = 12





EPUB/assets/0bd2f1219f35c20e1be9fd0f55c17a1c.png





EPUB/assets/58611921fe447821132fa940ffdd34e0.png
~10.79(8.12)






EPUB/assets/9e00b3791fd29a18a7f5d0c0a19aa46f.png
4z — 3y
15y — 20z = —30





EPUB/assets/a4859fcaa36b80e3058bf46bca94391f.png
25°





EPUB/assets/6a114cd9bc415e52c0524ccd9e00a0cc.png
Vv = (25)°
Vv 15.625





EPUB/assets/2056c577ce66230a616b1d3ba1c0bf17.png
14 -9





EPUB/assets/f8c9addb062ec3fb9eba1b4f16bf049e.png





EPUB/assets/aca13cec3aeaa0079ddf257f6b3ff581.png
-1 xT7T





EPUB/assets/ac14ff688df0349f016e3e65aae63289.png
10 -z
10 — rgb|1.0,0.0,0.02
rgb0.1,0.1,0.18 pounds of nuts





EPUB/assets/c07bb7a199ff0e9ece31376eec5cab2e.png
6b° + 3





EPUB/assets/ae4cb5f6181985316f4475e7f3cca855.png
2 46
10 100





EPUB/assets/15e0a647330daf78f559ddb9309e6758.png





EPUB/assets/ba833547fa5557eedb6e4047d40d9164.png





EPUB/assets/44e69dc6c7c07e61e716b354740afc34.png





EPUB/assets/6587d6babcdf4b113db2e85b4ab52d9f.png
12 - 3(45 + 3) = —17





EPUB/assets/fdcc844fb6379c9c57b430a1f95fd253.png
1
S





EPUB/assets/81c5b7c6a02fef44bc8fe574d7f035e6.png
cy-3=

5
< LOD =





EPUB/assets/0635d356757385a3faf58c17dca9f21f.png





EPUB/assets/453a4c633f205be1acb8d4f843947d7f.png
« = rgb]0.0,0.0,1.00
v=j3e+3

y= %(79{:}0.0,0.0,1.0") +3

y=0+3
y=3

+3

"9b]0.0,0.0,1.04

1
B

%(rgb]ﬂ.ﬂ,ﬂ.ﬂ,l.ﬂé) +3
2+3





EPUB/assets/4b79c0d834123863ee5580a9d56791d8.png
2z% — 5z





EPUB/assets/f7be5d493fe33c99576163bfe8710199.png





EPUB/assets/5668fa1087c8309c3bcb59c91941ab38.png
3 x5





EPUB/assets/4f4d95d8fb18dde0dc430ac6e5a9e93b.png
+ |1





EPUB/assets/9004cd68fa19a15ed499af88563e6e35.png
Fornula does not parse





EPUB/assets/a3e906c64b878dff454c9282dba43fa1.png
7.5 % 102





EPUB/assets/8.3.jpg





EPUB/assets/4e4dde0e287af1ba878ef2837ded7256.png





EPUB/assets/9e54d1e162937db57604643fe0d168de.png





EPUB/assets/8.2.jpg





EPUB/assets/4f6bf8e907b930d6a1db168558fa5a89.png
31





EPUB/assets/6ea3cc0d524c8bd8fcec18fba65fb547.png





EPUB/assets/bf96c501849e4147562428daa219efcb.png





EPUB/assets/bd3b790e6d82304c504a67ee0d41b25c.png
rgh|0.0,0.0, 1.07rgh|0.0, 0.0, 1.0¢™0 000102, 010 1.0¢"0000102 1 ob11.0,0.0,0.05rgb] 1.0

0.0, 0.0ergb! 1.0, 0.0, 0.0+rgb] 1.0, 0.0, 0.04rgb|1.

0.53rgbh0.5,0.0, 0.5+rgbl0.5, 0.0, 0.57





EPUB/assets/6fdbbc8ca3ba8c9962ff4ff3b013359a.png
§ = 2LH + 2LW + 2WH





EPUB/assets/0240bfa151ebb7822178696905a629cd.png





EPUB/assets/5e0c6f4bee7f383e4c1014e04ac688d1.png
(3z + 7)(5z — 2)





EPUB/assets/86992cac2deb86c6d68ab9f7053ec733.png
55





EPUB/assets/7ca4a03a514a3b86581fc1f52a61b0a5.png
4 years





EPUB/assets/7088f8eeec71c3ffd2002dc2df969b7a.png





EPUB/assets/dcf7c7257c0c55e4d2dae11b0e18d3ba.png
100(0.7 + 0.15p)





EPUB/assets/763e05e26de42f7e6647aa62ee080921.png
5(m + n)





EPUB/assets/25ef85912a54ee9910bdd5842789887e.png





EPUB/assets/9.4.jpg





EPUB/assets/9.2.jpg





EPUB/assets/9.3.jpg





EPUB/assets/a892c4ba85d717c304cc930141faeb19.png
180°





EPUB/assets/9.1.jpg





EPUB/assets/5ffe479a9cd768c84c28d58dcda4ae5f.png
Y-y =mfz—z1)
y-1=2(—(-2)
2z +2)
244

.






EPUB/assets/34faa87f58e6d0ca0639b1270002b75b.png
(3z%y)* (2z°)?





EPUB/assets/56b598b0626cbc2578634fd9126ae81f.png





EPUB/assets/b5df47e7235154947cc0f117ce66088d.png





EPUB/assets/41189deb377690d65f28e463c1ca9668.png
12

(n%)*






EPUB/assets/1ce84a5885823309395acbe32d63c6ca.png





EPUB/assets/cb45b50fa1220985cb541d5fbdf84a79.png
rgb|1.0,0.0,0.0r + 3





EPUB/assets/c8d32b540822b958ede8fca2654a279c.png
(—5,1)





EPUB/assets/28c2f66b76127f0a04db93c1ccf6e947.png





EPUB/assets/4a2b8ce99c1cca9e1c258cf922bc7e7a.png
rgh|0.0, 0.0, 1.09rgb|0.0, 0.0, 1.0w™™/* 000192 _ 10p11.0,0.0,0.07rghl 1.0, 0.0, 0.0w + rgb]0.5,0.0,0.55 — rgb|0.0, 0.0, 1.02rgb]0.0, 0.0, 1.0w™1* 000102 4 0b10.5,0.0,0.54






EPUB/assets/CNX_ElemAlg_Figure_06_06_002e_img_new.jpg
x-3) 2x'-5x-3
-2x+6x
x-3





EPUB/assets/b9d6626b538542ab0a80e62cfabb67c0.png
0.00





EPUB/assets/b39992696ce56545abecb59565d6cdb5.png
$0.01





EPUB/assets/b893c28822e0be84aebfadee7b596326.png
32°





EPUB/assets/CNX_ElemAlg_Figure_04_04_060_img_new.jpg





EPUB/assets/605baca5d654ce13f7c724e57e70a1fe.png





EPUB/assets/4c917d7a5b46d00537b5e4bc7ec2a43e.png
1095 miles.





EPUB/assets/6e784908f7df192456025c74f438f2ee.png
$14





EPUB/assets/2394cf897f25ff6870118fc3be2332d9.png





EPUB/assets/a3dd95ded2a697b2120c2206883f72e5.png





EPUB/assets/796d47ee3bee2095ece8edc8303529e2.png
2+5





EPUB/assets/89403406127645cfb18a7afb5323f513.png





EPUB/assets/416c53bf5b1af67194c77b8631f9f3f0.png





EPUB/assets/2e30d611fd22e114628be46f681bfbe5.png
(rgb]w,n ,0.057g]1.0,0.0, 0.0y 1900092 _ 10510.0,0.0, 1.037gb]0.0, 0.0, 1.0y + rgb. 315) + (mgb]l.n.o.n.o.nargb]l,o,n,o,n,w’f‘“‘“’""“ ~ 7gb]0.0,0.0,1.04rgb/0.0,0.0, 1.0y — rgb]0. 3,03,0311)






EPUB/assets/6cc9933303a336f8bd302d7fd55c5dab.png





EPUB/assets/c710acb4e978bc5a0bd68885e5fade3a.png
wlt

Simplify.  m





EPUB/assets/ParallelLinestransversal.gif





EPUB/assets/508fce83b03f8ae3665055171249b6cf.png
rgh|0.1,0.1,0.118rgb/0.1, 0.1, 0.1p""* 102 1gb]0.1,0.1, 0.1 112 1gb]1.0,0.0,0.0-rgb|1.0,0.0,0.0 rgb|1.0,0.0,0.0 33pg  + -
F 0101010






EPUB/assets/67ed1758792f748c0d31ca327371741a.png





EPUB/assets/33906059501e839f1249cd61e6069d6d.png
S





EPUB/assets/8bdfb74070a53917a326578febf9a8b6.png
7gb]1.0,0.0,0.0-gb|1.0,0.0,0.03.57 — 0.63 < rgbl0.1,0.1,0.1-rgb|0.1,0.1,0.14rgb}0.1,0.1,0.1.rgbl0.1,0.1,0.12
42427





EPUB/assets/4920a7a6541cf533a37ce7895466eb83.png





EPUB/assets/656fd2413d26b48fe58b69eee728e3a3.png
(0,rgbhl0.0,0.0,1.03)





EPUB/assets/794a6c1cdcc2d08028faa5fa66c08128.png
{ X






EPUB/assets/e31b3b2621a4cd61848c9b6bd3d93698.png
$91





EPUB/assets/dd2795208551ae55b656becaf900a74f.png
-2 > -3





EPUB/assets/de0d0f6efd15b22eaf8650980fd35a4b.png





EPUB/assets/8949f2e450a988e447f120a8be8704b5.png





EPUB/assets/07881fee0f7462985ad2d95f7d90f664.png
@ — 2rgh|1.0,0.0,0.0y

@ — 2 x rgb]1.0,0.0,0.05
z - 10

z






EPUB/assets/19238bac1e21bfb5b69562342df7b293.png
{

22— 3y

5





EPUB/assets/bfb23223cc59c88cce38aea1cdc6908a.png
(6m—3) =8 —m





EPUB/assets/02dff03e263297fbce068ab0355169c5.png





EPUB/assets/4a0f49ba7a26575360d430ebc7147abc.png





EPUB/assets/35b96ad21a8fe71baefe115d4e23c9ce.png





EPUB/assets/f397bb07650d89924a62027e608e4d3d.png





EPUB/assets/CNX_BMath_Figure_09_04_001-1.jpg
3 4 5 6, 7, 8 9 10
]! |HI I|HIIII‘II IH|IIHH HI‘\ HH‘\ 11






EPUB/assets/e17cbd7679cca261223b81becf146d6e.png
3y





EPUB/assets/ec650bce794711c54eb22e557edf5fc5.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_013d_img_new.jpg
Last

(x+5)(x+9) X +9x+5x +
F o I L





EPUB/assets/f1c28d395e02e3a009fe635a238f105a.png





EPUB/assets/0aff844b7b417774685fc7179b98e6ae.png
Oa





EPUB/assets/098eafa231a1e3a47d147a9a7a2d5ac8.png
(z — 8)(x + 8)





EPUB/assets/72c8fb3783d8aada05fd9f4c587b50c9.png





EPUB/assets/9aa4333b6780c62dabaa20d13310b12e.png
Simplify. %





EPUB/assets/99252a6ea65eed25db0e6cca2e10ee09.png
rgb|1.0,0.0,0.025, 000rgh|1.0, 0.0, 0.0+rgb|1.(

0.0,0.015rgb|1,

.0n = 10,000 + 40n





EPUB/assets/74e2ffc99e7f947035b440f5e52e15c0.png





EPUB/assets/24a91a8f9e7cf14c772adb12a9802390.png
(14y° + 6y — 4) + (3° + 8y + 5)





EPUB/assets/6423d11c3b9997a94a01079f81a03005.png





EPUB/assets/a8b6de92ec840809422f94fa0f730cd7.png
(m—7)





EPUB/assets/34b0a2a20c3bd02713734a74b6b97bee.png
3000mm
—2000mm
1000mm





EPUB/assets/eee5c6d1d2a2a6f08a976b3cad95d768.png
Ix3Ix3Ix3





EPUB/assets/8372a741200fd13f5943b185b3441b17.png
Sy-x=





EPUB/assets/8bc1603ebe517e01144a8c8c9a0c3d8c.png
—6z + 15y = 10
rgbl1.0,0.

0.0,0.03(~5)





EPUB/assets/ca42cefbef8c41e8c85530b7cf1f1409.png





EPUB/assets/578502ddeb50c4a32f11ae2770556f08.png
zty






EPUB/assets/ce77bc846fcb79fe0b6a1b7f502cde5b.png





EPUB/assets/3e29e86cc6fc98d4f3fda92b3386c21f.png





EPUB/assets/d8a382a175a0c204be20c1faf657a1a5.png
9+ 5% —
[4(9 + 3)]





EPUB/assets/4f65c37730b778727d4bf7c6b4f64d98.png
(a+b)+ec=a+(b+c)





EPUB/assets/e4112a0a799fd4a046b1e500d1d5b6e8.png





EPUB/assets/7818e7fbcfa2488713ec3b51d5d1681d.png
520 265 %8
520 = 5204





EPUB/assets/d0391ae12ab2bc32a46d6488bef94018.png
32 = r4b]0.0,0.0, 1.02rgb|0.0,0.0, 1.0(rgb|0.0,0.0, 1.02rgb|0.0, 0.0, 1.0Wrgb]0.0, 0.0, 1.0+74]0.0, 0.0, 1.04rb]0.0, 0.0, 1.0) + rgb|1.0,0.0, 0.02rgb|1.0, 0.0, 0.0W

32 = rgb]0.0,0.0, 1.04rgb]0.0,0.0, 1.0Wrgh]0.0, 0.0, 1.0+7gb]0.0, 0.0, 1.08 + rgb|1.0, 0.0, 0.02rgb] 1.0, 0.0, 0.0W
32=06W+8
24
7gb[1.0,0.0,0.04
2W +4

2(rgh]1.0,0.0,0.04) + 4
12






EPUB/assets/3dba4e493c995bab7d738765e99967e4.png
(rPs 3)(r s ")





EPUB/assets/e39fd197860d46d4fdea1a6c0896e340.png





EPUB/assets/43599ff5bb5349766e6687823eb417d7.png





EPUB/assets/CNX_ElemAlg_Figure_03_01_002_img_new-1.jpg
My teachers.
never explained
this!

If1just skip all the word
problems, I can probably
still pass the class.

Tdon't
understand word
problems!

Tjust can't
do this!
Idon’t know whether

to add, subtract,
multiply, or divide!






EPUB/assets/cfed8ed2f426686dc746af8f6f7d2b31.png





EPUB/assets/63572ca407eb958fb1fc8cadffa5bf14.png
5y





EPUB/assets/8174404f411f1d7d17b9f9076622dac1.png





EPUB/assets/88a8de48dc45c8be1915448a58cdc58e.png





EPUB/assets/067654c4775a91790952489dd6214cc7.png
(3,-1)





EPUB/assets/ba74c3f5fcae87a3d469f71d91d9c46d.png
la| <1





EPUB/assets/b25915840a1cd99675eca8dc8e586a6e.png
144y°





EPUB/assets/04c2164ffa6636b157f0289bd4f2e5aa.png
(3¢ + 4)(5c — 2)





EPUB/assets/813c5842fa495f6fa27ddcb0534caa14.png
32





EPUB/assets/a468597d2d0f167054f6106e47090205.png





EPUB/assets/010d3fc2d05435f512db7f1c107e295b.png
(2,0)





EPUB/assets/716b3fb383a9b4198acb7e6bd1c11766.png
Fornula does not parse





EPUB/assets/1777af765f54e6e3884af0d836fa094d.png





EPUB/assets/f440db3d12a282762da26e3d6e5e3cfb.png





EPUB/assets/3869aa2024acd2e795ac4deefd1072e5.png
(0,-3)





EPUB/assets/e98bad8bacc3bc2c5dd79f11aca52add.png





EPUB/assets/65d9c0fd61f361560bd8e91851ad9747.png
112





EPUB/assets/0bfa933a3a684863d0bb01c23a135a29.png
rgb]1.0,0.0,0.0z
y

gb]1.0,0.0,0.02
%@11.0, 00,002

y= % x rgh|1.0,0.0,0.02
y=1





EPUB/assets/59225eded522f1c11c228bcb7a66cfa8.png





EPUB/assets/65a57b7227e8d0757d04ced8dbe3a9f2.png





EPUB/assets/7b18e9f04989b004a3de5476a9520a76.png
N(0) = 200





EPUB/assets/2cb77b59a357f6d10949b18863139ee2.png





EPUB/assets/a8e87ddfd1480c0b440a09e819b8d991.png
Lem’
9000 em®





EPUB/assets/75358c274f44d1aca3d884f082b1bee6.png





EPUB/assets/afcf0cb1d6b390427a16a95301aa200d.png





EPUB/assets/b94ae70ec9f43df6c575b0f33e56f331.png
60





EPUB/assets/5d5eec3693f22d243a6edc81dd6ea6ed.png
234





EPUB/assets/34b0994036061c6692050fe195cf98c1.png
Azt + 42 +1





EPUB/assets/38311678014c3e5666e56dcd50cb14ea.png





EPUB/assets/5c80e845dd4baac27f7db2c916488f4f.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_001c_img_new.jpg
Now we have an equation X-2(7-20=6
with just 1 variable. We know

how to solve this! x4 d=g

S5x=20

x=4





EPUB/assets/7d3abc48ad9f681cdc0c2322c8b1da3a.png
length x width





EPUB/assets/4c975b3c17fbcc93be689a023ae5e93b.png
(—2,6)





EPUB/assets/3551aed0995742808f40855d6c768865.png
47 x 6
136 x 9

282
1,224
1,506 v





EPUB/assets/fa180f127aea7ac398da09cd4138d4eb.png
8 > —8





EPUB/assets/a559108742d3c6b570a4c58237ed918c.png
dr + 2y





EPUB/assets/ee61a68b774c0f272178d6c18e5a6886.png
S5z 27

Tgb]10,0.0,0.05  rgb|1.0,0.0,0.05

2
Simplify. -z






EPUB/assets/a08f4ed32700d4153a92336ead52c133.png
$14.40





EPUB/assets/c6a003783dbf100ece5e4bc54178197c.png
P =20 +2W
P = 2(32) + 2(20)





EPUB/assets/fb369618f12de8be7837876f82baee72.png
20°





EPUB/assets/d711ab91a7f361a6d7531da0547858b9.png





EPUB/assets/7077ee2fe021e75ddcd618457aa191cd.png
14
gb0.0,0.0, 1.00





EPUB/assets/141eb20a5d9882b820589b5dfb8fc96a.png
rgb|1.0,0.0,0.0rgbj0.1,0.1,0.1n""* 1912 1ghl0.1,0.1,0.1-gb]0.1,0.1,0.1 rgh0.1,0.1, Uln 7gbJ0.1,0.1,0.17gbj0.1,0.1,0.1 rgb0.1,0.1,0.147 79b]1.0,0.0,0.0-rgb]1.0,0.0,0.0 rgb]1.0,0.0, oomm“m
rHOL0L0F





EPUB/assets/76a84ba13bb96acec9d50e7a53dccae3.png
£
2

n
3





EPUB/assets/7627eb4d9fa2458b4b666dead395729b.png





EPUB/assets/f4603141f10610df1dd0a9cf72281fe9.png
Fornula does not parse





EPUB/assets/91a8190a6e7f5b19c93f3ef3493646ac.png
&%

NS

T





EPUB/assets/7e706fdb11eda8ad9fd1167f606c2e12.png
10 = 3p # 0





EPUB/assets/84182c7f4f0833c26829e69bda42c554.png
(z —2)(z —y)





EPUB/assets/b077bec0f195ef0a373dc7d2223f3c98.png
B |





EPUB/assets/be2c7c838b1812517f5428fed780e88c.png





EPUB/assets/2ff5cddc58210a69ffe87518afdbc565.png
0.05(d + 9)





EPUB/assets/164b8f6b46ecc2e931e3424c3b70ce2a.png





EPUB/assets/658f02e73edb7ccb074315f4cf80a8bf.png





EPUB/assets/8378d51c268020a08bcb8c5b504ce7a7.png
8y° + 327 — 3





EPUB/assets/c29ce68a6c08856f2122ca59655708f6.png
(0,b)





EPUB/assets/45428ab39b1d15694c658dfd84a5a487.png
-5+ 3(5)





EPUB/assets/9cecfe3b2cb70651e824ec931417177a.png





EPUB/assets/a1bfe6ce32799136a342617ac682baed.png
4z + 10z — 10z — 25





EPUB/assets/338ccce57e37ca7bdc931867afb1bb91.png
(3)?





EPUB/assets/b82a94633490d832501268535ab40780.png
138





EPUB/assets/c394c6a202dec6851345bbd7ea74cb2b.png
L xWxH
V= (LxW) x H
V = Bh






EPUB/assets/fdd43aecbca8558d23fee90983c6d1b6.png





EPUB/assets/4.1.17.jpg
12345678910





EPUB/assets/bfdfe5b689450ebd451e486731dbaee7.png
{

n+m
n=m-9





EPUB/assets/3acad19ae9e653675e25cfffc5a2b1e0.png
$1.80





EPUB/assets/bf4edc863367e3e49b0756322d4a3c99.png
49¢° + 14y + 1





EPUB/assets/ae628c2a3036d7a5758ba054ac1f16c0.png
Fornula does not parse





EPUB/assets/f19363ca730ef9a09bbb8f3f660c70bc.png





EPUB/assets/c05403b1761c53d417ca097dfa06f93f.png
33p + 1lg





EPUB/assets/49730e61ad2f0c6fbcc85710718aaeb3.png
P(t)





EPUB/assets/8084d6f94140febcfabcfb4679c336d7.png
210
385





EPUB/assets/9bb6fef32958d8d869f072297c7ce585.png
0.071(40, 000)





EPUB/assets/ca149350f189e5f94c249d8bdf1048f7.png
y = rgb|0.1,0.1,0.1-rgb)0.1,0.1,0. 1%; — 2





EPUB/assets/ee97d573baf4bde28b54ae6cc38fc27d.png
(10mm)
Lem = 10mm : ———





EPUB/assets/CNX_ElemAlg_Figure_03_05_019_img_new.jpg
Rate °* Time =






EPUB/assets/ff4d52696a95f5bfc655e1e371e51f5b.png
(125z° — 8)

(52 — 2)





EPUB/assets/9ce77ebb3ae649c22f0db596f7684dca.png
1,000 meters
1 Kilometers

10 kilometers -





EPUB/assets/9e04023603dc023d91964ed5e4952926.png
Total = $7.30
3.19 — 16 = $51¢





EPUB/assets/34908769f229bcc0215784c4f1485073.png
~13+ (~14) + (~15) £ 42
42— 427





EPUB/assets/125d162f5dadd3209ed050722d92e702.png





EPUB/assets/7d05e31e856d3d69bafa063571044ba2.png
rgbl1.0,0.0,0.0argb]1.0,0.0,0.0 rgbl1.0,0.0,0.0-rgb|1.0,0.0,0.0 rgb[1.0,0.0,0.00
( BBy





EPUB/assets/2fb41c08a79dbf76bab01f63d4db9eba.png
10, 000





EPUB/assets/4aaeccb773e7e2bc49740be3dfc5472a.png
Add8+2  T+(8+2)
Add T+10
17





EPUB/assets/969e389b4b17bd417d2497e8cd600d61.png





EPUB/assets/ab152fcc27e851cbf4216258ff531845.png
2





EPUB/assets/1a3b1a6b5d939a29d935c015b3097740.png
cos(30°) = 0.8660






EPUB/assets/91961d7fd45283a0c7695b1c55cf0d5a.png
(6) 2 (k%) 2





EPUB/assets/1bdf85e3d9773845036fbb31f20e87c1.png
T+ 2





EPUB/assets/88a3f704b3af7e67ee26c3bc60df6f57.png
(4x2)!





EPUB/assets/5c08b4f28fb2f3a89f7920d4832ce476.png





EPUB/assets/15133a5fbd7ae6e54e6511a34fc70a1c.png





EPUB/assets/7aea04728170287fb9218ae7eac7e98f.png
$9





EPUB/assets/f47a1b17e9684cee6ec806786e38d159.png





EPUB/assets/912947fd082d3f7035c771fc6ae5eb2b.png
rise
run

rise
run

— e





EPUB/assets/c27c24235ee12919c78eabf9cf71cfa8.png
6(z +T)





EPUB/assets/715179eb4e59fba00698b50f4012a508.png
V25, 1,6, /121





EPUB/assets/df749eeda634c2efbf38d5c99bbc3de3.png





EPUB/assets/f798a574ace2a9341521a36ac9767e14.png
22 + 5z — Tz + 20





EPUB/assets/a0b98f145a66e0be84748bcbbfc144d9.png
Multiply both sides of the equation by the LCD 6. rgb]1.0,0.0,0.067g5]1.0,0.0,0.0 (ryh][).l,D.I,0.]%1_96]0.],O.I,O.Iyrgb]l).],l).],l).]fryh][].l,0.1,0.1%)7‘5;1:]0.]‘ 1,01 =rgb]1.0,0.0,0.06rgb]1.0,0.0, 0.0 (v‘gb]ﬂ 1,0.1,0.

.1,0.1 =rgbj0.1,0.1,0.16rgb]0.1,
0.1 =rghl0.1,0.1,0.15

Use the Distributive Property. rgb]o.l.o.l.o.mrgb]m,nv1,nv1-rgb]o.1.o.Lo.l%@]n.Lu.1,u.1wgo]n 1,0.1,0.1-7g8]0.1,0.1,0.16rgb]0.1,0.1,0.1-rgbj0.1, LD.]%wyb]ﬂ.l,
Simplify - and notice, no more fractions! 7gbl0.1,0.1,0.1yrgbl0.1, 0.1, 0.1—rgb]0.1, 0.1, 0.12rgb]0.

1,0.1:rgb)0.1,0.1,0. 1%






EPUB/assets/11e7800379766d7b43070dc0d47a9e03.png





EPUB/assets/e87df410d1d56fb5b42a8f24d935fb09.png





EPUB/assets/33c9003eead022fd712fb2a70c1b62f3.png
3
C = 2(F-32)





EPUB/assets/91ac3fbbfc362495064566732375abcf.png
Y





EPUB/assets/3f26a735b1b0c46599794e9d17e0d7ab.png





EPUB/assets/97f897ba8aa4df00469b3ea336fc329f.png
12p° + 2pr





EPUB/assets/d7c32e03734a77253cbde1e9f794d8b5.png
(a)b





EPUB/assets/57272d45ea9921fe268e6900d54df8f2.png





EPUB/assets/983c0988cd0db2be7f553da969da94fe.png
/5





EPUB/assets/aa19799108f36def6d1c65dbbfd74077.png
8y — 9rgb/1.0,0.0,0.0+rgb]1.0,0.0,0.09 = 31rgb|1.0,0.0,0.0+rgb|1.0,0.0,0.09
Simplify 8y = 40






EPUB/assets/cbb96b60d5a911a4a062b1df73971080.png





EPUB/assets/228ab36300e8a82f5e96a8923cebc090.png





EPUB/assets/fe07e1f33c92a8d3acdadd60e4607bc2.png
f(z) = 22°





EPUB/assets/6a7f8d9181c746b0d53c5af730c2b5e0.png
sin(R)

el

=08





EPUB/assets/f6beac343a1edbc695909d27647b7103.png





EPUB/assets/14309b46005533480ddac6b1ca21abf8.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_005_img_new.jpg





EPUB/assets/CNX_ElemAlg_Figure_06_03_006a_img_new.jpg
o
x+3)p





EPUB/assets/e3eeab6f9f1248738da9e892a19f6255.png
rgb|1.0,0.0,0.01





EPUB/assets/72f5fb0e6333c95112f6ecb99afdc266.png
12m® — 5m? — 2m





EPUB/assets/02951e3cd3b5f06693860cf061ac0dda.png





EPUB/assets/bbfd3da38b677475c35915a8c8b56e3c.png





EPUB/assets/4ca4add4d654e8e4cbfb4d543a5f9671.png





EPUB/assets/52a8483aec4851bf2bb3bcb70c35891d.png
792





EPUB/assets/bae09a9d0b0dd5f06371198ebef6b138.png
161.8mi/h






EPUB/assets/1d54bd1e8359a12d5e7a575c3d297a37.png
~(~16) > — |—16]





EPUB/assets/0b39c62b1fa4d3d9494c8abb03a8805a.png





EPUB/assets/6ead679b8b4a098bde368a0684271e78.png
-15





EPUB/assets/4502a42c5144ca8c0656bb9512b7bbfb.png





EPUB/assets/48a04d6785a0a3606153a7a603f63e84.png
- | =





EPUB/assets/4ffa00e2beaeabb8bdad8d4073b57ebc.png
00°





EPUB/assets/CNX_BMath_Figure_09_04_073_img-01-1.png
11in.





EPUB/assets/97c54fe9312e03b293789773cc00a366.png
Fornula does not parse





EPUB/assets/f6769278f96005297dfcf1b503e0bf62.png
(10, -5)





EPUB/assets/0b657c0b531037c87ccbdacb4937b3f4.png
8y _ 40
Tgb[1.0,00,0.08  rgb]1.0,0.0,0.08
Simplify y=5





EPUB/assets/1d6b3f4bfce8c6bc26860b031d95950a.png





EPUB/assets/5cda51d6b3bcefef5f6133a9ad917e66.png
$9, 600





EPUB/assets/8919d1dbe036a2a4b34296bd903d0d7d.png





EPUB/assets/6bebffa8bbd01e77a89b5361bdf5bdeb.png
10 kilometers = 1





EPUB/assets/CNX_ElemAlg_Figure_04_01_027_img_new.jpg





EPUB/assets/74936c3a0ae8ff65d9c1c7dbdd42e158.png
2(z + 3)





EPUB/assets/0178396a23b9794f89970c93f9d18cb0.png
2r + 2.5(1.75r) = 255
2r + 43750 = 255
6.375r = 255

r = 40 mph city






EPUB/assets/b4d6ff902253d893ed5c475ef9d908e4.png
23





EPUB/assets/b7bd6ade0fbe09431d58b5b09e26487a.png
= g"#1.0.0.0,0.09795/1.0,0.0,0.0-g6]1.0,0.0,0.07

Simplify. = 2?





EPUB/assets/50662d6e679502a1baae6443e12c87da.png
(0,25,000)





EPUB/assets/c4449dc4a6fe8043bb336df30432d7d6.png





EPUB/assets/8be981d61149e5d10d144fe70751faf2.png
t=0.18-68.50
Multiply. ¢ = 12.33





EPUB/assets/0d7b650f0f09da0e86ff4e9a6825941a.png





EPUB/assets/a31dcb75c5a35ca207f70d0abe75cd19.png
e





EPUB/assets/980b85406d3919fbf8230e51441f11b9.png
$0.0!

82.55





EPUB/assets/Ruler-1.png
0.5

cm





EPUB/assets/bfe52604993a1c7d6293efe2f81ca808.png
82"





EPUB/assets/284df2f1e6ed06092123d99f8af9646c.png





EPUB/assets/715d14a2a22ef6abe4ea95d07cd6c11c.png





EPUB/assets/9c0bf8777b5ff3efb19cfeb4789a55a3.png





EPUB/assets/c710e433aa83818e8a54371713a39721.png





EPUB/assets/bcfd489140a05d8d62ca30ea92aefd6e.png
152 + 29z — 14





EPUB/assets/b295106626fdf236397b5d32fed69462.png





EPUB/assets/e9f82fcd3adb4e46b3382bd7c2339d86.png
Letz =1 Leta=-1
y=5¢ 5z
y=5(rg]1.0,0.0,0.01) 5(rgb]1.0,0.0,0.0 ~ 1)
y=5 -5






EPUB/assets/8a5c4a12fe441e77ad85828c88f17f18.png





EPUB/assets/84caba6ae95bd08af189e2d1aad16194.png
(3u %" )(—4u'v ?)





EPUB/assets/99053fdfe8b2cd71c56795aa823225a4.png
$5, 000





EPUB/assets/245d4be894e5153cf0bc489ee75730d9.png
$400





EPUB/assets/410aa4727e6306e43118b0479c98e69a.png





EPUB/assets/ec33edfaab9b45466f5970d1c75a9c7a.png
8+ 2





EPUB/assets/577befd02f85217aa92ff371d0c18aa8.png





EPUB/assets/9f1c57b918c30786dff996c34e8ec6d8.png
12%





EPUB/assets/bcba0f7373bef72bf83b81ff174b12d2.png
(—9d)?





EPUB/assets/1dad1058513382ea98c04676ce04c439.png





EPUB/assets/CNX_BMath_Figure_09_03_039_img-1.jpg





EPUB/assets/3a97bd3788d112352a745b72a3d76650.png





EPUB/assets/8cce030a997c8f571d5da145e7c1eb57.png
34°





EPUB/assets/0b38d3d3175a77c6610704bc13fd3c47.png
49z°
81y





EPUB/assets/8999d5843f131230a7ced18501ef164c.png
-n+1





EPUB/assets/2fa14535b4828f9d8af90651dbdb8b30.png
(3,6)





EPUB/assets/1aa71300375fd1c10d17322d0e8b9a4d.png
$36





EPUB/assets/9b99051294cd979db34a1430d11488d6.png





EPUB/assets/9c95ad3e34533e28cb110fea852533ca.png





EPUB/assets/cbbe62eb78a17212c7fa6d50299f013f.png





EPUB/assets/0dff6b06226e58bf4280868d41ef150c.png





EPUB/assets/c1ebcf8a5075931eff5b39cdfd9f3199.png





EPUB/assets/1d04423b37cbe58d9d4ec0b3e8b0a5fe.png
1
T+3y=06

3,42,
g4 2y=





EPUB/assets/CNX_BMath_Figure_09_04_069_img-01-1.png
10 in. 10 in.






EPUB/assets/13ad87f13885b5bd7367ddfb7d12549e.png
a > b





EPUB/assets/fac71c83d9fd33d28ee8a09e997f821c.png





EPUB/assets/f0114e0a8a047015796d15b5a5d0a056.png





EPUB/assets/5543f31b8bb94d9729a6a5a7627833a9.png





EPUB/assets/64e6c491db1ab849fd89ea7aaa444a13.png
Vo= (3.14)47 x13
v 653.12





EPUB/assets/7c153165d22ed7b5b53c2239132e8591.png





EPUB/assets/815abf4dd3ec47c80fa8fcdc883b6972.png
50 + 40 £ 90
0 = 90





EPUB/assets/bdd4d7880906a979e93e20a7ca891791.png
4,250





EPUB/assets/a8546f456b019adc180a4d0214b66be3.png
2 x2

2 x5

50

10

1

5 x5

10
95





EPUB/assets/b01599a5ded583f9f214281ca973000c.png





EPUB/assets/716801e477f12b6fde6f19982836b0a5.png
m





EPUB/assets/5d667aa3bbf066c5a7df34389907c00e.png
16 +4 =20V
0.16 + 2.4 — 152





EPUB/assets/4e39128e0c05707df3529fa5fd9ec449.png





EPUB/assets/7a5c584f8aa18cb1042af2ecf14982a7.png
(—6b*)(—9b°)





EPUB/assets/1a3c32d72e14c4206186cbc20967a41f.png
Bz—y=17
P





EPUB/assets/c6dbf6700ddc1bd4e25069910e20a5e5.png
6.9





EPUB/assets/06168d2970ba799aaaca4acd8b35dd73.png





EPUB/assets/d9d643af3e96e43e0b2c7e7f0c658604.png





EPUB/assets/e9aeace9f2d86df52a2b852eb02fc80f.png
z(2%3)





EPUB/assets/05a36a54e49f8f1779f714394a31262c.png
(0.43)%





EPUB/assets/1b18237fc82251456233c6d50a5afcda.png
$10.74





EPUB/assets/409de61bca909cf64072bca191238002.png





EPUB/assets/b3d370f673dd40b8c99a5de4f3607d29.png





EPUB/assets/893225728efac0ad143a86ed3f7b73e5.png
Bwz:





EPUB/assets/b812df90265f08f46c4fb93ebd28926e.png
—56 + 105y





EPUB/assets/d17de3d22e97ba6dc2f6d2d623e6bf94.png





EPUB/assets/c9463a4c0e1c66a2d7aa738bc54e89bc.png





EPUB/assets/021d00eb63374ce288bbf161beba1f44.png
161.8mi 52801t~ 1h
n Tmi 36005
16185280 ft
1-36005

37.306 /s






EPUB/assets/daa8b6e7828a9dd4e59b2332e0c4bee0.png





EPUB/assets/7bf0b002ce0b5c028d388d9e409eeef5.png





EPUB/assets/19-1.jpg





EPUB/assets/f6042895e9d204c7e2ec7470156bb2d3.png
(32 — day + 54°) + (22° — zy)





EPUB/assets/ab0229526f1fd2b4e3caf145bbd3321f.png





EPUB/assets/f4ab18c156e33d97edacde04334c64a9.png





EPUB/assets/2df77a84c845e37e0e82196fe088fa40.png
$6.64





EPUB/assets/bdfee55e12e03599528a9ead23e1c2ce.png
17y° + 19





EPUB/assets/4120e96b060b2ae8f146cb979024aca8.png





EPUB/assets/763a03e78c36166ffc12b6fe7154e786.png
120
gbj1.0,00,0.08  rgb]L
Simplify. 40






EPUB/assets/1a1f0cb0e80ad05cc0b1c255227c80ac.png





EPUB/assets/1a9a652626c466a3ae1a5dc1fc2d645d.png
)—rgb|1.0,0.0,0.06 = —2rgb|1.0,0.0,0.0—rgb/1.0, 0.0, 0.06





EPUB/assets/3f3fd50914b161aaea51f5ef1919c4ac.png





EPUB/assets/0a8942e0cf189ad2361f95527247e616.png
—-29





EPUB/assets/662da8ba4ab7bfbbce3c788911c009c1.png
12n—-6+3=2n—-8+10n+5
Combine like terms. 12n—3=12n—






EPUB/assets/716c0d9b68d175f9233f55cf36637873.png





EPUB/assets/21d72e1022cd467cd01043812df8f72a.png
~gb|1.0,0.0,0.0ma + rgb|/0.0,0.0,1.0b






EPUB/assets/CNX_ElemAlg_Figure_01_01_002_new.jpeg
Place Value

sauQ

4

suaL

9

spaJpuny

1

spuesnoyy

spuesnouy uay

7|8

SPUESNOU P3IPUNH

2

5

ns | Millions | Thousands | Ones






EPUB/assets/f1463693491eb94aaeeb6e94f61ef6ba.png
5(rgb|1.0,0.0,0.0—rgb|1.0,0.0,0.02)> — 8 (rgb|1.0,0.0,0.0—rgh/1.0,0.0,0.02) + 4





EPUB/assets/b0a9e0fdc8b92862443cac27a4659961.png





EPUB/assets/1c4071acd44c24225bc0a300b17c00c0.png





EPUB/assets/d546aadbda4ceec2b4debbad01c8f0fa.png
195





EPUB/assets/f2f6b422e313243dbc259f96f073ee91.png
3o+ 2y =2
6+ 5y =8





EPUB/assets/b51eb4a3c3fa2cf31691a10f98b4984e.png





EPUB/assets/31d66250e42be68507161274aef532fc.png
$25





EPUB/assets/bb0a4a5a7e4396f1b2826d66813047dd.png





EPUB/assets/b3af0f17509ca8dba4cf43c017d6d878.png
Fornula does not parse





EPUB/assets/4ec814979e7b0c30b777505e5d3d00b6.png
The mumber of quarts of fruit juice is  four times the number of quarts of club soda






EPUB/assets/bf55d6f5b3bdf4c5565dc05c8dd195cb.png
S = 3,700





EPUB/assets/5818c51fa097e45a83ff90119456a704.png
(3b + 5)(4b + 6)





EPUB/assets/1a90a018880eeeb36f3f17ac7b46f54b.png
(y — 3)°





EPUB/assets/c2ae4ff4682d72d06b10c74b9082a4cf.png





EPUB/assets/24eb4457e9968abc55938133c82bdf30.png
(1,4)





EPUB/assets/64a0a19e79cdc3c50f4964429a5809c1.png





EPUB/assets/8cddfac118b0575e50f49ce21a0285c1.png





EPUB/assets/af3b0f23c080e4acc23977097d92912b.png
812 g™





EPUB/assets/a29182961b00a514a555e6eae802fde1.png
rgh|0.0, 0.0, 1.09rgb|0.0, 0.0, 1.0w™™/* 020192, 5510.0, 0.0, 1.0~ rgb|0.0, 0.0, 1.02rgb]0. 1.0w™O000L02 4 0b11.0,0.0,0.07rgh] 1.0, 0.0, 0.0w + rgbl0.5, 0.0, 0.55 + rgbl0.5, 0.0, 0.54






EPUB/assets/bf7e94d4fe7d3ceb0dcc7f99b6b9ca93.png





EPUB/assets/d139d7af58bb44cce8f0f522e9f85867.png
$100





EPUB/assets/b42bbf32031c8cce2849e70ad82aaeef.png
/160





EPUB/assets/08a2d283a1537f2b3accfd24c5cc9e30.png





EPUB/assets/Rectangle-1.png
0.5

cm





EPUB/assets/3f0747a6dd652707a4e190f821658d4c.png
81





EPUB/assets/711be1fd6a371bbd5b02199461e407ec.png
P = 2rgb|1.0,0.0,0.0L + 2rgb]0.0,0.0, 1.0W

52 = 2(gh|1.0,0.0,0.014) -+ 2(rgb|0.0,0.0,1.012)
52 = rgb|1.0,0.0,0.028 + rgb|0.0,0.0,1.024

52 = 524






EPUB/assets/c9c9fcfc543ef3e23eeec40d85586414.png
r—T7<1





EPUB/assets/0440e2765f2813c6cdf3f4fc26745124.png
j+ w





EPUB/assets/5f1b5837fb70a89511a22105d8b97ecb.png
$7





EPUB/assets/9c46657884972e3b32e2b6d1bba9f2c3.png





EPUB/assets/7602c03d73a8d7ebd9781fc7d51ed2ea.png





EPUB/assets/63580a46605610c2dca3b3d07adff96e.png
~2(4y + 1)





EPUB/assets/2f52e79abc263bb7eed24873730814f5.png





EPUB/assets/b79d2ffa48826bf4f02556172176dd41.png
$10, 700





EPUB/assets/1e64d5f7503682db533357ffc50957b8.png
25¢





EPUB/assets/4aac4185ca2ffe21061b743851093898.png





EPUB/assets/7afd1c03ff8905bf8d5a836cf41b5d91.png





EPUB/assets/4098bbaf7d28d4150d78621b806ce01a.png





EPUB/assets/fc7e14b6a692c4e76046f0fdf6062e13.png
8.9 % 1072 = 0,53/1.0,0.00.020rg/1.00.000187gb]1.0,0.0,0.0°0





EPUB/assets/1c8c2b91e3e32365902c6f48d69a60b8.png
sin’





EPUB/assets/cbf3c4e7e53b88b47ace029eb5a620c7.png
S

2 + 2mrh





EPUB/assets/806a277692a186ffeb63ae3065ef7150.png
f(z) = 22°





EPUB/assets/d3009ae4243d477f67be05bc37ce1a16.png
Sm
gbj1.0,00,0.05  rgb]L.
Simplify. m






EPUB/assets/7e672d6947a645912be7199fbf4fdef8.png
103 — 8 (2rgb|0.1,0.1,0.1 (rgb]1.0,0.0,0.0—7gb| 1.0, 0.0, 0.02) — 5)] = 15 (40 — 5 (rgb]1.0,0.0,0.0~rgb| 1.0, 0.0, 0.02))
10(3 - 8(~4 - 5)] £ 15(40 + 10)
10(3 - 8(-9)] £ 15(50)
103+ 72 £ 750

10(75] £ 750
750 = 7507





EPUB/assets/793f63052e4bdb7656ca90071b0eafa8.png
0.55





EPUB/assets/CNX_ElemAlg_Figure_06_06_004h_img_new.jpg
o243 —

x+1
x+1) XX +x+4
X+ (%)
20 +x
26 4 2x

3x+4
-3x+(:3)





EPUB/assets/dd1ec43441ff746fd7b578e325fd3587.png
T





EPUB/assets/89007af0428946cd7234ec2ef1ca5106.png





EPUB/assets/afb844f5c7b5951fd70f8a0d5c3c1af6.png
(4u®
+1)?





