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Chapter 9: Compound Interest: 
Working with Single Payments
(A Dollar Today Is Not Worth a Dollar Tomorrow)

Do you dream of owning a home? What about a car or a home theatre system? Big purchases such as these require long-term financial planning. Compound interest means that you will pay substantially more money for your purchases or earn more money on investments than you would with simple interest.
[bookmark: Editing]	Compound interest is used for most transactions lasting one year or more. In simple interest, interest is converted to principal at the end of the transaction. Therefore, all interest is based solely on the original principal amount of the transaction. Compound interest, by contrast, involves interest being periodically converted to principal throughout a transaction, with the result that the interest itself also accumulates interest. How significant is the interest when it compounds? Let’s examine your big purchases from above:
· A home theatre system with the big-screen TV, Blu-Ray player, stereo surround sound, and more can retail for $5,000. Did you know that if you put that amount on the retail store's 18% interest credit card and pay it off monthly for three years, you will pay over $1,500 of compound interest?
· The average Canadian new car price is $25,683.[footnoteRef:1] Unless you have cash, you will join the ranks of other Canadians in taking six years to pay it off through $450 monthly payments, resulting in almost $7,000 of compound interest charges! [1:  Statistics Canada, New Motor Vehicle Sales, June 2011 (Catalogue no. 63-007-X, p. 15), accessed August 18, 2013, http://publications.gc.ca/collections/collection_2011/statcan/63-007-X/63-007-x2011006-eng.pdf.] 

· The average Canadian home price is $365,000,[footnoteRef:2] though of course it varies widely across our country. If it takes 25 years to pay off your mortgage at 6% interest, your $365,000 house becomes a $700,000 acquisition thanks to compound interest. That is almost twice the original price! [2:  The Canadian Real Estate Association, “National Average Price Map,” accessed September 27, 2013, http://crea.ca/content/national-average-price-map.] 

And it is not any different for businesses. Whether they are local companies or multinational conglomerates they must invest and borrow at compound interest rates in their attempt to achieve long-term financial strategies. Some examples of these business activities include the following:
· Borrowing $480,000 to open a new Tim Hortons’ single restaurant franchise operation.[footnoteRef:3] [3:  Tim Hortons, “Frequently Asked Questions,” accessed May 13, 2010, http://www.timhortons.com/ca/en/join/franchise_ca_faq.html.] 

· Spending $1,000,000 on a fleet of rigs and semi-trailers for product distribution.
· Constructing new production plants or warehouses costing $10,000,000 or more.
The money for these types of transactions does not appear out of thin air. It must be borrowed or taken from savings, and either approach involves compound interest.
Throughout the rest of this textbook, you will study compound interest as it relates to three distinct but interconnected concepts.
1. Calculating interest on a single amount (called a lump-sum amount or single payment). Chapter 9 introduces the basic mathematics, which are applied in Chapter 10.
2. Calculating interest on a series of regular, equal payments, called annuities. Chapter 11 introduces the basic mathematics, which are applied in Chapter 12.
3. Specialized applications including amortization, mortgages, bonds, sinking funds, and internal rates of return are covered in Chapters 13 through 15.
	Now turn the page to get started with the basics.



Outline of Chapter Topics

9.1: Compound Interest Fundamentals (What Can a Dollar Buy?)
9.2: Determining the Future Value (I Want to Pay Later)
9.3: Determining the Present Value (I Want to Pay Earlier)
9.4: Equivalent Payments (Let’s Change the Deal)
9.5: Determining the Interest Rate (Is a Lot of Interest Accumulating or Just a Little?)
9.6: Equivalent and Effective Interest Rates (How Do I Compare Different Rates?)
9.7: Determining the Number of Compounds (How Far Away Is That?) 

9.1: Compound Interest Fundamentals
(What Can a Dollar Buy?)
	
Five years ago you started a long-term GIC. The bank statement shows that you originally placed $15,000 into the account earning 5.95% in annually compounded interest. You now have $20,026.09. In the first year of the GIC, you earned $892.50 in interest. Subsequent years earned annual interest amounts of $945.60, $1,001.87, $1,061.48, and finally $1,124.64. Of course, you like that the interest amount increased each year even though you did not make any more deposits to the GIC, but why did this happen?

The Concept of Compounding
	
Simple interest, compound interest—what is the big difference? As you can see in the figure below, simple and compound interest calculations share the same fundamentals of time, interest rate, and placing interest into the account. But the accumulation is not the same, and over time the growth of compound interest will far outpace that of simple interest.

	In both forms of interest, the principal is the starting amount that accumulates interest for a length of time at a specified interest rate. But you calculate simple interest in direct proportion to the starting amount, the interest rate, and the time period, whereas the calculation for compound interest is, well, not so simple! 
	The critical difference is the placement of interest into the account. Under simple interest, you convert the interest to principal at the end of the transaction's time frame. For example, in a six-month simple interest GIC the balance in its account at any point before the maturity date is the original principal and nothing more. Only upon maturity does the interest appear. In contrast, a five-year compound interest GIC such as the one discussed in the section opener receives an interest deposit annually. After one year the principal increases from $15,000 to $15,892.50. This higher principal in the second year explains why the interest earned in the second year then increases as well.
	Invest $1,000 for 25 years at both 10% simple interest and 10% interest compounded annually. As demonstrated in the figure and table below, $1,000 invested at 10% per year of simple interest has a $3,500 balance after 25 years. This consists of the original $1,000 principal plus $2,500 in total interest ($100 for each year the money was invested). However, $1,000 invested at 10% compounded annually has a balance of $10,834.71, which is $7,334.71 more! This difference is the result of interest being converted to principal and thus earning even more interest for you. A close examination of the first two years reveals the following:
· [image: ]In the first year, both investments have a $1,100 balance. With simple interest, the $100 of interest remains as accrued interest and is not placed into the account while the principal remains at $1,000. With compound interest, the $100 of interest is converted to principal, resulting in a $1,100 principal for the second year.
· In the second year, the simple interest account still has a $1,000 principal, which earns another $100 of interest ($1,000 × 10% = $100). The account now has $1,000 of principal plus $200 in accrued interest. The compound interest account earns 10% on the new principal of $1,100, or $110 of interest ($1,100 × 10% = $110). This interest is placed into the account at the end of year two, making the principal $1,210 for the third year . . . and so on.

	
	At 10% Simple Interest
	At 10% Compound Interest

	End of Year
	Principal
	Accrued Interest
	Balance
	Principal
	Accrued Interest
	Balance

	Start
	
	
	
	
	
	$1,000.00

	1
	$1,000.00
	$100.00
	$1,100.00
	$1,000.00
	$100.00
	$1,100.00

	2
	$1,000.00
	$200.00
	$1,200.00
	$1,100.00
	$110.00
	$1,210.00

	3
	$1,000.00
	$300.00
	$1,300.00
	$1,210.00
	$121.00
	$1,331.00

	4
	$1,000.00
	$400.00
	$1,400.00
	$1,331.00
	$133.10
	$1,464.10

	5
	$1,000.00
	$500.00
	$1,500.00
	$1,464.10
	$146.41
	$1,610.51

	
	.....
	.....
	.....
	.....
	.....
	.....

	10
	$1,000.00
	$1,000.00
	$2,000.00
	$2,357.95
	$235.79
	$2,593.74

	
	.....
	.....
	.....
	.....
	.....
	.....

	15
	$1,000.00
	$1,500.00
	$2,500.00
	$3,797.50
	$379.75
	$4,177.25

	
	.....
	.....
	.....
	.....
	.....
	.....

	20
	$1,000.00
	$2,000.00
	$3,000.00
	$6,115.91
	$611.59
	$6,727.50

	
	.....
	.....
	.....
	.....
	.....
	.....

	25
	$1,000.00
	$2,500.00
	$3,500.00
	$9.849.73
	$984.98
	$10,834.71



Ultimately, as the principal in the compound interest account increases, the amount of interest earned also increases. Observe that the difference in the balance between simple interest and compound interest in the first five years is slight, but the gap widens over time.

Compound Interest Rates

[image: ]If an equal amount of principal invested for 25 years earns an interest rate of 9% compounded annually versus 3% compounded annually, would the interest accumulated by the 9% investment be three times as large? 
	In a simple interest environment, this would be true since the principal never changes: in each of the 25 years the amounts of simple interest would be constant, and the amount for the 9% investment would be three times larger than for the 3% investment. However, in compound interest each subsequent year’s interest is compounded on an increasingly larger principal. This chart shows $1,000 invested at five different annually compounded rates. Observe the following after 25 years:
· The investment at 9% compounded annually has a balance of $8,623.08 compared to $2,093.78 for the 3% compounded annually. Therefore, the interest earned is $7,623.08 versus $1,093.78, reflecting a ratio approximating 7 : 1.
· Comparing the 15% interest rate versus the 6% interest rate, many people imagine the final balances would be in the same ratio as the ratio of the rates, 15% : 6%, which simplifies to 2½ : 1. However, in the chart, the final balances are $32,918.95 versus $4,291.87, reflecting a ratio approximating 7⅔ : 1!
These examples illustrate that in compound interest scenarios, the ratio of interest earned is not directly proportionate to the numerical ratio of the interest rates. Higher interest rates result in higher interest amounts, therefore yielding more principal upon which future interest is earned. Over a long time period, this growth in the balance is exponential.

How Often Interest Compounds

The examples so far have involved compound interest that has been compounded annually—the accrued interest is being converted to principal at the end of every year. But this is not the only option. Interest can be converted to principal at any frequency, including daily, weekly, monthly, quarterly (every three months), or semi-annually (every six months). Under any of these options the principal increases more frequently, which in turn results in more interest being earned.
[image: ]	The chart to the left illustrates the impact of different compounding frequencies. In the case of monthly versus annual compounding, the monthly compound increases the account balance every month whereas the annual compound increases the balance once every 12 months. To understand why the monthly compound earns more interest, note that after each month the principal increases and therefore earns more interest. Each of the 12 increases is small on its own, but the cumulative effect is large: by having the interest deposited every month instead of every year, over the course of 25 years an additional $41,544.12  $32,918.95 = $8,625.17 in interest is earned! 

[image: Top Secret by Mogwai] Paths To Success

The table below summarizes the desirable characteristics when either investing or borrowing.
	Investing
	Characteristic
	Borrowing

	Compound

You want your interest to earn you more interest.
	Type of Interest
	Simple

You don't want interest being converted to principal.

	
The higher the rate, the more you earn.
	Interest Rate
	
The lower the rate, the less you pay.

