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Xl ABOUT THIS BOOK

ABOUT THIS BOOK

Introduction to Statistics: An Excel-Based Approach introduces students to the concepts and
applications of statistics, with a focus on using Excel to perform statistical calculations. The book
is written at an introductory level and designed for students in fields other than mathematics
or engineering who require a fundamental understanding of statistics. The text emphasizes
understanding and application of statistical tools over theory, but some knowledge of algebra is

required.

Although the text focuses on concepts and applications, every effort has been made to provide both
information essential to understanding a topic and sound methodological development. Generally
accepted terminology and notation for each topic is used throughout without becoming overly

focused on technical details.

In place of manual calculations and the use of probability distribution tables, the text utilizes Excel
in the application of statistical analysis. Because of the prevalence and use of Excel in a wide range
of fields, it is important for students to understand how to leverage Excel’s statistical capabilities.
Throughout the text, information is provided on the appropriate Excel function required for a
calculation and the solutions to examples illustrate how to use the corresponding Excel function to

solve problems.

The text is organized into fifteen chapters and then divided into subchapters by concept or topic.

The chapters are as follows:
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Chapter 1: Sampling and Data

Chapter 1 covers key definitions, terms, and terminology used in
statistics, as well as exploring different sampling methods, types of
data, and levels of measurement.

Chapter 2: Descriptive
Statistics

Chapter 2 examines the different descriptive statistics, both graphical
and numerical, required to organize, summarize, and describe data.

Chapter 3: Probability

Chapter 3 introduces the concept of probability, probability
terminology, different approaches to probability, and various
probability rules.

Chapter 4: Discrete Random
Variables

Chapter 4 explores discrete random variables and their probability
distributions, the mean and standard deviation of a discrete random
probability distribution, and examines the binomial and Poisson
distributions.

Chapter 5: Continuous
Random Variables and the
Normal Distribution

Chapter 5 covers continuous random variables, focusing on the normal
distribution and probability problems associated with the normal
distribution.

Chapter 6: The Central Limit
Theorem and Sampling
Distributions

Chapter 6 examines the sampling distributions of the sample mean
and the sampling distribution of the sample proportion.

Chapter 7: Confidence
Intervals for Single
Population Parameters

Chapter 7 explores the construction, use, and interpretation of
confidence intervals to estimate a population mean or a population
proportion, as well as determining the sample size necessary for the
required accuracy of a confidence interval.

Chapter 8: Hypothesis Tests
for Single Population
Parameters

Chapter 8 introduces the formal hypothesis testing procedure, focusing
on conducting and drawing a conclusion from a hypothesis test on a
population mean or a population proportion.

Chapter 9: Statistical
Inference for Two Populations

Chapter 9 extends confidence intervals and hypothesis testing to the
difference between two population means or the difference between
two population proportions.

Chapter 10: Statistical
Inference Using the X2

-Distribution

Chapter 10 covers the use of the Xz-distribution in statistical
inference, including confidence intervals and hypothesis testing for a
population variance, the goodness-of-fit test, and the test of
independence.

Chapter 11: Statistical
Inference Using the I
-Distribution

Chapter 11 examines the use of the f'-distribution in statistical
inference, including confidence intervals and hypothesis testing for the
ratio of two population variances and the one-way ANOVA test on the
equality of three or more population means.

Chapter 12: Simple Linear
Regression and Correlation

Chapter 12 explores the linear relationship between two variables
through the simple linear regression model, including methods to
assess the validity of the model.

Chapter 13: Multiple
Regression

Chapter 13 extends the linear regression model to include more than
one independent variable, including methods to assess the validity of
the model.
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Chapter 14 introduces the basics of time series analysis, focusing on
Chapter 14: Time Series various time series forecasting models, such as smoothing models,
Analysis seasonal indices, and regression models, as well as measures to assess
the accuracy of a forecast model.

Chapter 15: Statistical Quality | Chapter 15 covers statistical process control and its use of control
Control charts to assess if a process is in-control or out-of-control.

For the Student

Each sub-chapter in this text begins with a list of relevant learning objectives. Where appropriate,
videos are included to review, enhance, and extend the material covered in the text. At the end of
each sub-chapter, a series of exercises, including answers, are provided to check retention and asses
understanding.

Accessibility Statement

We are actively committed to increasing the accessibility and usability of the textbooks we
produce. Every attempt has been made to make this OER accessible to all learners and is
compatible with assistive and adaptive technologies. We have attempted to provide closed

captions, alternative text, or multiple formats for on-screen and offline access.

The web version of this resource has been designed to meet Web Content Accessibility Guidelines
2.0, level AA. In addition, it follows all guidelines in Appendix A: Checklist for Accessibility of

the Accessibility Toolkit — 2nd Edition.

In addition to the web version, additional files are available in a number of file formats including
PDF, EPUB (for eReaders), and MOBI (for Kindles).

If you are having problems accessing this resource, please contact us at oer@fanshawec.ca.

Please include the following information:

+ The location of the problem by providing a web address or page description

+ A description of the problem

« The computer, software, browser, and any assistive technology you are using that can help
us diagnose and solve your issue (e.g., Windows 10, Google Chrome (Version
65.0.3325.181), NVDA screen reader)


https://www.w3.org/TR/WCAG20/
https://www.w3.org/TR/WCAG20/
https://opentextbc.ca/accessibilitytoolkit/back-matter/appendix-checklist-for-accessibility-toolkit/
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Feedback

To provide feedback on this text, please contact oer@fanshawec.ca.
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Moved introductory sub-chapters to chapter title page.
Added additional exercises as necessary.
Removed concept reviews from the end of each sub-chapter.

Overall Moved exercises from the end of each chapter to appropriate sub-chapters.
Added answers to all exercises.
Added chapters on time series analysis and statistical quality control.
Chapter 1: Moved levels of measurement to sub-chapter on types of data.
Sampling and Moved frequency distributions to chapter 2.
Data Created a new sub-chapter for sampling and sampling techniques.
Chapter 2: Removegl frequgncy polygons.
. L. Moved time series plots to chapter 14.
Descriptive h d order of sub-ch
Statistics Changed order of sub-chapters. .
Removed content on grouped data calculations.
Chapter 3: s .
Probability Added additional exercises for the complement rule.
Chapter 4:
Discrete Added additional content on random variables.
Random
Variables
Chapter 5:
Continuous
Random Combined sub-chapters on continuous random variables and continuous
Variables and probability distributions.
the Normal

Distribution
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Chapter 14:
Time Series » Created this new chapter.
Analysis
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Statistical « Created this new chapter.
Quality Control




BOOK NAVIGATION | XIX

BOOK NAVIGATION

Recommended Format: Online Webbook

You can access this resource online using a desktop computer or mobile device or download it
for free on the main landing page of this resource. Look for the “Download this book” drop-down
menu directly below the webbook cover. This resource is available for download in the following

formats:

« PDF. You can download this book as a PDF to read on a computer (Digital PDF) or print it
out (Print PDF). The digital PDF preserves hyperlinks and provides default navigation within
the document. In addition, the PDF allows the user to highlight, annotate, and zoom the text.

« Mobile. If you want to read this textbook on your phone or tablet, use the EPUB (eReader) or
MOBI (Kindle) files. Please refer to your device’s features for additional support when
navigating this resource.

Navigating this Webbook
To move to the next page, click on the “Next” button at the bottom right of your screen.

%,

Next: 1.1. What is Academic Integrity? —

To move to the previous page, click on the “Previous” button at the bottom left of your screen.

& Previous: About This Guide

Keyboard arrows can also be used to navigate. (Note: On smaller screens, the “Previous” and “Next”
buttons are stacked at the bottom of the page.)


https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Next-Button.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Next-Button.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Previous-Button.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Previous-Button.png

XX | BOOK NAVIGATION

To scroll back up to the top of the page, click on the bottom middle of your screen (Note: this will
only appear if the page is long).

To jump to a specific section or sub-section, click on “Contents” in the top left section of the page.
Use the plus sign (+) to expand and the minus sign (-) to collapse the content sections. (Note: On

smaller screens, the “Contents” button is at the top of the page.)

About This Guide

Intreduction

Academic Integrity at +
Fanshawe

Academic Offenses +

Warning and -

Penalties —

AL Warnings and Penaltias

Explainad

3.2, Lel's Ravigw: ';-.-':_llr'lr't,m

and Penalties Quiz


https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Scroll-Button.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Scroll-Button.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Table-of-Contents.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/3671/2024/03/Pressbook-Table-of-Contents.png

SAMPLING AND DATA | 1

PART I

SAMPLING AND DATA

You are probably asking yourself the question, “When and where will I use statistics?” If you read
any newspaper, watch television, or use the Internet, you will see statistical information. There are
statistics about crime, sports, education, politics, and real estate, just to mention a few. Typically,
when you read a newspaper article or watch a television news program, you are given sample
information. With this information, you may make a decision about the correctness of a statement,
claim, or “fact.” Statistical methods can help you make the “best educated guess.”

Because you will undoubtedly be given statistical information at some point in your life, you
need to know some techniques for analyzing the information thoughtfully. Think about buying
a house or managing a budget. Think about your chosen profession. The fields of economics,
business, psychology, education, biology, law, computer science, police science, and early childhood
development require at least one course in statistics.

Included in this chapter are the basic ideas and words of probability and statistics. You will soon
understand that statistics and probability work together. You will also learn how data are gathered
and what “good” data can be distinguished from “bad.”

CHAPTER OUTLINE

1.1 Definitions of Statistics, Probability, and Key Terms
1.2 Types of Data and Levels of Measurement

1.3 Sampling and Sampling Techniques

1.4 Experimental Design and Ethics

“1.1 Introduction to Sampling and Data” from Introduction to Statistics by Valerie Watts is licensed


https://ecampusontario.pressbooks.pub/introstats/chapter/1-1-introduction-sampling-and-data/
https://ecampusontario.pressbooks.pub/introstats
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under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License,

except where otherwise noted.
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1.1 DEFINITIONS OF STATISTICS,
PROBABILITY, AND KEY TERMS

LEARNING OBJECTIVES

« Recognize and differentiate between key terms used in statistics.

The science of statistics deals with the collection, analysis, interpretation, and presentation of
data. We see and use data in our everyday lives. The organization and summation of data is called
descriptive statistics. Two ways to summarize data are by graphing, such as a histogram or
box plot, and by using numbers, such as average and standard deviation. After we have studied
probability and probability distributions, we will use formal methods for drawing conclusions from
“good” data. These formal methods are called inferential statistics. Statistical inference uses
probability to determine how confident we can be that our conclusions are correct.

Effective interpretation of data, or inference, is based on good procedures for producing data and
thoughtful examination of the data. Although there are numerous mathematical formulas for
analyzing data, the goal of statistics is to gain an understanding of the data, and not to simply
perform calculations using the formulas. These days, we use computers to perform the calculations.
The understanding and interpretation of the data comes from us. If we can thoroughly grasp the
basics of statistics, we can be more confident in the decisions you make in life.

Probability

Probability is a mathematical tool used to study randomness and the chance, or likelihood, of an
event occurring. For example, if we toss a fair coin four times, the outcomes may not necessarily be
two heads and two tails. However, if we toss the same coin 4,000 times, the outcomes will be close to
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half heads and half tails. The expected theoretical probability of heads in any one toss is 50%. Even
though the outcomes from a small number of repetitions are uncertain, there is a regular pattern to

the outcomes when there is a large number of repetitions.

The theory of probability began with the study of games of chance, such as poker. Predictions take
the form of probabilities. To predict the likelihood of an earthquake, of rain, or whether a student
will get an A in a particular course, we use probabilities. Doctors use probability to determine the
chance of a vaccination causing the disease the vaccination is supposed to prevent. A stockbroker
uses probability to determine the rate of return on a client’s investments. We might use probability
to decide whether or not to buy a lottery ticket. In the study of statistics, we use the power of

mathematics through probability calculations to analyze and interpret the data.

Key Terms

In statistics, we generally want to study a population. A population is a collection of persons,
things, or objects under study. Because populations tend to be very large, it is too expensive and
too time-consuming to study the entire population. Instead of studying the population, we study a
sample taken from the population. The idea of sampling is to select a portion, or subset, of the
larger population and study that sample to gain information about the population.

Because it takes a lot of time and money to examine an entire population, sampling is a very
practical technique. Consider the following examples:

« If we wished to compute the overall grade point average at a school, it would make sense to
select a sample of students who attend the school. The data collected from the sample would
be the students’ grade point averages.

«+ In federal elections, opinion polls typically sample between 1,000 and 2,000 people. The
opinion poll is supposed to represent the views of the people in the entire country.

« Manufacturers of canned carbonated drinks take samples to determine if a 16 ounce can

actually contains 16 ounces of a carbonated drink.

From the sample data, we can calculate a statistic. A statistic is a number that represents a
property of the sample. For example, if we consider one math class to be a sample of the population
of all math classes, then the average grade earned by students in that one math class at the end
of the term is an example of a statistic. The statistic is an estimate of a population parameter. A
parameter is a number that is a property of the population. Because we considered all math classes
to be the population, then the average grade earned per student over all the math classes is an
example of a parameter.
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One of the main concerns in the field of statistics is how accurately a statistic estimates a parameter.
The accuracy really depends on how well the sample represents the population. The sample must
contain the characteristics of the population in order to be a representative sample. We are
interested in both the sample statistic and the population parameter in inferential statistics. In
a later chapter, we will use the sample statistic to test the validity of the established population

parameter.

A variable, notated by capital letters such as X or Y, is a characteristic of interest for each person
or thing in a population. Variables may be numerical or categorical. Numerical variables take on
values with equal units such as weight in pounds and time in hours. Categorical variables place
the person or thing into a category. If we let X equal one student’s grade in a math class at the
end of a term, then X is a numerical variable. If we let Y be a person’s party affiliation, then some
examples of Y include Conservative, Liberal, and New Democrat. In this case, Y is a categorical
variable. We could do some math with values of X, such as calculate the average grade, but it makes
no sense to do math with values of Y. Data are the actual values of the variable. They may be

numbers or they may be words. Datum is a single value.

Two words that come up often in statistics are mean and proportion. If we take three exams
written by a single student in a math class and obtain scores of 86, 75, and 92, we would calculate
the student’s mean score by adding the three exam scores and dividing by three, in this case a mean

of 84.3. If a class has 40 students and 22 are men and 18 are women, then the proportion of men

.22 . 1 . .
students is Ty and the proportion of women students is _8 Mean and proportion are discussed

in more detail in later chapters.

NOTE

The words mean and average are often used interchangeably. The substitution of one word for
the other is common practice. The technical term for mean is “arithmetic mean,” and “average”
is technically a centre of location. However, in practice among non-statisticians, “average” is

commonly accepted for “arithmetic mean.”
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EXAMPLE

Determine the key terms for the following study. We want to know the average (mean) amount of
money first year college students spend at ABC College on school supplies that do not include books.
We randomly surveyed 100 first-year students at the college. Three of those students spent $150,
$200, and $225, respectively.

Solution

+ The population is all first year students attending ABC College this term.

« The sample could be all students enrolled in one section of a beginning statistics course at
ABC College (although this sample may not represent the entire population).

+ The parameter is the average (mean) amount of money spent (excluding books) by first year
college students at ABC College this term (the population mean).

+ The statistic is the average (mean) amount of money spent (excluding books) by first year
college students in the sample (the sample mean).

+ The variable could be the amount of money spent (excluding books) by one first year student.
Let X be the amount of money spent (excluding books) by one first year student attending
ABC College.

+ The data are the dollar amounts spent by the first year students. Examples of the data are
$150, $200, and $225.

EXAMPLE

Determine the key terms refer for the following study. As part of a study designed to test the safety of
automobiles, the National Transportation Safety Board collected and reviewed data about the effects

of an automobile crash on test dummies. Here is the criterion they used:
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Speed at which cars crashed 56 kilometres/hour

Location of crash test dummies Front seat

Cars with dummies in the front seats were crashed into a wall at a speed of 56 kilometres per hour.
We want to know the proportion of dummies in the driver’s seat that would have had head injuries, if

they had been actual drivers. We start with a simple random sample of 75 cars.

Solution

« Thepopulationisall cars containingdummiesin the frontseat.

» Thesampleisthe75cars,selected byasimple randomsample.

+ Theparameteristhe proportion of driver dummies (ifthey had been real people) whowould have
suffered head injuriesin the population.

« Thestatisticis proportion ofdriver dummies (if they had been real people) whowould have suffered head
injuriesin thesample.

» Thevariable X =thenumberofdriver dummies(ifthey had been real people)whowould have suffered
head injuries.

» Thedataareeither:yes,had head injury, or no,did not.

EXAMPLE

Determine the key terms for the following study. An insurance company would like to determine the
proportion of all medical doctors who have been involved in one or more malpractice lawsuits. The
company selects 500 doctors at random from a professional directory and determines the number in

the sample who have been involved in a malpractice lawsuit.
Solution
« The population is all medical doctors listed in the professional directory.

« The parameter is the proportion of medical doctors who have been involved in one or more

malpractice suits in the population.



8 | 1.1 DEFINITIONS OF STATISTICS, PROBABILITY, AND KEY TERMS

« The sample is the 500 doctors selected at random from the professional directory.

« The statistic is the proportion of medical doctors who have been involved in one or more
malpractice suits in the sample.

« The variable X = the number of medical doctors who have been involved in one or more
malpractice suits.

« The data are either: yes, was involved in one or more malpractice lawsuits, or no, was not.

Determine the key terms for the following study. We want to know the average (mean) amount of

money spent on school uniforms each year by families with children at Knoll Academy. We
randomly survey 100 families with children in the school. Three of the families spent $65, $75, and
$95, respectively.

Click to see Solution

« The population is all families with children attending Knoll Academy.

« The sample is a random selection of 100 families with children attending Knoll Academy.

+ The parameter is the average (mean) amount of money spent on school uniforms by families
with children at Knoll Academy.

«+ The statistic is the average (mean) amount of money spent on school uniforms by families in
the sample.

 The variable is the amount of money spent by one family. Let X be the amount of money
spent on school uniforms by one family with children attending Knoll Academy.

» The data are the dollar amounts spent by the families. Examples of the data are $65, $75, and
$95.
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Determine the key terms for the following study. A study was conducted at a local college to analyze
the average cumulative GPA’s of students who graduated last year. Fill in the letter of the phrase that

best describes each of the items below.

1. Population 3. Parameter 5. Variable
2. Statistic 4. Sample 6. Data

a. all students who attended the college last year.

b. the cumulative GPA of one student who graduated from the college last year.

c. 3.65, 2.80, 1.50, 3.90.

d. arandomly selected group of students who graduated from the college last year.

e. the average cumulative GPA of all students who graduated from the college last year.
f. all students who graduated from the college last year.

g

. the average cumulative GPA of students in the study who graduated from the college last year.

Click to see Solution

0q
AW
a o
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(@]

Exercises

1. Studies are often done by pharmaceutical companies to determine the effectiveness of a
treatment program. Suppose that a new AIDS antibody drug is currently under study. It is
given to patients once the AIDS symptoms have revealed themselves. Of interest is the
average (mean) length of time in months patients live once they start the treatment. A
researcher selects 4() patients with AIDS from the start of treatment until their deaths.
Identify the population, the sample, the parameter, the sample and the variable for this study.
Click to see Answer
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Population: all AIDS patients

Sample: the 40 AIDS patients in the study.

Parameter: the average length of time (in months) AIDS patients live after treatment.
Sample: the average length of time (in months) patients in the study live after treatment.

Variable: the length of time an individual AIDS patient lives after treatment.

2. For each of the following eight exercises, identify the key terms: the population, the sample,

the parameter, the statistic, and the variable.

a.

A fitness centre is interested in the mean amount of time a client exercises in the centre
each week.

Ski resorts are interested in the mean age that children take their first ski and snowboard
lessons. They need this information to plan their ski classes optimally.

A cardiologist is interested in the mean recovery period of her patients who have had
heart attacks.

Insurance companies are interested in the mean health costs each year of their clients, so
that they can determine the costs of health insurance.

A politician is interested in the proportion of voters in his district who think he is doing a
good job.

A marriage counsellor is interested in the proportion of clients she counsels who stay
married.

Political pollsters may be interested in the proportion of people who will vote for a
particular cause.

A marketing company is interested in the proportion of people who will buy a particular
product.

Click to see Answer

= Population: all clients at the fitness centre.

= Sample: a group or subset of the clients at the fitness centre.

= Parameter: the mean amount of time all clients at the fitness centre exercise each
week.

= Statistic: the mean amount of time the clients in the sample exercise each week.

= Variable: the amount of time an individual client at the fitness centre exercises each

week.

= Population: all children who take ski or snowboard lessons.
= Sample: a group or subset of children who take ski or snowboard lessons.
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Parameter: the mean age of all children who take ski or snowboard lessons.
Statistic: the mean age of the children in the sample.

Variable: the age of an individual child who takes ski or snowboard lessons.

Population: all of the cardiologist’s patients who have had heart attacks.
Sample: a group or subset of cardiologist’s patients who have had heart attacks.
Parameter: the mean recovery time of all patients who have had heart attacks.
Statistic: the mean recovery time of the patients in the sample.

Variable: the recovery time of an individual patient who has had a heart attack.

Population: all clients at the insurance company.

Sample: a group or subset of clients at the insurance company.

Parameter: the mean health cost of all clients at the insurance company.
Statistic: the mean health cost of the clients in the sample.

Variable: the health cost of an individual client at the insurance company.

Population: all voters in the politician’s district.

Sample: a group or subset of voters in the politician’s district.

Parameter: the proportion of all voters in the district who think the politician is
doing a good job.

Statistic: the proportion of the voters in the sample who think the politician is doing
a good job.

Variable: the number of voters who think the politician is doing a good job.

Population: all clients of the counsellor.

Sample: a group or subset of the counsellor’s clients.

Parameter: the proportion of all clients who stayed married.
Statistic: the proportion of clients in the sample who stayed married.
Variable: the number of clients who stayed married.

Population: all voters.

Sample: a group or subset of voters.

Parameter: the proportion of all voters who vote for the cause.
Statistic: the proportion of voters in the sample who vote for the cause.

Variable: the number of voters who vote for the cause.

Population: all consumers.



12 | 1.1 DEFINITIONS OF STATISTICS, PROBABILITY, AND KEY TERMS

= Sample: a group or subset of consumers.
= Parameter: the proportion of all consumers who purchase the product.
= Statistic: the proportion of consumers in the sample who purchase the product.

= Variable: the number of consumers who purchase the product.

3. A Lake Tahoe Community College instructor is interested in the mean number of days Lake
Tahoe Community College math students are absent from class during a quarter.
a. What is the population she is interested in?
b. Consider the following: X = number of days a Lake Tahoe Community College math
student is absent. In this case, X is an example of what?
c. The instructor’s sample produces a mean number of days absent of 3.5 days. This value
is an example of what?
Click to see Answer
a. All math students at Lake Tahoe Community College.
b. A variable.
c. A statistics.
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ShareAlike 4.0 International License, except where otherwise noted.


https://ecampusontario.pressbooks.pub/introstats/chapter/1-2-definitions-of-statistics-probability-and-key-terms/
https://ecampusontario.pressbooks.pub/introstats/chapter/1-6-exercises/
https://ecampusontario.pressbooks.pub/introstats
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/

12 TYPES OF DATA AND LEVELS OF MEASUREMENT | 13

1.2 TYPES OF DATA AND LEVELS OF
MEASUREMENT

LEARNING OBJECTIVES

« Identify data as qualitative or quantitative.

+ Classify data by level of measurement.

Types of Data

Data may come from a population or from a sample. Generally, small letters like x or ¥ are used to
represent data values. Most data can be put into one of two categories: qualitative or quantitative.

Qualitative data are the result of categorizing or describing attributes of a population. Qualitative
data are also called categorical data. Hair colour, blood type, ethnic group, the car a person drives,
and the street a person lives on are examples of qualitative data. Qualitative data are generally
described by words or letters. For instance, hair colour might be black, dark brown, light brown,
blonde, grey, or red. Blood type might be AB+, O-, or B+.

Quantitative data are always numbers. Quantitative data are the result of
counting or measuring attributes of a population. The amount of money, pulse rate, weight, the
number of people living in your town, and the number of students who take statistics are examples
of quantitative data. Quantitative data may be either discrete or continuous. Researchers often
prefer to use quantitative data over qualitative data because it lends itself more easily to
mathematical analysis. For example, it does not make sense to find an average hair colour or blood

type.

All data that are the result of counting are called quantitative discrete data. These data take on
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only certain numerical values. For example, the number of phone calls received in a day could be

zero, one, two, or three.

All data that are the result of measuring are quantitative continuous data, assuming that we

can measure accurately. Measuring angles in radians might result in such numbers as
T T T
6’ 372
and the weight of the backpack is continuous data.

, T, %Tﬂ- and so on. For example, the number of books in a backpack is discrete data,

Levels of Measurement

In addition to being classified as quantitative or qualitative, data is classified into four levels of
measurement. The way a set of data is measured is called its level of measurement. Correct
statistical procedures depend on a researcher being familiar with levels of measurement. Not every
statistical operation can be applied to every set of data. Qualitative data has a level of either
nominal scale or ordinal scale. Quantitative data has a level of either interval scale or ratio scale.

Data that is measured using a nominal scale is data that can be placed into categories. Colours,
names, labels, favourite foods, and yes/no survey responses are examples of nominal level data.
Nominal scale data are not ordered, which means the categories of the data are not ordered. For
example, trying to “order” people according to their favourite food does not make any sense. Putting
pizza first and sushi second is not meaningful. Smartphone companies are another example of
nominal scale data. Some examples are Sony, Motorola, Nokia, Samsung, and Apple. This is just a
list of different brand names, and there is no agreed upon order for the categories. Some people may
prefer Apple, but that is a matter of opinion. Because nominal data consists of categories, nominal
scale data cannot be used in calculations.

Data that is measured using an ordinal scale is similar to nominal scale data in that the data
can be placed into categories, but there is a big difference. The categories of ordinal scale data
can be ordered or ranked. An example of ordinal scale data is a list of the top five national parks
in the country because the parks can be ranked from one to five. Another example of using the
ordinal scale is a cruise survey, where the responses to questions about the cruise are “excellent,”
“good,” “satisfactory,” and “unsatisfactory.” These responses are ordered from the most desired
response to the least desired. In ordinal scale data, the differences between two pieces of data
cannot be measured or calculated. Similar to nominal scale data, ordinal scale data cannot be used
in calculations.

Data that is measured using an interval scale is similar to ordinal level data because it has
a definite ordering. However, the differences between interval scale data can be measured or
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calculated, but the data does not have a starting point. Temperature scales like Celsius (C) and
Fahrenheit (F) are measured by using the interval scale. In both temperature measurements
(Celsius and Fahrenheit), 40° is equal to 100° minus 60°. The differences in temperature can be
measured and make sense. But there is no starting point to the temperature scales because 0° is not
the absolute lowest temperature. Temperatures like -10°F and -15°C exist, and are colder than 0°.
Interval level data can be used in calculations, but ratios do not make sense and cannot be done.
For example, 80°C is not four times as hot as 20°C (nor is 80°F four times as hot as 20°F). So there
is no meaning to the ratio of 80 to 20 (or four to one) in either temperature scale. In general, ratios

have no meaning in interval scale data.

Data that is measured using the ratio scale takes care of the ratio problem and gives us the most
information. Ratio scale data is like interval scale data, but it has a starting point to the scale (a 0
point), and ratios can be calculated. For example, four multiple choice statistics final exam scores
are 80, 68, 20 and 92 (out of a possible 100 points). The data can be put in order from lowest to
highest: 20, 68, 80, 92. The differences between the data have meaning: 92 minus 68 is 24. Ratios

can be calculated: 80 is four times 20. The smallest possible score is 0.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=28#oembed-1

Video: “Nominal, ordinal, interval and ratio data: How to Remember the differences” by
NurseKillam [11:03] is licensed under the Standard YouTube License.Transcript and closed captions

available on YouTube.
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EXAMPLE

The data are the number of books students carry in their backpacks. You sample five students. Two
students carry three books, one student carries four books, one student carries two books, and one
student carries one book. The numbers of books (three, four, two, and one) are quantitative discrete

data. The level of measurement is ratio.

EXAMPLE

The data are the weights of backpacks with books in them. You sample the same five students. The
weights (in pounds) of their backpacks are 6.2, 7, 6.8, 9.1, and 4.3. Weights are quantitative

continuous data. The level of measurement is ratio.

EXAMPLE

Classify each of the following by type of data (qualitative or quantitative) and level of measurement

(nominal, ordinal, interval, ratio). For quantitative data, classify as discrete or continuous.

1. High school soccer players are classified by their athletic ability: Superior, Average, and Above
average. Solution: qualitative, ordinal.

2. Baking temperatures for various main dishes. Solution: quantitative, discrete, interval.



3.
4.
5.
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The colours of crayons in a crayon box. Selution: qualitative, nominal.
The heights of 21-65 year-old women. Solution: quantitative, continuous, ratio.