EPUB/assets/89dab9151ebaf1f3cb54d7642fbb9242.png
27a — 32
306





EPUB/assets/33cf1427ecdfbc733f8505bef3945dec.png
B1p® — T2p + 16





EPUB/assets/9fb9341fb905321ffc286b7c38bc30a5.png





EPUB/assets/2469f0a25bb99db92a4a478fadb73087.png





EPUB/assets/6c7b7ae6c3a7804978bdad05e0e493da.png





EPUB/assets/9.2_angleOfDepression.png
Observer

Angle of depression

ling

Helght of the bul

Ground





EPUB/assets/da4fbb69b882edf48a79d925d14cc095.png





EPUB/assets/b346edd14b7d8007275ca345c4de52ba.png
3z2 — 5z + T





EPUB/assets/d875bb8f3ff14bf8539d53f0eb67a714.png
20y + 50





EPUB/assets/c91ec3e18265fbae869a472b5a496760.png
50 ounces
30





EPUB/assets/f1ed7a8e305bf89706dc32685d882eb4.png
sin(60°)





EPUB/assets/85b2b60405ee1dbc885ad26eb48cdfef.png
a+b+ec
s4+sts





EPUB/assets/a88b1177c2c5cbb47d8d2d6060b89955.png
5.6





EPUB/assets/39ac02bd4fe94216d6866d515bb11e14.png
0.3





EPUB/assets/6fd8a9c40176338f4dd081e738140ce3.png
—10 _ 6a
gb[1.0,00,0.06  gb]1.0,0.0,0.06
5

Simplify.






EPUB/assets/d42aa53f7789861bd136d004a1abeb1f.png





EPUB/assets/e46a6f8c5b650ceead535fce748af5ff.png
lfoot 66 inches
66 _ineltes x ey T





EPUB/assets/9970c9f027dd178d18f9ffe00c3e4e23.png





EPUB/assets/2bebc718737e5d94495d45859859198b.png
20+ 28 +20 = 125v
85— 4x20+5/





EPUB/assets/9bccc5494760f4819e26b5544a232c38.png





EPUB/assets/9f7e637cb92f84f16c96b2a5c865ef93.png





EPUB/assets/e604473c302535305c08f9a0083341b4.png
43 4
7gt]1.0,00,00 - Tp = rgt]1.0,00,0.05 18

limplify. p=24





EPUB/assets/5ee6998ed23182dd1e5913d3ee6f9bb5.png
0.001 = ——





EPUB/assets/Figure-5.7.1-1.png





EPUB/assets/d2d312a58cba77479675ab6a3f8e72fc.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_004c_img_new.jpg
»
X+1)X-xX+x+4

r+x





EPUB/assets/b44692d05fb585fe7e0aa2746f9d367b.png





EPUB/assets/67f89d0b387c0c1a4498377ba1f9361a.png
if  a
and ¢
then a+c





EPUB/assets/67e15fd8c0f6742e7a637c10fefc6ec4.png





EPUB/assets/2fe4973969842e6e34b5f024491c3384.png
13|





EPUB/assets/8b33097ed2588c9aea7d24cce0a26d91.png
yt+2





EPUB/assets/52b22566ac300d4aa3d87081a97dc1ef.png
1lin. +0.2





EPUB/assets/e6930034601c1846c7935fb1fc8786a9.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_004d_img_new.jpg
x
X+1)X-xX+x+4

X+ (X)
2+ X





EPUB/assets/9eb7b4900f6fb07a9e663c4df556600f.png





EPUB/assets/CNX_ElemAlg_Figure_05_04_005a_img_new.jpg





EPUB/assets/da0ac50fa5fb974aae520b7b4f35402d.png
3xrgb|1.0,0.0,0.0-rgb/1.0,0.0,0.03rgbh/1.0,0.0, 0.0z + 2y

.03rgh|1.0,0.0, 0.0z





EPUB/assets/98f602a64336c3b23c69e162ff568ab3.png





EPUB/assets/af7445ee0fa7d999f629090578ca4240.png
(1,3)





EPUB/assets/2a518626072a89d79880fe9603908b54.png
a x b





EPUB/assets/de85e5bf3ae8c38fc10b3122e9d8512b.png





EPUB/assets/acf226c1907026980fd94adebb466e9a.png





EPUB/assets/bf94ede901d30b954e4009582310fc7e.png





EPUB/assets/86a98af92efb64ccdbe38780f9340701.png
(0, -6)





EPUB/assets/e7461196e3f79b3c6025d6f6aea5422c.png
8y — 20y + 6y — 15





EPUB/assets/c86dd55c466e5b26466ae93ab5de5bc3.png
2mr

x2r





EPUB/assets/50711938e50527bb97aefc5066131d8a.png
10.3





EPUB/assets/0c6eb292a1b4206498d0174caa1b5e9c.png





EPUB/assets/Fig-9-2.png





EPUB/assets/048303ee4b7dd4664342c10e16124d07.png
$3, 000





EPUB/assets/6565c90021f05a2eccf1e5c09b2916ba.png





EPUB/assets/079f83b0ae58ad7f129b0ca3a539c2fb.png
z = rgb]0.0,0.0,1.00 « =gb|0.0,0.0,1.0 — « =rgb)0.0,0.0,1.02
y=dc-2 y=dc-2 y=dz-2
y=4:7g0.0,00,100 -2 y=4(rgh0.0,0.0,10-1) =2  y=4-rgb0.0,00,102 -2






EPUB/assets/6dc996b556f250392c4e130569f80573.png
(2,5)






EPUB/assets/d09187d5f29752dcb6213f877d6c8c30.png
b#0,c#0, and d # 0





EPUB/assets/ff46cead9144035e173c7f61db33616c.png
(0,3)





EPUB/assets/65576acdb658e8257db4b84c729f5afb.png





EPUB/assets/665fd09c8b87288efc0054bfb541095d.png





EPUB/assets/a13560317d43a9a892c4c71d11ab453b.png
mZA + mZB = 90





EPUB/assets/8ae2ec31dec3628985c31d82b0ca5802.png





EPUB/assets/4d47ad8708e2734008c9c8ac491b93d8.png
Step 1: Add to both sides.
Step 2: Simplify
Step 3: Use the Com

ative Property to put it in Ax+By=C form.





EPUB/assets/c5c3f8b2c6e701646208318e3c5be240.png
10 ¢





EPUB/assets/1ec71ad478b7c3de6b56933c08606ba7.png
7.30






EPUB/assets/abe006384279ca021349d24ba031efb2.png
a+T
r6b0.0,0.0,1.01 0
rgb]1.0,0.0,0.01





EPUB/assets/b3d0a9571693cf6cabdbb8db77fb6ae6.png
54"





EPUB/assets/26322855539358ee87d887350016630d.png
R %2 ?





EPUB/assets/e38a0019ed99b7417141d294b9e7ad14.png
rgb|0.0, 0.0, 1.0yrgb|0.0, 0.0, 1.0 rgb|0.0, 0.0, 1.0 =rgb|0.0, 0.0, 1.0 rgb|0.0, 0.0, 1.02






EPUB/assets/f6129f55caa2f6596d70b5b26dd003b6.png





EPUB/assets/7fbb6c330834b9312f8b6a88e4419054.png





EPUB/assets/CNX_ElemAlg_Figure_01_05_004_new.jpg





EPUB/assets/CNX_ElemAlg_Figure_01_00_001_img_new.jpg





EPUB/assets/2460b53ae6ad0c4359b0e031c3b7ac74.png





EPUB/assets/315cd8149a94e88c0aad2e5f5cc603ee.png
5600

(0.28)





EPUB/assets/efdfe68c765f6ba509a79ecc61fd51d2.png





EPUB/assets/ec44b60949e46285345a7d399e49a58c.png
|—rgb|1.0,0.0,0.03 = 8rgb/1.0,0.0,0.0-rgb|1.0,0.0,0.03





EPUB/assets/CNX_ElemAlg_Figure_04_04_038_img_new.jpg





EPUB/assets/2c92c158150f4531143558c54095979c.png





EPUB/assets/baa1471a9812e327061d81c198f97976.png





EPUB/assets/0b64051fb1373a156bc795742ac75c8b.png
362> + 36z + 9





EPUB/assets/fad85a45956c62d1b3b4c083a3d832e3.png





EPUB/assets/CNX_BMath_Figure_09_00_001-1.jpg
\\:\\

i / //\\\§§;§\ \





EPUB/assets/8995a64355eaf220332ebdb354811ee8.png
5z —3y=15
yesit





EPUB/assets/529f2c3019e2e47c3c62475fdd0092e2.png
26° + b2 — Th + 24





EPUB/assets/232dfb2aa1a5191b73f930217fa79854.png





EPUB/assets/bdc1ba7b5f510fd88ef495658f5a6158.png
$1584.80





EPUB/assets/cdabca40230fee6e82e5e9865010a005.png
620





EPUB/assets/28644fb46356ee15c8c768fc2b2a149e.png
Apront = 4 x 3





EPUB/assets/85396fa2a886e6d402b86591240b3aa0.png
— 6y + 9





EPUB/assets/40dcb3d5071e7763cb5a848531ff21eb.png
62rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.06rgb|1.0, 0.0, 0.0z + 2 = 25zrgb]1.0,0.0,0.0-rgb|1.0,0.0,0.06rgb]1.0,0.0,0.0z — 150

19z — 150

Simplify.





EPUB/assets/d0bd528f5186af0af826ecc893d65fb3.png
—-22





EPUB/assets/7bc973e18f35c20ebcf9c73c7e8c42a2.png
5+ 3





EPUB/assets/1ba6142c55cc7578efbad5daa4958a25.png
63





EPUB/assets/2a02fc9203d981b506003fdd82d4e6dc.png
Value of dimes +  Value of nickels = Total value of coins

Translate to an equation 0.10d + 0.50(d+9) 225






EPUB/assets/e7bda81acb01881fe2b095df402da853.png
Multiply.





EPUB/assets/ec73eee3d9f9bc3c3ff90d49130b8241.png
2,772





EPUB/assets/70f7a73cf569db541f81ec763c846f5f.png
a < b





EPUB/assets/24465261f93fa5c4d969e0b8e640ac11.png
Fornula does not parse





EPUB/assets/a253b23ae94dc5fcf8cdc7417de49e89.png





EPUB/assets/ab333483b42a16015bf3b4edaa4a401c.png
190





EPUB/assets/241883f5e9fd1baa1ae94c93877866d6.png
6.5%





EPUB/assets/e765e951c70f57fceef2d47424578692.png
sin(T) = 0.6364
T = sin'(0.6364)
/T = 39.5239°






EPUB/assets/6253862c8780596c462385e43d664979.png
75°





EPUB/assets/93893da03c22b393c6dc850c812d5962.png
Fornula does not parse





EPUB/assets/d2762b1b3a24da7ce93cff2a1cfe90b6.png
Ty* +21





EPUB/assets/f8f64e2840598770880b99c43ea87513.png
$760





EPUB/assets/e4fe26ad9bb8d384a480676a82cb41ae.png





EPUB/assets/a33c4f9c4beb2dad48f7fab00adb007c.png





EPUB/assets/5c4edc1d9f61942de58fe994d3d3ff9f.png
billions millions . thousands ones ,

“wine Wilion o hundred forty—siz million _ seventy—thvee thousand  one hundred eity—nine

246 073 189





EPUB/assets/46365cde5ce2e79ab5e58ff6cd2baa2a.png
Write the formula I=Prt
Substitute in the given information 660 = (3000)r(4)





EPUB/assets/8435e40526a56a7880d60733b0fcf557.png
0.50y





EPUB/assets/2b0ee3b9e25180a86585cb87b49739cc.png
(—1,4)





EPUB/assets/99406638f81215c79549b759d7c88dd3.png
1
rgb]1.0,0.0,0.03 + 5y





EPUB/assets/d836447dfbde636160672d56a047d0a1.png
13





EPUB/assets/6dead839a16b5f81b4e2b71678578ff2.png
—~8.0





EPUB/assets/97adbd80d18f90939cf9f58ea3c9e11b.png





EPUB/assets/Fig-10-1.png





EPUB/assets/7924c02475613dbe44ad8be2115dd01b.png
Divide.





EPUB/assets/61b141d32c0a25dc36886f12696d603e.png
$12, 870





EPUB/assets/4f7106bc01ddbf0c513394871dfd5ae1.png
2%

—





EPUB/assets/6553cbfe38fab5071fa927a3c2f25eb0.png





EPUB/assets/adbc0055ebdd6c08d1f3a3ae8b9ef821.png





EPUB/assets/cc683109c0252d97a849897c7bae524f.png
Tz + 12





EPUB/assets/eb5fe5019666126ff63f1d670f1e9f2e.png
(3)?





EPUB/assets/ad7a00a6df06c1a00fd2cfb12401ae23.png
3 2
Y% #xy





EPUB/assets/55564cf5f1edf99dc058169004dc8e7e.png





EPUB/assets/48729d6e6a0e4670fe6176d2035c2ea5.png
4,250mg





EPUB/assets/f138ab5ddd4e300e363fab59c94967b1.png
@0\ n

= (front + back) + (left side + right side) + (top + bottom)
2(front) + 2(left side) + 2(top)

212) + 2(6) + 2(8)

24 412 + 16

52 sq. units





EPUB/assets/7a8ee4efc567a7d2a74572f9303a3b39.png
four and






EPUB/assets/c278badf550a54b4cb4d0bec122349f8.png
(1 +T)(y—9)





EPUB/assets/04cb5006f45c42deff965360922d349c.png
2.0





EPUB/assets/116f2b3ed65fd501575d871efda08ff8.png





EPUB/assets/CNX_BMath_Figure_09_04_002-1.jpg
1cm

Tcm

1 square centimeter
(1'sq. cmor 1 cm?)

1inch

Tinch

1 square inch
(1sq.in. or 1in?





EPUB/assets/e99b9c6b03b0e7d8194d2ab83ee1c863.png





EPUB/assets/d176730e593f260cea23db3ed8dbf573.png





EPUB/assets/962b12f62c65a69b786e2d4a5cefae8d.png
v

1
Zm’h
3





EPUB/assets/19aaed74fb64033a5a6fc5ac4072b0a1.png





EPUB/assets/ece905213874686c27d0e4f7fbdc42ad.png





EPUB/assets/f4f340e3a58927800a94c1d46abcb282.png





EPUB/assets/CNX_BMath_Figure_09_06_005-1.jpg
w

WH





EPUB/assets/e49aa39b71cb7f2e8d7cfb9e9d6290bc.png





EPUB/assets/8cf12eed2d809793f3bc3270637ae661.png
F=

ol

x 232





EPUB/assets/005da7244b20d0166219b11044727350.png
(=3)?

Simplify.





EPUB/assets/fd1bbdec99058b7a58ef27e960010407.png
(10 + 4)?





EPUB/assets/02b7fb023a4994e598489a0ca49f6a29.png
660 = (3,000)r(4)
Multiply. 660 = (12,000)r
Divide. 0.055 =
Change to percent form.  5.5%






EPUB/assets/0d1f3bf705c66d7120c08f86013a29f2.png





EPUB/assets/05990abd39e89c5d764a3208929f0400.png





EPUB/assets/8de961e7044f22120d467690bc010a9e.png
120512022125 41203
Simplify 92a+24 — 30+ 36





EPUB/assets/061431de35ce1d05beac0fe2e4b2149d.png





EPUB/assets/904daa5ee26963e0899c6324729bf0cc.png





EPUB/assets/64a20df2db20da563d08b17d6a6ffb42.png
(4,5)





EPUB/assets/Example-6.3.1-part-a.png





EPUB/assets/f29515bb923da7158ffe1ef19fe902a7.png
ot
Lt
~—





EPUB/assets/1c8d79a55cea8f759e0e8da365566a31.png
(9 —2y)(9 + 2y)





EPUB/assets/8de12e51e0106d81526030b466bdd4c0.png





EPUB/assets/130438c8819331248b96a9c6d0b681fe.png





EPUB/assets/8e68f99ae7585b3cded765a1fde61152.png
(3,0)





EPUB/assets/7532e2ed7f2db59b4f07d53b2a7206dd.png





EPUB/assets/74055cd668f18f43d8fabd4e01a178b7.png





EPUB/assets/bacbec8a59034092972efa4fe31ee21c.png
(6m + 7)°





EPUB/assets/f4fa1d5d05c27f4a055bd153f28b9625.png
(25¢°
y° —
554°)






EPUB/assets/Fig-20.png





EPUB/assets/777a8c2a19c506c7045d0cb8d93588b9.png





EPUB/assets/96b07f7b842e58600ce71ab6425ea03e.png
6 9 12
10° 15" 20






EPUB/assets/9c7e93845e4d09f15854b0decdb01b83.png
Fornula does not parse





EPUB/assets/6afc6e08317480416a6e56eda9eb5b4a.png
2(5z + 2) — 9






EPUB/assets/6948dd0d8d56223e7d2d33ba295c0641.png





EPUB/assets/f7ff4eecf91a13029b01975f0e61a56a.png
$5.20





EPUB/assets/d3855b7b2e5b404c050d49632cb97c07.png





EPUB/assets/0d04f556fdef9ceeb31232934896cff2.png
$8.55





EPUB/assets/04bc561718584ecb51c97d6290c3f990.png





EPUB/assets/f4844cab44c1b71d11670f683c3124f7.png





EPUB/assets/032b7e5d2ad956fb164b81cfeb4a1307.png
24 32





EPUB/assets/eb60b7f2f43e5ac7dde6e568e8c9bbaf.png
(3pg + 5)(6pg — 11)





EPUB/assets/3e75e43f870abeb1361d44e6158414a2.png





EPUB/assets/8a7f691fc5dcc54d518abb686abd9363.png
18.4





EPUB/assets/b4675a82c5eda717044ea8e981cf96f4.png





EPUB/assets/c13d9fee87281adc9115fcc015d0164c.png





EPUB/assets/6bd1ed8a918f037c968377908ff46ba2.png
h = 2s + 50





EPUB/assets/b8579f073a97c0f2257283f3c4bd335d.png
(ab)™






EPUB/assets/fb7eb7a9de0e63f69db6b15e5e1ad113.png
810 —c
810 — 615





EPUB/assets/d30dba00f8f911e3ffd4bf244cb94c47.png
0.06





EPUB/assets/9c3ea8b195d07338999d165088a3ecce.png
T+ 4y






EPUB/assets/176cf266ef3de128ab2bd1bdda831663.png
$7.50





EPUB/assets/8b24c8d39fe155be617a9a5dbca51093.png





EPUB/assets/adf2dfa45166ea89b7269b23909ac2e2.png
36nrgb]|1.0,0.0,0.0-rgb|1.0,0.0, 0.018rgb]1.0,0.0,0.0n + 1.8 = 18nrgb]1.0,0.0,0.0-rgb|1.0,0.0,0.018rgb|1.0,0.0,0.0n + 9
Simplify. 18n+18=9





EPUB/assets/868c1507c19451a376470d74b8032395.png





EPUB/assets/91937d49542199cd93916cbc7026c2c0.png





EPUB/assets/f1f1fc719ddd3b6bbc49133abb415f66.png





EPUB/assets/453b6630f424df5b9cad9631cd67e3b0.png





EPUB/assets/c94209e5d70a49a982972b407bcfbc18.png
8x0






EPUB/assets/e9f66145a7a97f1d02808c6dab190cd8.png
11(g + 3)






EPUB/assets/22ea78fd8a6a6edba98e6e61d0a15817.png





EPUB/assets/5fdea8576dffaa4dff428079796822fe.png
35





EPUB/assets/f36711f40137457eb0b350b5a384b93c.png
| -3





EPUB/assets/8f2fcd9ff7516bffa5327873ec4e82e7.png
y+ 8





EPUB/assets/271d9aced833350a5cbb3ced5d9ada0f.png





EPUB/assets/4ab58cc07000f437d3a0462edb878d5b.png





EPUB/assets/c3ce04bb6df5acd057724fb6d967b1e3.png





EPUB/assets/4d258aeb3d7f0f62b1b03789c515a885.png
ABC, a® + b






EPUB/assets/5c002b759ae1256a050e1d4018b3746d.png





EPUB/assets/66e26895440f4ccc21f24c5ba936fdfc.png





EPUB/assets/da36dcb78e42db0c8f062da60a3c312a.png





EPUB/assets/fad39c6127785e0d0ecf666078cfff64.png





EPUB/assets/Fig-16.png
51°





EPUB/assets/9d0258929e696266ad29fa3528aa6a5d.png





EPUB/assets/315c74e3eba48ba5fea490d9b67a6030.png





EPUB/assets/c6bb382670cad5a02fa9afb44cba6caf.png
29%,





EPUB/assets/7441306bdfa4a926855e6df555f4526f.png
31
o





EPUB/assets/112671e834a0849785c6dab1ed78ca74.png
8la™






EPUB/assets/eb67538401322751f13bf0b2daab4e06.png
7Y





EPUB/assets/2f7666378a9db980b01b131da27209e8.png





EPUB/assets/7c04ee6e59b61f16236b783b1bd3b1b8.png
(—4z*
)2





EPUB/assets/26e0005c9ab188c701a55e5e54d457f7.png
(a+b)(a—b)





EPUB/assets/977c1db3f04d95e5263b25e3c506ac13.png
0.166 ~ 0.17
$0.17






EPUB/assets/6928df2d8d6d7b0f608e7693acecc840.png
{

4z — 3y
Tz +2y

6





EPUB/assets/4a2aba5e03b2cb03c19d7e37729275bc.png
(4z — 3y) = 3(10)
_4(3z + 5y) = —4(—T)






EPUB/assets/e7cc19c62cd28403ad122c30777ad3b3.png
2





EPUB/assets/99d94c294ff19a2d0d907c767feb4806.png
(2,-1)





EPUB/assets/b8ba93fd75a83c49dffadf45635169f0.png
79b1.0,0.0,0.0mz + rgb|0.0,0.0,1.0b
6b]1.0,0.0,0.04z + (rgh]0.0,0.0,1.0 - 2)






EPUB/assets/389f742b2a3c62fcf7a69b179c6249a6.png
4zt 2’ 82 9z +1
rgh0.0,00,104 3 2 1 0

rgb|1.0,0.0,0.04





EPUB/assets/85f36ddaa0cfa547b485c6ff79bbf090.png





EPUB/assets/f08bc3e77731b8cbc337421021632ac2.png
(4% 10°)(2x 10 7)





EPUB/assets/d8d1fd7e1fee26556c07d1ed5ad9b2db.png
n| =0





EPUB/assets/d61f6695adad7b7170ac525b634c5444.png
0+2 =6
2 =6





EPUB/assets/21721b5f3dfc92a2f958a0b46df08118.png





EPUB/assets/b26895821c79db1c904fbbd02f598e24.png
(0,45)





EPUB/assets/ea03e49ab6c0b7fb07329c218d10d261.png





EPUB/assets/540ec10a695a3ccb1501d364d4cb77c8.png





EPUB/assets/c24358ea6d8a4fec1ddc9fc443e952b6.png





EPUB/assets/36b7a111bdb64828080fc0a909388014.png
-5 —(-3)






EPUB/assets/eca779426f682ffda995f30b44309340.png





EPUB/assets/73add3c092a0dd315e2445c43865fe30.png
3.0





EPUB/assets/CNX_ElemAlg_Figure_01_03_030a_img_new.jpg





EPUB/assets/42a30a6f98710609dbc2d0a780175718.png
30m°n't
A8t





EPUB/assets/edc39549920e27611b6226580ce5fa06.png
f(z) = az®





EPUB/assets/83bfec30356cce53a0c81a7b8c3f7018.png
37





EPUB/assets/573e1f1d214206f0fb0da8f199faf0a9.png
81 — 4a’





EPUB/assets/804c8f057cce5144c71d162bcc5f2ff6.png
-9(7y)





EPUB/assets/28e6c9ccba8a8429cbe79df4488e94c6.png





EPUB/assets/42d975f83155312c00c2937ce49a97b5.png





EPUB/assets/32ce865b073a35abc0de74a468263fd6.png
~5+3(-2+7)





EPUB/assets/7d901fd3660687e133f6b35cc8953589.png
| w





EPUB/assets/fbe5a02542032cec0d688fcb48bfe82a.png
O — 2y





EPUB/assets/1085eb813c92b87b15e7861690069d85.png
«le

alo






EPUB/assets/6c6d9e322f481b7b341055e795e8d94f.png
1,000mL

1,000 Z





EPUB/assets/97f29997c40c47fd56a603023c7559d1.png
142*





EPUB/assets/365c8e1f70024ad6d17bd01df425f096.png





EPUB/assets/33ec8f03917a3cb8098dd2b0d5b5dac7.png
520





EPUB/assets/57bfc9fb7a2778e9c44f72db7492850f.png
20






EPUB/assets/646ef2c0fc2e3ff71fb2d0bd437c12f8.png
—12





EPUB/assets/CNX_ElemAlg_Figure_01_03_018c_img_new.jpg
C0000000

eeeeeeee





EPUB/assets/9c69b2fae366c06ab035138d31924ec7.png





EPUB/assets/2c399a3008eb799caa0ef768c6d18d48.png





EPUB/assets/425abc9ca3fc65e5ce34ac59c87c4728.png
y=jz-4

2 — 4y — 16





EPUB/assets/ddbba23de85c981f570c619bf664f509.png
18





EPUB/assets/a9c2cb575a84a4df8c36cef6b9c2fe36.png
16m®
625m0





EPUB/assets/5d8e9bfcbed476a5ef9a4b324cfeb850.png
—0.1.

—0.8





EPUB/assets/fc3c8a9e00174e7b8e543799c7a0ea47.png
4>





EPUB/assets/cf9c7c7e5ffdf84dd13be7587c26977b.png





EPUB/assets/29554779ad1b258ff5a6bc2e8e7a2cf6.png





EPUB/assets/1f61a20fdadc1f9e999284710a4db8c5.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_011j_img_new.jpg
3b+10





EPUB/assets/07bcd3dda118bc1b8408579b3813e043.png
4q





EPUB/assets/b30ee9d1e261e1b94d421756b33045b4.png





EPUB/assets/e87caf10de220a03d19ba0cf48312817.png
40, 000





EPUB/assets/ea1650ff95d590ad018c7d1427f029e4.png





EPUB/assets/2c1d9181d5cce4f5dc8d0b41b3ce0827.png
Fornula does not parse





EPUB/assets/1a572506aabf0a51e0d1a04552847cc5.png
21(0.05)






EPUB/assets/2fcaf76159a0fdf28c758f418a04ebf0.png
—-35





EPUB/assets/6b209aaa91279ba5ea440935232b98f5.png
272





EPUB/assets/de2ee75a3e13f707d2bf648fa0c324cb.png





EPUB/assets/ac4482250410161a07ac2a0ea9845349.png





EPUB/assets/aeccd62f78a2ec8da81240fe6529142c.png
n+1





EPUB/assets/711295197bb969c5671a65294d61caff.png
n+n+l+n+2=-42





EPUB/assets/2425d58484fe5cb2af21deb9526b36e1.png
r+2x+ 10





EPUB/assets/68df1fa0f0f80630f7641179d591563e.png
oy 2 4
sin(26.3850°) £ 5

0.4444 = 0.44447






EPUB/assets/39992f68d886c6176217a617faa45460.png





EPUB/assets/2766365344abba411f278e0707e644f4.png





EPUB/assets/5874dcd893e8c368e4fc1f112a2ac567.png
—72a76*
PRTIT





EPUB/assets/e4e0d6486d67e61489186d7dc1687e52.png
(—27) + 3





EPUB/assets/da8610b616065b93a4a096ac8e680de8.png





EPUB/assets/64b558bebb5b70513061feab082de7f0.png
63.9470°





EPUB/assets/c65e17591e11b3ca1fdb4a40a1a7b9d4.png
$29





EPUB/assets/d29eace374b4fd76402b3f56baf48b76.png





EPUB/assets/fec53be3380ca6963ac039898e102ca8.png
$1





EPUB/assets/768633fba07232f22b23d96e7d02fd01.png
14





EPUB/assets/7cb004c879ecd54d7dd5070eada05d64.png
54+6+2+

18





EPUB/assets/b4974df27d679298edacd6caef702ff7.png





EPUB/assets/722a5d95639f529ba8b6ffb5e19468c1.png
25





EPUB/assets/f3d93b44b8774049368453bbb6ef6100.png
7.30





EPUB/assets/6a2275e2aa6de20041418c30c2982102.png
(-3)*





EPUB/assets/114411a320046dacd30fee4a67a2c7da.png
2($2) + 8($6) = 10($5.20)

$44+48 2852
$52 — $52¢





EPUB/assets/a08046ce4d08041c26dbc1736f12c964.png
4.0000 % 10 2





EPUB/assets/CNX_BMath_Figure_09_06_044_img-1.jpg
2zr 2zr

OO

S= Ao arcte + Avoriom arce + Arectangie
S=g4ar+2ureh

S=2+mr2+ 2rh

S=2nr2+ 2urh





EPUB/assets/52dd3d35b04b00b9eba6536351cfb714.png





EPUB/assets/dee1a087a44c5a07e2fd942d9b4743f2.png
23





EPUB/assets/b7feb2cf9140309982e2e03a9b569c05.png





EPUB/assets/c21849d77dbc6dc7c089f953de209588.png
dr —y






EPUB/assets/e432b568f184e1416aad090c08e97ed6.png
27 1
32 3





EPUB/assets/8bb3497f7b3a0fcafa4eee55ba092c38.png





EPUB/assets/64ec52b2a1fbabf1cea647fb12ddf841.png
4(r +12) = 5r
4+ 48 = 5r
48





EPUB/assets/eb7d0d9edd4ea6cdfe797477c1fb1fc5.png
12-3y=6






EPUB/assets/CNX_ElemAlg_Figure_04_04_037_img_new.jpg
18 feet

Run

193 6=23sy





EPUB/assets/c0378a9ac52090f5ab090fe076eec753.png





EPUB/assets/d4d9029fdb1ac5623448f123c10e702c.png
=

%(3.4)(13.&)
23.46 5q. yards





EPUB/assets/3ab365ad494779a699e2a3f9062c2015.png
15°





EPUB/assets/a19bd2a0849379634bf6f40b10f38f9c.png
7 days
1 week






EPUB/assets/9bd90902b4a046b587e32d0450af5c4b.png





EPUB/assets/6773bb673d51a3970cd65e128130ca8e.png
g+ 3





EPUB/assets/5f4742fcd21a4f342b29d30339392d4c.png
2(-5)(z %2°)(fy %)





EPUB/assets/c13692236d62aea15ca72f4151b4fd5d.png





EPUB/assets/68bfe226de06f911c59692eb9f6655b2.png





EPUB/assets/0a1aec64d3404b4f525890cc2512064f.png
n+5=2"% number





EPUB/assets/192f95cc25211ed337df1b9398f7f641.png
-19





EPUB/assets/b79e0df1383ef53f0e07c0821f8ce88e.png





EPUB/assets/c479490ad071af2e5b7a169100f7dc2b.png
3q"9¥/1.0.0.0,0.07rgb]1.0,0.0,0.0 rgb]1.0,0.0,0.0+7961.0,0.0,0.0 rgb[1.0,0.0,0.00
Simplify. a®





EPUB/assets/ef95a34b8988893a3e31f2abecbea501.png
$660





EPUB/assets/baa3ddea43be6efdc8c0935d9787aab8.png





EPUB/assets/49671f36022caa9b3718931745ede8b7.png
Simplify.





EPUB/assets/a398782a62d31a40f93b9980730d4a2b.png
153





EPUB/assets/49e51c3cb5d81c47d08ca59582f792e4.png





EPUB/assets/5e11c20203a1fb77070bc9b8636b7276.png
(b7)°





EPUB/assets/b0562426a1864dfd13bf0c6f9500080e.png
8:70]1.0,0.0,0.01 — 4 £ 2. 7gb]1.0,0.0,0.01 + 6






EPUB/assets/3743c4282496d90e44b50fb122760f89.png
—4m?
+ n?





EPUB/assets/c3f9e8c80718c62e9b9a6c676bd7c246.png
31+ 31 + 31
93 v





EPUB/assets/f35bea1024d4dba5c4f5ad634be0612e.png
THLO0000ergHL000,000rgl10.000.0nrS]1 0000 0ergLO0000r1 6.000argbLOLO0InrL 0000 _ o1 0000.0mHLOL00.Gardhl.00000rrgl1O000 bl 0000001 0000 MrL.000.00r 1000000
5y—9 Yy





EPUB/assets/Annotation-2019-06-06-085530.jpg
lem

lem™Tem





EPUB/assets/5cae75678c1ea482c4f4fe04db1272bf.png
(—1,5)





EPUB/assets/b4bdedf2ac213f280acb50aaf600d4ee.png





EPUB/assets/db5cd05a234be0d5851ec99b3ced1e31.png
1
T = Jn+40





EPUB/assets/bc5148a618ee9232f84ae173153fb885.png
f(z) = 2% + 2





EPUB/assets/623e4a2fa7709803172c373da2f176be.png
—(—5)





EPUB/assets/a72cd54a4566513bcec56d4c0b46feeb.png
(9b — 2)(2b+ 9)





EPUB/assets/361a6a02dba9ef8f5acaf097616c7f99.png





EPUB/assets/a022364ffd9ed697fcf379c52282911a.png
(2zy + 3)(4xy — 5)





EPUB/assets/0d40e58ccef4416a5a4b589266dea3e9.png
{d:c+26






EPUB/assets/1cc381a311634bf4cac5b004c10de91f.png
(—-8c12d%)





EPUB/assets/7ebf2800681b9b4d2d698ea0fec6a5a3.png





EPUB/assets/bd001a1fb06e78de55fb1a9f033d7281.png
1, 000





EPUB/assets/3ba7b904ca5c2741ac722dbe91593a2f.png





EPUB/assets/f79b86bd8d1d7e7dc377057eaaddf6a9.png
_ Tgb]1.0,0.0,0.01
TrRL0000053
gbl0.1,0.1,0.11

7
gb]0.1,0.1,0.11
19

Simplify.

Simplify.





EPUB/assets/aba8b8e0938508f4145f0a6f12f2bc12.png
2z + rgh|1.0,0.0,0.0y = 6
2 + rgb|1.0,0.0,0.00






EPUB/assets/e330eac42f9f99f1e8ed12c505c3b077.png
atb

sle





EPUB/assets/f4182d9d6fc3f1a9d3f7ca8afb487587.png
rgb|1.0,0.0,0.0100 (0.30z + 0.15) = rgb/1.0,0.0,0.0100 (2.8)





EPUB/assets/252a11659de98ce9aa838feb996ee711.png





EPUB/assets/1d8529ad75ab94b6ef165acb812b7b6b.png
$2.43





EPUB/assets/c2f63d640728bc36cf9b9ed2eb5dd3ed.png
4(y—1)+1





EPUB/assets/6ce1c99b6b1fe7888fa975b73c8bdff3.png





EPUB/assets/c46364dc97341e799f0ebe4c6605bc02.png





EPUB/assets/597097eb0eb0b8b4f78d87cea36a8877.png





EPUB/assets/0bcb609e5b81e3cc8cef6f6eedc162ad.png





EPUB/assets/da0b8a62cf0eefaf33a5c27bb1387702.png
0.071(40, 000)





EPUB/assets/ae9bc665ce2b24de5801a012999bcb15.png
8z — Tz? —6x — 5





EPUB/assets/38a152c91fa1da5ffa5ca80722c753a6.png
13 - (—21)





EPUB/assets/a9765dd8b57ca56d34000256ea789663.png
(y+ 5)(y + 8)





EPUB/assets/87c4202071064db376cd5feb8094d9ef.png





EPUB/assets/a41ac023938a2bc7adb2631c27cb12b7.png





EPUB/assets/c9a253b1e648a0b0617100b1ba498151.png
$11,475





EPUB/assets/a10263ccc534e89a34bf59039616b0d3.png
4 = 1000





EPUB/assets/73d6bcb3c41c36ae7b597eb60603bce4.png
flz) =2 +7





EPUB/assets/a78632d6b371df90ebe6b31f42ae1755.png





EPUB/assets/CNX_ElemAlg_Figure_04_01_004_img_new.jpg
=) 4

7-6-5-4-3-2-100 1234567






EPUB/assets/icon-audio.png





EPUB/assets/d510221fde7d6158bd6e137088aee81e.png
15z + 42
135





EPUB/assets/190fc62e8e94171a9c494322439e7afa.png
%] %





EPUB/assets/b80d34e950e01ba33d906b0b10962e85.png





EPUB/assets/9d3f6b983f0128ea6af3aa9ad2f95bc2.png
2r +y






EPUB/assets/3f047957ee470a4599fcda62296c62de.png





EPUB/assets/5ec14527279cd15624f25667b50f6223.png
66





EPUB/assets/8feeb28e85f2110cbf7bf1dc11bf4fee.png
w? + 3u® — 6uv + 2uv + 5v°





EPUB/assets/1d870e39779bd8ec69891961e56bcb7f.png
104





EPUB/assets/e703d36d62c77a787dbb927e4e91e637.png
$12, 000





EPUB/assets/423dee7f22275e0140b9a7f9e778010d.png
17 — k





EPUB/assets/f24a5e2e8ee6f5ada4ef555d508b9adf.png
$4





EPUB/assets/30b42b0a1eccb44216b87d5c4cabec30.png
(100em)

Tm





EPUB/assets/bf93fb61699f8fe7ef2b4ab26921eceb.png
m? —

- md

m* + 8m





EPUB/assets/4dfa6e6073c2e21952ee359b2e94e207.png
0.8480

4
P
p=4.7170 Rounding the ratios to 4 decimal places





EPUB/assets/f638597e9e43dee1bab6dca33a1e784a.png
23w 3





EPUB/assets/1d61f45d568dada0a2e0eaa6cef795ea.png
2.5





EPUB/assets/6b27a0b43e6b39a85f54c939b946eb1b.png
31.5





EPUB/assets/9ee5a47200606555969fb18626630c89.png
y = rgb|1.0,0.0,0.00 y = rgb|0.5,0.0,0.55

5z — 4y =20 52— 4y =20
5z —4-7gb]1.0,0.0,0.00 = 20 52— 4-7gb|0.5,0.0,0.55 = 20
52-0=20 52-20=20
52=20 52=40
z=14 z=8

(4,0) (8,5)





EPUB/assets/aa55d39354aa1c86451d2ee20e3dee2d.png
4? % 4?





EPUB/assets/294c486b457a99223050d0382553deae.png





EPUB/assets/167efb2071645d8bb67a6e73c1e5e1f2.png





EPUB/assets/a3d817cfc6ecc947570a29cdd6a3d2ca.png





EPUB/assets/20e4be1e41a3615c09c538614313204b.png
(122 + 20)





EPUB/assets/f133dd5988a5930ca9638459a26cf714.png
$110, 000





EPUB/assets/CNX_ElemAlg_Figure_05_03_004f_img_new.jpg
Write it as (x, y). @ -1





EPUB/assets/5d8e705849015a3045d034b9d9d7ca84.png





EPUB/assets/9.2_Example12-James-1.png
h.lames

31m





EPUB/assets/cc3e101b1a5789ef1003a14184b3a21a.png





EPUB/assets/795b2450d807ad456d50e59ae5339786.png





EPUB/assets/7b159b079ba0e265a1d6f5ae45314a89.png
-10





EPUB/assets/2d1b61b7f577331554b2dc3db4e5ebf5.png
43.3





EPUB/assets/Annotation-2019-06-05-133700.jpg
h da gram





EPUB/assets/e9aa572f369027dae345516612cf760e.png
(—-6z*y")?