	
The more often it compounds, the more principal that can earn interest. A daily compound would be best!
	Compounding
	
The less often it compounds, the less principal that can earn interest. An annual compound would be best!

	
As the principal continually grows, you earn more interest. Longer time frames are desirable.
	Time (or Term)
	
You don't want the principal to grow and earn more interest. Short time frames are desirable.



Calculating the Periodic Interest Rate
	
The first step in learning about investing or borrowing under compound interest is to understand the interest rate used in converting interest to principal. You commonly need to convert the posted interest rate to find the exact rate of interest earned or charged in any given time period.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Formula 9.1 involves four key concepts, which are explained next, to do with conversion of the interest rate.

Formula 9.1 - Periodic Interest Rate:   CY is Compounds Per Year (Compounding Frequency): The determination of CY involves two of the key concepts:
Key Concept #1: The Compounding Period. The amount of time that elapses between the dates of successive conversions of interest to principal is known as the compounding period. For example, a quarterly compounded interest rate converts interest to principal every three months. Therefore, the compounding period is three months.
Key Concept #2: The Compounding Frequency. The number of compounding periods in a complete year is known as the compounding frequency. For example, a quarterly compounded interest rate compounds every three months, or CY = 4 times in a single year. 




IY is Nominal Interest Rate Per Year: Key Concept #3: The Nominal Interest Rate. A compound interest rate consists of two elements: a nominal number for the annual interest rate, known as the nominal interest rate, and words that state the compounding frequency. For example, a 12% compounded quarterly interest rate is interpreted to mean that you accumulate 12% nominal interest per year but the interest is converted to principal every compounding period, or every three months. The word nominal is used because if compounding occurs more than once per year, the true amount of interest that you earn per year is greater than the nominal interest rate. Section 9.6 will help you calculate just how much more.
i is Periodic Interest Rate: Key Concept #4: The Periodic Interest Rate. The percentage of interest earned or charged at the end of each compounding period is called the periodic interest rate. You calculate it by taking the nominal interest rate and dividing by the compounding frequency. Continuing with the example of 12% compounded quarterly, it has a periodic interest rate of 12% ÷ 4 = 3%. This means that at the end of every three months, you calculate 3% interest and convert it to principal.













[image: cartoon cogs by tonyhewison]How It Works

To solve any question involving the periodic interest rate, follow these steps: 
Step 1: Identify two of the three key variables—the nominal interest rate (IY), compounding frequency (CY), or periodic interest rate (i). 
[image: ]Step 2: Substitute into Formula 9.1, rearranging if needed, and solve for the unknown variable. If you calculate the compound frequency (CY), you must convert the number back into the compounding words associated with the frequency. For example, CY = 2 means twice per year and is stated as “semi-annually.”
	An example involving the calculation of the periodic interest rate for “10% compounded semi-annually” illustrates these steps. 
Step 1: The wording “semi-annually” means the compounding period is every six months. One year contains two such compounding periods, making the compounding frequency twice per year, or CY = 2. The nominal annual interest rate is 10%, or IY = 10%.
Step 2: Applying Formula 9.1, calculate the periodic interest rate as i = 10% ÷ 2 = 5%. Figure 9.6 illustrates that every six months 5% interest is converted to principal. You could look at the nominal interest rate for the year, 10%, as the total of the periodic interest rates for each of the two periods. But remember, unlike with simple interest, the actual interest amount here will increase from one period to the next. 

[image: file important by Anonymous]Important Notes

When you express a compound interest rate, you must always state the words for the compounding frequency along with the nominal annual number. For example, you must say “10% compounded semi-annually” and not just "10%." In the absence of an explicit compounding frequency, the number is interpreted by default to mean “compounded annually” except if an industry standard dictates otherwise. For example, in the case of mortgages in Canada, the default is semi-annual compounding, so when you hear of a 10% mortgage, you should assume it to be 10% compounded semi-annually. But in most industries “10%” with no words generally means “10% compounded annually.”

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

It is common to confuse the compounding period and the compounding frequency. The table below shows the relationship between compounding periods and frequencies. Remember that to calculate the periodic interest rate you need the compounding frequency, not the compounding period.
	Common Compounds
	Compounding Period
	Compounding Frequency (CY)

	Annually
	Every year
	1 

	Semi-annually
	Every 6 months
	2

	Quarterly
	Every 3 months
	4

	Monthly
	Every 1 month
	12

	Weekly
	Every 1 week
	52*

	Daily
	Every day
	365*


*Note that although there are not exactly 52 weeks in a year and there are 366 days in a leap year, it is common practice to use these values for compounding frequency.

[image: Top Secret by Mogwai] Paths To Success
[image: ]
For ease of manipulation, you can remember the rearrangement of Formula 9.1 using the triangle technique once again. Recall that as long as you know any two pieces of the puzzle, you can solve for the third. 

[image: Lost in thought by hefedute]  Give It Some Thought

1. If you are investing money, what interest characteristics should you seek out?
2. If you are borrowing money, what interest characteristics should you seek out?
3. Of 10% compounded semi-annually or 10% compounded monthly, which earns more interest?
4. If you invested a principal at the same compounded interest rate for 20 years, would the amount of interest earned in the second 10 years be less than twice, exactly twice, or more than twice the interest earned during the first 10 years?
5. John has an interest rate of 4% compounded annually while Dwayne is earning 8% compounded annually. If both people placed the same principal into their investments for 25 years, would Dwayne have twice, less than twice, or more than twice as much money as John?
6. Of 10% simple interest or 10% interest compounded annually, which earns more interest over time?
7. Of the periodic interest rate or the nominal interest rate, which is always at least as large as the other?
Solutions:
1. High interest rate, high compounding frequency, long time frames, compound interest.
2. Low interest rate, low compounding frequency, short time frames, simple interest.
3. 10% monthly, as demonstrated in Figure 9.4.
4. More than twice, as demonstrated in Figure 9.3.
5. More than twice, as demonstrated in Figure 9.3.
6. 10% compounded annually, as demonstrated in Figure 9.2.
7. The nominal interest rate.











	Example 9.1A: The Periodic Interest Rate

	Calculate the periodic interest rate for the following nominal interest rates:
a. 9% compounded monthly                      b. 6% compounded quarterly

	Plan
	For each question, calculate the periodic interest rate (i).

	Understand
	What You Already Know
Step 1: For each question, use the following nominal interest rate and compounding frequency:
a. IY = 9%	CY = monthly = 12 times per year
b. IY = 6%	CY = quarterly = 4 times per year
	How You Will Get There
Step 2: For each question apply Formula 9.1.



	Perform
	a. 
b. 

	Present
	a. Nine percent compounded monthly is equal to a periodic interest rate of 0.75% per month. This means that interest is converted to principal 12 times throughout the year at the rate of 0.75% each time.
b. Six percent compounded quarterly is equal to a periodic interest rate of 1.5% per quarter. This means that interest is converted to principal 4 times (every three months) throughout the year at the rate of 1.5% each time.



	Example 9.1B: The Nominal Interest Rate

	Calculate the nominal interest rate for the following periodic interest rates:
a. % per month                 b. % per day

	Plan
	For each question, calculate the nominal interest rate (IY).

	Understand
	What You Already Know
Step 1: For each question, use the following periodic interest rate and compounding frequency:
a. i = %	CY = monthly = 12 times per year
b. i = 0.05%	CY = daily = 365 times per year
	How You Will Get There
Step 2: For each question, apply Formula 9.1 and rearrange for IY.

	Perform
	a.  	IY = % × 12 = 7% compounded monthly
b. 0.05%		IY = 0.05% × 365 = 18.25% compounded daily

	Present
	a. A periodic interest rate of % per month is equal to a nominal interest rate of 7% compounded monthly. 
b. A periodic interest rate of 0.05% per day is equal to a nominal interest rate of 18.25% compounded daily. 



	Example 9.1C: Compounds per Year

	Calculate the compounding frequency for the following nominal and periodic interest rates:
a. nominal interest rate = 6%, periodic interest rate = 3%
b. nominal interest rate = 9%, periodic interest rate = 2.25%

	Plan
	For each question, calculate the compounding frequency (CY) and convert the calculated number to words.

	Understand
	What You Already Know
Step 1: For each question, use the following nominal and periodic interest rates:
a. IY = 6%	 i = 3%
b. IY = 9%	i = 2.25%
	How You Will Get There
Step 2: For each question, apply Formula 9.1 and rearrange for CY.


	Perform
	a.  		 compounds per year = semi-annually
b. 2.25% 		 compounds per year = quarterly

	Present
	a. For the nominal interest rate of 6% to be equal to a periodic interest rate of 3%, the compounding frequency must be twice per year, which means a compounding period of every six months, or semi-annually.
b. b. For the nominal interest rate of 9% to be equal to a periodic interest rate of 2.25%, the compounding frequency must be four times per year, which means a compounded period of every three months, or quarterly.



[image: Paper and Pencil 2 by isaiah658]Section 9.1 Exercises

For each of the following questions, round all percentages to four decimals where needed.

Mechanics
For questions 1–9, solve for the unknown variables (identified with a ?) based on the information provided.
	
	Nominal Interest Rate
	Compounding Frequency
	Periodic Interest Rate

	1.
	7.2%
	Monthly
	?

	2.
	5.85%
	Semi-annually
	?

	3.
	?
	Quarterly
	1.95%

	4.
	?
	Daily
	0.08%

	5.
	9.2%
	?
	2.3%

	6.
	5.5%
	?
	

	7.
	?
	Annually
	14.375%

	8.
	3.9%
	Quarterly
	?

	9.
	20.075%
	?
	0.055%



Applications
10. Calculate the periodic interest rate if the nominal interest rate is 7.75% compounded monthly.
11. Calculate the compounding frequency for a nominal interest rate of 9.6% if the periodic interest rate is 0.8%.
12. Calculate the nominal interest rate if the periodic interest rate is 2.0875% per quarter.
13. Lori hears her banker state, “We will nominally charge you 10.68% on your loan, which works out to 0.89% of your principal every time we charge you interest.” What is her compounding frequency?
14. You just received your monthly MasterCard statement and note at the bottom of the form that interest is charged at 19.5% compounded daily. What interest rate is charged to your credit card each day?
15. Larry just purchased a new Ford Mustang from his local Ford dealer. His contract states that he will be charged interest at  per month. What is his nominal interest rate?