Common letter grades: A, B, C, D, F. Solution: qualitative, ordinal.

Classify each of the following by type of data (qualitative or quantitative) and level of measurement

(nominal, ordinal, interval, ratio). For quantitative data, classify as discrete or continuous.

1
2
3.
4

. A satisfaction survey of a social website by number: ] = very satisfied, 2 = somewhat satisfied,

2 @ N e W

Number of machines in a gym.
Social insurance numbers.

Incomes measured in dollars.

3 = not satisfied.

Political outlook: extreme left, left-of-centre, right-of-centre, extreme right.
Time of day on an analog watch.

The distance in miles to the closest grocery store.

The dates 1066, 1492, 1644, 1947, and 1944.

Areas of lawns in square meters.

Click to see Solution

U NNCI -

Quantitative, discrete, ratio.
Qualitative, nominal.
Quantitative, discrete, ratio.
Qualitative, ordinal.
Qualitative, nominal.
Quantitative, discrete, interval.

Quantitative, continuous, ratio.
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8. Qualitative, ordinal.

9. Quantitative, continuous, ratio.

Exercises

1. Classify each of the following as qualitative or quantitative. For quantitative data, classify as
discrete or continuous. Identify the level of measurement for each data.
a. Number of times per week.
Size of automobile (compact, midsize, large).
Age.
Weight of package shipped.
Temperature.
Satisfaction rating (good, fair, poor).

Shoe size.

P o0 a0 o

Attendance at home games.

[

Country of origin.

Number on team uniform.

Number of tickets sold to a concert.

Percent of body fat.

Favourite baseball team.

Time in line to buy groceries.

Number of students enrolled at Evergreen Valley College.
Most-watched television show.

Brand of toothpaste.

e B o B B —~ F

Distance to the closest movie theatre.
s. Number of competing computer spreadsheet software packages.
Click to see Answer
a. Quantitative, discrete, ratio
Qualitative, nominal.
Quantitative, discrete, ratio.

Quantitative, discrete, ratio.

© /0 o

Quantitative, continuous, interval.
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Qualitative, ordinal.

Quantitative, discrete, interval.

SRS

Quantitative, discrete, ratio.

[

Qualitative, nominal.
j. Qualitative, nominal.
. Quantitative, discrete, ratio.

. Quantitative, continuous, ratio.

Qualitative, nominal.

J
k
m
n. Quantitative, continuous, ratio.
o. Quantitative, discrete, ratio.

p. Qualitative, ordinal.

g- Qualitative, nominal.

r. Quantitative, continuous, ratio.

w2

. Quantitative, discrete, ratio.
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1.3 SAMPLING AND SAMPLING
TECHNIQUES

LEARNING OBJECTIVES

+ Apply various types of sampling methods to data collection.

Gathering information about an entire population often costs too much, is too time consuming,
or is virtually impossible. Instead, we use a sample of the population. In order to get accurate
conclusions about the population from the sample, a sample should have the same
characteristics as the population it represents. Most statisticians use various methods of
random sampling in an attempt to achieve this goal. This section will describe a few of the most
common methods.

There are several different methods of random sampling. In each form of random sampling, each
member of a population initially has an equal chance of being selected for the sample. Each method
has pros and cons. The easiest method to describe is called a simple random sample. In simple
random sampling, any group of n individuals is equally likely to be chosen as any other group of
n individuals. In other words, each sample of the same size has an equal chance of being selected.
For example, suppose Lisa wants to form a four-person study group (herself and three other people)
from her pre-calculus class, which has 31 members, not including Lisa. To choose a simple random
sample of size three from the other members of her class, Lisa could put all 31 names in a hat, shake
the hat, close her eyes, and pick out three names. A more technological way is for Lisa to first list
the last names of the members of her class together with a two-digit number, as in the following
table.
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ID Name ID Name ID Name
00 Anselmo 11 King 21 Roquero
01 Bautista 12 Legeny 22 Roth
02 Bayani 13 Ludquist 23 Rowell
03 Cheng 14 Macierz 24 Salangsang
04 Cuarismo 15 Motogawa 25 Slade
05 Cuningham 16 Okimoto 26 Stratcher
06 Fontecha 17 Patel 27 Tallai
07 Hong 18 Price 28 Tran
08 Hoobler 19 Quizon 29 Wai
09 Jiao 20 Reyes 30 Wood
10 Khan

Lisa can use a computer to generate random numbers. Suppose the computer generates the

following numbers:

14 05 04

The number 14 corresponds to Macierz, the number 05 corresponds to Cunningham, and the
number 04 corresponds to Cuarismo. Besides herself, Lisa’s group will consist of Marcierz,

Cuningham, and Cuarismo.

Besides simple random sampling, there are other forms of sampling that involve a chance process
for getting the sample. Other well-known random sampling methods are the stratified sample, the

cluster sample, and the systematic sample.

To choose a stratified sample, divide the population into groups called strata, and then take
a proportionate number from each stratum. For example, a college’s student population can be
stratified (grouped) by department, and then a proportionate simple random sample is chosen from
each stratum (each department) to get a stratified random sample. To choose a simple random
sample from each department, number each member of the first department, number each member
of the second department, and do the same for the remaining departments. Then use simple
random sampling to choose proportionate numbers from the first department and do the same for
each of the remaining departments. Those numbers picked from the first department, picked from

the second department, and so on represent the members who make up the stratified sample.



22 | 1.3 SAMPLING AND SAMPLING TECHNIQUES

To choose a cluster sample, divide the population into clusters (groups), and then randomly select
some of the clusters. All the members from the selected clusters are in the cluster sample. For
example, divide a college’s faculty by department, so the departments are the clusters. Number each
department, and then choose four different numbers using simple random sampling. All members

of the four departments with those numbers form the cluster sample.

To choose a systematic sample, randomly select a starting point and take every nth piece of data
from a listing of the population. For example, a phone book contains 20,000 residential listings,
from which 400 names must be selected. Number the population from 1 to 20,000, and then use
a simple random sample to pick a number that represents the first name in the sample. Then,
choose every fiftieth name thereafter until a total of 400 names are selected. Systematic sampling is

frequently chosen because it is a simple method.

A type of sampling that is non-random is convenience sampling. Convenience sampling
involves using results that are readily available. For example, a computer software store conducts
a marketing study by interviewing potential customers who happen to be in the store browsing
through the available software. Such a sample is not random because only those customers in the
store on that particular day have the opportunity to be in the sample. The results of convenience

sampling may be very good in some cases and highly biased (favour certain outcomes) in others.

Sampling data should be done very carefully. Collecting data carelessly can have devastating results.
Surveys mailed to households and then returned may be very biased because they may favour a

certain group. It is better for the person conducting the survey to select the sample respondents.

True random sampling is done with replacement. That is, once a member is picked, that member
goes back into the population and thus may be chosen more than once. However, for practical
reasons, in most populations, simple random sampling is done without replacement, where a
member of the population may only be chosen once or not at all. Surveys are typically done without
replacement. Most samples are taken from large populations and the sample tends to be small in
comparison to the population. Consequently, sampling without replacement is approximately the
same as sampling with replacement because the chance of picking the same individual more than

once with replacement is very low.

In a college population of 10,000 people, suppose we want to randomly pick a sample of 1,000 for
a survey. For any particular sample of 1,000, if we are sampling with replacement (where the

person is replaced before picking the next person):

« the chance of picking the first person is 1,000 out of 10,000 (0.1000);
« the chance of picking a different second person for this sample is 999 out of 10,000 (0.0999),
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and the chance of picking the same person again is 1 out of 10,000 (very low).

If we are sampling without replacement (where the person is not replaced before picking the next
person):

« the chance of picking the first person for any particular sample is 1000 out of 10,000 (0.1000);
« the chance of picking a different second person is 999 out of 9,999 (0.0999), and the chance
of picking the same person again is 0.

999
—  and
10, 000 9,999

equivalent. So we can see that the chance of selecting a small sample from a large population is

Comparing the fractions

to four decimal places, these numbers are

basically the same, whether or not the sampling is done with replacement.

Sampling without replacement instead of sampling with replacement becomes a mathematical
issue only when the population is small. For example, if the population is 25 people, the sample
is 10, and we are sampling with replacement for any particular sample, then the chance of
picking the first person is 10 out of 25, and the chance of picking a different second person is 9 out
of 25 (we replace the first person). If we sample without replacement, then the chance of picking

the first person is still 10 out of 25, but the chance of picking the second person (who is different)
9

is 9 out of 24. Comparing the fractions % — 0.36 and 51 = 0.3750, these numbers are not

equivalent.

When we analyze data, it is important to be aware of sampling errors and non-sampling errors.
The actual process of sampling causes sampling error, which is the difference between the actual
population parameter and the corresponding sample statistic. In reality, a sample will never be
exactly representative of the population, so there will always be some sampling error. As a rule, the
larger the sample, the smaller the sampling error. Factors not related to the sampling process cause
non-sampling errors. For example, a defective counting device can cause a non-sampling error.

In statistics, a sampling bias is created when a sample is collected from a population, and some
members of the population are not as likely to be chosen as others (remember, each member of the
population should have an equally likely chance of being chosen). When sampling bias happens,
there can be incorrect conclusions drawn about the population that is being studied.
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E One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=375#0embed-1

Video: “Statistics: Sources of Bias” by Mathispower4u [4:44] is licensed under the Standard
YouTube License.Transcript and closed captions available on YouTube.

Exercises

1. A study was done to determine the age, number of times per week, and the duration (amount
of time) residents use a local park. The first house in the neighbourhood around the park was
selected randomly, and then the resident of every eighth house in the neighbourhood around
the park was interviewed.

a. What sampling method was used?

b. “Duration (amount of time)” is what type of data?

c. The colours of the houses around the park are what kind of data?
Click to see Answer

a. Systematic.

b. Quantitative, continuous.

c. Qualitative.

2. For the following four exercises, determine the type of sampling used (simple random,
stratified, systematic, cluster, or convenience).
a. A group of test subjects is divided into twelve groups; then, four of the groups are chosen
at random.
b. A market researcher polls every tenth person who walks into a store.
c. The first 50 people who walk into a sporting event are polled on their television
preferences.
d. A computer generates 1()( random numbers, and 1(( people whose names correspond
with the numbers on the list are chosen.
Click to see Answer
a. Cluster.


https://www.youtube.com/watch?v=j8sOuCo0ybY
https://www.youtube.com/channel/UCNVMxRMEwvo9AS-Jfh6fQFg
https://www.youtube.com/static?template=terms
https://www.youtube.com/static?template=terms

b.
C.
d.
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Systematic.
Convenience.

Simple Random.

3. Identify the sampling method used in each of the following situations.

a.

A woman in the airport is handing out questionnaires to travellers, asking them to
evaluate the airport’s service. She does not ask travellers who are hurrying through the
airport with their hands full of luggage but instead asks all travellers who are sitting near
gates and not taking naps while they wait.

A teacher wants to know if her students are doing homework, so she randomly selects
rows two and five and then calls on all students in row two and all students in row five to
present the solutions to homework problems to the class.

The marketing manager for an electronics chain store wants information about the ages
of its customers. Over the next two weeks, at each store location, 1()(Q randomly selected
customers are given questionnaires to fill out asking for information about age, as well as
about other variables of interest.

The librarian at a public library wants to determine what proportion of the library users
are children. The librarian has a tally sheet on which she marks whether books are
checked out by an adult or a child. She records this data for every fourth patron who
checks out books.

A political party wants to know the reaction of voters to a debate between the candidates.
The day after the debate, the party’s polling staff calls 1, 200 randomly selected phone
numbers. If a registered voter answers the phone or is available to come to the phone,
that registered voter is asked whom he or she intends to vote for and whether the debate
changed his or her opinion of the candidates.

The instructor takes her sample by gathering data on five randomly selected students

from each Lake Tahoe Community College math class. What type of sampling was used?

Click to see Answer

- 0o 2o o

Convenience.
Cluster.
Stratified.
Systematic.
Simple Random.
Stratified.

4. Suppose you want to determine the mean number of students per statistics class in your
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college. Describe a possible sampling method in three to five complete sentences. Make the
description detailed.

Click to see Answer

(Answers will vary.) You could use a cluster sampling method. Each statistics class is a cluster.
Randomly select some of the clusters/classes and record the number of students in each of the

selected classes.

5. Suppose you want to determine the mean number of cans of soda drunk each month by
students in their twenties at your school. Describe a possible sampling method in three to five
complete sentences. Make the description detailed.

Click to see Answer

(Answers will vary.) You could use a systematic sampling method. Stop the tenth person as
they leave one of the buildings on campus at 9:50 in the morning. Then, stop the tenth person

as they leave a different building on campus at 1:50 in the afternoon.

6. List some practical difficulties involved in getting accurate results from a telephone survey.
Click to see Answer

(Answers will vary.) Many people will simply hang up. Many people will not pick up the phone
if they do not recognize the caller ID. If they do respond to the surveys, you cannot be sure
who is responding. Many people will not be called at all because they only have cell phones

and phone lists generally only contain landline numbers.

7. List some practical difficulties involved in getting accurate results from a mailed survey.
Click to see Answer

(Answers will vary.) Many people will not respond to mail surveys. If they do respond to the

surveys, you cannot be sure who is responding. In addition, mailing lists can be incomplete.

8. Airline companies are interested in the consistency of the number of babies on each flight so
that they have adequate safety equipment. Suppose an airline conducts a survey. Over
Thanksgiving weekend, it surveys six flights from Boston to Salt Lake City to determine the

number of babies on the flights. It determines the amount of safety equipment needed by the
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result of that study.

a.

Using complete sentences, list three things wrong with the way the survey was
conducted.
Using complete sentences, list three ways that you would improve the survey if it were to

be repeated.

Click to see Answer

a.

b.

The survey was conducted using six similar flights. The survey would not be a true
representation of the entire population of air travellers.

Conduct the survey during different times of the year. Conduct the survey using flights to
and from various locations.

Conduct the survey on different days of the week.

9. In advance of the 1936 Presidential Election, a magazine titled Literary Digest released the

results of an opinion poll predicting that the republican candidate Alf Landon would win by a

large margin. The magazine sent postcards to approximately 10,000,000 prospective voters.

These prospective voters were selected from the subscription list of the magazine, from

automobile registration lists, from phone lists, and from club membership lists.

Approximately 2,300,000 people returned the postcards.

a.

Think about the state of the United States in 1936. Explain why a sample chosen from
magazine subscription lists, automobile registration lists, phone books, and club
membership lists was not representative of the population of the United States at that
time.

What effect does the low response rate have on the reliability of the sample?

c. Are these problems examples of sampling error or nonsampling error?

d. During the same year, George Gallup conducted his own poll of 30,000 prospective

voters. His researchers used a method they called “quota sampling” to obtain survey
answers from specific subsets of the population. Quota sampling is an example of which

sampling method described in this section?

Click to see Answer

a.

This 1936 poll was conducted during the Great Depression. Most of the population at
that time could not afford magazines, cars, phones or club memberships, and so would
not receive the postcards. These people had no chance of being included in the poll.
The low response rate means the sample may not be representative of the entire
population.

Non-sampling.

d. Stratified.
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1.4 EXPERIMENTAL DESIGN AND ETHICS

LEARNING OBJECTIVES

 Describe different aspects of experimental design.

« Apply ethical behaviour in statistical analysis.

Does aspirin reduce the risk of heart attacks? Is one brand of fertilizer more effective at growing
roses than another? Is fatigue as dangerous to a driver as the influence of alcohol? Questions like
these are answered using randomized experiments. Proper study design ensures the production of
reliable, accurate data.

The purpose of an experiment is to investigate the relationship between two variables. When one
variable causes a change in another, we call the first variable the explanatory variable. The
affected variable is called the response variable. In a randomized experiment, the researcher
manipulates values of the explanatory variable and measures the resulting changes in the response
variable. The different values of the explanatory variable are called treatments. An experimental
unit is a single object or individual to be measured.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=32#oembed-1

Video: “Observational Studies and Experiments” by ProfessorMcComb [3:06] is licensed under the

Standard YouTube License.Transcript and closed captions available on YouTube.



https://www.youtube.com/watch?v=J_O7ibkX8Ik
https://www.youtube.com/channel/UCJLjegFXnno3p0dU5MZXTjw
https://www.youtube.com/static?template=terms
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Suppose we want to investigate the effectiveness of vitamin E in preventing disease. We recruit a
group of subjects and ask them if they regularly take vitamin E. We notice that the subjects who
take vitamin E exhibit better health on average than those who do not. Does this prove that vitamin
E is effective in disease prevention? No, it does not. There are many differences between the two
groups compared, in addition to vitamin E consumption. People who take vitamin E often take
other steps to improve their health, such as exercise, diet, other vitamin supplements, or choosing
not to smoke. Any one of these factors could be influencing a person’s health. As described, this

study does not prove that vitamin E is the key to disease prevention.

Additional variables that can cloud a study are called lurking variables. In order to prove that
the explanatory variable is the cause of a change in the response variable, it is necessary to
isolate the explanatory variable. The researcher must design their experiment in such a way that
there is only one difference between the groups being compared: the planned treatments. This
is accomplished by the random assignment of experimental units to treatment groups. When
subjects are assigned treatments randomly, all of the potential lurking variables are spread equally
among the groups. At this point, the only difference between groups is the one imposed by the
researcher. Therefore, different outcomes measured in the response variable must be a direct result
of the different treatments. In this way, an experiment can prove a cause-and-effect connection

between the explanatory and response variables.

The power of suggestion can have an important influence on the outcome of an experiment.
Studies have shown that the expectation of the study participant can be as important as the actual
medication. When participation in a study prompts a physical response from a participant, it is
difficult to isolate the effects of the explanatory variable. To counter the power of suggestion,
researchers set aside one treatment group as a control group. This group is given a placebo
treatment—a treatment that cannot influence the response variable. The control group helps
researchers balance the effects of being in an experiment with the effects of the active treatments.
Of course, if someone is participating in a study and they know that they are receiving a pill which
contains no actual medication, then the power of suggestion is no longer a factor. Blinding in a
randomized experiment preserves the power of suggestion. When a person involved in a research
study is blinded, they do not know who is receiving the active treatment(s) and who is receiving
the placebo treatment. A double-blind experiment is one in which both the subjects and the

researchers involved with the subjects are blinded.
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EXAMPLE

Researchers want to investigate whether taking aspirin regularly reduces the risk of heart attack.
Four hundred men between the ages of 5() and 84 are recruited as participants. The men are divided
randomly into two groups: one group will take aspirin, and the other group will take a placebo. Each
man takes one pill each day for three years, but he does not know whether he is taking aspirin or the
placebo. At the end of the study, researchers count the number of men in each group who have had

heart attacks.

Identify the following values for this study: population, sample, experimental units, explanatory

variable, response variable, and treatments.

Solution

» The population is men aged 5() to 84.

« The sample is the 4()() men who participated.

+ The experimental units are the individual men in the study.
« The explanatory variable is the oral medication.

» The treatments are aspirin and a placebo.

« The response variable is whether a subject had a heart attack.

EXAMPLE

The Smell & Taste Treatment and Research Foundation conducted a study to investigate whether
smell can affect learning. Subjects completed mazes multiple times while wearing masks. They
completed the pencil and paper mazes three times wearing floral-scented masks and three times

with unscented masks. Participants were assigned at random to wear the floral mask during the first
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three trials or during the last three trials. For each trial, researchers recorded the time it took to

complete the maze and the subject’s impression of the mask’s scent: positive, negative, or neutral.

1. Describe the explanatory and response variables in this study.

2. What are the treatments?

3. Identify any lurking variables that could interfere with this study.
4

Is it possible to use blinding in this study?

Solution

1. The explanatory variable is scent, and the response variable is the time it takes to complete the
maze.

2. There are two treatments: a floral-scented mask and an unscented mask.

3. All subjects experienced both treatments. The order of treatments was randomly assigned, so
there were no differences between the treatment groups. Random assignment eliminates the
problem of lurking variables.

4. Subjects will clearly know whether they can smell flowers or not, so subjects cannot be
blinded in this study. However, researchers timing the mazes can be blinded. The researcher

who is observing a subject will not know which mask is being worn.

EXAMPLE

A researcher wants to study the effects of birth order on personality. Explain why this study could
not be conducted as a randomized experiment. What is the main problem in a study that cannot be

designed as a randomized experiment?
Solution

The explanatory variable is birth order. We cannot randomly assign a person’s birth order. Random
assignment eliminates the impact of lurking variables. When we cannot assign subjects to treatment

groups at random, there will be differences between the groups other than the explanatory variable.
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A researcher wants to study the effects of texting on driving performance. The researcher designs a
study to test the response time of drivers while texting and while driving only and measures how

many seconds it takes for a driver to respond when a leading car hits the brakes?

1. Describe the explanatory and response variables in the study.

2. What are the treatments?

3. What should the researcher consider when selecting participants?

4. The researcher considers dividing participants randomly into two groups: one to drive without
distraction and one to text and drive simultaneously. Is this a good idea? Why or why not?

5. Identify any lurking variables that could interfere with this study.

6. How can blinding be used in this study?

Click to see Solution

The explanatory variable is texting, and the response variable is time to hit the brakes.
There are two treatments: driving while texting and driving only.

Participants should be experienced drivers.

= N =

This is not a good idea. The purpose of the study is to test the effect of texting on driving. To

draw a meaningful conclusion, each driver must perform the test for both treatments: driving

while texting and driving only.

5. If each participant experiences both treatments and the treatments are randomly assigned,
there are no lurking variables.

6. The participants cannot be blinded because they will know if they are texting while driving or

driving only. The researcher timing the drivers could potentially be blinded.

Ethics

The widespread misuse and misrepresentation of statistical information often gives the field a bad
name. Some say that “numbers don’t lie,” but the people who use numbers to support their claims
often do.
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A recent investigation of famous social psychologist Diederik Stapel has led to the retraction of
his articles from some of the world’s top journals, including the Journal of Experimental Social
Psychology, Social Psychology, Basic and Applied Social Psychology, British Journal of Social
Psychology, and the magazine Science. Diederik Stapel is a former professor at Tilburg University
in the Netherlands. Recently, an extensive investigation involving three universities where Stapel
worked concluded that the psychologist is guilty of fraud on a colossal scale. Falsified data taints
over 55 papers he authored and 10 Ph.D. dissertations that he supervised.

The committee investigating Stapel concluded that he is guilty of several practices, including:

« creating datasets, which largely confirmed the prior expectations;

« altering data in existing datasets;

« changing measuring instruments without reporting the change and
« misrepresenting the number of experimental subjects.

Clearly, it is never acceptable to falsify data the way this researcher did. Sometimes, however,
violations of ethics are not as easy to spot.

Researchers have a responsibility to verify that proper methods are being followed. Many of Stapel’s
co-authors should have spotted irregularities in his data. Unfortunately, they did not know very
much about statistical analysis, and they simply trusted that he was collecting and reporting data

properly.

Many types of statistical fraud are difficult to spot. Some researchers simply stop collecting data
once they have just enough to prove what they had hoped to prove. They do not want to take the
chance that a more extensive study would complicate their lives by producing data contradicting
their hypothesis.

Professional organizations, like the American Statistical Association, clearly define expectations for
researchers. There are even laws in the federal code about the use of research data.

When a statistical study uses human participants, as in medical studies, both ethics and the law
dictate that researchers should be mindful of the safety of their research subjects. Most countries
have federal regulations that protect participants in research studies. When a university or other
research institution engages in research, it must ensure the safety of all human subjects. For this
reason, research institutions establish oversight committees, commonly known as Institutional
Review Boards (IRB). All planned studies must be approved in advance by the IRB. Key
protections that are mandated by law include the following:
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« Risks to participants must be minimized and reasonable with respect to projected benefits.

« Participants must give informed consent. This means that the risks of participation must be
clearly explained to the subjects of the study. Subjects must consent in writing, and
researchers are required to keep documentation of their consent.

« Data collected from individuals must be guarded carefully to protect their privacy.

These ideas may seem fundamental, but they can be very difficult to verify in practice. Is removing
a participant’s name from the data record sufficient to protect privacy? Perhaps the person’s identity
could be discovered from the data that remains. What happens if the study does not proceed as
planned and risks arise that were not anticipated? When is informed consent really necessary?
Suppose your doctor wants a blood sample to check your cholesterol level. Once the sample has
been tested, you expect the lab to dispose of the remaining blood. At that point, the blood becomes
biological waste. Does a researcher have the right to take it for use in a study?

It is important that students of statistics take time to consider the ethical questions that arise
in statistical studies. How prevalent is fraud in statistical studies? You might be surprised—and
disappointed. There is a website dedicated to cataloguing retractions of study articles that have been
proven fraudulent. A quick glance will show that the misuse of statistics is a bigger problem than
most people realize.

Vigilance against fraud requires knowledge. Learning the basic theory of statistics empowers users
and observers to analyze statistical studies critically.

EXAMPLE

Describe the unethical behaviour in each example and describe how it could impact the reliability of

the resulting data. Explain how the problem should be corrected.

A researcher is collecting data in a community.

1. She selects a block where she is comfortable walking because she knows many of the people
living on the street.
2. No one seems to be home at four houses on her route. She does not record the addresses and

does not return at a later time to try to find residents at home.


http://www.retractionwatch.com/
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3.

She skips four houses on her route because she is running late for an appointment. When she
gets home, she fills in the forms by selecting random answers from other residents in the

neighbourhood.

Solution

1.

By selecting a convenient sample, the researcher is intentionally selecting a sample that could
be biased. Claiming that this sample represents the community is misleading. The researcher
needs to select areas in the community at random.

Intentionally omitting relevant data will create bias in the sample. Suppose the researcher is
gathering information about jobs and child care. By ignoring people who are not home, she
may be missing data from working families that are relevant to her study. She needs to make
every effort to interview all members of the target sample.

It is never acceptable to fake data. Even though the responses she uses are “real” responses
provided by other participants, the duplication is fraudulent and can create bias in the data.

She needs to work diligently to interview everyone on her route.

Describe the unethical behaviour, if any, in each example and describe how it could impact the

reliability of the resulting data. Explain how the problem should be corrected.

A study is commissioned to determine the favourite brand of fruit juice among teens in California.

1. The survey is commissioned by the seller of a popular brand of apple juice.

2. There are only two types of juice included in the study: apple juice and cranberry juice.
3.

4. Twenty-five percent of participants prefer Brand X, 33% prefer Brand Y, and 42% have no

Researchers allow participants to see the brand of juice as samples are poured for a taste test.

preference between the two brands. Brand X references the study in a commercial, saying,

“Most teens like Brand X as much as or more than Brand Y.”

Click to see Solution
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The seller of the apple juice has a vested interest in the outcome of the study. Their
participation in the study may result in misleading or biased data.

The study is intentionally omitting relevant data. What if a teen’s favourite fruit juice is
orange? The study misses data that is relevant to the study.

Because participants can see the brand, familiarity or preference for one brand over another
may influence participants to pick that brand, regardless of which juice flavour they prefer.
This introduces bias into the sample.

The company is making a fraudulent claim about the data in the commercial.

Exercises

1. Discuss potential violations of the rule requiring informed consent.

a.

Inmates in a correctional facility are offered good behaviour credit in return for
participation in a study.

A research study is designed to investigate a new children’s allergy medication.

c. Participants in a study are told that the new medication being tested is highly promising,

but they are not told that only a small portion of participants will receive the new

medication. Others will receive placebo treatments and traditional treatments.

Click to see Answer

a.

Inmates may not feel comfortable refusing participation or may feel obligated to take
advantage of the promised benefits. They may not feel truly free to refuse participation.
Parents can provide consent on behalf of their children, but children are not competent
to provide consent for themselves.

All risks and benefits must be clearly outlined. Study participants must be informed of

relevant aspects of the study in order to give appropriate consent.

2. How does sleep deprivation affect your ability to drive? A recent study measured the effects

on 19 professional drivers. Each driver participated in two experimental sessions: one after

normal sleep and one after 27 hours of total sleep deprivation. The treatments were assigned

in random order. In each session, performance was measured on a variety of tasks, including

a driving simulation. Use key terms from this chapter to describe the design of this
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experiment.

Click to see Answer

° Explanatory variable: the amount of sleep.

> Response variable: performance measured in assigned tasks.

> Treatments: normal sleep and 27 hours of total sleep deprivation.

> Experimental units: 19 professional drivers.

> Lurking variables: none - all drivers participated in both treatments.

> Random assignment: treatments were assigned in random order; this eliminated the
effect of any “learning” that may take place during the first experimental session.

> Control/Placebo: completing the experimental session under normal sleep conditions.

o Blinding: researchers evaluating subjects’ performance must not know which treatment
is being applied at the time89. You cannot assume that the numbers of complaints reflect
the quality of the airlines. The airlines shown with the greatest number of complaints are
the ones with the most passengers. You must consider the appropriateness of methods
for presenting data; in this case, displaying totals is misleading.