EPUB/assets/26cdf3aef20f5352df4c5c7fa627702c.png





EPUB/assets/3df494893aa30cdca6345724cf0a0254.png





EPUB/assets/62026c609147f3096ec8ef0a950858d2.png
(rgt]0.0,0.0,1.03, rgb]1.0, 0.0,0.03)
y=22-3
r6b]1.0,0.0,0.03 £ 2(rgb|0.0,0.0,1.03) ~ 3
330






EPUB/assets/d7e6af8b9a87b687d96fda9cf77a27ed.png
m-n





EPUB/assets/4.4.53-300x261.jpg
GO N





EPUB/assets/40d9515f11d1bd7d101a6658512ae2e0.png





EPUB/assets/2700b173885ae48a164e02080c8f97b7.png





EPUB/assets/5ab71006f69e61d427f48a176ebabea5.png
Fornula does not parse





EPUB/assets/98fc48045e7f4377da144407c2d37e61.png
Step 1: Multiply both sides of the equation by(z — 7). miz—2) = Yo — 1)

Step 2: Simplify. ma—z)=y-u
Step 3: Rewrite the equation with the y terms on the left. (—w) = m(z —2)





EPUB/assets/fa576d83494ce84ca5ca5ea4bd7e4320.png
Degative
ositve
posiive
‘Degative

negative

negative





EPUB/assets/05f75019bab3005b3c25977fb9ef67e4.png





EPUB/assets/8045ea2e3f1cb7e50a670e453914c96e.png
dxz+4x3
Simplify. 4z + 12





EPUB/assets/4cc58c93d1bdf68b19c6ef66edfd2eff.png





EPUB/assets/af075b82b38f530aed4842217469bac6.png





EPUB/assets/b5bd674439ba92841385c7033e28d197.png
w





EPUB/assets/2f2ba00bf79ec34ee313d4babb934fd1.png
(8,5)





EPUB/assets/4fb90ab31d0e745525cd8bcb1f5db3e0.png





EPUB/assets/317854cf44578f76b4e81d1e9bef6461.png
320w 2°





EPUB/assets/ac7906c3235788abf12add42178a849e.png





EPUB/assets/5e3e5f03f16d28e2f3b311501d1377f0.png
Fornula does not parse





EPUB/assets/CNX_ElemAlg_Figure_05_03_004g_img_new.jpg
Step 7. Check that the Substitute (4, ~1) into A4y=7 x-2y=6

ordered pair s a solution to 2x+y=7andx-2y=6 2 2
both original equations. Do they make both equations 24 +EN<7 4-2c1)=6
true? Yes! =7/ 6=6v

The solution is (4, -1).






EPUB/assets/da65f36fd2a891358f937d580a6ddd97.png





EPUB/assets/85d293d84f2e55fa682229ec541f7fd8.png
10° 15

Jand
and e





EPUB/assets/a053685cbc8058acb56899900f61d5bb.png





EPUB/assets/217c9f4db2e37430e3cde70e02295901.png
%S





EPUB/assets/CNX_BMath_Figure_09_04_074_img-01-1.png
9ft
24 ft





EPUB/assets/Example-6.3.1-part-a-step-6.png





EPUB/assets/ff9a9ad9b8c724492a25e694f0ee986a.png
2
16p” — 48,
6p° v





EPUB/assets/71abd2de4e40471124cafbe8897a6f7f.png
7.60(20)






EPUB/assets/09f7ac724bee4b22270706a17ac8bde1.png





EPUB/assets/9bd8e7beaa05a1c5c45463b356d69875.png
6HR





EPUB/assets/ab336a73aef900236edbc2ef3836c05d.png
o +dy =12
—zty






EPUB/assets/0487521663162ed8091893c652a85e75.png





EPUB/assets/cb08f9ff1484e0cc95ddfca4963cfd0e.png





EPUB/assets/c127e8871a1408764dd03f17d6558471.png
-31





EPUB/assets/909516994c6f4f4e36df52cd6142c747.png





EPUB/assets/1d31665a76cfc0a8d92669702b6d88f8.png





EPUB/assets/9ac64444350a3388500a97fea79036d2.png





EPUB/assets/bcc19801ac24b8f48f39918c75b2779e.png





EPUB/assets/68eb0b7fa06b7c463012579e32e0ec61.png
T8.5





EPUB/assets/7841dd42364563145653f560a551887f.png
24 — |19 — 12|





EPUB/assets/e6b16b6fe5146163c9ca0a1b4145c47a.png
39z + (—92z) + (—39z)





EPUB/assets/CNX_ElemAlg_Figure_05_03_004b_img_new.jpg
Step 2. Make the coefficients

of one variable opposites.
Decide which variable you
will eliminate.
Multiply one or both
equations so that the
coefficients of that
variable are opposites.

We can eliminate the y's by
multiplying the first equation
by2.

Multiply both sides of
2+y=7hby2.

A4y=7
x-2y=6

2(2x+y)=2(7)
x-2y=6





EPUB/assets/1763cfc475160bd4fc8ff7b669e21cc2.png
“la





EPUB/assets/1e2491da352fa8bd704cb078f2c3991b.png
(-3)?





EPUB/assets/1068b92001ca55ddfa2cc54d6c4c9f7c.png





EPUB/assets/6a7ee64e15abf3db01861748d47473fb.png





EPUB/assets/3fff607a387479a34d16c33f9420f5f4.png





EPUB/assets/b3f0a9ba0e06c61e146c2916835fdd97.png
2522 + 10z + 4





EPUB/assets/1c8524f1961aa70a04804d530de2ff7d.png
7 % rgh/1.0,0.0,0.00 + 2y






EPUB/assets/0598f7bd99968b20409fd82798e3fe0a.png
x = number of pounds of raisins

10 — z = number of pounds of nuts





EPUB/assets/0ed252e11a2db9d18c9c6d4375137fb4.png
OR7





EPUB/assets/50bf13c7828949733dacdf9ad6ac4594.png





EPUB/assets/f519095b3ae63dbebf265e2cc14eb9dc.png
b#0, andd # 0





EPUB/assets/5eecc726b8e14885257ef0da409805d2.png
120






EPUB/assets/59e4c06a26fd970bdab69888adcc947d.png





EPUB/assets/ec6052db757e71b20e0d7ae1000c2542.png
(—8

ym’n’

)0





EPUB/assets/885a137008a5bdb9e46322fc5299c701.png
d+ 9





EPUB/assets/29b025bbccb5c1d996244e66087acade.png
180





EPUB/assets/6cdadedf38b1ebf435ecb2ac3c6198a9.png
(b—3)(b+ 6)





EPUB/assets/a73e388a5a6c485f42ad1d8b8294946e.png
-14





EPUB/assets/d58d1ad2187d4ce01ed2b480634e6236.png





EPUB/assets/4b97c4c5018debdedfaa893817a1d812.png
Simplify.





EPUB/assets/1b192413e2fd8e6fb4ddec1ab1267b91.png





EPUB/assets/8d737f6b177c4c160fd1b5bf00209b57.png
-1.2





EPUB/assets/a0f3aeef2983579392a8cd142a6ee9df.png





EPUB/assets/9a05237e8c03ed0965724c917a3ac966.png
emaller Larger





EPUB/assets/3f778aecd9060f485d6e5e155027ca21.png
by —9






EPUB/assets/a87905a30ff403d4fdc129547dcf529d.png
10° = 100





EPUB/assets/36cedf7c7c5b9b53ee89d5e07f5f4c7c.png
30xy®

Bzy





EPUB/assets/7bed451e9fe48f2d5a0a9e16926670de.png
e (-9)*
444 (=9 (=9 (=9) (=9) (-9)

— =
7940.0.0.0,1.03r5/0.0.0.0,1.0 rgbl0.00.0,L0fctors 0410 0,0.0.1 05rgb]0.0,0.0,1.0 rgb]0.0,0.0,1.Ofactors






EPUB/assets/ca6cc18114e02a655240b8a6c435bc28.png
Fornula does not parse





EPUB/assets/77907f4b1583a8933094e3b3b68a371c.png
100





EPUB/assets/acb6fa673eb4c595bea3ebbb26e85cb7.png





EPUB/assets/924c7f853a8c4ea042135f48edf99f93.png
a+tec=147
11a + 8¢ = 1302






EPUB/assets/c39eda9c966a7d26ff70b0a83b6c64ea.png
110





EPUB/assets/aa9a5b6e7bda5f09f87ee64a0de80cb8.png





EPUB/assets/31900c8d87774b8cbd380ddfb6f180b9.png
—~1n






EPUB/assets/10de88b4eba890b3510996540b3ca5bb.png





EPUB/assets/df7cfecd57293b49418279e89eea3bf4.png
4(4.5)
18

3(32)
9.6
24





EPUB/assets/845105ee72243209eb820ebc8727f4ef.png
= g"#1.0.0.0,0.011rgh1.0,0.0,0.0 rgb{1.0,0.0,0.0-rgb[1.0,0.0,0.0 rgh|1.0,0.0,0.07

Simplify. = z*





EPUB/assets/9b60d5a377752add345fa2b9f67579ad.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_010a_img_new.jpg





EPUB/assets/2d54bf2239d2e9489206c14f0498e79c.png
$1,163





EPUB/assets/01e81fed68b3bccdc663022ffee59316.png
11¢





EPUB/assets/b9282260c438b01efbf69ba6876af6ba.png





EPUB/assets/2c3dcb9cbd6f32629350d46b7ad996e4.png
{7gb]].0,0.0,0.07rgb]1»0< 0.0,0.03(3z — 2y) = rgb|1.0,0.0,0.0—rgb]1.0,0.0,0.03(-2)
5z — 6y = 10






EPUB/assets/d7b5892d4148e94f7b0004679effbbde.png





EPUB/assets/ef952bcdb469bd2aa508c7854f74f888.png
18





EPUB/assets/be7b3a427d219ffa313561ca8a05a6ec.png
z = rgb]0.0,0.0,1.0-4b]0.0,0.0,1.01
Y= -3z + 2





EPUB/assets/3.10.37-e1669661280638.jpg





EPUB/assets/2d3111276b7d211a723b7cd19233b191.png
5.5





EPUB/assets/e049dc917a254cb5c6ab73a6ffb052ef.png
18 _is  one-half the original price.
. Jnehall the onigina’ price,





EPUB/assets/0fc4151332f277fb151856883bdc294b.png





EPUB/assets/4729beabeb1ced18ff586437063cc7b4.png





EPUB/assets/0064866c55b9173cefb8b1bb041feeaf.png





EPUB/assets/be70dd276db9d4348d4c88e0b1a2dccb.png
8 x 10"
2% 10"





EPUB/assets/21f5639b77a733c1d0e92a2ffab93bf3.png
~T74 + (—-27) = —101





EPUB/assets/CNX_BMath_Figure_09_06_048_img-01-1.png





EPUB/assets/1d81e287d08136cf72d32c262ddefab7.png





EPUB/assets/a77bf398711e3f57aca53994240e3f19.png
7(—4)





EPUB/assets/cdfd89cb5130f6cab38b4c266065e8be.png
(4y + 3)(2y — 5)





EPUB/assets/6e554efae7dbc321339bc8195beced23.png





EPUB/assets/8c3ee01d028960643e233066681d6c9a.png
msA + m/B





EPUB/assets/14f8844d254d8e52c714d4edabe1f281.png
30°





EPUB/assets/9aaf694198d636b07f5ba90d513e3292.png





EPUB/assets/a1d1b59f26b48c162cd769d013c5f68d.png
rgh|1.0,0.0,0.0

6z”
0L L0LF





EPUB/assets/a46b356981caa049d68e63b4739ac1a6.png





EPUB/assets/ec23448ea599658a0ce078961846a95c.png





EPUB/assets/14201a046ad429fd9cadb13eed6bb5e8.png





EPUB/assets/9897ed04c753524d1fbf13951328da37.png





EPUB/assets/e0e482eeda8b64a37a671c38e426097d.png
—2z%





EPUB/assets/0ec918ffb4d1311b15a5c0f1895e49da.png
(z +4)(z +5)
22 4 07 + 204





EPUB/assets/096bba15a60ab09b2f18fb11870bf3ba.png
1652





EPUB/assets/6c1fe7d6e68922814c6c53087bc9353f.png
3, 700





EPUB/assets/dcecd00fcdf4c395155edb855b80f5db.png
(2,-11)





EPUB/assets/efceb46ff44b3083b4d861a7462bc31f.png





EPUB/assets/71939e2e6c0480b86fc2451fa39c8b8d.png
I=Prt

660 = (3000)(0.55)(4)
660 = 660y






EPUB/assets/d716fa917937d50ce5a497563cb1fb3b.png
Bl x 8 x a® x 2° x y* xf





EPUB/assets/f6b820cb33613b7d7536f1770bcc47cf.png
B2





EPUB/assets/d699fe262edadc283133ea4587a98191.png





EPUB/assets/2a3eb6042037998a394f77625efed4a0.png
5 x 5°





EPUB/assets/978fffe310fd79cd8088c671d01975fe.png





EPUB/assets/CNX_BMath_Figure_09_04_071_img-01-1.png
2w+4

2w+ 4






EPUB/assets/9c60090cbfb621da4eb78150956f6673.png
dif ference.

(@-Ba+bh)-a - B

- Derb=g L
e squares





EPUB/assets/b73b9db668393f4d137e4824097d9825.png
|—y|





EPUB/assets/19a62fbd7d57143128554972bb7b11ca.png
1kg

200 g 1,000 grans





EPUB/assets/48c179fa0d13321e0f17975d99f1ee68.png
18 — 6c # 0





EPUB/assets/dc842e999df355edf44f22984248f6f8.png





EPUB/assets/dcb6f32312659c4a0b48943e8823dc61.png
rgb]1.0,0.0,0.02 = rgb]l.n,u.n,u.n%gw1.0,0.0,0.0,/4r rgb|1.0,0.0,0. u%
15y — 20rgh|1.0,0.0,0.0z = —30





EPUB/assets/7e6ee2ee5f586acbb2720f68e044344b.png





EPUB/assets/ad34b43be5a0441c8fc8cb57cd1b97fd.png
Fornula does not parse





EPUB/assets/e162fe187f1f3ccea327c8014dcd1c3c.png
4q — 3





EPUB/assets/9df126ad93bf73b9da2a01e186b37adf.png
135%





EPUB/assets/04b4e8087973ad994d3cd5dc816ae5a9.png





EPUB/assets/c0abf0e94d948e0352715dfadeb0bfaa.png





EPUB/assets/6b32400df6c8e3cefb1f8bf687849532.png
255





EPUB/assets/effffe6070894a17355d8733773307df.png





EPUB/assets/f45c8976c7817bd7920838edcea19d10.png





EPUB/assets/36d2947fb453060c34056cb16df3fe95.png
uncertainty





EPUB/assets/e20a3e87ecd7994c3d42f0608233ebe4.png





EPUB/assets/4ff4dd11fd46a4d4348879745fbea53b.png





EPUB/assets/CNX_BMath_Figure_09_04_003-1.jpg





EPUB/assets/612cb086e68eb55de7a01a1b0ea76952.png
0.47





EPUB/assets/7d8fe6c55f104ca21aca7f04fe621ab1.png
rgb]1.0,0.0,0.042 + ¢ = 147
=105





EPUB/assets/76a2f47fc54e008256bdd8ad08f2080e.png
m





EPUB/assets/10df4f4a86e387757993be353aa7645d.png





EPUB/assets/fc95b99945f365bdfb6eee8f044ccb05.png





EPUB/assets/8d3d7dd6f5cae47967285e90a3efe069.png
(-1,2)





EPUB/assets/d3c081ef851acbc2b9683a0d30e959b1.png
(=2,-7)
@ = gb]0.0,0.0,1.0 - 2, = rgh|1.0,0.0,0.0 - 7
s2-1
gb]1.0,0.0,0.0 - 7% 5(rgh0.0,0.0,1.0 ~2) 1
R R
7411






EPUB/assets/f06f92c70b010ed76533ac14620a4dbf.png





EPUB/assets/60622cbc5aae9182dbce928121b43204.png
(a —b)? =





EPUB/assets/2b6d1081d78fc930aad17a0df72f33d7.png
24=2x2x2x3
36-2x2x3x3





EPUB/assets/3189e9f6cf2d13c56d30e6270a6d4abc.png
0.05





EPUB/assets/8d221de1e91a4512f8026a66f184b1f0.png
%mdss





EPUB/assets/80037fd216161545c9496b1507f57762.png
(3)7 000008, rgLO0.0.0.03 )y robl1L0.0.0.0.03

Simplify. 27m®n®





EPUB/assets/c343bc5d0b4e8f91f7b7b34ba9483f3a.png
1,264





EPUB/assets/e69ebb8aea3bf02651f6f0b9ace98763.png
1.6472 x 10!






EPUB/assets/5bc9a595de6a27bd7771764779ecf2a6.png
interest





EPUB/assets/08fa88aba0814811afd7af294e742436.png
7.05





EPUB/assets/8819bd7c541f3a9c65873cfd2842bcc9.png
(2,-4)
= 1gh)0.0,0.0,1.02,y = rgb/1.0,0.0,0.0 - 4
T dy=8
76b0.0,0.0,1.02 4 4+ 1gb]1.0,0.0,0.0 ~ 4 = 8
+(-16) L8
1448






EPUB/assets/cef0ea3bd032e7c539555a45d3746bca.png





EPUB/assets/4cf1d08538027306a99edb6c1de955f2.png
3Ty +9)





EPUB/assets/ed74e989c8959059c9370cc69014af2b.png





EPUB/assets/e0e0e947d55f46882266a7294b4857e8.png





EPUB/assets/1b4cebb4846b85c8b3559b7370f250eb.png
450mUL





EPUB/assets/ec6e9957cc9eb3059fab7f365cbf58d6.png
400, 000





EPUB/assets/032a2cd465be11c32f4e1b287c654f9f.png
@~ 5y
dz—3y=1





EPUB/assets/e64d67bb514e05870ba9c5b378e4037d.png
14 ¢





EPUB/assets/3.10.25-e1668608344429.jpg





EPUB/assets/01c3471eb8751952f2185d98879c2b3b.png





EPUB/assets/f6bdd9f4e838409f0b8f8f1f5ffef7af.png
46





EPUB/assets/2405894be0d321e734e7736cd40e5b1c.png





EPUB/assets/cd9875d88a5cc9a97797415afdbfe51c.png
Fornula does not parse





EPUB/assets/e18e6779d8d0b4d5331ed0c49f6d8565.png
6 — 18 =24





EPUB/assets/8b40263864cfa482777a136cbce7662d.png





EPUB/assets/1e4f0e119ea5a185ff3e51b3a735ca88.png





EPUB/assets/a54e37e8c896c0fde7d0f1f7d0872ca2.png





EPUB/assets/dea112eeb85edf76499a6764a406d111.png





EPUB/assets/ee33c8694e41999573159e093bd40d48.png
0.25¢ +0.01(2g) = 2.43

Multiply 0.25q+0.02g = 243

Combine like terms 0.27g = 2.43

Divide by 0.27 =9

The number of penni 2rgh|1.0,0.0,0.0

0.09

8 pennies





EPUB/assets/498f103c51928f08fd69f464b4a2c172.png





EPUB/assets/63000c522bfeb6846af66f87d23d4078.png





EPUB/assets/5812729cd619abce252ce40d3fa91b5a.png
gb|1.0,0.0,0.0Thousands place: 10

rgb]1.0,0.0,0.03]
——

a1
3
replace 3 with 4

978

replac with 05

104,000





EPUB/assets/CNX_BMath_Figure_09_03_015_img-1.jpg
90°






EPUB/assets/2fa07407dcda06d6940f5579ae3c3da7.png
(9p — 4)*





EPUB/assets/ab9fc78c59cc229aa530cfeaaf34b2c9.png
8.2





EPUB/assets/Example-1.5.4_Step-2-e1669919562440.png
hundredths place

i

18.379





EPUB/assets/692952306e5ca89c04e369c6259b9ac9.png
41m + 6n





EPUB/assets/e76239408341136c8a1a21d28ae8e637.png
60 miles





EPUB/assets/5af9e6ffa4a35378180db6b88ca06701.png
(b—c)a = ba — ca





EPUB/assets/7-1.jpg
ones place

18.379





EPUB/assets/41419a7c50e0f99667bee70dd0da58f9.png
2y = —x + 6





EPUB/assets/8677db702c3fa5dc0649c808d0323c9c.png





EPUB/assets/77a298afc237f9386bd7d1a2560e86dc.png





EPUB/assets/aaaf1bf06638afe5fc1ebf29dd6df5fa.png
8y — Ty’ —y — 3





EPUB/assets/80500b11e668d50adbb8e9e9b6fbb3c6.png
The mark-up is  40% of the §250 original cost
o AT O oo T T ohem o





EPUB/assets/2e7b35ebe5cae321f2e218f81706a3d9.png
8+5





EPUB/assets/ccc04ab8fbd23084e12aa6cb38a153a8.png





EPUB/assets/dc08cb883094f4191c58bf34e9dc0acc.png
6.2





EPUB/assets/02fdacdb8a368808244a9f6fa54f0d0f.png
(1,-4)





EPUB/assets/d242ac19f9507181f4e77ce97904e7bf.png
rgb|1.0,0.0,0.0a* + 2b + b*
2+ _+5°





EPUB/assets/CNX_ElemAlg_Figure_04_04_022_img_new.jpg
12345678





EPUB/assets/4ab75db10cac3f9922be9ceab6232ab7.png
2a + 110 = 180
2a 70
a = 35 (first angle)
a+ 20 (second angle)
35 + 20 = 55
90 = (third angle)






EPUB/assets/e0557bc0d506112b40784873f4ad3519.png
Fornula does not parse





EPUB/assets/a9faead4345d1fe3908e0aa28b90622a.png
35 - 5





EPUB/assets/c97b4e943106c1383dbb5b341506efee.png
1.05





EPUB/assets/88f78b55e190f02036be26ab28939c96.png





EPUB/assets/75f7eda3e2b58c9a8e8f1c57d3387b5f.png
1" number + 2" number is negative 14
—fumper + &__numpes 18 Degative 4





EPUB/assets/189bc31005d637f8db02bd87eb9cfc4b.png
—~33a





EPUB/assets/6ba58cec626eb67f47b22046da0b7d20.png
(-5)?





EPUB/assets/983b5512197ce21d62be40b6f6e99fd6.png
$1, 000





EPUB/assets/626d8d0daebd8a7aca82b1c095cf9a53.png
(2z + 3)(2z + 3)





EPUB/assets/db9c2cb1bcfeb78f37875bf4f1b3b146.png
(5,9)





EPUB/assets/821673b8f9ec5cc4e752f874fcd7ba7c.png
30





EPUB/assets/646542cf4f0554d264e42d0fc1257de6.png
8





EPUB/assets/4fcf89a7f3ba4139ca26b992be2082d2.png
(mb]: 0,0.0,0.0-rgb]1. u,uu,uui) (%) (rgb]l 0,0.0,0.0-rgb]1 uAuquu;) (%z)
2

Reciprocals multiply to 1

e

¥

_2
3

WAv.a)
Ve

Mulitply.






EPUB/assets/41492538fc6f5ae535817b7bf7bc3174.png
16





EPUB/assets/43ba6c1ff35bd8a52fb901c90e8e11dd.png
2rgb]1.0,0.0,0.0+rgb]1.0,0.0,0.0150 = 19z — 150rgb]1.0,0.0, 0.0+rgb|1.0,0.0,0.0150
Simplify. 152 = 192






EPUB/assets/aeac44d7881779131c73c13b99bce703.png
$1, 750





EPUB/assets/9dcc50c7aff5b7db519cd3801bd68e1c.png
m





EPUB/assets/db4efc54aafde84db5b7d5b38e4556a2.png





EPUB/assets/20590525861e4f09df0cdab9eebe4cc7.png
n-m=9
n4m=39
m—m=—9






EPUB/assets/3581c226cea3448638575736703def7e.png





EPUB/assets/5dfe7f28a2e4b5b3fe6d5ac476ff6271.png
tan(R) = ; — 13333





EPUB/assets/4261181393e6ff990497d2d73d68273a.png





EPUB/assets/a1203b5e9c58ae0dcc8252618a626115.png
10[3 — 16s + 40] = 15(40 — 5s)





EPUB/assets/1ba72128c5561bd56f64b4dc44cc3f29.png





EPUB/assets/1.6Negative-blue.jpg





EPUB/assets/034793839093f5511538828a348d21d9.png
~5(6 — 3a)





EPUB/assets/361790bbb4be7389a37439af913bdf91.png





EPUB/assets/5ee98a0a3d395bd9b21ef3f2b1235bcc.png





EPUB/assets/6a1e486a020c8a70f10c0bcaf4681f9a.png
2W + 5





EPUB/assets/f3453debeffb6b2cf40e7efb7ff14c9e.png
0.41(2z + 4) + 0.02z






EPUB/assets/39babe1e3b0749509d8ba3e0e2a19209.png





EPUB/assets/2faecd199c258a9ad2acab60f041411c.png
rgb|1.0,0.0,0.03 + 3





EPUB/assets/c782a747d4c45c964941bd1c093ba742.png
6z — (rgh|1.0,0.0,0.0—rgb|1.

.02rgb!1.0, 0.0, 0.02rgb|1.0, 0.0, 0.0 rgb|1.0,0.0,0.0+rgh|1.0,0.0,0.0 rgb/1.0,0.0,0.02) = 8





EPUB/assets/fcb3ec1cc9b43f3cac463d794325018c.png
(112)°





EPUB/assets/d018716446b336874baa83aaa1f9bf87.png





EPUB/assets/291ef81d7359e9a5e161dbc9e56b1eae.png
tan(D) = g 075





EPUB/assets/9622677bc85f6447ab4d364cda984cc4.png





EPUB/assets/cb649752a5388b24499f5744544fcea3.png
gb/1.0,0.0,0.0r + 10
gb1.0,0.0,0.040 + 10 = 50





EPUB/assets/cd706bfcbb19c0e3a10006231f99997c.png





EPUB/assets/035ad18006b8d6020c57164f2e93b2cd.png
12nrgb|1.0,0.0,0.0-rgb|1.0,0.0, 0.012rgb|1.0,0.0,0.0n — 3 = 12nrgb|1.0,0.0,0.0-rgbh|1.0, 0.0, 0.012rgh|1.0,0.0,0.0n — 3
Simplify. 3 -3





EPUB/assets/09cef6ada020e4317f5822da7fdf7b11.png
{ —0.03s — 0.03b = —1,200
0.085 +0.03b = 2,840
0.055

,640





EPUB/assets/ca15471b07a342b5cf4bc07932b3f34c.png
max + b





EPUB/assets/7c3469f1154383a1eedc07379e424c18.png
n—61





EPUB/assets/CNX_ElemAlg_Figure_05_02_001b_img_new.jpg
Step 2. Substitute the We replace y in the second x-2y=6
expression from Step 1into  equation with the

the other equation. expression 7 2x. X-2(7-2=6





EPUB/assets/903f9870997dfdef84ae90422a54b296.png
(3z — 4)(3z + 4)





EPUB/assets/01ebf4f6ae4a0eaccf9ae7b8acf38a2d.png
1.034 =« 10 °





EPUB/assets/0e2dd5274bc86a96f73bc037be94eb48.png
156
%
48

2s + 60
2






EPUB/assets/dd2fb29b8f63309ceb0d9995f06cf834.png





EPUB/assets/e6c214c7d4fbb268b691acaa281bbb07.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_001g_img_new.jpg
x+4

X+5) ¥ +9x+20

X+ (-5%)
ax+20





EPUB/assets/393cd2f71d09df456ce578b5c569e0d6.png
-7 —(-5)






EPUB/assets/a7ea9c1a53a4c0b4a34f37f2fd3e360c.png





EPUB/assets/11cdc4e9f9c451d29ddcfe8dd079dc5f.png
$25, 000





EPUB/assets/5d4d0ac4f6717d81b323f52ee8f7d135.png





EPUB/assets/fa8a043fe74ae0c063e9ff3dc61ee324.png





EPUB/assets/58b0a6afd459587286de3532131d593f.png
—-34





EPUB/assets/2e23aadb759200567ffd2c48045b258d.png
(4,0)





EPUB/assets/604789aeeca5cff934c046048d50ab28.png
< +6.4





EPUB/assets/24331c62fb9d29442ba05121d3366986.png





EPUB/assets/c2bb92ef6062ae8ea17a9667e0205053.png
(1,-2)





EPUB/assets/5e38781c8275485dc3c3f23b05d0b193.png
__ m9b]1.0,00,0.07 - rgb]1.0,00,0.0 7
Tgb]1.0,0.0,0.0,7 - rgb|1.0,0.0,007 -z -z -z
1

=





EPUB/assets/9eabf373d7dc777aa72c70bdf962c699.png
Simplify. = ——





EPUB/assets/ec2f51d15b4861733b4895432c667eb5.png





EPUB/assets/1b3978b124ef07fb1033bb8eb9d4d2bc.png





EPUB/assets/CNX_BMath_Figure_09_03_040_img-1.jpg





EPUB/assets/71bf1f765a977bb04afe43867bb2d49c.png
Ty
{oey






EPUB/assets/a9098f004c81f513d7447f77dcf3fc42.png
0.105rgb|1.0,0.0,0.0b + 0.59f = 1,669.68
0.105(rgb]1.0, 0.0, 0.0—rgb]1.0, 0.0, 0.0 frgb] 1.0, 0.0, 0.0-+rgb] 1.0, 0.0, 0.021rgb]1.0, 0.0, 0.0,rgb|1.0, 0.0, 0.0540) + 0.59.f — 1,669.68





EPUB/assets/de810f1d834c0ff588888989cfe7997e.png
(0,250)





EPUB/assets/9bd559fd20a58e6f075632860e15c480.png
5.123 + 18.47





EPUB/assets/3c9d0db7a2e58094edac188180b6d1bb.png





EPUB/assets/7f87f0f917eca11b571ab0fb13639958.png
4x + Sy

3





EPUB/assets/376564aeaa20e749b64f8a7bd8ef14a7.png
et
3





EPUB/assets/addbdc48c5177fcbb18d1b413fe324fd.png
tan(45)





EPUB/assets/245578d12c8b5db0702fdb42ce386fb6.png





EPUB/assets/8656d9534f735dbc2425a79b1fb17d3b.png
22 + B





EPUB/assets/01bd429f613d48f22ef6a2b4a19df978.png
28675
28675 + 875 =
20550

— 875
— 875+ 875






EPUB/assets/49131cf668b30ea99600436a101cbfca.png
(10 — 2)(10 + 2)





EPUB/assets/CNX_ElemAlg_Figure_03_03_014_img_new.jpg
Type

Number + Value($) =

Total Value(s)






EPUB/assets/ea9fedb79776ab81df94379834a3bed2.png





EPUB/assets/66c73386ff1d5b3a2daf32f64604a2fe.png





EPUB/assets/fc6b4451a631d8c41728334238c0c2da.png
1L = 1,000 mL
— 450 L





EPUB/assets/17c9df716d23f5de1106fb8daa210866.png





EPUB/assets/6138930daa10c7f7f2d8c2a9107a2da2.png
~4 +2(-3 + 5)





EPUB/assets/9f3c361a3927fe8c52ce73127cbf0233.png
rgb/1.0,0.0,0.0115





EPUB/assets/b571d1511655063215ee12f532aa709f.png





EPUB/assets/d33f4a061355c8765b1ad1fb5c2f9482.png
b-c=a

P—





EPUB/assets/b88307a4c82e5e13938878bf567ee1dd.png
s
25 + 25" + 25"





EPUB/assets/47562bcde5d62231131d7565c286cad1.png
10°





EPUB/assets/b30e2450ab53e56c9c9c3c43668e5709.png





EPUB/assets/df3414a6d34123a22ce76d95c5be32cc.png





EPUB/assets/1ab13aff0a813ffa17f91a8c2cab7a8e.png





EPUB/assets/a6e5bc8ea2a0649ff677eb761d69f1f7.png
dr — 3y





EPUB/assets/f40830673b6b27fb2f19c0d39dd1549d.png
3R





EPUB/assets/1f118bd03233b63184cb4ac681466582.png





EPUB/assets/444de5e5bc9f3937f09c52e0cf3ebe18.png
a'
35a'b’ + 14a'b®
—42a%"
Tall?





EPUB/assets/f26de7788caf3ba20e778733bfd19628.png





EPUB/assets/1b9af48cba9269ba7dca04de44a0d8c1.png
Tz x 2 + Tz xy
Simplify. 1422 + Tay





EPUB/assets/753c0fe6eddb8dd5dc83e358115656ab.png





EPUB/assets/7757748dfbea640ded0389f83e26a924.png
(2m®)?





EPUB/assets/1542e08f917c558f473312a6f48aee38.png





EPUB/assets/CNX_ElemAlg_Figure_05_05_009_img_new.jpg
Type

Number

of units

Concentration
%

= Amount

Total






EPUB/assets/5c7c4bb8abda9b76a4da6787de259058.png
—15





EPUB/assets/0e0a54dee762673f32787e833d7f67a0.png
gb]0.1,0.1,0.1mrgh|0.1,0.1,0.1 rgb]0.1,0.1,0.1 =rgbl0.0,0.0, 1.0 rgb]1.0,0.0, 0. ﬂfrgb]l.ﬂ,ﬂ.ﬂ,ﬂ.ﬂ%





EPUB/assets/3fc488557fe7cd0b44739a3558281497.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_013e_img_new.jpg
Step 5. Combine like terms,
when possible. X+ 14x+ 45






EPUB/assets/c345ffd04bec9d72058e251eed1c29a1.png





EPUB/assets/7568cae5ab5bcdf3e764a12e390fd3bf.png
S5x + 35





EPUB/assets/de707da2338e0ab9b6d3a66996ab8e18.png
<or>:042_ 04





EPUB/assets/f942bb2f5fd6214a5b0d502d98cf768f.png
Write the formula I=Prt
Substitute in the given information 6, 596.25 = P(0.075)(5)





EPUB/assets/8a822f2638c60283a43eee6e71613a86.png





EPUB/assets/2cb217aa88dcdee58332f6304b25f8a2.png
22"





EPUB/assets/476c9fa23b7462044692039286617bbd.png





EPUB/assets/6c01752c9186c569b998d49a3964ef7d.png





EPUB/assets/17fbf2a3a6659af6fdca85e51c7587af.png
(6z + 7)*





EPUB/assets/CNX_BMath_Figure_09_03_050_img-01-1.png





EPUB/assets/a9c8ac54d43b551b544fd61044bdd92a.png





EPUB/assets/cdd8bb7e297925672c872dca7a5b2ddd.png
13 — 8





EPUB/assets/bd95f0f5168e401f22a734615e9c869a.png
1mL = 1em®
160, 000,000 em® = 160,000,000 mL





EPUB/assets/5090dbb93907165d855611ecd06a4fd0.png
52° + 20zy





EPUB/assets/62ea3685eb26a50c586f1e1ed5b2247b.png





EPUB/assets/a155e4a5cacd816b64e3f46b9fe6598a.png
1.00,

0.264gal(U. S)





EPUB/assets/CNX_BMath_Figure_09_03_049_img-01-1.png





EPUB/assets/d7902d190cb73b9d4c495c770c10e0e6.png
27





EPUB/assets/c5211edbe0d35b7677fbd86c921f4924.png
3+1





EPUB/assets/d13c232f8a2081ab5a930392c2c408ed.png





EPUB/assets/5aec02d5b0ccfef7d88c0afc0f4125f6.png
$160





EPUB/assets/cf2d72010eb3449205db937e1e42e0c7.png
2.63





EPUB/assets/86fb0670b1b09e0cdc781627ef2c9a02.png
$14.67





EPUB/assets/d0b8739749d4fe8cf4393c21b784ca98.png





EPUB/assets/8668e204016b858e94d655ef032aaa8b.png





EPUB/assets/6fec0eca035212fcf789aeed3b924d28.png





EPUB/assets/7906d4f1b4d0d7f4c892690f2cc7eaab.png
4p + q





EPUB/assets/1e1d489552230b30105d27e7ea359871.png





EPUB/assets/d3bdf688fb6c552fc652f8263d81e002.png
(3,3)





EPUB/assets/f332a6eec1de912466ec33daa7994167.png
3rgh|1.0,0.0,0.0z — rgbl0.0,0.0,1.0y = 7
3(rgb]1.0,0.0,0.03) — rgbl0.0,0.0,1.02 = 7
T=1
rgh]1.0,0.0,0.00 — 2rgh)0.0,0.0,1.0y = 4
rgh|1.0,0.0,0.02 — 2(rgb|0.0,0.0,1.02) = 4
—2 4 False






EPUB/assets/7018a9497711a3932eef8fabce19814f.png
3z +4)





EPUB/assets/9e181ad90b7fa78db7a7a2f2555da252.png
2a





EPUB/assets/9d2089e3594ee5e5745729afc4d3e333.png





EPUB/assets/57cd7f3d1eaed5177bade18fe3b25aa7.png
100p°
12507 - 16520





EPUB/assets/32fcb5752e91667102d059a925eadbfd.png
number x value = total value





EPUB/assets/57e9f7b33812a19fb85930cc0f4c9bff.png
151





EPUB/assets/62f6b0e18f148d77c2272eb7f9309287.png
1
18=35p

Multiply both sides by 2. 7gb/1.0,0.0,002 x 18 = rgh[1.0,0.0,0.02 x %p
Simplify 36=p





EPUB/assets/CNX_BMath_Figure_09_04_052-1.jpg
b <#————— smaller base

h

B<—— larger base





EPUB/assets/CNX_ElemAlg_Figure_01_03_023_img_new.jpg
.. -1+ 4

-5





EPUB/assets/aadadd0356fb11f3e5f7f7bcb6876929.png





EPUB/assets/5b55ba320b3fa625c57c3f96f025f4a2.png
(9b* — 5b — 4) — (3b° — 5b —T7)





EPUB/assets/f90059ab73f07c01c8408a95d9fed36f.png
k®





EPUB/assets/5d922f4544519dc83a078e39569f90e3.png
5a®
+ 2a%b
— 6b°





EPUB/assets/5ae4c5671dc59e0182cafffd2780a48d.png
7gb1.0,0.0,0.02z + yrgb|1.0,0.0,0.0 =7
22 +7
m=-2

7






EPUB/assets/d480ce297a0602a05f2e0e78885bd626.png
3r





EPUB/assets/4.1.2-e1670004559135.jpg
a+y=7
x-2=6

SN WAoo

-
7-6-5-4-3-2-101 12 3

6

-x





EPUB/assets/437d7a968b8e4a4f652113554e2d1586.png
(1,-3)





EPUB/assets/56d1774a0d61d2f41f80e9be292c055d.png
—14 + (—36)





EPUB/assets/d7151fbf23bc7aae3290ee49900335a5.png





EPUB/assets/84eedbbfd57f50c74d1d3619f161b9ff.png
(0-16)+4=3





EPUB/assets/cc3c6eca308776e7fb1a0ea983a2ed75.png
Volume = L x W x H
24 —4x2x3





EPUB/assets/4b0b3740eea7f5e90e87a6a02bf694be.png





EPUB/assets/769f86e6af688e06d9664d34b44e51ac.png
b* + 3b — 18





EPUB/assets/ddc393dc30cb731ff66dcbcd7c34a07f.png
Fornula does not parse





EPUB/assets/3d712380a3e9299c9f9306851d7ac051.png
100





EPUB/assets/a10e36cf754e737d55c44b7294dddf19.png





EPUB/assets/CNX_ElemAlg_Figure_05_01_021_img.jpg
Graphing

Substitution

Elimination

Use when you need a
picture of the situation.

Use when one equation
is already solved for one
variable.

Use when the equations
are in standard form.






EPUB/assets/4.4.52-300x261.jpg





EPUB/assets/774ff55793f32c136634db1d86d5c9c9.png
1 pound

1024 oumees” x —o_
16 ounees





EPUB/assets/3345fc6a85088d5b1258abd1e3c4bba7.png
(b+ B)

Areatrapesoia =





EPUB/assets/b2c0b53575c4df68241e0d1af0ee2dec.png
31

100 ~ 1000

and 031 = 0.310





EPUB/assets/1827142b3dbe849003ea21315239c34a.png
a x b





EPUB/assets/fb3b6a3af6e07191379180748f21cd60.png





EPUB/assets/010a5e19740f5cb8a3334599ad048449.png
18n





EPUB/assets/d5c63954673e0df5942eb8c21f2386a0.png
{

~20¢ — 40c = ~556
20e + 30c = 473
~10

83






EPUB/assets/5f8d8b36ffa21d2ffefb157c803c2ed7.png





EPUB/assets/2aca4509de4ae219136cf950c1adbdc3.png
1.5576385 = 10*






EPUB/assets/91f958d78fa7ec34191e1a95683c6ff9.png
2ty
0+y

Tty
z4+0





EPUB/assets/ef031830144e0d022393d58aafccb9ba.png
-1 > -4





EPUB/assets/ff8fdbb80525f641fcb420ef1999f295.png
>

Simplify.
Simplify.