Challenge, Critical Thinking, & Other Applications
16. Betty just signed a contract for her business that will allow her to make interest-only payments for the next 12 months. If her interest rate is 12% compounded monthly and her outstanding principal is $5,000, how much will she pay in interest every month?
17. Geoff is shopping around for a car loan. At three different websites he saw posted rates of 6.14% compounded semi-annually, 3.06% compounded per six months, and 1.49% compounded every quarter. Which is the lowest nominal rate?
18. After a period of three months, Alese saw one interest deposit of $176.40 for a principal of $9,800. What nominal rate of interest is she earning?

19. Take a nominal interest rate of 10.4% and convert to its matching periodic interest rate if interest is compounded semi-annually, quarterly, monthly, or daily.
20. Take a periodic interest rate of 1.1% and convert to its matching nominal interest rate if the compounding period is per month, per quarter, or per six months.



9.2: Determining the Future Value
(I Want To Pay Later)
	
Your company has an employee assistance plan through which employees can borrow funds at 12% compounded semi-annually, much like a loan from a bank, then repay the money at their convenience. An employee who borrowed $4,000 two years ago has been unable to repay the loan until today. As the human resources manager in charge of the assistance plan, you must tell him the exact amount he needs to pay to return his balance to zero. How do you do this?
Now that you know how to calculate the periodic interest rate, you can compute compound interest. This chapter focuses on single amounts, also called lump-sum amounts. This knowledge will form the basis for you to work with compound interest on a series of payments, which will be covered in Chapters 11 through 15. Investing the time now to understand these fundamentals will reap dividends as you proceed in your studies of business mathematics.

Future Value Calculations with No Variable Changes
	
The simplest future value scenario for compound interest is for all of the variables to remain unchanged throughout the entire transaction. To understand the derivation of the formula, continue with the opening scenario. If the money was borrowed two years ago, then the employee will owe two years of compound interest in addition to the original principal of $4,000. That means PV = $4,000. The compounding frequency is semi-annually, or twice per year, which makes the periodic interest rate i =  = 6%. Therefore, after the first six months, your employee has 6% interest converted to principal. This a future value, or FV, calculated as follows:
Principal after one compounding period (six months) 	= Principal plus interest
						FV	= PV + i(PV)
							= $4,000 + 0.06($4,000)
							= $4,000 + $240 = $4,240
	Now proceed to the next six months. The future value after two compounding periods (one year) is calculated in the same way. Note that the equation FV = PV + i(PV) can be factored and rewritten as FV = PV(1 + i).
FV (after two compounding periods) = PV(1 + i) = $4,240(1 + 0.06) = $4,240(1.06) = $4,494.40
Since the PV = $4,240 is a result of the previous calculation where PV(1 + i) = $4,240, the following algebraic substitution is possible:
FV = PV(1 + i)(1 + i) = $4,000(1.06)(1.06) = $4,240(1.06) = $4,494.40
Applying exponent rules from Section 2.4 and simplifying it algebraically, you get:
FV = PV(1 + i)(1 + i) = PV(1 + i)2
Do you notice a pattern? With one compounding period, the formula has only one (1 + i). With two compounding periods involved, it has two factors of (1 + i). Each successive compounding period multiplies a further (1 + i) onto the equation. This makes the exponent on the (1 + i) exactly equal to the number of times that interest is converted to principal during the transaction.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

First, you need to know how many times interest is converted to principal throughout the transaction. You can then calculate the future value. Use Formula 9.2 to determine the number of compound periods involved in the transaction



N is Number of Compound Periods: This is the measure of time. Calculating the maturity value requires knowing how many times interest is converted to principal throughout the transaction. Whereas simple interest expresses time in years, note that compound interest requires time to be expressed in periods.



Formula 9.2 – Number of Compound Periods For Single Payments:   N = CY × YearsCY is Compounds per year (Compound Frequency): Recall that the compounding frequency represents how many compound periods fall within a single year. The words that accompany the nominal interest rate determine this number.
Years is Number of Years in Transaction (The Term): Multiply the compounding frequency by the term of the transaction, expressed as a number of years. Express partial years as mixed fractions. For example, 1 year and 9 months is 1 years.










	Once you know N, substitute it into Formula 9.3, which finds the amount of principal and interest together at the end of the transaction, or the maturity value.

PV is Present Value or Principal: This is the starting amount upon which compound interest is calculated. If this is in fact the amount at the start of the financial transaction, it is also called the principal. Or it can simply be the amount at some earlier point in time. In any case, the amount excludes the future interest.
FV is Future Value or Maturity Value: This is the principal and compound interest together at the future point in time.




Formula 9.3 – Compound Interest For Single Payments:   FV = PV(1 + i)Ni is Periodic Interest Rate: From Formula 9.1, the principal accrues interest at this rate every compounding period. For accuracy, you should never round this number.
N is Number of Compound Periods: From Formula 9.2, this is the total number of compound periods involved in the term of the transaction.

The (1+i)N  performs the actual compounding of the money.   The (1 + i) determines the percent increase in the principal while the exponent (N) compounds the increase an appropriate number of times.











[image: cartoon cogs by tonyhewison]
How It Works

Follow these steps to calculate the future value of a single payment:	
Step 1: Read and understand the problem. If necessary, draw a timeline similar to the one here identifying the present value, the nominal interest rate, the compounding, and the term.
[image: ]
Step 2: Calculate the periodic interest rate (i) from Formula 9.1.
Step 3: Calculate the total number of compound periods (N) from Formula 9.2.
Step 4: Solve Formula 9.3.
	Revisit the employee who had $4,000 outstanding for two years with interest at 12% compounded semi-annually.
[image: ] Step 1: Calculate the amount of the loan after two years (FV). Observe that PV = $4,000, IY = 12%, CY = 2 (every six months or twice per year), and Years = 2.
Step 2: According to Formula 9.1, i =  = 6%. Thus, interest at a rate of 6% is converted to principal at the end of each compounding period of six months.
Step 3: Applying Formula 9.2, N = CY × Years = 2 × 2 = 4. Interest is converted to principal four times over the course of the two-year term occurring at the 6, 12, 18, and 24 month marks.
Step 4: Calculate the maturity value using Formula 9.3:   
FV = $4,000(1 + 0.06)4 = $5,049.91
To pay off the loan the employee owes $5,049.91.

[image: file important by Anonymous]Important Notes

Calculating the Interest Amount: In any situation of lump-sum compound interest, you can isolate the interest amount using an adapted Formula 8.3:
I = S  P  becomes I = FV  PV
	Using your employee's $4,000 loan with a future repayment of $5,049.91, the interest paid is calculated as
I = $5,049.91  $4,000.00 = $1,049.91
[image: ]	This formula applies only to compound interest situations involving lump-sum amounts. If regular payments are involved, this is called an annuity, for which a modified version of the interest formula will be introduced in Chapter 11.

The BAII Plus Calculator: Your BAII Plus calculator is a business calculator pre-programmed with compound interest formulas. These functions are called the “time value of money” buttons. The compound interest buttons are found in two areas of the calculator, as shown in the photo. 
1. The five buttons located on the third row of the calculator are five of the seven variables required for time value of money calculations. This row’s buttons are different in colour from the rest of the buttons on the keypad. The table on the next page relates each button to formula symbols used in this text along with what each button represents and any data entry requirements.
	Calculator Symbol
	Formula Symbol
	Characteristic
	Data Entry Requirements

	N
	N
	The number of compounding periods (from Formula 9.2)
	An integer or decimal number; no negatives

	I/Y
	IY
	The nominal interest rate per year
	Percent format without the % sign (i.e., 7% is just 7)

	PV
	PV
	Present value or principal
	An integer or decimal number

	PMT
	PMT
	Used for annuity payment amounts (covered in Chapter 11) and is not applicable to lump-sum amounts; it needs to be set to zero for lump-sum calculations
	An integer or decimal number

	FV
	FV
	Future value or maturity value
	An integer or decimal number



To enter any information into any one of these buttons, key in the data first and then press the appropriate button. For example, if you want to enter N = 34, then key in 34 followed by pressing N.
2. Since frequency and interest rates are related, as shown in Formula 9.1, the frequency function is logically placed above the I/Y button and it is labelled P/Y. This function addresses compound interest frequencies, such as the compounding frequency. Access the function by pressing 2nd P/Y to find the entry fields shown in the table below, which you can scroll through using the  and  arrow buttons. To exit the P/Y window, press 2nd Quit.
	Calculator Symbol
	Formula Symbol
	Characteristic
	Data Entry Requirements

	P/Y
	PY
	Annuity payments per year (payment frequency is introduced in Chapter 11); when working with lump-sum payments and not annuities, the calculator requires this variable to be set to match the C/Y
	A positive, nonzero number only

	C/Y
	CY
	Compounds per year (compounding frequency)
	A positive, nonzero number only


The table relates each window variable to the formula symbols along with what each button represents and its data entry requirements. To enter information into these variables, key in the data first and then press Enter. For example, to enter a compounding frequency of 4, press 4 while C/Y is on your screen and then press Enter. Most commonly the P/Y and C/Y are the same number, as demonstrated in later chapters. Therefore, the calculator’s built-in shortcut feature automatically copies any value entered into the P/Y variable to the C/Y variable. If the P/Y and C/Y are not the same, you can scroll down and re-enter the C/Y as needed.

BAII Plus Cash Flow Sign Convention.  An investment and a loan are very different. An investment earns interest and the principal increases over time. A loan is charged interest but is usually paid off through payments, resulting in the principal decreasing over time. Notice that nowhere on the calculator is there a button to enter this critical piece of information. How does the calculator distinguish between the two? You must apply a principle called the cash flow sign convention to the PV, PMT, and FV buttons:
1. If you have money leaving your possession and going somewhere else (such as being put into an investment or making a payment against a loan), you must enter the number as a NEGATIVE number. 
2. [image: ]If you have money coming into your possession and you are receiving it (such as borrowing money from the bank or having an investment mature and pay out to you), you must enter the number as a POSITIVE number. 
	When doing financial calculations it is important to “be somebody” in the transaction. In any compound interest scenario, two parties are always involved—somebody is investing and somebody is borrowing. From this standpoint, think about whether the money leaves you or comes at you. This will help you place the correct sign in front of the PV, PMT, and FV when using your calculator. Who you are will not change the numbers of the transaction, just the cash flow sign convention.
1. If you borrow money from your friend and then pay it back, the initial loan is received by you and hence entered as a positive PV for you. As you pay back the loan, money leaves you and therefore the FV is negative for you.
2. Taking the other side of the coin and being your friend, the loaning of money is a negative PV for him. When you repay the loan, your friend receives it and therefore results in a positive FV for him.
	Notice that the PV and FV always have opposite signs. Investments must always mature, providing a payback to the investor. Loans must always be repaid.