3. An advertisement for Acme Investments displays the two graphs in the figure below to show
the value of Acme’s product in comparison with the Other Guy’s product. Describe the
potentially misleading visual effect of these comparison graphs. How can this be corrected?

Acme Investments



https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-1-Section-1.5-Graph-Example-3.jpg
https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-1-Section-1.5-Graph-Example-3.jpg
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Other Guy’s Investments

Click to see Answer

There is no scale on either graph, making it impossible to tell which one produced the best
return on investments. The results are shown in separate graphs, making it difficult to compare
the results directly. To fix this, plot both graphs on the same set of axes and include a scale on

the axes.

. The graph in the figure below shows the number of complaints for six different airlines as
reported to the US Department of Transportation in February 2013. Alaska, Pinnacle, and
Airtran Airlines have far fewer complaints reported than American, Delta, and United. Can
we conclude that American, Delta, and United are the worst airline carriers since they have

the most complaints?


https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-1-Section-1.5-Graph-Example-4.jpg
https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-1-Section-1.5-Graph-Example-4.jpg
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Click to see Answer

Because American, United and Delta are the largest carries, with the largest number of total
passengers, and so will have the largest number of complaints. A more accurate graph would
be to show the proportion of complaints out of the total number of passengers.
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PART II

DESCRIPTIVE STATISTICS

Once we have collected data, what do we do with it? Data can be described and presented in many
different formats. For example, suppose we are interested in buying a house in a particular area.
We may have no clue about the house prices, so we might ask a real estate agent to give us a sample
data set of prices. Looking at all the prices in the sample is often overwhelming. A better way
might be to look at the median price and the variation of prices. The median and variation are just
two ways that we can summarize and describe data. The real estate agent might also provide us
with a graph of the data. In this chapter, we will study numerical and graphical ways to describe
and display your data. This area of statistics is called descriptive statistics. We will learn how to
calculate and, more importantly, how to interpret these measurements and graphs.

A statistical graph is a tool that helps us learn about the shape or distribution of a sample or a
population. A graph can be a more effective way of presenting data than a mass of numbers because
we can see where data clusters and where there are only a few data values. Newspapers and the
internet use graphs to show trends and to enable readers to compare facts and figures quickly.
Statisticians often graph data first to get a picture of the data, and then use more formal tools to
analyze the data.

Some of the types of graphs that are used to summarize and organize data are the dot plot, the bar
graph, the histogram, the stem-and-leaf plot, the pie chart, and the box plot. In this chapter, we will
briefly look at bar graphs (or histograms).

CHAPTER OUTLINE

2.1 Frequency Distributions and Histograms

2.2 Measures of Central Tendency
2.3 Skewness and the Mean, Median, and Mode

2.4 Measures of Position

2.5 Measures of Variability




42 | DESCRIPTIVE STATISTICS

“2.1 Introduction to Descriptive Statistics” from Introduction to Statistics by Valerie Watts is

licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International
License, except where otherwise noted.


https://ecampusontario.pressbooks.pub/introstats/chapter/2-1-introduction-to-descriptive-statistics/
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/

21 FREQUENCY DISTRIBUTIONS AND HISTOGRAMS | 43

2.1 FREQUENCY DISTRIBUTIONS AND
HISTOGRAMS

LEARNING OBJECTIVES

+ Create and interpret frequency distribution tables.

« Display, analyze, and interpret data presented in a histogram.

Once we have a set of data, we need to organize it so that we can analyze how frequently each
datum occurs in the set. However, when calculating the frequency, we may need to round our
answers so that they are as precise as possible.

Frequency Distributions

A frequency distribution or frequency table is a summary table of data that shows the number
of observations that fall into each of several, non-overlapping classes.

Consider the following data. Twenty students were asked how many hours they worked per day.
Their responses, in hours, are recorded in the table below.

Using each data value as the class, the following table lists the different data values in ascending
order and their frequencies.
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CLASS FREQUENCY
2 3
3 5
4 3
5 6
6 2
7 1

A frequency is the number of observations in the data that fall into each class. According to the
table, there are three students who work two hours, five students who work three hours, and so
on. The sum of the values in the frequency column is 2(), which is the total number of students
included in the sample.

A relative frequency is the ratio, fraction, or proportion of the number of times a value of the data
occurs in the set of all outcomes to the total number of outcomes. To find the relative frequencies,
divide each frequency by the total number of students in the sample-in this case 2(. Relative
frequencies can be written as fractions, percents, or decimals. The sum of the values in the relative
frequency column is 1 or 100\%.

CLASS FREQUENCY RELATIVE FREQUENCY

2 3 \displaystyle\frac{3}{20}\times 100\%=15\%

\displaystyle\frac{5}{20} \times n100\%=25\%

\displaystyle\frac{3}{20} \times 100\%=15\%

\displaystyle\frac{2}{20} \times 100\%=10\%

N | O | O W

)
3
6 \displaystyle\frac{6}{20} \times 100\%=30\%
2
1

\displaystyle\frac{1}{20}\times 100\%=5\%

Cumulative frequency is the accumulation of the previous frequencies. To find the cumulative
frequencies, add all of the previous frequencies to the frequency for the current row, as shown in
the table below. The last entry of the cumulative frequency column is the number of observations
in the data.
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CLASS FREQUENCY | RELATIVE FREQUENCY CUMULATIVE FREQUENCY
2 3 15\% 3
3 5 25\% 3+5=8
4 3 15\% 8§+3=11
5 6 30\% 114+6 =17
6 2 10\% 174+2=19
7 1 5\% 19+1=20

Cumulative relative frequency is the accumulation of the previous relative frequencies. To

find the cumulative relative frequencies, add all the previous relative frequencies to the relative

frequency for the current row, as shown in the table below. The last entry of the cumulative relative

frequency column is ] or 100\%, indicating that 100\% of the data has been accumulated.

RELATIVE CUMULATIVE | CUMULATIVE RELATIVE
CLASS | FREQUENCY | pppoUENCY FREQUENCY FREQUENCY

2 3 15\% 3 15\%

3 5 25\% 8 15\%+ 25 \%= 40\%

4 3 15\% 11 40\% + 15\% = 55\%

5 6 30\% 17 55\% + 30\% = 85\%

6 9 10\% 19 85\% + 10\% = 95\%

7 1 5\% 20 95\% + 5\% = 100\%
NOTES

1. Because of rounding of the relative frequencies, the relative frequency column may not

always sum to ] or 100\%, and the last entry in the cumulative relative frequency column

may not be 1 or 100\%. However, they each should be close to 1 or 100\%. If all of the

decimals are kept in the calculations, the relative frequency column will sum to ] or 100\%



46 | 21 FREQUENCY DISTRIBUTIONS AND HISTOGRAMS

, and the last cumulative relative frequency will be 1 or 100\%.

2. A simple way to round off answers is to carry the final answer to one more decimal place
than was present in the original data. Round off only the final answer. Do not round off
any intermediate results, if possible. If it becomes necessary to round off intermediate
results, carry them to at least twice as many decimal places as the final answer. For
example, the average of the three quiz scores four, six, and nine is §_3, rounded off to the
nearest tenth because the data are whole numbers. Most answers will be rounded off in

this manner.

EXAMPLE

The following data are the number of books bought by 5() part-time college students at ABC College.

Construct a frequency distribution table for this data using six classes.

1 1 1 1 1 1 1 1 1 1
1 2 2 2 2 2 2 2 2 2
2 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 4 4 4
4 4 4 5 5 5 5 5 6 6

Solution
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cLass |rrpuENcY| RELATIVE | CUMULATIVE | CUMULATIVE RELATIVE
1 11 22\% 11 22\%
2 10 20\% 21 42\%
3 16 32\% 37 74\%
4 6 12\% 43 86\%
5 5 10\% 48 96\%
6 2 N\% 50 100\%

Frequency Distributions with Classes

Instead of using a single data value as the class, frequency distributions are often constructed using
non-overlapping classes and the frequency is the number of observations from the data that fall into
each class. Classes are most often used when constructing a frequency distribution for quantitative
data. When setting up the classes, it is important to make sure that the classes do not overlap and
that every data value falls into one of the classes. In other words, each data value must fall into one

and only of the classes.

There are three steps to creating the classes for a frequency distribution:

1. Determine the number of non-overlapping classes. The number of classes is somewhat
subjective and is often determined by the researcher. Although there are no rules about how
many classes a frequency distribution should have, general guidelines recommend using
between five and twenty classes. For a smaller data set, use a smaller number of classes. For a
larger data set, use a larger number of classes. When deciding on the number of classes, the
goal is to have enough classes to capture the trends and patterns in the data but not so many
classes that some classes contain only a few data values.

2. Determine the width of the classes. As with the number of classes, there are no rules
about the class width. However, general guidelines recommend that the classes all have the
same width because this reduces the user may misinterpret the data. An approximate class
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width may be found using the following formula:

Approximate Class Width — Maximum Data Value — Minimum Data Value

Number of Classes

Round the number obtained from this formula to a more convenient number, for example, a

whole number. For example, if the result of this formula is 14,92, a convenient class width is 15

3. Determine the class limits. Using the number of classes and the class width, construct the
class limits. When constructing the classes, remember that every data value must fall into one
and only one class. The lower class limit is the smallest possible data value that falls into that
class. The upper class limit is the largest possible data value that falls into that class.

NOTES

1. The classes must be non-overlapping and exhaustive. In other words, each data value in
the data set must fall into one and only class.

2. To prevent any misinterpretation of the data, the classes should all have the same width.

3. The number of classes and the class width are subjective. It is up to the researcher to
determine the number of classes and the class width. Different people may construct

completely different, but equally valid, frequency distributions.

EXAMPLE

The following data are the heights (in inches to the nearest half inch) of 1()() male semiprofessional

soccer players. Construct a frequency distribution table with eight classes for this data.
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60 64 64.5 66 66.5 67 67.5 69 70 71
60.5 64 64.5 66 66.5 67 67.5 69 70 71
61 64 64.5 66.5 66.5 67 67.5 69 70 72
61 64 66 66.5 67 67 68 69 70 72
61.5 64 66 66.5 67 67 68 69 70 72
63.5 64.5 66 66.5 67 67.5 69 69.5 70 72.5
63.5 64.5 66 66.5 67 67.5 69 69.5 70.5 72.5
63.5 64.5 66 66.5 67 67.5 69 69.5 70.5 73
64 64.5 66 66.5 67 67.5 69 69.5 70.5 73.5
64 64.5 66 66.5 67 67.5 69 69.5 71 74
Solution

1. There will be § classes (given in the instructions).

2. Calculate the class width. The minimum data value is §(), and the maximum data value is 74.

4
Approximate Class Width = %

= 1.75

Rounding this value to 92, each class will have a width of 9.

3. Determine the classes. The first class can start at () and go up to, but not include, 2. The
second class will start at 2 and go up to, but not include, 4. The third class will start at g4
and go up to, but not include, 6. This process continues until the eighth clas,s that starts at
74 and goes up to, but does not include, 7. (Remember, the classes must be non-overlapping,
so we do not want numbers like G2 to potentially fall into both the first and second classes. By
writing the classes this way (62 up to but not including §4), we ensure that a number like 2

will only fall into the second class.)
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CUMULATIVE
CLASS | FREQUENCY | mpqupncy | FREQUENCY |  RELATIVE
60 to less than 5 5\% 5 5\%
62 to less than 3 3\% 8 8\%
64 to less than 15 15\% 23 23\%
66 to less than 40 40\% 63 63\%
68 to less than 17 17\% 80 80\%
70 toPIYeSS than 12 12\% 92 92\%
72 to less than 7 NG 99 99\%
74 to’l7egs than 1 1\% 100 100\%

The following data are the shoe sizes of 50 male students. Construct a frequency distribution table

using four classes.
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9 9 9.5 9.5 10 10 10 10 10 10
10.5 10.5 10.5 10.5 10.5 10.5 10.5 10.5 11 11
11 11 11 11 11 11 11 11 11 11
11 11.5 11.5 11.5 11.5 11.5 11.5 11.5 12 12
12 12 12 12 12 12.5 12.5 12.5 12.5 14

Click to see Solution

14 -9
Approximate Class Width = 1
= 1.25
— Round to 2
CUMULATIVE
RELATIVE CUMULATIVE
CLASS FREQUENCY RELATIVE
FREQUENCY FREQUENCY FREQUENCY
§ to less than
10 4 8\% 4 8\%
10 to ie;s than 34 68\% 38 76\%
12 to less than 11 22\% 49 98\%
14
14 to less than 1 0% 50 100\%
16
Histograms

For most of the work we do in this book, we will use a histogram to display the data. One advantage
of a histogram is that it can readily display large data sets. A rule of thumb is to use a histogram
when the data set consists of 1()() values or more.

A histogram is a visual display of a frequency distribution table. It consists of contiguous, vertical
boxes with both a horizontal axis and a vertical axis. The horizontal axis is labelled with the classes
or categories from the frequency distribution table. The vertical axis is labelled either frequency or
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relative frequency (or percent frequency or probability). The graph will have the same shape with
either label on the vertical axis but the scale on the vertical axis will be different. The histogram

gives us the shape of the data, the center of the data, and the spread of the data.

Recall that the frequency is the number of times an observation falls into that particular class, and
the relative frequency is the frequency for the class divided by the total number of data values in
the sample. For example, if three students in Mr. Ahab’s English class of 4( students received
from 90\% to 100\%, then the frequency of the 90\% to 100\% class is 3 and the relative frequency is
\displaystyle{\frac{3}{40}\times 100\%=7.5\%}. So, 7.5\% of the students received between 90\% and
100\%.

EXAMPLE

The following data are the heights (in inches to the nearest half inch) of 1 ()() male semiprofessional

soccer players. Construct a histogram for this data using eight classes.

60 64 64.5 66 66.5 67 67.5 69 70 71
60.5 64 64.5 66 66.5 67 67.5 69 70 71

61 64 64.5 66.5 66.5 67 67.5 69 70 72

61 64 66 66.5 67 67 68 69 70 72
61.5 64 66 66.5 67 67 68 69 70 72
63.5 64.5 66 66.5 67 67.5 69 69.5 70 72.5
63.5 64.5 66 66.5 67 67.5 69 69.5 70.5 72.5
63.5 64.5 66 66.5 67 67.5 69 69.5 70.5 73

64 64.5 66 66.5 67 67.5 69 69.5 70.5 73.5

64 64.5 66 66.5 67 67.5 69 69.5 71 74

Solution

In a previous example, we constructed the following frequency distribution table. Here, only the
frequency column is shown because this is the column that will go on the vertical axis of the

histogram.
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CLASS FREQUENCY
60 to less than G2 5

62 to less than G4 3

64 to less than 6 15

66 to less than G8 40

68 to less than 7() 17

70 to less than 79 12

79 to less than 74 7

74 to less than 76 1

Heights of Semiprofessional Soccer Players

60 to less 62 to less 64 to less 6610 less 68 to less 7010 less 7210 less 7410 less
than 62 than 64 than 66 than 68 than 70 than 72 than 74 than 76

Heights(in inches) of Semiprofessional Soccer Players
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EXAMPLE

The following data are the number of books bought by 5() part-time college students at ABC College.
Construct a histogram for this data using six classes.

1 1 1 1 1 1 1 1 1 1

1 2 2 2 2 2 2 2 2 2

2 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 4 4 4

4 4 4 5 5 5 5 5 6 6
Solution

In a previous example, we constructed the following frequency distribution table. Here, only the
frequency column is shown because this is the column that will go on the vertical axis of the

histogram.

CLASS FREQUENCY

11
10
16

O[O (W ([N |+
(@)
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Number of Books Bought by Part-Time College Students

Frequency

1 2 3 4 5 6

MNumber of Books

CREATING A FREQUENCY DISTRIBUTION AND HISTOGRAM IN

EXCEL

In order to create a frequency distribution and its corresponding histogram in Excel, we need to use

the Analysis ToolPak. Follow these instructions to add the Analysis ToolPak.

1. Enter your data into a worksheet.

2. Determine the classes for the frequency distribution. Using these classes, create a Bin column
that contains the upper limit for each class.

3. Go to the Data tab and click on Data Analysis. If you do not see Data Analysis in the Data

tab, you will need to install the Analysis ToolPak.

In the Data Analysis window, select Histogram. Click OK.

In the Input range, enter the cell range for the data.

In the Bin range, enter the cell range for the Bin column.

Select the location where you want the output to appear.

Select Chart Output to produce the corresponding histogram for the frequency distribution.

Click OK.

S o R R


https://support.microsoft.com/en-us/office/load-the-analysis-toolpak-in-excel-6a63e598-cd6d-42e3-9317-6b40ba1a66b4
https://support.microsoft.com/en-us/office/load-the-analysis-toolpak-in-excel-6a63e598-cd6d-42e3-9317-6b40ba1a66b4
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This website provides additional information on using Excel to create a frequency distribution.

NOTE

The histogram produced by Excel uses the frequency column from the frequency table on the

vertical axis, not the relative frequency column.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=386#oembed-1

Video: “Frequency Tables, Bar Charts, Pie Charts, Histograms, Grouped & Ungrouped Data

Distributions” by Joshua Emmanuel [8:41] is licensed under the Standard YouTube

License.Transcript and closed captions available on YouTube.

One or more interactive elements has been excluded from this version of the text. You can view them
online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=386#o0embed-2

Video: “How to Construct a Histogram in Excel using built-in Data Analysis” by Joshua Emmanuel

[1:59] is licensed under the Standard YouTube License.Transcript and closed captions available on
YouTube.



https://www.statisticshowto.com/frequency-distribution-table-in-excel/
https://www.youtube.com/watch?v=H9Z0pVKZEbQ
https://www.youtube.com/watch?v=H9Z0pVKZEbQ
https://www.youtube.com/channel/UC1S4Jeodbr5EbsCOIgBWJPQ
https://www.youtube.com/static?template=terms
https://www.youtube.com/static?template=terms
https://www.youtube.com/watch?v=5lbYIz5kuxA
https://www.youtube.com/channel/UC1S4Jeodbr5EbsCOIgBWJPQ
https://www.youtube.com/static?template=terms
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Exercises

1. Fifty part-time students were asked how many courses they were taking this term. The

(incomplete) results are shown below:

# of Courses Frequency Relative Frequency Cumulative Relative Frequency
1 30 60\%
2 15
3

a. Fill in the blanks in the table
b. What percent of students take exactly two courses?

c. What percent of students take one or two courses?

Click to see Answer

Relative Cumulative Relative
# of Courses Frequency Frequency Frequency

a.

1 30 60% 60%

2 15 30% 90%

3 5 10% 100%
b. 30%
c. 90%

2. Sixty adults with gum disease were asked the number of times per week they used to floss

before their diagnosis. The (incomplete) results are shown below:
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# Flossing per Frequenc Relative Cumulative | Cumulative Relative
Week 1 y Frequency Frequency Frequency

0 27 45\%
1 18
3 93.33\%
6 3 5\%
7 1 1.67\%

a. Fill in the blanks in the table.

b. How many adults flossed more than three times per week?

c. What percent of adults flossed six times per week?

d. What percent of adults flossed at most three times per week?

e. Construct the histogram for this frequency distribution table.
Click to see Answer

# Flo‘s;ings per Frequency Relative Cumulative Cl'lmulative

a eek Frequency Frequency Relative Frequency
0 27 45\% 27 45\%
1 18 30\% 45 75\%
3 11 18.33\% 56 93.33\%
6 3 5\% 59 98.33\%
7 1 1.67\% 60 100\%

b. 4

c. 5\%

d. 93.33\%

Flossing Frequency for Adults with Gum Disease

Mumber af [imess per e
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3. Forbes magazine published data on the best small firms in 2012. These were firms which had
been publicly traded for at least a year, have a stock price of at least §5 per share, and have
reported annual revenue between $5 million and §] billion. The table below shows the ages
of the chief executive officers for the first () ranked firms.

Class Frequency FRelative Cumulative | Cumulative Relative
requency Frequency Frequency
40 — 44 3
45 — 49 11
50 — 54 13
55 — 59 16
60 — 64 10
65 — 69 6
70 — 74 1

Complete the frequency distribution table.

How many CEOs are between 55 and 4 years of age?
What percentage of CEOs are g5 years or older?
What percentage of CEOs are under 5() years of age?

o /0 o P

How many CEOs are younger than 55 years of age?
f. Construct the histogram for this frequency distribution.
Click to see Answer

Class Frequency FRelative Cumulative Cumulative
. requency Frequency | Relative Frequency

40 — 44 3 5\% 3 5\%

45 — 49 11 18.33\% 14 23.33\%
50 — 54 13 21.67\% 27 45\%

55 — 59 16 26.67\% 43 71.67\%
60 — 64 10 16.67\% 53 88.33\%
65 — 69 6 10\% 59 98.33\%
70 — 74 1 1.67\% 60 100\%
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26

o /0 o

27

4. Studies are often done by pharmaceutical companies to determine the effectiveness of a

11.67\%
23.33\%

fAges of CEQs

treatment program. Suppose that a new AIDS antibody drug is currently under study. It is

given to patients once the AIDS symptoms have revealed themselves. Of interest is the length

of time in months patients live once starting the treatment. A researcher follows 40 AIDS

patients from the start of treatment until their deaths. The following data (in months) are

collected.

16 3 4 11 15 16 17 22 44 37
14 24 25 15 26 27 33 29 35 44
13 21 22 10 12 8 40 32 26 27
31 34 29 17 8 24 18 47 33 34

a. Construct a frequency distribution for this data using eight classes.

b. How many patients live between 15 and 20 months?

c. How many patients live more than 32 months?

d. What percentage of patients live between 27 and 44 months?

e. What percentage of patients live less than 15 months?

f. Construct the histogram for this frequency distribution.

Click to see Answer

The answer will vary depending on the chosen classes.
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Class Frequency FRelative Cumulative C}lmulative
o requency Frequency Relative Frequency
3-8 4 10\% 4 10\%
9-14 5 12.5\% 9 22.5\%
15— 20 7 17.5\% 16 40\%
21 — 26 8 20\% 24 60\%
27 — 32 6 15\% 30 75\%
33 — 38 6 15\% 36 90\%
39 — 44 3 7.5\% 39 97.5\%
45 — 50 1 2.5\% 40 100\%
b. 7
¢. 10
d. 37.5\%
e. 22.5\%
Length of Time AIDS Patients Live After Starting
Treatment
) 3168 Dieid  15u ) , I. ,. _'".',\.,.,'I,, T.,. .

5. Twenty-five randomly selected students were asked the number of movies they watched the
previous week. The results are as follows.
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Number of Relative Cumulative Cumulz.itlve
Movi Frequency F F Relative
ovies requency requency F
requency
0 5
1 9
2 6
3 4
4 1
a. Complete the frequency distribution table.
b. How many students watched less than two movies last week?
c. How many students watched between one and three movies last week?
d. What percentage of students watched one or more movies last week?
e. What percentage of students watched three or four movies last week?
f. Construct the histogram for the frequency distribution table.
Click to see Answer
Number of Relative Cumulative Cumlula.ltlve
Movies Frequency Fre F Relative
quency requency P
a requency
0 5 20\% 5 20\%
1 9 36\% 14 56\%
2 6 24\% 20 80\%
3 4 16\% 24 96\%
4 1 N\% 1 100\%
b. 14
¢. 19
d. 80\%
e. 20\%
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Number of Movies Students Watc hed Last Week

Mumber al Movies

6. How much time does it take to travel to work in a particular region? The table below shows

the commute time for a sample of workers in the region who are at least 16 years old and do

not work at home.

24.0 24.3 25.9 18.9 27.5 17.9 21.8 20.9 16.7 27.3
18.2 24.7 20.0 22.6 23.9 18.0 314 22.3 24.0 25.5
24.7 24.6 28.1 24.9 22.6 23.6 234 25.7 24.8 25.5
21.2 25.7 231 23.0 239 26.0 16.3 231 214 21.5
27.0 27.0 18.6 31.7 23.3 30.1 22.9 23.3 21.7 18.6
a. Construct the frequency distribution table for this data using six classes.
b. Which class contains the most data? What percentage of the data does this represent?
c. What percentage of commuters in the sample take the longest to get to work?
d. How many commuters in the sample take the least amount of time to get to work?

e.

Construct the corresponding histogram for the frequency distribution.

Click to see Answer

The answer will vary depending on the chosen classes.
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. . Cumulative
Relative Cumulative .
Classes Frequency F Relative
requency Frequency F
4 requency
16 tounder 19 8 16\% 8 16\%
19 to under 29 7 14\% 15 30\%
29 to under 25 21 42\% 36 72\%
25 to under 28 10 20\% 46 92\%
928 to under 31 2 N% 48 96\%
31 tounder 34 2 N% 50 100\%

b. 21 to under 25; 42\%
c. \%
d. 8

Commute Time to Wark

“2.2 Histograms, Frequency Polygons, and Time Series Graphs” and “2.7 Exercices” from

Introduction to Statistics by Valerie Watts is licensed under a Creative Commons Attribution-
NonCommercial-ShareAlike 4.0 International License, except where otherwise noted.



https://ecampusontario.pressbooks.pub/introstats/chapter/2-2-histograms-frequency-polygons-and-time-series-graphs/
https://ecampusontario.pressbooks.pub/introstats/chapter/2-7-exercises/
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
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2.2 MEASURES OF CENTRAL TENDENCY

LEARNING OBJECTIVES

« Recognize, describe, calculate, and analyze the measures of the centre of data: mean, median,

and mode.

The “centre” of a data set is a way of describing location. The two most widely used measures of
the “centre” of the data are the mean (average) and the median. To calculate the mean weight
of 50 people, add the 5( weights together and divide by 5(). To find the median weight of the 5(
people, order the data, and find the number that splits the data into two equal parts so that half
of the numbers are below the median and the other half of the numbers are above the median.
The median is generally a better measure of the center when there are extreme values or outliers
because it is not affected by the precise numerical values of the outliers. The mean is the most

common measure of the centre.

NOTE

The words “mean” and “average” are often used interchangeably. The substitution of one word
for the other is common practice. The technical term for mean is “arithmetic mean” and
“average” is technically a center location. However, in practice among non-statisticians, “average”

is commonly accepted for “arithmetic mean.”
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Mean

The mean is calculated by adding up all of the values in the data and then dividing the sum by the
total number of data values.

The letter used to represent the sample mean is 3 (read x-bar). The Greek letter 1 (pronounced
“mew”) represents the population mean. One of the requirements for the sample mean to be a
good estimate of the population mean is for the sample taken to be truly random.

Consider the sample:

1+14+1+242+3+4+4+4+4+4

2.7
11

T =

CALCULATING THE MEAN IN EXCEL

To find the mean in Excel, use the average(array) function.

» For array, enter the array or cell range containing the data.

The output from the average function is the mean of the entered data.

Visit the Microsoft page for more information about the average function.

Median

The median is the middle value in an ordered set of data. You can quickly find the location of the

n—+1

median by using the expression where n is the total number of data values in the sample. If

n is an odd number, the median is the middle value of the ordered data (ordered smallest to largest).
If n is an even number, the median is equal to the two middle values added together and divided
by two after the data has been ordered. For example, if the total number of data values is 97, then


https://support.microsoft.com/en-us/office/average-function-047bac88-d466-426c-a32b-8f33eb960cf6
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n+1 97+1

the median is located in position — 49 of the ordered list. If the total number

2
n+1 100+1
=

2
the 5(Qth and 51st values. The location of the median and the value of the median are not the same.

of data values is 10(, then = 50.5 and the median occurs midway between

The upper case letter )7 is often used to represent the median.

CALCULATING THE MEDIAN IN EXCEL

To find the median in Excel, use the median(array) function.

 For array, enter the array or cell range containing the data.

The output from the median function is the median of the entered data.

Visit the Microsoft page for more information about the median function.

EXAMPLE

AIDS data indicating the number of months a patient with AIDS lives after taking a new antibody

drug are as follows (smallest to largest):

3 4 8 8 10 11 12 13 14 15
15 16 16 17 17 18 21 22 22 24
24 25 26 26 27 27 29 29 31 32
33 33 34 34 35 37 40 44 44 47

Calculate the mean and the median.


https://support.microsoft.com/en-us/office/median-function-d0916313-4753-414c-8537-ce85bdd967d2
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Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A

from cell Al to A40.

For the mean:

Function average
Field 1 A1:A40
Answer 23.575 months

For the median:

Function median
Field 1 A1:A40
Answer 24 months

The following data show the number of months patients typically wait on a transplant list before

getting surgery. The data are ordered from smallest to largest. Calculate the mean and median.

3 4 5 7 7 7 7 8 8 9
9 10 10 10 10 10 11 12 12 13
14 14 15 15 17 17 18 19 19 19
21 21 22 22 23 24 24 24 24

Click to see Solution
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Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A39.

For the mean:

Function average
Field 1 Al1:A39
Answer 13.949 months

For the median:

Function median
Field 1 A1:A39
Answer 13 months

EXAMPLE

Suppose that in a small town of 5() people, one person earns $5, 000, 000 per year and the other

49 each earn $30, 000. Which is the better measure of the “centre”: the mean or the median?