EPUB/assets/6cb15f0caf90f8661a6bb94443be26ca.png
~les





EPUB/assets/2ac3623fe616add3cf259bfe8e027504.png





EPUB/assets/a946922d86ebf323cad3134160f1b3f2.png
10, 769.84





EPUB/assets/d4d2a5d6bafb2a44f48aee7dedc84751.png
Fornula does not parse





EPUB/assets/fbcff1587575b8178f544e56c5887412.png
dr — 3y





EPUB/assets/32174cf57059a3569ea6615556e3c6f1.png
n divided by 8 is | 32
——





EPUB/assets/bdd669fc271b55b86ab3b1c5694cb462.png
84rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.03rgb|1.0,0.0,0.0¢ + 30 = 3¢rgb|1.0,0.0,0.0—rgb|1.0,0.0,0.03rgb|1.0,0.0,0.0¢ + 5
Simplify. 5q+30=5






EPUB/assets/a9fd87dbcd29c22129a1cfc77fe23043.png
2z — 5z — 3





EPUB/assets/cc3feba3012844cc2d557ec9abdf8268.png
0z’ — o





EPUB/assets/1e62c799a387d86e9f44ca7f7ec20fc1.png
1
Auspespis = (34 9d) (5.6 = 8.2)
23.46 yd®





EPUB/assets/6bd94d0fa6d8340c76d297dd8c92f7cf.png
324+ 2= -1





EPUB/assets/cc0983fb41257408a3008813b80e1385.png
«

me +b





EPUB/assets/1b5fad3ce522687630183ed0158786af.png





EPUB/assets/4a38efcb343f712ddcc2742d41038dd0.png
4-4(6)
32,3






EPUB/assets/853cdd8b1176db4b9c771e6cc4b3ee72.png
6 %3





EPUB/assets/2b289be4ffdefa7d5668a8ec1c0df0e8.png
(

<le

"=

0

S A0





EPUB/assets/4e04be805728f68ec8b76fd5d57ac299.png
V = LWH





EPUB/assets/0d3a6c8e28fce6264b5c326e3d0aaf0d.png
sin(E)

ale





EPUB/assets/926a2bcd0cebcaa0a2137a4813cfd6ea.png
Argh00,00,1.0rectangle = DR






EPUB/assets/953ce1b8498f0fdf7477e02dee5a0d09.png
$7, 000





EPUB/assets/020d6b2c27995db8d3674af1382cbd90.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_004g_img_new.jpg
X-2x+3
x+1)X-X+x+4
XX,
20+ x
42X +2x
3x+4
3x+3





EPUB/assets/a10ba340ddb9eac7a7bf0b832d79d5d2.png
(p—13)?





EPUB/assets/66ce7e6c39945ad469c38c82439610c2.png





EPUB/assets/de5b44ad73af92db1357c7bc6ebe312a.png





EPUB/assets/828eac89abdcae444d527641c54217ca.png





EPUB/assets/238e29c6628870584a88b18a6ce312f5.png





EPUB/assets/f8d08f3e6f013300610ba7905b11247d.png
4z — Tz +5





EPUB/assets/d1372d7f3e83f9886dd336cb0f380a3d.png
30





EPUB/assets/5565ec3c83368209e5f3e6ea41ff1e70.png
8 - 2xx—-2x3





EPUB/assets/9f37b8f298d0b24a34711a16c24d04c2.png
—48a





EPUB/assets/526a652180f475f6bc209b444b497618.png
m= =





EPUB/assets/91f0359ef1940953488a37f5501d76be.png
(z —9)(x+9)





EPUB/assets/9b27bb3379ad8fc1f6281faf9b01a546.png
55





EPUB/assets/09fa3638cbe907230888b77eb62d6e10.png
a < ()





EPUB/assets/e804e41755e05d87cb734c743dbae7a9.png





EPUB/assets/8a09a9556ae38fae5fd665ef46faf9b1.png





EPUB/assets/1b53bb71009fcaf648c951cabb64bad7.png
4q — 8





EPUB/assets/90401de481b2c0da65ea81f9d1d5d384.png
$31





EPUB/assets/ee6c3f6c7aa2abf7239f43421b00aed6.png
$8, 670.





EPUB/assets/4e235c0cca79a808b84ef95207d64c14.png





EPUB/assets/0c63e273fbf14b06d88b58bc9a0646e5.png
$5.83





EPUB/assets/404d28ea45180b5b0722233a9d56bd9f.png
Swk  Tdays 24hr  60min

T " Tak * Tdag * 1hr






EPUB/assets/27fba4752301961fa73d4db2741f5c17.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_032_img_new.jpg
8
7
6
5

-

-8-7-6-5-4-3-2-1 ]

2
13
L4
-5
6
-7
8






EPUB/assets/711856f25be634c9c22f5f8b7e4790f3.png
14,665 x —o ™ 14660mm





EPUB/assets/d5d92c08ad9a48d45db3fcbb7104eb9a.png





EPUB/assets/75fb36b7f3274af3e4dc2c7397cdf366.png
60 miles





EPUB/assets/CNX_BMath_Figure_09_03_026_img-1.jpg





EPUB/assets/a9f6939416713f2a2f8973c497d5fe89.png
78 % 10 %





EPUB/assets/7b501d1cd0ad1ffebb8bd654d80a52cc.png





EPUB/assets/f1d8f48a2d9f7bcd0a4e34114d303930.png





EPUB/assets/fe2fdb070b20850905218347fd7dae70.png
350 -

1kL

1,000 ¥






EPUB/assets/749be0269010db80189de00c17750b5d.png
$28, 675





EPUB/assets/b4cf41e2007a73324a8f7b14cd745600.png
55.5





EPUB/assets/104c3a7f33cce1388e71d8c7306f92b7.png
a+b+ec
156 = s + 60 + s






EPUB/assets/2d661d93cf616f7cfe17cff16ecfce4a.png
0.04





EPUB/assets/153e1a5c5ab31363aa0c8a8011d330a4.png





EPUB/assets/670fdc5e22084fc7ad309416e9077898.png
Fornula does not parse





EPUB/assets/748aa8addf8659c8db344d89f4474955.png





EPUB/assets/1eee1ab12180c501fadc1fd9dd5d75c1.png





EPUB/assets/4213515cb7dc565d49cceb27438b2cad.png
Y





EPUB/assets/bfa039c59099adfc1cfa7c021a5f7b54.png
o e =

=3z +2

2 31 +

2





EPUB/assets/fa87c260c3a1b5762607bc6ca9944f85.png





EPUB/assets/29b76540839578bd3078dfcac33506b1.png
8 +b = 40,000
0.085 + 0.03b = 0.071(40, 000)





EPUB/assets/b329d6269fcf391df9d798e078a2eb95.png
rgb|1.0,0.0,0.04(r + 12)





EPUB/assets/d8fb0665c03bf5dc10ba651e6c93714c.png
(z —3)(2z + 1)





EPUB/assets/1d8c8397deb5194999c7626cf84c87a5.png





EPUB/assets/d1e7c8ff842fc33468a0f6d924cbf4b0.png





EPUB/assets/159f1f26576204159a41b65b3dfeb716.png
Fornula does not parse





EPUB/assets/f24db914a17cf526124b680a6567c19b.png





EPUB/assets/2815b69f01f992b1941b4e3b7ef502dc.png
(z* — 2* + 5z — 2)





EPUB/assets/aeecf3d610fe925f79612df865e8f955.png
410





EPUB/assets/4c25da98be9d2ea5574474214ff038ac.png





EPUB/assets/2e5b898f00bc40f36bc221ba71086e18.png





EPUB/assets/1c1cd1937cdc01119278f76b56da9330.png





EPUB/assets/102bc312ff34e7ea3f641356d8598318.png
ms





EPUB/assets/26a8007dbcb1ce1c20318b1e88ec5bb6.png





EPUB/assets/8b751fac76a0c27e6338899eee4a749b.png
2+ 5






EPUB/assets/95e09c6d12ec8716bb3d209f9a52b9f8.png
1411
B
To isolate the z term, subtract % from both sides. %z + %wb]l 0,0.0,0.0-rgb[1.0,0.0, n,u% %rgb 1.0,0.0,0.0-rgb]1.0,0.0, u,o%
" X 111
Simplify the left side. =17
Change the constants to equivalent fractions with the LCD. ; ; - %
1 1
Subtract. 5 H
" X . 1 8 s/ 1
Multiply both sides by the reciprocal of 7gl10,00,007 - o = 1gh]10,00,007 (-

Simplify. 2






EPUB/assets/7f1fd485e3c782c9a42e78b8408162e8.png





EPUB/assets/2945dfe3ce17c1332eea3a35ca538d8b.png





EPUB/assets/80e827a86b1fc2d3742256b8951fe505.png





EPUB/assets/843bf33d87394dd2c1e5f9afa739f7d2.png
A





EPUB/assets/6a4e5ae5212917fa663e6d4795c2f650.png
8.8%





EPUB/assets/61f3e19eed1feff6442c13c3ba93f1c2.png





EPUB/assets/fb65f2b42c0e8b0d855b86b47ba24327.png
)(2:5)
10.625 sq. ft






EPUB/assets/86ab1c3e19a578b75b51cc68bfc47aed.png
SR





EPUB/assets/5e056b8e8d8d7433578389b4c749f203.png





EPUB/assets/3c567853fd703e77cedef28e56788b32.png
0.29,0.816





EPUB/assets/9fcb89b66d29e3f3702ab91b7a6b2743.png
b)a





EPUB/assets/9d86d05b1d9296566ac20cb13648fb8f.png
z + 11rgh|1.0,0.0,0.0—-rgb/1.0,0.0,0.01:

54rgh|1.0,0.0,0.0-rgbh|1.0,0.0,0.011





EPUB/assets/d6c59a87fb427a4ab46ecbb63a72a779.png
8(4x)





EPUB/assets/bafaf51ad44b4e5fb9f9dbfbf49a4e02.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_036_img_new.jpg





EPUB/assets/a57a3dd54efab55a11d97749d2d9fb44.png
—81





EPUB/assets/3e14cf505f5dc70e3b8dbc8c3a272f61.png
m





EPUB/assets/f52448dbb77c9f31829310cf08fa1272.png





EPUB/assets/d6016ac041c59ca8e0d859b5fe5ead51.png
- (12|





EPUB/assets/a48994365648006e08352f6966d28f49.png
1522





EPUB/assets/982be09e96bbdc98699803d36c2dfc26.png
8.5%





EPUB/assets/6.3.1.jpg
!





EPUB/assets/40731211dda0a6aebf52252174a8aa23.png
br — 4y = 20





EPUB/assets/53b116599997368413f9f48c07a9e41b.png
(0-21)

2 places





EPUB/assets/Fig-29-300x252-1.png
69°






EPUB/assets/6.3.5.jpg





EPUB/assets/6.3.8.jpg
12

10





EPUB/assets/6.3.9.jpg
10

2
Abie rectangle + Ared rectangle






EPUB/assets/870e3d825ac2bca4427142240e5df6a9.png





EPUB/assets/ea1cb24f3d48d87db7961e3bdd5715aa.png
Fornula does not parse





EPUB/assets/b368d65d47cf70dd347799592a3e4b96.png





EPUB/assets/e78b23bd14e850d49479c6800acbd186.png
m= =





EPUB/assets/a38edea124a36df0487c51e4bd17a138.png
—-33





EPUB/assets/f751ccdc90b988f930ad0a4a95c1f253.png





EPUB/assets/fa487048ee0902ab698eb62a9e1eeea3.png





EPUB/assets/21dd3fba48b487df34770b64fd9d2cc8.png
x-intercept y-intercept

Lety =0 Letz =0
y=5z y=5z

7gb]1.0,0.0,0.00 = 5z y=5-7g8]1.0,0.0,0.00
0=z y=0

(0,0) (0,0)





EPUB/assets/5cdf5ff9c3c350de79a457a9e6d8e5d4.png





EPUB/assets/808447fba64ed93f7d1beb23c2f443cc.png
(7% + 6z — 4)





EPUB/assets/6.4.1.jpg
% The top layer has 8 cubic units.
‘ The middle layer has & cubic units.
‘ The bottom layer has 8 cubic units.





EPUB/assets/6.4.2.png





EPUB/assets/9936526a144990367b7f343ef5bff7c6.png
.50





EPUB/assets/4e48143661c9ef308b5143ace9b3b9c9.png





EPUB/assets/2247f9a25c9322a9d5fc44870acdf166.png
(—2)(14)





EPUB/assets/4ec6da037e5a1c8ae2231ea5484d7a05.png
8y — 14y — 15





EPUB/assets/7d96b2052c522aa0d308c350204ba860.png
S A





EPUB/assets/0eeba2af4461b4d9091171d4cc3721f1.png
R7





EPUB/assets/af9da62e4eeed85a0a50d7fe5ccd7f78.png
a.0.9004 =

0.9004b = 8
b=288849

b.0.6691 = &
3

0.6691c = §
= 11.9563





EPUB/assets/1322930ff208ad193116342e89b24eae.png
2 + 10z + 25





EPUB/assets/43f61098b8323877de7d33105f2d074e.png
$28, 500





EPUB/assets/85df4b0d1839c32ca8f40d6beed78ac9.png
(4p + 3) — 12





EPUB/assets/CNX_ElemAlg_Figure_04_05_002_img_new.jpg





EPUB/assets/e94c1999ac583ffde5e74de5b8331355.png
8z — 11z + 1





EPUB/assets/5d317769f99ec8c9ae41cbd3f2c47b30.png





EPUB/assets/bc388f749b36a6f767338f3ef30c8371.png
25,000 = 10,000 + 25n
15,000 = 25n
600






EPUB/assets/0d61c6882225e6e20bd26cede7a6f7a9.png
tan(457)






EPUB/assets/4d03879759f03a6dadaefd6bf3d9c361.png
0.41





EPUB/assets/5c63f9bf44e57f7d584e35fc733ca30a.png
1kL = 1,000L





EPUB/assets/3a9d9edf9a278a0372105b996bdf0427.png
6 % 7T





EPUB/assets/663b46d284edf41970a624b8fd8d77f7.png
162 + 72z + 81





EPUB/assets/a844456def13a91c0e4693c439cf6f87.png





EPUB/assets/d0451e8534625a712e4520839d627d7d.png
—63c%d”
7el2d?





EPUB/assets/fce85f948edeedd405ad8af2be46193e.png
—9=-9
19| = ~|-9|





EPUB/assets/18c4043c8001ead0665994b2d9f208dd.png
8.03





EPUB/assets/f55352cff3528ff4d77cb160e4e0d697.png
31r





EPUB/assets/7e0c25142bdd0df7f6fde4f3d5337593.png
Isolate the variable.
Use the definition of the square root. Simplify.
Approximate to the nearest tenth.






EPUB/assets/e5cab90c5cecdffbd9cb1eec6fd53183.png
18 mph.





EPUB/assets/e54870adbd7150e7dea5d36c1e156ef5.png
a-(b-c)





EPUB/assets/34c0064187a3584e5a88fc335c24ca8c.png





EPUB/assets/80cecd9757e862c50f99e7030e691e83.png
24 hours
1 day





EPUB/assets/ef0eb3cf39cbbb34b0b99436c9acb93b.png





EPUB/assets/3.11.13.jpg
-1

6-5-432





EPUB/assets/3.11.14.jpg





EPUB/assets/3f6c5474385a557a0d185b99a32da5ba.png
429"

P
6y





EPUB/assets/a0d2215ceb8af87c9339c7e61db08b50.png





EPUB/assets/a3a12553816c3d7f7508bd80c1cfa7ff.png





EPUB/assets/0ea23c64c732fc553c2446b67834f5c8.png
(a,0)





EPUB/assets/1b91d91aa21c03f2a00ecc788f474d7c.png





EPUB/assets/4ec3d28d07907922b7689b769cb6c9c1.png
f(x) = mz +b

— —250z + 1000





EPUB/assets/c1f27b8577b0ebf3755d9f3aaed9c670.png





EPUB/assets/efaeab5857a01644108f7ea750c4b150.png





EPUB/assets/aebc89327d3dfe513e76b5d8e698aaaa.png





EPUB/assets/4bc2f1b126b46c51224d18d4f545cfd8.png
66 inches -

1 foot

12 inches





EPUB/assets/716734f87b1d31a0a06eea6cbb820854.png





EPUB/assets/22a04a777b0ce0770c35716d24c75821.png
1+4





EPUB/assets/adb31a15b0fda549a6ae1c62ce0868aa.png
80.9°





EPUB/assets/9b8f1bd91be405c2dd22e18e92d00713.png





EPUB/assets/cb04cc3fa171baf5158fce819967daa0.png





EPUB/assets/adebb8800bd3280c5f28f5bacc4347fa.png
13= =





EPUB/assets/b09a8b4f027288634f7236a182531daa.png
d = 0.35(140)
d—49





EPUB/assets/5e95a6b5456333e7401c88c0cc065aa2.png





EPUB/assets/6aa74113b3da9cb69da5c1559b9c5be6.png
2y _ 6
rgb|1.0,0.0,0.02  rgb|1.0, 0.






EPUB/assets/201920afe13d697234340f1bdcc443b2.png





EPUB/assets/6fb2865f68bd4fb00b6e9b849e5078a1.png





EPUB/assets/dcfa83e63181afbf4c0046e00d6803fe.png
(rgbl1.0,0.0,0.0z + rgb)0.0, 0.0,1.09)* (rgb|1.0,0.0, 0.0y — rgbl0.0,0.0,1.07)* (rgb]1.0,0.0,0.02z + rgb|0.0,0.0,1.03)*
(rgb]1.0,0.0,0.02 + rgb)0.0,0.0,1.09) (g 1.0,0.0,0.0z + rgb]0.0,0.0,1.09)  (rgb]1.0,0.0,0.0y — rgt|0.0,0.0,1.07)(rgt[1.0,0.0,0.0y — rgb]0.0,0.0,1.07)  (rgb]1.0,0.0,0.02z + rgb]0.0, 0.0, 1.03)(rgb]1.0,0.0,0.02z + rb]0.0,0.0,1.03)
gb]1.0,0.0,0.02 + 9z + 9z + rgb]0.0,0.0, 1.081 7gb[1.0,0.0,0.04 — 7y — Ty + rgt]0.0,0.0,1.049 gb[1.0,0.0,0.042 + 6z + 62 + rgb]0.0,0.0,1.09

rgb]1.0,0.0,0.022 + 182 + rgb]0.0, 0.0, 1.081 +gb]1.0,0.0,0.04% — 14y + rgb]0.0, 0.0, 1.049 gb|1.e

0.0,0.0422 + 12z + rgb]0.0,0.0,1.09





EPUB/assets/e6f2e973ca80783d5221420106250c23.png
|—44|





EPUB/assets/1f61477580b2395b2cec330faccdeb1f.png
74b]1.0,0.0,0.06 + f = 21,540
7gb]1.0,0.0,0.012rgb]1.0,0.0,0.0,rgb]1.0,0.0,0.0870 + f = 21,540
8,670






EPUB/assets/aa6d408887dbff57f1cdd030f1f88d2c.png
~7 — (—4)





EPUB/assets/cc25082535049fa0817d2462cc77f329.png





EPUB/assets/e206b7f65805241439f6472bf26457e1.png





EPUB/assets/abb10df2810922f7b5d81319c82ce23c.png
17.05 = 0.55 x (31)
17.05 = 17.05¢





EPUB/assets/c97a1612c860c31d7974f6dda141bfa4.png





EPUB/assets/fafeeef61e763aba984ef4b3c1de374e.png
64, 891





EPUB/assets/44440b3bca08bad005e481e84e1c42fb.png
(6,2)





EPUB/assets/bf5b7bcf5e7186122d526ea66aa84e5d.png
{

Br+2y=9
y=-3z+1





EPUB/assets/32e143a5a2405768b8af0f067fc89991.png
Vo= %(3.14)14‘
V o~ 11,488.21





EPUB/assets/1b5684de82fbeaad799dcf7e2f09e70a.png
110° + £7 = 180"
£7=180° - 110°
L1=10°






EPUB/assets/6c39a6df07c26dcf4c03011f9bf625bd.png





EPUB/assets/d4d8e0d5be7a9e11d8fb120d2ff4f52c.png





EPUB/assets/ba31f8474fc1bdf627c2a9a76cbeb3aa.png





EPUB/assets/d6a44cbfc9717e6719070ec9d070e052.png
0.50





EPUB/assets/f6cf2cd38a7335a1240bb618151447fd.png





EPUB/assets/1915e06ee98aa8fcedb506824525c6c8.png





EPUB/assets/438a6deab70b415c3c50a3ea072803a9.png





EPUB/assets/929aa5c6cac4aa8eed1f7f8a37e196eb.png
L

gl





EPUB/assets/ccb6286982f225ffb0afb35df386b248.png
(1,-1)





EPUB/assets/0cd8f9dcfa5148242ba41fa76cb41f61.png





EPUB/assets/6.1.3.jpg
180°





EPUB/assets/ffdf25d1a4ac67c938f1536a5f02d56e.png
—2y x 4" + (-2y) x 3y — (-2y) x 5
Simplify. — 8y* — 62 + 10y





EPUB/assets/a6dd937a31f08086436b6225d98f22e4.png
— |ul





EPUB/assets/d1f6bf2ba5d9d57ec1aa2d0943993d3f.png





EPUB/assets/5a4c15c9d72e72b737a75cd0d1e115f0.png





EPUB/assets/1.6Exercise1.jpg





EPUB/assets/3274aecc053382ca5d45f4ccedac52e6.png





EPUB/assets/0b6762c53f8310bda9bfe202b2a2fc18.png





EPUB/assets/20b706953c6374d487ae8bfc58bcfc30.png
Jz—4y






EPUB/assets/75e8c9ed984f9af0e3d53719d89680a8.png





EPUB/assets/e45d8c9a648ecd5daa1275eca3c4b1bc.png





EPUB/assets/1b0c44dee8d78ba2247ae4cb42d10d8c.png





EPUB/assets/cf6cbc5aee47f5c1a831a9e78622a4de.png
(w—3)(w+ 3)





EPUB/assets/CNX_BMath_Figure_09_04_004-1.jpg
1 cubic centimeter
1cm (1 cu.cmor 1.cm?)

1cm

1cm

1 cubic inch
(1 cu.in.or 1in?)
1inch

Tinch

1inch





EPUB/assets/bfe5b383928239248098ba5e190f1083.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_006_img_new.jpg





EPUB/assets/d0a86e470f9e3266c917e5caadaf6262.png
Azt + 20 + 822 — 9z + 1





EPUB/assets/0bd598966fe08c67315b4d4e597731f6.png
n+n+1=47





EPUB/assets/01c7d6ec025b45341874624a0524d94a.png





EPUB/assets/973cb99f13d750e9c7716944bba0a012.png





EPUB/assets/c9c9ca15780af9913baf153919b055fb.png
4z — 3y
3z + 5y

10





EPUB/assets/dbb315533d8d060379264111dd779708.png
Subtract 7 from each side and simpl n+7=15
Divide each side by 2 and simplify. m=8
4






EPUB/assets/CNX_BMath_Figure_09_06_049_img-01-1.png





EPUB/assets/a7bff53364f20a44a0c390cafec57572.png





EPUB/assets/64fa08cfc2e2bd6c1878b82da4262cf6.png
(~7,4)





EPUB/assets/04dcd2a78f6440d7a9a91124a553947b.png
br—2y






EPUB/assets/c51b0e965ec6d3a6855da093c3997c4f.png
(5,0)





EPUB/assets/8dfc8a712c890ddf10e3081202e99441.png
3x8

T <8






EPUB/assets/fd4ac4ee34cb667eb6b3c0755de905b3.png
1.2 %10 %





EPUB/assets/93e1f909e3914ae35566a3e881d37112.png





EPUB/assets/834d92054b704ff9d2bc542aa1969e1c.png
7

294





EPUB/assets/a3beff22bbe7e015bf9162e457a3f7a3.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_006_img_new.jpg
(8a° +27) + (2a +3)
4d'- 6a+9

2a+3) 8a° + 00 + 0a + 27

~(80° + 120°) ~—4ai2a +3)
~12¢°+ 00
—(120°-18a)  <—6a(2a+3)

18a +27
—(18a+27) =— 9(2a+3)

0





EPUB/assets/20d7149329bd1679fbec8368dc8aa855.png
150%





EPUB/assets/4.4.64.jpg
wind Shours

j+w
1,095 miles

987 miles





EPUB/assets/6934c427cb056ea620ca121ff6193292.png
—-35





EPUB/assets/79dc3520c25d5d1a8b625ea2b1f23b0f.png





EPUB/assets/0aebc802354ff241ba47ad8126aea159.png





EPUB/assets/6efd0f23fd5f5e54efa2f65af03eed82.png
$29, 550





EPUB/assets/3bfaa090a0cf68b910b24983f986a3a2.png





EPUB/assets/4f2fb6812de25873d04a3845fde31082.png
14z7y"

gty





EPUB/assets/63a4498b49b544a0067f610e3a45f9b0.png
(-4,3)

@ =rghl0.0,0.0,1.0 — 4,y

z+dy

7gb]0.0,0.0,1.0 — 4 + 4 - 7gb[1.0,0.0,0.03 - 8

—4+122
8

-9b/1.0,0.0,0.03






EPUB/assets/4e2016fa8c9ac3a1b80b13079a7ccb66.png





EPUB/assets/a76333c16f2c3a1d09d5fcf766a25adc.png





EPUB/assets/e2eed6d632da8e286be1b3a832d8e1c2.png





EPUB/assets/1e2d17f5ad9334b48c81a8509dd45bf4.png
8(1 — 3x) + 15(2x + 7)

(z + 50) +4(z +3) + 1





EPUB/assets/f0db991e8cd856ca6c820c2d734a8093.png
3z +y






EPUB/assets/f9fa8fbe5921ef242534c89c32b5edc0.png
Fornula does not parse





EPUB/assets/151ad9fbebf363383de735414dfb30a0.png





EPUB/assets/eb7d58a9777dbb124396d7c8bcb75793-1.jpg
]
e d
4

lillllll i'lllilllllll
0.0 0.5 1.0 15 2.0






EPUB/assets/cca5434840a39d9da033c85f1d1e6a8f.png
Truck going West 70 mph(2.5 hours
Truck going Bast 60 mph(2.5 hour)

175 miles
150 miles
325 miles






EPUB/assets/640b1035985717256629ddd347f02587.png
0.05(20, 000 — x)





EPUB/assets/6741746ba27a8a22b8b9777e7b3383b1.png
(1) +9(=3)
—5(3) —






EPUB/assets/de80cc40d80e6c90f69fd89bc96288ec.png
"9b]1.0,0.0,0.0—-rgb]1.

{'rgb\l.ﬂ.o.ﬂ,o.ﬂfwgb]l.o, 0.0,0.00rgb]1.0,0.0,0.0.rgb]1.0,0.0,0.05(z + y) .00rgb|1.0, 0.0, 0.0.rgb]1.0, 0.0, 0.05(200)

0.252 + 0.50y = 0.40(200)






EPUB/assets/3b435744e919170ca9f14dd79a92b856.png





EPUB/assets/84cc36f795b59e9e87117e85a9d960cd.png
21 + (—13)





EPUB/assets/e9e19d8674de5322d64320146109b209.png





EPUB/assets/5d413a5b541b1c5ea4e27f25c80e98d3.png
Byears





EPUB/assets/1b8ef1b31a27065c09de2f39b93ced3e.png
rgb]1.0,0.0,0.08 (a + %a

rgb]lﬂ,ﬂﬂ,ﬂﬂs(






EPUB/assets/ad9139614efeb053de01743670251ec1.png





EPUB/assets/ff9898ff3509086b35ec260e36bce2f5.png
+r+r+rxt+rt+rt+xtx





EPUB/assets/3.11.1.jpg
6-5-43-2-1






EPUB/assets/4.4.41.jpg
Denver St. Louis
65 mph Joni

78 mph Kelly (% hour later)






EPUB/assets/1143144a6643586dc2caa828cd0272f3.png





EPUB/assets/3.11.2.jpg
123456





EPUB/assets/9051c0df914b7341721b856ae0c95e7c.png
81





EPUB/assets/3.11.3.jpg
6-5-43-2-1





EPUB/assets/f883599c5a1b45d373bf2c13bb0fe0a5.png





EPUB/assets/3a1b17ef55b9be29b8ee6979d711b257.png
— 35y

M





EPUB/assets/3.11.7.jpg





EPUB/assets/3.11.8.jpg





EPUB/assets/3.11.9.jpg





EPUB/assets/b483edab2ade00a3e29ae8529676a697.png
1z





EPUB/assets/7c0331b4c276175a98a2b73de06b782f.png
4 % 10°





EPUB/assets/ce3a38562d53f3c961a1a7365aa97fd8.png





EPUB/assets/281c838f7b80c77ac4239c220e051857.png
four

43





EPUB/assets/CNX_ElemAlg_Figure_05_03_006e_img_new.jpg





EPUB/assets/180accb56747f14706dbc90126e795ab.png





EPUB/assets/f9dae22308d4d6de0c6b500eb9f2fa58.png
62°





EPUB/assets/de06383f8fcb39aaa43d08ab3ee09a67.png





EPUB/assets/764bc79f144caebab305dd5d6237c833.png





EPUB/assets/4.4.54.jpg
c—_— -
4 hours
e

—-—
\5 hours )

60 miles





EPUB/assets/d39afa1014dd3f9bac7289ef97c3c800.png
3rgb|1.0,0.0,0.0z — rgb|0.0,0.0, 1.0y

3(rghl1.0,00,0.02) — (rgh}0.0,0.0,1.0-rgh}0.0,0.0,1.01)
7

rgh[1.0,0.0,0.02 — 2rgbl0.0,0.0,1.0y

rgb[1.0,0.0,0.02  2(rgbl0.0,0.0,1.0-7gbj0.0,0.0,1.01)
4






EPUB/assets/66c39ddb57f0bf3543cb38957f653d44.png
(' —2® + 52— 2) + (z + 2)





EPUB/assets/e97cf4e420973112eb3b9a00fd00097b.png





EPUB/assets/eb259fa5d03278af7edcb57889d1a603.png





EPUB/assets/8a7c142ae3a953d58658a44bfdbdd8f0.png
23p





EPUB/assets/6406f39f94ece31bf34cd7f678bdcf00.png
rgb|0.1,0.1,0.118rgb/0.1, 0.1, 0.1p""* 02 765]0.1,0.1, 0.1 112 1gbj0.1,0.1,0.1-7gbJ0.1,0.1,0.1 rgbj0.1,0.1,0.133pg rgb|1.0,0.0,0.0+7gb|1.0,0.0,0.0 rgb|1.0,0.0,0.0 30pg  +
F o ob0.1,0.10.11






EPUB/assets/a6888a914bf92cb3f0c1e7890de82759.png
I
[3)

g





EPUB/assets/c55d3121accd184333ee1effe783be25.png
31°





EPUB/assets/5624a3ee10fe7139803b4b4618f6509c.png
— 16 x 4+ 250
Simplify. — 64+ 250
86






EPUB/assets/d30e715f23c084fbd786a917ed6d2f2c.png
32x





EPUB/assets/CNX_BMath_Figure_09_03_020-1.jpg
12

16

20






EPUB/assets/ac4fc00e1b30caa57f157c57d735476d.png
15y — 15y — 30
0 - 30
0






EPUB/assets/6ef6a61ce03b226586e72e911a3c2ea4.png
_ 180mg 10dL =~ 1lg

L 1L 1000mg
180 x 10g

Ttimes 10001

8g/L





EPUB/assets/4.4.26.jpg
!

x+y=180
y=G.

X+y=180





EPUB/assets/06deb70c2fe2af6a4e0e9a0b85c9dc17.png





EPUB/assets/8f1c0de05e7278a0f1a6455d4cb88052.png
1
(3)°





EPUB/assets/4e116770f9fd07e12bd91851a5ef5d79.png
2





EPUB/assets/8a38061f69fb46c22b274891abcd11e7.png
—5y* + 3y





EPUB/assets/167240e0e6b51ca4b79ebfc4f1516f80.png





EPUB/assets/7d8db66aaa88772e3773642b056ba610.png
Sy

7gb]1.0,0.0,0.05

y

13 — 6z
gb[1.0,0.0,0.05
13- 6z

3






EPUB/assets/CNX_BMath_Figure_09_04_072.img-01-1.png
W+ 15
P=150ft






EPUB/assets/a6ddb9566dfdf2c8da19631234d0269b.png





EPUB/assets/2362374e09f605f187ad81e3b53799c0.png
51





EPUB/assets/f39ca2675d959693a78df604ce16fd86.png





EPUB/assets/ded7af281c06cc0c3759263211e1fac9.png
(7¢2 = 5¢+3) — (¢ —4c+T)





EPUB/assets/b97f4eca6c5b4d776aa659c41148fb02.png
z + 90 + 28 = 180
z + 118 = 180
2 = 62






EPUB/assets/15a73684918798ef8a3d308963e5ae40.png





EPUB/assets/51917d67a63614cf52045bca4561b73e.png





EPUB/assets/4.4.33.jpg





EPUB/assets/cbda6b75bbc1c58282e59ab33de3fd12.png





EPUB/assets/b07233bae777aaff2407a0aba8aabf05.png





EPUB/assets/26364872c8366e5db60665edc2fa0f98.png
/4





EPUB/assets/9be2c7bfdd8d42672f8bd791bcd01a54.png
( 79b/1.0,0.0,0.0argb]1.0,0.0,0.0 rgb1.0.0.0.0.0-rgh1.0.0.0,0.0 rgh1.0.0.0,0.06 7gh]1.0,0.0,0.0argh|1.0.0.0.00 rgh|1.0.0.0.0.0+rgb|1.00.0,00 rgb|1.0,0.0,0.0
ed — 8 ed + 8





EPUB/assets/bba744115a049dbc468a1e1934e32f2b.png





EPUB/assets/3.10.7.jpg





EPUB/assets/3.10.8.jpg





EPUB/assets/6fc09e9bb304e934b1b63d9691d0b63c.png





EPUB/assets/c40f3a0d7df46a4e1e903f845deb1ab9.png





EPUB/assets/c7771b93f6447bb737c5ef4035dce377.png





EPUB/assets/6271f8793fb74fe2c0907bdf623c37ca.png





EPUB/assets/8f78d3214eba3480790decd0fd0b6511.png





EPUB/assets/0f113474fbc1f2b1d68dfca5ef13d153.png
522 — 8z + 4





EPUB/assets/6977fc20fcd6d8e4ec5d303ed61615de.png





EPUB/assets/84f09d60e8a3f9ad48e23e7145175201.png





EPUB/assets/cc0a3a8d15c76fcefa39b9cb13d81113.png
11a -+ 8c = 1302
3a=126

{78a+8c: ~1176





EPUB/assets/28baed49fc70fd3d26af4974aad2627c.png
2%






EPUB/assets/ad5fc77d113d5a800e6c659ba42c1a6b.png
max + b





EPUB/assets/fff2ba33e9b5f93d6d608bc367a5f743.png





EPUB/assets/f5e41cb693df74e23b44ee348f444d2b.png
(2a + 3)(4a® — 6a + 9)





EPUB/assets/fa969609466a73916b0503e551b85817.png





EPUB/assets/a52bd72c37d6ab0a56a8000fefb7dccd.png





EPUB/assets/09237c69f3020791976c30cb07f2d437.png





EPUB/assets/359fd72e0a1957d54cc0c54bab772800.png
7argb|1.0,0.0,0.0—rgb]1.0,0.0,0.07rgb|1.0,0.0,0.0a — 3 = 13argb|1.0,0.0,0.0—rgb|1.0,0.0,0.07rgb|1.0,0.0,0.0a + 7
Combine like terms. —3—6a+T





EPUB/assets/b6f4287356997f0fe4cae1556ec6052a.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_003b_img_new.jpg
3
25) 875





EPUB/assets/c6ca2036ba4a0ea817437409075fbe38.png
P =2L +2W
150 = 2(W +15) + 2W





EPUB/assets/786452907fd5e29458f063a1f524f5ff.png





EPUB/assets/eab456b80bd59ce18edc76b1abdacff1.png





EPUB/assets/fccbe0e3abcd3940f58319b2c8f4e317.png
(8a *)?





EPUB/assets/e6c3069693c7b2c62ead76f465ed1f8e.png
0b* — 11k





EPUB/assets/ba5bc49b5014a5bd1f6e8d579252ec5d.png
6 2





EPUB/assets/775c0606774a2c8162ae7a87218fff8e.png





EPUB/assets/5f2d494239e0520744e644647505e347.png
180°





EPUB/assets/81d27b5b8eac2923058b1faa232ad242.png
rgh|1.0,0.0,0.0Hundreds place: 103,

rgb|1.0, 0.0, 0.09)

&






EPUB/assets/1ba11f782ada5484bb32c5310d623dac.png
(3y — 1)(2y — 6)





EPUB/assets/1be487cbc256e5c6eec7e711c23d07e8.png
The discount of $17.05 is what percent of $317
e QSCoM o1 ¥ P8 At pereemlt X2





EPUB/assets/57a2c7c0671a16b4fb4096dbec7722df.png





EPUB/assets/a6c4a008e1ffc471da86785a2511d299.png





EPUB/assets/6d19ba2c1719f7cf5ef7c070b6d00bf5.png
6, 400 pounds





EPUB/assets/87e6671cf24ae13629edbea4563e3c37.png





EPUB/assets/f5da192881ae2115f8b7edd8bc47c44e.png
$560





EPUB/assets/1120362f3130b1a89807123f2b7586ef.png
max + b






EPUB/assets/7b06cfd8157797f6b09785589448d5d1.png
Tz +6=06c+2
(rgb|1.0,0.0,0.0-rgb[1.0,0.0,0.03) + 5 = 6 (rgb]1.0,0.0,0.0-7gb|1.0,0.0,0.03) + 2
—21+5=-18+2
16 = —16v






EPUB/assets/cc875eb732c818a830406d06d1aa013c.png





EPUB/assets/59e13722a54e59b9c659ec9d656aaac7.png





EPUB/assets/0b6cd80581264c5de9b91abf8e62b7e7.png





EPUB/assets/4e54a165ed1bd849d6636722d86f7dae.png
480p = 240
Divide by 480 p=05
Put in percent form »=50%





EPUB/assets/932ec8af9e5028d486cc4367b06e8bed.png
1m

555nm. x = 0.000000555m

10°nm.





EPUB/assets/e3f3bff6f00fab04ae2fa9586705bd8a.png





EPUB/assets/f1174e8d9f4952c7c7e51d1bcff88caa.png
(1,3)





EPUB/assets/32aab406c1773fe5546a7437fdf03641.png
rgb|1.0,0.0,0.0y = 7gbjl,0,ﬂv0,ﬂv0%rgbjlvﬂ, .0,0.02
5z — 2rgb|1.0,0.0,0.0y = 10






EPUB/assets/e58744ef4d1ca1d2a95ba561a3808fa7.png
3(rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.04) — 2;






EPUB/assets/b8ec1308378f95b1b17f255b88204c77.png
3z
— 9z





EPUB/assets/24f8ace1158e44390cb05b72c3f2f672.png





EPUB/assets/8b09d1e847306b5cce5f3c8395239506.png
126





EPUB/assets/84ec7abb301a171db39efa1b08914c2f.png
(-3,7)





EPUB/assets/d4cf1ec6a88fbc3b4289cc35778b0a73.png





EPUB/assets/e79be2fd033156466e639023912ea3d5.png





EPUB/assets/0fda9e07fde2e587c5ca07ef323ed5da.png
¥ = 79]0.0,0.0,1.0y,50,000,1.01
y—g1]0.0,0.0,1.02

Simplify. y-2
y-2

v

"gb]1.0,0.0,0.0m(z — 7b]0.0,0.0, 1.0z, 416, ,0.0,1.01)

-gb]1.0,0.0,0.00(z — (rg8|0.0,0.0,1.0~rgb]0.0,0.0,1.01))
z+1)






EPUB/assets/aed4828733380c97d071e1b0ee17ee86.png
10





EPUB/assets/06cce62c1fd2acc4da0cb0a89b443a55.png
b+#0,c# 0andd # 0





EPUB/assets/c45131be3209be6d779a8527f973f60e.png
12z — 9y = 30
—12¢ + 20y = 28





EPUB/assets/be0519df5ba5ad0c52a5ae398714e606.png





EPUB/assets/00f7ddedbadffc677eb5d256323700d9.png
Py





EPUB/assets/54cfab2d6abc0b52ae9711e523774747.png
~(-10)_

10|





EPUB/assets/c7795551a970b7c094ee58d217c43f87.png
$2.00





EPUB/assets/60a017ff8bd60bc42393391522cce41c.png





EPUB/assets/f40f1f3d46ee913aa0ddd62a02f325cb.png
10z* + 5z — 20





EPUB/assets/18b2652fe7cc1945f6592d8b03c0760d.png
5z + 2y =12
dy— 10z = 24





EPUB/assets/381e259b7c994211d2a404fc6bac8906.png
6z — 2y

—ay
,zy
=






EPUB/assets/8875d0a8573f4b1b9c530602e9a42bed.png





EPUB/assets/4ee19b2e99b44a75c04e7bcf485c0934.png





EPUB/assets/99b3bed0b779ba256608e9bea9a0243b.png





EPUB/assets/1c04c2e0bc7a30ffa34ef5d2d8dd01e3.png
1

H

10
10

20





EPUB/assets/f195db4492430776fd6fe55c4b954421.png
—5rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.01 = 2 + 1rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.01
Simplify. -6






EPUB/assets/5acd2c868133c2b6955993b44d981c70.png
3n® —9n®
rgbl0.0,0.0,1.03 2

7gb]1.0,0.0,0.03





EPUB/assets/505ce2a099e1443e5fb9146e9b6c04dc.png
10e + 20¢c = 278





EPUB/assets/76e019dc667e9fe3dc049f287e6f2078.png





EPUB/assets/c807d47f6e42bcbd233ea3894f8cb8b1.png





EPUB/assets/233cdbb850a59e4269e138d557dd2884.png
R.75





EPUB/assets/d9d93cf5283980d64e538ee2d1402c94.png





EPUB/assets/506709ee22d54b9b097f2b9faf5af353.png
—6z + 15y
22— 5y






EPUB/assets/5c7264b267b69e778f9d53dd5d9d8ee6.png
To isolate the "y” term, add 2.y — 2rgb]1.0,0.0,0.0+rgb]1.0,0.0,0.02 = 5rgb]1.0,0.0,0.0+rgb]1.0,0.0,0.02
Simplify. 7






EPUB/assets/CNX_ElemAlg_Figure_05_04_001c_img_new.jpg
Step 3. Name whatyouare  We will use two variables,  Let m= one number
looking for. Choose variables ~ m and n. n = second number
to represent those qua






EPUB/assets/e68a329132df93a2639d0e0511547a5b.png
r+1





EPUB/assets/f71970f922e50bc4e8cc2b1b5ada56da.png
$7,020





EPUB/assets/f88e64a4958a6a1bfb87ec1af0e75c12.png





EPUB/assets/5a2346fa54a9731ed061b67ffa304418.png
2+ (—5)





EPUB/assets/a32721ebaccae88a16c031b27f8a0410.png
0.35(140)





EPUB/assets/84b468785a11f7c63742f924af372a38.png
0.40(200)





EPUB/assets/e0124e285fd5a5dcb8a9178861f88f0b.png
Substitute s=13.5.  4(rgb|1.0,0.0,0.0s + c) = 60
4(rgh]1.0,0.0,0.013rgH[1.0,0.0,0.0.rgb]1.0,0.0,0.05 + c) = 60
Solve forc. 54+ dc = 60

4c=6
=15





EPUB/assets/ef6b5f63e0f25fa31e0b8416545e5820.png





EPUB/assets/c5f494a432fa3926eb131dbe4a54f977.png





EPUB/assets/f470dca8a76406a61ed4dfa57cce2e80.png
2,375mg





EPUB/assets/8f5c857d57dfb4ac9bd785e028668025.png





EPUB/assets/874a396169ef32dd4c2ca8c3b485ae64.png
z = rgb]0.0,0.0,1.00
Y= -3z + 2





EPUB/assets/cb1d7f51962c8c605db52d34d453cae3.png





EPUB/assets/d6d0a405c78987bda6e7fa39f4f6b235.png





EPUB/assets/97d66376fd4a0f7dcdf9eb1f3330c32c.png





EPUB/assets/858ab92901403bf2ebebe1bdbe8a7d01.png





EPUB/assets/7740b51641bf9d0da6528afc7000a8df.png





EPUB/assets/bad483532c03e83a05d7abb744a6620b.png
(4,0)





EPUB/assets/ae486df38c3e02a7f5670621e57fda06.png





EPUB/assets/24d995b9a87474312a529e3450f57de3.png





EPUB/assets/Screen-Shot-2022-06-03-at-12.28.13-PM-300x58.png
aient

avir ]G
it





EPUB/assets/042407aec1ccfa458f6d072b72fbcab7.png
20 - (—12)





EPUB/assets/a9d9d29699dbdde3022bd6282c1cfacd.png
m

-4
-1





EPUB/assets/682cc67f269da6e54c1c3686835333ad.png
(z +4)(22° — 3z + 5)





EPUB/assets/249401ccce6437beca806e88e6082da4.png
(1,-5)





EPUB/assets/538177f96405b8b498cfedd717acdab3.png
rz - I
<2 2
0000102000010 roH0.00.0,1 0factors rH00.00.1.037580.0.00,1.0 rgH0.0.0.,1.0/7g50.0,00,1.0argh 00,00,1.0crgH0.0.0.0,1 0trh0.00.0, 1 0erghl0.0,00,1.0rr0.00.0.1.0s

705/0.0,0.0,1.057gb]0.0,0.0,1.0 rg5]0.0,0.0,1.Ofators





EPUB/assets/7b7e8a46cc1c225311c7568ba8753faa.png
Oz + 3






EPUB/assets/36ebb2224ea5d11157f4fb762c56f65c.png
12 > (27 + 3)





EPUB/assets/a7b1b624d03ee6dc0780daf7af8f3b96.png





EPUB/assets/832dabf2cc2c45107d25dd826e65d352.png
(0,-4)





EPUB/assets/9083a1b46e518a1648d2084eaca94ee0.png





EPUB/assets/4fe2c7406a2bcb9c9ec4b02004eab5e6.png





EPUB/assets/5448b9955e81d4117a72743607a8fbb7.png
1
Equation 1: 2 + 3

1

3450) %6
3+3=6

6

3 2 11
Equation 2: 3o+ 3y = -

3 2 2 17
HOREIORES






EPUB/assets/310c03bf47986ade22d8efdc4f333ea6.png





EPUB/assets/CNX_BMath_Figure_09_04_053-1.jpg





EPUB/assets/9e51bc384ef4ab0d182a0e89b0cfd074.png





EPUB/assets/CNX_BMath_Figure_09_03_034_img-1.jpg
15

17






EPUB/assets/3.10.32.jpg





EPUB/assets/3.10.33.jpg





EPUB/assets/3.10.30.jpg





EPUB/assets/3.10.31.jpg





EPUB/assets/d95fed5520522cfa360d7b9adda0bb65.png
$1.50





EPUB/assets/CNX_ElemAlg_Figure_01_07_003a_new-e1669916010830-300x94.jpg
fourteen and twenty-four thousandths
fourteen and twenty-four thousandths

14.