BAII Plus Memory: Your calculator has permanent memory. Once you enter data into any of the time value buttons it is permanently stored until
· You override it by entering another piece of data and pressing the button;
· You clear the memory of the time value buttons by pressing 2nd CLR TVM before proceeding with another question; or
· The reset button on the back of the calculator is pressed.
	This permanent storage is an advantage in multistep compound interest problems. If any piece of information remains constant from step to step, you need to enter it only once.

BAII Plus Keying in a Question: Seven variables are involved with compound interest. To solve any compound interest question, you must key in six of them. To solve for the missing variable, press CPT followed by the variable. For example, if solving for future value, press CPT FV.
	Returning to the employee loan example where a $4,000 loan was taken for two years at 12% interest compounded semi-annually, recall that N = 4, I/Y = 12, PV = $4,000, and CY = 2. Assuming the role of the employee, you would key in the problem in the following sequence:
· 2nd CLR TVM (clear the memory; this is not required, but it reduces the chance of using stale data)
· 4 N (total number of compounding periods)
· 12 I/Y (the nominal interest rate)
· 4000 PV (a positive since the employee received the money from the company)
· 0 PMT (you will not use this button until you get to annuities in Chapter 11)
· 2nd P/Y (to open the frequency window)
· 2 Enter (the P/Y and C/Y are the same when working with lump-sum amounts; by entering the C/Y here, you simultaneously set both variables to the same number)
· 2nd Quit (to close the window)
· CPT FV
Answer: 5,049.91 (it is negative since the employee owes this money)

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

The most common error in the application of Formula 9.3 is to substitute the nominal interest rate for the periodic interest rate. Hence, for 12% compounded semi-annually you might inadvertently use a mistaken value of i = 0.12 instead of the appropriate i = 0.06. Formula 9.3 encompasses Formulas 9.1 and 9.2. If you write Formula 9.3 without requiring any substitution it appears as follows:
FV = PV(1 + )(CY × Years)
Although you could use this equation instead of the one presented in Formula 9.3, most students find it best to use the sequence of three formulas. This requires the systematic approach involved in steps 2 to 4 of the process:
1. Calculate i.
2. Calculate N.
3. Calculate FV.
Use the phrase “iN the Future” to remember this process.

[image: Top Secret by Mogwai] Paths To Success

When you compute solutions on the BAII Plus calculator, one of the most common error messages displayed is "Error 5." This error indicates that the cash flow sign convention has been used in a manner that is financially impossible. Some examples of these financial impossibilities include loans with no repayment or investments that never pay out. In these cases, the PV and FV have been incorrectly set to the same cash flow sign.

[image: Lost in thought by hefedute]  Give It Some Thought

1. Using the concept of “number of compound periods,” explain why a five-year investment earning 8% compounded monthly has a higher maturity value than an investment earning 8% compounded annually.
2. Explain why Formula 9.3, FV = PV(1 + i)N, places the number of compound periods into the exponent.
Solutions:
1. The 8% compounded monthly investment realizes 60 compound periods of interest over the five years, while the 8% compounded annually investment realizes only five compound periods. With interest going in much more often, the principal is increasingly larger and therefore earns more interest.
2. Each compound period increases the existing principal by the periodic rate through multiplication. Since the periodic interest rate in each compound period multiplies onto the existing principal amount, you apply exponent rules for adding exponents with the same base. The total number of increases in principal equals the number of compound periods in the transaction. See pages xxx–xxx for a full explanation.











	Example 9.2A: Making an Investment

	If you invested $5,000 for 10 years at 9% compounded quarterly, how much money would you have?

	Plan
	Calculate the principal and the interest together, which is called the maturity value (FV).

	Understand
	What You Already Know
Step 1: The principal, interest rate, and term, as illustrated in the timeline, are known.
	How You Will Get There
Step 2: Calculate the periodic interest by applying Formula 9.1.
Step 3: Calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the maturity value by applying Formula 9.3.

	
	[image: ]

	Perform
	Step 2: 
Step 3: N = 4 × 10 = 40
Step 4: FV = $5,000(1 + 0.0225)40 = $12,175.94
	Calculator Instructions
[image: ]

	Present
	After 10 years, the principal grows to $12,175.94, which includes your $5,000 principal and $7,175.94 of compound interest.



Future Value Calculations with Variable Changes
	
What happens if a variable such as the nominal interest rate, compounding frequency, or even the principal changes somewhere in the middle of the transaction? Formula 9.3 produces the correct final answer only when all variables remain unchanged. To illustrate this situation, assume your company modified its employee assistance plan one year after the money was borrowed, changing the interest rate in the second year from 12% compounded semi-annually to 12% compounded quarterly. Now how do you calculate the future value?
[image: ]When any variable changes, you must break the timeline into separate time fragments at the point of the change. This timeline format is similar to those used in Section 8.1, involving variable simple interest rates. The timeline illustrates the employee's new scenario.
	Solving for the unknown FV on the right of the timeline means that you must start at the left side of the timeline. To arrive at the solution, you need to work from left to right one time segment at a time using Formula 9.3. As noted on the timeline, at the one-year point the future value of the first time segment then becomes the present value for the second time segment since the interest is not just accrued but actually placed into the account.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps when variables change in calculations of future value based on lump-sum compound interest: 
Step 1: Read and understand the problem. Identify the present value. Draw a timeline broken into separate time segments at the point of any change. For each time segment, identify any principal changes, the nominal interest rate, the compounding frequency, and the length of the time segment in years.
Step 2: For each time segment, calculate the periodic interest rate (i) using Formula 9.1.
Step 3: For each time segment, calculate the total number of compound periods (N) using Formula 9.2.
Step 4: Starting with the present value in the first time segment (starting on the left), solve Formula 9.3.
Step 5: Let the future value calculated in the previous step become the present value for the next step. If the principal changes, adjust the new present value accordingly.
Step 6: Using Formula 9.3, calculate the future value of the next time segment.
Step 7: Repeat steps 5 and 6 until you obtain the final future value from the final time segment.
	In the employee's new situation, he has borrowed $4,000 for two years with 12% compounded semi-annually in the first year and 12% compounded quarterly in the second year.
Step 1: Figure 9.15 shows a timeline. In time segment one, PV1 = $4,000, IY = 12%, CY = 2, and the time segment is one year long. In time segment two, the only change is CY = 4.
Step 2: In the first time segment, the periodic interest rate is i1 = 12%/2 = 6%. In the second time segment, the periodic interest rate is i2 = 12%/4 = 3%.
Step 3: The first time segment is one year long; therefore, N1 = 2 × 1 = 2. The second time segment is also one year long; therefore, N2 = 4 × 1 = 4.
Step 4: Apply Formula 9.3 to the first time segment:
FV1 = PV(1 + i1)N1 = $4,000(1 + 0.06)2 = $4,494.40
Step 5: Let FV1 = $4,494.40 = PV2.
Step 6: Apply Formula 9.3 to the second time segment:
FV2 = PV2(1 + i2)N2 = $4,494.40(1 + 0.03)4 = $4,494.40 × 1.034 = $5,058.49
Step 7: You reach the end of the timeline. The employee needs to repay $5,058.49 to clear the loan.
	To perform the above steps on the calculator:
	Segment
	N
	I/Y
	PV
	PMT
	FV
	C/Y
	P/Y

	1
	2
	12
	4000
	0
	Answer: 4,494.40
	2
	2

	2
	4
	
	4494.40
	
	Answer: −5,058.49
	4
	4


Note: A means that the value is already entered and does not need to be re-keyed into the calculator.

[image: file important by Anonymous]Important Notes

The BAII Plus Calculator: Transforming the future value from one time segment into the present value of the next time segment does not require re-entering the computed value. Instead, apply the following technique:
1. Load the calculator with all known compound interest variables for the first time segment.
2. Compute the future value at the end of the segment.
3. With the answer still on your display, adjust the principal if needed, change the cash flow sign by pressing the ± key, and then store the unrounded number back into the present value button by pressing PV. Change the N, I/Y, and C/Y as required for the next segment.
4. Return to step 2 for each time segment until you have completed all time segments.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

When you draw timelines, it is critical to recognize that any change in any variable requires a new time segment. This applies to changes in principal, the nominal interest rate, or the compounding frequency.

[image: Top Secret by Mogwai] Paths To Success

Compound interest on a single payment is linked to the concept of percent change in Section 3.1. Every time interest is compounded and added to the principal, the periodic rate is the percent change in the principal. To use the percent change function on the calculator, assign Old = PV, New = FV, ∆% = i, and #PD = N. The following two-step sequence shows the percent change function applied to the working example of the employee's new loan situation.
	Segment
	OLD
	NEW
	%CH
	#PD

	1
	4000
	Answer: $4,494.40
	6
	2

	2
	4494.40
	Answer: $5,058.49
	3
	4


This is an alternative way to use the calculator to compute the future value of lump-sum amounts using compound interest.

[image: Lost in thought by hefedute]  Give It Some Thought

1. Which of the following investments involving the same principal results in the highest maturity value? Assume equal terms at each interest rate.
a. 8% compounded annually followed by 6% compounded semi-annually
b. 8% compounded semi-annually followed by 6% compounded semi-annually
c. 8% compounded monthly followed by 6% compounded quarterly
d. 8% compounded annually followed by 6% compounded quarterly
2. How many time segments are involved in an investment where the successive interest rates are 9% compounded quarterly, 9% compounded monthly, 8% compounded monthly, and 9% compounded quarterly?
Solutions:
1. c results in the largest maturity value. It has the highest compounding frequency in the first time segment and is tied for the highest compounding frequency in the second time segment.
2. Four time segments are involved. Each change of interest rate requires a new time segment.







	Example 9.2B: Delaying a Facility Upgrade

	Five years ago Coast Appliances was supposed to upgrade one of its facilities at a quoted cost of $48,000. The upgrade was not completed, so Coast Appliances delayed the purchase until now. The construction company that provided the quote indicates that prices rose 6% compounded quarterly for the first 1½ years, 7% compounded semi-annually for the following 2½ years, and 7.5% compounded monthly for the final year. If Coast Appliances wants to perform the upgrade today, what amount of money does it need?

	Plan
	Take the original quote and move it into the future with the price increases. You can view this as a single lump sum with multiple successive interest rates. The amount of money needed today is the maturity amount (FV).

