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@ One or more interactive elements has been excluded from this version of the text. You can view them
online here: https.//fecampusontario.pressbooks.pub/financemath/?p=4#oembed-1

About

This open-access textbook is designed to make the study of financial mathematics both accessible and engaging for
everyone. Primarily aimed at first-year college and university students enrolled in business programs, its content is
crafted to be of value to learners across all disciplines. Whether learners are encountering the Mathematics of Finance

for the first time or seeking a comprehensive refresher, this textbook stands as a versatile resource.

Calculator and Formula Approaches

Recognizing the diverse instructional methods employed in teaching key financial mathematics concepts—such as
compound interest and annuities—we have structured this book to accommodate both the financial calculator and
the algebraic formula approaches. Topics are organized into distinct sections based on these methodologies, allowing
learners to concentrate on the approach that best aligns with their learning goals, without the distraction of unrelated

content.

Content and Format

Each chapter introduces fundamental concepts and illustrates their application through practical scenarios, complete
with detailed solutions. To further aid in comprehension, the textbook includes “Try An Example’ questions. These
questions, generated dynamically via the MyOpenMath platform, not only test understanding but also provide

instant feedback, enhancing the learning experience with the opportunity to practice and receive immediate support.

Incorporating interactive elements such as videos, dynamic problems, and graphs, the textbook is optimized for web
viewing through Pressbook. This enables full interaction with its multimedia content, from watching instructional
videos to engaging with dynamic graphs and problem sets. While a downloadable PDF version is available, it does not

include the interactive features found in the web format.
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Web-based Financial App

In addition to step-by-step guidance on utilizing the Texas Instrument BA II Plus financial calculator, a dedicated
web application has been developed for this book. This tool provides a cost-free, user-friendly alternative to

purchasing a financial calculator, further democratizing access to financial education.

Sponsor

This project has received support and funding from the Government of Ontario. The views expressed in this
publication are the views of the author and do not necessarily reflect those of the Government of Ontario or the

Ontario Online Learning Consortium.
Dr. Amir Tavangar — Author and App Developer

Dr. Kate Zhang — Project Lead and Editor

ecampous
Ontario @
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ACCESSIBILITY STATEMENT

The web version of this textbook is fully compliant with the Accessibility for Ontarians with Disabilities Act
(AODA) requirements and adheres to the Web Content Accessibility Guidelines (WCAG) 2.0, Level AA standards.
Furthermore, it aligns with the comprehensive checklist provided in Appendix A: Checklist for Accessibility of the

Accessibility Toolkit — 2nd Edition, ensuring it meets the highest standards of accessibility.

Designed with interactivity at its core, the textbook incorporates videos, dynamic problems, and graphs, making it
ideally suited for online learning through Pressbook. Key accessibility features have been meticulously integrated into

the web version to accommodate diverse learning needs:

* The content is accessible to users of screen-reader technology, enhancing navigability and usability.

* Keyboard navigation is supported throughout, allowing users to easily move through content without a
mouse.

* Formatting for links, headings, and tables is optimized for screen-reader compatibility.

* Mathematical equations are presented in AsciiMath and rendered via MathJax to ensure they are accessible.
The JAWS screen reader is recommended for the best experience in accessing these equations.

* Allimages are accompanied by comprehensive descriptions, provided through text within the main content,
alt-text, or detailed image descriptions. These extended alt-texts ensure that all visual information is conveyed
clearly to users who rely on screen readers.

* Color is not used as the sole means of conveying information, ensuring content is accessible to users with color
vision deficiencies.

* Video content includes captions to support users with hearing impairments.

* The option to adjust font size is available, catering to users with visual impairments.

* While a PDF version of the textbook is offered for download, it’s important to note that this format lacks the
interactive elements present in the web version, which are central to the enhanced learning experience provided

by the online resource.

This holistic approach to accessibility ensures that all learners, regardless of their physical abilities, can effectively

engage with and benefit from the rich educational content provided in Mathematics of Finance.

To provide feedback on this text please contact amir.tavangar@humber.ca.
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PART |

SIMPLE INTEREST

Chapter Outline:

This chapter will provide readers with a comprehensive understanding of simple interest, including

1.1 Interest, Principal, Time: This section introduces the basic concept of simple interest and explains how to

calculate the interest amount, interest rate, and time.

1.2 Future and Present Values: This section delves into the concept of future value and present value in simple

interest and provides formulas for the calculation of those values.

1.3 Compute Equivalent and Dated Values for Specified Focal Dates: This section explores the concept of equivalent

or dated values and discusses how to calculate equivalent values for specific dates in the future or past.

1.4 Terminology and Glossary of the Symbols
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1.1 PRINCIPAL, INTEREST, TIME

A. Introduction to Simple Interest

Many business interactions involve borrowing and lending money. The fee that is charged to compensate the lender
is called interest. In other words, interest is the rent paid for an amount of money borrowed. When the amount is

returned, interest is added to the original amount borrowed or invested.

Interest may be calculated in two different ways:

* Simple Interest: the interest is calculated only on the initial amount borrowed or invested. With this method,
the growth of money is linear, meaning it increases at a constant rate. Simple interest is typically applied to
short-term financial products, such as short-term personal loans and treasury bills.

* Compound Interest: the interest earned in earlier periods, such as previous months, is added to the principal
amount. This accumulated total then earns interest in subsequent periods. As a result, money grows
exponentially, or at an increasingly rapid rate, under compound interest. This method is commonly applied to

long-term financial products like mortgages and car loans.

In simple interest, the interest charged is based on a percentage of the original amount borrowed or invested. The

total interest amount depends on three key factors:
* How much: the principal, which is the initial sum of money borrowed or invested.
* How long: the duration for which the money is borrowed or invested.

* What rate: the interest rate applied to the principal

For example, consider the principal amount of $100 invested at a simple interest rate of 10% per annum (i.c., year) for

two years.

* Atthe end of the first year, the interest is calculated as 10% of $100, resulting in $10.

* Atthe end of the second year, the interest remains 10% of the original principal, again amounting to $10.

Therefore, over the two years, the initial investment of $100 grows to $120, as illustrated in Figure 1.1.1.
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After 1 year After 2 year

Principal

Principal < $100

Principal

$100

Principal

$100

$10 } Interest

} Interest

Figure 1.1.1 The amount of simple interest on a $100 investment at the interest of 10% p.a.

B. Computing the Simple Interest

The amount of simple interest is given by
I=P-.r-t Formula 1.1

Here P is the principal amount (present value), 7 the interest rate expressed in percent, and £ is the time period for

which the principal amount is borrowed or invested.

When applying the simple interest formula, ensure the time period (£) matches the time period of the interest rate (7
). For instance, if the interest rate is given per year (per annum or p.a.), you must convert the time to years before using

it in the formula. Similarly, if the interest rate is monthly or daily, convert the time to months or days, respectively.

To convert the number of days to the equivalent number of years, divide by 365 since a year typically has 365 days.
For converting months into years, divide the number of months by 12, as a year contains 12 months, as shown in
Figure 1.1.2. Additionally, if you are given two specific dates, calculate the ‘Days Between Dates’ (DBD) to find out
the number of days for the time period.
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+ 365

P i

Days Months Years

-l

X 365

Figure 1.1.2 How to convert the number of days and months to the number of years

-

How to Compute the Number of Days Between Two Dates (DBD)
Method 1: Using Calendar Days in each month

When counting the number of days in a time period, include either the first day or the last day of the investment

or loan, but not both days.
Method 2: Using a DBD or date calculator such the Windows calculator or this DBD calculator
Method 3: Using a financial calculator

Financial calculators have a built-in worksheet for calculating the number of days between days. This video shows
how to use a financial calculator (TT-BAII Plus) to find DBD.

Watch Video
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4 )

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=111#oembed-1

Example 1.1.1: Compute Interest

Fill in the table and compute the amount of interest for the given principals.

P ($) r (%) t (years) 1($)

$8,120 at 6.5% p.a. for 3
months.

$4,000 at 4% p.a. for 146 days.

$5,000 at 9% % pa

between January 20 and April
7, 2020

Show/Hide Solution

a) $8,120 at 6.5% p.a. for 3 months.

* P = $8120
*r=65%

3
* t = 3months — t = 19 = 0.25 years

Applying Formula 1.1 gives




I=P-r-t

I = 8120(6.5 % )(0.25) = $131.95

b) $4,000 at 4% p.a. for 146 days.

* P = $4000
*r=4%
146
* t =146 days — t = 365 0.4 years

Applying Formula 1.1 yields
I=P-r-t

T = 4000(4 % )(0.4) = $64

c) $5,000 at 9% % p-a. between January 20 and April 7, 2020.

P = $5000
. fr:9%% _ 975 %
DBD = 78 days

78
* t="78days — t = %years

Applying Formula 1.1 yields
I=P-r-t

78
I = 5000(9.75 %)(%> = $104.18

11 PRINCIPAL, INTEREST, TIME | 11
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4 )

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=111

Computing the Principal, Time, and Interest Rate

Formula 1.1 can be rearranged and solved for the other variables.

* When looking for the principal P given the other variables use P = it
’r’ .
I

P.r

¢ When looking for the time ¢ given the other variables use ¢ =

* When looking for the interest rate 7" given the other variables use r =

I
P.t

Example 1.1.2: Compute Principal

Maria has to pay $440 as interest payment on a loan she has taken for a period of 9 months. If the interest rate on

the loan is 6.58% p.a., what is the principal amount of the loan?

Show/Hide Solution

Given information:

* Amountof interest: | — $440
* Nominal Interest rate per year: » = 6.58 %
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* Time period of the loan: ¢ = 9 months = E years

I
jJ——
r-t
44
j 0
9
(6.58%)(5)

= 8915.906788...

~ $8915.91 (Rounded to the nearest cents)

Note: Remember to match the time period of the loan and the time period of interest rate.

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=111

Example 1.1.3: Compute Time

Priya took a short-term loan of $14,000 at 8.5% p.a. What was the time period of the loan (rounded up to the next

day) if she was charged the interest amount of $1500?
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Show/Hide Solution

Given information:

* Amountofinterest: | — $1500
* Nominal Interest rate per year: » = 8.5 %
* The loan principal: P = $14, 000

. I
- P-r
B 1500
(14000)(8.5 % )

— 1.260504... years

395 460.08396

~ 461 days (Rounded UP the next day)

Note: For intermediate values, retain at least six decimal places for accuracy.

Note: In time calculations, if the result is a decimal, always round it up to the nearest whole number to

guarantee that the necessary interest is fully accrued.

-

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=111
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Example 1.1.4: Compute Interest Rate

What was the annual rate of simple interest offered on a savings of $8500 if the amount of interest earned in 6
months was $250? Round your answer to two decimal places if needed.

Show/Hide Solution

Given information:

* Amountof interest: | — $250
* Theloan principal: P = $8500

* Time period of the savings: { = 6 months = % = (.5 years
I
r=—
P-t
250

(8500)(0.5)

= 0.058823...

<10%g 9893, %

~ 5.88 % p-a. (Rounded to two decimal places)

Note: Alternatively, you can keep the time in months in the calculation. However, this will give you a monthly
rate, and thus you should then multiply by 12 to obtain the annual rate.

Try an Example
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-

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=111

Section 1.1. Exercises

. On March 9, 2020, Jack borrowed $62,200 from a bank at 8.62% p.a. If he repaid the amount on July 20,

2020, calculate the amount of interest charged on the loan.

Show/Hide Answer

I=$1953.69

. Kyrie has to pay $290.36 as an interest payment on a loan he has taken for a period of 6 months. If the interest

rate charged on the loan is 7.6% p.a., what is the principal amount of the loan?

Show/Hide Answer

P = $7641.05

. Luke received a loan of $18,540 from his friend. If he was charged the interest amount of $994 at the end of 15

months, calculate the annual rate of simple interest on the loan.

Show/Hide Answer

r=4.29%p.a.
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1.2 FUTURE AND PRESENT VALUES

A. Computing Future Value

When you borrow money, you are to repay, sometime in the future, both the original amount borrowed (the
principal or present value) and the amount of interest charged for the loan period. The sum of the original amount

and the interest charged is the future value S (maturity value or accumulated value).
S=P+1 Formula 1.2
Substituting [ = Prt (Formula 1.1) into Formula 1.2 yields
S=P+P-r-t
Factoring P gives

S = P(l +r- t) Formula 1.3a

Example 1.2.1: Compute Maturity Value (FV)

You invest $3000 in a short-term deposit at 4.5% p.a. for 165 days. a) What will be the future value of this

investment? b) What will be the amount of interest earned?

Show/Hide Solution

Given information:

* The investment principal: P = $3000

* Nominal Interest rate per year: » = 4.5 %

* Time period of the investment: { = 165 days = % years

a) Substituting the values into equation (iii), we get
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S=Pl+r-t)

S = 3000(1 + (45 %)(%»

= 3061.027397...

~ $3061.03 (Rounded to two decimal places)

b) The amount of interest can be obtained using either Formula 1.1 or 1.2. Given the future value is known

now, we use Formula 1.2 as it involves fewer operations:
S=P+1
— I=8—-P
I = 3061.03 — 3000

= $61.03

e N
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=141
_ Y,

B. Computing Present Value

Sometimes you may know the future value and want to determine the principal amount required to reach that future

value at a specific interest rate over a certain period. In that case, Formula 1.3a can be rearranged for P.
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o S Formula 1.3b
1+7r-t

which using the negative-exponent notation is equivalent to
P = S(l +r. t)*1 Formula 1.3¢

To help determine whether a problem is asking you to find the present value (principal) or future value, look for
specific keywords or phrases. Below are examples of how questions might be phrased when they are secking the

present value:

* What principal will have a future value of $8,000?

¢ What amount of money will accumulate to $14,000?

 Compute the present value of $4000.

* Calculate the amount of money that will grow to $4500.

* Find the amount paid for an investment that will mature to $20,000.

¢ How much money was borrowed if the maturity value of the loan is $12,000?

Example 1.2.2: Compute Present Value

What amount of money will mature to $4195.25 in 110 days at 4.5% p.a. interest?

Show/Hide Solution

Given information:

* The maturity value: § = $4195.25

* Nominal Interest rate per year: ¢ = 4.5 %

110
e Time period: ¢ = 110 days = —— vyears
e perio y: 365 yy

Substituting the values into Formula 1.3b, we obtain

B S
147t
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4195.25
1+ (45%)(42)

P =

365

= 4139.116772...

~ $4139.12 (Rounded to the nearest cents)

N
s ™
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=141
N Y,

Section 1.2. Exercises

1. What is the maturity value of $37,150 invested in an account earning 2.38% p.a. for 3 years and 11 months?

Show/Hide Answer

S = $40,613.00
2. What amount of money will grow to $76,750in 2 years and 11 months at the interest rate of 3.95% p.a.?

Show/Hide Answer

P =$68,821.22

3. Suppose you invest $58,650 in a short-term deposit at 6.5% for 42 days. a) Calculate the accumulated value of

this amount at the end of the term. b) Calculate the amount of interest earned.

Show/Hide Answer
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a) S = $59,088.67; b) I = $438.67
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1.3 EQUIVALENT OR DATED VALUES FOR
SPECIFIED FOCAL DATES

A. Computing an Equivalent Payment for a Single Payment

Money has time value, implying the potential for it to accrue interest over time. Occasionally, it becomes necessary to
modify or reschedule payment due dates for various reasons. Therefore, the payment amount needs to be adjusted.
For example, you may need to defer a payment due to financial constraints or opt to make an early payment to reduce

interest costs.

When the due date of payment is altered, a new due date, often referred to as the focal date, is established, especially
in scenarios involving the rescheduling of multiple payments. The value of the money on this new due date is known
as the equivalent value or dated value. If the payment is postponed (shifted to a future date), we calculate its future
value. Conversely, if the payment is made earlier (moved to an earlier date), we determine its present value. This

concept is illustrated in Figure 1.3.1 below.

Rescheduled Date
bue Date (focal date)
| |
! 1
: S|
S=P(A+r.t) |
Rescheduled Date
(focal date) Due Date

' |

l 1

P s

p— S
ICER )

Figure 1.3.1 Rescheduling a single payment: Deferred (left) versus earlier payment (right)
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Example 1.3.1: Equivalent Payment of a Single Payment

Aslan is required to repay a matured loan amount of $1915 in nine months. However, he realizes that he can clear
the loan four months earlier. How much will he have to pay to clear the loan four months earlier if the interest

charged is 5.2% p.a.?
Show/Hide Solution

Since the payment is rescheduled at an earlier time than the due date, the present value of the payment
should be computed.

* The payment: § = $1915

* Nominal Interest rate per year: p = 5.2 %

* Time period payment is paid earlier: { = 4 months = — years

Substituting the values into Formula 1.3b, we obtain

B S
147t

1915
1+ (52%) (%)

P

P =

= 1882.372215...

~ $1882.37 (Rounded to the nearest cents)

Note: The new amount is lower than the original payment as the interest of four months is deducted from

the original amount of $1915.

Example 1.3.2: Equivalent Payment of a Single Payment
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Nancy realizes that she cannot repay a matured loan amount of $3400 that is due today and decides to reschedule
the payment. If the interest charged is 4.8% p.a., what equivalent payment is required to repay this amount in 10

months?

Show/Hide Solution

Since the payment is deferred to a later time than the due date, the future value of the payment should be

computed.

* The payment: P = $3400
* Nominal Interest rate per year: » = 4.8 %

10

* Time period payment is deferred: £ = 10 months = — years

Substituting the values into Formula 1.3a, we obtain

S=P1+r-t)

S = 3400(1 + (4.8%)(1—2))

= $3536

Note: The new amount is higher than the original payment as the interest of 10 months is added to the
original amount of $3400.

B. Computing an Equivalent Payment for a Series of Payments

In the previous section, we calculated the equivalent payment for a single payment. Sometimes we need to calculate
an equivalent payment for a series of payments. Since money has time value, making direct comparisons, equating,
or adding/deducting different monetary values at various points in time is not feasible. To make valid comparisons,
it is essential to find their equivalent values at a common reference date, also known as the focal date. The focal date
allows all different cash flows to be adjusted (either discounted or compounded) to a single point in time, making

them comparable or combinable.
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How to find a single equivalent payment for a series of payments

1. Define a focal date (usually the date the new payment is rescheduled to).
2. Find the equivalent value of each original payment individually.

3. Add up all the equivalent values calculated for the focal date. The total will be your new single equivalent

payment.
N J

Example 1.3.3: Equivalent Payment of a Series of Payments

A debt can be paid oft by a payment of $3500 due in two months and another payment of $7200 due in 9 months.