EPUB/assets/4996c1c60bd22c105ef28fd45b6641de.png





EPUB/assets/2c6e08ae45cbc25ed6b60693ae9d1928.png





EPUB/assets/758fef2091a28114679353d9aee9e0ca.png
2x — 8





EPUB/assets/980c116d4821972356b6fcdcd648ef46.png





EPUB/assets/1814ff1708fcd8a5528871ee74a74a8e.png





EPUB/assets/2e726927ec6dc7a3c19d4029fbff78b0.png
& | o





EPUB/assets/c51e548fd5fc0568df4ff1db05fc9ca9.png
1 pound
16 ounces





EPUB/assets/b946c96365393f07c6d18a58111edce7.png
64.0°





EPUB/assets/bc3bd153ce5a60a3ef24dda6453c31f9.png
The difference of 12t and 11t is  —14
SRR
FrTern Rl 7t





EPUB/assets/884c94bd593d9bedeaa02a065ed7928d.png
p’ —p* — 10pg + ¢° + 2¢°





EPUB/assets/7348766bfe1135b0531038e0a1ce5727.png
«le

alo






EPUB/assets/daaaf3f611286626f650dd69f1c5dc5c.png
4(z —8) — (x + 3)





EPUB/assets/Pre-Health-Sciences-Mathematics_900x1200.png
PRE-HEALTH SCIENCES
MATHEMATICS 1

SAV SPILOTRO, MSc

SCFANSHAWE | OPEN ylg

FANSHAWE
First Edition





EPUB/assets/eeecd908d481fe7b8f0012938e0e50ba.png





EPUB/assets/3.10.43.jpg
123456





EPUB/assets/3.10.46.jpg
3-2-1

6-5-4






EPUB/assets/b0b41856315a31ff784fdc73021b3b2d.png
0.830 > 0.803





EPUB/assets/df6a7250c6a00ceb3af95b1282e080eb.png





EPUB/assets/3.10.40.jpg





EPUB/assets/feac73a3b2fe0d6d482ae3313f3fcd57.png





EPUB/assets/dcfd600f34f4fd0cb4fd781ae4bbf2c7.png





EPUB/assets/233abd4095630ccd46f667dd6a48733c.png





EPUB/assets/be7d50eafcac6c3076982688a3044de8.png





EPUB/assets/e94c8079a46bcdfc5fecbcd19d6cfa80.png
803





EPUB/assets/76958f4e8a146ab69264faaa8946c65c.png
(2b* — 5b + 8)





EPUB/assets/3.10.18.jpg





EPUB/assets/91bb1e5ffd86d272fb65c1328255b348.png





EPUB/assets/3.10.16.jpg





EPUB/assets/b068936885d6b615cab9e2b3f161d684.png
negative fifteen





EPUB/assets/3.10.12.jpg
123456789





EPUB/assets/6a439f5e4ca9ff95a011fa187f20bfe2.png
10 kilometers - 1,000 m
1 kilonmeter





EPUB/assets/7b6e3cf0a9a622e31bd8ce4bf806ecc9.png





EPUB/assets/e9a31a88a6f15da8bb57bf962d1595a3.png
gb]1.0,0.0,0.04 (7) = rgh]1.0,00,004 ()
Simplify. 5z 3






EPUB/assets/597d29b8b56d4a2a9c4e2914e6f80897.png
30 + 25¢





EPUB/assets/4db6b139f8cf29bad48e14116410f2f7.png





EPUB/assets/e4ffd0a60a866794dc6c5a4031da06a0.png





EPUB/assets/CNX_BMath_Figure_09_06_010_img-1.jpg
Volume: V=52






EPUB/assets/f6894ad2e8cdc6a78742c93f4040927f.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_003f_img_new.jpg
25)875

=75
125
=125





EPUB/assets/e88f66c16087daf1d48c562548a53174.png
distance travelled by westbound truck

“distance travelled by eastbound truck

0t

+ 60t





EPUB/assets/a0f970ec81c51632bbbbe9d072d9191e.png





EPUB/assets/e72ecbe164d6d9ae5ecabe7b56b9ddfb.png
Simplify

ml






EPUB/assets/6f25b6de31e41c1f916d615192c3c9d9.png
-1| b2





EPUB/assets/b3b7f12fcc31c78c6f3925ea2b1c2979.png





EPUB/assets/0732d6d1d3d39f1ab3c1fe37de2548f3.png





EPUB/assets/1e07f7ff4e172760c77437a662aa0c36.png
|—28|





EPUB/assets/3.10.29.jpg
RN

54321
-2

1,303

4

=5





EPUB/assets/13e331effeef8a77840937e6d461b7fa.png
.1 7gb]0.1,0.1,0.130pqrgb|0.1,0.1,0.1 rgb|1.0,0.0,0.0-gb|1.0,0.0,0.0 rgb|1.0,0.0,0.0 55  rgb|L.
T ~
r0101,01L

rgh|0.1,0.1,0.118rgb/0.1, 0.1, 0.1p""* 02 1gb]0.1,0.1, 0.1 112 1gbj0.1,0.1,0.1-7gbJ0.1,0.1,0.1 rgbl0.1,0.1,0.133pg rgb/0.1,0.1,0.1+rgb|0.1,0. 0.0 7gb]1.0,0.0,0.0
F o





EPUB/assets/82755b1aacb01acd436a219679a455e1.png
_ 79b]1.0,0.0,0.01
= pwinonnm 5

7gbj0.1,0.1,0.11

Simplify.






EPUB/assets/47155794b6e539377d9a4cd4920a47f2.png
8l

sle





EPUB/assets/3.10.26.jpg





EPUB/assets/CNX_ElemAlg_Figure_04_04_056_img_new.jpg





EPUB/assets/3.10.27.jpg
5-4-3-2-1

-2
<3
4
L5





EPUB/assets/3.10.28.jpg





EPUB/assets/dde95ffa424f70f9c9f54d5b3bc7aeb8.png





EPUB/assets/ebff07a60e666ec736fd9145c9503eef.png





EPUB/assets/3.10.21.jpg
12345678






EPUB/assets/422aba137ee70d16da8bff0d095a16b4.png
(—9)r 000002 grobiL 000,000
Simplify. 81d?





EPUB/assets/3.10.22.jpg





EPUB/assets/d3a9283403a85b5ab6d1f2a9f8e8d8df.png





EPUB/assets/3.10.20.jpg





EPUB/assets/1e65785fc2d33c95e6e8067f991c9dbe.png





EPUB/assets/fa229ed4bbe7ccc757be6f1220427b38.png





EPUB/assets/3c9f1e3b345f9e36acad14959f508f3d.png
h+#10






EPUB/assets/b6cb7a79a8934d76a408ddab888c5f8d.png





EPUB/assets/e268a5fbe383594b3c49807a0b837d2d.png
148





EPUB/assets/3dbcd643ad6d67e178e1ca63561a8376.png
The sale price is  the $140 minus the $49 discount
< Ryt






EPUB/assets/161e2a2c09324c9224a28db9b9f3f6d7.png
(1,-2)





EPUB/assets/181f6ae386f638a4a8149018b9d7a2a7.png
Tx?





EPUB/assets/18d9ef819d0ecccd749768f8d567e2e9.png
(4.5)(2.38)





EPUB/assets/4b98df5211497ccd0f5e268cb81e48ea.png





EPUB/assets/e0ec67d129ac783c474e60b36bcc9ecc.png
14





EPUB/assets/110b29d3ef55eafe7700a7ea22156e8e.png
6, 200





EPUB/assets/5.4.8.jpg
difference

(a-b)a +b)=a'-b* (@-bla+b=a L b
— N/
conjugates  squares





EPUB/assets/7beb657e7ddc20dc3f1de15066a79df3.png
$37





EPUB/assets/769e522bc35f1d22d90c0bc9eb5a5e22.png





EPUB/assets/ea8f979d0a0cade57ceba47c29e36ace.png
3ab®





EPUB/assets/dea2763bcac08731f55bc61dc44a8ce2.png
182° — 362*
s





EPUB/assets/f5db04859aa18f4c8502429309896cd3.png
y — 3rgb]1.0,0.0,0.0+rgb]1.0,0.0,0.03 = —4rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.03
Add. y=-1





EPUB/assets/352a55387d9a8437b46581e413e233f5.png
4.075
x 3.9





EPUB/assets/b6dcb3d5b11d0287d0de34b21a40599f.png





EPUB/assets/d6c6c999415e86b165057d276fb98745.png
2r + 3y

i





EPUB/assets/8418362819e9bf7964f0adf4a05831bb.png





EPUB/assets/5c4fb750951aecf0275b40ec48ed943e.png
sin(X)






EPUB/assets/2beedabd15bed181296693c2badf90ba.png





EPUB/assets/5aa24bfe0a452af3254320cc8805c8f7.png
(a+4)p





EPUB/assets/CNX_ElemAlg_Figure_04_05_033f_img_new-e1669661525157-286x300.jpg





EPUB/assets/36dbf014a2f4e586bfc1430cffc66e2f.png
10n — 4rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.04 = 6rgb|1.0,0.0,0.0+rgb]1.0,0.0,0.04
Simplify 10n = 10






EPUB/assets/d8c9f3b20242470c10cb72e77c144107.png





EPUB/assets/df93b303c33948e4c81b47cf2e9587c4.png
%zrgb]l 0,0.0,0.0-rgb]1.0,0.0,0. ﬂ%'rgb]l.ﬂ,o.ﬂ,o.ﬂz +6= %rrgb]l.ﬂ,ﬂ.ﬂ,ﬂ.ﬂfrgb]l 0,0.0,0. ﬂ%rgb]l 0,0.0,0.02 — 2

Combine like terms. T+6=-2





EPUB/assets/0bb4747b3b17d4aa1b1e6a45769fa4e6.png





EPUB/assets/603872db18cd4e1201f95df5a4ea968b.png
222 412z — 2





EPUB/assets/27d177a02e1f5baadd7ac455aba12c6f.png





EPUB/assets/0128a9904df1eef83cedd2bdfb58073e.png





EPUB/assets/a2642c5fbe2888c2a237355ea590e701.png
$170





EPUB/assets/ad8d82a2e08cccf730bf4806714df133.png
$0.25





EPUB/assets/b6167dab7b1805083c74fa81fa5aa228.png
2x — Hy





EPUB/assets/ccb3a5ecc6cbc140e6bb91f08382ab66.png





EPUB/assets/dc6f32f62d5e5f0ffe13a76c7508320a.png





EPUB/assets/c8ee476024259df7bd3a39842591a6b4.png
22.5





EPUB/assets/3.10.54.jpg
= C
5 1015 20 25 30 35 40 45 50






EPUB/assets/e16fd8133ace97979518c0badfd43736.png
$120





EPUB/assets/b5e1093095944a95ef15ca55cbf0a329.png





EPUB/assets/3.10.57.jpg
23456780910





EPUB/assets/3.10.50.jpg





EPUB/assets/4a2da9e93db08b2793f5376dff019469.png





EPUB/assets/a5fe6ba58733ed769f84661af868b6f1.png





EPUB/assets/36c697637bef3fa34b725cb1ece2224f.png
ip + 25
€ =4(15) + 25
Simplify. €= 60+25
C =85






EPUB/assets/CNX_ElemAlg_Figure_04_04_052_img_new.jpg





EPUB/assets/bf0f2b3c3b3c1ce6dbb4ea8e37035da4.png
—2z% +1






EPUB/assets/730eb9bb021ad326e8006af608b15698.png





EPUB/assets/bf29f9178b18647181c019f39af308f3.png





EPUB/assets/2d70e09a734ce2409cc1090a4907bd24.png
3 02

1 ace 1 place





EPUB/assets/844bcd36241c06ac86e3cec1f6e3e877.png
z+y=90
58 +y =90
y=132





EPUB/assets/c8fe750bb32b1939b387339a8d0fa289.png
0.5z + 25





EPUB/assets/e78ad8f7aa211458c8f6ef5e8e0f1116.png





EPUB/assets/7a177a30e4f97d26101aa04b95127596.png
(52 )?





EPUB/assets/cb663ef789164a5904a1f95c6c385bb1.png





EPUB/assets/31c2699d40a676aae01979a8b289811a.png





EPUB/assets/c6a6d37962ff158df9e3676e6b7e70a0.png





EPUB/assets/CNX_ElemAlg_Figure_04_02_040_img_new.jpg





EPUB/assets/3090528dc9db9e6c4aa6e1e45574db18.png
~18a" + 12a* — 36a°





EPUB/assets/7242de5ee177935a15deeb52b2ae3acd.png
m?*n? — 8m? + 4n?





EPUB/assets/3.10.60.jpg
N\ T





EPUB/assets/a76dd7039fc211eb7fb87cf710fda805.png
TLOODD0rALO0000 OO0 THLOOID0 rBLOLO00N | (oI 0000000 TG0 DETALOD 000 rLO0 0000
3+ 5¢ 3 - 5¢





EPUB/assets/88170d87b3063ee83ec791eda3391a27.png





EPUB/assets/a3df54b487f4f4df3a26e635d8b5bfb4.png
56 _ 4L
7gb|0.0,0.0,1.04  7gb0.0,0.0,1.04

__ s AL
gb]0.0,0.0, 104 1g0.0,0.0,1.04
56 _
-





EPUB/assets/626930349951e9a25247413975e0e3cc.png
— xy — 2 + 2y





EPUB/assets/49b5dff41e1fc0c23ce8bcde5aa01f93.png





EPUB/assets/e80b457e4773ca84239db00d78007d63.png





EPUB/assets/4357f54e27bd36020a2a9d2b198cab4f.png
Prgb|1.0,0.0,0.0-rgb|1.0, 0.0, 0.0brgh| 1.1

0.0,0.0-rgh|1.(

0.0,0.0ergh|1.0,0.0,0.0 = a + b + ergb|1.0,0.0,0.0-rgb|1.0, 0.0, 0.0brgh|1.0, 0.0, 0.0—rgb|1.(

0.0,0.0¢






EPUB/assets/0cf0061d865e502bdd4df01bb94d9fb8.png
0.35(100n + 5)

.6(30n + 15)





EPUB/assets/34bc607816eb8c8a2804c6e7c880f60e.png
$20)





EPUB/assets/b44c26722f55ac60ea6fda4300e76a08.png
T — by






EPUB/assets/61084f62a42c321a8773be8708f3ee89.png
(—1,5)





EPUB/assets/42e31a24adbe5b0a7405e356900ae383.png
base — 23 exponent





EPUB/assets/2da44a7259c5bbcbd88a34b4ba7bb36e.png
¥ + 20y + 51





EPUB/assets/8d4da0532be77b6889e0809fb74567f1.png





EPUB/assets/18953c229efde834a000e4f64c577703.png
35°





EPUB/assets/b8609c00d1769a141f00d9db02089950.png
$7, 500





EPUB/assets/3922082c2805a0ab234e3931d20664c6.png
cos(45°)

).7071





EPUB/assets/45778d055920d641b0d6ed11868519cc.png
(z +9)





EPUB/assets/ebdd11efacfe16fe1efa322ab0771e01.png
{ 10(11.2) + 20(8.3) = 278
20(11.2) + 30(8.3) = 473





EPUB/assets/1d4246138fcbb3c5e99f4080a89660b6.png





EPUB/assets/7f5469afb8e4d0bb7bb43f9162d22d0e.png
125%





EPUB/assets/8c828b74b7f4a12e4221e68048e57767.png





EPUB/assets/456818bf6cc3ea0d4a57bd6d066210c1.png
Distribute.
Combine like terms.






EPUB/assets/3950fd0e5ae9d69bb85ba2f085953d0d.png
5—2(n+1)





EPUB/assets/8b03c8a0f6a4824aede1f06de510668d.png
Bz x K
2% F x2x 4





EPUB/assets/30e6d7c7516c74dea15e044f8c0c8177.png





EPUB/assets/285850e0c811f8f9a468f98c4c3b5991.png





EPUB/assets/b348cf85bcfab9d440034e760ed56911.png
2





EPUB/assets/e350270c4a302e2055c6f3f01cda7e02.png





EPUB/assets/f3950b3d0dd905a5859dd020ff6888f2.png
rise = 14





EPUB/assets/322b22607b60d4cfb019322a5cd69904.png





EPUB/assets/example-1.jpg
o0
OOO
OOO

OOO






EPUB/assets/78b6b1f359fb4432d61ec69c4e845f73.png
{QnA'ZC:ISZ





EPUB/assets/728d34ab3ee6efcc4f06018c29f40966.png
(5,8100)





EPUB/assets/3.10.36-e1669661035230.jpg





EPUB/assets/b618b7ca8c1de4146972b4899c7c4e3d.png
8+3x9





EPUB/assets/44283113c9e39c72d916b7e5cf368600.png





EPUB/assets/931fe05becb4fe66006a4253fd8eb691.png
=9~ -9





EPUB/assets/caea47bd690314948c04bcf98dd2f0bb.png





EPUB/assets/3ffbdba3c41d220116602e8ee577ea93.png
2000 pounds
1 ton.





EPUB/assets/8b2a4b910f453f6a566f48d1c9bffa24.png
rgb|1.0,0.0,0.0rgbj0.1,0.1,0.16rgb|0.1,0.1, 0.12"** %12 1gbl0.1,0.1,0.1-7gb|0.1,0.1, 0.1 rgbl0.1,
01010

1,0.1152 rghl0.1,0.1,0.1- 22y rgb|1.0,0.0,0.0+ rgb]L0,0.0,00 5y
T

010101





EPUB/assets/8e491b71443b68b91e19c32c0e0c5eff.png
—4a + 26





EPUB/assets/83365682b53bcb9d03f6df3e00d2cd1c.png
41,6, y/121





EPUB/assets/a11a1bf1f780625a2455abb279124d75.png
9(—3) + 7(—8) —






EPUB/assets/18b48f0ed5aa9f84a1d8142f4dbd8a81.png





EPUB/assets/2deda6ceb44712f834e00c4522ea1c5d.png





EPUB/assets/CNX_BMath_Figure_09_04_036-1.jpg
Area of each triangle






EPUB/assets/29fbb0b285f95dd47aea90aa335c1361.png
10





EPUB/assets/484d025596e293c65f093d7304a07f30.png
615 x 3 = 1,845
105 x 5 = 075
2,820 v





EPUB/assets/9d28e7da74d65f8a631f16d4283d722e.png
Write 8 as 2°

Subtract exponents
Simplify






EPUB/assets/3fb6dec178e5b7ecf05e386e047b4898.png





EPUB/assets/ada608b9e702880f8ecd3ccaac4c9f42.png
n+n+2+n+4=284





EPUB/assets/8d7c0bdb8c0da88d04c8c1bc4affe146.png
560 _ P(0.28)
Tgb1.0,0.0,0.00rgb|1.0,0.0,0.0.rgb]1.0,0.0,0.028 _ 7gb|1.0, 0.0, 0.00rgb]1.0, 0.0, 0.0.rgb] 1.0, 0.0, 0.028






EPUB/assets/989a209f122b1c552c7457abd8025781.png





EPUB/assets/c351fc4eea42f12951c801665e19ef99.png





EPUB/assets/9f5693a2255d2336551abee9d056a6f5.png
~11 + (=7)





EPUB/assets/1.6Solution.jpg
0.0

0.1

0.2

03

0.4

05

0.6

0.7

0.8

09





EPUB/assets/4c7a62cda0b171cc464e6957dd4d1f11.png
16.7 ounces





EPUB/assets/f0c4799eb0a5289836703116714473a4.png
$0.39





EPUB/assets/61e512a78d49452e0803d05205b2883f.png





EPUB/assets/2520b40cd3cbca8c03d9ff1eefed09d9.png
(-13)%





EPUB/assets/2d652bcee22918d7d8be2d9056a2a214.png
144 = p - 96





EPUB/assets/4a1683b13b5ab8bf43dba4fd48354ccb.png
y — 4 = rg)0.1,0.1,0.1-rgb0.1,0.1,0. 1%: — 6





EPUB/assets/e33a377a7477d707da6d570046095c36.png





EPUB/assets/3872e9c0b678bdc4f9a3ddb4cdbfe8dd.png
26+28+30 £ 84
84— 84y





EPUB/assets/61a0b1d8f0bdda306b493df60b5e5a49.png





EPUB/assets/640f0fb0fcb8e9671ad0cae23e911041.png
n+ 4





EPUB/assets/7f45b912660dc67e9e135270cabdb1a5.png
$8, 000





EPUB/assets/76e234c8e9b1e4e1ec4495ea16eb7ceb.png
{3]+3w: 1095
3j— 3w = 987

6j = 2082






EPUB/assets/805ab1fee66ccc32af82add416be8f27.png
2.4





EPUB/assets/494ea285667145c5bc22ac2bd8f1cad2.png





EPUB/assets/55d41790e5e189bc976b108823684619.png
~8x T





EPUB/assets/b2b202224875f928cf6327fe3d0edb7a.png





EPUB/assets/6503232614cf8c4bc595b3164b2f5528.png
(y—=T)y—T7)





EPUB/assets/CNX_BMath_Figure_09_03_003-1.jpg
120°, 60° 450 1352
120° + 60° = 180° 450 4 135° = 180°

(a) (b)





EPUB/assets/a490c98f41bf7d083a09854a789b0297.png
(0, rgbl0.0,0.0,1.0-rghl/0.0,0.0,1.01)





EPUB/assets/bb711bb74dcf490ab0a63d94fefc203c.png





EPUB/assets/b51d51f55805033c588dea88de7ef696.png





EPUB/assets/093c661e59a24fc77c6fbe1d8c886bc0.png





EPUB/assets/27585984941_85c3cc39a2_o-300x169.jpg





EPUB/assets/46951e22ced7f8f878da24b80f92e90c.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_026_img_new.jpg
Step 1. Multiply the First terms.
frst lose fist lost

Step 2. Multiply the Outer terms. (a+ b)c+d) Say it as you multiply!
Taner FOIL

Step 3. Multiply the Inner terms. outer B

Outer
Inner

Step 5. Combine like terms, when possible. Last

Step 4. Multiply the Last terms.






EPUB/assets/88e1aad3ee2df70ea093d797828144a4.png





EPUB/assets/19464bc688d050737be208dd0997ae55.png





EPUB/assets/79a008bd0ee69dfe7cd79f2dbd6bafa3.png





EPUB/assets/f882e3a30c6adfdf878dcd5367a94db8.png
S =6 x (25)"
S 37.5





EPUB/assets/60295a7254cd19bbb0f6c049f71e848e.png
(Ty +1)?





EPUB/assets/f5e7adffbf943747f22d75780699ec81.png
F=

ole

x 2532





EPUB/assets/5f4039c6a6d50c1ee2af3b5b2347ed5e.png





EPUB/assets/d0dc6c707565e210c86849ff76fd76ca.png





EPUB/assets/e46060493d3ad7452d56886eaaef8c68.png
(0,5)





EPUB/assets/5eb7c47ef60d06b393af68c48502ed5b.png
$8, 500





EPUB/assets/72be8d1e41ce6c2ddf671177c4488b3d.png
+ |





EPUB/assets/4e5d7677347fe33c7b685f53c80545ab.png
197
28 98





EPUB/assets/fb09fad772125535f2cda561ac5ce76b.png
-14





EPUB/assets/6e6dadc9d1f781b5abc5dfeb25c6d657.png
—63





EPUB/assets/4cfe2edc570bd1ad6fea85557106a565.png





EPUB/assets/e0f76d7e4de9b7dc84f8971738bb145b.png
160m® = 160, 000,000 em?®





EPUB/assets/2e594a5d29098f7396d0dc34d5203f89.png





EPUB/assets/cbda7e66194e92a0a443c89088694560.png





EPUB/assets/fc39ec72646baa8f4a06d0158f96c3f2.png
Fornula does not parse





EPUB/assets/6a951d91964b5ae96ca3869138d04181.png
1.9 % 10°





EPUB/assets/665b9f3e846abab1e9d2dcab8a4ce99f.png
3.57





EPUB/assets/919819e0ac6e3c38cc5f65b173153d6a.png
rgbl0.1,0.1,0.1(rgb|0.1,0.1,0.10rgh|0.1, 0.1, 0.1,rgh|0.1, 0.1, 0.1 rgbl0.0, 0.0, 1.05rgh/0.1, 0.1, 0.1)





EPUB/assets/e4079821db3ae2cf70949fb0b4380e8c.png





EPUB/assets/b582772225540c12c3375ba8fa6ec81c.png





EPUB/assets/c313c2f5cfca239cb18f4f2866ffa6e6.png
—4(rgb]1.0,0.0,0.0-rgb]1.0,0.0,0.05 — 3) — 7 - 25
—4(-8)-7<25

2-7L12
25






EPUB/assets/92787bdfa47edc44ab9cf432ceb763b5.png
122 - 9y = 30
—122 + 20y = 28
20 =58






EPUB/assets/06568e7af4d6bbda965ca97be87783c0.png





EPUB/assets/d7da4a5a8129d2b6fd33779ebede8c47.png
17¢°





EPUB/assets/2a060bd1db9d5f00fa9262231450a409.png
0.51





EPUB/assets/966a380abee76f1f947fa119c3952001.png
Subtract.

Simplify.

<





EPUB/assets/6666caf631a8489b404b345434ac3951.png





EPUB/assets/a124fb5772abb4990d03916f94b81f56.png





EPUB/assets/c8994af5e5201dc72b8d75fe968b2aeb.png
5+ 2% + 3[6 — 3(2)]





EPUB/assets/e15cbb74af38f53350de8fd2e25a384c.png
143





EPUB/assets/7d0ac418bc15025fcda4850b0a4cb975.png
$3, 582





EPUB/assets/3d3adbd44cf6e09ec635a8c1600a3443.png
90:% gb]1.0,0.0,0.015 - h





EPUB/assets/c3adc017223596318454dfb448d76058.png





EPUB/assets/432ccc00bd92e51be31e3682eccab9b2.png
_ 19
14





EPUB/assets/2eaa63ce165994291e479b35ac274df3.png
60°





EPUB/assets/83896f4c94d893ca361a2be7e7a8bd57.png
18





EPUB/assets/0ab46ba94d26162930e45aa076fdfcff.png
"gbl 1.0, 0.0, 0.0~






EPUB/assets/801cc693b7a509509e2fbda61f960436.png
rgb|1.0,0.0,0.05





EPUB/assets/13a01ee07a267fb7276f3e5a0a97274c.png
3.1





EPUB/assets/69687e8c4ced21594762e8830395dc69.png





EPUB/assets/d97cacaa827a3ae4eb9566a4fefaba09.png
—(—=5)+1





EPUB/assets/9554773e028d7d3782575058a38fbdc5.png





EPUB/assets/3.9.21-e1669643291533-288x300.jpg





EPUB/assets/7d19b2f59360a6c405b00a699fd5e53d.png





EPUB/assets/6.3.11.jpg





EPUB/assets/55f6d2751b969825733e8d48e5da155b.png
m/A + mZB = 180





EPUB/assets/6.3.12.jpg
14

10





EPUB/assets/7914347993bc79ada9af14ad3b40cd0e.png
rise
run

Use the slope formula.

Substitute the values of the rise and run. ~ m = ~





EPUB/assets/c08854c89df7ed57ed8d80af57190b13.png
—(5x5x5x5)
Simplify. 6 — 25





EPUB/assets/6.3.10.jpg
12

10





EPUB/assets/6.3.15.jpg





EPUB/assets/6.3.16.jpg
2,52.5

12





EPUB/assets/6.3.13.jpg





EPUB/assets/6.3.14.jpg





EPUB/assets/6.3.19.jpg
15





EPUB/assets/6.3.17.jpg





EPUB/assets/6.3.18.jpg





EPUB/assets/934bab40be804aa1cdd2c9591188ad32.png





EPUB/assets/11989588b080a370ac9fbc48c2c66404.png





EPUB/assets/0c203902815931cd4a619d1cc926925d.png





EPUB/assets/6a1a0698d5bc2001e516d599b37350c1.png
—-32





EPUB/assets/c202c55e813f44aa6e1718a0901b151e.png
10"





EPUB/assets/16f55dca55a10ae990d799c43844743f.png





EPUB/assets/CNX_BMath_Figure_09_03_051_img-01-1.png





EPUB/assets/58dece6d4526041675644dbc978d805e.png
(—4,3)





EPUB/assets/85f9d75bcc4eba4cf75a407ed7477ce5.png





EPUB/assets/4b1ca38e0fae871d0ac425ede63d0930.png
325





EPUB/assets/a8de432c3530a2a5d1a274c46b7590f7.png
2(6) — 3






EPUB/assets/56e10f8124614c825d95bc6b6dcfd848.png
s -

12

1 foot

s





EPUB/assets/e0c3b690b63e9709f456b8f8c351717c.png





EPUB/assets/500fba634cece6156b0eed255c535cb9.png





EPUB/assets/e015b902c8ba1ac9e3c8c960a90a8665.png
0.25z + 0.05(x + 3) = 2.85






EPUB/assets/6242874edc9122c317c616d0fa70c40c.png
3z +y






EPUB/assets/6ccadbeb09eec48ebe2f7dc32c1cbe27.png





EPUB/assets/0fa83c8d442ad2002d515cc14475085a.png





EPUB/assets/0a93c3c0e349c310640218c5c55196ef.png





EPUB/assets/bb2795d5e28976e3bcf87eace093735d.png
— a’b+ a*b — ab® + ab® - b*





EPUB/assets/39646b9b992dc129f351428ef3fb68bf.png
$8.10





EPUB/assets/aa72d7ecb02428d179f7a27ac32e68d6.png
~6(r —2) — 12 = 30





EPUB/assets/ae856e82e2fef9775a1d5c12e09dc1f6.png





EPUB/assets/677d4645fcea8886ee817fdcbc1617d8.png
Perimeter = 4inches
Area — 1square inch





EPUB/assets/0cda1ae049e482d19771a3a6b5beb584.png
A = 75sq. inches





EPUB/assets/ac08f563332c39c0258d331077fd3a36.png
418





EPUB/assets/edd299bb16d2d77161114d0b62888507.png
Imin /60





EPUB/assets/2809449d278c9d5936174ed314dbb075.png
134 (-8)






EPUB/assets/14318585242237d861bf5bd7b029a615.png
3(2y — 1) — 5

(y+ 1) — 2(y+ 3)





EPUB/assets/16b0184c9066bb7a7606e5f55ee08bb1.png





EPUB/assets/b71f22a3d69f51153fe25efa1711d820.png
C'=4p+ 25





EPUB/assets/3222c8bdbb5313c26fe9ebde5ceb4ece.png





EPUB/assets/af1ecfc44b14287e5475d2580b179b20.png





EPUB/assets/46f8732231c8813a392ecc6a79568b5e.png
Az + By





EPUB/assets/bab33575ca83b3bdfb31cbc80f1b6b46.png





EPUB/assets/3db5ab3e2b70d4505a2e9cdcdf4c01cc.png
15d* + 6d°





EPUB/assets/64ef04e5e22732488a6ad34a941af0d2.png
672, 000





EPUB/assets/d87f28cab927e5abed3b82a8a01ca80e.png





EPUB/assets/bd0cbb4270b3eaedbee3f45047f2b6d3.png





EPUB/assets/f36ca8b70c2a263574aac94020c3bcf4.png





EPUB/assets/ac86ff3d46dbc7e1a522861e0aeb5d43.png
N k-1





EPUB/assets/220cd6f26f91baa15fcc9135c77e1dfd.png





EPUB/assets/4df1ec016138224562d247165f0ce8a6.png





EPUB/assets/d1e4aa61a6cb652c756ad1c5d2a6f1a2.png
Ox?





EPUB/assets/15619bf960bc4c669437ca7828b6ce75.png





EPUB/assets/f6d9eaecbe2dd89f33ffc6195f06b436.png
(3,4)





EPUB/assets/f003a6441103dda664ecebce9574de39.png
770





EPUB/assets/06cfb568b51eb5ddb3c2d7fec18da9e1.png
11q





EPUB/assets/3a88f64090dd0c9c225e8dd2f957ee78.png





EPUB/assets/233ee2347d838d5fe1a8a4473fca9d36.png
Fornula does not parse





EPUB/assets/23582a5454d9aaa40bb8dfd273bdcd46.png





EPUB/assets/a1f2d84cf1ccdc48f069f6d2f6ca7cd7.png
$9.35





EPUB/assets/92912128454e56083fbadaf21a0774d7.png
1.9x102%-149x10"





EPUB/assets/8cf06d036abed18e3f056a22d36d07a3.png





EPUB/assets/333ac91c28639f3f442e7fb591ead046.png
600





EPUB/assets/c08e5360da95026d9448deb090255c8f.png
6y —4) = —18





EPUB/assets/da2593f99e027bba422ec102c44c57f3.png
(10,3)





EPUB/assets/562589c85b53a5b3ec4feefe9f089591.png
0.01(2q)





EPUB/assets/2530367ba56f281243151543ee8d7c19.png





EPUB/assets/27eaa4096d6d0a744e637bd28d48a909.png





EPUB/assets/e445b20d240b5ec92b194b0f58a4e41b.png
rgb|1.0, 0.0, 0.0crgb|1. 026 + ¢ = 50






EPUB/assets/33fc17897a3b66489419817b2b5cb4c2.png





EPUB/assets/632473c76153a120cdd49e37ba2e371a.png





EPUB/assets/3eb41d0f9806a5aaf23a5ff1e3840f23.png
T2





EPUB/assets/bb803ceb7fb82b5a24aff82698c74d74.png





EPUB/assets/89eede37e9ab076057cf8aea72156196.png
(0.63) x (0.63)
Simplify. 0.3969





EPUB/assets/3c045040ed59d3d067bfff8842e6a37a.png
(—4,1)





EPUB/assets/aa2f58f04001c08255a02c86e7dd7772.png





EPUB/assets/54371a0e687f18ad4910ad0f22f28337.png
'

1
Simplify. (~






EPUB/assets/cdcef09f5dfb2aa9a382a3069ffcc522.png





EPUB/assets/a65f9766cb87cde070416e4a00ba95a6.png
—6z + 15y = 10
—6z — 15y = 15
0+ -5





EPUB/assets/0b1e3dd490738bab6e4765816af1d1b5.png
ap + 4p





EPUB/assets/5187a31222ff9e4c011be1498732d8ae.png
3c





EPUB/assets/41eda574a2f825694900c810db8bd523.png
b 1.n,0.n,n.n%wn]1.n,n.n,n.nx = -2 +5





EPUB/assets/CNX_ElemAlg_Figure_01_07_012_img_new.jpg
There are 2 zeros in 100, so move the 5.63
decimal point 2 places to the right.

563





EPUB/assets/abdbed4be07a9dbab6dc664740a31c57.png
LA,
2
7x3  5x2
2x3 Bx2

21 10 s
=+ 5 Do not simplify LCD fractions.






EPUB/assets/9993b69283c37bb31fc139f2aac59759.png
4 — Ty + 2





EPUB/assets/Fig-32-300x147-1.png





EPUB/assets/ab468b1d3bb7915ce3c12277878456f8.png





EPUB/assets/fca9b069b0ba465d75719c9666640c47.png





EPUB/assets/453d22b7f90afa71b8c9cd4967efce39.png





EPUB/assets/5037668cf3854b97e35cb5c42733d7b7.png





EPUB/assets/69f066e6fa893e733f2069326d8e92ea.png
21.9





EPUB/assets/1e862db2f45e0a9a7ae95dbb75a35c2e.png
—-18





EPUB/assets/185bfc1db1eed7715554d94b4ff54ee9.png





EPUB/assets/197fa13957c03665d11c18f3ce5a6ac4.png





EPUB/assets/73df13c28b9f5ad834ff0565cc2737b4.png
+ 14 ounces
1 pound + 2 ounces
1 pound + 6 ounces
2 pounds + 22 ounces






EPUB/assets/7cd6d5512954a0d654ea0d3f5edf192b.png
8r — 3





EPUB/assets/Sig-Figs-1-1.png
12
441
5.61

1 limit final answer to the tenths column: 5.6





EPUB/assets/61a506f4d4803375ce347461b4d066f2.png





EPUB/assets/CNX_ElemAlg_Figure_04_02_006_img_new.jpg





EPUB/assets/5363883f5eae083317e7f4c5b3bac417.png
R

(62 +12)





EPUB/assets/78d41434dcf4f6e0ad8dda6d9722ffb5.png
222 — 3





EPUB/assets/a0cd9c3af651379a3b2e50314f9b22a9.png
4*





EPUB/assets/a4ad7a15b70af8a87eebce81fd95ba21.png
P=a+b+c

156 £ 48 + 60 + 48
156 = 156 v






EPUB/assets/62f76514ff02ba239b18675c6aa38733.png
—-2<x <2





EPUB/assets/6939696048d864909fcb1023f234bfb6.png
$12





EPUB/assets/6e8cbae8bb0b21bb56aa85ee276d244a.png
0.36 (100 (gb]1.0, 0.0, 0.00rgb[1.0,0.0,0.0.7gb]1.0, 0.0,0.04) + 5) < 0.6 (30 (rgb]1.0,0.0, 0.007gb] 1.0, 0.0,0.0.rgb]1.0,0.0,0.04) + 15)

0.36(40 + 5) £ 0.6 (12 + 15)

0.36 (45) £ 0.6(27)
16.2 = 162





EPUB/assets/73c96edaddcb3c9ae22b421dffcdbb99.png
x + 1






EPUB/assets/8317ff29b33e0d9f4c6ead21b420b617.png





EPUB/assets/bc2531e29c17f6214625ac1127f377a9.png





EPUB/assets/9c3fac5f764a4530dc29fcb1ea849cf5.png
62°





EPUB/assets/5cea227600c4fd465959e3613e30ae35.png





EPUB/assets/f1b1da7f454d1545dad8eda5fa48724f.png
0.62





EPUB/assets/CNX_ElemAlg_Figure_06_03_017_img_new.jpg
(4x - 3)(2x-5)

N
(4x + 3)(2x-5)
s

Multiply the First terms, 4x » 2x. B+ _+_+_
F 0T 1
Multiply the Outer terms, 4x + (-5). 8x'— 200+ _+_
F o T
Multiply the Inner terms, 3 + 2x. 8= 2x+ 6X +_
F o1 T
Multiply the Last terms, 3 « (-5). 8x— 20x + 6x-15
F o I L

Combine like terms. 8x' - 14x-15





EPUB/assets/e80f2cfdd23225b74fa67f09d22125d8.png
100





EPUB/assets/5f9eafac418e6e198df919b43c9b0b73.png
3(9.25)

3(9 +0.25)
3(9) +3(0.25)
274075
M5





EPUB/assets/303b35797e28dad47bd04869580ed3d3.png
$9, 800





EPUB/assets/b759e75b6ff398caa9cfbd389b7a610d.png
4R

2% 94





EPUB/assets/1c7de7b468c92102bc62198fa8317676.png
~100





EPUB/assets/a94d0a70a09eb431e82c132162014403.png





EPUB/assets/9c852a347ef89e07b0a77e003c32fda4.png





EPUB/assets/0142bc34971329309c14ed1a9f5194e4.png
9—T7)





EPUB/assets/ffde9283734adb45a09483ebd334ee25.png





EPUB/assets/0588675861b20dc8b8db617ecc4138d5.png
y=mz+b
7

my






EPUB/assets/a1c7738d797901158cf2a41d70871e52.png
pg° — 6p — 5g°





EPUB/assets/97e6c3e27455fe814675a09274aeef49.png
3.9%





EPUB/assets/99d868701d1644440b2e3ee830fa0b7c.png





EPUB/assets/20e3a6265cd5807a989b17d995630e0a.png





EPUB/assets/1fea08d529be31bc6512e95abeca3304.png





EPUB/assets/bfb657d1da019dfa69d469fc558f7b22.png
—~13?