	Understand
	What You Already Know
Step 1: The timeline below shows the original quote from five years ago until today. The principal, terms, and interest rates are known:
PV1 = $48,000
First time segment: IY = 6%	
CY = quarterly = 4	Term = 1½ years
Second time segment: IY = 7%	
CY = semi-annually = 2	Term = 2½ years
Third time segment: IY = 7.5%	
CY = monthly = 12	Term = 1 year
	How You Will Get There
Step 2: For each time segment, calculate the periodic interest rate by applying Formula 9.1.
Step 3: For each time segment, calculate the number of compound periods by applying Formula 9.2.
Step 4/5: Calculate the future value of the first time segment using Formula 9.3. Let FV1 = PV2.
Step 6/5: Calculate the future value of the second time segment using Formula 9.3. Let FV2 = PV3.
Repeat Step 6/7: Calculate the future value of the third time segment using Formula 9.3. FV3 is the final future value amount.

	
	[image: ]

	Perform
		Step
	1st Segment
	2nd Segment
	3rd Segment

	2.
	
	
	

	3.
	N = 4 × 1½ = 6
	N = 2 × 2½ = 5
	N = 12 × 1 = 12

	4/5.
	

	6/5.
	                                    

	6/7.
	                                                                       




	
	Calculator Instructions
	Segment
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	1
	6
	6
	48000
	0
	Answer: 52,485.27677
	4
	4

	2
	5
	7
	52,485.27677
	
	Answer: 62,336.04435
	2
	2

	3
	12
	7.5
	62,336.04435
	
	Answer: 67,175.35
	12
	12




	Present
	Coast Appliances requires $67,175.35 to perform the upgrade today. This consists of $48,000 from the original quote plus $19,175.35 in price increases.



[image: Top Secret by Mogwai] Paths To Success

When you calculate the future value of a single payment for which only the interest rate fluctuates, it is possible to find the maturity amount in a single multiplication:

where n represents the time segment number. Note that the technique in Example 9.2B calculates each of these multiplications one step at a time, whereas this adaptation solves all time segments simultaneously.	In the example above, you can calculate the same maturity value as follows:

	Example 9.2C: Making an Additional Contribution

	Two years ago Lorelei placed $2,000 into an investment earning 6% compounded monthly. Today she makes a deposit to the investment in the amount of $1,500. What is the maturity value of her investment three years from now?

	Plan
	Take the original investment and move it into the future with the additional contribution. The amount of money three years from today is the maturity amount (FV).

	Understand
	What You Already Know
Step 1: The timeline for this investment is below.
First time segment: 
PV1 = $2,000, IY = 6%, 
CY = 12, Years = 2
Second time segment: 
Deposit = $1,500, IY = 6%, 
CY = 12, Years = 3
	How You Will Get There
Step 2: For each time segment, calculate the periodic interest rate by applying Formula 9.1.
Step 3: For each time segment, calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the future value of the first time segment using Formula 9.3.
Step 5: Let FV1 = PV2. Increase PV2 by the additional contribution amount of $1,500.
Step 6: Calculate the future value of the second time segment using Formula 9.3.
Step 7: FV2 is the final future value amount.

	
	[image: ]

	Perform
		Step
	First Time Segment
	Second Time Segment

	2.
	
	

	3.
	N = 12 × 2 = 24
	N = 12 × 3 = 36

	4.
	

	5.
	$2,254.319552 + $1,500 = $3,754.319552 = PV2

	6.
	                                     




	
	Calculator Instructions
	Segment
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	1
	24
	6
	−2000
	0
	Answer: 2,254.319552
	12
	12

	2
	36
	
	−3,754.319552
	
	Answer: 4,492.721092
	
	




	Present
	Three years from now Lorelei will have $4,492.72. This represents $3,500 of principal and $992.72 of compound interest.



	Example 9.2D: What Do You Still Owe?

	Ruth purchased her $5,465 diamond ring four years ago through a payment plan offered by the jeweller. This plan did not require any regular payments within the four years; however, the balance including interest must be paid in full by the end of the fourth year to avoid a large financial penalty. During the four-year period, a quarterly compounded variable interest rate was charged. Initially, the interest was 8.75% before increasing to 9.25% after two years and then 9.75% after 3¼ years. She made two payments of $2,000 each, the first nine months after the purchase and the second after 3¼ years. What is the balance that she must pay at the end of the four years so that she doesn't incur any financial penalties?

	Plan
	Take Ruth’s initial purchase and charge it interest over the course of the four years while applying her payments to the principal at the appropriate points. Calculate the balance owing after four years; this is the future value (FV).

	Understand
	What You Already Know
Step 1: The timeline is below.
First time segment: PV1 = $5,465, 
IY = 8.75%, CY = 4, Years = ¾
Second time segment: 
Payment = $2,000, IY = 8.75%, 
CY = 4, Years = 1¼
Third time segment: IY = 9.25%, 
CY = 4, Years = 1¼
Fourth time segment: 
Payment = $2,000, IY = 9.75%, 
CY = 4, Years = ¾

	How You Will Get There
Step 2: For each time segment, calculate the periodic interest rate by applying Formula 9.1.
Step 3: For each time segment, calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the future value of the first time segment using Formula 9.3.
Step 5: Let FV1 = PV2. Decrease PV2 by the $2,000 payment.
Step 6: Calculate the future value of the 2nd time segment using Formula 9.3.
Repeat Step 5: Let FV2 = PV3.
Repeat Step 6: Calculate the future value of the third time segment using Formula 9.3.
Repeat Step 5: Let FV3 = PV4. Decrease PV4 by the $2,000 payment.
Repeat Step 6: Calculate the future value of the fourth time segment using Formula 9.3.
Step 7: FV4 is the final future value amount.

	
	[image: ]

	Perform
		Step
	1st Segment
	2nd Segment
	3rd Segment
	4th Segment

	2.
	
	
	
	

	3.
	N = 4 × ¾ = 3
	N = 4 × 1¼ = 5
	N = 4 × 1¼ = 5
	N = 4 × ¾ = 3

	4.
	FV1= $5,465 × (1 + 0.021875)3 = $5,465 × 1.0218753 = $5,831.543094

	5.
	$5,831.543094  $2,000.00 = $3,831.543094 = PV2

	6.
	                              FV2 = $3,831.543094 × (1 + 0.021875)5 = $4,269.358126

	5–6.
	                                                       FV3 = $4,269.358126 × (1 + 0.023125)5 = $4,786.36782

	5.
	                                                                  $4,786.36782  $2,000.00 = $2,786.36782 = PV4

	6.
	                                                                                   FV4 = $2,786.36782 × (1 + 0.024375)3 = $2,995.13




	
	Calculator Instructions
	Segment
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	1
	3
	8.75
	5465
	0
	Answer: 5,831.543094 
	4
	4

	2
	5
	
	3831.543094
	
	Answer: 4,269.358126
	
	

	3
	
	9.25
	4269.358126
	
	Answer: 4,786.36782
	
	

	4
	3
	9.75
	2786.36782
	
	Answer: 2,995.13
	
	




	Present
	At the end of the four years, Ruth still owes $2,995.13 to pay off her ring.





[image: Paper and Pencil 2 by isaiah658]Section 9.2 Exercises


Mechanics
For questions 1–3, solve for the future value at the end of the term based on the information provided.
	
	 Principal
	Interest Rate
	Term

	1.
	$7,500
	8% compounded quarterly
	3 years

	2.
	$53,000
	6% compounded monthly
	4 years, 3 months

	3.
	$19,000
	5.75% compounded semi-annually
	6 years, 6 months



For questions 4–6, solve for the future value at the end of the sequence of interest rate terms based on the information provided.
	
	 Principal
	Interest Rates and Term

	4.
	$3,750
	4.75% compounded annually for 3 years; then
5.5% compounded semi-annually for 2 years

	5.
	$11,375
	7.5% compounded monthly for 2 years, 9 months; then
8.25% compounded quarterly for 3 years, 3 months

	6.
	$24,500
	4.1% compounded annually for 4 years; then
5.15% compounded quarterly for 1 year, 9 months; then
5.35% compounded monthly for 1 year, 3 months



For questions 7–9, solve for the future value at the time period specified based on the information provided.
	
	Principal
	Payments or Deposits 
	Interest Rates and Term
	Find Future Balance At

	7.
	$2,300 loan
	$750 payment at 9 months; $1,000 payment at 2 years
	9% compounded monthly for 9 months; then 8.75% compounded quarterly for 2.25 years
	3 years

	8.
	$4,000 investment
	$1,500 deposit at 6 months; $1,500 deposit at 1½ years
	10% compounded semi-annually for 6 months; then 12% compounded quarterly for 1½ years
	2 years

	9.
	$3,000 loan
	$300 payment at 4 months; $1,200 payment at 1 year, 9 months
	8% compounded monthly for 1 year, 9 months; then 9% compounded quarterly for 1 year, 9 months
	3½ years



Applications
10. You are planning a 16-day African safari to Rwanda to catch a rare glimpse of the 700 remaining mountain gorillas in the world. The estimated cost of this once-in-a-lifetime safari is $15,000 including the tour, permits, lodging, and airfare. Upon your graduation from college, your parents have promised you a $10,000 graduation gift. You intend to save this money for five years in a long-term investment earning 8.3% compounded semi-annually. If the cost of the trip will be about the same, will you have enough money five years from now to pay for your trip?
11. Your investment of $9,000 that you started six years ago earned 7.3% compounded quarterly for the first 3¼ years, followed by 8.2% compounded monthly after that. How much interest has your investment earned so far?
12. What is the maturity value of your $7,800 investment after three years if the interest rate was 5% compounded semi-annually for the first two years, 6% compounded quarterly for the last year, and 2½ years after the initial investment you made a deposit of $1,200? How much interest is earned?
13. Nirdosh borrowed $9,300 4¼ years ago at 6.35% compounded semi-annually. The interest rate changed to 6.5% compounded quarterly 1¾ years ago. What amount of money today is required to pay off this loan?
14. Jason invested $10,000 into his RRSP when he turned 20 years old. Maria invested $10,000 into her RRSP when she turned 35 years old. If both earned 9% compounded semi-annually, what percentage more money (rounded to one decimal) will Jason have than Maria when they both turn 65 years old?
15. Cristy borrowed $4,800 from a family friend 2½ years ago at 7% compounded annually for the first year and 8% compounded semi-annually thereafter. She made a payment 1½ years into the loan for $2,500. How much should Cristy pay today to clear her loan?