Find a single equivalent payment to be made in four months that can clear the debt if money earns 5.4% p.a.

Show/Hide Solution

1. The focal date is 4 months from now. Therefore, we should find the dated value of each payment on the

focal date. Then the sum of the dated values will be the single equivalent payment.

Focal Date
Now In 2 Months In 4 Months In 9 Months
| | |
| 1 1
P; = $3500 S, =$7200
S, =P(1+rt p, =2
1= Pq( r.ty) 2_(1+r.t2)

2. The first payment is earlier than the focal date, so it should be brought forward in time by finding its
future value (S ), while the second payment is in the future relative to the focal date, so it should be brought

backward in time by finding its present value (Ps).
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The time period between 2 months and the focal dateist; = 4 — 2 = 2 months.
The time period between 9 months and the focal dateistg = 9 — 4 = 5 months.

Note: The nominal interest rate is 5.4% per annum and thus we need to convert time to years before

substituting in the formula.

9

* t; = 9Ymonths = — years

2

* 1ty = 2months = — years

S1 = 3500 (1 + (5.4 %)(%)) = $3531.50

7200

jo
1+ (54%) (%)

= §7041.56

3. The sum of the individual dated values is the new single equivalent payment.
Single equivalent payment = S1 + Pj
= 3531.50 + 7041.56

— $10, 573.06

Therefore, the single equivalent payment of $10,573.06 made in four months will clear the debt.

Try an Example




13 EQUIVALENT OR DATED VALUES FOR SPECIFIED FOCAL DATES | 27

4 )

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=149

C. Loan Repayments

The concept of equivalent values is applied in solving loan repayment problems. Loans taken from financial
institutions are often repaid through blended payments, which are equal in size and include portions of both
principal and interest. For the loan to be fully repaid, the sum of the present values of all these blended payments

must be equal to the original amount borrowed (the principal).

4 N

How to find the size of the blended payments
1. Let the size of the payment be represented by .

2. Find the dated value of each blended payment (i.e., the & payment) on a focal date of “today”. (In this book,

the focal date for such problems is always “today”)

3. Equalize the sum of the dated values of the blended payments to the original payment (e.g., the loan amount)

4. Solve for x.
& J

Example 1.3.4: Size of blended payments

The original payment of $4600 due today is settled by two equal payments due in 3 and 6 months. Assuming the

interest rate is 10% p.a., determine the size of the equal payments.

Show/Hide Solution
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1. Let the size of the equal payments be represented by . Then the sum of the present values of the payments

on the focal date of today must be equal to the loan amount of $4600.

Focal Date

i

Now In 3 Months In 6 Months

A

A

The nominal interest rate is 10% per annum and thus we need to convert the time to years before substituting

in the formula.

* t; = 3months = % = (.25 years
* ty = 6 months = % = (.5 years

2. Next we find the dated value of each payment in terms of T :

z 1
P = — P
T (10 % )(0.25) (1 - (10%)(0.25) )w — 0.9756098z

T 1
P — = —
> 14 (10%)(0.5) <1 0% )(0.5))’” = U2kl

3. The sum of the dated values of the blended payments must be equal to the original payment (e.g., the loan

amount).
$4600 = P, + P,

4600 = 0.9756098z + 0.9523810x
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4. Finally, we solve the equation for 2.

4600 = 1.9279908x

4600

T = m ~ $2385.90 (Rounded to the nearest cents)

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=149

Section 1.3. Exercises

1. Debt payments of $4,430 and $5,030 are due in 4 months and 11 months, respectively. Assuming an interest
rate of 7% p.a., determine a single equivalent payment that settles the two payments today. Use “today” as the

focal date.

Show/Hide Answer

Equivalent payment = $9,055.69

2. A payment of $6,750 was due 7 months ago and another payment of $1,490 is due in 7 months. Assuming an
interest rate of 5.9% p.a., determine a single equivalent payment 3 months from now that settles the two

payments. Hint: use 3 months from now as the focal date.

Show/Hide Answer
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Equivalent Payment = $8,543.14

3. Thiago borrowed $6,630 today and will repay the loan in two equal payments, one in 4 months and the other

in 10 months. Assuming an interest rate of 7.9% p.a. on the loan, determine the size of the equal payments if a
focal date of “today” is used.

Show/Hide Answer

Size of the equal payments = $3,466.53
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1.4 TERMINOLOGY AND GLOSSARY OF THE
SYMBOLS

Terminology

* Dated value or equivalent value: The value of a sum of money at a specific time relative to its due date,
including the amount of interest

* Focal date: A reference time chosen to compare the dated value of one or more amounts

* Future value (accumulated or maturity value): the value obtained when the amount of interest is added to
the original principal

* Interest: rent paid on the money borrowed or lent

* Nominal rate: the yearly or annual rate of interest charged on the principal of aloan

* p.a.:means per annum or per year.

* Present value (principal or discounted value): The amount borrowed or invested at the beginning of a
(loan or investment) period

* Term: refers to either an investment term or loan term, which is the time period an amount is lent or

borrowed.

Glossary of Symbols

* [:Interest Amount ($)

* 7: Interest Rate per period (%)

* t: Time period the money is borrowed/lent
* P: Principal (Present Value) ($)

* S: Future (maturity) value ($)
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PART I

COMPOUND INTEREST

Chapter Outline

This chapter explores compound interest and is divided into two parts. Part one covers the financial calculator

approach, while part two discusses algebraic formulas for calculations.

2.1 Instruction to Compound Interest: This section introduces the fundamental concept of compound interest and

explains key terms like nominal interest rate, periodic interest rate, and compounding frequency.

Calculator Approach

2.2 Future Value — Calculator Approach: This section focuses on computing the future value of compound interest

for loans or investments using a financial calculator.

2.3 Present Value — Calculator Approach: This section discusses computing the present value of compound interest

for loans or investments using a financial calculator.

2.4 Interest Rate — Calculator Approach: This section explores how to calculate the nominal and periodic interest

rates for compound interest using a financial calculator.

2.5 Number of Compounding Periods and Time — Calculator Approach: This section demonstrates the calculation
of the number of compounding periods and the duration of the term for compound interest problems using a

financial calculator.

Formula Approach

2.6 Future Value — Formula Approach: This section explains the process of calculating the future value of compound

interest for loans or investments using mathematical formulas.

2.7 Present Value — Formula Approach: This section covers the calculation of the present value of compound interest

for loans or investments using mathematical formulas.

2.8 Interest Rate — Formula Approach: This section discusses how to calculate the nominal and periodic interest

rates of compound interest for loans or investments using mathematical formulas.
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2.9 Number of Compounding Periods and Time — Formula Approach: This section details the calculation of
the number of compounding periods and the term duration for compound interest problems using mathematical

formulas.

2.10 Terminology and Glossary of Symbols
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2.1 INTRODUCTION TO COMPOUND INTEREST

A. Simple and Compound Interest Comparison

In the previous chapter, we focused on simple interest, a method where interest is calculated only on the principal
amount. This unit shifts to compound interest. Let’s review what was discussed before. When money is borrowed or

lent, a fee, known as interest, is charged. This fee is akin to rent on the borrowed amount.

There are two main ways to calculate interest:

* Simple Interest: the interest is calculated only on the initial amount borrowed or invested. With this method,
the growth of money is linear, meaning it increases at a constant rate. Simple interest is typically applied to
short-term financial products, such as short-term personal loans and treasury bills.

* Compound Interest: the interest earned in earlier periods, such as previous months, is added to the principal
amount. This accumulated total then earns interest in subsequent periods. As a result, money grows
exponentially, or at an increasingly rapid rate, under compound interest. This method is commonly applied to

long-term financial products like mortgages and car loans.

To understand the difference between simple and compound interest, let’s use an example. Imagine $1000 is invested
at a 10% annual interest rate for three years. We’ll compare two scenarios: one where the investment earns simple
interest and another where it earns compound interest. To calculate the interest amount, we will use the formula

I = P - r - tprovided in Chapter 1.
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Interest earned during year 1:

I = ($1000)(10 % )(1 year) = $100

Interest earned during year 2: N
&y Principal

I, = (1000)(10 % )(1) = $100 $1000

Interest earned during year 3:

I; = (1000)(10 % )(1) = $100

Total interest earned after 3 years:

I, = $100 + $100 + $100 = $300

Simple Interest:

$1000 invested at 10% p.a.

Interest earned during year 1:

I, = ($1000)(10 % )(1 year) = $100

Interest earned during year 2:

L= (1100) (10%)(1)

Compound Interest: Newm+ 100 = $110

$1000 invested at 10% p.a. compounded 1y erest earned during year 2:

annually. Principal
L= (1210) (10 %)(1) $1331

~—— = $121
New P=1100+110

Total interest earned after 3 years:

I, = $100 + $110 + $121 = $331
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Note that in the compound interest scenario, the interest earned during previous periods (for example, the previous
year) is added to the original principal. This results in a higher amount on which interest is calculated in subsequent
periods (such as the following years). As a result, the same investment accrues more interest and grows quicker over

the same time frame with compound interest than it would with simple interest.

B. Determining Compounding Periods

The compounding period, also known as the conversion period, refers to the time interval between successive
calculations of compound interest. Essentially, it’s the duration between one interest calculation and the next.
Compounding frequency (C/Y), on the other hand, indicates how many times interest is compounded within a year.

Table 2.1.1 lists various common frequencies for compounding interest.

Table 2.1.1 Compounding Frequencies for Common Compounding Periods

Compoundin Frequency of

Fre 111) enc g Compounding Period =~ Compounding Periods per
! y Year (C/Y)

Annually Every 12 months (1 year) 1

Semi-annually  Every 6 months 2

Quarterly Every 3 months 4

Monthly Every month 12

Daily Every day 365

The more frequently interest is compounded within a year, the greater the maturity value of the investment will be,
given the same principal, rate, and time period. Figure 2.1.1 illustrates this by comparing the graph of the future value
of $1000 as a function of time over 20 years for simple interest and compound interest with the compound interest

calculated at varying frequencies.

@ One or more interactive elements has been excluded from this version of the text. You can view them
online here: https:/fecampusontario.pressbooks.pub/financemath/?p=305

Figure 2.1.1 Comparison of the future value of $1000 as a function of time for simple interest and compounded

interest at different compounding frequencies

When working on problems involving compound interest, compounding frequency is typically presented in words,
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like “monthly”. Your task is to identify this term and convert it into a numerical value, as outlined in Table 2.1.1,

before proceeding with calculations. The relevant information in a problem is typically presented in the format

I / Y compounded C' / Y «

Where 1 / Y represents the nominal interest rate, and C / Y is the compounding frequency expressed in words.
For example, in the statement “an investment earning 3.5% compounded semi-annually”, the nominal interest rate is

3.5%, and the compounding frequency, “semi-annually”, corresponds to C / Y =2
The periodic interest rate, which is the interest rate per compounding period is given by

. 1/Y Formula 2.1a
i=—
C/Y

The total number of compounding periods over the entire term of an investment or loan is calculated by

multiplying the compounding frequency per year by the total number of years in the term. This is represented by
N=(C / Y -t Formula 2.2a

Where ]V is the total number of compounding periods, C' / Y is the compounding frequency per year, and ¢ is the

total number of years in the term.

Example 2.1.1: Components of Compound Interest

For each given scenario, determine the frequency of compounding periods per Year (C/Y), nominal interest rate

(£/7), periodic interest rate (7), term in years (), and the number of compounding periods in the term (N).
a) 8.4% compounded semi-annually for 3 years
b) 7.2% compounded monthly for 3.5 years

¢) 4% compounded quarterly for 4 years and 6 months

Show/Hide Solution

In each scenario, we look for the phrase that includes the keyword compounded and information about the

nominal interest rate and the compounding frequency.
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I)Y

Then the periodic interest rate can be calculated using Formula 2.1a,4 = ———, and the number of
compounding periods in the term is calculated using Formula 2.2a, N = C' / Y -t

a) 8.4% compounded semi-annually for 3 years

* Frequency of Compounding Periods per Year: Semi-annuallyso C' /Y = 2
* Nominal interestrate: [ /Y = 8.4 %
8.4 %
2

* Periodic Interest Rate: § — = 4.2 % per semi-annual

e Term:t = 3y
* Number of Compounding Periodsin theterm: N = 2 x 3 = 6

b) 7 % % compounded monthly for 3.5 years

* Frequency of Compounding Periods per Year: Monthly so C / Y =12

* Nominal interest rate: I/Y = 7% % =T7.775%

* Periodic Interest Rate: § — ﬂ = 3.875 % per month

e Term:t = 3.5y
* Number of Compounding Periods in the term: N = 12 x 3.5 = 42

¢) 4% compounded quarterly for 4 years and 6 months

* Frequency of Compounding Periods per Year: Quarterlyso C' /Y = 4
* Nominal interestrate: [ /Y = 4 %
4%

* DPeriodic Interest Rate: § —

= 1 % per quarter

6
* Term:t = 4 years + 6 months = 4 years + T L= 4.5 years
* Number of Compounding Periods in the term: N = 4 x 4.5 = 18
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e N
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=305
. J

Like simple interest problem solving, this chapter will discuss how to use formulas to compute the future value,

present value, and the other related variables. Additionally, this chapter will show you how to use a financial

calculator (e.g., Texas Instrument BA II Plus) for the calculations. A financial calculator has all the formulas built

into it. It is suggested that you learn both approaches.

Section 2.1 Exercises

1. Aninvestment is earning interest at 7.23% compounded monthly for 8 years and 6 months. a) What is the

nominal interest rate per year (//Y)? b) What is the number of compounding periods (frequency) per year
(C/Y)? ¢) What is the investment period in years (#)? d) Calculate the periodic interest rate (7). €) Calculate the

number of compounding periods in the term (N). Round your answers to two decimal places if needed.

Show/Hide Answer

I/Y =7.23%
C/Y=12

t=38.50 years
i=0.6% per month
N =102

. Aloan is charged an interest of 3.9% compounded quarterly for S years and 3 months. a) What is the nominal

interest rate per year (1/Y)? b) What is the number of compounding periods (frequency) per year (C/Y)? c)
What is the loan period in years (£)? d) Calculate the periodic interest rate (7). €) Calculate the number of

compounding periods in the term (N). Round your answers to two decimal places if needed.

Show/Hide Answer



/7Y =3.9%

C/Y=4

t=5.25 years
i=0.98% per month
N=21
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2.2 FUTURE VALUE: CALCULATOR APPROACH

A. Introduction

In the study of compound interest, future value is the total amount that an initial sum, whether invested or
borrowed, will accumulate over time at a specific compound interest rate. This includes the original principal and all
the interest that accrues, compounded at set intervals. Present value, on the other hand, is the current equivalent of a
future sum of money. It is the initial amount that, when interest is applied over a period, will grow to a predetermined

future value.

Although solving compound interest problems algebraically improves your understanding of the subjects and the
steps involved, if you have to regularly solve such problems, financial calculators offer a faster and more convenient

way as they have all the formulas pre-programmed in them.

In this chapter, we will solve problems using the BAII Plus financial calculator. Alternatively, you can use this online

calculator as an alternative to the BAII Plus.

TVM Worksheet

To solve compound interest problems using a financial calculator, we use its time-value of money (TVM) worksheet,

as shown in Figure 2.2.1.
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TVM Worksheet

(r Number of compounding
periods in Term (N)
Interest rate per year (I/Y);
Iy entered in percent
PIY Pressing the 2ND key then IIY
) opens the P/Y-C/Y worksheet
o
s o P PV Present value (PV)
:ml:,m - - - | Periodic annuity payment (PMT);
* 6 ( PMT PMT is set to zero for compound
L D En . interest problems
= S B FV Future value (FV)
AmirTavangar.com

Figure 2.2.1 Keys on the TVM worksheet on a financial calculator

Cash-Flow Sigh Convention

When using a financial calculator, you might notice that the signs of FV and PV are different (one negative and

another positive). That is because the calculator uses the following cash flow sign convention, which is also
summarized in Table 2.2.1.

o Cash inflow: when money is received, cash is flowing in (to your pocket), thus the amount should be entered

as a positive value.

> Cash outflow: when money is paid out (flowing out of your pocket), the amount is entered as a negative
value.

Table 2.2.1 Financial Calculator Cash-Flow Sign Convention
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PV FV
Investments Outflow ( — ) Inflow ( 4 )
Loans Inflow ( 4 ) Outflow ( — )

Note that if try to do calculations with both PV and FV entered with the same sign in the TVM Worksheet, the

calculator throws an error, “Error 5”.

B. Computing Interest Amount

The future value of an investment or loan includes both the initial principal and the interest earned or charged over
the term. To find the total amount of interest accrued, you subtract the present value (initial amount) from the
future value. This interest amount (I), often called compound interest (CI) in the context of compound interest

calculations, is given by
I =FV - PV Formula 2.3
Where FV is the future value and PV is the present value.

It’s important to note that when working with algebraic formulas, such as Formula 2.3 for calculating the amount
of interest, both the present value (PV) and future value (FV) are treated as positive values. This approach differs
from the cash flow sign convention used in financial calculators, where the direction of cash flow (inflow or
outflow) is indicated by the sign (positive or negative) of the values entered. For algebraic calculations, simply use

positive values for both PV and FV, regardless of the cash flow direction.

Example 2.2.1: Compute FV — Time Given in Years

Sarah invested $25,000 for S years at 6.8% compounded monthly. a) How much was the accumulated value after

S years? b) How much interest was earned during the investment term?

Watch Video




2.2 FUTURE VALUE: CALCULATOR APPROACH | 45

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=307#0embed-1

Show/Hide Solution

Given information:

* For investments, present value is a cash outflow: PV = — $25, 000
* Nominal interest rate: I//Y = 6.8%

* Interest is compounded monthly, so C / Y =12

* For compound problems, P /Y = C/Y,s0o P/Y = 12

* Investment term: ¢ = 5 years

* Number of compounding periods in the term: N = C / Y t= 12(5) = 60

a) Note that for investments, the present value (PV) is a cash outflow and is entered in the calculator as a

negative value. Also, the nominal interest rate (I/Y) is entered as a percent without the percent symbol.
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Always clear the TVM Worksheet
before entering new values.
To clear the worksheet, access the
60 secondary function of the FV key by
pressing the "2ND" function key
followed by the "FV" key.
6.8 A4
I Eilsile In compound interest problems, P/Y
and C/Y are always equal.
| IY ClY=12
In investments, PV is a cash outflow,
-25000 PV so it is entered as a negative value.
0 PMT
CPT FV
|
35,089.9974 FV ~ $35,090
AmirTavangar.com

Therefore, the future value is $35,090, rounded to the nearest cents.
b) Substituting the PV and FV values into Formula 2.3 gives the amount of interest earned.
I =FV - PV
I = 35,090 — 25, 000

= $10, 090

Example 2.2.2: Compute FV — Time Given in Years and Months

Ontario Servers Inc. borrows $65,400 from a bank at 5.68% compounded quarterly for 4 years and 7 months.
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a) How much will the accumulated value of the loan be at the end of the term? b) How much interest will be

charged on the loan?