Solution
5,000,000 + (49 x 30, 000)
- 50

M = $30,000

The median is a better measure of the “centre” than the mean because 49 of the values are $30, 000

[ = $129, 400
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and one is $5, 000, 000. The $5, 000, 000 is an outlier. The median of $30, 000 gives us a
better sense of the middle of the data.

In a sample of §() households, one house is worth $2, 500, 000. Half of the rest are worth
$28(), 000, and all the others are worth $315, 000. Which is the better measure of the “centre”:

the mean or the median?

Click to see Solution

The median is the better measure of the “centre” than the mean because 59 of the values are either

$280, 000 or $315, 000 and only one is $2, 500, 000- The $2, 500, 000 is an outlier. Either
$280, 000 or $315, 000 gives us a better sense of the middle of the data.

Mode

Another measure of the center of the data is the mode. The mode is the most frequently occurring
value in the set of data. There can be more than one mode in a data set as long as those values have
the same frequency and that frequency is the highest. A set of data can also have no mode if all of
the observations in the data are unique.

Unlike the mean and the median, the mode can be calculated for both qualitative data and
quantitative data. For example, if the data set is: red, red, red, green, green, yellow, purple, black,
blue, the mode is red.
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CALCULATING THE MODE IN EXCEL

To find the mode in Excel:

Use the count and mode.mult function to determine the number of modes in the data. Enter
count(mode.mult(array)) into a cell where array is the array or cell range containing the
data. This function will output the number of modes present in the data.

If the output from the count(mode.mult(array)) function is 1, then the data has a single
mode. To find the single mode, use the mode.sngl(array) function, where array is the array
or cell range containing the data. The output from the mode.sngl function is the value of

single mode in the data.

° Visit the Microsoft page for more information about the mode.sngl function.

If the output from the count(mode.mult(array)) function is greater than 1, then the data

contains multiple modes. To find the multiple modes:

> Left click on a cell, hold and drag down to highlight a number of vertical cells equal to
the number of modes in the data. For example, if there are 4 modes in the data,
highlight 4 cells in the vertical array.

> In the highlighted cells, enter the mode.mult(array) function, where array is the
array or cell range containing the data.

° After entering the mode.mult function in the vertical array, press
CTRL+SHIFT+ENTER. Because the output from this function is an array, we must
press CTRL+SHIFT+ENTER (and not ENTER) to produce the array output.

> The output from the mode.mult function are the modes in the data.

° Visit the Microsoft page for more information about the mode.mult function.


https://support.microsoft.com/en-us/office/mode-sngl-function-f1267c16-66c6-4386-959f-8fba5f8bb7f8
https://support.microsoft.com/en-us/office/mode-mult-function-50fd9464-b2ba-4191-b57a-39446689ae8c
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EXAMPLE

Statistics exam scores for 2() students are as follows:

50 53 59 59 63 63 72 72 72 72
72 76 78 81 83 84 84 84 90 93
Find the mode.
Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A20.

Start by using the count function to count the number of modes in the data:

Function count(mode.mult(...))
Field 1 Al1:A20
Answer 1

Because the output from the count(mode.mult(...)) function is 1, there is only 1 mode in the data.

To find the single mode, we use the mode.sngl function:

Function mode.sngl
Field 1 A1:A20
Answer 72

By examining the data, we can see that 72 is the most frequently occurring value (5 times) and that

792 is the only value that occurs 5 times.
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The number of books checked out from the library from 25 students are as follows:

0 0 0 1 2

3 3 4 4 5

5 7 7 7 7

8 8 8 9 10

10 11 11 12 12
Find the mode.

Click to see Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A25.

Start by using the count function to count the number of modes in the data:

Function count(mode.mult(...))
Field 1 Al:A25
Answer 1

Because the output from the count(mode.mult(...)) function is 1, there is only 1 mode in the data.

To find the single mode, we use the mode.sngl function:

Function mode.sngl
Field 1 A1:A25
Answer 7

The most frequent number of books is 77, which occurs four times.
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EXAMPLE

AIDS data indicating the number of months a patient with AIDS lives after taking a new antibody

drug are as follows (smallest to largest):

3 4 8 8 10 11 12 13 14 15
15 16 16 17 17 18 21 22 22 24
24 25 26 26 27 27 29 29 31 32
33 33 34 34 35 37 40 44 44 47

Calculate the mode.
Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A40.

Start by using the count function to count the number of modes in the data:

Function count(mode.mult(...))
Field 1 Al:A40
Answer 12

Because the output from the count(mode.mult(...)) function is 12, there are 12 modes in the data.
To find the multiple modes, we use the mode.mult function. Left-click on a cell, hold and drag
down to highlight 12 vertical cells. In the highlighted cells, enter the mode.mult function:

Function mode.mult
Field 1 Al1:A40
Answer 8,15, 16,17, 22, 24, 26, 27, 29, 33, 34, 44

Because the output from the mode.mult function is a (vertical) array after entering the function,
press CTRL+SHIFT+ENTER (not ENTER by itself).
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Ten credit scores are

645 680 700 720 517 630 598 739 720 680

Calculate the mode.

Click to see Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A10.

Start by using the count function to count the number of modes in the data:

Function count(mode.mult(...))
Field 1 Al1:A10
Answer 2

Because the output from the count(mode.mult(...)) function is 2, there are 2 modes in the data. To
find the multiple modes, we use the mode.mult function. Left click on a cell, hold and drag down to

highlight 2 vertical cells. In the highlighted cells, enter the mode.mult function:

Function mode.mult
Field 1 A1:A10
Answer 680, 720

Because the output from the mode.mult function is a (vertical) array after entering the function,
press CTRL+SHIFT+ENTER (not ENTER by itself).




76 | 22 MEASURES OF CENTRAL TENDENCY

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=>55#oembed-1

Video: “Finding mean, median, and mode | Descriptive statistics | Probability and Statistics | Khan
Academy” by Khan Academy [3:55] is licensed under the Standard YouTube License.Transcript and

closed captions available on YouTube.

When to Use Each Measure of Central Tendency

The measures of central tendency tell us about the center of the data but often give different
answers. So , how do we know when to use each? Here are some general rules:

1. The mean is the most frequently used measure of central tendency and is generally
considered the best measure of central tendency.
2. Median is the preferred measure of central tendency when:

a. There are a few extreme values or outliers in the distribution of the data. (Note:
Remember that a single outlier can have a great effect on the mean).

b. There are some missing or undetermined values in the data.

c. There is an open-ended distribution (For example, if a data field measuring the number
of children has options 0, 1, 2, 3, 4, 5 or “6 or more,” then the “6 or more field” is open-
ended and makes calculating the mean impossible because we do not know the exact
values for this field).

d. Data that is measured on an ordinal scale.

3. Mode is the preferred measure when data are measured on a nominal or ordinal scale.

Exercises

1. How much time does it take to travel to work in a particular region? The table below shows
the commute time for a sample of workers in the region who are at least 16 years old and do
not work at home.


https://www.youtube.com/watch?v=k3aKKasOmIw
https://www.youtube.com/watch?v=k3aKKasOmIw
https://www.youtube.com/channel/UC4a-Gbdw7vOaccHmFo40b9g
https://www.youtube.com/static?template=terms
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24.0 24.3 259 18.9 27.5 17.9 21.8 20.9 16.7 27.3
18.2 24.7 20.0 22.6 239 18.0 31.4 22.3 24.0 25.5
24.7 24.6 28.1 24.9 22.6 23.6 234 25.7 24.8 25.5
21.2 25.7 23.1 23.0 23.9 26.0 16.3 23.1 214 21.5
27.0 27.0 18.6 31.7 23.3 30.1 22.9 23.3 21.7 18.6

a. Find the mean for this data.

b. Find the median for this data.

c. Find the mode for this data.
Click to see Answer

a.
b.
C.

2. The following data shows the lengths, in feet, of a sample of boats moored in a marina.

23.462 minutes
23.5 minutes

292.6 minutes, 23.9 minutes, 25.5 minutes, 27 minutes

24 minutes, 24 .7 minutes, 25.7 minutes, 23.1 minutes, 18.6 minutes, 23.3 minutes,

19 35 29 26 21 40 33 33 34
25 20 37 30 26 23 24 29 16
28 25 20 39 32 27 27 27 17

a. Calculate the mean.

b. Calculate the median.

c. Find the mode.

Click to see Answer
a. 27.33 feet

b. 27 feet
c. 25 feet, 27 feet

3. The data below is the weight, in pounds, of all members of a particular NFL team.
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177 210 270 275 212 185 200 241 250
220 259 185 210 272 285 212 250 302
205 232 280 285 184 265 215 223 265
260 278 185 228 273 242 185 241 290
210 276 290 206 174 286 247 190 215
245 205 178 290 280 188 230 260

a. Find the mean for this data.

b. Find the median for this data.

c. Find the mode for this data.
Click to see Answer

a. 236.25 pounds

b. 241 pounds

c. 185 pounds

4. A sample of 35 post-secondary institutions was taken from across the U.S. The data below

shows the number of students enrolled at each institution.

6,414 1,550 2,109 9,350 21,828 4,300 5,944
5,722 2,825 2,044 5,481 5,200 5,853 10,012
6,357 27,000 9,414 7,681 3,200 17,500 9,200
7,380 18,314 6,557 13,713 17,768 7,493 2,771
2,861 1,263 7,285 28,165 5,080 11,622 2,750

g o o P

more valuable: the mode or the mean? Explain.

Click to see Answer

a. 8,628.74 students
6,414 students
no mode

o o

Calculate the mean for this data.
Calculate the median for this data.
Find the mode for this data.

If you were to build a new community college, which piece of information would be

The mean because there is no mode in this data.
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5. Forty randomly selected students were asked the number of pairs of sneakers they owned.
The data is recorded below

1 1 2 2 2 2 2 3
3 3 3 3 3 3 3 4
4 4 4 4 4 4 4 4
4 4 4 5 5 5 5 5
5 5 5 5 5 5 5 7

a. Calculate the mean for this data.
b. Calculate the median for this data.
c. Find the mode for this data.

Click to see Answer
a. 3.775 sneakers
b. 4 sneakers
c. 4 sneakers, § sneakers

6. The median age of the U.S. population in 1980 was 3().( years. In 1991, the median age was
33.1 years.
a. What does it mean for the median age to rise?
b. Give two reasons why the median age could rise.
Click to see Answer
a. In 1980, half of the population was younger than 3() years of age, and the other half of
the population was older than 30 years of age. In 1991, half of the population was older
than 33.1 years of age, and the other half of the population was older than 33,1 years of
age. Because the median age rose over that decade, it means that the overall age of the
population rose over that time period.
b. The median age could rise because fewer children are being born and because people are
living longer.

“2.3 Measures of Central Tendency” and “2.7 Exercices” from Introduction to Statistics by Valerie


https://ecampusontario.pressbooks.pub/introstats/chapter/2-3-measures-of-the-central-tendency/
https://ecampusontario.pressbooks.pub/introstats/chapter/2-7-exercises/
https://ecampusontario.pressbooks.pub/introstats
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Watts is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0

International License, except where otherwise noted.


https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
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2.3 SKEWNESS AND THE MEAN, MEDIAN,
AND MODE

LEARNING OBJECTIVES

« Identify the shape of a set of data.

Consider the following data set:

This data set can be represented by the following histogram. Each interval has a width of one, and
each value is located in the middle of an interval.

4 = 6 [ 8 g9 10

The histogram above displays a symmetrical distribution of data. A distribution is symmetrical if a
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vertical line can be drawn at some point in the histogram so that the shape to the left and to the right

of the vertical line are mirror images of each other. For the above data set, the mean, the median,

and the mode are each seven. In a perfectly symmetrical distribution, the mean and the median

are the same. This example has one mode, and the mode is the same as the mean and median. In

a symmetrical distribution that has multiple modes, the modes would be different from the mean

and median.

Consider the following data set:

This data set can be represented by the following histogram. Each interval has a width of one, and

each value is located in the middle of an interval.

The histogram above is not symmetrical. The left-hand side seems “chopped off” compared to the

right side. A distribution of this type is called skewed to the left because it is pulled out to the

left. The mean of this data is .3, the median is .5, and the mode is 7. Notice that the mean is

less than the median, and they are both less than the mode. The mean and the median both

reflect the skewing, but the mean reflects it more so.

Consider the following data set:

10

This data set can be represented by the following histogram. Each interval has a width of one, and

each value is located in the middle of an interval.


https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-2-Section-2.7-Image-2.jpg
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6 T 8 9 10

The histogram above is also not symmetrical. In this case, the data is skewed to the right. The
mean for this data is 7.7, the median is 7 5, and the mode is 7. Of the three statistics, the mean is
the largest, while the mode is the smallest. Again, the mean reflects the skewing the most.

To summarize:

« If the distribution of the data is symmetrical, then mean — median = mode (assuming
there is only one mode). If there are multiple modes in a symmetric distribution, the modes
would be different from the mean and the median, but the mean and median would still be
equal.

« If the distribution of the data is skewed to the left, then mean < median < mode-

« If the distribution of the data is skewed to the right, then mean > median > mode-

Skewness and symmetry become important when we discuss probability distributions in later
chapters.

One or more interactive elements has been excluded from this version of the text. You can view them
online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=63#oembed-1

Video: “Elementary Business Statistics | Skewness and the Mean, Median, and Mode” by Janux


https://www.youtube.com/watch?v=s6N_l3Bu-Mc
https://www.youtube.com/channel/UCoNjhUEAv_dbFn3sZ9So_ig
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[3:58] is licensed under the Standard YouTube License.Transcript and closed captions available on
YouTube.

EXAMPLE

Statistics are used to compare and sometimes identify authors. The following list shows a simple

random sample that compares the letter counts for three authors.

Terry

7 9 3 3 3 4 1 3 2 2
Davis

3 3 3 4 1 4 3 2 3 1
Maris

2 3 4 4 4 6 6 6 8 3

1. Make a dot plot for the three authors and compare the shapes.
2. Calculate the mean for each.

3. Calculate the median for each.
4

Describe any pattern between the shape and the measures of centre.

Solution


https://www.youtube.com/static?template=terms
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Terry’s Letter Count

b == 2
W == XXX X

X
1
1

4

~ 4 X
© 4+ X
|

X
=
1 10

Terry’s distribution has a right (positive) skew.

Davi’s Letter Count

X
X
X
X X X
X X X X
- ; } .l : : i ; I i
1 2 3 4 5 6 7 8 9 10

Davis’ distribution has a left (negative) skew

Mari's Letter Count
X

X

X X X

X X X X
| | | |

1 | | |

3 4 5 6

Maris’ distribution is symmetrically shaped.

1. Terry’s mean is 3.7, Davis’ mean is 2 7, Maris’ mean is 4 6.
2. Terry’s median is 3, Davis’ median is 3, Maris’ median is 4.
3. It appears that the median is always closest to the high point (the mode), while the mean tends

to be farther out on the tail. In a symmetrical distribution, the mean and the median are both


https://ecampusontario.pressbooks.pub/app/uploads/sites/5310/2025/03/Module-2-Section-2.7-Image-4-transparentbg.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/5310/2025/03/Module-2-Section-2.7-Image-4-transparentbg.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/5310/2025/03/Module-2-Section-2.7-Image-5-transparentbg.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/5310/2025/03/Module-2-Section-2.7-Image-5-transparentbg.png
https://ecampusontario.pressbooks.pub/app/uploads/sites/5310/2024/12/Module-2-Section-2.7-Image-6.jpeg
https://ecampusontario.pressbooks.pub/app/uploads/sites/5310/2024/12/Module-2-Section-2.7-Image-6.jpeg
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centrally located close to the high point of the distribution.

Exercises

1. State whether the data are symmetrical, skewed to the left, or skewed to the right.

16

17

19

22

22

22

22

22

23

87

b.

87

87

87

87

88

89

89

90

91

Click to see Answer

a. Left-skewed because the mean (2().56) is less than the median (22).

b. Right-skewed because the mean (88.2) is greater than the median (87.5) is greater than
the mode (87).

2. When the data are skewed left, what is the typical relationship between the mean and

median?

Click to see Answer

mean < median < mode

3. When the data are symmetrical, what is the typical relationship between the mean and

median?

Click to see Answer

mean = median = mode

4. Consider the following distribution.
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3 4 = 6 7

a. Describe the shape of this distribution.

b. Describe the relationship between the mode and the median of this distribution.

c. Describe the relationship between the mean and the median of this distribution.
Click to see Answer

a. Right-skewed.

b. The mode is less than the median.

c. The median is less than the mean.

5. Consider the following distribution.

10 -

3 4 5 6 7

a. Describe the relationship between the mode and the median of this distribution.

b. Are the mean and the median equal in this distribution? Why or why not?
Click to see Answer
a. The mode and the median are equal.


https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-2-Section-2.10-Exercise-Image-17.jpg
https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-2-Section-2.10-Exercise-Image-17.jpg
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b. No, because the distribution is not symmetric.

6. Consider the following distribution.

3 4 ) 6 7

a. Describe the shape of this distribution.

b. Describe the relationship between the mode and the median of this distribution.

c. Describe the relationship between the mean and the median of this distribution.
Click to see Answer

a. Left-skewed.

b. The median is less than the mode.

c. The mean is less than the median.

7. The mean and median for the data shown below are the same. Is the data perfectly
symmetrical? Why or why not?

3 4 5 5 6
6 6 6 7 7
7 7 7 7 7

Click to see Answer

The data is not perfectly symmetrical. The mean and the median are both ¢, but the mode is 7.

8. Of the three measures, which tends to reflect skewing the most: the mean, the mode, or the


https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-2-Section-2.10-Exercise-Image-18.jpg
https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2022/08/Module-2-Section-2.10-Exercise-Image-18.jpg
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median? Why?

Click to see Answer

The mean because the mean is the measure of central tendency that is most susceptible to

extreme values.

9. In a perfectly symmetrical distribution, when would the mode be different from the mean
and median?

Click to see Answer

When there are multiple modes in the data.

“2.4 Skewness and the Mean, Median, and Mode” and “2.7 Exercices” from Introduction to

Statistics by Valerie Watts is licensed under a Creative Commons Attribution-NonCommercial-
ShareAlike 4.0 International License, except where otherwise noted.



https://ecampusontario.pressbooks.pub/introstats/chapter/2-4-skewness-and-the-mean-median-and-mode/
https://ecampusontario.pressbooks.pub/introstats/chapter/2-7-exercises/
https://ecampusontario.pressbooks.pub/introstats
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
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2.4 MEASURES OF POSITION

LEARNING OBJECTIVES

« Recognize, describe, calculate, and interpret the measures of the position of data: quartiles and

percentiles.

The common measures of position are quartiles and percentiles. Previously, we learned that the
median is a number that measures the “center” of the data. But the median can also be thought of
as a measure of position because the median is the “middle value” of a set of data. The median is a
number that separates ordered data into halves. Half of the values in the data are the same number
or smaller than the median, and half of the values in the data are the same number or larger.

For example, consider the following data, already ordered from smallest to largest:

1 1 2 2 4 6 6.8

7.2 8 8.3 9 10 10 11.5

Because there are 14 observations, the median is between the seventh value, .8, and the eighth

value, 7.2. To find the median, add the two values together and divide by two:

6.8+7.2

5 7

The median of this data is 7. We can see that half (or 50\%) of the values are less than seven and

half (or 50\%) of the values are larger than seven.

The median is an example of both a quartile and a percentile. The median is also the second
quartile, ()5, and the 5(th percentile, Ps.
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Quartiles

Quartiles are numbers that separate the data into quarters (four parts). Like the median, quartiles
may or may not be an actual value in the set of data. To find the quartiles, order the data (from
smallest to largest) and then find the median or second quartile. The first quartile, ()4, is the middle
value of the lower half of the data, and the third quartile, ()5, is the middle value of the upper half

of the data. To get the idea, consider the same (ordered) data set used above:

7.2 8 8.3 9 10 10 11.5

The median or second quartile is 7. The lower half of the data are:

1 1 2 2 4 6 6.8

The middle value of the lower half of the data is 2. The number 92, which is part of the data, is the
first quartile, (). One-fourth (or 25\%) of the values in the data are the same as or less than 2,

and three-fourths (or 75\%) of the values are more than 2.

The upper half of the data are:

7.2 8 8.3 9 10 10 11.5

The middle value of the upper half of the data is 9. The third quartile, ()5, is 9. Three-fourths (or
75\%) of the values in the data are the same or less than 9. One-fourth (or 25\%) of the values in the

data set are greater than 9.

The interquartile range is a number that indicates the spread of the middle half or the middle
50\% of the data. It is the difference between the third quartile ((3) and the first quartile (Q).

IQR = Q3-Qh

The I'() R can help to determine potential outliers. A value is suspected to be a potential outlier if it
is less than 1.5 x I(@Q R below the first quartile or more than 1.5 x I() R above the third quartile.

Potential outliers always require further investigation.
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NOTE

A potential outlier is a data point that is significantly different from the other data points. These
special data points may be errors, some kind of abnormality, or they may be a key to

understanding the data.

a One or more interactive elements has been excluded from this version of the text. You can view them

online here: https.//ecampusontario.pressbooks.pub/introstats2ed/?p=65#oembed-1

Video: “Median, Quartiles and Interquartile Range : ExamSolutions” by ExamSolutions [12:36] is

licensed under the Standard YouTube License.Transcript and closed captions available on YouTube.

CALCULATING QUARTILES IN EXCEL

To find quartiles in Excel, use the quartile.exc(array, quartile number) function.

 For array, enter the array or cell range containing the data.

+ For quartile number, enter the quartile (1, 2 or 3) being calculated.

The output from the quartile.exc function is the value of the corresponding quartile. For
example, quartile.exc(array,1) returns the value of the first quartile where 25\% of the observations

in the data are less than or equal to the value of the first quartile.


https://www.youtube.com/watch?v=wNamjO-JzUg
https://www.youtube.com/channel/UCtuvpPNTY1lKAoaVzBrzcLg
https://www.youtube.com/static?template=terms
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Visit the Microsoft page for more information about the quartile.exc function.

NOTE

We are using the quartile.exc function, and not the quartile.inc function. These two functions

calculate the quartiles in slightly different ways.

« The quartile.exc function calculates the quartiles by first finding the median of the data set.
The first quartile is the median of the lower half of the data, excluding the median value from
the lower half of the data. The third quartile is the median value of the upper half of the data,
excluding the median value from the upper half of the data.

« The quartile.inc function calculates the quartiles by first finding the median of the data set.
The first quartile is the median of the lower half of the data, including the median value (if
the median is a number in the data set) with the lower half of the data. The third quartile is
the median of the upper half of the data, excluding the median value (if the median is a

number in the data set) with the upper half of the data.

In some cases, the quartile.exc and quartile.inc will return the same values, depending on

whether or not the median is a number in the data set.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=65#oembed-2

Video: “How To Find Quartiles and Construct a Boxplot in Excel” by Joshua Emmanuel [4:13] is

licensed under the Standard YouTube License.Transcript and closed captions available on YouTube.



https://support.microsoft.com/en-us/office/quartile-exc-function-5a355b7a-840b-4a01-b0f1-f538c2864cad
https://www.youtube.com/watch?v=9K7u5KPTNc8
https://www.youtube.com/channel/UC1S4Jeodbr5EbsCOIgBWJPQ
https://www.youtube.com/static?template=terms

EXAMPLE
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For the following 1 3 real estate prices, calculate the three quartiles and the () R. Determine if any

prices are potential outliers. The prices are in dollars.

389,950 230,500 158,000 479,000 639,000 114,950 5,500,000
387,000 659,000 529,000 575,000 488,800 1,095,000
Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A

from cell A1l to A13.

For the first quartile () :
Function quartile.exc
Field 1 A1l:A13
Field 2 1
Answer $308,750

For the second quartile ()5:

Function quartile.exc
Field 1 Al:A13
Field 2 2
Answer $488,800

For the third quartile () 5:
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Function quartile.exc
Field 1 Al:Al13
Field 2 3
Answer $649,000

For the [QR: IQR = 649,000-308, 750 = $340, 250
To determine if there are any outliers:

1.5 x IQR = 1.5 x 340, 250 = 510, 375
Q1-1.5 x IQR = 308, 750-510, 375 = —201, 625

Qs + 1.5 x IQR = 649,000 + 510,375 = 1,159, 375

No house price is less than —$201, 625. However, $5, 500, 000 is more than $1, 159, 375.
Therefore, $5, 500, 000 is a potential outlier.

NOTE

Quartiles have the same units as the data. In this case, the data is measured in dollars, so the

quartiles are also in dollars.

For the following 11 salaries, calculate the three quartiles and the J() R. Are any of the salaries

outliers? The salaries are in dollars.
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33,000 72,000 54,000
64,500 68,500 120,000
28,000 69,000 40,500
54,000 42,000

Click to see Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A11.

For the first quartile ():
Function quartile.exc
Field 1 Al:All
Field 2 1
Answer $40,500

For the second quartile (),:

Function quartile.exc
Field 1 Al:All
Field 2 2
Answer $54,000

For the third quartile () 3:
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Function quartile.exc
Field 1 Al:All
Field 2 3
Answer $69,000

For the IQR: IQR = 69,000-40, 500 = $28, 500
To determine if there are any outliers:

1.5 x IQR = 1.5 x 28,500 = 42, 750
Q1-1.5 x IQR = 40,500-42, 750 = —2, 250

Q3+ 1.5 x IQR = 69,000 + 42,750 = 111, 750
No salary is less than —$2. 250. However, $120, 000 is more than $111, 750, so $120, 000 is a

potential outlier.

Find the interquartile range for the following two data sets and compare them.

Test Scores for Class A

69 96 81 79 65 76 83 99 89 67

90 77 85 98 66 91 77 69 80 94

Test Scores for Class B

90 72 80 92 90 97 92 75 79 68

70 80 99 95 78 73 71 68 95 100
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Click to see Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data for Class A
into column A from cell Al to A20 and the data for Class B into column B from cell B1 to B20.

Class A

For the first quartile () :
Function quartile.exc
Field 1 A1:A20
Field 2 1
Answer 70.75

For the third quartile () 5:

Function quartile.exc
Field 1 A1:A20
Field 2 3
Answer 90.75

For the IQR: IQR = 90.75 — 70.75 = 20

Class B

For the first quartile ():
Function quartile.exc
Field 1 B1:B20
Field 2 1
Answer 72.25

For the third quartile () :
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Function quartile.exc
Field 1 B1:B20
Field 2 3
Answer 94.25

Forthe JQR: IQR = 94.25 — 72.25 = 22
The data for Class B has a larger J() R, so the scores between ()3 and ()¢ (the middle 50\% of the

data) for the data for Class B are more spread out and not clustered about the median.

Percentiles

Percentiles are numbers that separate the (ordered) data into hundredths (100 parts). Like
quartiles, percentiles may or may not be part of the data. The nth percentile, P,,, is the value where
n\% of the observations in the data are less than or equal to the value of the nth percentile. To score
in the gQth percentile of an exam does not mean, necessarily, that the student received 90\% on a
test. The 9Qth percentile means that 90\% of test scores are less than or equal to the student’s score
and 10\% of the test scores are the same or greater than the student’s score. Percentiles are mostly

used with very large data sets.

Quartiles are special percentiles. The first quartile, ()4, is the same as the 25th percentile, and the
third quartile, ()3, is the same as the 75th percentile. The median is the 5(th percentile.

Percentiles are useful for comparing values. For this reason, universities and colleges use
percentiles extensively. One instance in which colleges and universities use percentiles is when SAT
results are used to determine a minimum testing score that will be used as an acceptance factor. For
example, suppose Duke accepts SAT scores at or above the 75th percentile. That translates into an
SAT score of at least 1220.
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CALCULATING PERCENTILES IN EXCEL

To find the Jth percentiles in Excel, use the percentile.exc(array, percent) function.

« For array, enter the array or cell range containing the data.
» For percent, enter the percentile (as a decimal) being calculated. For example, if we are
calculating the g()th percentile, we would enter () @ for the percent in the percentile.exc

function.

The output from the percentile.exc function is the value of the corresponding percentile. For
example, percentile.exc(array,0.6) returns the value of the §(th percentile where 60\% of the

observations in the data are less than or equal to the value of the g()th percentile.

Visit the Microsoft page for more information about the percentile.exc function.

NOTE

We are using the percentile.exc function, and not the percentile.inc function. Like the quartile
functions, the percentile.exc and percentile.inc calculate the percentiles in different ways, and so

give slightly different answers for the percentiles.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=65#oembed-3

Video: “Percentiles - How to calculate Percentiles, Quartiles, ...” by Joshua Emmanuel [3:44] is
licensed under the Standard YouTube License.Transcript and closed captions available on YouTube.



https://support.microsoft.com/en-us/office/percentile-exc-function-bbaa7204-e9e1-4010-85bf-c31dc5dce4ba
https://www.youtube.com/watch?v=tXGcs02y9r4
https://www.youtube.com/channel/UC1S4Jeodbr5EbsCOIgBWJPQ
https://www.youtube.com/static?template=terms
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EXAMPLE

Listed are twenty-nine ages (in years) for trees found in the Saint Louis Botanical Garden.