Challenge, Critical Thinking, & Other Applications
16. A product manager wants to understand the impact of inflation on her gross profit margin. Inflation is expected to remain constant at 3.5% per year for the next five years. The price of the product is expected to remain unchanged at $99.99 over the five years and the current cost of the product today is $59.
a. On a per-unit basis, in what dollar amount is the markup reduced after five years?
b. What percent change does this represent in the gross profit margin?
17. The Teachers’ Association just negotiated a four-year contract for its members, who will receive a 3.5% wage increase immediately followed by annual increases of 3.75%, 4.25%, and 4.1% on the anniversaries of the agreement. In the final year of the contract, how much more would the human resources manager for the school division need to budget for salaries if the average teacher currently earns $72,000 per year and the division employs 34 teachers?
18. You invested $5,000 10 years ago and made two further deposits of $5,000 each after four years and eight years. Your investment earned 9.2% compounded quarterly for the first two years, 8.75% compounded monthly for the next six years, and 9.8% compounded semi-annually for the remaining years. As of today, how much interest has your investment earned?

19. Suppose you placed $10,000 into each of the following investments. Rank the maturity values after five years from highest to lowest.
a. 8% compounded annually for two years followed by 6% compounded semi-annually
b. 8% compounded semi-annually for two years followed by 6% compounded annually
c. 8% compounded monthly for two years followed by 6% compounded quarterly
d. 8% compounded semi-annually for two years followed by 6% compounded monthly
20. You made the following three investments:
· $8,000 into a five-year fixed rate investment earning 5.65% compounded quarterly.
· $6,500 into a five-year variable rate investment earning 4.83% compounded semi-annually for the first 2½ years and 6.5% compounded monthly for the remainder.
· $4,000 into a five-year variable rate investment earning 4.75% compounded monthly for the first two years and 5.9% compounded quarterly thereafter, with a $4,000 deposit made 21 months into the investment.
What is the total maturity value of all three investments after the five years, and how much interest is earned?



9.3: Determining the Present Value
(I Want to Pay Earlier)
	
Should you pay your bills early? If so, what amount should be paid? From a strictly financial perspective, if you are going to pay a bill earlier than its due date, the amount needs to be reduced somehow. If not, then why pay it early?
To illustrate, assume that you just received a $3,000 bonus from your employer. Stopping at your mailbox, you pick up a large stack of envelopes that include a financial statement for your $3,000 purchase of furniture from The Brick on its three-year, no-interest, no-payments plan. Should you use your bonus to extinguish this debt? The choices are that you can either pay $3,000 today or $3,000 three years from now.
· If you pay the bill today, The Brick can then take your money and invest it themselves for the next three years. At 2.75% compounded semi-annually, The Brick earns $256.17. At the end of your agreement, The Brick then has both your $3,000 payment and the additional interest of $256.17! You might as well have just paid The Brick $3,256.17 for your furniture!
· If you invest your bonus instead and pay your bill when it is due, The Brick receives its $3,000 and you have the $256.17 of interest left over in your bank account. Clearly, this is the financially smart choice.
	For The Brick to be financially equitable in its dealings with you, it must reduce any early payment by an amount such that with interest the value of your payment accumulates to the debt amount upon the maturity of the agreement. This means that The Brick should be willing to accept a payment of $2,763.99 today as payment in full for your $3,000 bill. If The Brick then invests that payment at 2.75% compounded semi-annually, it grows to $3,000 when your payment becomes due in three years.
	Whether you are paying bills personally or professionally, it is important to understand present value. The amount of interest to be removed from a future value needs to reflect both how far in advance the payment occurs and an equitable interest rate. In this section, you calculate the present value of a future lump-sum amount under both conditions of constant variables and changing variables.

Present Value Calculations with No Variable Changes
	
As in your calculations of future value, the simplest scenario for present value is for all the variables to remain unchanged throughout the entire transaction. This still involves compound interest for a single payment or lump-sum amount and thus does not require a new formula.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Solving for present value requires you to use Formula 9.3 once again. The only difference is that the unknown variable has changed from FV to PV.






FV is Future Value or Maturity Value: This is the future amount of money, which in the context of present value calculations is now a known variable. If the amount represents the end of the transaction, it is a maturity value.
PV is Present Value or Principal: This is the new unknown variable. If this is in fact the amount at the start of the financial transaction, it is also called the principal. Or it can simply be the amount at some earlier point in time than when the future value is known. In any case, the amount excludes the future interest. To calculate this variable, substitute the values for the other three variables into the formula and then algebraically rearrange to isolate PV.





Formula 9.3 – Compound Interest For Single Payments:   FV = PV(1 + i)NN is Number of Compound Periods: The total number of compound periods involved in the transaction results from Formula 9.2. It shows how many deposits of interest you need to remove from the future value.
i is Periodic Interest Rate: A result of Formula 9.1, this is the rate of interest that is used in converting the interest to principal. In a present value calculation, the nominal interest rate is sometimes called the discount rate since it removes interest from the future value. For accuracy, you never round this number.










[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate the present value of a single payment: 
Step 1: Read and understand the problem. If necessary, draw a timeline identifying the future value, the nominal interest rate, the compounding, and the term.
Step 2: Determine the compounding frequency (CY) if it is not already known, and calculate the periodic interest rate (i) by applying Formula 9.1.
Step 3: Calculate the number of compound periods (N) by applying Formula 9.2.
Step 4: Substitute into Formula 9.3, rearranging algebraically to solve for the present value.
 	Revisiting that furniture you bought on The Brick’s three-year, no-interest and no-payments plan, if the amount owing three years from now is $3,000 and prevailing market interest rates are 2.75% compounded semi-annually, what should The Brick be willing to accept as full payment today?
Step 1: The value of the payment today (PV) is required. The future value (FV) is $3,000. The nominal interest rate is IY = 2.75%, and the compounding frequency of semi-annually is 
CY = 2. The term is to pay it three years early.
Step 2: The periodic interest rate is i = 2.75%/2 = 1.375%.
Step 3: The number of compounds is N = 3 × 2 = 6.
Step 4: Applying Formula 9.3, $3,000 = PV(1 + 0.01375)6 or  = $2,763.99.
If The Brick will accept $2,763.99 as full payment, then pay your bill today. If not, keep your money, invest it yourself, and then pay the $3,000 three years from now while retaining all of the interest earned. 

[image: file important by Anonymous]Important Notes

You use the financial calculator in the exact same manner as described in Section 9.2. The only difference is that the unknown variable is PV instead of FV. You must still load the other six variables into the calculator and apply the cash flow sign convention carefully.

[image: Top Secret by Mogwai] Paths To Success

Did you notice the following?
· Future Value. This calculation takes the present value and multiplies it by the interest factor. This increases the single payment by the interest earned.
· Present Value. This calculation takes the future value and divides it by the interest factor (rearranging Formula 9.3 for PV produces ). This removes the interest and decreases the single payment.

	Example 9.3A: Achieving a Savings Goal

	Castillo’s Warehouse will need to purchase a new forklift for its warehouse operations three years from now, when its new warehouse facility becomes operational. If the price of the new forklift is $38,000 and Castillo’s can invest its money at 7.25% compounded monthly, how much money should it put aside today to achieve its goal?

	Plan
	You aim to calculate the amount of principal that Castillo’s must put aside today such that it can grow with interest to the desired savings goal. The principal today is the present value (PV).

	Understand
	What You Already Know
Step 1: The maturity value, interest rate, and term are known:
FV = $38,000	IY = 7.25%
CY = monthly = 12 times per year
Term = 3 years
	How You Will Get There
Step 2: Calculate the periodic interest by applying Formula 9.1.
Step 3: Calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the present value by substituting into Formula 9.3 and then rearranging for PV.
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	Perform
	Step 2: 
Step 3: N = 12 × 3 = 36
Step 4: $38,000 = PV(1 + )36
              = $30,592.06
	Calculator Instructions
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	36
	7.25
	Answer: $30,592.06
	0
	38000
	12
	12




	Present
	If Castillo’s Warehouse places $30,592.06 into the investment, it will earn enough interest to grow to $38,000 three years from now to purchase the forklift. 



Present Value Calculations with Variable Changes
	
Addressing variable changes in present value calculations follows the same techniques as future value calculations. You must break the timeline into separate time segments, each of which involves its own calculations.
	Solving for the unknown PV at the left of the timeline means you must start at the right of the timeline. You must work from right to left, one time segment at a time using Formula 9.3, rearranging for PV each time. Note that the present value for one time segment becomes the future value for the next time segment to the left.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate a present value involving variable changes in single payment compound interest: 
Step 1: Read and understand the problem. Identify the future value. Draw a timeline broken into separate time segments at the point of any change. For each time segment, identify any principal changes, the nominal interest rate, the compounding frequency, and the segment’s length in years.
Step 2: For each time segment, calculate the periodic interest rate (i) using Formula 9.1.
Step 3: For each time segment, calculate the total number of compound periods (N) using Formula 9.2.
Step 4: Starting with the future value in the first time segment on the right, solve Formula 9.3.
Step 5: Let the present value calculated in the previous step become the future value for the next time segment to the left. If the principal changes, adjust the new future value accordingly.
Step 6: Using Formula 9.3, calculate the present value of the next time segment.
Step 7: Repeat steps 5 and 6 until you obtain the present value from the leftmost time segment.

[image: file important by Anonymous]Important Notes

To use your calculator efficiently in working through multiple time segments, follow a procedure similar to that for future value:
1. Load the calculator with all the known compound interest variables for the first time segment on the right.
2. Compute the present value at the beginning of the segment.
3. With the answer still on your display, adjust the principal if needed, change the cash flow sign by pressing the ± key, then store the unrounded number back into the future value button by pressing FV. Change the N, I/Y, and C/Y as required for the next segment.
Return to step 2 for each time segment until you have completed all time segments.

	Example 9.3B: A Variable Rate Investment

	Sebastien needs to have $9,200 saved up three years from now. The investment he is considering pays 7% compounded semi-annually, 8% compounded quarterly, and 9% compounded monthly in successive years. To achieve his goal, how much money does he need to place into the investment today?

	Plan
	Take the maturity amount and bring it back to today by removing the interest. Notice you are dealing with a single lump sum with multiple successive interest rates. The amount of money to be invested today is the principal (PV).