Show/Hide Solution

Given information:

* Inloans, present value is a cash inflow: PV = $65, 400
* Nominal interestrate: I /Y = 5.68 %

* Interest is compounded quarterly, so C / Y =14
* For compound problems, P/Y = C/Y, ) P/Y =4

* Loanterm:{ = 4yearsand 7 months = 4 % = 4.583 years (The ‘overbar’ indicates that the

digit beneath it is repeated continuously)

* Number of compounding periods in the term: N = C' / Y -t = 4(4.583) —18.3

a) Compute F'V
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84,692.287282 FV ~ $84,692.29

Therefore, the accumulated value of the loan is $84,692.29, rounded to the nearest cents.
b) Substituting the PV and FV values into Formula 2.3 yields the amount of interest charged.
I =FV - PV
I = 84,692.29 — 65,400

= $19, 292.29

Try an Example
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4 )

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=307

C. Time Given as Specific Dates

As we saw in the simple interest chapter, sometimes the beginning and end dates of the loan or investment term are
given. In that case, unless otherwise stated, the time calculation will be most accurate if the number of days between
the given dates is computed and then converted to equivalent years. To convert the number of days to the number of
years, divide it by 365 as there are 365 days in a year. There are several ways to compute the days between two dates

(DBD), some of which are presented in section 1.2.

Here we use the DATE worksheet of the financial calculator to compute DBD. The worksheet is the secondary
function of key 1, so it is opened by pressing 2ND and then key 1. Figure 2.2.2 shows the keys on the DATE

worksheet on a financial calculator.

DATE Worksheet

Pressing the 2ND key then 1
opens the DATE worksheet

Enter the beginning " i —
date and press ENTER

Enter the end date and « ENTER
press ENTER

Move down and press CPT
to compute the days between

DBD= (DBD).

- AmirTavangar.com

Figure 2.2.2: The keys on the DATE worksheet on a financial calculator
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4 )

How to Calculate Days Between Dates (DBD) using a Calculator
1. Activate the DATE worksheet by pressing the “2ND” function key followed by “1”.

2. Input the initial date (DT1) using the MM.DDYY format. This means you should type the month (MM)
followed by a decimal point, then the day (DD) as a two-digit number, and the last two digits of the year (YY). For
instance, enter “11.0308” for November 3, 2008. After pressing “ENTER?”, the calculator will display the date in
the MM-DD-YYYY format.

Remember to use two digits for the day (DD) even if it’s a single-digit day. For example, input “03” for the third
day of the month.

3. Navigate to the second date (DT2) using the down arrow key, and enter the second date in the same
MM.DDYY format, and then press “ENTER”.

4. To calculate the number of days between the two dates, move down to “DBD” with the down arrow key and

press the “CPT” (compute) button to get the result.

Watch Video

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=307#o0embed-2

Example 2.2.3: Compute FV Given Specific Dates

A sum of $36,200.00 was deposited into an account on June 30, 2020. What will be the future value of this sum

of money on October 9, 2025, if the interest rate is 2.22% compounded annually?
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Show/Hide Solution

The given information:

* Present value (cash outflow): PV = — $36, 200.00

* Nominal interestrate: I /Y = 2.22 %

* Interest is compounded semi-annually,so C' /Y = 1

* For compound problems, P /Y = C /Y,so P/Y =1
* Beginning date: June 30, 2020

* End date: October 9, 2025

I. We first need to use the DATE worksheet to find the number of days in the investment and find its
equivalent years to find time (t). Enter the dates in the MM.DDYY format and compute DBD.

* DT1:06.3020
e DT2:10.0925

DATE

DT1=06.3020 ENTER

DT2=10.0925 ENTER

CPT

DBD=1927

DBD is 1927 days and we can find time in years by dividing DBD by 365.
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t = % = 5.279452... years

1927
N=C/Y -t=1 365 = 5.279452... keeping at least six decimal places for intermediate
values

IL. We then enter the given values in the TVM worksheet and compute FV.

- as200 [ PV
o
CPT
FV ~ $40,649.27

Therefore, the future value is $40,649.27.

Try an Example
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=307

D. Change in the Interest Rate

Sometimes during the term of an investment (or a loan), there is a change in one of the variables such as the interest
rate or principal amount. In those cases, we should split the term into separate time segments at the point of change.

The following example illustrates how the future value is computed when there is a change in the interest rate.

Example 2.2.4: Compute FV with Change in the Interest Rate

Pan’s Consulting Inc. invested $84,000 in a mutual fund at 6.5% compounded semi-annually. After 4 years the

interest rate was changed to 4.44% compounded quarterly.
a) How much was the value of the fund 3 years after the rate change?

b) How much was the total compound interest earned during 7 years?

Show/Hide Solution
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Rate Change
t; = 4 years = 3erins
Ay l i
7 N ™
Now Year 4 Year 7
| | |
| | |
PV, = 84,000 » FVi =PV, > FV, =?

tuture value of the second period.
Given information:

First period: 4 years

* Present value (cash outflow): PV} = — $84, 000

* Nominal interestrate: I /Y] = 6.5 %

* Interest is compounded semi-annuallyso C' /Y] = 2

* For compound problems, P/Y = C/Y, S0 P/Y1 =2

* Time period: t; = 4 years

* Number of compounding periodsin the term: Ny = C'/Y; - t; = 2(4) = 8

Second period (after the rate change): 3 years

* Present value (cash outflow): PV, = F'V; = — 108,492.513

* Nominal interestrate: I / Yy = 4.44 %

* Interest is compounded semi-annually so C / Y, =4

* For compound problems, P/Y = C/Y, SO P/Y2 =14

* Time period: to = 3 years

* Number of compounding periods in the term: No = C'/ Y5 - to = 4(3) = 12

a) Compute F'V

Since there is a change in the interest rate sometime in the middle of the term, we will break the term into two
periods at the time of rate change, which is year 4. Then we will calculate the future value of the given principal
of $84,000 at year 4. Then, since the money remains in the account, the future value of the first period (¢1)

will become the present value of the second period (¢2). Finally, we use the new interest rate to calculate the
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P/Y=2

o

CPT

|
<

108,492.513 123,859.4346 FV, ~ $123,859.43

Therefore, the future value at the end of the second period is $123,859.43, rounded to the nearest cents.

b) The total interest earned during the 7-year term is the difference between the original principal (PV] ) and
the final future value (F'V5):

I =FV, — PV;
I = 123,859.43 — 84, 000

= $39, 859.43

Try an Example
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=307

E. Change in the Principal

Just like adjustments made for changes in interest rates, if additional contributions or repayments are made during
the period, we need to divide the period into smaller segments that correspond with these transactions. At each
transaction point, we calculate the future value up to that moment and then adjust the principal by adding the
contribution (if it’s an investment) or subtracting the repayment (if it’s a loan). After this adjustment, we compute
the future value based on the updated principal for the next segment. The example below illustrates the process for

calculating the future value when there are changes to the principal amount during the investment or loan term.

Example 2.2.5: Compute FV with Change in principal

Latasha initially borrowed $8,700 from RBC Bank at 3.59% compounded monthly. After 2 years she repaid
$3,045. If she pays off the debt 9 years after the $8,700 was initially borrowed, how much should her final
payment be to clear the debt completely?

Show/Hide Solution
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Repayment
t, = 2 years t, = 7 years
AN A

B R
Now Year 2 Year 9

l | |

| | 1

PVl = $8,700 > FV1
$3045

PVZ > FVZ =7

Since there is a repayment sometime during the term, we break the term into two periods at the time of
repayment, which is in year 2. We calculate the future value of the loan principal of $8,700 in year 2. Then, we
find the new principal by deducting the repayment from the future value. This new principal will become the

present value of the second period (t2). Finally, we calculate the future value of the second period.

Given information:

Term 1: 2 years

* Present value (cash inflow): PV; = $8, 700
* Nominal interest rate: I/Y =359%
* Interest is compounded monthly so C' / Y =12

* For compound problems, P/Y = C/Y, S0 P/Y =12

* Time period: t; = 2 years

* Number of compounding periodsin theterm 1: Ny = C' /Y. t; = 12(2) = 24

Term 2: 7 years

* Present value (cash inflow): PV, = 9346.629888 — $3, 045 = $6301.629888 (keep at least

6 decimal places for intermediate values)
* Nominal interestrate: I /Y = 3.59 %
* Interest is compounded monthly so C / Y =12

* For compound problems, P / Y=C / Y. so P / Y =12
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* Time period: tg = 7 years
* Number of compounding periodsin theterm 1: No = C' /Y. to = 12(7) = 84

Compute F'V

——
| Piv=12
crY=12

v
crt NG

6301.629888

CPT

-8,098.9397 FV, ~ $8,098.94

-

Try an Example
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4 )

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=307

Section 2.2 Exercises

1. Indiana Trust Co borrows $15,700 from a bank at 6.4% compounded annually for 7 years and 9 months.
a) How much will the accumulated value of the loan be at the end of the term? b) How much interest will be

charged on the loan?

Show/Hide Answer

a) FV = $25,392.02

b) 1 =$9,692.02

2. Nevach deposited $12,600 in a savings account at 6.8% compounded annually for 6 years and 10 months.
a) Calculate the accumulated value of this amount at the end of the term. b) Calculate the amount of

compound interest earned.

Show/Hide Answer

a) FV = $19,751.83

b)I=$7,151.83

3. Hillary invested $29,400 in a mutual fund at 2.7% compounded semi-annually. After 4 years, the interest rate
was changed to 6.1% compounded quarterly. a) How much was the value of the fund 8 years after the rate

change? b) How much was the total compound interest earned during the whole 12-year term?

Show/Hide Answer



60 | 22 FUTURE VALUE: CALCULATOR APPROACH

a) FV = $53,121.86

b) I =$23,721.86

4. Erika initially borrowed $46,700 from a bank at 4.3% compounded monthly. After 2 years she repaid $8,651. If
she pays off the debt 9 years after the loan was initially borrowed, how much should the final payment be to

clear the debt completely?

Show/Hide Answer

Final payment = $57,037.81

5. Asum of $13,480 was deposited into an account on June 14, 2013. What will be the future value of this sum

of money on August 21, 2016, if the interest rate is 6.77% compounded semi-annually?

Show/Hide Answer

FV = $16,668.68
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2.3 PRESENT VALUE: CALCULATOR
APPROACH

To find out the initial amount of money required to achieve a certain future value, we calculate the present value
(PV). This amount represents the initial sum of money that, after accruing interest over time, will reach the desired
future amount. The present value can also be considered the equivalent value of a given sum of money at an earlier
point in time. When using a financial calculator to find the PV, follow the steps outlined in Section 2.2, but in this

case, PV is the variable we compute.

The method of calculating the present value of a given future value is called discounting. Thus, the present value
is sometimes referred to as the discounted value, and the amount of interest calculated for such cases is called the
compound discount. The compound discount is obtained the same way the compound interest is computed using

Formula 2.3.

Example 2.3.1: Compute PV

Calculate the present value of $4320 that is due in 5 years and 9 months given the interest rate is 3.45%

compounded semi-annually.

Watch Video

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=316#oembed-1

Show/Hide Solution

Given information:
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° Future value (inflow): 'YV = $4320

° Nominal interest rate: I//Y = 3.45%
> Interest is compounded monthly so P / Y=C / Y =2

o Compound Term: ¢t = S years + § months = 5 + % = 5.75 years

° Number of compounding periods in the term: N = C'/Y - t = 2(5.75) = 11.5

PV =7

'n
<

s
s

o
o
3

CPT P

!.

-3548.666721 PV =~ $3548.67

Therefore, the present value is $3548.67.

Try an Example
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=316

Section 2.3 Exercises

1. Wyatt would like to accumulate $197,100 for his retirement in 16 years. If his local bank promises

him 4.16% compounded quarterly, how much he should invest today?

Show/Hide Answer

PV =$101,651.32

2. Find the amount paid for an investment that will mature to $171,000 in 6 years and 2 months at the interest

rate of 3.04% compounded quarterly.

Show/Hide Answer

PV =$141,869.22

3. Compute the present value of $132,300 that is invested for 8 years and 6 months at 4.36% compounded
monthly.

Show/Hide Answer

PV =$91,390.70
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2.4 INTEREST RATE: CALCULATOR APPROACH

A. Computing the Periodic and Nominal Interest Rates

If the nominal interest rate of a loan or investment is not specified, we can determine it by using the present value,

the future value, and the number of compounding periods in the term.

In the calculator approach, the nominal interest rate 1 / Y can be computed directly. Then the periodic interest rate

1 can be determined by ¢ = ——— (Formula 2.1a).
c/Y

Example 2.4.1: Compute Interest Rates

Nina invested $4,900 in an account that grew to $33,500 over a period of 9 years. Assume that the interest in
the account was compounded monthly. a) What was the nominal interest rate of the account? b) What was the

interest rate per month (periodic interest rate)? Give your answer as a percentage rounded to two decimal places.

Show/Hide Solution

Given information:

° For investment, present value is a cash outflow: PV = — $4900
° For investment, future value is a cash inflow: F'V = $33, 500

> Interest was compounded monthlyso C' /Y = 12

° Investment Term:t = 9

° Number of compounding periods in the term: N = C / Y -t = 12(9) = 108

In the calculator approach, we first compute the nominal interest rate, and then we will find the periodic
rate. Note that for investments, PV is considered a cash outflow and entered as a negative value, while FV is a

cash inflow and should be entered as a positive value.

a)
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P/Y=12

Y ClY=12

- 4900 PV

PMT
F

CPT Iy

21.55022167 I/Y =~ 21.55%

Therefore, the nominal interest rate is 21.55% compounded monthly.

b) The periodic (monthly) interest rate § can be determined by Formula 2.1a:

. 1/Y
Z_W

. 21.55022167 %
- 12

= 1.795851... %

~ 1.80 %
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Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=320

B. Calculating Effective Interest Rate

The effective interest rate refers to the nominal interest rate that is compounded annually. The effective interest
rate is used to make it easier to compare the annual interest rates between loans and investments with different

compounding periods.

If the compounding frequency is already one, the given nominal rate is the effective interest rate. Otherwise, we can

again use either a formula or a financial calculator to obtain the effective interest rate.

The ICONV (I conversion) worksheet on a financial calculator can be used to compute the effective interest rate.
The worksheet is the secondary function of key 2, so it is opened by pressing 2ND and then key 2. Figure 2.4.1 shows
the keys on the ICONV worksheet on a financial calculator.
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ICONV Worksheet

Pressing the 2ND key then 2
opens the ICONV (I-Conversion)
worksheet

L

Enter the given nominal « NOM=
interest rate and press

ENTER

Use the up arrow; then <« Cc/Y= ENTER
Enter the given
compounding frequency

and press ENTER Move up and press CPT to

compute the effective interest
rate (EFF).

-9

EFF=

AmirTavangar.com
- g

Figure 2.4.1 The keys on the ICONV worksheet on a financial calculator

Example 2.4.2: Compute Effective Interest Rate

Find the effective rate of interest of an investment that earns 6.4% compounded quarterly. Express your answer as

a percent rounded to two decimal places.

Show/Hide Solution

Given information:

o Interest is compounded quarterlyso C' /Y = 4
° Nominal interest rate: NOM = 6.4 %
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ICONV Worksheet

EFF=6.55524495 EFF = 6.56%
Compounded annually

AmirTavangar.com

Therefore, the effective interest rate is 6.56% compounded annually.

N Y,
e N
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=320
_ Y,

C. Calculating Equivalent Interest Rates

Equivalent interest rates are nominal interest rates with different compounding periods that result in the same future

value given the same principal value and time. We may want to find an equivalent interest rate of a given rate
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with different compounding periods for comparison purposes. Similar to the effective interest rate discussed in the

previous section, we can use either a formula or a financial calculator to compute the equivalent interest rates.

The ICONV worksheet on a financial calculator can also be used to compute the equivalent interest rates. To find the
equivalent interest rate of a given nominal rate and frequency, first, convert the original nominal rate to the effective
interest rate (compounded annually), and then use the obtained effective interest rate to compute the equivalent

nominal interest rate at the desired compounding frequency.

Example 2.4.3: Equivalent Interest Rates

Convert the interest rate of 7.42% compounded quarterly to an equivalent interest rate compounded monthly.

Express your answer as a percent rounded to two decimal places.

Watch Video

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=320#0embed-1

Show/Hide Solution

Given information:

> Original compounded frequency is quarterly so C' / Yi =4

° Original nominal interest rate: NOM; = 7.42 %
° Desired compounded frequency is monthlyso C' / Yo = 12




70 | 2.4 INTEREST RATE: CALCULATOR APPROACH

NOM=7.42 P =\ 3] EFF=7.62902658

T 1
C/Y=4 ENTER ENTER

T CPT 1 CPT

EFF=7.62902658 NOM=7.3745867 NOM, =~ 7.37%

Compounded monthly

Thus, the interest rate of 7.37% compounded monthly is equivalent to the effective interest rate of 7.63%
(compounded annually) and 7.42% compounded quarterly. That means they all will yield the same future

value over the same period given the same principal value.

-

Try an Example

a One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=320
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Section 2.4 Exercises

1. At what nominal rate of interest compounded quarterly will money grow from $18,000.00 to $20,881.85 in 4

years? Round the value of I/Y to two decimal places.

Show/Hide Answer

1/Y = 3.73% compounded quarterly

2. Suppose $11,500.00 is deposited into an account today, and it is expected to grow to a maturity value of
$13,998.44 in 8 years from now. What is the account nominal interest rate compounded monthly? Round the

answer to two decimal places.

Show/Hide Answer

I/Y = 2.46%

3. Find the effective rate of interest of an investment that earns 6.34% compounded quarterly. Round your

answer to two decimal places.

Show/Hide Answer

EFF = 6.49% compounded annually

4. Convert the interest rate of 4.59% compounded monthly to an equivalent interest rate compounded semi-

annually. Round your answer to two decimal places.

Show/Hide Answer

I/Y = 4.63% compounded semi-annually
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2.5 NUMBER OF COMPOUNDING PERIODS
AND TIME: CALCULATOR APPROACH

If the duration of a loan or investment is not specified, we can determine the number of compounding periods, N,
by using the present value, the future value, and the interest rate. Once we have the number of compounding periods,

we can then calculate the total length of time for the term.