18 21 22 25 26 27 29 30 31 33
36 37 41 42 47 52 55 57 58 62
64 67 69 71 72 73 74 76 77

1. Find the 7(th percentile.
2. Find the 83rd percentile.

Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A29.

For the 7(th percentile P,:

Function percentile.exc
Field 1 Al1:A29
Field 2 0.7
Answer 64 years

For the §3rd percentile Pgs:

Function percentile.exc
Field 1 A1:A29
Field 2 0.83

Answer 71.9 years
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NOTE

Percentiles have the same units as the data. In this case, the data is measured in years, so the

percentiles are also in years.

Listed are 29 ages (in years) for Academy Award-winning best actors.

18 21 22 25 26 27 29 30 31 33
36 37 41 42 47 52 55 57 58 62
64 67 69 71 72 73 74 76 77

Calculate the 9()th percentile and the 55th percentile.

Click to see Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A29.

For the 2(th percentile Py :
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Function percentile.exc
Field 1 A1:A29
Field 2 0.2
Answer 27 years

For the 55th percentile Pxx:

Function percentile.exc
Field 1 Al1:A29
Field 2 0.55
Answer 53.5 years

Interpreting Percentiles and Quartiles

A percentile indicates the relative standing of a data value when data are sorted into numerical
order from smallest to largest. Percentages of data values are less than or equal to the value of the
nth percentile. For example, 15\% of the data values are less than or equal to the value of the 15th
percentile. Note that low percentiles always correspond to lower data values, and high percentiles
always correspond to higher data values.

A percentile may or may not correspond to a value judgment about whether it is “good” or “bad.”
The interpretation of whether a certain percentile is “good” or “bad” depends on the context of
the situation to which the data applies. In some situations, a low percentile would be considered
“good,” but in other contexts, a high percentile might be considered “good”. In many situations,
there is no value judgment that applies.

Understanding how to interpret percentiles or quartiles properly is important not only when
describing data but also when calculating probabilities in later chapters of this text. When writing
the interpretation of a percentile or quartile in the context of the given data, the sentence should

contain the following information:

« Information about the context of the situation being considered,

« The data value (value of the variable) that represents the percentile/quartile.
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« The percent of individuals or items with data values less than or equal to the percentile/
quartile.

EXAMPLE

On a timed math test, the first quartile for the time it took to finish the exam was 35 minutes.

Interpret the first quartile in the context of this situation.
Solution
« Interpretation: 25\% of students finished the exam in less than or equal to 35 minutes.

« In this context, a low percentile could be considered good, as finishing more quickly on a

timed exam is desirable. (If a student takes too long, they might not be able to finish.)

For the 100-meter dash, the third quartile for times for finishing the race was 11 .5 seconds. Interpret

the third quartile in the context of the situation.

Click to see Solution

« Interpretation: 75\% of runners finished the race in less than or equal to 1] .5 seconds.

« In this context, a lower percentile is good because finishing a race more quickly is desirable.
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EXAMPLE

On a 92() question math test, the 7()th percentile for the number of correct answers was 1 §. Interpret

the 7()th percentile in the context of this situation.

Solution

» Interpretation: 70\% of students answered less than or equal to ] § questions correctly.

On a ¢() point written assignment, the 8()th percentile for the number of points earned was 49.

Interpret the §(th percentile in the context of this situation.

Click to see Solution

« Interpretation: 80\% of students earned less than or equal to 49 points.
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EXAMPLE

At a community college, it was found that the 3()th percentile of credit units that students are

enrolled for is 7 units. Interpret the 3()th percentile in the context of this situation.

Solution

« Interpretation: 30\% of students are enrolled in less than or equal to 77 credit units.
+ In this context, there is no “good” or “bad” value judgment associated with a higher or lower
percentile. Students attend community college for varied reasons and needs, and their course

load varies according to their needs.

During a season, the 4()th percentile for points scored per player in a game is 8. Interpret the 4()th

percentile in the context of this situation.

Click to see Solution

« Interpretation: 40\% of players scored less than or equal to 8 points.

Exercises

1. How much time does it take to travel to work in a particular region? The table below shows
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the commute time for a sample of workers in the region who are at least 16 years old and do

not work at home.

24.0 24.3 25.9 18.9 27.5 17.9 21.8 20.9 16.7 27.3
18.2 24.7 20.0 22.6 23.9 18.0 314 223 24.0 25.5
24.7 24.6 28.1 24.9 22.6 23.6 234 25.7 24.8 25.5
21.2 25.7 231 23.0 23.9 26.0 16.3 231 214 21.5
27.0 27.0 18.6 31.7 23.3 30.1 22.9 23.3 21.7 18.6

a. Find the first quartile.

b. Interpret the first quartile.

c. Find the third quartile.

d. The middle 50\% of the travel times lie between what two numbers?

e. Interpret the third quartile.

f. Find the IQR.

g. Find the 45th percentile.

h. Interpret the 45th percentile.

Click to see Answer

a. 21.475 minutes
. 25\% of the workers take at most 21 .475 minutes to travel to work.

b
c. 25.55 minutes

d. 21.475 minutes to 25_55 minutes

e. 75\% of the workers take at most 25.55 minutes to travel to work.
f. 4.075 minutes

g. 23.29 minutes
h. 45\% of the workers take at most 23,29 minutes to travel to work.

2. The following data shows the lengths, in feet, of a sample of boats moored in a marina.

19 35 29 26 21 40 33 33 34
25 20 37 30 26 23 24 29 16
28 25 20 39 32 27 27 27 17

a. Find the first quartile.
b. Interpret the first quartile.
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= I R S

Find the third quartile.

Interpret the third quartile.

The middle 50\% of boat lengths lie between what two numbers?
Find the IQR.

Find the 3rd percentile.

Interpret the g3rd percentile.

Click to see Answer

3. The data below is the weight, in pounds, of all members of a particular NFL team.

5w o-s 0 a0 o

23 feet

25\% of the boats are less than or equal to 23 feet in length.
33 feet

23 feet to 33 feet

75\% of the boats are less than or equal to 33 feet in length.
10 feet

28.64 feet
63\% of the boats are less than or equal to 28 64 feet in length.

Click to see Answer

a.

205.5 pounds

177 210 270 275 212 185 200 241 250
220 259 185 210 272 285 212 250 302
205 232 280 285 184 265 215 223 265
260 278 185 228 273 242 185 241 290
210 276 290 206 174 286 247 190 215
245 205 178 290 280 188 230 260

a. Find the first quartile.

b. Interpret the first quartile.

c. Find the third quartile.

d. Interpret the third quartile.

e. The middle 50\% of the player’s weights lie between what two numbers?

f. Find the IQR.

g. Find the 87th percentile.

h. Interpret the 87th percentile.
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25\% of the football players weigh less than or equal to 205.5 pounds.
272.5 pounds

75\% of the football players weigh less than or equal to 272 .5 pounds.
205.5 pounds to 272.5 pounds

67 pounds

284.9 pounds
87\% of football players weigh less than or equal to 284 .9 pounds.

4. A sample of 35 post-secondary institutions was taken from across the U.S. The data below

shows the number of students enrolled at each institution.

6,414 1,550 2,109 9,350 21,828 4,300 5,944
5,722 2,825 2,044 5,481 5,200 5,853 10,012
6,357 27,000 9,414 7,681 3,200 17,500 9,200
7,380 18,314 6,557 13,713 17,768 7,493 2,771
2,861 1,263 7,285 28,165 5,080 11,622 2,750

a. Find the first quartile.

b. Interpret the first quartile.

c. Find the third quartile.

d. Interpret the third quartile.

e. Find the IQR.

f. Find the g5th percentile.

g. Interpret the g5th percentile.

Click to see Answer

@ -0 2 o o

3, 200 students

25\% of the colleges enroll less than or equal to 3, 200 students.
10, 012 students

75\% of the colleges enroll less than or equal to 10, 012 students.
6, 812 students

8, 288.6 students

65\% of the colleges enroll less than or equal to 8, 288.6 students.

5. Forty randomly selected students were asked the number of pairs of sneakers they owned.
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The data is recorded below

1 1 2 2 2 2 2 3
3 3 3 3 3 3 3 4
4 4 4 4 4 4 4 4
4 4 4 5 5 5 5 5
5 5 5 5 5 5 5 7

a. Find the first quartile.

b. Interpret the first quartile.

c. Find the third quartile.

d. Interpret the third quartile.

e. Find the IQR.

f. Find the 9Qth percentile.

g. Interpret the 9(th percentile.

Click to see Answer

a. 3 pairs of sneakers

b. 25\% of the students own at most 3 pairs of sneakers.

C. b pairs of sneakers

d. 75\% of the students own at most 5 pairs of sneakers.

e. 92 pairs of sneakers

f. 5 pairs of sneakers

g. 90\% of the students own at most 5 pairs of sneakers.

a. For runners in a race, a low time means a faster run. The winners in a race have the
shortest running times. Is it more desirable to have a finish time with a high or a low
percentile when running a race?

b. The 2(th percentile of run times in a particular race is 5.2 minutes. Write a sentence
interpreting the 2(th percentile in the context of the situation.

c. A bicyclist in the 9(th percentile of a bicycle race completed the race in 1 hour and 12
minutes. Is he among the fastest or slowest cyclists in the race? Write a sentence
interpreting the 9(th percentile in the context of the situation.

d. For runners in a race, a higher speed means a faster run. Is it more desirable to have a
speed with a high or a low percentile when running a race?

e. The 4(th percentile of speeds in a particular race is 7 5 kilometres per hour. Write a
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sentence interpreting the 4(Qth percentile in the context of the situation.
Click to see Answer

a. A low percentile is more desirable because it means that the runner completed the race
with a low time and ran a faster race.

b. 20\% of the runners had run times of 5.2 minutes or less.

c. The cyclist is among the slowest. In this context, beginning in a high percentile means
the cyclist had a high race completion time. 90\% of the racers completed the race in 1
hour and 192 minutes or less.

d. A high percentile is more desirable because it means that the runner had a high speed
and ran a faster race.

e. 40\% of the speeds in the race are less than or equal to 7 5 kilometres per hour.

7. On an exam, would it be more desirable to earn a grade with a high or low percentile?
Explain.
Click to see Answer

A high percentile because it means a higher grade.

8. Mina is waiting in line at the Department of Motor Vehicles (DMV). Her wait time of 32
minutes is the 85th percentile of wait times. Is that good or bad? Write a sentence
interpreting the 8 5th percentile in the context of this situation.

Click to see Answer

Because Mina’s wait time is in a high percentile, it means that Mina’s wait time is among the
longest. 85\% of the wait times are 32 minutes or less.

9. In astudy collecting data about the repair costs of damage to automobiles in certain types of
crash tests, a certain model of car had $1, 700 in damage and was in the 9(th percentile.
Should the manufacturer and the consumer be pleased or upset by this result? Explain and
write a sentence that interprets the g(th percentile in the context of this problem.

Click to see Answer

Because the cost is in a high percentile, it means that this model of car is among the most
expensive to repair. 90\% of the cars have damage costs of $1, 700 or less.
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10. Suppose that you want to buy a house. You and your realtor have determined that the most
expensive house you can afford is in the 34th percentile. The 34th percentile of housing
prices in the town you want to move to is $240, 000. In this town, can you afford 34\%of the
houses or 66\% of the houses? Explain.

Click to see Answer

34\% because 34\% of the houses cost $240, 000 or less.

11. Using the number of full-time equivalent students (FTES) each year at a local college for the
past 40 years, the first quartile is 528.5 FTES and the third quartile is 1, 447.5 FTES.
a. 75\% of all years have an FTES at or below what value?
b. 75\% of all years have an FTES above what value?
c. What percent of the FTES were from 528 .5 to 1447.5? How do you know?
d. What is the Q) R? What does the I() R represent?
Click to see Answer
a. 1,447 .5FTES
528.5 FTES
50\%
919 FTES. This is the spread of the middle 50\% of the data.

o o

“2.5 Measures of Location” and “2.7 Exercices” from Introduction to Statistics by Valerie Watts

is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International

License, except where otherwise noted.


https://ecampusontario.pressbooks.pub/introstats/chapter/2-5-measures-of-location/
https://ecampusontario.pressbooks.pub/introstats/chapter/2-7-exercises/
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/

25 MEASURES OF VARIABILITY | 113

2.5 MEASURES OF VARIABILITY

LEARNING OBJECTIVES

« Recognize, describe, calculate, and analyze the measures of the spread of data: variance,

standard deviation, and range.

It can be misleading to only use the measures of central tendency (mean, median, mode) to describe
a data set. Measures of central tendency describe the center of a distribution. Measures of dispersion
or variability are used to describe the spread or dispersion of the data. So far in this chapter, we have
already seen a measure of variability—the interquartile range. The interquartile range describes the
spread of the middle 50\% of the data. But there are other measures of variability, including range,

variance, and standard deviation.

Range

The range is the difference between the largest and smallest value in a set of data:

Range = Maximum Value — Minimum Value

Range is a poor measure of variability because it is based on only two values in the data set (the
largest and smallest values) and is highly influenced by outliers. Also, the range does not help us
distinguish between two data sets with the same largest and smallest values because the two data
sets will have the same range.
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EXAMPLE

AIDS data indicating the number of months a patient with AIDS lives after taking a new antibody

drug are as follows:

3 4 8 8 10 11 12 13 14 15
15 16 16 17 17 18 21 22 22 24
24 25 26 26 27 27 29 29 31 32
33 33 34 34 35 37 40 44 44 47

Calculate the range.
Solution
The largest value is 477 and the smallest value is 3, so

Range = 47 — 3 = 44 months

Variance and Standard Deviation

An important characteristic of any set of data is the variation in the data from the mean. In some
data sets, the data values are concentrated close to the mean, but in other data sets, the data values
are more widely spread out from the mean. The most common measure of variation, or spread,
is the standard deviation. The standard deviation is a number that measures, on average, how
far data values are from their mean. The standard deviation provides a numerical measure of the
overall amount of variation in a data set and can be used to determine whether a particular data

value is close to or far away from the mean.

The standard deviation provides a measure of the overall variation in a data set. The standard
deviation is always a non-negative number. The standard deviation is small when the data are all
concentrated close to the mean because there is little variation or spread in the data. The standard

deviation is larger when the data values are more spread out from the mean because there is a lot
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of variation in the data. The lowercase letter s represents the sample standard deviation, and the

Greek letter o represents the population standard deviation.

Suppose that we are studying the amount of time customers wait in line at the checkout at
Supermarket A and Supermarket B. The mean wait time at both supermarkets is five minutes. At
supermarket A, the standard deviation for the wait time is two minutes and at supermarket B, the
standard deviation for the wait time is four minutes. Because supermarket B has a higher standard
deviation, we know that there is more variation in the wait times at supermarket B. Overall, wait
times at supermarket B are more spread out from the mean, and wait times at supermarket A are

more concentrated near the mean.

As well, the standard deviation can be used to determine whether a data value is close to or far from
the mean. For example, suppose that Rosa and Binh both shop at Supermarket A, where the mean
wait time at the checkout is five minutes, and the standard deviation is two minutes. Suppose Rosa’s

wait time is seven minutes and Binh’s wait time is one minute.

« Rosa’s wait time of seven minutes is two minutes longer than the mean of five minutes.
Because two minutes is equal to one standard deviation, Rosa’s wait time of seven minutes is
one standard deviation above the mean of five minutes.

« Binh’s wait time of one minute is four minutes less than the mean of five minutes.
Because four minutes is equal to two standard deviations, Binh’s wait time of one minute is

two standard deviations below the mean of five minutes.

A data value that is two standard deviations from the mean is just on the borderline for what many
statisticians would consider to be far from the mean. Considering data to be far from the mean if it
is more than two standard deviations away is more of an approximate “rule of thumb” than a rigid
rule. In general, the shape of the distribution of the data affects how much of the data is further
away than two standard deviations.

Calculating the Standard Deviation

If £ is a number, then the difference “x — mean” is called its deviation from the mean. In a
data set, there are as many deviations as there are items in the data set. The deviations are used to
calculate the standard deviation. If the numbers belong to a population, in symbols, a deviation is
T—u. For sample data, in symbols, a deviation is ;, — Z.

The procedure to calculate the standard deviation depends on whether the numbers are the entire
population or are data from a sample. The calculations are similar but not identical. Therefore,
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the symbol used to represent the standard deviation depends on whether it is calculated from
a population or a sample. The lowercase letter s represents the sample standard deviation, and
the Greek letter o represents the population standard deviation. If the sample has the same

characteristics as the population, then s should be a good estimate of .

To calculate the standard deviation, we need to calculate the variance first. The variance is the
average of the squares of the deviations (the ;; — 7 values for a sample or the z—u values
for a population). The symbol 2 represents the population variance, and the population standard
deviation ¢ is the square root of the population variance. The symbol 42 represents the sample
variance, and the sample standard deviation s is the square root of the sample variance. The

standard deviation can be thought of as a special average of the deviations.

2
The formula for the population standard deviation is: , _ > (z —p) . To calculate a
N

population standard deviation o:

Calculate the deviation from the mean for each data value x: = — p.
Square each of the deviations: (x — ,u)2-

Add up the squares of the deviations from the mean calculated in step 2.
Divide the sum in step 3 by the population size }V.

ok v

The population standard deviation is the square root of the value from step 4.

x_
N

value found in step 4 in the above population standard deviation calculation.

2
The formula for the population variance is 52 — 2. 2 . The population variance is the

2 (x —x)*

n—1

The formula for the sample standard deviation is: To calculate a sample

S =

standard deviation s:

Calculate the deviation from the mean for each data value x:  — 7.
Square each of the deviations: (g; — 5)2.

Add up the squares of the deviations from the mean calculated in step 2.
Divide the sum in step 3 by the sample size minus 1: n — 1.

ok wbh =

The population standard deviation is the square root of the value from step 4.

_ 2
The formula for the sample variance is g2 — 2(z—z)
n—1
in step 4 in the above sample standard deviation calculation.

. The sample variance is the value found
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One or more interactive elements has been excluded from this version of the text. You can view them
online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=67#oembed-2

Video: “How to calculate Standard Deviation and Variance” by statisticsfun [5:05] is licensed under
the Standard YouTube License.Transcript and closed captions available on YouTube.

CALCULATING VARIANCE IN EXCEL

To find the variance in Excel:

 If the data is population data, use the var.p(array) function, where array is the array or cell

range containing the data. The output from the var.p function is the population variance.

° Visit the Microsoft page for more information about the var.p function.

« If the data is sample data, use the var.s(array) function where array is the array or cell range

containing the data. The output from the var.s function is the sample variance.

o Visit the Microsoft page for more information about the var.s function.

NOTE

There are two different functions to calculate variance in Excel because variance is calculated
differently depending on whether the data is from a sample or from a population. When calculating

variance, make sure to use the correct function based on the type of data (sample or population).


https://www.youtube.com/watch?v=qqOyy_NjflU
https://www.youtube.com/channel/UClD8c_piy1nrJySPJUgyivg
https://www.youtube.com/static?template=terms
https://support.microsoft.com/en-us/office/var-p-function-73d1285c-108c-4843-ba5d-a51f90656f3a#:~:text=P%20function,-Excel%20for%20Microsoft&text=Calculates%20variance%20based%20on%20the,and%20text%20in%20the%20population).
https://support.microsoft.com/en-us/office/var-s-function-913633de-136b-449d-813e-65a00b2b990b
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CALCULATING STANDARD DEVIATION IN EXCEL

To find the standard deviation in Excel:

« If the data is population data, use the stdev.p(array) function where array is the array or cell
range containing the data. The output from the stdev.p function is the population standard

deviation.

° Visit the Microsoft page for more information about the stdev.p function.

« If the data is sample data, use the stdev.s(array) function where array is the array or cell
range containing the data. The output from the stdev.s function is the sample standard

deviation.

° Visit the Microsoft page for more information about the stdev.s function.

NOTE

There are two different functions to calculate standard deviation in Excel because standard
deviation is calculated differently depending on whether the data is from a sample or from a
population. When calculating standard deviation, make sure to use the correct function based on

the type of data (sample or population).

a One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=67#oembed-1



https://support.microsoft.com/en-us/office/stdev-p-function-6e917c05-31a0-496f-ade7-4f4e7462f285#:~:text=P%20function,-Excel%20for%20Microsoft&text=Calculates%20standard%20deviation%20based%20on,average%20value%20(the%20mean).
https://support.microsoft.com/en-us/office/stdev-s-function-7d69cf97-0c1f-4acf-be27-f3e83904cc23#:~:text=S%20function,-Excel%20for%20Microsoft&text=Estimates%20standard%20deviation%20based%20on,average%20value%20(the%20mean).
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Video: “Range, Variance, Standard Deviation in Excel” by Joshua Emmanuel [1:11] is licensed
under the Standard YouTube License.Transcript and closed captions available on YouTube.

EXAMPLE

In a fifth-grade class, the teacher was interested in the standard deviation of the ages of her students.
The following data are the ages, in years, for a sample of 2() fifth-grade students. The ages are

rounded to the nearest half year:

9 9.5 9.5 10 10 10 10 10.5 10.5 10.5

10.5 11 11 11 11 11 11 11.5 11.5 11.5

Calculate the mean, the variance, and the standard deviation of the ages of the students. Interpret the

standard deviation.
Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A20.

For the mean:

Function average

Field 1 Al1:A20

Answer 10.525 years
For the variance:

Function var.s

Field 1 A1:A20

Answer 0.5125 years2



https://www.youtube.com/watch?v=mZycnFm4ifc
https://www.youtube.com/channel/UC1S4Jeodbr5EbsCOIgBWJPQ
https://www.youtube.com/static?template=terms
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For the standard deviation:

Function stdev.s
Field 1 Al1:A20
Answer 0.7159 years

Interpreting the standard deviation:

On average, the age of any fifth grader is (),'71 59 years away from the mean of 1().52F5 years.

NOTES

1.

We are using the var.s (not var.p) and stdev.s (not stdev.p) functions to calculate the
variance and the standard deviation because the data is from a sample.

Standard deviation has the same units as the data. In this case, the data is measured in years,
so the standard deviation is also in years.

Because the values being added up in the variance calculation are squared, the units of
variance are squared units. In particular, the units of variance are the squared units of the
data. In this example, the data is measured in years, so the units of the variance are (years)?.
Because the units of variance are squared units, it can be difficult to intuitively interpret the
meaning of the variance.

On a baseball team, the ages, in years, of each of the players are as follows:
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21 21 22 23 24
24 25 25 28 29
28 31 32 33 33
34 35 36 36 36
36 38 38 38 40

Find the mean and standard deviation.

Click to see Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A25.

For the mean:

Function average
Field 1 Al1:A25
Answer 30.64 years

For the standard deviation:

Function stdev.p

Field 1 Al:A25

Answer 5.99 years
NOTE

We are using the stdev.p (not stdev.s) function to calculate the standard deviation here because the

baseball team is a population.
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NOTE

Concentrate on what the standard deviation tells us about the data. The standard deviation is a
number that measures how far the data is spread from the mean. Let a calculator or computer do

the arithmetic.

The standard deviation, s or g, is a non-negative number. When the standard deviation is zero,
there is no dispersion about the mean—that is, all the data values are equal to each other. The
standard deviation is small when the data are all concentrated close to the mean and is larger when
the data values show more variation from the mean. When the standard deviation is significantly
larger than zero, the data values are very spread out about the mean. Outliers in the data can make
the standard deviation very large.

The standard deviation, when first presented, can seem unclear. By graphing the data, we can
get a better “feel” for the deviations and the standard deviation. In symmetrical distributions, the
standard deviation can be very helpful but in skewed distributions, the standard deviation may not
be much help. The reason is that the two sides of a skewed distribution have different spreads. In
a skewed distribution, it is better to look at the first quartile, the median, the third quartile, the
smallest value, and the largest value. Because numbers can be confusing, always graph the data.

EXAMPLE

Use the following sample of exam scores from Susan Dean’s spring pre-calculus class:
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33 42 49 49 53 55 55 61
63 67 68 68 69 69 72 73
74 78 80 83 88 88 88 90
92 94 94 94 94 96 100

Calculate the following:

« The mean.

« The standard deviation.
« The median.

+ The first quartile.

+ The third quartile.

. IQR.
Solution

Enter the data into an Excel spreadsheet. For this example, suppose we entered the data in column A
from cell Al to A31.

For the mean:

Function average
Field 1 Al:A31
Answer 73.5

For the median:

Function median
Field 1 Al:A31
Answer 73

For the standard deviation:

Function stdev.s

Field 1 Al:A31

Answer 17.92
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For the first quartile:
Function quartile.exc
Field 1 Al:A31
Field 2 1
Answer 61
For the third quartile:
Function quartile.exe
Field 1 Al:A31
Field 2 3
Answer 90

For the JQR: IQR = 90 — 61 = 29

Comparing Values from Different Data Sets

The standard deviation is useful when comparing data values that come from different data sets.
If the data sets have different means and different standard deviations, then comparing the data
values directly can be misleading. In order to directly compare values in different data sets, we
compare how many standard deviations away the value is from the mean of its data set. This is done

by calculating the value’s z-score:

Sample z =

Population z =

The value z is z standard deviations away from the mean.
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EXAMPLE

Two students, John and Ali, are from different high schools and wanted to find out who had the
highest GPA when compared to their school. Which student had the highest GPA when compared to

their school?

Student GPA School Mean GPA School Standard Deviation
John 2.85 3.0 0.7
Ali 77 80 10
Solution

For each student, determine how many standard deviations the z-score is, and their GPA is away

from the mean of their school.

2.85 — 3.00
John: y — —— _— — — (.21
z 0.7
7780
10

John has a better GPA when compared to his school because his GPA is ()21 standard deviations

Ali: 5 — —0.3

below his school’s mean, while Ali’s GPA is () 3 standard deviations below her school’s mean. This

means that John’s GPA is closer to his school’s mean than Ali’s GPA is to hers.

NOTE

The sign of a z-score is important. A negative z-score tells us that g is below the mean. A positive
z-score tells us that g is above the mean. The absolute value of the z-score tells us how many

standard deviations the value of g is from the mean.
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Two swimmers, Angie and Beth, are from different teams and wanted to find out who had the fastest

time for the 50-meter freestyle when compared to her team’s mean time. Which swimmer had the

fastest time when compared to her team?

Swimmer Time (seconds) Team Mean Time Team Standard Deviation

Angie 26.2 27.2 0.8

Beth 27.3 30.1 1.4
Click to see Solution

. 26.2 — 27.2
Angie:  — ——  — — — _ 195

0.8
.3 —30.1
BT UL
1.4

Angie’s time is ] 25 standard deviations below her team’s mean time, and Beth’s is 9 standard

deviations below her team’s time. So, Beth had a faster time when compared to her team’s mean

than Angie’s time is to hers.

The following lists give a few facts that provide a little more insight into what the standard deviation
tells us about the distribution of the data.

Chebyshev’s Rule: For ANY data set, no matter what the distribution of the data is:

« Atleast 75\% of the data is within two standard deviations of the mean.

o Atleast 89\% of the data is within three standard deviations of the mean.

« Atleast 95\% of the data is within 4 _ 5 standard deviations of the mean.

The Empirical Rule: For data having a distribution that is BELL-SHAPED and SYMMETRIC:

« Approximately 68\% of the data is within one standard deviation of the mean.
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« Approximately 95\% of the data is within two standard deviations of the mean.

« More than 99\% of the data is within three standard deviations of the mean.

« Itisimportant to note that this rule only applies when the shape of the distribution of the

data is bell-shaped and symmetric.

Exercises

1. How much time does it take to travel to work in a particular region? The table below shows

the commute time for a sample of workers in the region who are at least 16 years old and do

not work at home.

24.0 24.3 25.9 18.9 27.5 17.9 21.8 20.9 16.7 27.3
18.2 24.7 20.0 22.6 23.9 18.0 314 22.3 24.0 25.5
24.7 24.6 28.1 24.9 22.6 23.6 23.4 25.7 24.8 25.5
21.2 25.7 23.1 23.0 23.9 26.0 16.3 23.1 21.4 21.5
27.0 27.0 18.6 31.7 23.3 30.1 22.9 23.3 21.7 18.6

a. Find the range.

b. Find the standard deviation.

c. Interpret the standard deviation.

d. What travel time is one standard deviation above the mean?

e.

What travel time is three standard deviations below the mean?

Click to see Answer

a.
b.
C.

15.4 minutes

3.464 minutes

On average, the travel time of an arbitrary worker is 3.464 minutes away from the mean
23.462 minutes.