	Understand
	What You Already Know
Step 1: The maturity amount, terms, and interest rates are on the timeline:
FV1 = $9,200
Starting from the right end of the timeline and working backwards:
First time segment: IY = 9%
CY = monthly = 12	Term = 1 year
Second time segment: IY = 8%
CY = quarterly = 4	Term = 1 year
Third time segment: IY = 7%
CY = semi-annually = 2	Term = 1 year
	How You Will Get There
Step 2: For each time segment, calculate the periodic interest rate by applying Formula 9.1.
Step 3: For each time segment, calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the present value of the first time segment using Formula 9.3 and rearrange for PV1.
Step 5: Assign FV2 = PV1.
Step 6: Reapply Formula 9.3 and isolate PV2 for the second time segment.
Step 7: Assign FV3 = PV2. Reapply Formula 9.3 and isolate PV3 for the third time segment.
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	Perform
		
	1st Segment
	2nd  Segment
	3rd Segment

	Step 2
	
	
	

	Step 3
	N = 12 × 1 = 12
	N = 4 × 1 = 4
	N = 2 × 1 = 2


Step 4: $9,200 = PV1 × (1 + 0.0075)12
               
Step 5: FV2 = $8,410.991026
Step 6: $8,410.991026 = PV2 × (1 + 0.02)4
               
Step 7: FV3 = $7,770.455587
             $7,770.455587 = PV3 × (1 + 0.035)2
              

	
	Calculator Instructions
	Time Segment
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	1
	12
	9
	Answer: $8,410.991026
	0
	9200
	12
	12

	2
	4
	8
	Answer: $7,770.455587
	
	8410.991026
	4
	4

	3
	2
	7
	Answer: $7,253.803437
	
	7770.455587
	2
	2




	Present
	Sebastien needs to place $7,253.80 into the investment today to have $9,200 three years from now.



[image: Top Secret by Mogwai] Paths To Success

When you calculate the present value of a single payment for which only the interest rate fluctuates, it is possible to find the principal amount in a single division:

where n represents the time segment number. Note that the technique in Example 9.3B resolves each of these divisions one step at a time, whereas this technique solves them all simultaneously. You can calculate the same principal as follows:

	Example 9.3C: Paying a Debt Early

	Birchcreek Construction has three payments left on a debt obligation in the amounts of $5,500, $10,250, and $8,000 due 1.5 years, 2 years, and 3.5 years from today. Prevailing interest rates are projected to be 8% compounded quarterly in the first year and 8.25% compounded semi-annually thereafter. If Birchcreek wants to settle the debt today, what amount should the creditor be willing to accept?

	Plan
	Take the three lump-sum payments in the future and remove the interest back to today to find the fair amount that Birchcreek Construction should pay. This is the present value (PV).

	Understand
	What You Already Know
Step 1: With multiple amounts and interest rates, the timelinw displays the changing variables. There are four time segments. The IY, CY, and Term are identified for each.
	How You Will Get There
Step 2: For each segment, calculate the periodic interest rate by applying Formula 9.1.
Step 3: For each segment, calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the present value of the first time segment using Formula 9.3 and rearrange for PV1.
Step 5: Assign FV2 = PV1 and increase by the additional lump-sum payment.
Step 6: Reapply Formula 9.3 and isolate PV2 for the second time segment:.
Step 7: Assign FV3 = PV2 and increase by the additional lump-sum payment. Reapply Formula 9.3 and isolate PV3 for the third time segment.
Repeat Step 7: Assign FV4 = PV3. Reapply Formula 9.3 and isolate PV4 for the final time segment.
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	Perform
		
	Time Segment 1
	Time Segment 2
	Time Segment 3
	Time Segment 4

	Step 2
	
	
	
	

	Step 3
	N = 2 × 1.5 = 3
	N = 2 × ½ = 1
	N = 2 × ½ = 1
	N = 4 × 1 = 4


Step 4: $8,000 = PV1 × (1 + 0.04125)3
              
Step 5: FV2 = $7,086.388265 + $10,250.00 = $17,336.38826
Step 6: $17,336.38826 = PV2 × (1 + 0.04125)1
            
Step 7: FV3 = $16,649.59257 + $5,500.00 = $22,149.59257
            $22,149.59257 = PV3 × (1 + 0.04125)1
              
Repeat Step 7: FV4 = $21,272.11772
                         $21,272.11772= PV4 × (1 + 0.02)4
                         

	
	Calculator Instructions
	Time Segment
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	1
	3
	8.25
	Answer: $7,086.388265
	0
	8000
	2
	2

	2
	1
	
	Answer$16,649.59257
	
	17336.38826
	
	

	3
	
	
	Answer: $21,272.11772
	
	22149.59257
	
	

	4
	4
	8
	Answer: $19,652.14865
	
	21272.11772
	4
	4




	Present
	Using prevailing market rates, the fair amount that Birchcreek Construction owes today is $19,652.15.


[image: Paper and Pencil 2 by isaiah658]Section 9.3 Exercises


Mechanics
For questions 1–3, solve for the present value at the beginning of the term based on the information provided.
	
	 Maturity Value
	Interest Rate
	Term

	1.
	$14,000
	9% compounded semi-annually
	14 years

	2.
	$202,754.18
	7.85% compounded quarterly
	11 years

	3.
	$97,000
	6% compounded monthly
	9 years, 3 months


For questions 4–6, solve for the present value at the beginning of the sequence of interest rate terms based on the information provided.
	
	Maturity Value
	Interest Rates (in order from the start of the transaction) and Term

	4.
	$45,839.05
	4.5% compounded semi-annually for 4½ years; then 3.25% compounded annually for 4 years

	5.
	$7,223.83
	8.05% compounded semi-annually for 2 years, 6 months; then 7.95% compounded quarterly for 1 year, 3 months; then 7.8% compounded monthly for 2 years, 9 months

	6.
	$28,995.95
	18.75% compounded monthly for 4 years, 4 months; then 19.1% compounded daily for 3 years; then 18% compounded monthly for 1 year 7 months; 



For questions 7–9, solve for the present value (today) based on the information provided.
	
	Maturity Amount and Date
	Payments or Deposits (all times are from today)
	Interest Rates (starting from today) and Term

	7.
	$7,500 due 4 years from today
	$3,000 payment at 2 years
	8% annually for 1 year; 
then 6% semi-annually for 3 years

	8.
	$108,300 due 7 years from today
	$50,000 payment at 3½ years;
$25,000 payment at 6 years
	4.8% monthly for 3 years, 6 months; 
then 5.2% semi-annually for 3 years, 6 months

	9.
	$25,000 saved 5 years from today
	$5,000 deposited at 2 years, 3 months; $5,000 deposited at 4 years 
	9% quarterly for 1 year; 
Then 9¼% quarterly for 4 years



Applications
10. Dovetail Industries needs to save $1,000,000 for new production machinery that it expects will be needed six years from today. If money can earn 8.35% compounded monthly, how much money should Dovetail invest today?
11. A debt of $37,000 is owed 21 months from today. If prevailing interest rates are 6.55% compounded quarterly, what amount should the creditor be willing to accept today?
12. Rene wants to invest a lump sum of money today to make a $35,000 down payment on a new home in five years. If he can place his money in an investment that will earn 4.53% compounded quarterly in the first two years followed by 4.76% compounded monthly for the remaining years, how much money does he need to invest today?
13. Amadala owes Nik $3,000 and $4,000, due nine months and two years from today, respectively. If she wants to pay off both debts today, what amount should she pay if money can earn 6% quarterly in the first year and 5.75% monthly in the second year?
14. Cheyenne just received her auto insurance bill. If she pays it in full today, she can deduct $15 off her total $950 premium. Alternatively, she can make two semi-annual payments of $475. If her money can earn 3% compounded monthly, which alternative should she pursue? How much money in today's dollars will she save in making that choice?
15. Geoff is placing his money into a three-year investment that promises to pay him 8%, 8.25%, and 8.5% in consecutive years. All interest rates are compounded quarterly. If he plans to make a deposit to this investment in the amount of $15,000 18 months from now and his goal is to have $41,000, what amount does he need to invest today?
16. In August 2004, Google Inc. made its initial stock offering. The value of the shares grew to $531.99 by July 2011. What was the original value of a share in August 2004 if the stock has grown at a rate of 26.8104% compounded monthly?

Challenge, Critical Thinking, & Other Applications
17. In 2000 and 2009, Canada’s population was estimated at 31,496,800 and 33,487,208, respectively. In 2009, an estimated 74.9% of Canadians were known Internet users. If the historic annual rate of growth in Internet usage in Canada averaged 7.8568% per year, what percentage of the population in the year 2000 were Internet users?
18. If a three-year and seven-month investment earned $8,879.17 of interest at 3.95% compounded monthly, what amount was originally placed into the investment?
19. A lottery ticket advertises a $1 million prize. However, the fine print indicates that the winning amount will be paid out on the following schedule: $250,000 today, $250,000 one year from now, and $100,000 per year thereafter. If money can earn 9% compounded annually, what is the value of the prize today?
20. Your company is selling some real estate and has received three potential offers:
· $520,000 today plus $500,000 one year from now.
· $200,000 today, $250,000 six months from now, and $600,000 15 months from now.
· $70,000 today, $200,000 in six months, then four quarterly payments of $200,000 starting six months later.
Prevailing interest rates are expected to be 6.75% compounded semi-annually in the next year, followed by 6.85% compounded quarterly afterwards. Rank the three offers from best to worst based on their values today.



9.4: Equivalent Payments
(Let’s Change the Deal)
	
Unforeseen events and circumstances can force you to rearrange your financial commitments. When this happens, the new deal has to be fair to all parties concerned.
Suppose you and your co-workers rely on your company’s annual Christmas bonuses. However, the CEO just announced that because of tough economic conditions no one will get a bonus this year. You already earmarked that money to pay a $5,000 debt due next week. You want to be financially responsible, but you cannot possibly make the payment. Before picking up the phone to call your creditor, you need to determine what course of action you should pursue.
You need to make alternative arrangements that leave your creditor in the same financial position as the original agreement did. You saw in the previous section that if you were going to make an early payment, the payment should be reduced by an agreed-upon discount rate. In this case, though, you are going to make a late payment, so you must grant the creditor interest. Thus, if you propose paying the debt six months late and your creditor agrees to 9% compounded monthly as a fair rate, then you owe $5,229.26 (applying Formula 9.3).
This concept applies to all aspects of your personal and professional life. Except for gifts, personal debts to friends or family members should bear some interest. Everyone should be financially fair to each other. A business must be willing to work with its clients in the event they need to alter an agreement. A company that is inflexible tends to find itself writing off bad debt or pursuing unpleasant and sometimes expensive legal action.
This section explores the concept of equivalent payment streams. This involves equating two or more alternative financial streams to ensure that neither party is penalized by any choice. You then apply the concept of present value to loans and loan payments.