We can use the financial calculator to compute [V'the same way you calculate other variables. Subsequently, in both
formula and calculator approaches, the time period of the term ¢ is determined by Formula 2.2b, which is the

rearranged form of Formula 2.2a.

N Formula 2.2b

Example 2.5.1: Compute Time

How long will an investment of $24,000 grow to at least $96,000 at 5.8% compounded semi-annually? Express

your answer in a) years, rounded to two decimal places, b) years and months, and c) years and days.

Show/Hide Solution

Given information:

° Presentvalue: PV = — $24, 000
o Future value: F'V = $96, 000
> Interest was compounded semi-annually so C' /Y = 2

° Nominal interest rate: I//Y = 5.8%

Note that for investments, PV is considered a cash outflow and entered as a negative value, while FV is a cash

inflow and should be entered as a positive value.

Finding N
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48.4930985

N = 48.4930985 Keep at least six decimal places for intermediate values
Finding time (t)

Therefore, the investment term time period is obtained by Formula 2.2b:

,__N
)Y

. 48.493098...
- 2

= 24.246549... years

a) The time in years rounded to two decimal placesis { = 24.25 years.
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b) To express time in terms of years and months, take the integer portion as the number of years. Then,

multiply the decimal part by 12 to convert it into months.
t = 24.246549... years
— 24 years + (0.246549... X 12) months

— 24 years + (2.958588...) months

— 24 years and 3 months

¢) To express time in terms of years and days, take the integer portion as the number of years. Then, multiply

the decimal part by 365 to convert it into days.

t = 24.246549... years

= 24 years + (0.246549... X 365) days
— 24 years + (89.990385...) days

= 24 years and 9( days

See Section 1.1 to recall how to convert the number of days and months to the number of years and vice

versa.

Note: In time calculations for financial problems, the resulting figure often includes a decimal, such as a
fraction of a day or month. In such cases, unless instructed otherwise, always round up the value to the
nearest whole number, regardless of the decimal value. This rounding-up approach ensures that the required

tuture value is fully accumulated.

Try an Example




2.5 NUMBER OF COMPOUNDING PERIODS AND TIME: CALCULATOR APPROACH | 75

4 )

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=324

Section 2.5 Exercises

1. Consider an investment of $13,000.00 that grows to at least $28,541.83 at 7.97% compounded monthly. a)
What is the number of compounding periods in the term rounded to two decimal places? b) How long does

the investment take? Express the time in years and months.

Show/Hide Answer

a) N=118.8

b) t= 9 years and 11 months

2. How long will it take for an investment of $18,200 to grow to $24,103.80 at an interest rate of 3%

compounded quarterly? Express the time in years and days.

Show/Hide Answer

t = 9 years and 146 days
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2.6 FUTURE VALUE: FORMULA APPROACH

A. Introduction

In the study of compound interest, future value is the total amount that an initial sum, whether invested or
borrowed, will accumulate over time at a specific compound interest rate. This includes the original principal and all
the interest that accrues, compounded at set intervals. Present value, on the other hand, is the current equivalent of a
future sum of money. It’s the initial amount that, when interest is applied over a period, will grow to a predetermined

future value.

The future value of compound interest F'V is determined by

FV = PV(1+d)Y Formula 2.4a

where PV represents the present value 7 is the periodic interest rate (calculated as ¢ = ———, Formula 2.1a) and

N is the number of compounding periods in the term (computedas N = C' / Y - t, Formula 2.2a).

B. Computing Interest Amount

The future value of an investment or loan includes both the initial principal and the interest earned or charged over
the term. To find the total amount of interest accrued, you subtract the present value (initial amount) from the
future value. This interest amount (I), often called compound interest (CI) in the context of compound interest

calculations, is given by
I =FV - PV Formula 2.3

where FV is the future value and PV is the present value. This formula was initially introduced in Section 2.2.

Example 2.6.1: Compute FV — Time Given in Years
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Sarah invested $25,000 for S years at 6.9% compounded monthly. (a) How much was the accumulated value after

S years? (b) How much interest was earned during the investment term?

Show/Hide Solution

Given information:

* Present value: PV = $25, 000

* Nominal interest rate: I//Y = 6.9%

* Interest is compounded monthlyso C' /Y = 12
* Investment Term: { = 5 years

/Y 6.9 %
c/y 12
* Number of compounding periodsin the term: N = C'/Y - t = 12(5) = 60

= 0.575 %

* Periodic interest rate: 7 =

a)
Substituting the values into Formula 2.4a yields

FV = PV(1+4)"

FV = 25000(1 + 0.575 % )%
— 25000(1.410595...)
— 35264.885920...
~ $35, 264.89 (Rounded to the nearest cents)
b) Substituting the PV and FV values into Formula 2.3 gives the amount of interest earned.
I=FV - PV
I = 35,264.89 — 25, 000

= $10, 264.89
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Example 2.6.2: Compute FV — Time Given in Years and Months

Ontario Servers Inc. borrows $65,400 from a bank at 5.68% compounded quarterly for 4 years and 7 months.
a) How much will the accumulated value of the loan be at the end of the term? b) How much interest will be

charged on the loan?

Show/Hide Solution

Given information:

* Present value: PV = $65, 400
e Nominal interest rate: I/Y = 5.68%

* Interest is compounded quarterlyso C' /Y = 4

* Loanterm:t = 4yearsand 7 months = 4 + 12 — 4.583 years (The ‘overbar’ indicates that the

digit beneath it is repeated continuously)

1/Y B 5.68 %
c/)y 4
* Number of compounding periods in the term: N = C / Y t= 4(4.583) = 18.3

=1.42%

* Periodic interest rate: 7 =

a)
Substituting the values into Formula 2.4a yields
FV = PV(1+i)"
FV = 65400(1 + 1.42 % )'®3
— 65400(1.294989...)
— 84, 692.287...
~ $84, 692.29 (Rounded to the nearest cents)

b) Substituting the PV and FV values into Formula 2.3 yields the amount of interest charged.

I =FV - PV
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I = 84,692.29 — 65, 400

— $19, 292.29

e )

Try an Example

a One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=326

C. Time Given as Specific Dates

As we saw in the simple interest chapter, sometimes the beginning and end dates of the loan/investment term are
given. In that case, unless otherwise stated, the time calculation will be most accurate if the number of days between
the given dates is computed and then converted to equivalent years. To convert the number of days to the number of
years, divide it by 365 as there are 365 days in a year. There are several ways to compute the days between two dates

(DBD), some of which are presented in section 1.1.

Example 2.6.3: Compute FV Given Specific Dates

A sum of $36,200.00 was deposited into an account on June 30, 2020. What will be the future value of this sum

of money on October 9, 2025, if the interest rate is 2.22% compounded annually?

Show/Hide Solution

The given information:
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* Present value: PV = $36, 200.00
* Nominal interestrate: I /Y = 2.22 %

* Interest is compounded semi-annually so C / Y=1

I1/Y _2.22 %
c/y 1

* Beginning date: June 30, 2020

* End date: October 9, 2025

=222%

* Periodic interest rate: 7 =

I. We first need to find the number of days in the investment and find its equivalent years to find time (t).
There are 1927 days between the given dates (DBD). We can find time in years by dividing DBD by 365.

= % = 5.279452... years
1927
N=C/Y- -t=1 365 = 5.279452... keeping at least six decimal places for intermediate

values
II. We substitute the values into Formula 2.4a gives
FV =PV(1 + i)Y
FV = 36200(1 + 2.22 % )*274%2
— 36200(1.122290...)

= 40, 649.272124...

P~ $40, 649.27 (Rounded to the nearest cents)

Try an Example
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=326

D. Change in the Interest Rate

Sometimes during the term of an investment (or a loan), there is a change in one of the variables such as the interest
rate or principal amount. In those cases, we should split the term into separate time segments at the point of change.

The following example illustrates how the future value is computed when there is a change in the interest rate.

Example 2.6.4: Compute FV with Change in the Interest Rate

Pan’s Consulting Inc. invested $84,000 in a mutual fund at 6.5% compounded semi-annually. After 4 years the

interest rate was changed to 4.44% compounded quarterly.
(a) How much was the value of the fund 3 years after the rate change?

(b) How much was the total compound interest earned during 7 years?

Show/Hide Solution
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Rate Change
t; = 4 years = 3erins
Ay l i
7 ™ Y ™
Now Year 4 Year 7
| | |
| | |
PV, = 84,000 » FVi =PV, > FV, =?

Since there is a change in the interest rate sometime in the middle of the term, we will break the term into two
periods at the time of rate change, which is year 4. Then we will calculate the future value of the given principal
of $84,000 at year 4. Then, since the money remains in the account, the future value of the first period (¢1)
will become the present value of the second period (¢2). Finally, we use the new interest rate to calculate the

tuture value of the second period.

a)

First period: 4 years

° Present value: PV; = $84, 000

° Nominal interestrate: I /Y] = 6.5 %

o Interest is compounded semi-annuallyso C' / Y, = 2
° Time period: t; = 4 years

I/Yh,. — 65%
c/y, 2

° Number of compounding periods in the term: Ny = C' / Y: -t = 2(4) =8

=325%

° Periodic interest rate: 27 =

Substituting the values into Formula 2.4a yields
FVi = PVi(1 + i)™
FV; = 84,000(1 + 3.25 % )®
= 108, 492.512... (DO NOT round off the intermediate values)

Second period (after the rate change): 3 years
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° Presentvalue: PV, = F'V; = 108, 492.512...

° Nominal interestrate: I / Yo = 4.44 %

o Interest is compounded semi-annually so C / Yo =4
° Time period: 3 = 3 years

I)Y,  444%
c/Y, 4

° Number of compounding periods in the term: Ny = C' /Y3 -ty = 4(3) = 12

=1.11%

o Periodic interest rate: 19 —

Substituting the values into Formula 2.4a yields
FVy = PV3(1 + i)™
FV, = 108,492.512...(1 + 1.11 % )*?
— 123, 859.434...
~ $123, 859.43 (Rounded to the nearest cents)

b) The total interest earned during the 7-year term is the difference between the original principal (PV] ) and
the final future value (F'V5):

I =FV, - PV
I =123,859.43 — 84, 000

— $39, 859.43

( A

Try an Example
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4 )

One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=326

E. Change in the Principal

Just like adjustments made for changes in interest rates, if additional contributions or repayments are made during
the period, we need to divide the period into smaller segments that correspond with these transactions. At each
transaction point, we calculate the future value up to that moment and then adjust the principal by adding the
contribution (if it’s an investment) or subtracting the repayment (if it’s a loan). After this adjustment, we compute
the future value based on the updated principal for the next segment. The example below illustrates the process for

calculating the future value when there are changes to the principal amount during the investment or loan term.

Example 2.6.5: Compute FV with Change in principal

Latasha initially borrowed $8,700 from RBC Bank at 3.59% compounded monthly. After 2 years she repaid
$3,045. If she pays off the debt 9 years after the $8,700 was initially borrowed, how much should her final
payment be to clear the debt completely?

Show/Hide Solution
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Repayment
t, = 2 years t, = 7 years
AN A
7 N 7 ™
Now Year 2 Year 9
l | |
| | 1
PVl = $8,700 > FV1
$3045
PVZ > FVZ =7

Since there is a repayment sometime during the term, we break the term into two periods at the time of
repayment, which is in year 2. We calculate the future value of the loan principal of $8,700 in year 2. Then, we
find the new principal by deducting the repayment from the future value. This new principal will become the

present value of the second period (t2). Finally, we calculate the future value of the second period.

Term 1 (before the repayment): 2 years

° Present value: PV; = $8, 700

° Nominal interestrate: I /Y = 3.59 %

> Interest is compounded monthlyso C' /Y = 12
I1/Y ~3.99 %
C/Y 12

digit beneath it is repeated continuously.)

= 0.29916 % (The ‘overbar’ indicates that the

o Periodic interest rate: 7 =

° Time period: £ = 2 years
° Number of compounding periodsin theterm 1: Ny = C'/Y - t; = 12(2) = 24

Substituting the values into Formula 2.4a gives the future value at the time of repayment:
FVi = PVi(1 + i)™
= 24
FV; = 8700(1 + 0.29916 % )

= 9346.629888... (DO NOT round off the intermediate values)
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Term 2 (after the repayment): 7 years

o Present value (cash inflow): PV5 = 9346.629888 — 3, 045 = 6301.629888... (DO NOT
round off the intermediate values)

° Same interest rate

° Time period: t9 = 7 years

° Number of compounding periodsin the term 1: Ny = C'/Y - to = 12(7) = 84

Substituting the values into Formula 2.4a gives the future value at the end of the loan term:
FVy = PV3(1 + i)™
FV; = 6301.629...(1 + 0.29916 % )**

= &, 098.939...

~ $8, 098.94 (Rounded to the nearest cents)

_
p
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=326
\

Section 2.6 Exercises

1. Indiana Trust Co borrows $15,700 from a bank at 6.4% compounded annually for 7 years and 9 months.
a) How much will the accumulated value of the loan be at the end of the term? b) How much interest will be

charged on the loan?
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Show/Hide Answer

a) FV = $25,392.02

b) I =$9,692.02

2. Nevach deposited $12,600 in a savings account at 6.8% compounded annually for 6 years and 10 months.
a) Calculate the accumulated value of this amount at the end of the term. b) Calculate the amount of

compound interest earned.

Show/Hide Answer

a) FV = $19,751.83

b)I=$7,151.83

3. Hillary invested $29,400 in a mutual fund at 2.7% compounded semi-annually. After 4 years, the interest rate
was changed to 6.1% compounded quarterly. a) How much was the value of the fund 8 years after the rate

change? b) How much was the total compound interest earned during the whole 12-year term?

Show/Hide Answer

a) FV = $53,121.86

b)I=$23,721.86

4. Erika initially borrowed $46,700 from a bank at 4.3% compounded monthly. After 2 years she repaid $8,651. If
she pays off the debt 9 years after the loan was initially borrowed, how much should the final payment be to

clear the debt completely?

Show/Hide Answer

Final payment = $57,037.81

5. Asum of $13,480 was deposited into an account on June 14, 2013. What will be the future value of this sum

of money on August 21, 2016, if the interest rate is 6.77% compounded semi-annually?
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Show/Hide Answer

FV = $16,668.68
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2.7 PRESENT VALUE: FORMULA APPROACH

To find out the initial amount of money required to achieve a certain future value, we calculate the present value
(PV). This amount represents the initial sum of money that, after accruing interest over time, will reach the desired
future amount. The present value can also be considered the equivalent value of a given sum of money at an earlier

point in time. To calculate the present value, Formula 2.4a can be rearranged for PV'.

FV Formula 2.4b

PV =
(144N

which using the negative-exponent notation is equivalent to
PV = FV(l + i)_N Formula 2.4c

The method of calculating the present value of a given future value is called discounting. Thus, the present value
is sometimes referred to as the discounted value, and the amount of interest calculated for such cases is called the
compound discount. The compound discount is obtained the same way the compound interest is computed using

Formula 2.3.

Example 2.7.1: Compute PV

Calculate the discounted value of $4320 that is due in S years and 8 months given the interest rate is 3.45%

compounded monthly.

Show/Hide Solution

Given information:

o Future value: F'V = $4320

° Nominal interest rate: I//Y = 3.45%
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> Interest is compounded monthly so C' / Y =12

o Compound term: £ = 5 years + 8 months = 5 + 18—2 = 5E years
1/Y 4

o Periodic interest rate: = / = LA = 0.2875 %
C / Y 12

8
° Number of compounding periods in the term: N = C' / Y - t=12 (55) = 68

Substituting the values into Formula 2.4c yields
PV =FV(1+i) "
PV = 4320(1 + 0.2875 % )

= 3553.865541...

~ $3553.87 (Rounded to the nearest cents)

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=330

Section 2.7 Exercises

1. Wyatt would like to accumulate $197,100 for his retirement in 16 years. If his local bank promises

him 4.16% compounded quarterly, how much he should invest today?
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Show/Hide Answer

PV =$101,651.32

. Find the amount paid for an investment that will mature to $171,000 in 6 years and 2 months at the interest

rate of 3.04% compounded quarterly.

Show/Hide Answer

PV =$141,869.22

. Compute the present value of $132,300 that is invested for 8 years and 6 months at 4.36% compounded

monthly.

Show/Hide Answer

PV =$91,390.70
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2.8 INTEREST RATE: FORMULA APPROACH

A. Computing the Periodic and Nominal Interest Rates

If the nominal interest rate of a loan or investment is not specified, we can determine it by using the present value,

the future value, and the number of compounding periods in the term.

Since the periodic interest rate ¢ appears in the formula, using the formula approach, we find ¢ first, and then we

calculate the nominal interest rate I / Y as follows.

Rearranging Formula 2.4a for g gives

FV = PV(1+i)"
v FV

- PV

Forwula doesz not parsze (]_ + 1

1
1412 VA~
i= ==
PV
FV % Formula 2.5
7= | — —1
( PV )
The nominal interest rate can be then found by rearranging Formula 2.1a.

I/Y =1- C/Y Formula 2.1b

Example 2.8.1: Compute Interest Rates

Nina invested $4,900 in an account that grew to $33,500 over a period of 9 years. Assuming that the interest in

the account was compounded monthly, a) What was the monthly interest rate? b) what was the annual interest

rate of the account? Give your answer as a percentage rounded to two decimal places.
(& )
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Show/Hide Solution

Given information:

° Present value: PV = $4900
o Future value: F'V = $33, 500

> Interest was compounded monthly so C / Y =12

° Investment Term: ¢ = 9

° Number of compounding periods in the term: N = C / Y -t = 12(9) = 108

Substituting the values into Formula 2.5 gives the periodic (monthly) interest rate:

a)

1

. (FV\¥
i= (=) -1

(#7)

1
, 33500 \ 108
1= ——— —1
4900

= 1.0179585... —1
= 0.0179585...
= 1.79585... %

~ 1.80 % per month

b) The nominal interest rate I / Y is then given by Formula 2.1b
I/Y=4i-C/Y

= 1.79585... % (12) (Note that the unrounded { is used here for accuracy)
= 21.550221... %

~ 21.55 %
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4 )

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=334

B. Calculating Effective Interest Rate

The effective interest rate refers to the nominal interest rate that is compounded annually. The effective interest
rate is used to make it easier to compare the annual interest rates between loans and investments with different

compounding periods.