26.926 minutes
13.07 minutes

2. The following data shows the lengths, in feet, of a sample of boats moored in a marina.
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19 35 29 26 21 40 33 33 34
25 20 37 30 26 23 24 29 16
28 25 20 39 32 27 27 27 17

a. Find the range.

b. Find the standard deviation.

c. Interpret the standard deviation.

d. What boat length is two standard deviations below the mean?

Click to see Answer

a. 24 feet

b. 6.48 feet

c. On average, an arbitrary boat’s length is .48 feet away from the mean of 27, 33 feet.

d. 14.37 feet

3. The data below is the weight, in pounds, of all members of a particular NFL team.

177 210 270 275 212 185 200 241 250
220 259 185 210 272 285 212 250 302
205 232 280 285 184 265 215 223 265
260 278 185 228 273 242 185 241 290
210 276 290 206 174 286 247 190 215
245 205 178 290 280 188 230 260

a. Find the range.

b. Find the standard deviation.

c. Interpret the standard deviation.

d. The team’s quarterback weighs 205 pounds. How many standard deviations from the

above or below the mean is the quarterback?
e. What weight is three standard deviations above the mean?
Click to see Answer
a. 128 pounds
b. 37.35 pounds
c. On average, an arbitrary football player’s weight is 37.35 pounds, away from the mean
weight of 236.25 pounds.



d. (.837 standard deviations below the mean.
e. 348.3 pounds
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4. A sample of 35 post-secondary institutions was taken from across the U.S. The data below

shows the number of students enrolled at each institution.

6,414 1,550 2,109 9,350 21,828 4,300 5,944
5,722 2,825 2,044 5,481 5,200 5,853 10,012
6,357 27,000 9,414 7,681 3,200 17,500 9,200
7,380 18,314 6,557 13,713 17,768 7,493 2,771
2,861 1,263 7,285 28,165 5,080 11,622 2,750
Find the range.

Find the standard deviation.
Interpret the standard deviation.

g o owp

A school with an enrollment of 8, 000 students would be how many standard deviations
above or below the mean?
Click to see Answer

a. 26,902 students

b. 6,943.89 students

c. On average, the number of students enrolled at an arbitrary college is 6, 943.89

students, away from the mean of 8, 628.74 students.
d. (.09 standard deviations below the mean.

5. Forty randomly selected students were asked the number of pairs of sneakers they owned.
The data is recorded below

1 1 2 2 2 2 2 3
3 3 3 3 3 3 3 4
4 4 4 4 4 4 4 4
4 4 4 5 5 5 5 5
5 5 5 5 5 5 5 7

a. Find the range.
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b. Find the standard deviation.
c. Interpret the standard deviation.
Click to see Answer
a. @ pairs of sneakers
b. 1.29 pairs of sneakers
c. On average, the number of pairs of sneakers owned by an arbitrary student is 1,29 pairs

of sneakers away from the mean of 3,775 pairs of sneakers.

6. Two baseball players, Fredo and Karl, on different teams wanted to find out who had the
higher batting average when compared to his team. Which baseball player had the higher

batting average when compared to his team?

Baseball Player | Batting Average | Team Batting Average Team Standard Deviation

Fredo 0.158 0.166 0.012
Karl 0.177 0.189 0.015

Click to see Answer

Fredo because his batting average is ().66 standard deviations below the mean of his team, and
Karl’s batting average is ()8 standard deviations below the mean of his team.

7. Three students were applying to the same graduate school. They came from schools with
different grading systems. Which student had the best GPA when compared to other students
at their school? Explain how you determined your answer.

Student GPA School Average GPA School Standard Deviation
Thuy 2.7 3.2 0.8

Vichet 7 75 20

Kamala 8.6 8 0.4

Click to see Answer

Kamala Thuy’s GPA is (.625 standard deviations below the mean. Vichet’s GPA is (.6
standard deviations above the mean. Kamala’s GPA is 1.5 standard deviations above the mean.

So Kamala’s GPA is the furthest above the mean.



8.

10.
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A music school has budgeted to purchase three musical instruments. They plan to purchase a
piano costing $3, 000, a guitar costing $550, and a drum set costing $600. The mean cost for
a piano is $4 , 000 with a standard deviation of $2, 500. The mean cost for a guitar is $500
with a standard deviation of $§20(0. The mean cost for drums is $700 with a standard
deviation of $1(0(0. Which cost is the lowest when compared to other instruments of the same
type? Which cost is the highest when compared to other instruments of the same type? Justify
your answer.

Click to see Answer

Drums. The cost of the drums is 1 standard deviations below the mean. The cost of the piano
is 0.4 standard deviations below the mean. The cost of the guitar is (.25 standard deviations

above the mean. So the cost of the drums is the furthest below the mean.

An elementary school class ran one mile with a mean of eleven minutes and a standard
deviation of three minutes. Rachel, a student in the class, ran one mile in eight minutes. A
junior high school class ran one mile with a mean of nine minutes and a standard deviation
of two minutes. Kenji, a student in the class, ran one mile in eight and a half minutes. A high
school class ran one mile with a mean of seven minutes and a standard deviation of four
minutes. Nedda, a student in the class, ran one mile in eight minutes.
a. Why is Kenji considered a better runner than Nedda, even though Nedda ran faster than
he?
b. Who is the fastest runner with respect to his or her class? Explain why.
Click to see Answer
a. Kenji’s time was ().25 standard deviations below the mean of their class. Nedda’s time
was ().25 standard deviations above the mean of their class. Because Kenji’s time was
below the mean of their class, Kenji is considered a better run relative to the mean of
their class.
b. Rachel is the fastest runner because Rachel’s time was ] standard deviation below the
mean of their class. This means Rachel’s time is the fastest relative to the mean of the

class.

Using the number of full-time equivalent students (FTES) each year at a local college for the
past 40 years, the mean is 1, 000 FTES, the median is 1, 014 FTES, and the standard
deviation is 474 FTES. How many standard deviations above or below the mean is the
median?
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Click to see Answer

0.0295 standard deviations above the mean.

“2.6 Measures of Dispersion” and “2.7 Exercices” from Introduction to Statistics by Valerie Watts

is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International
License, except where otherwise noted.


https://ecampusontario.pressbooks.pub/introstats/chapter/2-6-measures-of-dispersion/
https://ecampusontario.pressbooks.pub/introstats/chapter/2-7-exercises/
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
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PART III

PROBABILITY

It is often necessary to “guess” about the outcome of an event in order to make a decision.
Politicians study polls to guess their likelihood of winning an election. Teachers choose a particular
course of study based on what they think students can comprehend. Doctors choose the treatments
needed for various diseases based on their assessment of likely results. At a casino where people
play games of chance, people select the games based on the belief that the likelihood of winning is
good. Students may choose a course of study based on the probable availability of jobs.

Everyone has encountered or used probability at some point in their lives. In fact, most people have
an intuitive sense of probability. Probability deals with the chance of an event occurring. In this
chapter, we will learn how to solve probability problems using a systematic approach.

CHAPTER OUTLINE

3.1 The Terminology of Probability
3.2 Contingency Tables

3.3 The Complement Rule
3.4 The Addition Rule

3.5 Conditional Probabilities

3.6 Joint Probabilities

“3.1 Introduction to Probability” from Introduction to Statistics by Valerie Watts is licensed under
a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License, except
where otherwise noted.


https://ecampusontario.pressbooks.pub/introstats/chapter/3-1-introduction-to-probability/
https://ecampusontario.pressbooks.pub/introstats
https://creativecommons.org/licenses/by-nc-sa/4.0/

134 | PROBABILITY



31 THE TERMINOLOGY OF PROBABILITY | 135

3.1 THE TERMINOLOGY OF PROBABILITY

LEARNING OBJECTIVES

+ Define and use the terminology of probability.

Everyday, decisions are made that involve uncertainty about the outcome. The ability to estimate
and understand probability helps us make good decisions. Probability is a numerical measure
that is associated with how certain we are of the outcomes of a particular experiment or activity.
Examples of probability used in everyday life include the probability that it will rain today and the
probability of winning the lottery.

An experiment is a planned operation carried out under controlled conditions. If the result is not
predetermined, then the experiment is said to be a chance experiment. An experiment is any
activity where the outcome is uncertain. Flipping a coin, rolling a pair of dice, or drawing a card
from a deck of cards are all examples of an experiment.

A result of an experiment is called an outcome. For example, in the experiment of flipping a coin,
a possible outcome is getting heads. The sample space of an experiment is the set of all possible
outcomes of that experiment. Three ways to represent a sample space are to list the possible
outcomes, to create a tree diagram, or to create a Venn diagram. The uppercase letter § is used to
denote the sample space. For example, in the experiment of flipping a coin, the sample space has
two outcomes: heads or tails. In the notation of probability, we would write the sample space of
flipping a coin like S = {H, T'} where F is heads and 7" is tails.

An event is any combination of outcomes. Generally, an event is a collection of outcomes that
possess some trait or characteristic. Upper case letters like 4 and B are used to represent events.
For example, if the experiment is to flip a coin two times, event 4 might be getting at most one
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head in the two flips. In probability, we are interested in finding the probability of an event. The
probability of an event 4 is written P(A).

EXAMPLE

Suppose a coin is flipped two times.

1. What is the sample space for this experiment?
2. Identify all of the outcomes in the event “exactly one head.”

3. Identify all of the outcomes in the event “at least one tail.”

Solution

1. §= { HH,HT,TH, TT} where [ is heads and T is tails. For example, the outcome
H'T means heads on the first flip and tails on the second flip.

2. The outcomes in the event “exactly one head” are [J'T" and T [J. These are the only outcomes
in the sample space § where there is exactly one head in the two flips.

3. The outcomes in the event “at least one tail” are FJT", T'H, and T"T". “At least one” means
one or more, so we need to include all of the outcomes in the sample space where there is one

or more tails.

NOTE

The order in which things happen is important. The outcomes 7" and '] [ are different
outcomes. The outcome JJ'T" consists of getting heads on the first flip and tails on the second flip.
The outcome 7" F] consists of getting tails on the first flip and heads on the second flip, which is a
completely different outcome from FJ7".

Probability is a numerical measure of the likelihood that an event will occur. The probability of
an event is the long-term relative frequency of that event. Probabilities are numbers between
zero and one, inclusive—that is, zero, one, and all numbers between these values. Probabilities
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can be written as fractions, decimals, or percents. P( A) = ( means the event 4 can never
happen—the probability is 0\%. P(A) = 1 means the event 4 always happens—the probability is
100\%. P(A) = 0.5 means the event 4 is equally likely to occur or not to occur—there is a 50\%
chance A4 will happen, and a 50\% chance A will not happen.

Approaches to Determining Probability

The way that we calculate the probability of an event depends on the situation we are analyzing.

Classical Method Approach to Probability

Most often associated with games of chance, the classical method approach requires us to
know that the outcomes of an experiment are equally likely to occur. We have already seen an
experiment where the outcomes are equally likely to occur—{flipping a coin. Equally likely means
that each outcome of an experiment occurs with equal probability. In the experiment of tossing
a fair coin, we know that we have a 50% chance of getting heads and a 50% chance of getting
tails—the outcomes of heads or tails are equally likely to occur. If we roll a fair, six-sided die, we

1
know that we have the same chance (E) of getting any of the six faces—the outcomes of 1, 2, 3,

4, 5, 6 are equally likely to occur.

To calculate the probability of an event 4 when all outcomes in the sample space are equally likely,
count the number of outcomes for event 4 and divide by the total number of outcomes in the

sample space.

number of outcomes in event A

P(A)

~ total number of outcomes in the sample space
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EXAMPLE

Suppose a coin is flipped two times.

1. What is the probability of getting “exactly one head?”
2. What is the probability of getting “at least one tail?”

Solution

Previously, we found the sample space for this experiment: § = { HH,HT,TH, TT}.

1. The outcomes in the event “exactly one head” are [J'T" and 7T" [f. We see that there are 2

outcomes in the event out of the 4 possible outcomes in the sample space. So

2
P(exactly one head) = 1= 0.5

2. The outcomes in the event “at least one tail” are [T, T H, and T"T". We see that there are 3

outcomes in the event out of the 4 possible outcomes in the sample space. So

P(at least one tail) = % = 0.75

Suppose we roll a fair six-sided die with the numbers 1, 2, 3, 4, 5, 6 on the faces.

1. What is the sample space for this experiment?
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What is the probability of getting at least §?
What is the probability of getting an even number?

What is the probability of getting a number less than 4?

@ N

What is the probability of getting a 7?

Click to see Solution

1. §=1{1,2,3,4,5,6}

2. P(at least 5) = % = 0.3333....
3. P(even number) = % =0.5

4. P(less than 4) = % =0.5

5. P(7) = 0

It is important to realize that in many situations, the outcomes are not equally likely. A coin or
die may be unfair or biased. Two math professors in Europe had their statistics students test the
Belgian one Euro coin and discovered that in 25() trials, a head was obtained 56\% of the time and a
tail was obtained 44\% of the time. The data seem to show that the coin is not a fair coin, but more
repetitions would be helpful to draw a more accurate conclusion about such bias. Some dice may be
biased. Look at the dice in a board game. The spots on each face are usually small holes carved out
and then painted to make the spots visible. The dice may or may not be biased because it is possible
that the outcomes may be affected by the slight weight differences due to the different numbers of
holes in the faces. Gambling casinos make a lot of money depending on outcomes from rolling dice,
so casino dice are made differently to eliminate bias. Casino dice have flat faces and the holes are
completely filled with paint having the same density as the material that the dice are made out of
so that each face is equally likely to occur.

Empirical Method Approach to Probability

The empirical or relative frequency approach to probability uses results from identical previous
experiments that have been performed many times. Probabilities are based on historical or
previously recorded data by determining the proportion of times an event occurs within the data.
For example, a retail business owner might want to know the probability that a customer spends
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more than $5( at their store. To determine this probability, the business owner would look at
previous sales, count the number of sales over §5( and then divide that number by the total number

of previous sales.

To calculate an empirical probability, repeat the experiment over a large number of trials and record
the result of each trial. To find the probability of event A, count the number of times event A
happened and divide by the total number of trials.

number of times A occurs

P(A) =

total number of trials

To get an accurate probability using this approach, it is important that the experiment is repeated
a very large number of times. This important characteristic of probability experiments is known
as the law of large numbers, which states that as the number of repetitions of an experiment
increases, the relative frequency obtained in the experiment tends to become closer and closer to
the theoretical probability. Even though the outcomes do not happen according to any set pattern or
order, overall, the long-term observed relative frequency will approach the theoretical probability.

EXAMPLE

An online retailer wants to know the probability that a transaction will be less than $3(). In 2000
transactions, G5() are less than §3().

Solution

650

P(less than $30) = m

= 0.325

Subjective Method Approach to Probability

In the subjective method approach to probability, probabilities are determined by educated guess,
personal belief, intuition, or expert reasoning. A subjective probability is essentially a guess, but
a guess based on an accumulation of knowledge, understanding, and experience. Estimating the
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probability the price of a stock goes down over time or the probability a certain sports team will win

a championship are examples of subjective probability.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=85#oembed-1

Video: “Probability: Tossing 2 Coins (Head/Tail)” by Joshua Emmanuel [5:56] is licensed under the
Standard YouTube License.Transcript and closed captions available on YouTube.

Exercises

1. A box is filled with several party favours. It contains 12 hats, 15 noisemakers, 1() finger traps,
and § bags of confetti. A party guest randomly selects one of the party favours from the box.
a. Find the probability of getting a hat.
b. Find the probability of getting a noisemaker.
c. Find the probability of getting a finger trap.
d. Find the probability of getting a bag of confetti.
Click to see Answer

a. 0.2857
b. 0.3571
¢. 0.2381
d. 0.119

2. Ajar of 150 jelly beans contains 22 red jelly beans, 38 yellow, 2() green, 28 purple, 26 blue,
and the rest are orange. A jelly bean is selected at random.
a. Find the probability of getting a blue jelly bean.
b. Find the probability of getting a green jelly bean.
c. Find the probability of getting a purple jelly bean.
d. Find the probability of getting a red jelly bean.


https://www.youtube.com/watch?v=6HppFWelx64&list=PLD3fYc0bAjC-cX6M6dqfXNXWGeSMNL_z3&index=4
https://www.youtube.com/channel/UC1S4Jeodbr5EbsCOIgBWJPQ
https://www.youtube.com/static?template=terms
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e. Find the probability of getting a yellow jelly bean.
f. Find the probability of getting an orange jelly bean.

Click to see Answer

a. 0.1733
b. 0.1333
0.1867
0.1467
0.2533
0.1067

- 0 20

3. Suppose a card is drawn from a standard deck of 52 cards.
a. What is the probability the card is red?
b. What is the probability the card is a club?
c. What is the probability the card is a face card (jack, queen, or king)?
d. What is the probability the card is an ace?
e. What is the probability the card is the jack of hearts?

Click to see Answer

a. 0.5
0.25
0.2308
0.0769
0.0192

© /0 o

4. Suppose a fair, six-sided die is rolled.
a. What is the probability of rolling an even number?
b. What is the probability of rolling a 9, 3, or5?
c. What is the probability of rolling a 3 or a §?

Click to see Answer

a. 0.5
b. 0.5
¢. 0.3333

5. What is the word for the set of all possible outcomes?

Click to see Answer
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6. A sample of students was surveyed and asked how many movies they watched last week. The

results are given in the table below.

Number of Movies Frequency
0 5
1 9
2 6
3 4
4 1

a. What is the probability a student watched () movies last week?

b. What is the probability a student watched at most 1 movie last week?

c. What is the probability a student watched 2 or more movies last week?

Click to see Answer

a. 0.2
b. 0.56
c. 0.44

7. A sample of students was surveyed and asked how many pairs of sneakers they own. The

results are given in the table below.

Number of Pairs of Sneakers Frequency
1 2
2 5
3 8
4 12
5 12
6 0
7 1

a. What is the probability a student owns exactly 2 pairs of sneakers?
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b. What is the probability a student owns exactly ¢ pairs of sneakers?
c. What is the probability a student owns 4 or more pairs of sneakers?
d. What is the probability a student owns 3 or fewer pairs of sneakers?
e. What is the probability a student owns 5 or 7 pairs of sneakers?

Click to see Answer

- 0.125
0

- 0.625
- 0.375
- 0.325

o

o a0 o
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3.2 CONTINGENCY TABLES

LEARNING OBJECTIVES

+ Construct and interpret contingency tables.

+ Find probabilities using contingency tables.

A contingency table provides a way of displaying data that can facilitate calculating probabilities.

The table can be used to describe the sample space of an experiment. Contingency tables allow us

to break down a sample pace when two variables are involved.

Cell Phone Use Speeding violation in the last No speeding violation in the last Total
year year
Cell phone user 25 280 305
Not a cell phone 45 405 450
user
Total 70 685 755

When reading a contingency table:

» The left-side column lists all of the values for one of the variables. In the table shown above,

the left-side column shows the variable about whether or not someone uses a cell phone

while driving.

« The top row lists all of the values for the other variable. In the table shown above, the top row

shows the variable about whether or not someone had a speeding violation in the last year.

« In the body of the table, the cells contain the number of outcomes that fall into both of the

categories corresponding to the intersecting row and column. In the table shown above, the

number of 25 at the intersection of the “cell phone user” row and “speeding violation in the
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last year” column tells us that there are 25 people who have both of these characteristics.

« The bottom row gives the totals in each column. In the table shown above, the number 85 in
the bottom of the “no speeding violation in the last year” tells us that there are 85 people
who did not have a speeding violation in the last year.

+ The right-side column gives the totals in each row. In the table shown above, the number 305
in the right side of the “cell phone user” row tells us that there are 305 people who use cell
phones while driving.

« The number in the bottom right corner is the size of the sample space. In the table shown
above, the number in the bottom right corner is 755, which tells us that there are 755 people

in the sample space.

EXAMPLE

Suppose a study of speeding violations and drivers who use cell phones while driving produced the

following fictional data:

Cell Phone Use Speeding violation in the last No speeding violation in the last Total
year year
Cell phone user 25 280 305
Not a cell phone 45 405 450
user
Total 70 685 755

Calculate the following probabilities:

1. What is the probability that a randomly selected person is a cell phone user?

2. What is the probability that a randomly selected person had no speeding violations in the last
year?

3. What is the probability that a randomly selected person had a speeding violation in the last
year and does not use a cell phone?

4. What is the probability that a randomly selected person uses a cell phone and had no speeding

violations in the last year?



Solution

1. Probability =
2. Probability =
3. Probability =

4. Probability =
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number of cell phone users 305

total number in study 755
number of no violations 685

total number in study 755
number of violations and not cell phone users 45

total number in study 755
number of cell phone users and no violations 280

total number in study 755

The table below shows the number of athletes who stretch before exercising and how many had

injuries within the past year.

Stretch habits Injury in last year No injury in last year Total
Stretches 55 295 350
Does not stretch 231 219 450
Total 286 514 800

1. What is the probability that a randomly selected athlete stretches before exercising?

2. What is the probability that a randomly selected athlete had an injury in the last year?

3. What is the probability that a randomly selected athlete does not stretch before exercising and

had no injuries in the last year?

4. What is the probability that a randomly selected athlete stretches before exercising and had no

injuries in the last year?

Click to see Solution

350

1. Probability = —— = 0.4375

800
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286

2. Probability = _398 = 0.3575

3. Probability = _380 = 0.27375
)

4. Probability = —— = 0.36875
robability 200

EXAMPLE

The table below shows a random sample of 1()() hikers broken down by gender and the areas of

hiking they prefer.

Gender | The Coastline Near Lakes and Streams On Mountain Peaks Total

Female 18 16 45
Male 14 55
Total 41
1. Fill in the missing values in the table
2. What is the probability that a randomly selected hiker is female?
3. What is the probability that a randomly selected hiker prefers to hike on the coast?
4. What is the probability that a randomly selected hiker is male and prefers to hike near lakes

and streams?
5. What is the probability that a randomly selected hiker is female and prefers to hike in the

mountains?

Solution



32 CONTINGENCY TABLES | 149

Gender The Coastline Nea; tl;z:l(;;ssand L I\I;I:;Lr;tain Total
1.
Female 18 16 11 45
Male 16 25 14 55
Total 34 41 25 100
45
2. Probability = 100 — 0.45
34
25
4. Probability = 100 — 0.25
1

observational study.

The table below relates the weights and heights of a group of individuals participating in an

Weight/Height Tall Medium Short Totals
Obese 18 28 14
Normal 20 51 28
Underweight 12 25 9
Totals

Find the total for each row and column.

Find the probability that a randomly chosen individual from this group is tall.

Find the probability that a randomly chosen individual from this group is normal.

= N

Find the probability that a randomly chosen individual from this group is obese and short.
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5. Find the probability that a randomly chosen individual from this group is underweight and

medium.

Click to see Solution

1 Weight/Height Tall Medium Short Totals
Obese 18 28 14 60
Normal 20 51 28 99
Underweight 12 25 9 46
Totals 50 104 51 205
2. Probability = %
3. Probability = %
4. Probability = —
22055
5. Probability = —
205

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=87#oembed-1

Video: “Ex: Basic Example of Finding Probability From a Table” by Mathispower4u [2:40] is
licensed under the Standard YouTube License.Transcript and closed captions available on YouTube.

Exercises

1. A previous year, the weights, in pounds, of the members of the San Francisco 49ers and the


https://www.youtube.com/watch?v=O6obluO7FTQ
https://www.youtube.com/channel/UCNVMxRMEwvo9AS-Jfh6fQFg
https://www.youtube.com/static?template=terms
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Dallas Cowboys were published in the SAN JOSE MERCURY NEWS. The factual data are

compiled into the table.

Shirt Number At most 210 211-250 251-290 More than 290 Total
1-33 21 5 0 26
34-66 6 18 7 35
67-99 6 12 22 45
Total 33 35 29 106

For the following, suppose that one player from these two teams is selected at random.

a.
b.

C.

Click to see Answer
a.
b.

C.

What is the probability that the player’s shirt number is in the 34-66 category?

What is the probability that the player weighs at most 210 pounds?

What is the probability that the player’s shirt number is in the 1-33 category and weighs
between 211 and 250 pounds?

0.3302
0.3113
0.0472

2. The following table of data obtained from www.baseball-almanac.com shows hit information

for four players. Suppose that one hit from the table is randomly selected.

Name Single Double Triple Home Run Total Hits
Babe Ruth 1,517 506 136 714 2,873
Jackie Robinson 1,054 273 54 137 1,518
Ty Cobb 3,603 174 295 114 4,189
Hank Aaron 2,294 624 98 755 3,771
Total 8,471 1,577 583 1,720 12,351

o /0 o p

What is the probability that a hit was made by Jackie Robinson?
What is the probability that the hit was a double?

What is the probability that the hit was made by Ty Cobb?

What is the probability that a hit was made by Hank Aaron and is a home run?
What is the probability that a hit was a triple and hit by Babe Ruth?
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Click to see Answer

a.

© /0 o

0.1229
0.1277
0.3392
0.0611
0.011

3. The table shows a random sample of musicians and how they learned to play their

instruments.
Gender Self-taught Studied in School Private Instruction Total
Female 12 38 22 72
Male 19 24 15 58
Total 31 62 37 130

a. Find the probability a musician is female.
b. Find the probability that a musician received private instruction.

c. Find the probability that a musician is male and is self-taught.

Click to see Answer

a. 0.5538
b. 0.2846
C. 0.1462

4. The table shows the political party affiliation of each of 67 members of the US Senate in June

2012, and when they are up for reelection.

Up for reelection: Democratic Party Republican Party Other Total
November 2014 20 13 0
November 2016 10 24 0
Total

Complete the table by filling in the totals.
What is the probability that a randomly selected senator has an “Other” affiliation?

c. What is the probability that a randomly selected senator is a Republican?




20167

reelection in November 20147

Click to see Answer
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What is the probability that a randomly selected senator is up for reelection in November

What is the probability that a randomly selected senator is a Democrat and up for

o Up for reelection: Democratic Party Republican Party Other | Total
November 2014 20 13 0 33
November 2016 10 24 0 34

Total 30 37 0 67

b. 0

C. 0.5522

d. 0.5075

€. 0.2985

5. The table below identifies a group of children by one of four hair colours and by type of hair.

Hair Type Brown Blond Black Red Totals
Wavy 20 15 3 43
Straight 80 15 12
Totals 20 215

a. Complete the table.

b. What is the probability that a randomly selected child will have wavy hair?
c. What is the probability that a randomly selected child will have blond hair?
d. What is the probability that a randomly selected child will have straight hair and brown

hair?

Click to see Answer

o Hair Type Brown Blond Black Red Totals
Wavy 20 5 15 3 43
Straight 80 15 65 12 172
Totals 100 20 80 15 215
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b. 0.2
¢. 0.093
d. 0.3721

“3.3 Contingency Tables” and “3.8 Exercises” from Introduction to Statistics by Valerie Watts

is licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International
License, except where otherwise noted.
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3.3 THE COMPLEMENT RULE

LEARNING OBJECTIVES

+ Calculate probabilities using the complement rule.

The complement of an event / is the set of all outcomes in the sample space that are not in 4.
The complement of 4 is denoted by 4C and is read “not 4.”

Sample Space

Event A Complement of 4

™,

il
e,



https://ecampusontario.pressbooks.pub/app/uploads/sites/2831/2016/04/Venn-diagram-of-the-complement.png
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EXAMPLE

Suppose a coin is flipped two times. Previously, we found the sample space for this experiment:

S ={HH,HT,TH,TT} where H is heads and T is tails.

1. What is the complement of the event “exactly one head”?

2. What is the complement of the event “at least one tail.”

Solution

1. The event “exactly one head” consists of the outcomes FJT" and 7" [f. The complement of
“exactly one head” consists of the outcomes FJ Ff and 7T These are the outcomes in the
sample space § that are NOT in the original event “exactly one head.”

2. The event “at least one tail” consists of the outcomes {7, T'H, and 7T"T'. The complement
of “at least one tail” consists of the outcomes FJ FJ. These are the outcomes in the sample

space § that are NOT in the original event “at least one tail.”

Suppose we roll a fair six-sided die with the numbers 1, 2, 3, 4, 5, 6 on the faces. Previously, we
found the sample space for this experiment: S = {1,2,3,4,5,6}

1. What is the complement of the event “rolling a 4”?

2. What is the complement of the event “rolling a number greater than or equal to 57?7
3. What is the complement of the event “rolling a even number”?
4

. What is the complement of the event “rolling a number less than 4”?
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Click to see Solution

The complement is {1, 2,3,5, 6}.
The complement is {1, 2,3, 4}.
The complement is {1, 3, 5}.

The complement is {4, 5, 6}.

= N

The Probability of the Complement

In any experiment, an event A or its complement AC must occur. This means that
P(A) + P( AC) — 1. Rearranging this equation gives us a formula for finding the probability of
the complement from the original event:

P(A%) =1- P(A)

EXAMPLE

An online retailer knows that 30\% of customers spend more than §1()() per transaction. What is the

probability that a customer spends at most $1()() per transaction?
Solution

Spending at most $10( ($100 or less) per transaction is the complement of spending more than

$100 per transaction.