EPUB/assets/01289d57e6d5a6ba53144ea7b613ff52.png
(5, —4)





EPUB/assets/088c0370f9caf4c11177a59ddba780fb.png





EPUB/assets/CNX_BMath_Figure_09_04_070_img-01-1.png





EPUB/assets/7e01b948b3b0706f5ccaf20a6b28af3a.png
rgb|1.0,0.0,0.0rgbj0.1,0.1,0.16rgb|0.1, 0.1, 0.12"** %12 1gbj0.1,0.1,0.1-7gb/0.1,0.1, 0.1 rgbl0.1,
01010

1,0.115z rgh|1.0,0.0,0.0 —2ay 4+ _
o o100y L





EPUB/assets/02c399e3df9bbd3575c7c5d0865de2cb.png
Letz =2
—zi2y=6
—rgb]1.0,0.0,002 + 2y = 6
2y
y=1

A third point is (2,4).






EPUB/assets/fafef5be8e150b51bb70b0dc0b42be87.png





EPUB/assets/0804c9dcd24bc45e6c9b250e16a46470.png
5m





EPUB/assets/bbc0107d0c3afc856945917c64b88fc8.png





EPUB/assets/f6be35ccebc640427b512781f5735167.png
A(A";’“)H-ﬁ:m(a";s)

Simplify. 2(4g+3)+24 =3¢ +5
8g+6+24=3¢+5
8g+30=3¢+5






EPUB/assets/f82e1340f8cc529586ffbca5321c6bcf.png





EPUB/assets/01e76aad4e16489b9cb3474ea91ad8da.png





EPUB/assets/d111639e57f5347817f97a27b115450d.png





EPUB/assets/889f4bd22dbd44402237ec14a8c1a2a1.png





EPUB/assets/2786604ee9f1a27fbd3921cce91e7de7.png





EPUB/assets/a88adc50b9e39e27fdd0251e8a61b323.png





EPUB/assets/c2329386785b227e59f764f8f99b8828.png
(3, -5)





EPUB/assets/1fa8b07a400a5850ea19f35f56bb4277.png





EPUB/assets/0354d1d7bee96702b525f0fc40514781.png





EPUB/assets/CNX_ElemAlg_Figure_03_03_001_img_new.jpg





EPUB/assets/705c2a766502cfa6ff51b0e6c5f47140.png





EPUB/assets/c63f3ae55c27610d19aa49dbdb478692.png
2.43





EPUB/assets/8d3fb17293139ef6526373651887edd8.png
25





EPUB/assets/ab3b40b63b73b7c0dc24998da06cd8d2.png
—28





EPUB/assets/5c1849080eae474178f8afe3bd4ea453.png
(2¢ - d)?





EPUB/assets/f71365d30f9509be1ae88cbb04fae937.png
$2, 400





EPUB/assets/4a73d9f9347d47b44f24d500b870d8c9.png
4z - 3y





EPUB/assets/CNX_ElemAlg_Figure_04_03_007_img_new.jpg





EPUB/assets/ad537b6abf1f2a3d8317ce26e1f984ee.png
330





EPUB/assets/e71ae146ba71464688d7f8229e045a3a.png
81





EPUB/assets/1fbe976d7d850778eafe501f5cb74441.png





EPUB/assets/CNX_BMath_Figure_09_06_040_img-01-1.png
25

2.5

25





EPUB/assets/30dfe5b3f323f6138459b19bc6f577c5.png
1





EPUB/assets/e97241754360f35de92aaa8099fa01da.png
(597 )(—-T7y")





EPUB/assets/3794ac5d2426476e6357a9b59b52f298.png
n+n+5

Combine like terms. 245
Subtract 5 from both sides and simplify. 2
Divide by 2 and simplify. n= 1* number

0.0,0.0n+5 2" number
.08 + 5 =13

Find the second number, too rgb]L
rgb|1.0,0.






EPUB/assets/91579f527db15f490d0dfd8412bd3949.png





EPUB/assets/1eefd82aed4dd64b3ce6c35578b8b8dc.png
-5 —(—1)





EPUB/assets/70c410c0148ca28326f7df994953c569.png
(4,-1)





EPUB/assets/9ba9851d00cdbea2e718b13169b5bce9.png





EPUB/assets/7714aeeb0eeb32f70155eff8e9be6b6c.png





EPUB/assets/41815da506f5c64070489b85c69521ec.png





EPUB/assets/0df61ce9e1a948be86ac336bf6c782f4.png
$3.64





EPUB/assets/a95b1add321db0f7745d33dcf3249842.png
> =





EPUB/assets/ccb92d8c5c9065abcdd2fc46c7563b9f.png





EPUB/assets/0db3721942e45d30940039dabfb873d5.png
I





EPUB/assets/7e23ab5816cf18c584d440beaeffbeaa.png





EPUB/assets/ab0d60ec9e1ae983b3b42cbe9ea25c63.png
5%(z 3)?





EPUB/assets/8a8990a599a6b81feef7132ceae76d83.png
56





EPUB/assets/6a85bc72da1cd7b22f5858b845eac5cc.png





EPUB/assets/d399bbf017d615522a74f16155523f1f.png
Fornula does not parse





EPUB/assets/194f14a8b4d64a30f5331970b6f22856.png
(2, -5)





EPUB/assets/49e4e9ff75e4e3f5c8b828c19fd01a36.png





EPUB/assets/337c478d6c590c01ef75fe0f7a807563.png
—a’b — ab® - b® + a’b + ab®





EPUB/assets/90829b533e0690b0a81b1b6ba0edd0d2.png





EPUB/assets/6.3.20.jpg
52

65

Y





EPUB/assets/118bc996278d402a33a4c0b46f498ee2.png





EPUB/assets/f136aa94c5ff73dcdff9dabbc88023d9.png





EPUB/assets/215b08b7a0fcb5a3dd64f058092e37b5.png
(m +n)





EPUB/assets/41b66e1d2edfc9df7d676b55b767db6b.png





EPUB/assets/70e289f8f7100cc4130e58299c396de3.png





EPUB/assets/ec08571f1df06b3a48225742be8155bd.png





EPUB/assets/a71c8a401008374a4527717f7c2fbb2d.png
(2,2)





EPUB/assets/2aee4f62c33e3813c15ee0ed554faa70.png





EPUB/assets/816f832952b0ee726335cf3cb8741a33.png





EPUB/assets/6cf3915191d599225ec768737f3625cc.png





EPUB/assets/CNX_ElemAlg_Figure_03_04_002_img_new.jpg





EPUB/assets/55c175460e978bf0c92aabbe47883da7.png
-17





EPUB/assets/6.3.34.jpg
A€ gpezoid = %bh + %Bh

A€ aperoid = Aptues + Areda





EPUB/assets/0294db051d5ff1524bceb0379506e793.png
1.20 x 10 ?





EPUB/assets/6.3.32.jpg





EPUB/assets/6.3.37.jpg
1371t
A

rectangle

68.5

sft

> A
60

1031t

515

\rapezoia > Areciangie






EPUB/assets/824ff00567b95cfe9da213c061ae6644.png
{

8z — 6y =18

21z + 6y

18





EPUB/assets/2603a30dfc0dd02dadec5211744ee80c.png
0%





EPUB/assets/21e75c828949ac02477ef472e0f3e3f8.png





EPUB/assets/3f3fb0a9e27ce088d698090f4dc6aefa.png
23.50
+41.38






EPUB/assets/418a48fb8c1371ab0508dec91833c156.png
T'he tient d —4 8.
© quotient ofyand 3.5 &






EPUB/assets/1ec22307eb71a2509d4b37a3f7623f35.png
408





EPUB/assets/CNX_ElemAlg_Figure_06_03_002a_img_new.jpg





EPUB/assets/6a6a7138d85a8f37b4a84c5d41ca0703.png





EPUB/assets/9b4afedcb363525468da27ac12569690.png





EPUB/assets/28ff8fee5f9aadd7b172684a54bc273e.png





EPUB/assets/03aae14cdc46df253ab5c42e4dabf24a.png





EPUB/assets/bf9bcd716f05e51386981e62ca782241.png
(27b° — 33b%) + 3k





EPUB/assets/6188f9214fc5b9aa6a62467ee870ee32.png
—49





EPUB/assets/c3949e428736b921507d9b43e716bc71.png
(310°%
(2 x 10 %)





EPUB/assets/faa1e64aed56289bee4b3073ce020789.png





EPUB/assets/146a695a06dd08e61456b066a8a99a03.png





EPUB/assets/0434573f10f982d78c0abbe990e02446.png





EPUB/assets/1c086a91ab34fa899ecd5fc86941567c.png
0.31





EPUB/assets/21f65d0d0aa7e70c9bcf989fb7902f6e.png
5+ (—3)





EPUB/assets/ac55e10d2bb81a3984750400099bf02b.png
3y






EPUB/assets/01bf3bc50bc3d6a367ca342183cca132.png





EPUB/assets/8e018057f55d35349fc95d5831e78416.png





EPUB/assets/3a151fe283945bd28fc0acbbed825044.png
rab[1.0,0.0,0.00" #0000 % 1511.0,0.0,0.0 roh
10,0000 rgh 100000 -rgbl. 0,0.02
it rgH1.0,0.0,0.0 rg8{1.0,0.0,0.050





EPUB/assets/cf5447131fd2941d94a9445efc132ca3.png
122 + 8 = 6z + 2





EPUB/assets/CNX_ElemAlg_Figure_06_03_024b_img_new.jpg
b(2b* — 5b + 8) + 3(2b* — 5b + 8)





EPUB/assets/c7a7ea1ab0346716c481f3313c402089.png





EPUB/assets/Example-5.7.1-2.png
¥ Jto:9)
(=1:4)
4
(1:4)
f@) = —x?
3
{-21) . (1)
E2 ] g






EPUB/assets/7a4de641b3718581f25dd2c9fcb38e9f.png





EPUB/assets/7d3db87d5918008a42f0645614d9ee5e.png
S5 — 66





EPUB/assets/a93c22ee502692577649189fb76bb4b5.png
y=-z+4

0=0v





EPUB/assets/b7f6c9f7b6e8b6e5bb5bcbd36e625790.png
(—2,0)





EPUB/assets/10cbb05edb39500d2e42edb8a6396bde.png





EPUB/assets/3808a3b4da3587d710a09e6f166d4bb2.png





EPUB/assets/524d9a37fc0b64634e4ae657f3858c16.png
msA + m/B





EPUB/assets/87e2190bbd85e37ce2d300bf02df4d9c.png
6+ 14(k — 8)






EPUB/assets/CNX_ElemAlg_Figure_05_03_005c_img_new.jpg





EPUB/assets/67fc3146ee30a6537fe602e4a53eed55.png





EPUB/assets/c7ab13e649c643062f0e4c2691165145.png





EPUB/assets/5013d6fe326ab2eacc8c8bded805e20f.png
2n





EPUB/assets/9d506589157b3fdc5a2e02512ac0a982.png
100 + 80 + 16





EPUB/assets/d1717ef85cc4e8bb0770d67f14e3b576.png
3a





EPUB/assets/db9fd7fabb1129f81e46064087cf72c8.png
1la — 14





EPUB/assets/d170bd84ab9b94d95216365587d5c9fa.png
—27*





EPUB/assets/7d43a09e2a7a7f049b388d2f5d85556b.png
$142.50





EPUB/assets/82552f095e44c18391d951f74801cc6d.png
T+ 2y






EPUB/assets/CNX_BMath_Figure_09_06_015-1.jpg
Volume: V=42

Surface Area: S = 4xr?






EPUB/assets/ca9e275f5c549b37d6aa7ebd65dd4178.png





EPUB/assets/51265e8680f865592cdb40eac146f1ee.png
4 —1,6,/121,2.041975. .





EPUB/assets/3491dc42fca2a89c5a71cace01bb3663.png





EPUB/assets/0ae3957cf4ee377aae645981bfea31d4.png





EPUB/assets/ecfa63be761d0ced3da334fb2d881c82.png
Fornula does not parse





EPUB/assets/61be9409f084d0afe9a1d6319e3b09cc.png
1
3 xbxh

1
5 x15xh





EPUB/assets/261370667b82c15b1fdd6a2bcbecc759.png





EPUB/assets/4d06f89b2a630e579deb8c7bd640e489.png
6>





EPUB/assets/5c85d3d203dbd7fe2ce72cbb753237ee.png
1
3Bl





EPUB/assets/0bf8c1d5be53d237c673aea3262541ab.png
h + 2h — 16,000

110, 000





EPUB/assets/af8163ab45c456afbaaa93ac81dc51b9.png
20e + 30c = 473





EPUB/assets/a7bca83c37ae8cef122265b07fca9e35.png





EPUB/assets/a077cd17ac4f0e479ca1de547403205b.png
(5y + 2)(6y — 3)





EPUB/assets/dec43b8b5330883ad4d7e13915766cd9.png





EPUB/assets/177ca9ed754b1a4db76e8631b677be9a.png





EPUB/assets/52d600fb895653d50ce557bf37636e00.png
(P* + ¢*) — (p* + 10pg — 2¢°)





EPUB/assets/5ccff990d91d5e309798324b874baddd.png
distance travelled by express train = distance travelled by local train

Translate to an equation A(r+12) 5





EPUB/assets/Fig-31-300x152-1.png





EPUB/assets/12c6651ebd90b624e4ec76203d657464.png
—14





EPUB/assets/679ad3e91fdd2e07f94bdf7b2dabce56.png
875





EPUB/assets/9ffb4fcc6e7dfcf06b1693b3160551c3.png
49





EPUB/assets/9579a985b03f1708373655cbc707e9ed.png





EPUB/assets/14808ddf7a61cd7981a8615d84d7728d.png





EPUB/assets/cc7010a2750e17177f306883e639d72d.png
$9





EPUB/assets/6d03e9fe7f19be06233fd7c0bb5f03d8.png





EPUB/assets/CNX_ElemAlg_Figure_06_06_004f_img_new.jpg
xX-2x
X+1)X-X+x+4
=X +(=x)
-2¢ 4 X
42X + 2%
3x+4






EPUB/assets/0076fb8e835c8ba4ffc92de08f528756.png





EPUB/assets/90a50490bad6f685782333341103fbae.png
el oo





EPUB/assets/CNX_BMath_Figure_09_04_075_img-01-1.png
15m





EPUB/assets/9cadbbe8b30b454b8c9a7f66fbf9af8d.png
15¢% + 14c — 8





EPUB/assets/CNX_Precalc_Figure_02_01_012.jpg
500

o 2 9
S & o
¥ ® «

(w) soueisia

100

Time (s)





EPUB/assets/CNX_Precalc_Figure_02_01_010.jpg
f(x) =mx+b

\

15 200
N(D) = 15t + 200





EPUB/assets/03b42093c1b962d292512630d9524747.png
180

15h





EPUB/assets/b7498b034b1c4632046e44828c48faf7.png
0000102 000000 900001 00000101
2 2





EPUB/assets/dcb1767a2e485ef912180f94b7048c1a.png
51





EPUB/assets/CNX_ElemAlg_Figure_01_06_002_img_new.jpg





EPUB/assets/22ccb3aea3b32ed763fd23da36006a1a.png
4 % 4





EPUB/assets/79c7d546929a59ffe4ff4bbd4e335c21.png
{1gb]].0,0.0,0.07rgb]1.0‘0.0‘0.04(2: +y) = rgb|1.0,0.0,0.0-rgb]1.0,0.0,0.04(12)
9z + 4y = 51





EPUB/assets/CNX_Precalc_Figure_02_01_015.jpg
1second 1second 1 second

0

1

2

3

D@

250

333

416

499

N—

83 meters 83 meters 83 meters






EPUB/assets/16bdcd16f1f607d499f8820ad72f9d0f.png





EPUB/assets/2cfd3369e3105b32ec6882c5544ede33.png
8"





EPUB/assets/c70843fb1148be56a6211e6299f9a455.png
$2, 160





EPUB/assets/9d205b80c699be17019ce1a5a5a448f5.png
820)





EPUB/assets/a31104f365d98de13f70421d885837ef.png





EPUB/assets/b8b305dcb03901bec864b8ed83868e95.png
(2,-1)





EPUB/assets/4.4.4.jpg
We will write one equation

bz g The sum of the numbers  is 14
min I da
four less than
Onenumber is  the other
m = nia
The system is:{ M +1=-14

m=n-4






EPUB/assets/59b12492754fcf60056653deb37ff74c.png





EPUB/assets/4.4.8.jpg
d =
d+c<50
d+c=50





EPUB/assets/32d37c74d81dcdd9fe4c5c61a8e1b48c.png
S = 2(3.14)4° + 2(3.14)(4)13
S ~ 427.04





EPUB/assets/d65cceaa88d6d7a71e3d69cb50b9286d.png
71





EPUB/assets/d34a2bae06d65ffc1361143b38f5a781.png





EPUB/assets/85045e9347ad0ebe8dba7593c8dd6df9.png





EPUB/assets/CNX_BMath_Figure_09_06_047_img-01-1.png





EPUB/assets/1a6933efd7ad0e58cf023f99390cab19.png





EPUB/assets/1eb1345f0a43e60c6f9293ab145bb24b.png
(32
2% ) (—4z?)





EPUB/assets/CNX_ElemAlg_Figure_04_02_034_img_new.jpg





EPUB/assets/1a7307636876f7a29d6b2f438b13c2e6.png
8(14 — 8)





EPUB/assets/682f866223a961d7cf5074914607b2e4.png
10y





EPUB/assets/6055cacebf546f898dab719cc575d72d.png
(a*)°(a”)*





EPUB/assets/580d8624190b27835dc2a47df93d4577.png





EPUB/assets/c841f3550c69e852b16fe93513457c8b.png
—11





EPUB/assets/4af2b945e17aa69a1abe580b15667d4b.png
1 number + 2" number = 21
._number + ¢ number = 2L





EPUB/assets/adacd4223f40f04f683f4a5594995e14.png
9 x 7 x 24 x 60 min
T i o1 o1~ %0720 minutes





EPUB/assets/10cdb58f3e1280614f126f8c2b831658.png





EPUB/assets/117db6833ea4b4930d66b208c29ed2e9.png
AL 610
32 x 20 £ 640
640 -~ 640





EPUB/assets/90f8aaffa74956a62fefcaf61b88b5b9.png
100 mil
161






EPUB/assets/7f7ec2f8a14536678a4c48c4320f3984.png
5yrgb|1.0,0.0,0.0-rgb]1.0,0.0,0.05rgb]1.0,0.0,0.0y — 9 =
Simplify -9

yrgb]1.0,0.0,0.0-rgb]1.0,0.0,0.05rgb] 1.0, 0.0, 0.0y
by






EPUB/assets/f7d5078da962dd6203e95dc7d958a8d0.png





EPUB/assets/f034b1df634e254b03214cf1258afbbd.png
3rgh|1.0,0.0,0.0z + 2y = 34
3(rgb]1.0,0.0,0.02rgb|1.0, 0.0, 0.0yrgb]1.0, 0.0, 0.0 rgb]1.0, 0.0, 0.0—rgb]1.0, 0.0, 0.0 rgb|1.0,0.0,0.02) + 2y — 34






EPUB/assets/2dfce26eb7f25faa5583bc436ba43661.png
20.1°





EPUB/assets/e47549ebd14106c3dc62e42622393a74.png
40





EPUB/assets/e6620caaf4c22d822bddafcfd1a2d2bf.png
4B _ B0 _A¢
XY YZ XZ





EPUB/assets/60f329d5ee1167ff553c9ba851528712.png





EPUB/assets/1da68406107edb0131c93a4be1323f9c.png
35 x 25
8757





EPUB/assets/0a2c476453264a861c2d95637aa0d165.png





EPUB/assets/f28dd5019ac2a72690c312f8aef7f7dd.png
6(1.79) £10.74
10.74 = 10.74¢





EPUB/assets/11600bf665dee44834632fe300d53e35.png
~T74 + (—27)





EPUB/assets/fe908a4042940d06b43365245bbab2c4.png
65





EPUB/assets/fa9667174e3db08ac93a57d79d8440b3.png
(6a*b°)(4ab")
12455°





EPUB/assets/667fd77a276c804d9314b03b36f8f898.png
- —16__ — 16|





EPUB/assets/54f8ee164e54b5392f94cbbd65d2c76a.png
(—2,4)





EPUB/assets/13f864275ff9d7c675a5ca84adad13f5.png
—8y — 2





EPUB/assets/ec6ed9d1cca6e07f1001380e67d2cc0e.png





EPUB/assets/82c0cd99978f3c715a039a9909bb657f.png





EPUB/assets/52441647c958e6d606fec6abb9d0177f.png
|47





EPUB/assets/CNX_ElemAlg_Figure_01_03_018b_img_new.jpg





EPUB/assets/1b5819e599aa8b497c8d12cab8bba727.png
59





EPUB/assets/b9f1a8d793b376da022e7a77b2ce27eb.png
—4 — (=T)





EPUB/assets/0e1393457f5ed3fd2136286df48cdf4a.png
85mg is 2% of the total amount
g Bl L LAt





EPUB/assets/bfb9c7642308a872f00f2acf44017005.png





EPUB/assets/efbe1ab77f00339d48fe10a6be9acc7a.png





EPUB/assets/2c98dff987cb5f54234762e08a08bcc7.png
m+ 5





EPUB/assets/c592e377b9cda39578834730fbc2fc7a.png





EPUB/assets/59b25c1a0dc5143123cd2aa05535ddc8.png
3,200 grams x 1





EPUB/assets/4160f2063a4ff6fcfcb7e6a568449856.png
4b + 100 = 180
4b = 80





EPUB/assets/eb97de3873d9b3f46613dbd3bf39193e.png





EPUB/assets/13cbcc84a375ecffe0a114f01e1d9b10.png
—43





EPUB/assets/a26e79ba3dd61060f4f37cc23a05eee0.png





EPUB/assets/fb7bc337669d0a74da9fc2a3f2d57112.png





EPUB/assets/4704491909_56400e75ca_o-300x200.jpg





EPUB/assets/60d02a7c360db9bb804b7ecacfb7ac02.png
distance travelled by Christopher +  distance travelled by his parents = 115

Translate to an equation 15(r 4 10) + N 15





EPUB/assets/6f1c6573508550d95c81b02e9a8cd3c6.png
TR






EPUB/assets/4eed7acdfcf6045ccfe5c11f08ed57ae.png
5+ 2% + 3[6 — 3(4 — 2)]





EPUB/assets/8136549fe27be8bc0948cd730ee775be.png
F s

Simplify. z*





EPUB/assets/ef4cb3a64b451a0cf5b77061abc5ae9b.png
Argh1.0000 drectangle > Auspesia > Argl000.010restangle
gb]1.0,0.0,0.027.88 23.46 rgb]0.0,0.0,1.019.04





EPUB/assets/8fdc6af930d9167690f9ae408287fdaf.png
{

Tty

180






EPUB/assets/e7aff68d3e9b642a1a5959e0187c1664.png
r6b]1.0,0.0,0.0y = rgb) l.ﬂ,O.U,O.ﬂ%rgb\l.ﬂ‘o.ﬂ‘o.ﬂz
rghl1.0,0.0,0.0y = 2z + 5





EPUB/assets/39ae58ebab257a5a080ed48715898db9.png
—(2x2x2x2)





EPUB/assets/d9d96467224565ea113b0afa57e7dc45.png
20,000 — rgb|1.0,0.0,0.0¢
20,000 — 7gb]1.0, 0.0, 0.057g5]1.0,0.0,0.0,7gb]1.0, 0.0, 0.0000
15,000 = amount invested at 5%






EPUB/assets/4.1.1.jpg
The lines intersect.
Intersecting lines have one
point in common.

There is one solution to this
system.

The lines are parallel. Both equations give the same line.
Parallel lines have no points Because we have just one line, there
in common. are infinitely many solutions.

There is no solution to this
system.





EPUB/assets/4.1.8.jpg
7-6-5-4-32-1J
2






EPUB/assets/4.1.9.jpg





EPUB/assets/4.1.6.jpg
-

S NWA U

7-6-5-4-32-Y7[ 1234567






EPUB/assets/4.1.7.jpg
-

7
6
5
4
3
2

7-6-5-4-32-1,\1 23456 T
-2
-3
4
-5
-6
-7






EPUB/assets/eedf7ca1e3e85398bc6b27e56d5bb8de.png





EPUB/assets/1bbc4c340674403056c4ac29f4bae165.png
T
Sy+1l=





EPUB/assets/CNX_BMath_Figure_09_03_004-1.jpg
3 60°
50° 500
50° +40° = 90° 60° +30° = 90°

(a) (b)





EPUB/assets/example3.jpg
8

x+3





EPUB/assets/fca8cc4e80ee67fb3b7464510433bebe.png
47





EPUB/assets/701d5b915eac93793ae0b38ff5612f28.png
-3 + 2





EPUB/assets/example2.jpg





EPUB/assets/f2138202996f373a4a0e19336bdf70a8.png
31

—32v





EPUB/assets/33ec28f0edd733f32dbb93e7fc6467de.png
{7_:;0]].0,0.0 0.0—rgb]1.0,0.0,0.00rgb]1.0,0.0,0.0.7gb]1.0,0.0, 0.003(s + b) = rgb|1.0,0.0,0.0—7gb]1.0,0.0,0.00rgb]1.0,0.0,0.0.rgb]1.0, 0.0, 0.003(40, 000)
0.085 + 0.03b = 2,840





EPUB/assets/21ea0d4f22e35d80f791a82236d82c93.png
-T2





EPUB/assets/adf62e839c5e271b9d7186ca17260c1a.png
b« b®





EPUB/assets/0af0caed8b45be75ce57ea771bdcb104.png
a’bh® — 81





EPUB/assets/46c8e8ba953d9fafd11c8853a9ae6b43.png





EPUB/assets/8e0fb96f004349fc8c6205dbdac6a73e.png





EPUB/assets/d4845a49a46517822ba28aa5321d5903.png





EPUB/assets/637e001e212d87cf5375a8e54035ff20.png
4y’ —Ty+2
r6b0.0,00,102 1 0

7gb|1.0,0.0,0.02





EPUB/assets/1539c54d50471fdf0783ba33b826ecb1.png
125
57





EPUB/assets/caa1525c7c994a0c73fbf599cb87db94.png
2+ 4





EPUB/assets/7b8ddba81bbe9c44ffabf32e8a81117c.png





EPUB/assets/3c7770bcb7c86e2378253aac0085e755.png





EPUB/assets/eeb70bf67231a849fb69f9464e129dc1.png
13 x3
10 < 3






EPUB/assets/650b73d411a45a678eafdf1eb3f81f4e.png
axec=bxc





EPUB/assets/599fce872f639ba844bcef340e6708b9.png
B3z 4+dy=12
7611.0,0.0,0.04 (32 + y) = rgb|1.0,0.0,0.04(3)





EPUB/assets/83254a3b867703124f328fb97432679a.png





EPUB/assets/CNX_BMath_Figure_09_04_037-1.jpg
=






EPUB/assets/b56865f34c431a746ed9ba9a1ff9b1b0.png
8oz






EPUB/assets/2a676479eebead8c692d8cc04bf78a56.png
(6,2)





EPUB/assets/bfb1720aaa231d3f510ad63474ab8108.png
$395





EPUB/assets/24da4ef6994c527778ec030874e2f3d1.png





EPUB/assets/cf410a659bbede0fd850b90ffbdd4a6c.png





EPUB/assets/23c8331ef436b262af2e525e87ea5cb3.png
20 T 17000em x em = 1.76 x 10°em’
I3

176 (3t pt) x





EPUB/assets/6d759e0b9ceefa9275fb1580fa1778c9.png
$22, 000





EPUB/assets/ef402f9cbe5ab9823c2f0e8760feb9da.png





EPUB/assets/3e28fade850b84bb2bfff8998a53ed14.png





EPUB/assets/590eb7ac98760cb20d9b65664bcda45a.png
2x3x & x A
¥ Zx1
x3

11






EPUB/assets/CNX_ElemAlg_Figure_06_06_002g_img_new.jpg





EPUB/assets/d3aebd356dd766c663be4e6bd236111e.png
2z — 3(0)






EPUB/assets/17d64451cd8a1b3329e50cbbc63024d5.png





EPUB/assets/678cc4ae6c92f1c07ae5593d8ddbc025.png
11





EPUB/assets/4e55980a0cde4ab62874891c25ffa051.png





EPUB/assets/500e7d4b58b6955a491b4c256831a43d.png





EPUB/assets/cd25cc444e115717e0eec573769e12c4.png





EPUB/assets/30f9c2e1fc9d550d42d7ba17b8d0f070.png
4, /49





EPUB/assets/155b1f0cf1942e4eaa168419bfead2fa.png
1x

1,000





EPUB/assets/cb279fca13427c77370e0d9bcba49c99.png





EPUB/assets/ebcfccef1f4cec0cef196014d49c73c5.png





EPUB/assets/CNX_ElemAlg_Figure_04_02_024_img_new.jpg





EPUB/assets/822bcc07ee2019948bca1fb37c048057.png
4’





EPUB/assets/a5a310a0751cf02e1cc3e153bf671b06.png





EPUB/assets/11e77917caadc867fe6c35781ff1c429.png





EPUB/assets/4-1.jpg
tenths place

18.379





EPUB/assets/eb587c9e12c865ec51ce6bb83e6577dc.png
(-7)?





EPUB/assets/Figure-5.7.6-1.png
¥y }
4
f)=2x°
(1.2)
(11
(10:5)
-« 6 -4 -2 0 (0.0) 2 4 [] ;’
f@=x
2
1
(x)=583 4






EPUB/assets/0541ac55c670da6641cf1b4a4936b218.png
24z —12
7gb]1.0,0.0,0.02rgb[1.0,0.0,0.0.rgb]1.0,0.0,0.04  rgb]1.0,0.0,0.02rgb]1.0,0.0,0.0.rgb]1.0,0.0,0.04
Simplify. z=-5






EPUB/assets/0c469c9881d1668ade529ebfd92a9aa5.png





EPUB/assets/4e0305cde711d59bdb2da14db9c1a685.png
24+ (=3)(—-T7)





EPUB/assets/CNX_ElemAlg_Figure_03_04_030_img_new.jpg





EPUB/assets/CNX_ElemAlg_Figure_06_06_002h_img_new.jpg
2+ 1

—2¢ +6x
x-3
-X+3





EPUB/assets/fb54271cd613ae1d85f9a26819377ad6.png
Simplify.





EPUB/assets/c508b25a49950d533a5f97e2cf996bf2.png
110°





EPUB/assets/6.4.21.jpg





EPUB/assets/6.4.22.jpg





EPUB/assets/6.4.20.jpg
vertex





EPUB/assets/6.4.25.jpg
Supplementary and Complementary Angles
180° for supplementary angles Aand B

Triangle

For A ABC, angle measures.
mLA + meB+ meC=180°

Perimeter. P=a+b+c
s} B
A=Lbh
c a
A B &0 a b €
Similar Triangles Trapezoid
mA=mzX Area. A=3h(b+B)
msB=mezY
miC=maz B b
a_b_c X
iy
c J z, X
B
A i C X 7
Sphere Cylinder
Volume: V= §xr Volume: V=x2h or V=Bh
Surface Area: S = 4nr2 Surface Area: S = 2nr2 + 2arh
'
Circle Cone

Circumference: C= 2ar
or
C=xd
Area: A=’






EPUB/assets/6.4.26.jpg
Rectangular Solid
Volume: V= LWH
Surface Area: S= 2LH + 2LW + 2WH

Rectangle
Perimeter: P=2L + 2W
Area: A= LW

w

Cube

Volume: V:
Surface Area:






EPUB/assets/de1d78d905c2ff6a723c5b3aeab9e89e.png





EPUB/assets/f6e14ea82035cf497a356bb73ef9f34e.png
—6 x 8





EPUB/assets/77870d40676a3d9d03f597d728e154e1.png
z = rgh/1.0,0.0,0.0-rgbh/1.0,0.0,0.04





EPUB/assets/26c9fd29f4dbedbdcb0f4490762c957b.png
Tz +8y=4
32— 5y =27





EPUB/assets/ea552b06e3b57e02b7274883ec5ac258.png





EPUB/assets/f29bdfabb2f09d4ab9351abc3cf48684.png





EPUB/assets/3c8e1f93d332a44b88fe3f6631a2185b.png
$2.10





EPUB/assets/64ab6c9e866408a702ee1b69ba5bbfcf.png
11 - (-9)





EPUB/assets/199eb82e8f6e6c5d160976804d1a8a47.png
0(—17)





EPUB/assets/10aa73b7f62983b73e48c2b2504081ed.png
? 43424 2
P2 g





EPUB/assets/983a711ce01b1dbe815446633a746456.png
616 + 15 (rgb]1.0,0.0,0.04) 7¢b0.0,0.0, 1.0 (6)
Simplify. 96 + 360
— 456





EPUB/assets/Sig-Figs-2-1.png
712
10.46
87.66

1 limit final answer to the tenths column and round up: 87.7





EPUB/assets/b4a40014d0f51c8e60bae772febb4d9e.png
3z+y

3(-1)+2
-1

-1
-1
1

224y

2(-1)+2
0






EPUB/assets/a8b93656b9c5c0c4c5f947ba654e1d97.png





EPUB/assets/7703922e407b048c3dac5f7a28a99625.png
10-3p
0
Undefined






EPUB/assets/c231704be18c9dd267504adcc6d0e73b.png
$1,669.68





EPUB/assets/160461417cd5c495bffda7e3ebb8c06c.png
22 + Oz





EPUB/assets/9a049866ef2e81e30e584802cf4ca62f.png
22





EPUB/assets/c6b8cc13b80257d183887dd23b35389c.png





EPUB/assets/107ee662b0aeed0109aeee470e2eafaf.png
27

13





EPUB/assets/94d7f27aad18a2392901e40e30ca2f11.png
().8





EPUB/assets/62dc9bd323f9b1fd8c393bfb08c8f440.png





EPUB/assets/2e4037ccb1a12234937531ad45698b42.png
4]~ |4





EPUB/assets/944b7dd4cdf24319828f6b6e299f9ca7.png





EPUB/assets/551c1eda386f552b9316819cd37d5a5b.png





EPUB/assets/94bb378b08290caab7c52a6b21e7c994.png
(1 + 10y + 21) = (y + 3)





EPUB/assets/67abb937ee477136dffa999d3cd19b9e.png
-7 — (—5)





EPUB/assets/CNX_ElemAlg_Figure_05_02_011f_img_new.jpg
a+b+90=180





EPUB/assets/29806a842e9ea8d781f077a9f112d5d9.png





EPUB/assets/806df1bf36315a6f00c7bafeb775d606.png





EPUB/assets/dadac8075ac3de5ef5554cdccf88b041.png
12z + 16





EPUB/assets/136959f6740ef361170cda2339dc736f.png





EPUB/assets/79707ef695391716086a86f50dc4cc82.png





EPUB/assets/c8978582693198643ae0ed4f508b429a.png





EPUB/assets/a6050fabfbbbc83439d05dd9c8f2a427.png
30y°

3y

6





EPUB/assets/4214ce37595ec313b1eefa00c87d960c.png





EPUB/assets/5806197521abf795f92be2a6904ae5af.png
4.78





EPUB/assets/36e07248906fcc31fb508c1973c59155.png
(a#0)





EPUB/assets/6d348b2f696650151ac3569a4c9ffc52.png





EPUB/assets/2bf291b4fee836467c5277271504683c.png





EPUB/assets/e7738a689e9111b8578a657a1981a97f.png
(0,-3)





EPUB/assets/29345f6b9b6c6d1ff4fb507e5fd5d5f8.png
$0.2!

84.75





EPUB/assets/6.4.14.jpg





EPUB/assets/abaa6bbe17cb7764810cdc70aa5bdf3c.png





EPUB/assets/18038785d125424d639d499e6574f4c9.png





EPUB/assets/6.4.15.jpg
L=2ar

C=2xr





EPUB/assets/6.4.13.jpg
r, radius

h, height





EPUB/assets/6.4.17.jpg
Volume: V=nrh or V=Bh
Surface Area: S = 2272 + 2arh





EPUB/assets/a52ceec4a1b07c5134382a61e01168d4.png
8p





EPUB/assets/6d159c7573b4fcd1820f9a34f9ca0288.png





EPUB/assets/6eca3cdcf88a4311c681f36058d84f1f.png
16a"b"

94ab®





EPUB/assets/a9ed39506bf2706e1f19f0bf2d81af9b.png





EPUB/assets/61d9f0972b604cbc236a9308a2546e81.png
7gb)0.0,0.0,1.047b]0.0,0.0,1.0+52 = 4L — 4rgb|0.0,0.0,1.0+rgb|0.0,0.0,1.04

56 = 4L 47






EPUB/assets/6f65a7a8d638b0eceb26336fe696d3c2.png
.52 — 0.5y = 100
{ 0.252 + 050y = 0.40(200)
0252 = -20
@ 80





EPUB/assets/2ca5851e33f069491ac31755cbcbadb5.png
15(r+10) + r =115
Lr+15+7 =115
25r+15 = 115

2,57 = 100

40






EPUB/assets/e3ca5034d3409da657b945a7d21b2144.png
_ 3oem  (10mm)
= Q) T
(30)(10)mm

- T

— 300mm






EPUB/assets/d5648dbaadf74c79e589ac81ab5c007d.png
(10¢ — d)(c — 6)





EPUB/assets/cf0b60cfbcbfd48d3cf41c6d1989e5be.png
Fornula does not parse





EPUB/assets/7b962c29895b1b43ea6611d7bd4c9a67.png
7.3





EPUB/assets/CNX_ElemAlg_Figure_01_03_024a_img_new.jpg





EPUB/assets/313b41ba39cec5234ef5157d640256a6.png
2y





EPUB/assets/4b92e503eb079783edf096739ca2322a.png
—0.105f + 2,261.70 + 0.059f = 1,669.68
~0.46 +2,261.70 = 1,669.68
~0.046f = ~592.02

f=12,870





EPUB/assets/57cd382ec54c596cf4696c3f11f251c5.png
5





EPUB/assets/a7fcbce55c62e8465e737783c1cdadd2.png





EPUB/assets/eda36280de334a2da3ba2e7b7e5287ad.png
1 mile
100 kilometers - — 0
ilometers - = —





EPUB/assets/1f2ac75b7d326efc0aef401dfc95f7da.png
Tw® — Tw + 9





EPUB/assets/CNX_ElemAlg_Figure_06_06_001i_img_new.jpg
x+4
x+5) X +9x+20
X+ (-5%)
ax+20
—4x + (-20)
0





EPUB/assets/595a2bc484a79065e64e6ba0081f4f2a.png
3z — 9y





EPUB/assets/3e80d79c743338ed2e2e8348f05616dd.png





EPUB/assets/872a9f8b7a473ae8936ffe04667eeed9.png
(2, -6)





EPUB/assets/12ccc6792e88cc5fc51d3aeec238dbf4.png
=1 +ec





EPUB/assets/2500494150102ac1a3d920674ab1ff2b.png
$100





EPUB/assets/cbbd8f22e9dcbc35f98d95f87aceef98.png





EPUB/assets/bbf246430b3d3ea7d08a36a501913f0a.png
15—y





EPUB/assets/daa5716489b141d5198a32702abf0d7d.png





EPUB/assets/0872c273e7451ffbb4780461d56b19b2.png
T®
— 6
iy — 2u°





EPUB/assets/d52578d2cfa431ddea1e80a221d12eb4.png
—(4x2x2)





EPUB/assets/82f9ba31555b71e5e56e6e907b2e349d.png





EPUB/assets/14fcd05306a4620cedb4d76c6a4a447c.png
42b° — 53b + 15





EPUB/assets/4a64ac4c70d878125fc76b87938a2c5e.png
143 = 11y

143 £ ~11(-13)
143 = 1437





EPUB/assets/7a1d5fb97e2b3e9c062bd5c3952cab22.png





EPUB/assets/c3691e9846f6cf14f2b13c08b96561cd.png
3,4, /19





EPUB/assets/8029d471edc7897ae7819fba85717b8e.png





EPUB/assets/2401cff1c9d61d40af421f0a5f5709bc.png
20°q + ¢°





EPUB/assets/f25ad49bdca3158216984b6071fdd2ab.png
Tgb|1.(
62 — rgb|L

0.0,0.0y = rgb|1.0,0.0,0.0-rgb|1.0,0.0,0.02rgh|1.0, 0.0, 0.0zrgb|1.0,0.0, 0.0 7gb|1.0, 0.0, 0.0+ rgb|1.0,0.0, 0.0 7gb|1.0,0.0,0.02
0.0,00y = 8






EPUB/assets/60a1e748c8f333e4b3001b5a3f5fc27f.png





EPUB/assets/482aee0b7825b2054396f75a74dc744b.png
—-63





EPUB/assets/CNX_ElemAlg_Figure_05_02_012e_img_new.jpg
s=Q2

10,000 + 40n





EPUB/assets/904649b3263bc2c3e2c749e30f2a0bee.png
(@ + b)? = K 208 + b

-~ <~
e (first term)? 2product of terms) (1t term)?