If the compounding frequency is already one, the given nominal rate is the effective interest rate. Otherwise, we can

again use either a formula or a financial calculator to obtain the effective interest rate.

By definition, given the same principal and time period, the effective interest rate |/ F'F' should result in the same
future value as a nominal rate with a given compounding frequency. Therefore, the future values can be made equal,

and the equation can be solved for F} F'F', which yields
EFF = (1 + i)C/Y —1 Formula 2.6

where F F'F'is the effective interest rate and § and C' / Y are the stated periodic interest rate and the compounding

frequency, respectively.

Example 2.8.2: Compute Effective Interest Rate

Find the effective rate of interest of an investment that earns 6.4% compounded quarterly. Express your answer as

a percent rounded to two decimal places.
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Show/Hide Solution

Given information:

° Interest is compounded quarterly so C / Y =14
o Nominal interest rate: I / Y =64%
I / Y B 6.4 %

= =1.6%
c/Y 4 ’

o Periodic interest rate: 7 =

Substituting the values into Formula 2.6, we obtain
EFF =1+ -1
EFF=(1+16%)" -1
— 0.065552...

= 6.5552... %

~ 6.56 % compounded annually

4 )

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=334

C. Calculating Equivalent Interest Rates

Equivalent interest rates are nominal interest rates with different compounding periods that result in the same future
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value given the same principal value and time. We may want to find an equivalent interest rate of a given rate
with different compounding periods for comparison purposes. Similar to the effective interest rate discussed in the

previous section, we can use either a formula or a financial calculator to compute the equivalent interest rates.

By definition, given the same principal value and time period, the equivalent interest rates result in the same future
value. Therefore, we can equate the future values and rearrange the equation for an equivalent periodic interest rate
19 :

cm Formula 2.7

i2=(1+i1)7¥2 -1

where 41 and C' / Y are the original periodic interest rate and the compounding frequency, respectively, and
C'/ Y is the compounding frequency of the equivalent interest rate. Note that if C' / Yo = 1, Formula 2.7 will

become Formula 2.6, and thus 29 will be the effective interest rate.

Once the periodic interest rate 25 is known, the equivalent nominal interest rate is then determined by Formula
2.1b.

I/Y, =C/Ys iy

Example 2.8.3: Equivalent Interest Rates

Convert the interest rate of 7.42% compounded quarterly to an equivalent interest rate compounded monthly.

Express your answer as a percent rounded to two decimal places.

Show/Hide Solution

Given information:

> Original compounded frequency is quarterly so C' / Yi =4
° Original nominal interestrate: [ /Y7 = 7.42 %

I/'Yi 742%
c/y; 4

° Desired compounded frequency is monthly so C' / Y = 12

= 1.855%

o Original periodic interest rate: 3 =

Substituting the values into Formula 2.7 gives
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o/

ig = (144,)%% —1

4

iy = (1+1.855%)1 —1
— 0.0061454...

= 0.61454... %

So the equivalent nominal interest rate is obtained by
I/Y, =C/Ys iy
I/Y, = 12(0.61454... %)
= 7.374586... %
~ 7.37 % compounded monthly

Therefore, the interest rate of 7.37% compounded monthly is equivalent to 7.42% compounded quarterly,
meaning that they will both result in the same future value over the same time period given the same

principal value.

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=334
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Section 2.8 Exercises

1. At what nominal rate of interest compounded quarterly will money grow from $18,000.00 to $20,881.85 in 4

years? Round the value of I/Y to two decimal places.

Show/Hide Answer

1/Y = 3.73% compounded quarterly

2. Suppose $11,500.00 is deposited into an account today, and it is expected to grow to a maturity value of
$13,998.44 in 8 years from now. What is the account nominal interest rate compounded monthly? Round the

answer to two decimal places.

Show/Hide Answer

I/Y = 2.46%

3. Find the effective rate of interest of an investment that earns 6.34% compounded quarterly. Round your

answer to two decimal places.

Show/Hide Answer

EFF = 6.49% compounded annually

4. Convert the interest rate of 4.59% compounded monthly to an equivalent interest rate compounded semi-

annually. Round your answer to two decimal places.

Show/Hide Answer

I/Y = 4.63% compounded semi-annually
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2.9 NUMBER OF COMPOUNDING PERIODS
AND TIME: FORMULA APPROACH

If the duration of a loan or investment is not specified, we can determine the number of compounding periods,
N, using Formula 2.4a and the given present value, future value, and interest rate. Once we have the number of

compounding periods, we can then calculate the total length of time for the term.

Rearranging Formula 2.4a for [\ yields

FV = PV(1+i)"

FV
1+4)Y = =—
(1+14) PV

FV

In(1 +4)" =In( =

n(1 + 19) n(PV)

FV

Nln(l+1i) =Iln( —

n(1l + 1) n(PV)

In < % ) Formula 2.8

N=— ">
In(1 + 9)

Note that [V should not be rounded.

Subsequently, the time period of the term ¢ is determined by Formula 2.2b, which is the rearranged form of Formula
2.2a.

N Formula 2.2b

Example 2.9.1: Compute Time
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How long will an investment of $24,000 grow to at least $96,000 at 5.8% compounded semi-annually? Express

your answer in a) years, rounded to two decimal places, b) years and months, and c) years and days.

Show/Hide Solution

Given information:

° Presentvalue: PV = $24, 000
° Future value: F'V = $96, 000

° Interest was compounded semi-annually so C / Y =2
° Nominal interest rate: I//Y = 5.8%
I / Y B 58 %

= =29
c/y 2 &

o Periodic interest rate: 2 =

Finding N

Substituting the values into Formula 2.8, we calculate the number of compounding periods in the

investment term:
FV
_ (%)
"~ In(1 +4)
96000
ln< 24000 )

T In(1+29%)

~ 1.386294...
~0.028587...

N = 48.4930985 Keep at least six decimal places for intermediate values
Finding time (t)

Therefore, the investment term time period is obtained by Formula 2.2b:

LN
- CJY
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L 48.4930098...
- 2

= 24.246549... years
a) The time in years rounded to two decimal placesis t = 24.25 years.

b) To express time in terms of years and months, take the integer portion as the number of years. Then,

multiply the decimal part by 12 to convert it into months.

t = 24.246549... years

— 24 years + (0.246549... X 12) months
— 24 years + (2.958588...) months

= 24 years and 3 months

¢) To express time in terms of years and days, take the integer portion as the number of years. Then, multiply

the decimal part by 365 to convert it into days.

t = 24.246549... years

— 24 years + (0.246549... X 365) days
— 24 years +(89.990385...) days

= 24 years and 90 days

See Section 1.1 to recall how to convert the number of days and months to the number of years and vice

versa.

Note: In time calculations for financial problems, the resulting figure often includes a decimal, such as a
fraction of a day or month. In such cases, unless instructed otherwise, always round up the value to the
nearest whole number, regardless of the decimal value. This rounding-up approach ensures that the required

tuture value is fully accumulated.
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4 )

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=337

Section 2.9 Exercises

1. Consider an investment of $13,000.00 that grows to at least $28,541.83 at 7.97% compounded monthly. a)
What is the number of compounding periods in the term rounded to two decimal places? b) How long does

the investment take? Express the time in years and months.

Show/Hide Answer

a) N=118.8

b) t= 9 years and 11 months

2. How long will it take for an investment of $18,200 to grow to $24,103.80 at an interest rate of 3%

compounded quarterly? Express the time in years and days.

Show/Hide Answer

t = 9 years and 146 days
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2.10 TERMINOLOGY AND GLOSSARY OF
SYMBOLS

Terminology

° Dated value or equivalent value: The value of a sum of money at a specific time relative to its due date,
including the amount of interest.

> Effective interest rate: refers to the nominal interest rate that is compounded annually.

° Future value (accumulated or maturity value) (F¥): The value obtained when the amount of interest is
added to the original principal.

° Nominal rate (Z/Y): the yearly or annual rate of interest.

° Present value (principal or discounted value) (PV): The amount borrowed or invested at the beginning of
a (loan or investment) period.

° Term (2): Refers to either an investment term or loan term, which is the time period an amount is lent or

borrowed.

Glossary of Symbols
Compound Interest

* I/Y: Nominal interest rate (%)

* C/Y: frequency of compounding period per year

* P/Y: number of periodic payments per year; for compound interest problems it is equal to C/Y’
* PMT: Periodic payment; for compound interest problems it is zero.

* : Interest rate per compounding period (%)

* ¢: time period of aloan or investment term (in years)

* N: Number of compounding periods in the term

* PV: Principal (Present Value) ($)

 FV: Future (maturity) value ($)

* CI orI: Compound Interest Amount ($)

Interest Conversion
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* NOM: Nominal interest rate (%)
» EFF: Effective interest rate (%)

Date
* DTI: Beginning date

* DT2: End date
* DBD: The number of days between dates DT1 and DT2
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PART [l

ANNUITIES

Chapter Outline

This chapter delves into the topic of annuities, structured into two main parts. The first part addresses using
a financial calculator for annuity calculations, while the second part delves into algebraic formulas for these

calculations.

3.1 Introduction to Annuities: This initial section lays the groundwork by defining annuities, explaining essential

terms, and categorizing different types of annuities.

Calculator Approach

Sections in the calculator approach are typically divided into subsections, focusing on an ordinary annuity or an

annuity due.

3.2 Future Value (FV) of Annuities — Calculator Approach: This section teaches how to calculate the future value of

annuities with a financial calculator.

3.3 Present Value (PV) of Annuities — Calculator Approach: Here, the focus is on determining the present value of

annuities using a financial calculator.

3.4 Payment (PMT) of Annuities — Calculator Approach: This part covers the calculation of annuity payments with

a financial calculator.

3.5 Number of Payments and Duration — Calculator Approach: This section demonstrates how to find out the

number of payments and the term length for annuities with a financial calculator.

3.6 Nominal Interest Rate — Calculator Approach: This section explores calculating nominal and periodic interest

rates for annuities with a financial calculator.

Formula Approach

Each section in the Formula Approach is organized into subsections based on four annuity types: ordinary simple

annuity, ordinary general annuity, simple annuity due, and general annuity due.
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3.7 Future Value (FV) of Annuities — Formula Approach: This section focuses on the future value of annuities

calculation using algebraic formulas.

3.8 Present Value (PV) of Annuities — Formula Approach: This section discusses the present value of annuities

calculation with algebraic formulas.

3.9 Payment (PMT) of Annuities — Formula Approach: This section covers how to compute annuity payments using

algebraic formulas.

3.10 Number of Payments and Duration — Formula Approach: This section shows how to calculate the number of

payments and the duration of annuities using algebraic formulas.

3.11 Nominal Interest Rate — Formula Approach: Calculating the periodic interest rate (i) algebraically using
formulas is challenging because it is difficult to isolate the interest rate variable in either the present value or future
value formulas. As a result, we focus on using a financial calculator to determine the nominal interest rate (I/Y). For

instructions on the calculator approach, please refer to Section 3.6.

3.12 Terminology and Glossary of Symbols: A section dedicated to defining terms and symbols used throughout the

chapter, aiding in understanding and reference.

3.13 Appendix: Offers proofs for some of the formulas discussed in the chapter.
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3.1 INTRODUCTION TO ANNUITIES

A. Definition of Annuity

An annuity is defined as a series of periodic payments, usually in equal size, made at regular time intervals. In
annuities, the interest that is charged on money is usually compound interest. Mortgages and car loans or leases are
examples of annuities. Typical payment intervals of annuities are monthly, quarterly, semi-annually, and annually, as

summarized in Table 3.1.1.

Table 3.1.1 Number of payments per year for different payment intervals

Number of Payments per

Payment Interval Length of Payment Period Year (P/Y)
Annually Every 12 months (1 year) 1
Semi-annually Every 6 months 2
Quarterly Every 3 months 4
Monthly Every month 12
Bi-weekly Every two weeks 26
Weekly Every week 52

Payments can be made at the beginning or end of payment intervals. For example, for monthly payments, the

payment can be made on the first day of a month or the last day of a month.

Beginning of the payment interval Term:12 months
l End of the payment interval

H_J
Payment Interval: 1 month

Unlike compound interest problems where [V represents the total number of compounding periods in the loan or

investment term, in annuities, V' represents the total number of payments in the term and can be obtained by

N = P/Y -t Formula 3.1a
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where P / Y is the number of periodic payments in a year, and ¢ is the time period of the annuity in years.

When solving time-value-of-money problems, it is crucial first to identify the type of problem you are dealing with.
Compound interest problems typically involve a single lump sum or irregular deposits or withdrawals occurring over
time. In contrast, annuity problems involve a series of equal cash flows, either payments or withdrawals, that are made

or received at regular intervals over a specified period.

To differentiate between compound interest and annuity problems, pay attention to certain keywords. Phrases like
“every” or “each,” or time-related adverbs such as “weekly” and “monthly,” often indicate that the problem is related

to annuities, involving regular, equal payments or withdrawals.

Example 1.3.1: Number of Payments in Annuities

For each given scenario, determine the number of payments per Year (2/Y), term in years (¢), and the number of

payments in the term (V).
a) You deposit $200 at the end of every 3 months for 5 years.
b) Payments of $1050 made at the end of each month for 4 years and 5 months.

¢) Monthly payment of $150 for 4.5 years.

Show/Hide Solution

We first look for a keyword that indicates that the given payment is periodic, and thus the problem is indeed
an annuity. In each example, the keyword is boldfaced. Once the number of payments in a year (P/Y) and the

term duration (t) are determined, we use Formula 3.1a to compute the number of payments in the term (N).

a) You deposit $200 at the end of every 3 months for 5 years.
* Number of payments in a year: Every 3 months so P / Y =4
* Term:¢ = 5 years
* Number of payments in the term: N = 4(5) = 20

b) Payments of $1050 made at the end of each month for 4 years and 5 months.
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* Number of payments in a year: Each month so P / Y =12

5
* Term:t = 4 years + 5 months = 4 years + 15 Years = 4E years

* Number of payments in the term: N = 12 (4%) = 53

¢) Weekly payment of $150 for 4.5 years.

* Number of payments in a year: Weeklyso P /Y = 52
* Term:¢ = 4.5 years
* Number of payments in the term: N = 52(4.5) = 234

B. Components of Annuities

Each annuity problem has two pieces of information that you need to pay attention to:

* Information about the periodic payments

> Size of the periodic payment (PMT)

° Number of payments per year (2/Y)

° The timing of payments (whether it is at the beginning or the end of the payment period)
* Information about the interest charged

> Nominal interest rate (1/Y)

° The number of interest compounding periods per year (C/Y)

For example, in the case of “payments of $200 are made at the end of every quarter for 3 years into a savings
account earning 6% compounded semi-annually”, the first part of the sentence provides information about the size,
frequency, and timing of the payments, and the second part of the sentence gives information regarding the interest.

Note that the phrase related to the interest is identical to compound interest problems.
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Payment interval: Payment timing: Number of payments
3 months l/ End of the quarter per year (P/Y): 12
| | | | | | | | | | | | |
I I | I I I | | I I I | 1
9 J
Y
Interest Compounding period: Number of compounding
6 months periods per year (C/Y): 2

C. Types of Annuities

Annuities can be classified in various ways, with a common approach based on the timing of payments in annuities
and the relationship between frequencies of payments and interest-compounding periods. In this book, our focus is
on immediate-start annuities that have predetermined maturity dates, aligning with these common classifications. We
will not delve into deferred annuities, which begin payments at a later date, nor will we cover perpetuities, which do
not have a set endpoint. Our discussion aims to provide a clear understanding of the most typical annuity structures

encountered in financial planning:

* Classified in terms of the timing of payments whether it is at the beginning or the end of the payment period.
° Ordinary Annuity (end)
° Annuity due (beginning)

* Classified in terms of the frequencies of payments and interest-compounding periods
o Simple Annuity (equal frequencies)

° General Annuity (unequal frequencies)

The combination of those four classes gives four different types of annuities, as illustrated in Figure 3.1.1.
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Annuity
Equal periodic
payments

|
v y

Ordinary Annuity Annuity Due
Payments are made at the end of Payments are made at the
each payment period beginning of each payment period
i 2
Ordinary Simple Annuity Ordinary General Annuity Simple Annuity Due General Annuity Due
Same compounding period Different compounding Same compounding period Different compounding
and payment period period and payment period and payment period period and payment period

Figure 3.1.1 Types of Annuities

In an Ordinary Simple Annuity, the payment period and the interest compounding period are the same (

P /Y = C/Y),and the payments are made at the end of the payment period.

Term of the annuity (f)

A
f Compounding period )
I_H
| ] ] ] ] ] ] ] ] | ] ] ]
I I I I I I I I I | I I 1
i = f
qst Payment Interval Last
Payment Payment

In an Ordinary General Annuity, the payment period and the interest compounding period are NOT the same (
P /Y # C/Y)and the payments are made at the end of the payment period.
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Term of the annuity (f)

A
f Compounding period )
A
N
| ] ] | | l | ] | | | | |
I I I I I I I I I I I I 1
f — f
1st Payment Interval Last
Payment Payment

In a Simple Annuity Due, the payment period and the interest compounding period are the same (
P/Y = C/Y),and the payments are made at the beginning of the payment period.

Term of the annuity (f)

A
f Compounding period i
—

| | | | | | | | | | | | |

I I | I | I I I I I I I 1

f — f

= Payment Interval Last
Payment Payment

In a General Annuity Due, the payment period and the interest compounding period are NOT the same (
P /Y +# C/Y)and the payments are made at the beginning of the payment period.

Term of the annuity (f)

A
Compounding period \
A
(
| | | | | | | | | | | | |
I I I I I I I I I I I I 1
1 — f
1st Payment Interval Last
Payment Payment

Example 3.1.2: Type of Annuity
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Identify the type of Annuities.

a) Payments of $540 at the end of every year for 6 years at 4.76% compounded annually.

b) Payments of $85 at the end of every month for 6 years at 8.15% compounded annually.

c) Payments of $540 at the beginning of every 3 months for 4.5 years at S % compounded quarterly.

d) Payments of $1200 at the beginning of every 6 months for 8 years at 3.40% compounded monthly.