P(at most $100) = 1 — P(more than $100)
=1-0.3
=0.7
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At alocal college, a statistics professor has a class of 8() students. After polling the students in the
class, the professor finds out that 1 5 of the students play on one of the school’s sports teams and ¢()

of the students have part-time jobs.

1. What is the probability that a student in the class does not play on one of the school’s sports
teams?
2. What is the probability that a student in the class does not have a part-time job?

Click to see Solution

15
1. P(no sports team) = 1 — P(sports team) = 1 — 0 - 0.8125

60
2. P(no part-time job) = 1 — P(part-time job) = 1 — == 0.25

Exercises

1. Suppose a coin is flipped three times.

a. Find the sample space for this experiment.

b. What is the complement of the event “exactly 1 tail”?

c. What is the complement of the event “at most 2 heads™?

d. What is the complement of the event “2 or more tails”?

Click to see Answer

. {HHH,HHT,HTH,THH,TTH,THT,HTT,TTT}
b. {HHH,TTH, THT,HTT,TTT}
c. {HHH}
d. {HHH,HHT ,HTH,THH}

o
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2. A 12-sided die is in the shape of a regular dodecahedron. The faces of the 12-sided die are
labelled with the numbers 1 to 12. Suppose the 12-sided die is rolled one time.
a. Find the sample space of this experiment.
What is the complement of the event “rolling a 7?
What is the complement of the event “rolling a number less than or equal to 97?
What is the complement of the event “rolling a number that is a multiple of 3”?

What is the complement of the event “rolling a 5 or 9 or 12”7

- 0o 2o o

What is the complement of the event “rolling a number greater than 8?”?
g. What is the complement of the event “rolling an odd number”?

Click to see Answer
a. {1,2,3,4,5,6,7,8,9,10,11,12}

{1,2,3,4,5,6,8,9,10,11,12}

{10,11,12}

{1,2,4,5,7,8,10,11}

{1,2,3,4,6,7,8,10,11}

{1,2,3,4,5,6,7,8}

{2,4,6,8,10,12}

® - 0 2 o o

3. Arecent survey asked people about home ownership and annual income. A total of 75()
people were surveyed. Of the 750 people surveyed, 425 owned a home. Of the 75( people
surveyed, 338 people had an annual income of $60, 000 or more.

a. What is the probability that one of the people in the survey does not own a home?
b. What is the probability that one of the people in the survey has an annual income of less
than $60, 0007
Click to see Answer
a. 0.4333
b. 0.5493

4. Alocal college surveyed its recent graduates about their overall satisfaction with their college
experience and employment status post-graduation. In the survey, 75\% of respondents said
they were satisfied with their college experience, and 64\% of respondents said they found
full-time jobs after graduation.

a. What is the probability that a respondent was not satisfied with their college experience?
b. What is the probability that a respondent did not find full-time jobs after graduation?
Click to see Answer

a. 0.25
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b. 0.36
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3.4 THE ADDITION RULE

LEARNING OBJECTIVES

+ Calculate “or” probabilities using the addition rule.

« Determine if two events are mutually exclusive.

For two events 4 and B we might want to know the probability that at least one of the two events
occurs. For example, we might want to find the probability of rolling a 2 or a 5 in a single roll
of a die, or we might want to find the probability that someone has a smartphone or a tablet.
In probability terms, we want to find P(A or B), the probability that either 4 or B occurs. In
probability, “or” is always an inclusive “or,” which means that either 4 occurs, or B occurs, or
both occur.

The Addition Rule for Probabilities

To find P(A or B), we start by adding the individual probabilities, P(A) and P(B). But this
means that the overlap between the two events 4 and B is counted twice: once by P(A) and once
by P(B). To correct for this double counting, we need to subtract P(A and B), the probability of
both events occurring. This gives us the addition rule to find P(A or B):

P(Aor B) = P(A) + P(B) — P(A and B)
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EXAMPLE

At a local language school, 40\% of the students are learning Spanish, 20\% of the students are
learning German, and 8\% of the students are learning both Spanish and German. What is the

probability that a randomly selected student is learning Spanish or German?

Solution

P(Spanish or German) = P(Spanish) + P(German) — P(Spanish and German)
=04+40.2-0.08
= 0.52

EXAMPLE

There are 5() students enrolled in the second year of a business degree program. During this
semester, the students have to take some elective courses. 1 & students decide to take an elective in
psychology, 27 students decide to take an elective in philosophy, and 1 () students decide to take an
elective in both psychology and philosophy. What is the probability that a student takes an elective in
psychology or philosophy?

Solution

P(psychology or philosophy) = P(psychology) + P(philosophy)
— P(psychology and philosophy)
18 27 10

50 * 50 50
= 0.7
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At a local basketball game, 70\% of the fans are cheering for the home team, 25\% of the fans are
wearing blue, and 12\% of the fans are cheering for the home team and wearing blue. What is the

probability that a randomly selected fan is cheering for the home team or wearing blue?

Click to see Solution

P(home team or blue) = P(home team) + P(blue) — P(home team and blue)
=0.74+0.25—-0.12
=0.83

EXAMPLE

Suppose a study of speeding violations and drivers who use cell phones produced the following

fictional data:

Speeding violation in the last No speeding violation in the last Total

Cell phone use
year year
Cell phone user 25 280 305
Not a cell phone 45 405 450
user
Total 70 685 755

1. What is the probability that a randomly selected person is a cell phone user or has no speeding

violations in the last year?
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2. What is the probability that a randomly selected person had a speeding violation in the last

year or does not use a cell phone?
Solution
P(cell phone or no violations) = P(cell phone) + P(no violations)

— P(cell phone and no violations)

305 685 280

755 * 755 755

o
755

P(violations or no cell phone) = P(violations) + P(no cell phone)
— P(violations and no cell phone)

70 450 45

755 i 755 755

475
755

This table shows the number of athletes who stretch before exercising and how many had injuries

within the past year.
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Stretching Practice Injury in last year No injury in last year Total
Stretches 55 295 350
Does not stretch 231 219 450
Total 286 514 800

1. What is the probability that a randomly selected athlete stretches before exercising or had an
injury last year?
2. What is the probability that a randomly selected athlete does not stretch before exercising or

had no injuries in the last year?

Click to see Solution

350 . 286 95
800 800 800

1. Probability = = 0.72625

450 . 514 219
800 800 800

2. Probability = = 0.93125

Mutually Exclusive Events

Two events, 4 and B, are mutually exclusive if the two events cannot happen at the same time.
That is, the events 4 and B do not share any outcomes, and so P( A and B) = (. For example, in
the experiment of flipping a coin, the events heads and tails are mutually exclusive because it is not
possible to have both heads and tails on the top face. In the case of mutually exclusive events, the
addition rule is P(A or B) = P(A) + P(B).
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EXAMPLE

Suppose a bag contains 92() balls. 1() of the balls are white, 7 of the balls are red, and 3 of the balls
are blue. Suppose one ball is selected at random from the bag.

1. Are the events “selecting a white ball” and “selecting a red ball” mutually exclusive? Why?
2. What is the probability of selecting a white or red ball?

Solution

1. The events “selecting a white ball” and “selecting a red ball” are mutually exclusive because
the events cannot happen at the same time. It is not possible for the selected ball to be both

white and red.

10 7
2. P(white or red) = P(white) + P(red) = 20 + 20— 0.85

NOTE

In the calculation of the probability in part 2, there is nothing to subtract. Because the events are

mutually exclusive, P(White and red) =0.

At a local college, 60\% of the students are taking a math class, 50\% of the students are taking a

science class, and 30\% of the students are taking both a math and a science class.
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1. Are the events “taking a math class” and “taking a science class” mutually exclusive? Explain.
2. What is the probability that a randomly selected student is taking a math class or a science

class?

Click to see Solution

1. The events “taking a math class” and “taking a science class” are not mutually exclusive
because the events can happen at the same time (i.e. a student can be taking both a math class
and a science class). As stated in the question, P(math and science) =0.3#0.

2. P(math or science) = P(math) + P(science) — P(math and science) = 0.6 + 0.5 — 0.3 = 0.8

A fair, six-sided die is rolled one time.

1. Are the events “rolling a 4” and “rolling an even number” mutually exclusive?
2. Are the events “rolling a 4” and “rolling an odd number” mutually exclusive?

3. What is the probability of rolling a 4 or rolling an odd number?

Click to see Solution

1. The events “rolling a 4” and “rolling an even number” are not mutually exclusive because the
events can happen at the same time (i.e. 4 is an even number).

2. The events “rolling a 4” and “rolling an odd number” are mutually exclusive because the
events cannot happen at the same time. It is not possible to roll a die and get a 4 (an even

number) and an odd number on the top face at the same time

1 4
3. P(4orodd) = P(4) + P(odd) = A + % =
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@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=92#oembed-1

Video: “Addition rule for probability | Probability and Statistics | Khan Academy” by Khan
Academy [10:43] is licensed under the Standard YouTube License.Transcript and closed captions
available on YouTube.

Exercises

1. A 12-sided die is in the shape of a regular dodecahedron. The faces of the 12-sided die are
labelled with the numbers 1 to 12. Suppose the 12-sided die is rolled one time.
a. Are the events “rolling an even number” and “rolling a multiple of 3” mutually
exclusive? Explain
b. What is the probability of “rolling an even number” or “rolling a multiple of 3”?
c. Are the events “rolling a number greater than 9” and “rolling a number less than 5”
mutually exclusive? Explain.
d. What is the probability of “rolling a number greater than 9” or “rolling a number less
than 577
Click to see Answer
a. Not mutually exclusive because the events can happen at the same time (i.e. 6 is an even
number and is a multiple of 3).
b. 0.6667
c. Mutually exclusive because it is not possible to get a number greater than 9 (i.e. 10, 11,
12) and a number less than 5 (i.e. 1, 2, 3, 4) at the same time.

d. 0.5833

2. A recent survey asked people about home ownership and annual income. A total of 750
people were surveyed. Of the 75( people surveyed, 425 owned a home, 338 people had an
annual income of $60, 000 or more, and 293 people owned a home and had an annual
income of $60, 000 or more.

a. Are the events “owned a home” and “annual income of $60, 000 or more” mutually


https://www.youtube.com/watch?v=QE2uR6Z-NcU
https://www.youtube.com/channel/UC4a-Gbdw7vOaccHmFo40b9g
https://www.youtube.com/channel/UC4a-Gbdw7vOaccHmFo40b9g
https://www.youtube.com/static?template=terms
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exclusive? Explain.
b. What is the probability that one of the people in the survey owned a home or had an
annual income of $60, 000 or more?
Click to see Answer

a. Not mutually exclusive because 293 people fall into both categories.

b. 0.6267

3. Alocal college surveyed its recent graduates about their overall satisfaction with their college
experience and employment status post-graduation. In the survey, 75\% of respondents said
they were satisfied with their college experience, 64\% of respondents said they found full-
time jobs after graduation, and 52\% of respondents said they were satisfied with their college
experience and found full-time jobs after graduation.

a. Are the events “satisfied with college experience” and “found full-time job” mutually
exclusive? Explain.
b. What is the probability that a respondent was satisfied with their college experience and
found full-time jobs after graduation?
Click to see Answer
a. Not mutually exclusive because 52\% fall into both categories.

b. 0.87

4. U and Vare mutually exclusive events. P(U) = 0.26; P(V') = 0.37. Find:
a. P(UandV)
b. P(UorV)
Click to see Answer
a. 0
b. 0.63

5. Atalocal college, 20\% of the students are studying business, 40\% of the students are
studying mathematics, and 8\% of the students are studying both business and mathematics.
a. What is the probability that a randomly selected student studies business or
mathematics?
b. Are the events “business” and “mathematics” mutually exclusive? Explain.
Click to see Answer

a. 0.52
b. Not mutually exclusive because 8\% of the students are studying both.
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6. In a collection of eight cards, five cards are green, and three cards are yellow. The five green
cards are numbered 1, 2, 3, 4, and 5. The three yellow cards are numbered 1, 2, and 3. The
cards are well shuffled. One card is selected at random.

a. What is the probability the card is green?
What is the probability the card is green or has an even number on it?
What is the probability the card is green and has an even number on it?

Are the events “green” and “even” mutually exclusive? Explain.

© /0 o

What is the probability the card is yellow or has a number greater than 3 on it?
f. Are the events “yellow” and “number greater than 3” mutually exclusive? Explain.

Click to see Answer

a. 0.625
0.75
0.25

Not mutually exclusive because there are green cards with even numbers.

0.625

Mutually exclusive because there are no yellow cards with numbers greater than 3.

- 0o 2o o

7. Canadian Blood Services collects blood donations. A person with type O blood and a negative
Rh factor (Rh-) can donate blood to any person with any blood type. Data shows that 43\% of
people have type O blood, 15\% of people have Rh- factor and 52\% of people have type O or
Rh- factor.

a. Find the probability that a person has both type O blood and the Rh- factor.

b. Find the probability that a person does NOT have both type O blood and the Rh- factor.
Click to see Answer

a. 0.06

b. 0.48

8. Ata college, 72\% of courses have final exams, 46\% of courses require research papers, and
32\% of courses have both a research paper and a final exam.
a. Find the probability that a course has a final exam or a research project.
b. Find the probability that a course has NEITHER of these two requirements.
Click to see Answer
a. (.86
b. 0.14
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In a box of assorted cookies, 36\% contain chocolate, 12\% contain nuts, and 8\% contain both
chocolate and nuts. Sean is allergic to both chocolate and nuts.

a. Find the probability that a cookie contains chocolate or nuts (Sean can’t eat it).

b. Find the probability that a cookie does not contain chocolate or nuts (Sean can eat it).
Click to see Answer

a. 0.4
b. 0.6

A previous year, the weights, in pounds, of the members of the San Francisco 49ers and the
Dallas Cowboys were published in the SAN JOSE MERCURY NEWS. The factual data are
compiled into the table.

Shirt Number At most 210 211-250 251-290 More than 290 Total
1-33 21 5 0 0 26
34-66 6 18 7 4 35
67-99 6 12 22 5 45
Total 33 35 29 9 106

For the following, suppose that one player from these two teams is selected at random.
a. What is the probability that the player’s weighs at most 210 pounds or has a shirt number
in the 67-99 category?
b. What is the probability that the player weighs between 251 and 290 pounds or has a shirt
number in the 34-66 category?
c. Are the events “1-33” and “more than 290” mutually exclusive? Explain
Click to see Answer

a. 0.6792

b. 0.5377
c. Mutually exclusive because there are no players that fall into both of those categories.

The following table of data obtained from www.baseball-almanac.com shows hit information
for four players. Suppose that one hit from the table is randomly selected.
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Name Single Double Triple Home Run Total Hits
Babe Ruth 1,517 506 136 714 2,873
Jackie Robinson 1,054 273 54 137 1,518
Ty Cobb 3,603 174 295 114 4,189
Hank Aaron 2,294 624 98 755 3,771
Total 8,471 1,577 583 1,720 12,351

a. What is the probability that a hit was made by Jackie Robinson or was a double?
b. What is the probability that the hit was a single or made by Hank Aaron?
c. Are the events “Babe Ruth” and “home run” mutually exclusive? Explain.

Click to see Answer

a. 0.2285

b. 0.8054
c. Not mutually exclusive because Babe Ruth hit 714 home runs.

12. The table shows a random sample of musicians and how they learned to play their

instruments.
Gender Self-taught Studied in School Private Instruction Total
Female 12 38 22 72
Male 19 24 15 58
Total 31 62 37 130

a. Find the probability a musician is male or is self-taught.
b. Find the probability that a musician studied in school or is female.

Click to see Answer

a. 0.5385
b. 0.7385

13. The table shows the political party affiliation of each of 7 members of the US Senate in June

2012 and when they are up for reelection.
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Up for reelection: Democratic Party Republican Party Other Total
November 2014 20 13 0 33
November 2016 10 24 0 34

Total 30 37 0 67

a. What is the probability that a randomly selected senator is a Republican or is up for

reelection in November 20167
b. What is the probability that a randomly selected senator is a Democrat or is up for

reelection in November 2014?
Click to see Answer
a. 0.7015
b. 0.6418

14. The table below identifies a group of children by one of four hair colours and by type of hair.

Hair Type Brown Blond Black Red Totals
Wavy 20 5 15 3 43
Straight 80 15 65 12 172
Totals 100 20 80 15 215

a. What is the probability that a randomly selected child has wavy hair or black hair?
b. What is the probability that a randomly selected child has blond hair or straight hair?
c. Are the events “wavy” or “brown” mutually exclusive? Explain.

Click to see Answer

a. 0.5023

b. 0.8233
c. Not mutually exclusive because 2() children fall into both categories.

“3.5 The Addition Rule” and “3.8 Exercises” from Introduction to Statistics by Valerie Watts is
licensed under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International

License, except where otherwise noted.
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3.5 CONDITIONAL PROBABILITY

LEARNING OBJECTIVES

« Calculate conditional probabilities.

« Determine if two events are independent.

A conditional probability is the probability of an event A given that another event B has already
occurred. The idea behind conditional probability is that it reduces the sample space to the part of
the sample space that involves just the given event B—except for the event B, everything else in the
sample space is thrown away. Once the sample space is reduced to the given event B, we calculate
the probability of A occurring within the reduced sample space.

The conditional probability of A given B is written as P( A|B) and is read as “the probability of 4
given B.”

Recognizing a conditional probability and identifying which event is the given event can be
challenging. The following sentences are all asking the same conditional probability, just in
different ways:

« What is the probability a student has a smartphone, given that the student has a tablet?
« Ifastudent has a tablet, what is the probability the student has a smartphone?
« What is the probability that a student with a tablet has a smartphone?

The given event is “has a tablet,” so in calculating the conditional probability, we would restrict the
sample space to just those students who have a tablet and then find the probability a student has a
smartphone from among just those students with a tablet.



3.5 CONDITIONAL PROBABILITY | 175

NOTE

The conditional probability P( A‘ B) is NOT the same as P( A and B).

» In the conditional probability P( A|B), we want to find the probability of 4 occurring
after B has already happened. In the conditional probability, the sample space is
restricted to just event B before we calculate the probability of A in the restricted sample

space.

+ In P(A and B)[/latex, |Jwewantto findtheprobabilityo fevents|latex] A

and B happening at the same time in the unrestricted sample space.

EXAMPLE

Suppose a study of speeding violations and drivers who use cell phones produced the following

fictional data:

Cell Phone Use Speeding violation in the last No speeding violation in the last Total
year year
Cell phone user 25 280 305
Not a cell phone 45 405 450
user
Total 70 685 755

1. What is the probability that a randomly selected person is a cell phone user, given that they
had no speeding violations in the last year?

2. If arandomly selected person does not have a cell phone, what is the probability they had a
speeding violation last year?

3. What is the probability that someone with a cell phone did not have a speeding violation last

year?
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Solution

1. The given event is "no speeding violations," so we restrict the table to just the column

involving "no speeding violations.” With this restriction, the table would look like this:

Cell Phone Use No speeding violation in the last year
Cell phone user 280
Not a cell phone user 405
Total 685

Now, we want to find the probability a person is a cell phone user in this restricted sample
space:

number of cell phone users in restricted sample space

P(cell phone|no violations) =
(cell p | ) total number in restricted sample space

280
685

2. The given event is "no cell phone," so we restrict the table to just the row involving "no cell
phone."” With this restriction, the table would look like this:

Cell Phone Use Speeding violation in the last | No speeding violation in the last Total
year year
Not a cell phone 45 405 450
user

Now, we want to find the probability a person has a speeding violation in the last year in this

restricted sample space:

number of violations in restricted sample space

P(violation|no cell phone) =
( | - ) total number in restricted sample space

45
450

3. The given event is "cell phone,” so we restrict the table to just the row involving “cell phone."
With this restriction, the table would look like this:
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Cell Phone Speeding violation in the last No speeding violation in the last Total
Use year year

Cell phone 25 280 305
user

Now, we want to find the probability a person does not have a speeding violation in the last

year in this restricted sample space:

number with no violations in restricted sample space

P(no violations|cell phone) =
o R e ) total number in restricted sample space

280
305

NOTE

The conditional probability P( A|B) does not equal the conditional probability P(B|A). In
ty

does not equal

the above example, P(cell phone|no violations) =
280

P(no violations|cell phone) = B

This table shows the number of athletes who stretch before exercising and how many had injuries

within the past year.
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Stretching Practice Injury in last year No injury in last year Total
Stretches 55 295 350
Does not stretch 231 219 450
Total 286 514 800

1. What is the probability that a randomly selected athlete stretches before exercising, given that
they had an injury last year?

2. What is the probability that a randomly selected athlete who had no injuries in the last year
does not stretch before exercising?

3. Ifarandomly selected athlete does not stretch before exercising, what is the probability they

had an injury in the last year?

Click to see Solution

1. Probability = %
21

2. Probability = ﬁ
231

3. Probability = %

Calculating Conditional Probabilities Using the Formula

When working with a contingency table as in the above examples, we can simply calculate
conditional probabilities by restricting the table to the given event and then finding the required
probability in the restricted sample space. Depending on the situation, it might not be possible to
work out a conditional probability this way. In these situations, we can use the following formula
to find a conditional probability:

P(A and B)
P(B)

P(A|B) =
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EXAMPLE

At a local language school, 40\% of the students are learning Spanish, 20\% of the students are

learning German, and 8\% of the students are learning both Spanish and German.

1. What is the probability that a randomly selected student is learning Spanish given that they
are learning German?

2. What is the probability that a randomly selected Spanish student is learning German?

Solution

P(S ish and G 0.08
1. P(Spanish|German) = ( parlljl?Gea:man)erman) === 0.4

P(S ish and G 0.08
2. P(German|Spanish) = ( paI;?Spaar;ish; LA == 0.2

EXAMPLE

There are 5() students enrolled in the second year of a business degree program. During this
semester, the students have to take some elective courses. ] 8§ students decide to take an elective in
psychology, 27 students decide to take an elective in philosophy, and 1 () students decide to take an
elective in both psychology and philosophy.

1. What is the probability that a student takes an elective in psychology given that they take an
elective in philosophy?

2. Ifastudent takes an elective in psychology, what is the probability that they take an elective in
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philosophy?
Solution

P hol d philosoph: 10

1. P(psychology|philosohpy) = (psyc ;(og}ir.lan Il)l I)OSOP y) = 2—2 = 0.3704
philosophy 2
P hol d philosoph 10

2. P(philosophy|psychology) = (psyc ;(og}ir.lan 1:1)1 I)OSOP ) = % = 0.5556
philosophy o

At a local basketball game, 70\% of the fans are cheering for the home team, 25\% of the fans are

wearing blue, and 12\% of the fans are cheering for the home team and wearing blue.

1. What is the probability that a randomly selected fan is cheering for the home team, given that
they are wearing blue?
2. If arandomly selected fan is cheering for the home team, what is the probability they are

wearing blue?

Click to see Solution

0.12
1. P(home team|blue) = — = 0.48
12
2. P(blue/home team) = 012 _ 0.1714

0.7
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Independent Events

Two events are independent if the probability of the occurrence of one of the events does not
affect the probability of the occurrence of the other event. In other words, two events, A and B
are independent if the knowledge that one of the events occurred does not affect the chance the
other event occurs. For example, the outcomes of two roles of a fair die are independent events—the
outcome of the first roll does not change the probability of the outcome of the second roll. If two

events are not independent, then we say the events are dependent.

We can test two events 4 and B for independence by comparing P(A) and P(A|B):

« If P(A) = P(A|B), then the events 4 and B are independent.
« If P(A) # P(A|B), then the events 4 and B are dependent.

EXAMPLE

At a local language school, 40\% of the students are learning Spanish, 20\% of the students are
learning German, and 8\% of the students are learning both Spanish and German. Are the events

"Spanish” and "German" independent? Explain.
Solution

To check for independence, we need to check two probabilities: P(Spa,nish) and
P(Spanish|German). If these probabilities are equal, the events are independent. If the

probabilities are not equal, the events are dependent.

From the information provided in the question, P(Spanish) = (.4. Previously, we calculated
P(Spanish|German):
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P ish and
P(Spanish|German) = (SPaIIIDI?Ga,n G;%rman)
erman
0,08
0.2
=04

We can see that P(Spanish) = P(Spanish| German). Because these two probabilities are
equal, the events "Spanish” and "German" are independent. This means that the probability a student

is taking Spanish does not affect the probability a student is taking German.

EXAMPLE

Suppose a study of speeding violations and drivers who use cell phones produced the following

fictional data:

Cell Phone Use Speeding violation in the last No speeding violation in the last Total
year year
Cell phone user 25 280 305
Not a cell phone 45 405 450
user
Total 70 685 755

Are the events "cell phone user” and "speeding violation in the last year” independent? Explain.
Solution

To check for independence, we need to check two probabilities: P(cell phone) and

P(cell phone|speeding violation). If these probabilities are equal, the events are
independent. If the probabilities are not equal, the events are dependent.
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P(cell phone) = %

= 0.4040

25
70
= 0.03571

P(cell phone|speeding violation) =

We can see that P(cell phone) # P(cell phone|speeding violation). Because these
probabilities are not equal, the events "cell phone user” and "speeding violation" are dependent. This
means that the probability a person is a cell phone user does affect the probability the person had a
speeding violation in the last year.

At a local basketball game, 70\% of the fans are cheering for the home team, 25\% of the fans are

wearing blue, and 12\% of the fans are cheering for the home team and wearing blue. Are the events

"cheering for the home team” and "wearing blue" independent? Explain.

Click to see Solution

Because P(home team) = 0.7 does not equal P(home team|blue) = % = 0.48, the

events "cheering for the home team” and "wearing blue" are dependent.
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This table shows the number of athletes who stretch before exercising and how many had injuries
within the past year.

Stretching Practice Injury in last year No injury in last year Total
Stretches 55 295 350
Does not stretch 231 219 450
Total 286 514 800

Are the events "does not stretch” and "injury in last year” independent? Explain.

Click to see Solution

Because P(no stretch) = gg% — (0.5625 does not equal
P(no stretch|injury) = ot — (0.8077, the events "does not stretch” and "injury in last

year” are dependent.

Sampling may be done with replacement or without replacement, which effects whether or
not events are considered independent or dependent.

« With replacement: If each member of a population is replaced after it is picked, then that
member has the possibility of being chosen more than once. When sampling is done with
replacement, then events are considered to be independent because the result of the first pick
will not change the probabilities for the second pick.

« Without replacement: When sampling is done without replacement, each member of a
population may be chosen only once. In this case, the probabilities for the second pick are
affected by the result of the first pick. Depending on the situation, the events are considered
to be dependent or not independent.
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@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=94#oembed-1

Video: "Calculating conditional probability | Probability and Statistics | Khan Academy” by Khan

Academy [6:43] is licensed under the Standard YouTube License.Transcript and closed captions
available on YouTube.

@ One or more interactive elements has been excluded from this version of the text. You can view them

online here: https://ecampusontario.pressbooks.pub/introstats2ed/?p=94#oembed-2

Video: "Conditional probability and independence | Probability | AP Statistics | Khan Academy”

by Khan Academy [4:07] is licensed under the Standard YouTube License.Transcript and closed
captions available on YouTube.

Exercises

1. A recent survey asked people about home ownership and annual income. A total of 750
people were surveyed. Of the 75( people surveyed, 425 owned a home, 338 people had an
annual income of $6(), 000 or more, and 293 people owned a home and had an annual
income of $60, 000 or more.

a. what is the probability that one of the people in the survey owned a home, given that
they had an annual income of $60, 000 or more?
b. Are the events "owned a home" and "annual income of $6(), 000 or more" independent?
Explain.
Click to see Answer

a. 0.8669
b. Dependent because


https://www.youtube.com/watch?v=6xPkG2pA-TU
https://www.youtube.com/channel/UC4a-Gbdw7vOaccHmFo40b9g
https://www.youtube.com/channel/UC4a-Gbdw7vOaccHmFo40b9g
https://www.youtube.com/static?template=terms
https://www.youtube.com/watch?v=pIfpHdGVwLU
https://www.youtube.com/channel/UC4a-Gbdw7vOaccHmFo40b9g
https://www.youtube.com/static?template=terms
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P(owned home) # P(owned home|annual income of $60, 000 or more).

2. Alocal college surveyed its recent graduates about their overall satisfaction with their college
experience and employment status post-graduation. In the survey, 75\% of respondents said
they were satisfied with their college experience, 64\% of respondents said they found full-
time jobs after graduation, and 52\% of respondents said they were satisfied with their college
experience and found full-time jobs after graduation.

a. What is the probability that a respondent was satisfied with their college experience,
given that they found full-time jobs after graduation?

b. Are the events "satisfied with college experience” and "found full-time job" independent?
Explain.