EPUB/assets/7d7f5559c9ed092f541c6cd6055f5f33.png
(2,9)





EPUB/assets/3b09a74bf928194dc6be79d65815db47.png





EPUB/assets/a864e569bb2a2e4694e805a4a4335614.png





EPUB/assets/55f0c07f6fdff0f0737af5676c642f9a.png
1415927 x (1.2 m)*

4.52 m?





EPUB/assets/57b50d8e78f64e53d10d1c68c72c4458.png
4r° — 12zy + 0°





EPUB/assets/f0afb467bc78f30c8de19899bb324496.png





EPUB/assets/12a47deb56c5d1e8961fafad168f5456.png





EPUB/assets/2265a8167ce4cd62e1eb7b26ac7eab0b.png





EPUB/assets/18d03a7bd3cec5d590db89b356035acd.png





EPUB/assets/b53d97d2835e85f01ec226e61f4abf1b.png





EPUB/assets/ac3ded7e7b414f83ea061c4360a0ac53.png





EPUB/assets/b9cb145a9876ab55c42d3cc76ef9dec9.png
3z + vy

5





EPUB/assets/8e80cfc280c0e8fec42ed939b29eac50.png
zrgb|1.0,0.

).0p + 3rgb|1.0,0.0,0.0p





EPUB/assets/0edbec1f084f4462dab1e904ef61083f.png
0.07 is what percent of 3.717
o~ b pereet O S





EPUB/assets/CNX_BMath_Figure_09_03_030_img-1.jpg
15






EPUB/assets/47e18916bd054f4c55031262f693aa8c.png
8 % 10 ¢





EPUB/assets/e47b67a3f1fa37381185cb1d80621096.png





EPUB/assets/866ac7f77dd911967fb73b6a3b32f534.png
1m

(100em)





EPUB/assets/aa2e69c2fc176b9c33f8d46e7ba20138.png





EPUB/assets/f4156a9e580933112199c8d39c1bdfe4.png





EPUB/assets/082639e23046941d7572ec2af99184a9.png





EPUB/assets/1c579a4f53a283ea6a81b7b267e409e6.png





EPUB/assets/1ab31e10a7873729a5b5a3fdb5063171.png
1.6m
—0.85m
0.75m






EPUB/assets/53126d3aba9200680704ef5802837ffb.png





EPUB/assets/4d553920ad67b917e0835167722ccb93.png
337
207






EPUB/assets/545248283d38e6f1afd0bd2951ffeca0.png





EPUB/assets/a1590f9ff6588e15f32e69d0a2b3c82c.png





EPUB/assets/1779e09fac37a197b3960b819b702838.png





EPUB/assets/9d9ee73bbc4f7b927187f5a323e158fc.png





EPUB/assets/2d71b79e00ba25331f3c27faa241bd7a.png
EEYREEYY





EPUB/assets/45cb3c3af096db0596c27f0c69934605.png





EPUB/assets/8b78a473a9412a815277b924ec5c9a4b.png
2 + 9z + 9z + 81





EPUB/assets/511716d2c76e746f336503aa9ff05871.png
6,596 = P(0.075)(5)
Multiply.  6,596.25 = 0.375P
Divide. 17,590 = P






EPUB/assets/a0acf6fda883f9e72dbec42203f79013.png





EPUB/assets/CNX_ElemAlg_Figure_04_03_015_img_new.jpg





EPUB/assets/dd1e0eeaf4128d7ef9c0ba1f00cf8cad.png
(2,3)





EPUB/assets/ec7b275347302dfe1d34dedc84187ee5.png





EPUB/assets/5591e8f81fc93054b16db5356a126b7b.png
$2.25





EPUB/assets/9a76245db40f89022936f836df076c1a.png





EPUB/assets/aafc4065b2b30a41d75bf625a47c4c58.png





EPUB/assets/37d76cba6d9daadab84226ca3ebaa8cc.png
(1 — Ty — Ty + 49





EPUB/assets/06e4d3f1c9de3fa027fe52a5810ccc47.png





EPUB/assets/7e23352365c64387223a79786b1a10b4.png
p’ — 26p + 169





EPUB/assets/f9ddcda914498f36e5ca81c9faeec493.png





EPUB/assets/6e04bc8ce66d25e5415f6901bbef2a67.png
5(rgb|1.0,0.0,0.04)* — 8 (rgb|1.0,0.0,0.04) + 4





EPUB/assets/6ac2156c8b04321efc942dc4dccbc65f.png





EPUB/assets/c597a80748b12efb74be49e8126a728d.png





EPUB/assets/ad0742f75bc6155fa0074bf75d8b705c.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_003a_img_new.jpg
AN
TXCx+y)





EPUB/assets/dbcc25131a704522bb6a7fac4e9c3a2e.png
(wm 0.0.0,0.0argb]1.0,0000 rgbl1.0,0000 rghl1.00000 rgh{1.00000 rgh{1.0.00.0.0+7g8]1.0.0.0.0.0 rgb|1.0.0.0,0.0 rgb|1.0,0.0,0.0
4+ 1





EPUB/assets/CNX_ElemAlg_Figure_06_06_001h_img_new.jpg
x+4

X+5)XFOXF20
X+ (-5%)

4x + 20

4x + 20





EPUB/assets/a65a22ef154d28f46c54a07ac5e8381a.png





EPUB/assets/600ec4360f7bdfa9f641876cdffeaad7.png





EPUB/assets/e26754a29a6a6fb7884696ec2cea5f45.png
(—2,2)





EPUB/assets/d9911c1b58698e2068a4008b28816586.png





EPUB/assets/6821411d47e83c9397c9b769512a11a5.png
12b° + 38b + 30





EPUB/assets/63007093c17c00801e10d6973881a5e5.png
25,000 + 15n





EPUB/assets/CNX_ElemAlg_Figure_01_03_018a_img_new.jpg
YUY





EPUB/assets/02883d5ab4f8777a30095788bf43241c.png
f=12,870





EPUB/assets/3d9bb93db632957827b4cab9ddfcbb94.png





EPUB/assets/2dc24002c08f01cba78631a57907af2d.png
25 + (—61)





EPUB/assets/e2938fdf1512a972d628246aa5e97152.png
4(—8)





EPUB/assets/9c802ee405f2591524524939bfa64678.png
Fornula does not parse





EPUB/assets/5338876596_3b534a8f7b_o-1024x768.jpg





EPUB/assets/e3cd298e447d6942f83e53fdcaeba10d.png





EPUB/assets/22a73c3141da8912122112d3093ab7e1.png
12 - 3(9 - 12)





EPUB/assets/3d0783d78e01bc8e73517dde420fdfa8.png





EPUB/assets/1e8b60a2d5f9d03023b6140c6fd23305.png
20z% + 51z + 27





EPUB/assets/7282cc4903fdd425b7825ab971c77ede.png
15!





EPUB/assets/7da9d7023a216edcedb57a4c7b30b242.png
6(z —9) — (z+12)





EPUB/assets/e550821dd7303dc47757a6e4b1e67e03.png





EPUB/assets/7c7f5313ee8009f2994932549315d7c8.png
100 (0.3) + 100 (0.25q)





EPUB/assets/0cd9b8fb8ab97cce9d43b5f5d9a35443.png
(u? — 6uv + 5v°) + (3u® + 2uv)





EPUB/assets/65e8fb9dca69ca2cc5742e0ed34ec35c.png





EPUB/assets/cfdd398b4ed96f77a024c5896f706fbc.png





EPUB/assets/10a6442134415befed462c6a978c0f98.png
4(q + 2) — 3¢






EPUB/assets/aede0b3f838babd2378c0f32494422de.png
6.4 pounds





EPUB/assets/94a369178dc9e15e6ae4ed9cc70266ba.png
rgh|1.0,0.0,0.0 ~n’®

' 010.10.1F





EPUB/assets/808484ffee0b8bbfdf202cedcbfe3448.png
24 — |7





EPUB/assets/996c67392ad70741eebf58fa44dfdd52.png
— 2ab + b






EPUB/assets/846c8909899f055699cda3a8bc0b775a.png
—6(8n + 11)





EPUB/assets/033a14bad069d3524192f5889cfbd791.png
(P* - p*q) + (pg* + ¢*) — (p*q + pd*)





EPUB/assets/3.8.4.jpg
West 70 mph 60 mph East

325 miles





EPUB/assets/bca084699dc5a6f3c9531cfa22ded9df.png
gbj1.0,00,0.02  rgb]L
-3
Simplify.






EPUB/assets/3.8.2.jpg
lunch

Christopher |10 mph faster Parents
>

| 1.5 hours 1 hour |

115 miles





EPUB/assets/3.8.8.jpg
Home | city driving . desert driving Las Vegas

2:00 pm 4:00 pm 6:30 pm

255 miles





EPUB/assets/54bc98ba85a9c1fb39796a1a6f981431.png
—3d* + 4d





EPUB/assets/c571f3ad11ac0a61b1ebad248689e783.png
Sz 3
S 10





EPUB/assets/3.8.6.jpg
30 minutes

3 mph faster 15 minutes

distance





EPUB/assets/3d741744658ba97e422f63cf1b2bbe75.png





EPUB/assets/59a0bc09b069921f825af305a6415be6.png
4y° — 8y — 6





EPUB/assets/d3d5a292cf763e2917c5af25331f24d5.png





EPUB/assets/4ca9f2cf342e3310a5ae47292771e60c.png





EPUB/assets/b14f0b94431269440df9bd2d198186d4.png
(—5,4)





EPUB/assets/c8ddc2427ddedccfd3f40280e3e8de06.png





EPUB/assets/5ed3b6d58f13a4e84c01f54fd061bd06.png
a/b





EPUB/assets/d0a516f0760be6582dcc1f871dcb2080.png
"9H/1.0,0.0,0.027rgb[1.0,0.0,0.0 7gb|1.0,0.0,0.04rg]1.0,0.0,0.0 rgb]1.0,0.0,0.013

Simplify. %





EPUB/assets/b799970fc99bcb4cd8fcfbf81048d738.png
—6z + 15y = 10
2 By






EPUB/assets/d9ecc1280a55487c724fd17899d1556a.png
6s





EPUB/assets/4b74172967eb5511c78262143aa19556.png
0.1





EPUB/assets/3.9.2.jpg
Xy

VAR

e coordinats N coordinate





EPUB/assets/4d8eb00e0c82f1ac0da5b5ae08ac03bf.png





EPUB/assets/52c8940068746e2e0a972541c112776d.png
10, 000





EPUB/assets/3.9.5.jpg
123456






EPUB/assets/28417c34d72eae7060a691a368bfeb44.png
74b]1.0,0.0,0.0s = rgb]1.0,0.0,0.0140
f+2s=620

£+ 2 % 7gb|1.0,0.0,0.0140 = 620
£+ 280 = 620






EPUB/assets/3.9.3.jpg
a4

6-5-43-2-1





EPUB/assets/3.9.4.jpg
123456

@.-3)
= BT
. -4
-5





EPUB/assets/3.9.9.jpg





EPUB/assets/7d20d89a186eaac9b05f4ceb88d920a2.png





EPUB/assets/ff530cd1895d5d2b0e284e899dcfa59e.png





EPUB/assets/4090cac24ae96b66a84cb7499bea84cd.png
8.9





EPUB/assets/d35defbd8a842d38178f2ea3dc777e4f.png





EPUB/assets/97786db5fd269cfb9abd3f092e4fde4e.png
5z
Subtract 52 to get the constant alone on the right.  52rgb|1.0,0.0,0.0-rgb[1.0,0.0,0.05rgb|1.0,0.0,0.0z
Simplify-the z's are gone! 04 -1

.0576b]1.0,0.0,0.0z — 1





EPUB/assets/e911cba6acd1606c784b066fa6f79846.png
16.5





EPUB/assets/50180ea422b06b7dc0768c5d74e53f6e.png
10e + 20c = 278
20e + 30¢ = 473





EPUB/assets/defda4ab42914ca285d3c41efc668c08.png
7b/1.0,0.0,0.0n + ¢ = 20
7gb]1.0,0.0,0.016 + ¢ = 20
c=4





EPUB/assets/9044bbaada49f67c6dba034e0747b180.png
20, 000





EPUB/assets/0012a8d6b1ef092545ebeddfe34c4e90.png





EPUB/assets/55ae9e09d6861fc2dbf9c237778e5ae8.png
zy — 2z + 2y





EPUB/assets/77a94d4c904983df0d4f856f7de03026.png





EPUB/assets/71f8a22a81069148b098a37f14fb3eae.png





EPUB/assets/6b13a372b4e6c51fca4507bcdaa2ba18.png





EPUB/assets/627679a98b95401de994dab7657b109e.png





EPUB/assets/213bc5e7776aa88a2c6423a465dda127.png





EPUB/assets/8cfd722f578c542f25d349787714f04b.png





EPUB/assets/e3c77cb9eb7647f130f14a84b1c71a20.png
145





EPUB/assets/ea27d77b9dae3bb344e3af61a379f4fe.png





EPUB/assets/64c2aef35c9115558d9f930da7e511d9.png
62





EPUB/assets/d035b717919288dae4cd867fb5ea6bc3.png
$17.05





EPUB/assets/901b6007aa31b63b66be884dfd66cabe.png
22 (2 — 8z + 1)





EPUB/assets/CNX_ElemAlg_Figure_06_06_005f_img_new.jpg
X =2¢+3x-1

X+2)x 40— X +5x-2

—(x* + 2x)
T 2o x
-2 - 4x)

It may be helpful
to change the
signs and add.






EPUB/assets/45c70e38903285cded9143872ab3242a.png





EPUB/assets/61d84097922aab6ca15d02e5c1ee8dc4.png





EPUB/assets/a1dcf47230e45383627054e2bd94ad8b.png





EPUB/assets/48723faba730989c292acf50d62a0df4.png





EPUB/assets/93e843da891f7d67d2e247f699cf857f.png
0.2z + 45





EPUB/assets/04e91302fb78cc2036e1121ec76d01ee.png





EPUB/assets/890db02ebea105cd80969f865902a1ca.png
o 145.8426
47016 £ ===

4.7046 = 4.7046v





EPUB/assets/6c4b2fd0004a8935cb9942de047c6946.png
~5(2 — 3a)





EPUB/assets/fd48b9acad781a3b9929e41556359e20.png





EPUB/assets/28fd4432058f581a3e635e8cd19f2dfd.png





EPUB/assets/e37fd4fbbada4d374f6125efcd896caf.png
(2z — 5)(5x — 2)





EPUB/assets/1724e62735e17da563f1163e882321df.png
17





EPUB/assets/86bc933d653e72fd53ebc38ac46b0aaf.png





EPUB/assets/f2dd242f0b80117cc5ffab339628f3f8.png
3.7 % 10%





EPUB/assets/CNX_ElemAlg_Figure_06_06_005e_img_new.jpg
X ~24 3%
X+2)x 40— x+5x-2
—(x* + 2x)
-2¢- X
20— 40)
Ttmay be helpful ]
to change the e,

signs and add.





EPUB/assets/79cd226fd81fc1d256dc8fcc84b68075.png
—y+(=5)
—y—t





EPUB/assets/45927f317c42cd4215c5bbb2166ac66d.png
(z—15)






EPUB/assets/420b74bc712460ef20e83d3eaf7a5247.png





EPUB/assets/d5c3cacecab127bc95ca2daa031a4d2d.png





EPUB/assets/c35fa123d70037cd4af6c221f7770d1f.png
3+4(3)





EPUB/assets/d1d2bb190c917128d4de5f4baef8a70f.png





EPUB/assets/f91ac35088ff500e0bdb46b463a22d0a.png





EPUB/assets/544c1be10b199e8ddf6afbff1305ee2b.png
0.374 =






EPUB/assets/CNX_ElemAlg_Figure_06_03_019b_img_new.jpg
v
i/’
4)
W
=
)





EPUB/assets/e5896773f6ccce07d8711aa248358a55.png
2
7 4





EPUB/assets/CNX_ElemAlg_Figure_04_05_026_img_new.jpg
19 2468101214





EPUB/assets/af1cacb2d6e37455671ee755a8da1c43.png





EPUB/assets/18e1ff02e576bc0d0cce3808aed49657.png
7.8, —+/64





EPUB/assets/0b73ce24ae09bbeeae7c3edcfcd4f5ed.png
tan(78°) = o





EPUB/assets/7fe49b2fddf20817e4aa291512d937ed.png
Tzrgb]1.0,0.0,0.0-rgb|1.0,0.0,0.06rgb]1.0,0.0,0.0z + 5 = 6rgb]1.0,0.0,0.0—rgb|1.0,0.0,0.06rgb]1.0,0.0, 0.0z + 2
Combine like terms. 45






EPUB/assets/c64fe94aa12fba82f7f7e5e7eb560c6f.png
(") (%)





EPUB/assets/CNX_ElemAlg_Figure_03_01_003-1.jpg
Tam better prepared now.
Tthink I will begin to
understand word
problems,

Ithink I can!
Ithink I can!,

Ttmay take time,
but] can begin to
solve word
problems,

Whildword problems
were hard in the past, I
think I can try them

aow.






EPUB/assets/f5486f18835ea535535cc24be99ca651.png





EPUB/assets/6672aebd47d79fdc1eb0510fafbe064e.png





EPUB/assets/9a953b92b7b3af8f3878acf716a5b11b.png
r+s art+3
s tl=—3






EPUB/assets/Fig-17-300x141-1.png
10





EPUB/assets/738622856cb38aebd0919a98f80901e5.png
d(d — 11)





EPUB/assets/561415624aecd5973d2bcb89c0bdd812.png
$50





EPUB/assets/a8cae0725d15529d2cd4f62927de6ee1.png
5.9





EPUB/assets/5ceae55d5dcdec13beb435db8bdb679a.png
cos(457)





EPUB/assets/759158c41286f2da5f6c12e8d0ec1166.png





EPUB/assets/22-1-1-e1669916342313.jpg
14.

tenths hundredths thousandths





EPUB/assets/5c5683b1f7ed1fef4d70b1a4d4e02e20.png
~Tb* + 3b





EPUB/assets/97224d5bbe54cbcc7b73e0a00bab3ccf.png





EPUB/assets/17b10e95748c02a765be0f267f461743.png





EPUB/assets/d299ff45380a7e5e3fe66a995e77abe4.png
/100





EPUB/assets/e474608bda919ddd3f9a9c4a618083e3.png





EPUB/assets/2a65e32bdf72740835a2f59702c31eae.png
Brabi10.00.0.04
00000t
0101014

Simplify, = ——





EPUB/assets/2a6833304610bea6bbaa7d45b8d96c79.png
0.03z + 0.05(20,000 — ) = 0.045(20, 000)
0.03z + 1000 - 0.05z = 900
900

2 = 5,000 amount invested at 3%





EPUB/assets/3.6.1.jpg
12 miles in 1 hour,
24 miles in 2 hours,

36 miles in 3 hours, 42 miles in 33 hours is reasonable

48 miles in 4 hours.





EPUB/assets/852dcbbe48644fa98142ba224c859170.png





EPUB/assets/4db27e413fac8f814393cef905349d85.png
=5 x 1000mL





EPUB/assets/058cc73612339ebfecc66532c8e3dcaa.png
0.82z +1.64 + 0.02z = 8.36
0.84z +1.64 = 8.36
084z = 6.72






EPUB/assets/CNX_ElemAlg_Figure_06_06_005d_img_new.jpg
X -2
X+2)x 40— X +5x-2

—(x* + 2x)

Tt may be helpful

to change the
signs and add.






EPUB/assets/38260614cf6e65da9e67c1a0887c77e7.png
3z +y
ety






EPUB/assets/a60c86e3c94f797f645e2b2c46837d64.png
$81.50





EPUB/assets/1c00bd23117e582fddc822ba6d73dbe2.png
~ 14— (-11)-13a
44— (—33a)





EPUB/assets/d721839b8d294e218d9c332f4d22cc47.png
(z +5)(x —y)





EPUB/assets/8d6e9e5bebaadfba9872828043d06e9b.png





EPUB/assets/4971299549_8f4531d935_o.jpg





EPUB/assets/8ebf1032fbb9ed4eef57adb56e2aca53.png
22° — 5z — 9z + 3z + 4





EPUB/assets/81420771663f16989ad3b1e2c01d6961.png





EPUB/assets/62ce3f0d01b4e92184eee7d6c9a99262.png
(1,-1)





EPUB/assets/e46fb9bf5aafb983c266affc1a167ced.png
5(p — 3) — 4

10





EPUB/assets/0bcb8058d99a6d4ef729ac3d8300e58a.png
{

4z ty
3242y

1





EPUB/assets/04f870b0e3ce6227e01894f009d80582.png





EPUB/assets/897c75d5ad118efdb6a2c66d90e511d4.png
100, 000





EPUB/assets/62fa30e93b38377268531e92ca52a5d7.png
TR





EPUB/assets/434dff373e7e0cbaebb5e770b783f439.png
22 0 oey2
= (0.25)





EPUB/assets/0978266d7a0405c0c52b48ca5fb2297d.png
$28, 000





EPUB/assets/72e73e8b5212d65b05847f19fc5033ad.png
810





EPUB/assets/01d690b0d925465df8d59c4e4fc666de.png





EPUB/assets/51bcd539ef66b40eedd0b2712127b6ca.png
P IL00.00.06r58]1.0,0.0,0.0 rghi1.0,0.0,0.0+rgb[1.0,0.0,0.0 rghj1.0,0.0,0.08
Simplify. y'





EPUB/assets/f4c9effb383856739db8f29e6a6c6880.png





EPUB/assets/CNX_ElemAlg_Figure_05_02_009e_img_new.jpg





EPUB/assets/c865ae2731a40d15475b7ed96663e421.png
-13





EPUB/assets/8f2b82e5d3aee6f2f396dcb7d0b52300.png





EPUB/assets/f0e326af41a5f7d9e30ba8b6b3869283.png





EPUB/assets/a9e90f8a0d5e31031686c26f3b83fc50.png
Multiply. 5x1





EPUB/assets/df595bd2875936ea2c93711c73ca4871.png
1 gram

800 milligrams x Toor= o s





EPUB/assets/5e4e258e722bdc38a52fa89476097e5f.png
Simplify. ﬁ





EPUB/assets/84d070cece52e816bdf46aad070dc459.png
2(x+ 3)






EPUB/assets/6d209599caa85e2cac17b8c0b1488930.png





EPUB/assets/11a3b56c989d2588119cc99cb70258f7.png
m





EPUB/assets/d1cae51acd70191916c03ea5dbf00698.png





EPUB/assets/d827399570170c3c80bef3dcc02226c3.png
(—3,3)





EPUB/assets/86d00acb576aed82fff36d669b019a76.png
2h — 16,000





EPUB/assets/CNX_BMath_Figure_09_03_048_img-01-1.png





EPUB/assets/85459e96496f6b5cbd72476e2b5a075e.png
50





EPUB/assets/ec9c0e206d82d789006cc16e9d174056.png
121 — 5(4z — 1)]

24 + 112)





EPUB/assets/9549941da42fcc48d257b9108ef6a516.png
lkg = 1,000 g
450 kg = 450,000 g





EPUB/assets/CNX_ElemAlg_Figure_04_05_027_img_new.jpg





EPUB/assets/ca50bc70e5fdbe0aa086339c1cb632bf.png





EPUB/assets/ab32b60b3e91d1101796774ad18be394.png
~15y° — 244° + 21y





EPUB/assets/da0eb2bdf7084a3ae28cadab7ef3026d.png
180°





EPUB/assets/13b2cf61aa91920e942c9d20bc6c773b.png
(3,2)





EPUB/assets/8e709e5aa7712650511c6fbb3575c9b0.png
2argb]1.0,0.0,0.0-rgb]1.0,0.0,0.02rgb] 1.0,0.0,0.0a + 24 = 3argb]1.0,0.0,0.0-rgb|1.0,0.0,0.02rgb|1.0,0.0,0.0a + 36
Simplify. 24 —a+36






EPUB/assets/efceb17c66c58c7b9b282646c90e726d.png
$3, 500





EPUB/assets/233ef24db2c01d40dcba5d65a38347ea.png
— 4z

P





EPUB/assets/2ac38dd173989d021c9eafc1ec74f58f.png
21,540
_f 421,540






EPUB/assets/2bf3e1541481d4073abcec498f9f28f1.png





EPUB/assets/431ddad84019d80ffcf00cf6df8772bc.png





EPUB/assets/13b95ceeae027ce80404db54f6982b14.png
—2z%





EPUB/assets/db336e5909959262d16f8a5b384557bb.png





EPUB/assets/68788045d834c03cc8e223b740146cb7.png
22% + 3z + 8





EPUB/assets/48d633523580747350045cc5de527fe4.png





EPUB/assets/CNX_ElemAlg_Figure_05_03_004c_img_new.jpg
Step 3. Add the equations We add the x's, y's, and ax+2y=14
resulting from Step 2 to constants. x-2=6
eliminate one variable. 5 =20





EPUB/assets/cf4a49314f2c75d00c48dad8275689d7.png





EPUB/assets/b00aaf4e1465cb8101c877558d794b30.png
88





EPUB/assets/3.2.2.jpg
o
o&oo °

13

I
&






EPUB/assets/d853585a80b561f2918ae6e95953e971.png
45





EPUB/assets/17dc490d216bde945a6fb33263bd8259.png





EPUB/assets/3.2.1.jpg
4

K






EPUB/assets/3ae9b78ef2cc710a78d4710fb05e12c2.png





EPUB/assets/a11bdba8286002892da6b4030032e735.png
250





EPUB/assets/e72697716df7a89f9306b7ac891cd2a1.png
3+(-5)-1





EPUB/assets/2c8ab926269218782c0e06fe801f3c66.png
205 — 20c = 240
40.

{205+2ﬂc: 300

540






EPUB/assets/75eac08e677f420f99e12b6e02ce7bcf.png
22 + 9z — 9z — 81





EPUB/assets/e8105ed56b65ba7f4423cdcddcf14186.png
10+





EPUB/assets/93be785e5ecf1ed26baa2d79e3ee28f4.png





EPUB/assets/5b9d22a4870651773c5b7585967a8b00.png
1L = 1,000 mL
9L — 9,000 mL





EPUB/assets/f39847009d12b0c0bfce9df07cdebb2d.png





EPUB/assets/158ca1deb2820fb24876b0fd635df5d6.png





EPUB/assets/6dd698aa39d9aa0bb4556adf29d68539.png
y—y =mlz =)

y—4=-1(~5)

y-4=-1z+5
y=—lz+9






EPUB/assets/9ed29623a78d6d30b2fda14835b2252a.png
T7





EPUB/assets/935fe2bb558b09f2607386dd39ce64f1.png





EPUB/assets/7e31766ce31d4c623b132f4acdd26d24.png





EPUB/assets/842911a482a28b3118de6906f1c3e5c5.png





EPUB/assets/CNX_ElemAlg_Figure_05_03_004d_img_new.jpg
Solve for x.





EPUB/assets/c2c41e2fe017c569e19f228f7d7e7d08.png
n+m





EPUB/assets/7102ea95579010267c6c02cd1589a496.png
/64





EPUB/assets/d7e2767239ec897dbea3b42c2be0f0e9.png





EPUB/assets/4c2b6dac31aa523f803c52d289e4745c.png
a. tan(42°) =

b sin(42°) =





EPUB/assets/4f621771098324c0e1c0226843a2e38d.png





EPUB/assets/5a84b25345ed7dd7e1058fd843436f22.png





EPUB/assets/aec6c60a6724bc8b583f0fbc3bb28ccb.png





EPUB/assets/8d15ec00366021623ab3ae6baa29f892.png
52° — Sy + Syt





EPUB/assets/CNX_BMath_Figure_09_06_042_img-01-1.png





EPUB/assets/bd1416f1ff15e8685ae6dfdb1746501f.png
430 — 160rgb]1.0,0.0,0.0-+rgb]1.0, 0.0, 0.0160rgb] 1.0, 0.0, 0.0s = 600 — 85srgb]1.0,0.0,0.0+rgb]|1.0,0.0, 0.0160rgb] 1.0, 0.0, 0.0s
Simplify. 430 = 600 + 855






EPUB/assets/cc-by-sa.png





EPUB/assets/65a22c899a09c2b85d095f750dc14731.png





EPUB/assets/70f3de15bc5ae6928edcf6b514c4292f.png
0.6





EPUB/assets/50ba7e9233e834a538925346e651c17e.png
c0s(D) = — = 0.8





EPUB/assets/f4bf2ceb78cfc7f61930121a4726703b.png





EPUB/assets/dedbeb81852ff8e184c06e4049966e55.png





EPUB/assets/d55b97bad06fa2fe96e7f6acf48a9779.png
(—3,6)





EPUB/assets/1f47343b30a1fcd72e2dcd88034d6d3e.png
5m + n





EPUB/assets/CNX_ElemAlg_Figure_04_03_008_img_new.jpg





EPUB/assets/b5e115f53c2e606fa91830228ec1f91a.png
7303,5,4‘/@)





EPUB/assets/585fdab4a786dea68926634ce548daf5.png
32y-1) -5y =2@y+1)-2y+3)
3(2(rgh]1.0,0.0,0.012 — 1) — 1) — 5(rgh[1.0,0.0,0.0 — 1) £ 2(~1+1) — 2(~1+3)
3(-2-1)+ (0) - 2(2)

3(-3) 452 4
—9+5=—4
4






EPUB/assets/50bd2d6c7d4b7d1cec8393dc42d0a5d4.png
(6x3)!





EPUB/assets/fc438065767829ac8d3c12f91f1b1e96.png





EPUB/assets/a1178c8b4a34b45cb1748adde3c4497e.png
gb]1.0,0.0,0.00






EPUB/assets/94a4c950f59fc97696cfaadf8b5fc8aa.png





EPUB/assets/21cd2105b3c38d89ea7bb2c756ec4389.png
~1(—16)





EPUB/assets/119b12135f9aa9e72fecb5b89d683129.png





EPUB/assets/CNX_ElemAlg_Figure_06_03_001a_img_new.jpg





EPUB/assets/6b9544518ddec8432014fc9cf5b44fad.png
3





EPUB/assets/707a3e2839f035f3cbccaed272760261.png





EPUB/assets/ff6cfef1f12f4cd03ffb524ab65f7963.png
14 — 23 = 12y — 4y — 5y





EPUB/assets/c1e915b1b1a33dbd05ffe285b61ebda5.png





EPUB/assets/2333b5bf3160d40b745295536e229b1b.png
2z+1
2141
37






EPUB/assets/96a42c5adc56967e1e9b3c3a9b3a876f.png





EPUB/assets/23b966bc5e87db2c2fd1009a92b96033.png
Simplify.

= e |





EPUB/assets/CNX_BMath_Figure_09_04_012-1.jpg





EPUB/assets/ec368e85da9051701cadd7c7f8477eb3.png
e+ 40 =





EPUB/assets/ff51ac4e39c3fc17bdd73ba76a0a1d25.png
$10





EPUB/assets/d72f30c0f97c0e415c96bcafe9538ffc.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_009_img_new.jpg





EPUB/assets/6ba4751c7ffefd1adf70b80a9361aaf2.png
5.275





EPUB/assets/0bc43fbeab62d68313ffd3d9720d64c3.png





EPUB/assets/bbf72880220448df91fbd2dc95bed5ff.png





EPUB/assets/88929bc612bb29b0d41cb3d856cca1fa.png
0. 830
0. 803





EPUB/assets/8862e900c4703700ca2af86e3c1250e8.png
-n + 2





EPUB/assets/c13f7f29e2a198a76b4cddf8c7fb6710.png
a’ @’
2z 2oz . zz
2 2 Tz

(0000 L02rgH000D L0 rgH0.000 L actors  rg{000.0,L02r3800.00.1L0 rgf0.000,L Ofsctors  rgh0.000,L02rgH0.0,00.L0 rgh0.0,0.0,1 0factr

- - s - - - -
7oH10.0,0.0,1.067g5]0.0,0.0 1.0 7g5/0.0,0.0.1 Ofactors.






EPUB/assets/862559ff741357f1ae236446c01f59d9.png





EPUB/assets/fe9ee70f806adfa6f28d9d3fb9f4ba63.png





EPUB/assets/ace3afb0c23fe0700b993604a894473f.png
7.2





EPUB/assets/a7c1c6b0af97929e666be6a3d97b687e.png
smaller

Larger





EPUB/assets/792248d13713fa86883f7ddcdf7d350e.png





EPUB/assets/d34af5c6711236de1b64b1665557e9b2.png





EPUB/assets/7bd6b6a4b8ac49f6f7415d837aa85867.png





EPUB/assets/79de0400649befb714183ba6dcd21a1c.png
(—6)*(z*)? (y°)*





EPUB/assets/334cd6af899aab5ea2c5791e3b549ccb.png





EPUB/assets/5d812b2f12c57fdc20e9e79129217d18.png
x+5





EPUB/assets/a59ec1334502d0de74df9d4936573adf.png
-+ 3y






EPUB/assets/7017a6bbe19f8a296842280c66376e78.png
r9b]1.0,0.0,0.0vrgb]1.0,0.0,0.0rg5|1.0,0.0,0.0rrgb|1.0,0.0.0.0rgb| 1.0,0.0,0.0argb]1.0,0.0,0.06rgb1.0,0.0,0.0irgh|1.0,0.0.0.0¢  rgh}1.0,0.0,0.0crgb|1.0,0.0,0.00rgb|1.0,0.0,0.0nrgb|1.0,0.0,0.06rg5|1.0,0.0,0.0trgb]1.0,0.0,0.0arg|1.0,0.0,0.0nrg5]1.0,0.0,0.0¢
8n—4 “on+6





EPUB/assets/3c39301cfb0672c767f5f55e1851aac5.png
1.35





EPUB/assets/72ade3722938dc854a5b73973eace825.png
18000





EPUB/assets/282446c07f81fe54b9f008d7810a5f27.png
Fornula does not parse





EPUB/assets/ff9c0a6b717e80cc673a89965003f7e4.png
0(rgh|1.0,0.0,0.0yrgb|1.0,0.0,0.0 rgh/1.0,0.0,0.0+rgb/1.0,0.0,0.0 rgb/1. 08rgh|1.0,0.0,0.0) + 5rgb|1.0,0.0,0.0(rgb|1.0,0.0,0.0yrgb|1.¢

0.0 rgb|1.0,0.0,0.0+rgb|1.0,0.0,0.0 rgb/1.0,0.0,0.08rgbh|1.0, 0.0, 0.0)





EPUB/assets/4ca0661d992b3122f2adeed397874127.png
(~10)* = 100





EPUB/assets/41ada6347c2072322d5f02d097c1f053.png
bs





EPUB/assets/ec5b1a522ace0cd1dd7b0be3aa22bc47.png
Divide 66 by 12.





EPUB/assets/a484232357b1c62732248e84b229865a.png
122rgb|1.0,0.0,0.0+7gb|1.0,0.0,0.02 = —zrgb|1.0,0.0,0.0+rgb]1.0,0.0,0.0z + 26
Simplify 13z = 26





EPUB/assets/c1c318dfbd3eaf438b23d3d286409903.png
Fornula does not parse





EPUB/assets/07a1f849ef3c7e1942859e3d12622a7d.png





EPUB/assets/ebb774f201803559857a99b1d31ba021.png





EPUB/assets/5565661d692b1bb6e08c91e41d38a702.png
$19, 300





EPUB/assets/d02d9861f8cd8e34178d320eceaf67f7.png





EPUB/assets/233bb29c7d5b339922e03709ac8617b4.png
2(0) — 3






EPUB/assets/ff91644cf7d68a30e829589f69d5dfef.png
6
&





EPUB/assets/8a859ea2d954a3fca10d6ad9835d77e6.png
$4, 200





EPUB/assets/7d738925627ab1f7b06abcdf91eec485.png





EPUB/assets/5683e22554f0a6f532a3388a4747f345.png
0.03z +0.05(15,000 + z) < 0.045(20,000)

150 + 750 = —900
900 = 900v






EPUB/assets/b20335b3c33f0c020defd15cf0db4ccf.png
—(xz — 4)





EPUB/assets/916443149c0ad8d450d106f8e953c383.png
0.25%





EPUB/assets/b25304f460759de70fb5113a8b053405.png
—-92x





EPUB/assets/ece8e19f7462abb4d3131a529bd8eaed.png





EPUB/assets/e65755c0be916b6e00810eb85fda86df.png





EPUB/assets/904cfd942be30faef3f4a347d275f602.png
125





EPUB/assets/846e38e4664a95517c6933f0d54c955f.png
= 883000cm’

mnm 100em 100em
0.833 x
s x o X T

8.83 x 10°em’





EPUB/assets/79ddf0677160b7af6de8c02e20deb577.png
31
o





EPUB/assets/291a9523efee211771bb9beef0f41454.png





EPUB/assets/49778a1b48c7ac6a54529a08cde429bd.png





EPUB/assets/0e987dde267f39f19f8d7e55f59630b6.png
Is -0 four less than -57

I their sum -147






EPUB/assets/1e6cd441d500b4175b4bd1f09c28d3ed.png
=
Yo





EPUB/assets/08cb3ca83adaa7bf5935bc7fba69f085.png
518





EPUB/assets/97720fe588de30e8cbc3fef76fa8736c.png





EPUB/assets/69ed3f792f057a35af4cf2acfd9eee4d.png
dr + Ty

9





EPUB/assets/7f312856f1a6b03b628d27ab0e8c6164.png
4yrgb|1.0,0.0,0.0(rgb|1.0,0.0,0.02rgbh/1.0, 0.0, 0.0yrgb|1.0, 0.0, 0.0 rgb|1.0, 0.0, 0.0—rgb|1.(

0.0,0.0 rgb|1.0, 0.0, 0.05rgb|1.(

0.0,0.0) + 3rgb|1.

0.0(rgb|1.0,0.0,0.02rgb!1.0, 0.0, 0.0yrgb|1.0, 0.0, 0.0 rgb/1.0, 0.0, 0.0—rgh|1.0, 0.0, 0.0 rgb|1.0, 0.0, 0.05rgbh|1.0, 0.0, 0.0)





EPUB/assets/b7d8a4ea7878ecc3a519261211e27ff4.png
. 1000mL
1L





EPUB/assets/a320c7cdac02a5344535ce63ca8d94b8.png
Y~ 1gb]1.0,0.0,0.0y,4, 000001 = 79b]0.0,0.0,1.0m(z — rgb|1.0,0.0,0.02,4, 0 0. 0.0.01)
y—7g]1.0,0.0,0.03 = 7g5)0.0,0.0, 1. 0%(: — rgb]1.0,0.0,0.010)

Simplify.






EPUB/assets/125b1b7ae0910d1f57e198c3b4b7a27f.png
20





EPUB/assets/d2a223e64b0e6fd5d7a99ac1d57e871a.png
r+3





EPUB/assets/2c3aea23e4c9a69d46792d7f35846035.png
310 308
1000 ~ 1000






EPUB/assets/898e27dc3ba760eb6566ecc171888211.png
(—3,1)





EPUB/assets/a6f04a7198bca15ee932b5c2b43e8576.png
8z + 3y





EPUB/assets/53ce148400479b2d7830f0b1c3798bbd.png





EPUB/assets/b4dcceb15c94505c1823a05e0541d1d5.png
8(—9) + (-2)°





EPUB/assets/efc5eae583e929dc8dc645ae23e2c123.png
4% 2x 10° % 10





EPUB/assets/95e019516d71ae93773ab0c4b8fda46a.png
b x b? x b°





EPUB/assets/967bcbc95ebd51ce7b348e729fcc3402.png





EPUB/assets/49747eb860e8dbb63648aecf43e9ca57.png
2.3 %« 10%





EPUB/assets/1-e1669919083685-150x79.jpg
hundredths place

|

18.379





EPUB/assets/ddc3e3661dc94437c3b47d6d085d968b.png
Bm





EPUB/assets/22aa6d1284f71a31cd89dc135a77a900.png
rgb]1.0,0.0,0.04rgb|1.0,0.0,0.0Wrgb|1.0,0.0,0.0+rgh|1.0,0.0,0.05 + 2W = 125
6W +5=125
6W = 120





EPUB/assets/77d89b017430504222d9d4d0b3a6536b.png
(0, -5)





EPUB/assets/e682bb431e4b063a637d4b56fd340131.png





EPUB/assets/fcf93dac3ca2be28c8d02f43fb9a7ed0.png
65*





EPUB/assets/1608af5b417a16f89ec73f215a4a8c5a.png
Fornula does not parse





EPUB/assets/7f23546eef7aaec1b68d3eafea5ced42.png





EPUB/assets/43ab7c4a90bffa4fac54e034bd33dab5.png
44





EPUB/assets/d17b4561047c35d426931c478afeee83.png





EPUB/assets/858220c397dd06f17cced52c7d63d285.png
m

rise





EPUB/assets/CNX_BMath_Figure_09_04_077_img-01-1.png
60 in





EPUB/assets/484b1ac62aef2524ebc7442362823985.png
22 + 3z + T+ x> +4x + 5





EPUB/assets/e2e1e0d75ce1250ad051f1e940aecb94.png





EPUB/assets/586c0b38c1ffdc9fb2f05ba7ca3fd984.png
(z +4)(22° — 3z + 5)





EPUB/assets/6c32f2653c6c94d57ede96a5754de416.png





EPUB/assets/19dbd441afeeff87851958f7bf45abe7.png





EPUB/assets/Fig-27-300x174-1.png





EPUB/assets/cfdf19847421c4d9c8711ae02b29ea2c.png
% a





EPUB/assets/81392e8cc51eac5d1d8f195a00977604.png
1 1
(5% 3)%3=5x (5 x3)





EPUB/assets/a76a6c4388c2e4e03c9439397004bc8e.png
Fornula does not parse





EPUB/assets/3942cf2083293a8612bfc34255c6f236.png
0.004 =4 % 10 ?