Show/Hide Solution
Ordinary P/y=1 C/Yy=1
a) Payments of $540 atthe ~~ ofevery A for 6 years at 4.76% compounded ~——"——.
end year annually

Since P / Y=C / Y, the annuity is simple. Also, the payments are made at the END of the payment

period, so the annuity is ordinary. Putting them together, the annuity is an Ordinary Simple

Annuity.
Ordinary P/Y=12 Cc/y=1
b) Payments of $85 at the ~~ of every ~— for 6 years at 8.15% compounded ~—"—.
end month annually

Since P/Y # C'/Y, the annuity is general. Also, the payments are made at the END of the

payment period, so the annuity is ordinary. Putting them together, the annuity is an Ordinary

General Annuity.
Due P/Y=4 C/Y=4
¢) Payments of $540 at the /" of every ,~——~— for 4.5 years at 5 % compounded ~—"—.
beginning 3 months quarterly

Since P / Y=C / Y, the annuity is simple. Also, the payments are made at the BEGINNING of

the payment period, so the annuity is an annuity due. Putting them together, the annuity is a Simple

Annuity Due.
Due P/y=2 C/Yy=12
d) Payments of $1200 at the /——"~—— of every ~——~— for 8 years at 3.40% compounded —"—.
beginning 6 months monthly

Since P / Y 7§ C / Y, the annuity is general. Also, the payments are made at the BEGINNING of
the payment period, so the annuity is an annuity due. Putting them together, the annuity is a General

Annuity Due.
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4 )

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=537

Section 3.1 Exercises

1. Identify the type of annuity: Payments of $300 are made at the beginning of every six months for 9 years at 8%

compounded semi-annually.

Show/Hide Answer

Simple Annuity due

2. Identify the type of annuity: Payments of $670 are made at the end of every year for S years at 3.7%

compounded monthly.

Show/Hide Answer

Ordinary General annuity

3. Identify the type of annuity: Payments of $510 are made at the beginning of every year for 6 years at 2.9%

compounded quarterly.

Show/Hide Answer

General Annuity due
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3.2 FV OF ANNUITIES: CALCULATOR
APPROACH

A. Future Value of Annuities and Interest Amount

After covering the basics and types of annuities, we now focus on understanding and calculating the future value
of annuities. This skill is crucial for financial planning, whether for retirement savings, education funds, or other
long-term financial goals. Consider, for instance, a scenario where you’re investing $1,000 monthly into a retirement
plan with a 10% annual interest rate compounded monthly over 30 years. To determine the amount you will have
at retirement, you need to calculate the future value of this annuity. The future value here refers to the total

accumulated value of all payments at the end of the annuity’s term, including interest.

For solving annuity problems, just like with compound interest, we use the time-value-of-money (TVM) worksheet
in financial calculators (refer to Figure 2.2.1 in Section 2.2, Chapter 2). It’s also important to adhere to the cash flow
sign convention (see Table 2.2.1 in Section 2.2) when inputting monetary values into the calculator. This ensures

consistency and accuracy in our calculations.

It’s important to first verify the payment timing setting on your calculator before solving annuity problems. The
default setting is usually at ‘(END’ (end of the payment period), which is appropriate for ordinary annuities.
However, for annuities due, where payments are made at the beginning of each period, this setting needs to be

adjusted to ‘BGN’ (beginning of the payment period).

To change the payment timing, use the 2ND’ key followed by the ‘PMT” key. This action accesses the secondary
function ‘BGN’. To switch between ‘BGN” and ‘END?’, press the “2ND” and “ENTER” keys. Figure 3.2.1

illustrates the process for adjusting the payment timing setting on your calculator.
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Payment Timing
Pressing 2ND then PMT toggles to the

secondary function BGN and displays
the current setting for payment timing:
either BGN or END

][ PMT

To change the setting, i.e., payment
timing, press 2ND then ENTER

If BGN setting is selected, a small
BGN appears on the top-right corner
of the screen and remains there
unless you change the setting to END.

Pressing 2ND then CPT to QUIT

AmirTavangar.com

Figure 3.2.1 The process for adjusting the payment timing setting on a financial calculator

When the calculator is set to ‘BGN’ (annuity due), a small ‘BGN’ indicator will display in the top-right corner of
the calculator screen, and it will remain until the setting is switched back to ‘END’. Remember, this setting

adjustment is crucial for accurate calculations in your annuity problems.

Computing Interest Amount

The future value of an annuity includes both the total payments made and interest earned over the term of the
annuity. To calculate the total interest earned, you should deduct the sum of all payments (calculated as

PMT - N) from the future value. The amount of interest earned can be calculated using
I =FV — (N . PMT) Formula 3.2

If there is an initial investment at the start of the annuity (a nonzero Present Value, PV), you need to modify the
calculation. In this scenario, the future value (FV) includes the initial investment, all subsequent payments, and

interest earned over the term of the annuity. Therefore, the formula to calculate the interest earned is adjusted to
I =FV — (NPMT) — PV) Formula 3.3

In this formula, PMT is the regular payment amount, and N is the total number of payments, calculated as

N = P/Y - t (Formula 3.1a).
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4 N

How to Compute the Future Value of Annuities Using a Financial Calculator

1. Clear the TVM Worksheet: Before starting, clear your TVM worksheet to remove any previous values by
pressing ‘2ND’ followed by the ‘FV” key.

2. Identify the type of annuity: Determine whether the annuity is an ordinary annuity (payments at the end
of each period) or an annuity due (payments at the beginning of each period). Adjust your calculator’s setting to

‘END’ for an ordinary annuity or to ‘BGN’ for an annuity due.

3. Enter the values: Input the given values for the number of periods (N), the nominal interest rate in percent
(I/Y), and the periodic payment amount (PMT). Remember to follow the cash flow sign convention, typically

entering the payment (PMT) as a negative value (outflow).

4. Determine present value (PV):

* Ifyou are starting the annuity without an initial lump sum investment, set PV to zero.
* If there’s an initial lump sum investment, input this value as PV, which is entered as a negative value if it is

an outflow.

S. Compute future value (FV): With all other variables correctly inputted, proceed to calculate the FV. The
calculator will display the future value of the annuity, which is the total value accumulated at the end of the term,

including the compounded interest.

6. Compute the amount of interest (I): When required, apply Formula 3.2 to calculate the total amount of
interest earned over the entire term of the annuity. However, if there is an initial investment at the start of the
annuity (a nonzero Present Value, PV), you need to modify the calculation. In this scenario, the future value (FV)
includes both the initial investment and all subsequent payments. Therefore, the formula to calculate the interest

earned is adjusted to Formula 3.3.

It’s important to note that when working with algebraic formulas, such as Formulas 3.2 or 3.3 for calculating
the amount of interest, all values are treated as positive values. This approach differs from the cash flow sign

convention used in financial calculators.
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B. Future Value of Ordinary Annuity

We begin by examining the future value of ordinary annuities, where payments are made at the end of each period.

It’s important to first verify the payment timing setting on your calculator before solving annuity problems.
p y the pay g gony g

Example 3.2.1: Compute FV of Ordinary Simple Annuity

Lauren deposits $360 at the end of each month for 12 years in her Registered Retirement Savings Plan (RRSP)
account. The interest rate on the RRSP account is 7.5% compounded monthly. a) How much will be the
accumulated value of her investment? b) How much will she have contributed to the account by the end of the

term? ¢) How much interest will be earned on the account?

Show/Hide Solution

Given information:

o Payments are made at the end of each month, so it is an ordinary Annuity: END
> Interest is compounded monthly so C' / Y =12
o Payments are made at the end of each month so P / Y =12

C / Y=P / Y = Ordinary Simple Annuity

° Investment Term: ¢ — 12 years

° Number of paymentsin theterm: N = P /Y -t = 12(12) = 144

° Nominal interestrate: I /Y = 7.5 %

° In investments, the periodic payment is cash outflow, so PMT = — $360

° The initial balance of the account is zero, so PV = ()

A FV =7
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Iy

12

12

PMT

PV
FV

83,676.89116 FV ~ $83,676.89

Thus the accumulated value of her investment will be $83,676.89.

b) Lauren’s contribution to the account is through periodic payments. She will have contributed N payments
of size PMT:

Contribution through payments = N . PMT
= 144(360)
= $51, 840
ol =7

The difference between FV and total payment (i.e., Lauren’s contribution) is the amount of interest earned

in the account. By Formula 3.2, we have
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I =FV — (N - PMT)
— 83,676.89 — 51, 840

= $31, 836.89

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541

Example 3.2.2: Compute FV of Ordinary General Annuity

Consider a scenario where you deposit $250 at the end of every three months for 15 years into an account that
offers a 6% interest rate compounded semi-annually. a) What will be the maturity value of these deposits at the

end of the 15-year period? b) How much interest will be earned during the 15-year term?

Show/Hide Solution

Given information:

° Interest is compounded semi-annually so C / Y =2

> Deposits are made at the end of every three months so P / Y =14

C / Y#P / Y = Ordinary General Annuity
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° Investment Term:t = 15 years

° Number of payments in the term: N = P/Y -t = 4(15) = 60
° Nominal interestrate: I /Y = 6 %

o The periodic payment is cash outflow, so PMT = — $250

o The initial balance of the account is zero, so PV = ()

A FV =7

o [n
.
o

.
o

-
<

CPT F

<

23,964.79731 FV = $23,964.80

Thus the maturity value will be $23,964.80.

b)I =7
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The difference between FV and total deposits is the amount of interest earned in the account. Using Formula

3.2, we have

I =FV — N.PMT
I = 23, 964.80 — 60(250)
— 23, 964.80 — 15, 000

= $8, 964.80

The below figure displays a donut chart with the Future Value (FV) of $23,964.80 at its center, breaking

down into components of interest (J) and total payments (N . PMT') around the ring, illustrating how

each contributes to the F'V/.

One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541

-

Try an Example

One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541
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C. Future Value of Annuity Due

In the upcoming examples, we will focus on calculating the future value of annuities due. In these annuities, since
payments are made at the start of each payment period, it is necessary to change the payment timing setting on your

calculator to ‘BGN’ (beginning of the payment period).

Example 3.2.3: Compute FV of Simple Annuity Due

Kian plans to start saving for a sabbatical trip he intends to take in 10 years. To finance his adventure, he decides
to make monthly deposits of $500 at the beginning of each month into a high-yield savings account that offers
a 3.24% annual interest rate compounded monthly. Determine the future value of Kian’s sabbatical fund at the

end of 10 years if he starts to make the deposit at the beginning of the next month.

Show/Hide Solution

Given information:

o Interest is compounded semi-annually so C / Y =12

° Deposits are made at the beginning of every month so P / Y =12
C / Y=P / Y = Simple Annuity Due

° Investment term: { — 10 years

° Number of paymentsin theterm: N = P /Y -t = 12(10) = 120
° Nominal interestrate: I /Y = 3.24 %

> For investments PMT is a cash outflow,so PMT = — $500

° There is no initial lump sum in the fund at the start of the annuity, so PV = (

A FV =7

Ensure to first change the payment timing to BGN for an annuity due before starting to enter values.
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2

N
2
D
o e

2

o
<

CPT

.“
<

70,939.86545 FV = $70,939.87

The future value of the deposits in Kian’s sabbatical fund will be $70,8939.87 at the end of the 10-year term.

-

Try an Example

a One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541
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Example 3.2.4: Compute FV of General Annuity Due

Adriel made deposits of $250 in a fund at the beginning of every month for 18 years. The fund was earning
interest of 6.12% compounded quarterly. a) What was the total amount Adriel deposited in the fund? b) What

was the accumulated value of the investment? ¢) How much interest was earned in the fund during the term?

Show/Hide Solution

Given information:

> Interest is compounded quarterly so C' / Y =14
° Deposits are made at the beginning of every month so P / Y =12

C / Y 75 P / Y = General Annuity Due

° Investment Term: ¢ — 18 years

° Number of paymentsin theterm: N = P /Y -t = 12(18) = 216
° Nominal interestrate: I /Y = 6.12 %

> For investments PMT is a cash outflow,so PMT = — $250

° There is no initial lump sum in the fund at the start of the annuity, so PV = (

a) Total amount Adriel deposited in the fund is N deposits of size PMT:
Total deposits = N - PMT
= 216(250)
= $54, 000
b)FV =7

Ensure to first change the payment timing to BGN for an annuity due before starting to enter values.
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216
642
TN
250
o

CPT F

<

U
.!

98,244.20302 FV ~ $98,244.20

The accumulated value of the deposits in the fund will be $98,244.20 at the end of the 18-year term.

ol =7

The difference between FV and total deposits is the amount of interest earned in the account. Using Formula

3.2, we have
I =FV — (N-PMT)
I = 98, 244.20 — 216(250)
— 98,244.20 — 54, 000
— $44, 244.20

The below figure displays a donut chart with the Future Value (FV) of $98,244.20 at its center, breaking
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down into components of interest ([') and total payments (N . PMT') around the ring, illustrating how
each contributes to the F'V/.

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541

4 N

Try an Example

a One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541

D. Adjusting for Variable Changes Within the Term

It is important to note that if any key financial variables alter during the term, like the payment amount, the nominal
interest rate, or the frequency of compounding, the term must be divided into separate time intervals at the point of

each change. The upcoming example demonstrates the procedure for dealing with such adjustments.

Example 3.2.5: Compute FV of Annuity Combined with Compound Interest

$2,650 was deposited at the end of every six months for S years into a fund earning 4.7% compounded semi-
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annually. After this period, no further deposit was made but the accumulated money was left in the account for

another 4 years at the same interest rate.
a) Calculate the accumulated amount at the end of the 9-year period.

b) Calculate the total amount of interest earned during the 9-year period.

Show/Hide Solution

Given that payments stop midway through the term, we need to divide the investment term into two segments
at the point of change, which occurs at the end of year S. In the initial segment of five years, periodic deposits
are made, classifying this period as an annuity term. In the subsequent four years, no additional deposits are
made, and the account simply earns interest on the accumulated amount, which is a compound interest term.

To approach this calculation:

1. First, calculate the future value of the annuity at the end of the first five-year segment.
2. The amount accumulated at the end of year 5 will then serve as the present value for the following four-
year term, during which compound interest will be applied to this sum to determine the final future

value at the end of year 9.

Term 1: Annuity Term 2: Compound

Payments Stop

t, = 5 years t, = 4 years
_A._
s - - ~
Now Year 5 Year 9
| | |
| | |
PMT; = 2650 » FV, =PV, > FV, =?

a)
Term I: First S years — Ordinary Simple Annuity

Given Information

° Interest is compounded semi-annually so C / Y =2

° Payments are made at the end of every six months so P / Y =2

C / Y=-P / Y = Ordinary Simple Annuity
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° Investment Term: {; = 5 years
° Number of paymentsin theterm: Ny = P /Y - t; = 2(5) = 10
° Nominal interestrate: I /Y = 4.7 %

° The payment is cash outflow, so PMT]| = — $2650
o The initial balance of the account is zero, so PV; = 0
o FVp =7

Term 2: Next 4 years — Compound Interest

Given Information

o In investments, the present value is cash outflow, so PV, = — FV; = — $29, 485.420395...
° Investment Term: t9 = 4 years

> Interest is compounded semi-annuallyso C' /Y = 2

> For compound interest problems, P /Y = C'/ P,so P /Y = 2

° Number of compounding periods in the term: Ny = C' /Y.ty = 2(4) = 8

° Same interest rate

° No periodic payment,so PMT = ()

o FVy =7
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S
w

PIY=2

=]
q
=2

0 | pmT

CPT FV

-
<

-
|

CPT

.“
<

29,485.4204 35,506.6828 FV, =~ $35,506.68

So the accumulated amount at the end of the 9-year period is $35,506.68.
b)] =7

The total interest earned in the account (J) is the sum of interest earned during the first term (17 ) and the
interest earned during the second term ([3). These interests can be computed individually and then added

together.

Alternatively, given that the only additions to the account are the deposits of $2,650, the total interest can
also be determined by subtracting the total deposit amount from the final accumulated value (F'V5) of the

account.
I =FVy, — N; - PMT
I = 35,506.68 — 10(2650)

= $9, 006.68
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The below figure displays a donut chart with the final Future Value (F'V3) of $35,506.68 at its center,
breaking down into components of interest ( [') and total payments ([N . PMT') around the ring,
illustrating how each contributes to the final accumulated value. The interest is further expanded to show

interest earned during the first term (17 ) and interest earned during the second term (I5).

a One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541

E. Annuities with Initial Lump Sum

In our earlier examples, we assumed that the annuities began without any initial investment, meaning the present
value (PV) was zero. However, if an annuity starts with an initial lump sum investment, you must enter this amount
as the present value (PV) in your calculations. Remember to input the PV as a negative number as it represents a cash

outflow.

When the annuity calculation includes an initial lump sum (PV), the future value will include this initial investment,
all the periodic payments made thereafter, and the interest that accrues over time. To calculate the total interest

earned over the term of the annuity, you need to use Formula 3.3.
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Example 3.2.6: Compute FV of an Annuity with Intial Lump Sum Investment (Nonzero

PV)

Nancy is diligently preparing for her retirement and has already saved $15,000 in her 401(k) retirement fund. She
is currently 30 years old and aims to retire at 67. To supplement her savings, Nancy begins to contribute $500
at the end of each month to her 401(k). The account is expected to earn an average interest rate of 7% per year
compounded quarterly. a) Calculate the future value of Nancy’s 401(k) when she retires. b) Calculate the total

amount of interest that will have been earned on the account by the time Nancy reaches retirement age.

Show/Hide Solution

Given information:

° Payments are made at the end of each month, so it is an ordinary annuity: END
o Interest is compounded quarterly so C' / Y =14
> Deposits are made at the end of every month so P / Y =12

C / Y 7& P / Y = Ordinary General Annuity

° Nominal interestrate: I /Y = 7%

° Investment Term: ¢ = 37 years

° Number of paymentsin theterm: N = P /Y -t = 12(37) = 444

° The periodic payments of $500 are cash outflow,so PMT = — $500

o The initial value of $15,000 at the start of the annuity is also a cash outflow, so PV = — $15, 000
° The questions ask for FV and I.

A FV =7

The total value accumulated at the end of the term is composed of two parts: the sum of the future values of

all periodic payments and the future value of the initial lump sum investment.
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1,233,038.5208

\" AmirTavangar.com

FV
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Thus the future value of Nancy’s 401(k) when she retires is $1,233,038.52.

b1 =7

Because the present value (PV) is not zero, to calculate the amount of interest earned over the 37-year term,

we use the modified formula for interest amount (Formula 3.3):

FV =~ $1,233.038.52

I=FV — (N-PMT)—- PV
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I =1,233,038.52 — (444 x 500) — 15000
— 1,233, 038.52 — 222,000 — 15, 000

= $996, 038.52

\_
p
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=541
N

Section 3.2 Exercises

1. Thiago would like to save $470 at the end of every month for the next 10 years in a savings account at 3.44%
compounded annually. a) What would be the accumulated value of the investment at the end of the term?

b) What would be the amount of interest earned?