Click to see Answer

a. 0.8125

b. Dependent because
P(cell satisfied with college experience) # P(satisfied with college experience|found full-time job)

2

3. U and Yare mutually exclusive events. P(U) = 0.26; P(V') = 0.37. Find P(U|V)
Click to see Answer

4. Atalocal college, 20\% of the students are studying business, 40\% of the students are

studying mathematics, and 8\% of the students are studying both business and mathematics.

a. What is the probability that a randomly selected student studies business, given that they
study mathematics?

b. What is the probability that a randomly selected business student studies mathematics?
c. Are the events "business” and "mathematics” independent? Explain.

Click to see Answer
a. 0.2

b. 0.4
c. Independent because P(business) = P(business|mathematics).

5. In a collection of eight cards, five cards are green, and three cards are yellow. The five green
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cards are numbered 1, 2, 3, 4, and 5. The three yellow cards are numbered 1, 2, and 3. The
cards are well shuffled. One card is selected at random.
a. What is the probability the card is green, given that the card has an even number on it?
b. Are the events "green” and "even” independent? Explain.
c. What is the probability that a yellow card has an odd number on it?
d. Are the events "yellow" and "odd" independent? Explain.
Click to see Answer
a. 0.4
Dependent because P(green) # P(green|even).

0.6667
Dependent because P(odd) # P(odd|yellow).

o o

. Ata college, 72\% of courses have final exams, 46\% of courses require research papers, and
32\% of courses have both a research paper and a final exam.
a. Find the probability that a course has a final exam, given that it has a research project.
b. Are the events "final exam" and "research project” independent? Explain.
Click to see Answer

a. 0.6957
b. Dependent because P(final exam) # P(final exam|research project).

. In a box of assorted cookies, 36\% contain chocolate, 12\% contain nuts, and 8\% contain both
chocolate and nuts. Sean is allergic to both chocolate and nuts.
a. If Sean selects a cookie that contains chocolate, what is the probability that the cookie
contains nuts?
b. Are the events "chocolate” and "nuts” independent? Explain.
Click to see Answer

a. (0.2222
b. Dependent because P(nuts) # P(nuts|chocolate).

. A previous year, the weights, in pounds, of the members of the San Francisco 49ers and the
Dallas Cowboys were published in the SAN JOSE MERCURY NEWS. The factual data are

compiled into the table.
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Shirt Number At most 210 211-250 251-290 More than 290 Total
1-33 21 5 0 0 26
34-66 6 18 7 4 35
67-99 6 12 22 5 45
Total 33 35 29 9 106

For the following, suppose that one player from these two teams is selected at random.

a.

d.

What is the probability that the player's weighs at most 210 pounds, given that the player
has a shirt number in the 67-99 category?

What is the probability that the player in the 34-66 category weighs between 251 and 290
pounds?

If a player weighs more than 290 pounds, what is the probability the player has a shirt
number in the 34-66 category?

Are the events "1-33" and "211-250" independent? Explain

Click to see Answer

o o

0.1333

0.2

0.4444

Dependent because P(1-33) # P(1-33|211-250).

9. The following table of data obtained from www.baseball-almanac.com shows hit information

for four players. Suppose that one hit from the table is randomly selected.

Name Single Double Triple Home Run Total Hits
Babe Ruth 1,517 506 136 714 2,873
Jackie Robinson 1,054 273 54 137 1,518
Ty Cobb 3,603 174 295 114 4,189
Hank Aaron 2,294 624 98 755 3,771
Total 8,471 1,577 583 1,720 12,351

What is the probability that a hit was made by Jackie Robinson, given that the hit was a
double?

If the hit was made by Hank Aaron, what is the probability that the hit was a single?

c. What is the probability that a triple was hit by Babe Ruth?




d. Are the events "Ty Cobb" and "home run” independent? Explain.

Click to see Answer

a. 0.1731
b. 0.6083
¢. 0.2333
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d. Dependent because P(Ty Cobb) # P(Ty Cobb|home run).

10. The table shows a random sample of musicians and how they learned to play their

instruments.
Gender Self-taught Studied in School Private Instruction Total
Female 12 38 22 72
Male 19 24 15 58
Total 31 62 37 130

a. Find the probability a musician is male, given that they are self-taught.
b. Find the probability that a female musician studied in school.
C

. If the musician had private lessons, find the probability the musician is female.

d. Are the events "male” and "studied in school” independent? Explain.

Click to see Answer

a. 0.6129
b. 0.5278
C. 0.5946
d

. Dependent because P(male) # P(male|studied in school).

11. The table below identifies a group of children by one of four hair colours and by type of hair.

Hair Type Brown Blond Black Red Totals
Wavy 20 5 15 3 43

Straight 80 15 65 12 172
Totals 100 20 80 15 215

a. What is the probability that a randomly selected child has wavy hair, given that they have

black hair?
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12.

13.

14.

15.

b. What is the probability that a randomly selected child with straight hair has blond hair?
c. If achild has red hair, what is the probability the child has wavy hair?
d. Are the events "straight” or "brown" independent? Explain.
Click to see Answer
a. 0.1875
b. 0.0872

c. 0.2
d. Independent because P(straight) = P(straight|brown).

E and F are mutually exclusive events. P(E) = 0.4and P(F') = 0.5. Find P(E | F).

Click to see Answer

J and K are independent events. P(J\K) — (.3. Find P(J).

Click to see Answer

0.3

@ and R are independent events. P(Q)) = 0.4 and P(Q and R) = 0.1. Find P(R).

Click to see Answer

0.25

Suppose P(C) = 0.4, P(D) = 0.5and P(C|D) = 0.6.
a. Find P(C and D).
b. Are ¢ and D mutually exclusive? Why or why not?
c. Are (' and D independent events? Why or why not?
d. Find P( or D).
e. Find P(D|C).

Click to see Answer
a. 0.3

No because P(C and D) # 0

Dependent because P(C) # P(C|D).

0.6

g o o
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0.75

16. A college finds that 10\% of students have taken a distance learning class and that 40\% of

students are part-time students. Of the part-time students, 20\% have taken a distance

learning class.

a.

d.

Find the probability that a student takes a distance learning class and is a part-time
student.

Find the probability that a student is a part-time student, given that they take a distance
learning class.

Find the probability that the student is a part-time student or takes a distance learning
class.

Are the events "distance learning” and "part-time” independent? Explain.

Click to see Answer

g o o

0.08
0.8

0.42
Dependent because P(distance learning) # P(distance learning|part-time).
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3.6 JOINT PROBABILITIES

LEARNING OBJECTIVES

+ Calculate joint probabilities.

A joint probability is the probability of events 4 and B happening at the same time. We are
interested in both events occurring simultaneously in the unrestricted sample space. We have seen
these types of probabilities already when we looked at contingency tables and in the context of “or”
probabilities.

EXAMPLE

Suppose a study of speeding violations and drivers who use cell phones produced the following

fictional data:

Cell Phone Use Speeding violation in the last No speeding violation in the last Total
year year
Cell phone user 25 280 305
Not a cell phone 45 405 450
user
Total 70 685 755
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1. What is the probability that a randomly selected person is a cell phone user and had no
speeding violations in the last year?
2. What is the probability that a randomly selected person had a speeding violation in the last

year and does not use a cell phone?
Solution

1. Probability — number of cell phone users and no violations _ 280

total number in study 755
>. Probability — number of violations and not cell phone users 45
. v total number in study 755

NOTE

These two probabilities are examples of joint probabilities. For example, in part 1, we want to find
the probability that a randomly selected person has both traits at the same time: cell phone user and

no speeding violations. So, we are interested in both events happening simultaneously.

Repeated Trial Experiments

So far, most of the probabilities we have looked at are based on a single trial experiment and
finding a probability based on that single trial. For example, finding the probability of rolling an
even number in a single roll of a die is a single trial experiment—we are only rolling the die one
time, and then we want to find the probability of a particular event happening in that single roll.
Even the joint probabilities that we have seen so far, as in the example above, are based on a single
trial experiment. We see these types of joint probabilities when we randomly select a single item
and then want to find the probability that the item has two different characteristics at the same

time.

However, we often want to calculate probabilities associated with repeated trial experiments.
In a repeated trial experiment, we deal with identical trials that are repeated a number of times.
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For example, flipping a coin three times is an example of a repeated trial experiment—the trial is

flipping the coin, and then that trial is repeated three identical times.

EXAMPLE

Which of the following are repeated trial experiments? For the repeated trial experiments, identify

the trial and the number of repetitions.

1. Finding the probability of rolling an odd number in the roll of the die.

2. Finding the probability of drawing five spades from a deck of cards.

3. Finding the probability a randomly selected person has blue eyes and blond hair.

4. Finding the probability that three women from a pool of candidates are selected for a
committee.

5. Finding the probability that a student answers ten multiple choice questions correctly.

Solution

1. Single trial experiment. The die is rolled one time.

2. Repeated trial experiment. The trial is selecting a card from the deck and this trial is repeated
five times.

3. Single trial experiment. A single person is selected.

4. Repeated trial experiment. The trial is selecting a woman from the candidate pool, and this
trial is repeated three times.

5. Repeated trial experiment. The trial is answering an individual question, and this trial is

repeated ten times.

We can think of repeated trial experiments as joint probabilities—event on trial one AND event on
trial two AND event on trial three, and so on, depending on the number of trials. Suppose in the
example of flipping the coin three times, we want to find the probability of getting three heads in
the three flips. We can think of this as a joint probability—heads on flip one AND heads on flip two
AND heads on flip three. We want to calculate probabilities for such repeated trial experiments and,

as we will see, the key to such probabilities is to think of the repeated trials as a joint probability.

One thing we must consider in a repeated trial experiment is whether the trials are done with or
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without replacement because this changes how we calculate the probability as we move from trial
to trial.

« With replacement. Each member of a population is replaced after it is selected on a trial,
and so each member of the population has the possibility of being chosen more than once (on
different trials of the experiment). In terms of probability, with replacement means that the
probability a member of the population is chosen stays the same from trial to trial. In other
words, the trials are independent events because the result of the first trial does not affect the
result of the second trial.

« Without replacement. Each time a member of a population is selected, it is NOT replaced,
and so each member of the population cannot be chosen more than once. In terms of
probability, without replacement means that the probability a member of the population is
chosen changes from trial to trial. In other words, the trials are dependent events because the
result of the first trial does affect the result of the second trial.

When calculating probabilities for repeated trial experiments, it is important that we identify if
the experiment is done with or without replacement. Sometimes, we will be told directly that the
experiment is done with or without replacement. But most of the time we will need to determine if
the experiment is done with or without replacement from the context of the question.

EXAMPLE

For each of the following, determine if the experiment is done with or without replacement.

Flipping a coin three times.
Selecting three women for a committee from a pool of candidates.
Drawing five cards from the deck of cards.

Rolling a die six times.

o W=

Selecting the members of the student executive committee from the student council.

Solution

1. With replacement. The probability of heads or tails stays the same with each flip.
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2. Without replacement. In this case, we want three different women on the committee, so we
must select them without replacement. (Selecting with replacement would mean a possibility
of the same woman being selected three times, and then the committee would consist of just a
single person).

3. Depending on the context, this could be with or without replacement. If each card is replaced
after it is selected, this would be with replacement. If each card is not replaced after it is
selected, this would be without replacement. In this situation, the question would probably
include a statement about whether the cards are drawn with or without replacement.

4. With replacement. The probability of rolling any of the numbers stays the same with each roll
of the die.

5. Without replacement. In this case, we want the members of the executive committee to be all

different, so we must select them without replacement.

The Multiplication Rule for Joint Probabilities

In mathematical terms, “and” means multiply. By thinking of a repeated trial experiment as a joint
probability, the basic idea is to multiply the probabilities of the individual trials. Basically, if we
think of a repeated trial experiment as a joint probability—event on trial one AND event on trial
two AND event on trial three and so on, depending on the number of trials—we can find the
probability by multiplying together the probabilities of the trials:

Probability = Prob. on Trial 1 x Prob. on Trial 2 x Prob. on Trial 3 x -s

Unfortunately, it is more complicated than that because we have to work out the probabilities on
each trial, and these probabilities are affected by whether the experiment is done with or without
replacement.

The multiplication rule to find the probability of 4 and B in a repeated trial experiment is
P(A and B) = P(A) x P(B|A)

If we think of A as the first trial and B as the second trial, the probability of 4 and B is the
probability of A (the probability of 4 on the first trial) times the probability of B given 4 (the
probability of B on the second trial assuming that A happened on the first trial).
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In the case that the experiment is done with replacement, the events 4 and B are independent,
so P(B|A) = P(B) and this rule becomes

P(A and B) = P(A) x P(B)

We can extend this rule to any number of trials, we just need to keep multiplying as we move from

trial to trial.

When finding probabilities associated with repeated trial experiments, remember the following:

« To find the probability, we work with the probabilities of the individual trials, multiplying the
probabilities together as we move from trial to trial.

« Identify if the experiment is done with or without replacement and use that information to
find the probability on each subsequent trial.

EXAMPLE

A small local high school has 925 students in its graduating class. 1 8 of the students are going to
college next year, and the remaining 7 are not going to college next year. Suppose two students are

selected at random from the graduating class.

1. What is the probability that both students are going to college next year?
2. What is the probability that exactly one of the students is going to college next year?

Solution

This is a repeated trial experiment. A trial is selecting a student, and there are two trials. The
assumption here is that the experiment is done without replacement because we do not want to get

the same student twice.

1. We want to get college-bound students on both trials. In other words, college-bound student

on trial one AND college-bound student on trial two. On the first trial, the probability of

18
getting a college-bound student is — . We are selecting without replacement, so after the

first trial, we assume that we have removed one of the college-bound students. This means
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that on the second trial, there are only 24 students to pick from (one student was removed on
the first trial,) and there are only 17 college-bound students left (on the first trial we removed

one of the 18 college-bound students). So on the second trial, the probability of getting a

college-bound student is 1_1 The probability of getting two college-bound students is
2

1 17
Probability = % X Y 0.51

2. 'We want one college-bound student (denoted (7') and one non-college-bound student (denoted
N)- In this case, we have to think about the order of the selections—there is a difference
between college-bound on trial one, non-college-bound on trial two((7' V) and non-college-
bound on trial one, college-bound on trial two (N (). All possible orders must be accounted
for when we calculate the probability. One of the two possible orders must occur: (] OR
INC. For each of the individual orders, we multiply the probabilities as we move from trial to

trial. The “or” means that we add the probabilities of the different orders. In other words:

Probability = Probability of CIN 4 Probability of NC

For the (' order (college-bound on trial one, non-college-bound on trial two), we want a

college-bound student on trial one, and the probability of getting a college-bound student is

8
— . We are selecting without replacement, so after the first trial, we assume that we have
25

removed one of the college-bound students. This means that on the second trial, there are only
924 students to pick from (a college-bound student was removed on the first trial), and there
are 7 non-college-bound students (none of the non-college-bound students were removed

after the first trial). So on the second trial, the probability of getting a non-college-bound

e
24

Similarly, for the (' order (non-college-bound on trial one, college-bound on trial two), we

student is l So the probability of getting the (' )\ order is E X
24 25

want a non-college-bound student on trial one, and the probability of getting a non-college-

7
bound student is — . We are selecting without replacement, so after the first trial, we assume
25

that we have removed one of the non-college-bound students. This means that on the second
trial, there are only 924 students to pick from (a non-college-bound student was removed on

the first trial), and there are ] 8 college-bound students (none of the college-bound students
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were removed after the first trial). So on the second trial, the probability of getting a college-

bound student is E So the probability of getting the \( order is l X E
24 25 24
The probability of getting exactly one college-bound student is

Probability = Probability of C'N + Probability of NC

18 7 7 18
et —_ X — _|_ — X —
25 24 24 25

= 0.42

EXAMPLE

Suppose a fair die is rolled two times.

1. What is the probability of getting two 5’s?
2. What is the probability of getting exactly one 2 and one 6 in the two rolls?

Solution

This is a repeated trial experiment. A trial is rolling a die, and there are two trials. The trials are

independent (what happens on the first roll does not affect what happens on the second roll).

1. We want to get a 5 on both rolls. In other words, a 5 on roll one AND a 5 on roll two. On the

first roll, the probability of getting a 5 is % On the second roll, the probability of getting a 5 is

l. Because the rolls are independent, the probability of getting a 5 on the second roll is not

affected by what happens on the first roll. The probability of getting two 5’s is
1 1

Probability = — X — = —
Y7676

2. We want one 2 and one 6. In this case, we have to think about the order of the rolls—there is a
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difference between 2 on roll one, 6 on roll two and 6 on roll one, 2 on roll two. All possible
orders must be accounted for when we calculate the probability. One of the two possible
orders must occur: 26 OR 62. For the individual orders, we multiply the probabilities as we
move from trial to trial. The “or” means that we add the probabilities of the different orders. In

other words,

Probability = Probability of 26 + Probability of 62

For the 26 order (2 on roll one, 6 on roll two), the probability of getting a 2 on roll one is l

6
and the probability of getting a 6 on roll two is % So the probability of getting the 26 order is
1 1
— X —.
6 6

Similarly for the 62 order (6 on roll one, 2 on roll two), the probability of getting a 6 on roll one
is l and the probability of getting a 2 on roll two is % So the probability of getting the 62
1

orderis — x —.

6 6
The probability of getting exactly one 2 and one 6 is

Probability = Probability of 26 + Probability of 62

— lxl _|_ lxl
-~ \6 6 6 6
1

18

A box contains 3() microchips, and 9 of those microchips are defective. Suppose two microchips are

randomly selected from the box for inspection by the quality control officer.

1. What is the probability that both microchips are defective?
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2. What is the probability that exactly one of the microchips is defective?

Click to see Solution

9 8
L. Probability = 30 X 29 = 0.0828

21 21
2. Probability = (% X 2—9) - (% X %) = 0.4345

EXAMPLE

A box contains j red cards and ] 2 white cards. Suppose three cards are drawn at random from the
box without replacement.

1. What is the probability that all three cards are white?

2. What is the probability that exactly one of the cards is red?
3. What is the probability that at least one card is red?

4. What is the probability that, at most, one card is white?

Solution
This is a repeated trial experiment. A trial is selecting a card, and there are three trials. There are 17

cards in the box.

1. We want to get a white card on all three draws. In other words, white on draw one AND white
on draw two AND white on draw three. On the first draw, the probability of getting a white

12
card is —. We are selecting without replacement, so after the first draw, we assume that we

removed a white card from the box. This means that on the second draw, there are only 16
cards left in the box (one card was removed on the first draw), and there are only 1] white

cards left (on the first draw we removed one of the 19 white cards). So on the second draw, the
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probability of getting a white card is % After the second draw we assume that we removed

white cards from the box on draws one and two. This means that on the third draw, there are
only 15 cards left in the box (two cards were removed on the first two draws), and there are

only 1() white cards left (white cards were removed on draws one and two). So on the third
draw, the probability of getting a white card is % The probability of getting three white

cards is

Probabﬂﬁy::-l— ><-ll x-lg::(l3235

17 16 15

2. We want one red card (R), so the other two cards must be white (J§/). In this case, we have to
think about the order of the selection. All possible orders must be accounted for when we
calculate the probability. One of three possible orders must occur: RWW W OR W RW OR
W W R. For each of the individual orders, we multiply the probabilities as we move from
draw to draw. The “or” means that we add the probabilities of the different orders. In other

words,

Probability = P(RWW) + P(WRW) + P(WWR)
For the RV T order, the probability of red on draw one is 1i7 We are selecting without

replacement, so after the first trial, we assume that we have removed one of the red cards. This
means that on the second draw, there are only ] @ cards left in the box (one card was removed

on the first draw) and all 192 white cards are left (on the first draw we removed a red card). So

on the second draw, the probability of getting a white card is % After the second draw, we

assume that we removed a red card on draw one and a white card on draw two. This means
that on the third draw, there are only 15 cards left in the box (two cards were removed on the

first two draws), and there are only 1] white cards left (one white card was removed on draw

two). So on the third draw, the probability of getting a white card is % So the probability of

) 12 11
getting the RW W orderis — x — x —.
17 16 15
o . . . 12 5) 11
Using similar logic, the probability of getting the J§/ R/ order is 1_ X E X 1_5 and the

probability of getting the JJ/ &/ R order is i_i X E X —.

16 15
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The probability of getting exactly one red card is
Probability = P(RWW) + P(WRW) + P(WWR)

5 12 11 12 5 11 12 11 5
=—=X—=Xx—]4+|—=X—=Xx—]4+|—=XxX—=x—
17 16 15 17 16 15 17 16 15

= 0.4853

. We want at least one red card in the three draws. This means we can have exactly one red card,
or exactly two red cards, or exactly three red cards. As before, we have to think about the
order of the selection. All possible orders must be accounted for when we calculate the
probability. Here, there are seven possible ways of getting at least one red card: RWW TV OR
WRWORWWROR RRW OR RW ROR RRW OR RRR. Of course, we could
work out the probabilities of each of these orders and add them all up. But there is a faster way
to find this probability—use the complement. The complement of “at least one red card” is
“exactly zero red cards.” When we look at the seven possible orders that make up the “at least
one red card” event, the complement consists of all of the missing orders. In this case, there is
only one missing order, T}/ T W/, which is the event “exactly zero red cards.” Using the

complement, the probability of at least one red card is

P(at least one red card) = 1 — P(exactly zero red card)
=1—P(WWW)

In part 1 of this question, we found the probability of W W/ TV E X E X E So, the

17 16 15

probability of at least one red card is

P(at least one red card) =1 — P(WWW)

12 11 10
=1 — | — X — X —
(17 16 15>

= 0.6765

. We want at most one white card in the three draws. This means we can have exactly zero
white cards or exactly one white card. As before, we have to think about the order of the
selection. All possible orders must be accounted for when we calculate the probability. Here,
there are four possible ways of getting at most one white card: RRR OR RRW OR RW R

OR W RR. Using similar logic to above, the probability of getting the R R R order is
) 4 3 5 4 12

— X — X —, the probability of getting the R RJ}/ orderis — x — x —, the
17 16 15 17 16 15
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probability of getting the RTI/ R order is i < E X %, and the probability of getting

17 16
the T/ R R order is E X i X _5 The probability of getting at most one white card is
16 1

Probability = P(RRR) + P(RRW) + P(RWR) + P(WRR)

_ 5><4><3 N 5><4><12+ 5><12><i
~\17 " 16 © 15 17~ 16 ~ 15 17 16 = 15

i 12><5><4
17 16 15

= 0.1912

A box contains j red cards and 12 white cards. Suppose three cards are drawn at random from the

box with replacements.

1. What is the probability that all three cards are white?

2. What is the probability that exactly one of the cards is red?
3. What is the probability that at least one card is red?

4. What is the probability that, at most, one card is white?

Click to see Solution

12 12 12
1. Probablhty = ﬁ X 1—7 X ﬁ = 0.3517

5 12 12 5 12 12 5 12 12
2 Erabability = [ o x —2 LA A oRR Sla SRR (on SR e L2 4397
robability (17X17X17>+<17X17X17>+<17X17X17)
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12 12 12
3. Probability =1 — (— X

TRET X ﬁ) = 0.6483

5 5 5 5 5 12 5 12 5 12 5 5
4. P ility = [ — x — x — — X — X — N i L x=)=02
robability (17>< X )+(17><17><17)+(17><17><17)+(17><17><17) 0.2086

EXAMPLE

A company produces a popular brand of sports drink. The company is currently running a contest
where winning symbols are placed under the bottle caps. 7\% of all the bottle caps contain winning

symbols. You buy three bottles of the sports drink.

1. What is the probability that all bottles have winning symbols?
2. What is the probability that exactly one of the bottles has a winning symbol?
3. What is the probability that at least one bottle has a winning symbol?

Solution

This is a repeated trial experiment. A trial is selecting a bottle, and there are three trials. This is an

experiment without replacement (you do not want to select the same bottle three times). However,
because the population of bottles is very, very large, we can treat the experiment as if the selections
are made with replacements. This means that we can treat the selection of the bottles as

independent, and so the probability of getting a winning bottle will be 7\% on every draw.

1. We want to get a winning symbol on all three bottles. In other words, win on bottle one AND
win on bottle two AND win on bottle three. The probability of winning on the first bottle is
7\%, the probability of winning on the second bottle is 7\%, and the probability of winning on
the third bottle is 7\%. Because we can treat the selections as independent, the probability of

winning does not change from draw to draw. The probability of getting three winning bottles is

Probability = 0.07 x 0.07 x 0.07 = 0.0003
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2. We want one winning bottle (J§/), so the other two bottles must be non-winners (J\). The
probability of winning on any bottle is 7\%, so the probability of losing on any bottle is 93\%. In
this case, we have to think about the order of the selection. All possible orders must be
accounted for when we calculate the probability. One of the three possible orders must occur:
W NN OR NW N OR N NW. For each of the individual orders, we multiply the
probabilities as we move from draw to draw. The “or” means that we add the probabilities of

the different orders. In other words,

Probability = P(WNN) + P(NWN) + P(NNW)

For the T}/ [N [N order (win on bottle one, non-wins on bottles two and three), the probability

of getting a win on bottle one is 7\%, and the probability of getting a non-win on bottle two or
bottle three is 93\%. So the probability of getting the 1}/ N N orderis 0.07 x 0.93 x 0.93-

Using similar logic, the probability of getting the N1}/ [NV orderis ).93 x 0.07 x (.93 and
the probability of getting the N NI/ orderis (.93 x 0.93 x 0.07-

The probability of getting exactly one winning bottle is

Probability = P(WNN) + P(NWN) + P(NNW)
= (0.07 x 0.93 x 0.93) + (0.93 x 0.07 x 0.93) + (0.93 x 0.93 x 0.07)
= 0.1816

3. We want at least one winning bottle. This means we can have exactly one winning bottle, or
exactly two winning bottles, or exactly three winning bottles. Of course, we could work out the
probabilities of each of these orders and add them all up. But the faster way to find this
probability is to use the complement. The complement of “at least one winning bottle” is
“exactly zero winning bottles.” The “exactly zero winning bottle” is the case N NV ]V (all three
bottles are non-winners). Using the complement, the probability of at least one winning bottle

is

P(at least one winner) = 1 — P(exactly zero winners)
—1- P(NNN)

The probability of zero winning bottles (N N N)is: 0.93 x 0.93 x 0.93. So, the
probability of at least one winning bottle is
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P(at least one winner) =1 — P(NNN)
=1-1(0.93 x 0.93 x 0.93)
= 0.1956

NOTE

In situations like the previous example, where we are drawing with replacement from a very, very
large population, we treat the draws as if they are independent. Because the population is so
large, the change in the probability as we go from draw to draw is very, very small, which makes
it hardly detectable in the calculation of the answer. In such situations, we can treat the draws as
independent. We cannot do this when we are drawing without replacement from a small
population (as in the red and white card example above) because there are distinct changes in the

probabilities as we move from draw to draw.

Exercises

1. A box contains g red marbles and 4 blue marbles. Suppose two marbles are drawn
successively without replacement.
a. What is the probability that both marbles are red?
b. What is the probability that one marble is red and the other marble is blue?

Click to see Answer

a. 0.3333
b. 0.5333

2. A box contains 13 red marbles and 8 blue marbles. Suppose two marbles are drawn
successively with replacement.
a. What is the probability that both marbles are blue?
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b. What is the probability that one marble is red and the other marble is blue?

Click to see Answer

a. 0.1451
b. 0.4717

3. Based on the results of a survey, 60\% of the population likes chocolate ice cream. Suppose
three people are selected at random.
a. What is the probability that all three people like chocolate ice cream?
b. What is the probability that exactly one person likes chocolate ice cream?
c. What is the probability that at least one person likes chocolate ice cream?
d. What is the probability that at most one person likes chocolate ice cream?
Click to see Answer

a. 0.216
b. 0.288
¢. 0.936
d. 0.352

4. A box of cookies contains three chocolate and seven butter cookies. Miguel randomly selects
two cookies from the box.
a. What is the probability that both cookies are chocolate cookies?
b. What is the probability that both cookies are the same flavour?
c. What is the probability that the cookies are different flavours?
Click to see Answer

a. 0.0667
b. 0.5333
C. 0.4667

5. A company has 25 employees. Seven of the employees are management, and the rest of the
employees are in non-management positions. Three employees are selected at random to be
on the safety oversight committee.

a. What is the probability that all three employees are non-management?

b. What is the probability that exactly one of the employees is management?

c. What is the probability that at least one of the employees is non-management?

d. What is the probability that at most one of the employees is management?
Click to see Answer



a.
b.
C.
d.
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0.3548
0.4657
0.9848
0.8204

6. Data shows that 43\% of the population has blood type O.

a.

Suppose three people are selected at random. What is the probability that all three people
have blood type O?

Suppose five people are selected at random. What is the probability that all five people do
not have blood type O?

Suppose four people are selected at random. What is the probability that exactly one
person as blood type O?

Suppose three people are selected at random. What is the probability that exactly two
people have blood type O?

Suppose four people are selected at random. What is the probability that at least one
person has blood type O?

Suppose three people are 