EPUB/assets/b80e45b492244241a12c3347fd4c91fb.png
33





EPUB/assets/18bb4f7b1a3f5ab0bd871759df574790.png
62rgb|1.0,0.0,0.0-rgb|1.0,0.0, 0.06rgb|1.0, 0.0, 0.0z + 5y = 13rgb|1.0,0.0,0.0-rgb|1.0, 0.0, 0.06rgb|1.0, 0.0, 0.0z
Simplify. 5y =13 — 6z






EPUB/assets/3698289397f51e31cede35dff52c3a82.png
5argb|1.0,0.0,0.0-rgb|1.0,0.0,0.05rgb]1.0, 0.0, 0.0z —
Simplify. —

= 2argb]1.0,0.0,0.0-rgb]1.0,0.0, 0.05rgb]1.0,0.0, 0.0z
3z






EPUB/assets/c6ad61b8aade1ae8ee866125cfbcc73a.png





EPUB/assets/d91027858a2c6762b3846db9cd84e125.png
The difference of the number and 6 is  13.
_— e e T e Al 3. &





EPUB/assets/f8e0cea4a00ddafa1863df4801690974.png
1.41 % 10°





EPUB/assets/a3c6934db1b63057df298051bbd75eb4.png
(327 — 43°)(32? + 4°)





EPUB/assets/6457a02fdfad89dbbb4866895bda3f8e.png
a =3 xrgb|1.0,0.0,0.020 + 10
a=T70





EPUB/assets/818d35f02e8e6cd1b2b292f17a4b926d.png
(8+3)x9





EPUB/assets/6340949eadd43a9699046d8cb0137f2f.png
/B





EPUB/assets/9e839f919251fb459e40a848cb8681dc.png





EPUB/assets/Fig-19-2-300x216-1.png
1






EPUB/assets/f3d06d4ca2df95bffc18ae0ce6bbf32f.png





EPUB/assets/cc98f3ff5dd07272118ce529bf600e54.png





EPUB/assets/3cae119ded117a7de40ef38185c89a93.png
(—3,2)





EPUB/assets/4bcab369877f3270ae9b82f2ac1c93b2.png
rgb|1.0,0.0,0.0a* + 2b + b*





EPUB/assets/440cb5a20a75778717e188575e5552c0.png
What number is  35% of 907
—_— e B O





EPUB/assets/a2a170031e52a390df2cb7ac35eab767.png





EPUB/assets/eb805ca2cf059bf19fff823116980c66.png
(8p 1)





EPUB/assets/143a8f505941e17356daf40e49aef5f8.png
m = rgb]l.ﬂ,O.ﬂ,O.ﬂfwgb]l.O,ﬂ.O,ﬂ.O%





EPUB/assets/2c2e127a94ce71a5a47e4e8966089338.png
Im
10%nm






EPUB/assets/3a78b46f76059f7419d1ae5a6d4939ea.png





EPUB/assets/588fb7a914670a9bf2806845733c12b4.png
-1y






EPUB/assets/035529d107c05cca930f000d20ebd0ba.png
~4.11 + (-0.12)





EPUB/assets/63c4e279bbba59c5b5a9e0b7c1ad7e99.png
On





EPUB/assets/ee6655299c537792baf52dc76dfd1162.png
z+y=10
roy=12





EPUB/assets/2bfdf000368169f7b5e89e5eeb61704d.png





EPUB/assets/7e490bcef1c99bfdc6feeb96c0e05edb.png
14z — 13





EPUB/assets/00349a25fd06f8e0778542d2b11ff5d7.png
105%





EPUB/assets/23c6788e4d4b51a8382f0b118d728daa.png





EPUB/assets/6df1af2c242fcb4315ddbe78f850fc6c.png
2r +y






EPUB/assets/48e1709800b130162643f4229196d646.png
Srgb|1.0,0.0,0.0—rgb|1.0,0.0,0.02rgb|1.0,0.0, 0.07rgh| 1.0, 0.0, 007" #4909 — 2:2rgb[1.0,0.0,0.0-rgb|1.0,0.0, 0.02rgh|1.0, 0.0, 0.07rgb| 1.0, 0.0, 0.0r" 1 400092 4 o7y,
Simplify. S —2nr?

b





EPUB/assets/7911a83b4356200e0d6f5f29f830015a.png
2T





EPUB/assets/6dcb8deed591521efefff23fc5c29226.png
$16, 000





EPUB/assets/b85f5dcd463895e4562263189ad8f225.png
-100

(—4)

25





EPUB/assets/e016a552e3f08bc92f75c96a6b7f8313.png





EPUB/assets/21d3f463be822bd6fd508d350a34f834.png





EPUB/assets/ee8ec6a48f30f73b4e2703b2e55e6d28.png
10n _
7gb]1.0,0.0,0.010  rgb]L.
1

Simplify






EPUB/assets/6a45cf4acc2bcc785c58e7dcf90c73d7.png
~2z% — 2z





EPUB/assets/6d96c9633b6245d8a5cc49cd6711f565.png
168





EPUB/assets/d3e7849b6220be9db945db38a2ba1d16.png
3z + 6






EPUB/assets/52184437ae042a73a9443c73d523e58c.png
0.64
0.60





EPUB/assets/52dba1810e7e07d513d1e6d3ab33df06.png





EPUB/assets/df55e52516eefaba6676275e5bd3a3d6.png
841
100





EPUB/assets/290f511f523d3b51c97eff2104e36325.png
P o= 2L +2W

150 £ 2(45) + 2(30)
150 = 150¢





EPUB/assets/8c9814a0db831c92525851ae71ff730d.png
(10 - 2)(10 +2)
®)(12)
— 06





EPUB/assets/94b8cbada59f788c77ba04ef4871b239.png
P = rgh|0.0,0.0,1.02rgb|0.0,0.0,1.0L + rgb|1.0,0.0,0.02rgb]1.0,0.0,0.0W"
32 = 1gb0.0,0.0,1.02rgb]0.0, 0.0, 1.0(rgb]0.0, 0.0, 1.02rgb]0.0, 0.0, 1.0Wrgh|0.0, 0.0, 1.0 rgbJ0.0, 0.0, 1.0+7gb]0.0, 0.0, 1.0 rgbJ0.0,0.0, 1.04rgb]0.0, 0.0, 1.0) + rgb]1.0,0.0,0.02rgb]1.0,0.0,0.0W





EPUB/assets/b3a9f4be1df5291400554ea10ad919f2.png





EPUB/assets/3.9.36-e1669645799253-290x300.jpg





EPUB/assets/02746de3d6093e3410cebb9533165ea7.png





EPUB/assets/95525d96c5c2fef690c3b4d89902374a.png





EPUB/assets/6c3a65a12f5fac3d2922632627bce74a.png





EPUB/assets/8ab4bd69079b744e2c6cbc9ee1d58890.png
5

100





EPUB/assets/c1010fdcf4abf44f536025c87a14a761.png





EPUB/assets/a883ab32fbbff4792e30c050e7f69710.png





EPUB/assets/aa655048a16ab8bd4a9c19b70c5bcfee.png





EPUB/assets/241b15f2fe115240c489fc47e041b080.png





EPUB/assets/32095450c56ad05460e2e629047d1b36.png





EPUB/assets/117793ee78ff0ee35c66d0125217a596.png
2
(Erﬁs)(m“g’)





EPUB/assets/3819ee9d65e3e651f4f330b1ea2687ab.png
15.7





EPUB/assets/58aeccbe0d28bb0c8b31a15e7eaa2b14.png
25 % 3 x m® x m®





EPUB/assets/a366731c3bc958f7ba90041f497e225b.png
3z + 2
300) +23)
0+6=286

6






EPUB/assets/4acbfee9881ec274d8bb19134f49439c.png





EPUB/assets/7a98bcd073df649d7708c76e68b407d2.png





EPUB/assets/d61d7b82e309c7c498e0e9756741c0dd.png





EPUB/assets/f7a7b4e28af74f3f25a2e0635e9ca6dd.png
(4, -5)





EPUB/assets/f9e06a88e8ab140235e3c6919daa8e21.png





EPUB/assets/905dea68a60df7d9e984aa0079f9ac7c.png
1 foot.

66 inches x 1 = 66 inches x ————
12 inches





EPUB/assets/548b2c4bf465f586508b768c1fac5a85.png





EPUB/assets/50242f962fee72f00604ea1ca4e3e1e5.png
8 > —2





EPUB/assets/CNX_ElemAlg_Figure_01_07_003c_new-e1669917084647.jpg
4.





EPUB/assets/d5c63843deb34b2f7aab8c496146902f.png
7.5%





EPUB/assets/e742422149912e02b6a6b2ee906ad3a0.png
(7c¢® - 5¢ + 3)





EPUB/assets/5e0598ceb5ef23adb0c4f268c89840b4.png





EPUB/assets/8a58963265f5de2024a0aac0c1ea0b2c.png
~(~16) __|-16|





EPUB/assets/ec034634c70c844ceeb52a19e973441d.png





EPUB/assets/6d9786229aeb20ac5df1484c1c22646b.png
—9z + 6y
5z — 6y = 10





EPUB/assets/f84eb0c189f68658dab6222a075c7e5e.png





EPUB/assets/0142b65af593388a53c583240e69276b.png
C=md

471 £ (3.14)(15)
471 = 471






EPUB/assets/d7490004b47df92a7dc19c801826dda4.png
7.60





EPUB/assets/c5130eab5fdd0e158ff83e12c477294c.png
0 — 25x°





EPUB/assets/ef608df17492bcf5dca6b6ccbb1f60ce.png
10*





EPUB/assets/41258f9d87e511bc02e51a1421634ced.png





EPUB/assets/CNX_ElemAlg_Figure_01_03_028_img_new.jpg





EPUB/assets/48a24070501025a5f370439424aa7929.png
b
o





EPUB/assets/d06d7583e72386ecc62b23b9d0719d67.png
0.583





EPUB/assets/f469891b66aff3d2da202ca86f0ca850.png
1000





EPUB/assets/2802dda25dea5289dabe263cc44f816d.png
4.765hg = 476.5¢





EPUB/assets/6f0685b8173c016d73cb23d572b80bb1.png
rise
run






EPUB/assets/6facfbef11e002b21e0b01e05d653df4.png





EPUB/assets/a6300e95853e89530132e2fe8dbbb6fb.png
15 -7





EPUB/assets/75ccc99d2993661208ac3f0d5e8d847d.png





EPUB/assets/7df9fd0c83d72a6cce498962b8e9f10c.png





EPUB/assets/adeab5f973e3e36ca142c14efa299f69.png
24 — |19 — 3(6 — 2)|





EPUB/assets/6dac44a05cd55cbb3fe13d73c24f9b7e.png
(627y")(527y")
(3aty®)





EPUB/assets/c850f135bc4ce8b07dd0e5eed68904c4.png





EPUB/assets/e7af50948ca40ed1e775d2911ce040de.png
Simplify.





EPUB/assets/ffaf5942447a9d78bb4821cdcad88c90.png
5 (rgb]1.0,0.0,0.00 - 3) + 5
5(-3)+5

~15+5
C10= 107






EPUB/assets/c7f18783ee8665be14ceb47515ce659b.png
3 1
3-Ze+8





EPUB/assets/5bdec39255e1e823c21baf0b32240bd9.png
32

6





EPUB/assets/77c98e39276572dfa35b1a230cea30ce.png
(82 +4)





EPUB/assets/4fb2477ed503402314db08c994a9a6e7.png
350L - 1, I‘)DOL





EPUB/assets/826885449e0605aee68e5338fc2dc037.png
$660





EPUB/assets/5ceb9cf27682e76f7cccc151bb265dca.png
152





EPUB/assets/f41ddd230981cb869ce9038d1cca155a.png
(1,5)





EPUB/assets/ae840e4c46c78bbafc6464716d488dbe.png
rgb|1.0, 0.0, 0.0t





EPUB/assets/25e80d2ef5ff0325bb1faf5ad57d53f9.png
wlv + 5ul — 3v°





EPUB/assets/CNX_BMath_Figure_09_06_006_img-1.jpg
H  Volume: V=LWH
Surface Area: S = 2LH + 2LW+ 2WH





EPUB/assets/ec040664391668a876e7c697b635082f.png
100°





EPUB/assets/63a26910f09b583de1c574e646f6a8db.png





EPUB/assets/047ab888a1875d61bd3d156f176b20f6.png





EPUB/assets/d795bb24dfa9cad28aa9749e1912da56.png





EPUB/assets/e6e134d8dbd99e1bb157ea1e98facf73.png





EPUB/assets/835d450f94d33f77e7d4620fd34c6249.png
1,034





EPUB/assets/df9f428675b1ff1c62fbefdb32e372e4.png





EPUB/assets/77755cb54b0a851357f36eaecffc52f8.png





EPUB/assets/485497be9c223f41ea40085bf5d9310d.png
10, 000





EPUB/assets/db25dff1c69cedd7a3f588903d797eaa.png
20





EPUB/assets/23ee86bf49c5a066ce2c6825f3363372.png





EPUB/assets/ada0b69e946b0e7ea8bbc9176fc9a221.png
(r+3)





EPUB/assets/a98e606491843f6fa1cd903dbd5a98e9.png





EPUB/assets/b2b76e6984221b7cd07300bf195a300a.png
24k -5
30






EPUB/assets/36f8652be49f1da41c5b148c2f166d1c.png





EPUB/assets/80522b0d9ca382b6eb948f063ed09192.png





EPUB/assets/c2be95b2c85bd5de649bfa33dc0046fe.png





EPUB/assets/17-1.jpg
0.05 083 1.05 0.075 0.3

W

5% 83% 105% 7.5% 30%





EPUB/assets/17.jpg
6+4)
6-4

gm0 (§399)00





EPUB/assets/42b4dbce2bc334385fb9211faf86fcfb.png





EPUB/assets/cb8ea0ba8189737361349ee3ce44599b.png
$9, 000





EPUB/assets/f467f7329990cc9d10a6609bc4e4401e.png





EPUB/assets/e0bdcea9eeb0fb2d517546de8a220bc8.png
$138.25





EPUB/assets/7910d890558f4628be1a3bc27f769586.png
4.83 =« 10





EPUB/assets/24e417a0ebaa788dca31547a4070f1c7.png
7gb|1.0,0.0,0.0z — rgbl0.0,0.0,1.0y = —1

7gb]1.0,0.0,0.0-7g5]1.0,0.0,0.04 — (rgbl0.0,0.0,1.0~rgbl0.0,0.0,1.03) = —1
-1=-1v

7gb)0.1,0.1,0.12rgb|1.0,0.0,0.02 — rgbl0.0,0.0, 1.0y

2(rgb]1.0,0.0,0.0-7gb]1.0,0.0,0.04rgbj0.1,0.1,0.1) — (rgb]0.0,0.0, 1.0-gbl0.0,0.0,1.03)
-5






EPUB/assets/CNX_ElemAlg_Figure_04_05_037_img_new.jpg





EPUB/assets/3d27ef9c1aedac223968d042b08fbeb6.png
27





EPUB/assets/a3d86e02db4e3d551d2677aa085c7b71.png
70t + 60t = 325
130t = 325
t=25





EPUB/assets/94de590e3c7970bb3df5dd752957ec6d.png





EPUB/assets/df57faec8132f4030f5381ffc6b10235.png
(z +2)(z® - 22% + 3z - 1)





EPUB/assets/85aaaf24350ccd7777da248efd691fd0.png
45a’0*

_5ab®





EPUB/assets/d75cb1f831c3115c9306193c3227c5e5.png
200





EPUB/assets/7ee1a3986a3c3adc98ded2ac25dfa1ea.png





EPUB/assets/9341d63d8dcbfddb5c206b492ee4450e.png





EPUB/assets/b256b064c3ecea5864e98c8a10256c03.png
4+ 93z —T)

—42z — 13 + 23(3x — 2)





EPUB/assets/a1aa10b14b62bae41e9b67635f6755f7.png
—6(z+3)=24
~6(rgb]1.0,0.0,0.0-rgb]1.0,0.0,0.07 + 3) = 24

Simplify. — 6 (~4) = 24
Multiply. 24 — 24






EPUB/assets/7ea9b2f961a4484c7a036e9d274e5977.png
01 g4/1.0,0.0,0.01 Or811.0,0.0,0.01 B8] 1.0.0.000t 2 = 5rgb]1.0,0.0,0.0.2





EPUB/assets/12cc55b2e61a67504f50ddacf5393a14.png





EPUB/assets/7ed4f35af75761a5463cc17b750c5c82.png
40 — 4y = 20





EPUB/assets/e31dddd3d4706385ba92fc37afe69c7d.png
5+ (8) + 3[0]





EPUB/assets/2a48d214fb5070ce1a37300dab5afe64.png
.





EPUB/assets/0100d0e683074a6c2d6076b39855c9e6.png





EPUB/assets/69003fc866cbf5aee0197b627dd82467.png
$0.41





EPUB/assets/bc1d63eb4812f9ac5d0ca07e0190fae6.png
0.07
Divide by 3.71 0.019=p
Change to percent form; round to the nearest tenth.  1.9%






EPUB/assets/CNX_ElemAlg_Figure_06_06_002f_img_new.jpg
x -3

2+ 1
2x-5x-3

2¢-(-6%)

R 3





EPUB/assets/1df9e7570ba54df32968b8dcd5291f7e.png





EPUB/assets/d196bf92d88b63ff37feb9bdeb315488.png
-11





EPUB/assets/3ac4579f740f2fb705c5998bcfbe8c6b.png





EPUB/assets/294c6062a0d2c1a902376f8fe0f886ba.png
(z+3)(xz+T)





EPUB/assets/96349c860a29c8152a22ca6995ba32d2.png
radical sign — \/m « radicand





EPUB/assets/c058373de144b225e53ab7b21e814e34.png
240





EPUB/assets/5343f362dfdde6f08deb07affc333efc.png





EPUB/assets/f006209e6fdab6649b8b4fd62625ac9a.png
170 _ 858
7gb]1.0,0.0,0.085  rgb]L
Simplify. —2—s

085






EPUB/assets/7d6fd9006181729151c7db6c8a66314b.png
5.5%





EPUB/assets/704cd4c86183fec8f5f6ad83bb064ed1.png
(5,1)





EPUB/assets/da1597fd9f350b49b7499b99cef52289.png
bx + 2y = 18





EPUB/assets/b9689b28af69d85c70223b90f4f41daf.png





EPUB/assets/ba3510140ac48b497352cb8245d7a6d6.png





EPUB/assets/5543d077819b3c1e4183ba4c3d27bfea.png





EPUB/assets/6297a9f7765a8c5bddacafe8e0b1386c.png
These decimals either stop or repeat.





EPUB/assets/1c07d6b7f68cee91114ce1aca1c206c0.png
48, 300





EPUB/assets/93e0321b4d5e0aa3c55feb19acd4cb16.png





EPUB/assets/a42a9943ad8f7234fd0e55bf5aadc1cc.png
rgb/1.0,0.0,0.0r + 12





EPUB/assets/c524c8f8ea72d5b7b55f3dc8e4ef389c.png
7, %,x,‘/is.e, — /i






EPUB/assets/b0a6ba5438d76bb96b436e74232e6c7d.png
rgb|1.0,0.0,0.0rgbj0.1,0.1,0.1n""* 1012 rghl0.1,0.1,0.1-gb]0.1,0.1,0.1 rgh0.1,0.1, Uln 7gb|1.0,0.0,0.0+ rgh1.0,0.0,0.0  dn
rHOLOL0IF LTIV






EPUB/assets/272a70b349072d89aa8e686b43f53c20.png
n+ m





EPUB/assets/64b1e8655f709a0ecc874a406613c892.png





EPUB/assets/CNX_ElemAlg_Figure_04_05_018_img_new.jpg
-3-2-1.

6-5-4





EPUB/assets/a8d37ec0550b3f8552412f38229330f2.png





EPUB/assets/0e4ee4fc4fb53383dd04a5b9ca528706.png
rgb/1.0,0.0,0.0100 — =





EPUB/assets/4ba5c6ef715ca8d00dff56a96c356418.png





EPUB/assets/5296c58aa24ba5d92e4dbdda2f9f7c87.png
— 2ab + b






EPUB/assets/e8661dace4589edd66b84f3a6012b054.png





EPUB/assets/9f43868bda1bf6478c8878e2be7f5330.png
By-1)(2y-6)
7gb]0.0,0.0,1.06y2° — 2yrgb]1.0,0.0,0.0-18y + 6
64 — 20y + 6





EPUB/assets/eab4ae64b91060b0c3c1dc97b1550208.png
$3





EPUB/assets/0d96236f6ea18a827077d2ccfe07be90.png





EPUB/assets/red_banner.jpg





EPUB/assets/62c37f19c1541c3296724eef4b6601b2.png





EPUB/assets/00cc223175311ba9375d7ac5fd5a5967.png
Fornula does not parse





EPUB/assets/1cceb05bd6523e017baea4bbcc4f3bed.png
(2)°

(42%)* (z3)*





EPUB/assets/1a033b5ecb08d49990af350b19a132a4.png
Ty





EPUB/assets/893cccdfe7b1732073fc8182a3cba1d9.png





EPUB/assets/5462f6ccb0a9da178a13b9b593587ca4.png
13 + (—8)





EPUB/assets/c6ec2f6514b7910776adf119778f7d39.png





EPUB/assets/f08c9a1a7ed34de4fc174aa0dfdd7258.png
75m°





EPUB/assets/0d13b4040323bf155431e8e7459b9cf3.png
a=202
b=164





EPUB/assets/7c4b7a0498d5a71e41f2f3a96e914658.png
(0,4)





EPUB/assets/fac5c00b00db325e477e673fd9d4bd7b.png
2yrgb|1.0,0.0,0.0-rgb|1.0,0.0,0.0y — 10 = yrgb|1.0,0.0,0.0-rgb|1.0,0.0,0.0y —
Simplify. y—10=—1






EPUB/assets/ad4ab74dab63e41b2b2e057ffd0ac6d2.png
tan(F) = % — 13333





EPUB/assets/c609e34638026bd91c82b1fa57a4bfd7.png
sin(A) = 0.5





EPUB/assets/c81d3b5abccc06e614847c65488e92b8.png





EPUB/assets/cc7f8711ac528c4334192856007d92fd.png
214





EPUB/assets/5bb7ac203a63057bbc5f9cd65ed2d13b.png
(2m? - 5n*)(2m? + 5n®)





EPUB/assets/0ec9489cf75336e0ea040276124a95dc.png
$20, 000





EPUB/assets/6f2eb34dc1eecb534cbf75b7f5346e46.png
15410+ 15+10 £ 50
50 = 50





EPUB/assets/af400c55e04699c8681025cd3121e345.png
la| > 1





EPUB/assets/e3696fc30b7578535b980cbdf151385f.png





EPUB/assets/1e358d63276fa2d6b84bc60e630161a2.png





EPUB/assets/11bcf514ce42dbb90b9c1f0efb929b10.png





EPUB/assets/00edecdd84fdc35430cfac62cb7f457e.png
13z _
7gb]1.0,0.0,0.013  rgb]L.
Simplify lz=2






EPUB/assets/78cb01d638323d524d73dd6e4916fcbc.png





EPUB/assets/7ee741df36ebe462d98d6def1228a39a.png
2z 4y
2(4) +(-1)
8-117
=1

c-2y=6

6=6/





EPUB/assets/3341ccc626f21ff668e445897d43c153.png
T 1T





EPUB/assets/a1664e36f3b02f5bba85863e72fb779b.png
00"





EPUB/assets/1bd18b32173f4b8a3b8937be3a8384b0.png
1000





EPUB/assets/9a1236718f3b13b181855f9bda7faf8c.png
$68.50





EPUB/assets/545e472d81e78099a6946a51ab96a192.png





EPUB/assets/d55184c9647eadcc08e90d005bcc6820.png





EPUB/assets/1b285b7c653f8fb38660e52645896965.png
12.5





EPUB/assets/a3f21da92da2f524a132cf9ebb749291.png
$R5





EPUB/assets/49a7bd02412ca0cca2c3470b69c1463a.png
Ixxxy





EPUB/assets/f76f5b52c3e6236928012a962d6e4e2a.png
3 xx+3x4





EPUB/assets/48c5cd9fedbd1ba6c4510651e4415178.png





EPUB/assets/7b898492447882f34206f8d13fc14c89.png





EPUB/assets/bdb1e7742991afe8c3fb4dded43e6db3.png





EPUB/assets/8cff9a4d2edfc7dcfd69a3e672a9b82d.png





EPUB/assets/5ba5cbf0171439bfa25b62250506bd6f.png
$456





EPUB/assets/978679b1149725af2a2a634152014621.png





EPUB/assets/12613e5228817e576826f3ea68c2a2ed.png
26 — 5+ 8
X b+3

6b2 — 15b + 24





EPUB/assets/433cace671849f83f7ab609f2179f659.png





EPUB/assets/5c501dbad7f6ccb6f5dab0d95734b5c9.png





EPUB/assets/5aa4fdaa7c5ab60b08ba3aff4e3f711d.png
br — 3y =15





EPUB/assets/83352d3da066269239abf0de0c5c0751.png





EPUB/assets/cd2a148d2fd162577703755a57827d24.png





EPUB/assets/d9daacbed7fa31beb0918cc61f28473a.png
0.816





EPUB/assets/711a6a1e16c6a8495ef5a2dce64811d2.png
—63y





EPUB/assets/feb24fdd088ddc41813105735f3833c2.png





EPUB/assets/ef0ab245dcfa5e47a17570dd58456fc0.png
(2wz)®





EPUB/assets/2640d7e48ac4ae2912bc955ded6851f7.png
210

385
2 %3 x5 x7

5 % 7 % 11






EPUB/assets/20a3eb95c93448e1ca7f09475d65c57a.png





EPUB/assets/993371135acf663ca41b8327bf777f1e.png
r| s





EPUB/assets/0d3987fe37f69c14e1379972620d6d6f.png
1x —=4x10"°





EPUB/assets/f0d3c81d46366dcfd0bbb2ab8961b11e.png
117

—13z





EPUB/assets/bfff344c5b7b4cfd64d8d05f5ae035ca.png





EPUB/assets/db269f05fe0743f4b89233946eb0d781.png





EPUB/assets/e42216eabcdcda5b2b779e128a8130d6.png





EPUB/assets/377aabe411e111ee3c12cf9c21075bb4.png
—-32





EPUB/assets/9984f83a7d0193b6505b109f43f2ed8c.png
3z + 7+






EPUB/assets/CNX_ElemAlg_Figure_06_03_004a_img_new.jpg
_2y(4y* + 3y-5)





EPUB/assets/13bfc12c39e13950196514d1e05b2bd7.png
(5y° — 3y + 15) + (3% — 4y — 11)





EPUB/assets/ade3b458875daa3ccfc3c6b98cf78677.png
2y+6
Distribute ~2y+6
Subtract 2y to get the y's to one side.  2yrgb]1.0,0.0,0.0-rgb]1.0,0.0,0.02rgb]1.0,0.0,0.0y + 6
Simplify-the i/ s are gone! 6

rgb|1.0,0.0,0.0—rgb[1.0,0.0,0.02rgb]1.0,0.0,0.0y + 6






EPUB/assets/18c8800f00b20f1c5eec01a2044b4b09.png





EPUB/assets/30ec4f53379bbb8ef86d98df097cb518.png





EPUB/assets/ecad843805ec771d7c9e32278c970fd9.png
3z — 2z + 6





EPUB/assets/619b421b30a576fe887228161c20a4ff.png
102.4 ounces
16 onnces.





EPUB/assets/5df904781429666a6275e867f2010752.png
92, 500





EPUB/assets/3eeee736ad11fcea30a73a0251a8bc37.png
3z + 2y





EPUB/assets/mike-kononov-lFv0V3_2H6s-unsplash-1024x576.jpg





EPUB/assets/da3dabcb2fa21126b74bf634caee6f6b.png
5(n—4)—4n

5(rgb]1.0,0.0,0.012 — 4) — 4(rgb|1.0,0.0,0.012) =
5(8) — 48+

40 - 48

—8





EPUB/assets/ae5935ddcba91a3bcb0dc6a663bb07f5.png
~3y(5y° + 8y — 7)





EPUB/assets/460fc25bd4dfd7193863feff71aaeadc.png





EPUB/assets/82cc4564941f787b65daf3c2afce1de1.png





EPUB/assets/f2fe0191037ad22b52eca808ebaab5ca.png
2 + 17z + T2





EPUB/assets/2671ea792c1eebbe829979ecec750416.png





EPUB/assets/9c316157cf71af2bd9622ed4c12f45c3.png
25m?
81n?





EPUB/assets/d595d2a8b625a1089b6a101e35fec84f.png
TLOODD0rALO0000 00 DOIETILON000 rOHLOOONIY | (roHLD00rgLO0000 ref 0004
( 22+ 5 2 - 5

-795]1.0,0.0,0.0 rgb[1.0,0.0,0. m,)





EPUB/assets/3bc31b3181e36aa04eac472b34b63bdc.png





EPUB/assets/dff0b12089d1cd870e923ff36ff63c9e.png
(w 0.0.0.000rgb]1.0.00.00 rgH10.0.00.0 rgh100.0.00 rgbl10.00.00 rgb1.0.0.00.04rg81.00.0.00 rabl1.0,00,0.0 rgb1.0,0.00.05
4z +6





EPUB/assets/2afe7b58dd6055ad9c4fbc86e90d5387.png
rgb|1.0,0.0,0.04





EPUB/assets/9cf4f60c69a1e1b8845fd40740ea5e78.png





EPUB/assets/f13691a6cace57c61fa67add35472276.png





EPUB/assets/70bce66f317aacd1289a7b42d3f8bb2a.png
240’

A8abt





EPUB/assets/185d331f6079d533459ff07cb2ffadf4.png
3y





EPUB/assets/dee423f62f69971aec6fec2213b2d791.png
A=LwW
168 £ 14 x 12
168 = 168 v






EPUB/assets/15d16a90eb0632bf3d6d1582e70fde1e.png





EPUB/assets/f8a7f84aaf11dc05532ee1f901009641.png





EPUB/assets/6232f6f3a77418f3c197cfa86e7791ba.png





EPUB/assets/bf040c7101d1020a052ce98bdfe19f51.png





EPUB/assets/7743c658c7bca918da3ccd14b7fd380b.png
n+n+5=21





EPUB/assets/68003e9c39789599316b815e3421ef19.png





EPUB/assets/99340608c2c346fd9676de41c3a83330.png
$3.71





EPUB/assets/f96311b7aa501bc7e3ed732a79b0581b.png





EPUB/assets/7e5d925846bade409011d83af2dbaa3d.png
3m?
+n?
—Tm?





EPUB/assets/e9bdef6ec83304f8e5381839751bf69f.png
(0,1)





EPUB/assets/b17384645b7dee7878b9af42712703b2.png





EPUB/assets/d9895d606c4b9c77d08592eba671ac05.png
gb[1.0,0.0,0.0~7gb]1.0,0.0,0.04 (i‘) = rgh|1.0,0.0,0.0~rgb]1.0,0.0,0.04 (68)
Simplify. 272






EPUB/assets/2.1.3.jpg
1
1,000

3.2 3.2

3,200 « 3,200.
(vvy;





EPUB/assets/c3a70cd0b8c08bfb2b9a63572f7f8ae1.png
150
150
120
gb]1.0,0.0,0.030

W+ 15 =

rgb]1.0,0.0,0.030 + 15

45 =

= 2W + 30 + 2W
= 4W + 30

= 4W

= W (the width of the pool)

length of pool
-L
L





EPUB/assets/5ffff3a24cf6d693db651a74fe8361df.png
228





EPUB/assets/40c13805962f3055a01cc54c9d876eb0.png
21, 540





EPUB/assets/ae58305b823b14e92c9e2a5d72b3ee28.png
18¢* +6c—9
I





EPUB/assets/d19be95e10f77fd6d370395614bfb722.png
gb1.0,0.0,0.0r + 12
rgb]1.0,0.0,0.048 + 12
60





EPUB/assets/841acc42fd8a23a422fd433c0517c5b1.png
12| __—[-2|





EPUB/assets/5240d91aef5bf9319a7e5f78783b58fb.png
$2, 500





EPUB/assets/099c5603403ea45dc49cc65fbd67d0a8.png





EPUB/assets/df2cf46be3417db5e51c0fd04c3c6f74.png
49





EPUB/assets/1ebd19d263ce50c9cc160ffbff082bda.png
n+1+1





EPUB/assets/9baf911ae273197ad055b821fb6c5bff.png





EPUB/assets/3d2cbf49cd70c03c400190fa9fbdd515.png
Test(rgb]0.0,0.0,1.0 — 2,rgb]1.0,0.0,0.06)
3z+2y=6
3(gb)0.0,0.0,1.0 — 2) + 2(rgb] 1.0, 0.0, 0.06)
~6+12=6
6 =67






EPUB/assets/9125b894b9fbf84b298ce90fabde0ece.png
4.025(1, 562)





EPUB/assets/a9200583723d75ac878a3d6e9f165065.png
Add7+8  (T+8)+2
Add 15+2
17





EPUB/assets/CNX_ElemAlg_Figure_06_03_018b_img_new.jpg
-y)N2x-5)
5)
<
y\){l

A T
(b





EPUB/assets/ab8f674829c891d94b23c194ba99cf80.png





EPUB/assets/aca2b72738f2162f277b5577dce3c172.png
3.25





EPUB/assets/50625f482f0064dd4a13ebb133e8e56d.png





EPUB/assets/7074151bc5798eac68e38f490f7d776b.png
rgb1.0,0.0,0.0zrgb|1.0,0.0,0.0 rgb/1.0,0.0,0.0

0.0,0.0 rgbl1.0,0.0,0.03





EPUB/assets/3c837c8318373bdea551acee885b3da4.png





EPUB/assets/74fade371956f42f9e93a3fdf6c311ac.png





EPUB/assets/b7cf1ee407de353565accfd94ca78fd0.png





EPUB/assets/813435991a6a32259a2b229fed9472b1.png





EPUB/assets/d62611cb3cb2dfd96f228d0c2325220e.png
522 — z — 4





EPUB/assets/5efecbdb9a0d537b04d3555ac0ec7172.png





EPUB/assets/667a1e9d4018a0a1b4f366abfbb2bd51.png





EPUB/assets/217f57b427788511d6a94c99cd43d98d.png





EPUB/assets/dc9bf2f815893682beda921a91807564.png
Fornula does not parse





EPUB/assets/ef8972744e72504a9d6591711760e258.png
—(y + 5)





EPUB/assets/537ec1f70b8ebf6cc49aecaef48df579.png
9—3(z+2)





EPUB/assets/c643d99bcd9cadc288565c62cce97ba8.png





EPUB/assets/04338fb65e494852057daf74b3a7f9dd.png





EPUB/assets/8744f18199c1123320e4c3650afe7185.png





EPUB/assets/3c3468beebacc55fcdd9b82ed14090ca.png





EPUB/assets/0c72e2c23402da1b0952b121179bcea1.png





EPUB/assets/fbcadd9908c76b67f5c164d40d6663bc.png
37.5





EPUB/assets/dd9ab4c7b61aca9a7ace450ff378d725.png
(P°q H)p "¢ M)





EPUB/assets/adce81a342e248c02ee444e16a36c545.png
(6m—3) =8 —m





EPUB/assets/cb2c1cb04c99035d0c5012437f5a903b.png





EPUB/assets/79f6e8c7d236aa46a581f7d4fd64ed80.png
rgb|1.0,0.0,0.0ma + rgb|0.0,0.0, 1.0b






EPUB/assets/68e456a570e9e75c638051cf45b54ba8.png
(a —b)* — 2ab+ b





EPUB/assets/6847643bb9909e0ddd0a24e71db241d1.png
2r — 3y





EPUB/assets/629be718491a9720e7d308e3e9af34d2.png
50

10 = 100






EPUB/assets/1b262146d972e6c81701147e008ebc31.png
—0.6.

=07





EPUB/assets/8fc4f381a58e5d5b103e58dd93434681.png
205,472.5275. .. = 205, 000





EPUB/assets/d91d5835fd7c3135d1c40090f6ce0210.png





EPUB/assets/04900f65824a26c2666afda717e9fdbc.png
a > b





EPUB/assets/e5ae04784eb8234a62e3babc0e9091ff.png
322 + Tz + 12





EPUB/assets/c5745d2b036d38bc8bf579d02bf93965.png
367





EPUB/assets/c1d52145a376941d6161096ccbe8a49b.png





EPUB/assets/0320b4585b102a0e04b362197fe68dd9.png
10 % 10





EPUB/assets/d105054045cfda9366d9cc9da81d1ada.png
6(rgb|1.0,0.0,0.04)* + 15 (rgb|1.0, 0.0, 0.04) rgb|0.0, 0.0, 1.0 (6)





EPUB/assets/2af6e5171f969932ab61fac43fc7af0a.png
2

2.





EPUB/assets/8dc9ac7cb21bacc1b513447b4f544f1b.png
(Tz — y)(2z - 5)





EPUB/assets/1e94a6f7ca41c68f8658d0e64d7500c4.png
7.8rgh|1.0,0.0,0.0(=5) + 4 = 5.4rgb1.0,0.0,0.0(—5) — 8






EPUB/assets/f42b125ab9e77f15cd511fffb8167486.png
79b]1.0,0.0,0.098 -

4= 147





EPUB/assets/3102ff26e594168541f57c50c52ba183.png
The number 143 is the product of —11andy.
R ~






EPUB/assets/5cdc8fec77f7e4bfaa5e8a089f5fe6b7.png
a.sin(D) =

P

b4+ 2 =9





EPUB/assets/CNX_ElemAlg_Figure_06_03_024a_img_new.jpg





EPUB/assets/dd0a89843321794030c062826df8a20e.png
{L+2W 25

L=dW +5





EPUB/assets/b6ecd311c86eabe724dd02339be42147.png
4,000 = 4 = 10°





EPUB/assets/9d4c899a7752a7ad123dd4b728bbe711.png





EPUB/assets/ee7ca5519b53e2bf423a2b2b9b27ce34.png





EPUB/assets/48c4f8cb72f47caf613e2cd8479ae4ec.png
% 3m?®
Simplify. 25m?® x 3m®





EPUB/assets/f7d11c63ba2b2fb2436c761b2dfbd621.png
36z + 84z + 49





EPUB/assets/784188e7e36adce1fe36d44073c7b262.png
3.900 = 10°





EPUB/assets/14ba1beed294a1f774b21266fe2b08d9.png
374
1000





EPUB/assets/25662ef99b8f4193ea292d738f90f4c0.png





EPUB/assets/243ac7a9244d8604fb59a1a20e15a2c1.png





EPUB/assets/346481bf1c13eb9a662908b0c0cdf5d8.png





EPUB/assets/34748b305e4bd0cff5f7f47dfbf8c7f2.png
2.45





EPUB/assets/5ab3bef11cce2ff707c79ab70fdb8222.png
21 9
32 9%





EPUB/assets/c87bfcb34452e01def813ae1c1dfb69b.png





EPUB/assets/17d0cd5251c88e00dfbb582373fb306e.png
(3 + 5x)(3 — 5x)





EPUB/assets/dbe9742579e2bea2eee6f3962ff6c4e4.png
4
5

5
s
=Y

- J(rgb]l 0,00,00-rgb]1. u,nu,nna)






EPUB/assets/079785333f51ef5b5772abcaee1126ee.png
y=2z+1

@ = rgh|0.0,0.0,1.00
y=22+1
y=27gb/0.0,0.0,1.00 + 1
y=0+1

y=1

@ = rgh]0.0,0.0,1.01
y=22+1
y=27gb0.0,0.0,1.01 +1
y=2+1

y=3

© = rgh|0.0,0.0,1.0 - 2
y=20+1
y=27gb0.0,0.0,1.0-2+1
y=—-4+1

y= -3






EPUB/assets/cdf398265193f9444eda84f3dde75fce.png
140 + 40 £ 180
180 = 180





EPUB/assets/d73c10e9421903fe0efa4ca4d315e274.png
Ga’ bY





EPUB/assets/3fc5eb65e0e50bfc77f7aac5ed6185d3.png
= 2770 (convert to the base unit of grams)






EPUB/assets/14bc0d212369f552fa838895105be726.png





EPUB/assets/c99c8ef2b5426ae7556c751c29976b31.png
The sum of twice a number and 7 is  13.
~1¢ Sum of twice a numpber and { 15 12





EPUB/assets/7b965e7999aad0ccd8ff5aaea81d8203.png
13.5 + 1.5 = 15 mph





EPUB/assets/daf281207e5e606192c0732d8676055b.png





EPUB/assets/1.6Solution1.230.jpg
ey

2 0

a3





EPUB/assets/606116f520533f7931724351dc49ec3f.png





EPUB/assets/7571a9bca839fd2ce769400145098c21.png





EPUB/assets/CNX_ElemAlg_Figure_05_04_001b_img_new.jpg
Step 2. Identify what you “Find the numbers.” We are looking for 2 numbers.
are looking for.
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Methods to Graph Lines

Point Plotting

Find three points.
Plotthe points,
make sure the

line up, then draw
the line.

Slope-Intercept

y=mx+b

Find the slope and
y-intercept.

Start at the
y-intercept, then
count the slope to
get a second point.

Intercepts

il B 4

Find the intercepts
and a third point.
Plot the points,
make sure they line
up, then draw

the line.

Recognize Vertical
and Horizontal
Lines

The equation has
only one variable.
x=avertical

= b horizontal
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