Show/Hide Answer

a) FV =$67,015.84

b)I=$10,615.84

2. $4,800 was deposited at the end of every three months for 9 years into a fund earning 2.8% compounded
quarterly. After this period, the accumulated money was left in the account for another 4.5 years at the same
interest rate. a) Calculate the accumulated amount at the end of the 13.5-year term. b) Calculate the total

amount of interest earned during the 13.5-year period.
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Show/Hide Answer

a) FV = $221,936.95

b) I = $49,136.95

3. Erick made deposits of $320.41 in a fund at the beginning of every quarter for 7 years. The fund was earning
interest of 3.38% compounded semi-annually. a) What was the accumulated value of the investment? b) What
was the total amount Erick deposited in the fund? ¢) How much interest was earned in the fund during the

term?

Show/Hide Answer

a) FV = $10,153.73
b) Total deposit = $8,971.48

)I=$1,182.25

4. Carolyn is preparing for her retirement and has already saved $26,500 in her 401(k) retirement fund. She is
currently 30 years old and aims to retire at 61. To supplement her savings, Carolyn begins to contribute $1,520
at the end of every quarter to her 401(k). The account is expected to earn an average interest rate of 5.46%
compounded quarterly. a) Calculate the future value of the 401(k) fund when Carolyn retires. b) Calculate
the total amount of interest that will have been earned on the account by the time Carolyn reaches retirement

age.

Show/Hide Answer

a) FV = $629,167.72

b) I =$414,187.72
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3.3 PV OF ANNUITIES: CALCULATOR
APPROACH

A. Present Value of Annuities and Interest Amount

In this section, we now turn our attention to the present value of annuities, a key concept in valuing the current
worth of future payments. The present value of an annuity is crucial in scenarios such as determining how much a
series of future cash flows is worth today or evaluating the current worth of a long-term investment or loan. Consider
a scenario where you have the option to receive a monthly payment of $1,000 for the next 30 years from a retirement
plan. This plan is expected to yield a 10% annual interest rate compounded monthly. To understand the current
worth of these future payments, you need to calculate the present value of this annuity. The present value in this
context refers to the total value in today’s dollars of all the annuity payments you are set to receive over the 30-year

term, taking into account the interest rate.

For computing the present value in annuity problems, similar to computing future values, we use the time-value-of-
money (TVM) worksheet in financial calculators. It’s also important to adhere to the cash flow sign convention (see
Table 2.2.1 in Section 2.2) when inputting monetary values into the calculator to ensure consistency and accuracy

in the calculations.

As we discussed in the previous section, it’s important to first verify the payment timing setting on your calculator
before solving annuity problems. The default setting is usually at ‘END’ (end of the payment period), which is
appropriate for ordinary annuities. However, for annuities due, where payments are made at the beginning of each
period, this setting needs to be adjusted to ‘BGN’ (beginning of the payment period). Refer to Figure 3.2.1 in

Section 3.2, to learn how to change the payment timing on a financial calculator.

Computing Interest Amount

In problems where the present value of an annuity is known or is calculated (usually for loan scenarios), the periodic

payments of the annuity include interest, and therefore, the amount of interest is obtained by
I = (N . PMT) — PV Formula 3.4

In this formula, PMT is the periodic payment amount, and N is the total number of payments, calculated as

N = P/Y -t (Formula3.1a).
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4 N

How to Compute the Present Value of Annuities Using a Financial
Calculator

1. Clear the TVM Worksheet: Before starting, clear your TVM worksheet to remove any previous values by
pressing ‘2ND’ followed by the ‘FV” key.

2. Identify the Type of Annuity: Determine if it’s an ordinary annuity (payments at the end of each period)
or an annuity due (payments at the beginning of each period). Adjust your calculator’s setting accordingly (END

for ordinary annuities, BGN for annuities due).

3. Enter Key Values: Input the relevant values for the number of periods (N), the nominal interest rate in
percent (I/Y), and the payment amount (PMT). Remember to adhere to the cash flow sign convention, entering
payment (PMT) as a negative value (outflow) if you make payments and as a positive value (cash inflow) if you

receive payments.

4. Set Future Value (FV):

* If the annuity has no remaining balance after the final payment (e.g. a loan has been fully paid off, or a
retirement saving has been fully withdrawn), set FV to zero.
* If there is a lump sum to be paid or received at the end of the annuity term apart from the regular payments

(e.g., a maturity value or a residual value), set FV to that amount.

S. Calculate Present Value (PV): With the other variables entered correctly, compute PV. The calculator will
display the present value of the annuity, which is the current worth of all future payments, adjusted for the

interest rate.

6. Compute the amount of interest (I): When required, apply Formula 3.4 to calculate the total amount of

interest incurred over the entire term of the annuity.

B. Present Value of an Ordinary Annuity

We begin by examining the present value of ordinary annuities, where payments are made at the end of each period.

It is important to first verify the payment timing setting on your calculator before solving annuity problems.
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Example 3.3.1: Compute PV of Ordinary Simple Annuity

Considering a bank offering an investment opportunity. To provide annual payments of $1200 at the end of each
year for the next 7 years, at a nominal interest rate of 6% compounded annually, what is the required initial deposit

that should be made by a customer today?

Show/Hide Solution

Given information

° Interest is compounded annually so C / Y=1
o Payments are made at the end of every year so P / Y=1

C / Y=P / Y = Ordinary Simple Annuity

° Investment Term: ¢ = 7 years

° Number of paymentsintheterm: N = P /Y -t = 1(7) = 7

° Nominal interestrate: I /Y = 6 %

° The payments are made (not received), so they are cash outflow: PMT = — $1200

° No remaining balance at the end of the annuity term, so F'V = (

Enter the given values into the calculator and compute PV:
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a0
o

CPT

6698.857728 PV = $6,698.86

Therefore, the present value of the annuity is $6,698.86.
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P
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( )
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544
N J
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Example 3.3.2: Compute PV Ordinary General Annuity

A 25-year mortgage on a condominium requires payments of $1000 at the end of each month. If interest is 4%
compounded semi-annually, a) what was the mortgage principal? b) How much interest was charged on the

mortgage?

Watch Video

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544#0embed-1

Show/Hide Solution

Given information

° Interest is compounded semi-annually so C / Y =2

o Payments are made at the end of each month so P / Y =12
C / Y 75 P / Y = Ordinary General Annuity

° Mortgage Term: ¢ — 25 years

° Number of paymentsin theterm: N = P /Y -t = 12(25) = 300

° Nominal interestrate: I /Y = 4 %

> For loans such as mortgages, payments are made, so they are cash outflow: PMT = — $1000
° The mortgage is fully paid by the end of the term (i.e., no remaining balance), so F'V =

a) PV = 7
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oo
o [(w
v

CPT P

Vv

190,106.76585 PV = $190,106.77

Thus, the mortgage principal was $190,106.77.

b)J] =7
The amount of interest for loans is given by Formula 3.4.
I =(N-PMT)- PV
— 1000(300) — 190, 106.77
= 300, 000 — 190, 106.77

= $109, 893.23
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4 )

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

C. Present Value of Annuity Due

In the following examples, we will determine the present value of annuities due. For these types of annuities, where
payments are made at the beginning of each payment period, it is essential to adjust the payment timing setting on

your calculator to ‘BGN’, which stands for the beginning of the payment period.

Example 3.3.3: Compute PV of General Annuity Due

Shayan received an inheritance which was placed in a savings account. This account pays him $1,000 at the
beginning of each week for 30 years. The account accrues interest at a rate of 3% per year compounded monthly.

What was the amount of the inheritance?

Show/Hide Solution

Given information

> Interest is compounded monthlyso C' /Y = 12
° Payments are made at the beginning of each week so P / Y =52

C/Y # P/Y = General Annuity Due




° Annuity Term: ¢ = 30 years

° Number of payments in the term: N = P/Y -t = 52(30) = 1560

o Nominal interest rate: I / Y=3%

o Shayan receives the payments, so they are cash inflow: PAMT = $1000
o Since the fund will be fully exhausted by the end of the term, F'V =

0
|

1560 | N
= a
) e
L vy ] o2
1000 | PuT_
RS
PV

-
<

CPT

-
<

-1,029,401.4095 PV =~ $1,029,401.41

The amount of inheritance was $1,029,401.41.
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-

Try an Example
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

D. Present Value Problems with Down Payment

A down payment refers to a relatively small initial payment made by a buyer at the time of purchasing a significant
asset, such as real estate property. This payment is made upfront and the remaining balance of the purchase price
is typically covered through a loan obtained from a financial institution. The amount of this loan corresponds to
the present value (PV) of the future periodic payments that the buyer will make to pay oft the loan. These periodic
payments include not only the principal amount but also the interest charged on the loan. The relationship among
the purchase price (also known as the cash price), the loan amount (PV), and the down payment can be expressed as

follows:

Purchase Price = Down Payment + PV Formula 3.5

Example 3.3.4: Compute PV and Purchase Price with Known Down Payment

Andy made a down payment of $40,000 on an apartment and secured a mortgage for the rest of the purchase
price. He has agreed to repay this mortgage with end-of-month payments of $1,580 for 30 years at a 3.45% annual

interest rate compounded monthly.
a) Calculate the original purchase price of the apartment.
b) Determine the total amount Andy will have paid by the end of the 30-year mortgage term.

¢) Calculate the total amount of interest Andy will have paid on the mortgage over the 30 years.

Show/Hide Solution
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Given information

> Interest is compounded monthly so C' / Y =12

° Payments are made at the end of every month so P / Y =12
C / Y=P / Y = Ordinary Simple Annuity

° Mortgage term: ¢ = 3( years

° Number of paymentsin theterm: N = P /Y -t = 12(30) = 360

° Nominal interestrate: I /Y = 3.45 %

> For loans such as mortgages, payments are made, so they are cash outflow: PMT = — $1580
° Down payment = $40, 000

° The mortgage is fully paid off by the end of the term,so F'V = 0

a) To determine the purchase price of the apartment, we first need to calculate the mortgage amount. This is

done by determining the present value of the monthly payments Andy is scheduled to make.

Computing PV
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354,055.0434 PV =~ $354,055.04

Thus, the mortgage principal was $354,055.04.

Calculating the purchase price

By substituting the values of the down payment and the present value (PV) into Formula 3.5, we can calculate

the total purchase price.
Purchase Price = Down Payment + PV
= 40, 000 + 354, 055.04

= $394, 055.04

Therefore, the purchase price of the apartment was $394,055.04.
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b) The total amount that Andy will pay over the 30-year term of the mortgage is equal to the number of

payments (N) multiplied by the size of each payment (PMT).
Total amount paid to repay loan = N - PMT
= 360(1580)
= $568, 800
¢)The amount of interest for loans is given by Formula 3.4,
I=(N-PMT)- PV
= 568, 800 — 354, 055.04
= $214, 744.96

Note: When calculating the interest charged on the mortgage, we use the present value (PV) of the loan, not

the purchase price of the property.

The below figure displays a donut chart with the total payments (N - PMT') of $741,000 at its center,

breaking down into components of interest (I) and the loan principal (PV) around the ring.

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

Try an Example




148 | 3.3 PV OF ANNUITIES: CALCULATOR APPROACH

-

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

Example 3.3.5: Compute PV and Purchase Price with Unknown Down Payment

Bijan made a 20% down payment on the purchase of a vacation property and obtained a mortgage from a bank
to cover the remaining cost. He has arranged to repay this mortgage with end-of-week payments of $570 for 25

years. The interest charged on the mortgage is 3.05% compounded monthly.
a) What was the purchase price of the property?
b) What was the total amount paid over the 25-year term to repay the mortgage?

¢) How much interest was charged on the mortgage?

Show/Hide Solution

Given information

> Interest is compounded monthlyso C'/ Y = 12
° Payments are made a the end of the week so P / Y =52

C / Y 75 P / Y = Ordinary General Annuity

° Mortgage term: ¢ = 25 years

° Number of paymentsin theterm: N = P /Y -t = 52(25) = 1300

° Nominal interestrate: I /Y = 3.05 %

> For loans payments are made, so they are cash outflow: PMT = — $570
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> Down payment = 20% of the purchase price
° The mortgage is fully paid off by the end of the term,so F'V = 0

a) To determine the purchase price, we first need to calculate the mortgage amount, which is done by

determining the present value of the weekly payments Bijan is scheduled to make.

Computing PV

P/Y=52

CIY=12

PMT

1200
205
o
g

-
'!

<

CPT P

518,525.66029 PV =~ $518,525.66

Thus, the mortgage amount was $518,525.66.

Calculating the purchase price

Since the down payment is given as a percentage of the unknown purchase price, we need to express the down
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payment in terms of the purchase price when applying Formula 3.5. To simplify this, let’s use X’ to denote

the purchase price. Thus, the down payment can be represented as 20% of X, or 0.2X.
Purchase Price = Down Payment + PV
X =0.2X + 518, 525.66
X —0.2X = 518, 525.66

0.8X = 518, 525.66

518, 525.66
=
0.8

= $648, 157.08
Therefore, the purchase price of the vacation property was $648,157.08.

b) The total amount that Bijan will pay over the 25-year term of the mortgage is equal to the number of

payments (N) multiplied by the size of each payment (PMT).
The total amount paid to repay theloan = N . PMT

= 570(1300)

= $741, 000
¢) The amount of interest for loans is given by Formula 3.4.

I =N.PMT - PV
= 741,000 — 518, 525.66
= $222,474.34

The below figure displays a donut chart with the total payments (N . PMT') of $741,000 at its center,

breaking down into components of interest charged (I) and the loan principal (PV) around the ring.




3.3 PV OF ANNUITIES: CALCULATOR APPROACH | 151

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

E. Lease and Residual Value

A lease is a contractual agreement where one party, the lessee, pays the lessor (the owner) for the use of an asset over
a specified period. Common in real estate, vehicles, and equipment, leases often include terms that specify payments,
duration, and conditions of use. A key component of many lease agreements, particularly in auto leasing, is the
residual value. This term refers to the projected value of the leased asset at the end of the lease term. It’s an estimate

of the asset’s worth after depreciation over the lease period.

When calculating the present value (PV) of lease payments, the residual value plays a significant role. The present
value of a lease is essentially the sum of the discounted values of all lease payments and the discounted residual value.
Therefore, the calculation of PV in leasing scenarios must account for both the periodic payments and the residual
value. This approach helps in comparing different lease options. For lease calculations, the residual value is often
treated as a future value (FV). Since the residue value represents the value of the asset (such as a car) that needs to be
returned to the owner at the end of the term, it is considered a cash outflow and should be entered as a negative value

in the financial calculator.
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Example 3.3.6: Compute PV of Annuity Due with Residual Value

Patricia’s car lease agreement entails monthly payments of $190.00, due at the start of each month for 3 years. At
the end of the lease term, she can choose to either return the car or buy it for a residual value of $14,600. The
lease is subject to a 2.55% interest rate compounded monthly. Determine the original cash value of the car based

on this lease agreement.

Show/Hide Solution

Given information

> Interest is compounded monthly so C' / Y =12
o Payments are made at the beginning of each month so P / Y =12

C / Y=P / Y = Simple Annuity Due

° Lease Term: ¢ — 3 years

° Number of paymentsin theterm: N = P /Y -t = 12(3) = 36

° Nominal interestrate: I /Y = 2.55 %

° The payments are made, so they are cash outflow: PMT = — $190

° At the end of the lease, Patricia either returns the car valued at $14,600 or purchases it by paying the
amount. Either way, the value is considered a cash outflow: F'V = — $14, 600

To determine the original cash value of the car, we need to calculate the present value (PV) of both the lease
payments and the residual value. The car’s cash value is equal to the combined present value of these

amounts:

Cash value = PVpur + PVResidual

Using a financial calculator simplifies this process, as it can compute the total present value in a single step. In
the calculator, enter the residual value as the future value (FV) and the lease payment as the payment (PMT).

Both FV and PMT should be input as negative values since they represent cash outflows.
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Iy

=12

Iy CIY=1

£

CPT PV

20,118.021885 PV =~ $20,118.02

Therefore, the combined present value of the lease payments and the residual amounts to $20,118.02,

representing the cash value of the car.

-

Try an Example
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FA One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

Example 3.3.7: Compute PV of Annuity Due with Residual Value and Down Payment

Slavica has a car lease agreement that requires an initial down payment of $10,500 and lease payments of $850
at the beginning of every month for 4 years. At the end of 4 years, she has the option to either return the car or
purchase it for a residual value of $21,000. If the interest charged on the lease is 3.4% compounded monthly, what

was the cash value of the car?

Show/Hide Solution

Given information

> Interest is compounded monthlyso C'/ Y = 12
° Payments are made at the beginning of each month so P / Y =12

C / Y=-P / Y = Simple Annuity Due

° Lease Term: ¢ — 4 years

° Number of paymentsin theterm: N = P /Y -t = 12(4) = 48

° Nominal interestrate: I /Y = 3.4 %

o The payments are made, so they are cash outflow: PMT = — $850

° Down Payment = $10, 500

° At the end of the lease, you either return the car valued at $21,000 or purchase it by paying the amount.
Either way, the value is considered a cash outflow: FV = — $21, 000

To determine the original cash value of the car, we need to calculate the present value (PV) of both the lease
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payments and the residual value. The car’s cash value is equal to the combined present value of these

amounts plus the down payment:
p pay

Cash value = Down+ PVpyr + PVResidual

Using a financial calculator simplifies this process, as it can compute the total present value in a single step.
In the calculator, enter the residual value as the future value (FV) and the lease payment as the payment

(PMT). Both FV and PMT should be input as negative values since they represent cash outflows.

Computing PV

Set to BGN mode
- R
()
-850 PMT
-
-21000 FV
CPT PV
56,538.01176 PV =~ $56,538.01
& AmirTavangar.com

Therefore, the sum of the present value of the payments and the residual is $56,538.01.
Substituting the down payment and PV yields
Cash value = Down + PV;al

= 10, 500 + 56, 538.01




156 | 3.3 PV OF ANNUITIES: CALCULATOR APPROACH

— 67, 038.01

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=544

Section 3.3 Exercises

1. A mortgage with a 30-year term has monthly payments of $5,896.97, due at the end of each month. The
interest rate on this mortgage is 3.02%, compounded semi-annually. a) Calculate the original principal amount

of the mortgage. b) Determine the total amount of interest that will be charged over the life of the mortgage.

Show/Hide Answer

a) PV = $1,398,488.92

b) I = $724,420.28

2. Trinity paid $30,400 as a down payment toward a vacation property purchase and received a mortgage from a
bank for the remaining amount. She agreed to pay end-of-month payments of $3,005.14 for 15 years to repay
the mortgage. The interest charged on the mortgage was 3.72% compounded annually. a) Calculate the
amount of the mortgage. b) What was the purchase price of the property? ¢) What was the total amount paid

over the 15-year term to repay the mortgage? d) How much interest was charged on the mortgage?

Show/Hide Answer
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a) PV =$415,839.19
b) Purchase price = $446,239.19
c) Total amount paid = $540,925.20

d)I=$125,086.01

3. Carmen inherited a sum of money that was invested in a savings account providing her with $613.29 at the
beginning of each quarter for 12 years. The account earned interest of 5.46% compounded semi-annually. a)

What was the amount of the inheritance? b) How much interest was earned in the account during the term?

Show/Hide Answer

a) PV = $21,827.09

b)I=$7,610.83

4. Cheyenne has a car lease agreement that requires an initial down payment of $8,900 and lease payments of
$260.00 at the beginning of every month for S years. At the end of S years, she has the option to either return
the car or purchase it for a residual value of $14,800. If the interest charged on the lease is 2.65% compounded

semi-annually, what was the cash value of the car?

Show/Hide Answer

Cash value of the car = $36,507.58
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3.4 PMT OF ANNUITIES: CALCULATOR
APPROACH

A. Payment of Ordinary Annuity

In this section, we focus on calculating the periodic payment amount (PMT) required for an annuity. This payment
is the amount that is either paid or received regularly throughout the term of the annuity. Depending on the
scenario, whether it involves retirement plans, loans, or savings schemes, the calculation of PMT may be based on

the Future Value (FV), the Present Value (PV) of the annuity, or a combination of both.

Similar to the previous sections, we use the time-value-of-money (TVM) worksheet in financial calculators for
computing the amount of periodic payments in annuity problems. It’s also important to adhere to the cash flow
sign convention (see Table 2.2.1 in Section 2.2) when inputting monetary values into the calculator. This ensures

consistency and accuracy in our calculations.

As discussed in the previous sections, it’s crucial to first verify the payment timing setting on your calculator before
solving annuity problems. The default setting is usually at ‘END’ (end of the payment period), which is appropriate
for ordinary annuities. However, for annuities due, where payments are made at the beginning of each period, this
setting needs to be adjusted to ‘BGN’ (beginning of the payment period). Refer to Figure 3.2.1 in Section 3.2 to learn

how to change the payment timing on a financial calculator.

4 N

How to Compute the Size of Payment of Annuities Using a
Financial Calculator

1. Clear the TVM Worksheet: Before starting, clear your TVM worksheet to remove any previous values by
pressing ‘2ND’ followed by the ‘FV’ key.

2. Identify the Type of Annuity: Determine if it’s an ordinary annuity (payments at the end of each period)
or an annuity due (payments at the beginning of each period). Adjust your calculator’s setting accordingly (END

for ordinary annuities, BGN for annuities due).

3. Input Known Values:
N J
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* Number of Periods (N): Enter the total number of payment periods.

* Interest Rate per Period (I/Y): Input the nominal interest rate in percent without the percent symbol.

* Present Value (PV): For loans, enter the loan amount as a positive value (cash inflow). For investments, if
there is an initial lump sum, enter it as a negative value (cash outflow). Set to zero if not applicable.

* Future Value (FV): For investments, enter the desired future value as a positive value (inflow). For loans,
like lease agreements, input the residual value as the future value and enter it as a negative value (outflow).

Set to zero if not applicable.

4. Calculate PMT: After entering the other values, compute PMT. The calculator will display PMT as a

negative number for outflows (e.g., savings, and loan repayments) and a positive number for inflows (e.g., annuity

payouts).
N J

Example 3.4.1: Compute PMT Given FV of Ordinary Simple Annuity

What deposit made at the end of each month will accumulate to $12,000 in 6 years at 4.8% p.a. compounded

monthly?

Show/Hide Solution

Given information

* Interest is compounded monthlyso C' /Y = 12

* DPayments are made at the end of each monthso P /Y = 12

« C/Y =P/Y = Ordinary Simple Annuity

* Annuity term: { — 6 years

* Number of paymentsin theterm: N = P /Y -t = 12(6) = 72
* Nominal interestrate: [ /Y = 4.8 %

* The initial balance of the account is zero, so PV = ()

* Future value of investments is cash inflow: F'V = $12, 000

PMT =7
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Computing PMT

72

4.8 Iy

[

| P/Y=12
‘ Y ClY=12

0 PV
12000 EFV
CPT PMT

-144.1479004

AmirTavangar.com

PMT ~ $144.15

The size of the deposits made must be $144.15.

Example 3.4.2: Compute PMT Given PV of Ordinary Simple Annuity

What payment is required at the end of each month for 8 years to repay a $32,000 loan if the interest charged is
3.8% compounded monthly?

Watch Video
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547#oembed-1

Show/Hide Solution

Given information

* Interest is compounded monthlyso C' /Y = 12

* Payments are made at the end of each monthso P /Y = 12

- C / Y=P / Y = Ordinary Simple Annuity

* Annuity term: { — 8 years

* Number of payments in the term: N = P/Y -t = 12(8) = 96

* Nominal interestrate: I /Y = 3.8 %

* Inloans, the present value (the loan principal) is cash inflow: PV = $32, 000

* No remaining balance at the end of the annuity term, so F'V = (
g Y

PMT =7
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CPT PMT

-387.086628 PMT ~ $387.09

Thus, the payments of $387.09 are required to repay the loan.

-

Try an Example

a One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547
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Example 3.4.3: Compute PMT Given FV of Ordinary General Annuity

Dakota is planning for a renovation project that will cost $95,000. To finance this, she intends to save money in
her savings account earning an interest rate of 4.12% compounded quarterly. a) Determine the amount Dakota
needs to deposit at the end of each month to reach her goal of $95,000 in S years. b) Calculate the total amount
Dakota will have deposited into the account over this S-year period. ¢) Determine the total interest Dakota will

€arn on hCI' savings account.

Show/Hide Solution

Given information

* Interest is compounded quarterlyso C' /Y = 4

* Payments are made at the end of each monthso P /Y = 12

« C/Y #P/Y = Ordinary General Annuity

* Annuity term: { — 5 years

* Number of payments in the term: N = P/Y -t = 12(5) = 60
* Nominal interestrate: I /Y = 4.12 %

* The initial balance of the account is zero, so PV = ()

* Future value of investments is cash inflow: F'V' = $95, 000

a) PMT = 7
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0
<

w0
rn
o
e
w000

95000 FV

CPT PMT

-1,429.061628 PMT =~ $1429.06

Dakota will need to make monthly deposits of $1429.06 to accumulate her desired amount.

b) The total amount that Dakota will have deposited over the 5-year term is equal to the number of payments
(N) multiplied by the size of each payment (PMT).

Total amount deposited = N - PMT
= 60(1429.06)
= $85, 743.60
ol =7

Given this is an investment scenario where F'V is known, the total interest amount earned in the savings

account is given by Formula 3.2.
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I =FV — (N - PMT)
— 95, 000 — 85, 743.60

= $9256.40

4 N

Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547

Example 3.4.4: Compute PMT Given Purchase Price

Jeft purchased a car listed for $29,900. He paid 20% of the cost as a down payment and financed the balance
amount at 5.1% compounded monthly for 12 years. a) What is the size of payment made at the end of every three

months to settle the loan? b) How much was the amount of interest charged?

Show/Hide Solution

Given information

* Interest is compounded monthly, so C' / Y =12

* DPayments are made at the end of every three months so P / Y =4

C / Y 75 P / Y = Ordinary General Annuity
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* Annuity term: § — 12 years

* Number of paymentsin theterm: N = P /Y -t = 4(12) = 48
* Nominal interestrate:] /Y = 5.1 %

* Purchase price = $29,900

* Down payment = 20% of the purchase price

* Theloan is fully settled, so F'V = (

a)
Finding PV of loan
First, we need to find the amount of the loan, which is the remaining balance after paying the down payment.
Down payment = 20 % (29, 900) = $5980

Using Formula 3.5, we have

Purchase Price = Down payment + PV
Rearranging the equation for PV gives

PV = Purchase Price — Down payment

PV = 29,900 — 5980
= $23, 920

Next, we use the PV and other given values to compute the size of the payments. We use the calculator

approach.
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Computing PMT

23920 PV

0 FV

crt RN

-670.1470071 PMT ~ $670.15

AmirTavangar.com

The size of the quarterly payments is $670.15.
b) The amount of interest for loans is given by Formula 3.4.
I =N.PMT — PV
= 48(670.15) — 23, 920
= 32,167.2 — 23, 920

= $8247.20

Example 3.4.5: Compute PMT Given Both FV and PV
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Inesh has already saved $11,600 in his savings account as of today, and he plans to contribute equal deposits at the
end of each month for the next 10 years. What monthly deposit is required to accumulate $105,000 in total at the

end of the 10 years assuming the account earns 5.2% compounded annually?

Show/Hide Solution

Given information

* Interest is compounded quarterly so C' / Y=1

* Payments are made at the end of each monthso P /Y = 12

« C/Y # P/Y = Ordinary General Annuity

* Investment term: ¢ — 1( years

* Number of paymentsin the term: N = P /Y -t = 12(10) = 120

* Nominal interestrate: I /Y = 5.2 %

* Ininvestments, the future value is cash inflow (received), so F'V = $105, 000

* Ininvestments, the present value is cash outflow (invested), so PV = — $11, 600

PMT =7

The accumulated value at the end of the term consists of two components: the future values of all the periodic

payments (F'Vpyrr) and the future value of the initial lump sum investment (F'Vpy ).

FV:FVPMT +FVPV

Now Year 10
| | | L o e e e e e e e oo | | |
| | | | | | |
PMT] PMTZ PMT3 PMTI]_B PMT119 PMT120
> FVpur
i ’i FVpy

To calculate the size of each periodic payment, we must first determine F'Vpyyr, the future value of these
payments. Knowing that the combined future value of the periodic payments and the initial lump sum equals
the target accumulation of $105,000, our first step is to calculate the future value of the initial lump sum (

F'Vpy ). This amount is then subtracted from the desired accumulated total of $105,000.
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Using a financial calculator simplifies this process, as it can compute the periodic payment in a single step.

a2

100 v

CPT PMT

-549.8067785 PMT ~ $549.81

Monthly deposits of $549.81 are needed to accumulate to the desired amount.

Note that the present value (PV) should be input as a negative number, as it represents a cash outflow — money
leaving Inesh’s possession and going into the account. Conversely, the future value (FV) is entered as a positive

value, indicating a cash inflow, which is the amount Inesh will receive at the end of the term.

Try an Example
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@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547

B. Payment of Annuity Due

In the following examples, we will focus on calculating the periodic payments of annuities due. In these annuities,
since payments are made at the start of each payment period, it is important to change the payment timing setting

on your calculator to ‘BGN’ (beginning of the payment period).

Example 3.4.6: Compute PMT Given PV of Simple Annuity Due

What monthly rent payment at the beginning of each month for three years is needed to fulfill a lease contract

that is worth $10,000 if money is worth 5% compounded monthly?

Show/Hide Solution

Given information

* Interest is compounded monthlyso C' /Y = 12

* Dayments are made at the beginning of each monthso P /Y = 12

- C / Y=P / Y = Simple Annuity Due

* Annuity term: { — 3 years

* Number of paymentsin theterm: N = P /Y -t = 12(3) = 36
* Nominal interestrate: [ /Y = 5 %

* The present value is received, so it is cash inflow: PV = $10, 000

* FV =0

PMT =7
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e
T

o

CPT PMT

-298.4653654 PMT =~ $298.47

Monthly rents of $298.47 are required to fulfill the lease contract.

o J
4 )
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547
- J
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Example 3.4.7: Compute PMT Given Both PV and FV

Colleen entered into a lease agreement for a car with a list price of $42,000, which is expected to have a residual
value of $21,450 after four years. She agreed to make a down payment of 10% of the car’s list price. Given an
interest rate of 2.8% compounded monthly, calculate the amount of Colleen’s lease payment that is due at the

beginning of each week.

Note: The residual value of a leased vehicle represents an estimate of how much the car will be worth at the end

of the lease term.

Show/Hide Solution

Given information

* Interest is compounded monthlyso C' /Y = 12

* Payments are made at the beginning of every weekso P /Y = 52

* C/Y #P/Y = General Annuity Due

* Annuity term: { — 4 years

* Number of paymentsin theterm: N = P /Y -t = 52(4) = 208
* Nominal interestrate: [ /Y = 2.8 %

* Listprice = $42, 000

* Down payment = 10 % of the list price

¢ Residual value = $21, 450

Finding PV of loan

The residual value of the car is the estimated value of the car at the end of the lease term, i.e., in four years. So
it is considered a future value. We need to find the amount of the loan without considering the residual value,

which is the remaining balance after paying the down payment. Using Formula 3.5, we have
List Price = Down payment + PV
Rearranging the equation for PV gives

PV = List Price — Down payment
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PV = 42,000 — 10 % (42, 000)
= $37, 800

Next, we use the above PV, residual as FV, and other given values to compute the size of the payment.

2o

B

CPT PMT

-94.5956308 PMT =~ $94.60

The size of the weekly payments is $94.60.

Notice that PV is entered as a positive value since it is considered a cash inflow (Colleen receives the lease loan),
and FV is entered as a negative value since Colleen would have to return the car (equivalent to the residual
value) or pay the residual value to own the car (if such an option is offered) at the end of the lease term (cash

outflow).
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Try an Example

@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547

C. Payments in Scenarios with Multiple Annuities

The following example delves into calculating payments for a scenario involving a Registered Retirement Savings
Plan (RRSP) and a Registered Retirement Income Fund (RRIF). Before we begin, it is beneficial to introduce these
concepts.

RRSP and RRIF are fundamental components of Canada’s retirement savings system, designed to help individuals
save for their future. The RRSP is a savings account with tax advantages to encourage saving for retirement.
Contributions to an RRSP are tax-deductible, meaning they can reduce the amount of income tax you pay in the
year you make the contribution. Once you retire, RRSP is converted into a RRIF which provides you with a regular
income during retirement. Withdrawals from an RRIF are taxed as income at your marginal tax rate. The frequency
of these withdrawals can be monthly, quarterly, semi-annually, or annually, offering flexibility in managing

retirement income.

Example 3.4.8: Compute PMT of First Term Given PMT of the Second Term

Darius is planning for his retirement, which is 30 years away, by making end-of-quarter contributions to his
Registered Retirement Savings Plan (RRSP), set to later convert into a Registered Retirement Income Fund
(RRIF). Upon retirement, he intends to withdraw $3,400 at the end of each month for 20 years. An annual
interest rate of 4.8%, compounded monthly, applies to both the RRSP during the accumulation phase and the
RRIF during the distribution phase.
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a) What is the total amount Darius must have in his RRIF at the start of retirement to support his goal of monthly
withdrawals of $3,400?

b) How much must Darius deposit into his RRSP at the end of each quarter to ensure he accumulates the

required amount in his RRIF by his retirement in 30 years?

Show/Hide Solution
Term 1: RRSP Term 2: RRIF
t; = 30 years t; = 20 years
A A
e S S
Retirement
1 Quarter l 1 Month
Year 0 ——— Year 30 g Year 50
l | P | | | | N _|_|
| i | I | | |
PMT, PMT, PMTy19  PMTi30  $3400 $3400 $3400  $3400
e L Y o
Y . FVl = PV2 «+

a) Term 2: RRIF — Ordinary Simple Annuity

To determine the total amount Darius needs in his RRIF at the start of retirement to afford monthly

withdrawals of $3,400 for 20 years, we calculate the present value of those payments at the time of retirement.

Given Information

* Interest is compounded monthlyso C' /Y = 12

* Withdrawals are made at the end of every month so P / Y, =12

- C / Y=P / Y5 = Ordinary Simple Annuity

* RRIF term: to = 20 years

* Number of payments in the term: Ny = P /Y5 - to = 12(20) = 240
* Nominal interestrate: [ /Y = 4.8 %

* The payments are received and are cash inflow, so PMT, = $3400

* The fund will be depleted by the end of the term, so F'Vo = 0
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-523,917.230 PV, ~ $523,917.23

Therefore, the total amount Darius must have in his RRIF at the start of retirement to support his goal is
$523,917.23.

b) Term 1: RRSP — Ordinary General Annuity

The value needed at retirement, determined in Part (a) becomes the target FV for the RRSP contributions. We
then calculate the quarterly contribution Darius must make to his RRSP over 30 years to accumulate to that

target FV at retirement.

Given Information

* Interest is compounded monthlyso C' /Y = 12
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* Withdrawals are made at the end of every quarterso P /Y, = 4

« C/Y # P/Y; = Ordinary General Annuity

* RRSPterm:t; = 30 years

* Number of payments in the term: Ny = P /Y7 - t; = 4(30) = 120

* Nominal interestrate: [ /Y = 4.8 %

* No initial balance in RRSP, so PV; = 0

* Ininvestments, the future value is cash inflow, so F'V; = PV, = $523,917.230... (use

unrounded value for accuracy)

PMT, =7

e
o

o [

a8 | PMT

-1967.277983 PMT, ~ $1967.28
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Thus, Darius will need to make quarterly deposits of $1967.28 to ensure he accumulates the required amount

in his RRIF by his retirement.

N
g
Try an Example
@ One or more interactive elements has been excluded from this version of the text. You can view
them online here: https://fecampusontario.pressbooks.pub/financemath/?p=547
N

Section 3.4 Exercises

1. What payment is required at the end of every month for 5.5 years to repay a $11,968 loan if interest

is 4.4% compounded monthly?

Show/Hide Answer

PMT = $204.49

2. Gregory purchased a car for $53,500; he paid 5% of the cost as a down payment and financed the balance
amount at 3.5% compounded monthly for 3 years. a) What is the size of payment made at the end of every

month to settle the loan? b) What was the amount of interest charged?

Show/Hide Answer

a) PMT = $1,489.28

b)I=$2,789.08
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3. To tulfill a lease contract valued at $29,000, rent payments are required at the beginning of each month for 5
years. The interest rate on this lease is assumed to be 4.79%, compounded monthly. a) What is the size of the

payments? b) How much interest was charged on the lease?

Show/Hide Answer

a) PMT = $542.32

b) I = $3,539.20

4. Dawn entered into a lease agreement for a car with a list price of $56,460.00, which is expected to have a
residual value of $31,053 after 6 years. She agreed to make a down payment of 15% of the car’s list price. Given
an interest rate of 2.06% compounded semi-annually, calculate the amount of Dawn’s lease payment that is

due at the beginning of each month.

Show/Hi