Fundamental Concepts
The Fundamental Concept of Time Value of Money

All numbers in an equation must be expressed in the same units, such as kilometres or metres. In the case of money, you treat the time at which you are considering the value as the “unit” that needs to be the same. Because of interest, a dollar today is not the same as a dollar a year ago or a dollar a year from now, so you cannot mix dollars from different times within the same equation; you must bring all monies forward or back to a common point in time, called the focal date. 
	The fundamental concept of time value of money states that all monies must be brought to the same focal date before any mathematical operations, decisions, or equivalencies can be determined, including the following:
1. Simple mathematics such as addition or subtraction.
2. Deciding whether to adopt alternative financial agreements.
3. Determining if payment streams are equal.
[image: ]
The Fundamental Concept of Equivalency

The fundamental concept of equivalency states that two or more payment streams are equal to each other if they have the same economic value on the same focal date. As illustrated in the figure, the two alternative financial streams are equivalent if the total of Payment Stream 1 is equal to the total of Payment Stream 2 on the same focal date. Note that the monies involved in each payment stream can be summed on the focal date because of the fundamental concept of time value of money. 
Equivalent Payments
	
You make alternative payment streams equivalent to each other by applying a prevailing interest rate that allows for the following:
· Any late payments to be charged interest through future value calculations (Section 9.2)
· Any early payments to have interest deducted through present value calculations (Section 9.3)
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The good news is that you need no new formulas. Depending on the structure of the payment streams needing to be equated, apply Formula 9.3 as is or rearrange the formula for PV. As illustrated in the previous figure, Payment Stream 1 involves calculating one future value and one present value to move the money to the focal date. Payment Stream 2 involves calculating two future values and one present value. Once all money is moved to the same focal date, you work with the equality between the values of the two payment streams, solving for any unknown variable or variables.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to solve an equivalent payment question: 
Step 1: Draw as many timelines as needed to illustrate each of the original and proposed agreements. Clearly indicate dates, payment amounts, and the interest rate(s).
Step 2: Choose a focal date to which all money will be moved.
Step 3: Calculate all needed periodic interest rates using Formula 9.1.
Step 4: Calculate N for each payment using Formula 9.2.
Step 5: Perform the appropriate time value calculation using Formula 9.3.
Step 6: Equate the values of the original and proposed agreements on the focal date and solve for any unknowns.
	Assume you owe $1,000 today and $1,000 one year from now. You find yourself unable to make that payment today, so you indicate to your creditor that you want to make both payments six months from now instead. Prevailing interest rates are at 6% compounded semi-annually. What single payment six months from now (the proposed payment stream) is equivalent to the two payments (the original payment stream)?
[image: ] Step 1: The timeline illustrates the scenario.
Step 2: Apply the fundamental concept of time value of money, moving all of the money to the same date. Since the proposed payment is for six months from now, you choose a focal date of six months.
 Step 3: Note that semi-annual compounding means CY = 2. From Formula 9.1, i = 6%/2 = 3%.
Step 4: Formula 9.2 produces N = 2 × ½ = 1 compound for both payments (each moving a ½ year).
Step 5: Moving today’s payment of $1,000 six months into the future, you have FV = $1,000(1 + 0.03)1 = $1,030.00. Moving the future payment of $1,000 six months earlier, you have $1,000 = PV(1 + 0.03)1 or PV=$970.87.
Step 6: Now that money has been moved to the same date you can sum the two totals to determine the equivalent payment, which is $1,030.00 + $970.87 = $2,000.87. Note that this is financially fair to both parties. For making your $1,000 payment six months late, the creditor is charging you $30 of interest. Also, for making your second $1,000 payment six months early, you are receiving a benefit of $29.13. This leaves both parties compensated equitably: Neither party is financially better or worse off becauase of the change in the deal.
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When you make two (or more) payment streams equal to each other, two tips will make the procedure easier:
1. Proper Timelines. Timelines help you see what to do. If you draw two or more timelines, align them vertically, ensuring that all corresponding dates are in the same columns. This allows you to see which payments need to be future valued and which need to be present valued to express them in terms of the chosen focal date.
2. Locate the Focal Date at an Unknown. In one sense, it does not matter what focal date you choose because two values that are equal when moved to one date in common will still be equal when both are moved together to another date. But you should simplify your calculations by selecting a focal date corresponding to the date of an unknown variable. Then when you calculate the root of the equation, it will already be in the right amount on the right date. You will not require further calculations to move the money to its correct date. For example, in the scenario above you had to determine the amount of a payment that was to be made six months from now. By setting the focal date at six months—the date of the unknown you were trying to find—you avoided any extra conversions.

	Example 9.4A: Replacing a Payment Stream with a Single Payment

	Johnson’s Garden Centre has recently been unprofitable and concludes that it cannot make two debt payments of $4,500 due today and another $6,300 due in three months. After discussions between Johnson’s Garden Centre and its creditor, the two parties agree that both payments could be made nine months from today, with interest at 8.5% compounded monthly. What total payment does Johnson’s Garden Centre need nine months from now to clear its debt?

	Plan
	Calculate and sum the future value of each of the missed payments at the nine-month point with interest, or FV for both.

	Understand
	What You Already Know
Step 1: The amount of the missed payments, interest rate, and term are illustrated on the timeline.
PV1 (today) = $4,500	
PV2 (3 months from now) = $6,300
IY = 8.5%	CY = 12
Step 2: Due date for all = 9 months from today. This is your focal date.
	How You Will Get There
Step 3: Calculate the periodic interest rate by applying Formula 9.1.
Step 4: For each payment, calculate the number of compound periods (N) by applying Formula 9.2.
Step 5: For each payment, calculate the maturity value (FV1 and FV2) by applying Formula 9.3.
Step 6: Calculate the total payment by summing the two payments, FV1 and FV2, together.
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	Perform
	Step 3: 
Step 4: The first payment moves nine months into the future, or 9/12 of a year. N = 12 × 9/12 = 9.
             The second payment moves six months into the future, or 6/12 of a year. N = 12 × 6/12 = 6.
Step 5: First payment: FV1 = $4,500 (1 + )9 = $4,795.138902
             Second payment: FV2 = $6,300 (1 + )6 = $6,572.536425
Step 6: FV = $4,795.138902 + $6,572.536425= $11,367.68

	
	Calculator Instructions
	Payment
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	1
	9
	8.5
	4500
	0
	Answer: $4,795.138902
	12
	12

	2
	6
	
	6300
	
	Answer: $6,572.526425
	
	




	Present
	With interest, the two payments total $11,367.68. This is the $10,800 of the original principal plus $567.68 in interest for making the late payments.



	Example 9.4B: Replacing a Payment Stream with Multiple Payments

	You have three debts to the same creditor: $3,000 due today, $2,500 due in 2¼ years, and $4,250 due in 3 years 11 months. Unable to fulfill this obligation, you arrange with your creditor to make two alternative payments: $3,500 in nine months and a second payment due in two years. You agree upon an interest rate of 9.84% compounded monthly. What is the amount of the second payment?

	Plan
	Determine the amount of the second payment that is due two years from today. Apply the fundamental concept of time value of money, moving all money from the original and proposed payment streams to a focal date positioned at the unknown payment. Once all money is moved to this focal date, apply the fundamental concept of equivalence, solving for the unknown payment, or x.

	Understand
	What You Already Know
Step 1: With two payment streams and multiple amounts all on different dates, visualize two timelines. The payment amounts, interest rate, and due dates for both payment streams are known.
IY = 9.84%	
CY = monthly = 12
	How You Will Get There
Step 2: A focal date of Year 2 has been selected.
Step 3: Calculate the periodic interest rate by applying Formula 9.1.
Step 4: For each payment, calculate the number of compound periods by applying Formula 9.2.
Step 5: For each payment, apply Formula 9.3. Note that all payments before the two-year focal date require you to calculate future values, while all payments after the two-year focal date require you to calculate present values.
Step 6: Set the value of the original payment stream equal to the proposed payment stream. Solve for the unknown payment, x, using algebra.
FV1 + PV1 + PV2 = x + FV2

	
	[image: ][image: ]

	Perform
	Step 3: 
Steps 4 and 5: Using the circled number references from the timelines:
① N = 12 × 2 = 24; FV1 = $3,000(1 + 0.0082)24 = $3,649.571607
② N= 12 × ¼ = 3; $2,500 = PV1(1 + 0.0082)3;  = $2,439.494983
③ N = 12 × 1= 23; $4,250 = PV2(1 + 0.0082)23;  = $3,522.207915
④ N = 12 × 1¼ = 15; FV2 = $3,500(1 + 0.0082)15 = $3,956.110749
Step 6: $3,649.571607 + $2,439.494983 + $3,522.207915 = x + $3,956.110749
                                                                        $9,611.274505 = x + $3,956.110749
                                                                                $5,655.16 = x

	
	Calculator Instructions
	Calculation
	N
	I/Y
	PV
	PMT
	FV
	P/Y
	C/Y

	①
	24
	9.84
	3000
	0
	Answer: $3,649.571607
	12
	12

	②
	3
	
	Answer: $2,439.494983
	
	2500
	
	

	③
	23
	
	Answer: $3,522.207915
	
	4250
	
	

	④
	15
	
	3500
	
	Answer: $3,956.110749
	
	




	Present
	The second payment is $5,655.16. This makes the original and proposed agreements equivalent to each other.
	[image: ]



Working with Loans and Payments
	
The fundamental concepts of time value of money and equivalency will help you understand better how loans operate. When a loan is set up, the number of payments and the repayment amounts are established. Since the loan acquires interest throughout the transaction, this means future payments must pay back both principal and interest. Ultimately, all loan payments together need to fully reimburse the lender for the full amount of the principal.

Present Value Principle for Loans

[image: ]The present value principle for loans states that the present value of all payments on a loan is equal to the principal that was borrowed. As illustrated in the timeline, taking all future payments and removing the interest, the payments must total to the original principal amount on the initial date of the loan. The interest rate used in this calculation is the interest rate for the loan itself. This relationship can be expressed as follows:
Principal Borrowed = Present Value of All Payments

[image: cartoon cogs by tonyhewison]How It Works

When you work with loans, the most common unknown variables are either the principal borrowed or the amount(s) of any unknown payment(s). You follow the same steps as for equivalent payments, discussed earlier in this section.
	For example, assume a loan requires two equal payments of $1,000 semi-annually and you want to know the original principal of the loan. The loan’s interest rate is 7.1% compounded semi-annually.
[image: ]Step 1:The timeline is illustrated here.
Step 2: According to the present value principle for loans, when you bring the two payments back to the starting date of the loan (the focal date), then the sum of the present values equals the initial amount borrowed.
Step 3: The IY = 7.1% and CY = 2, therefore 
i = 7.1%/2 = 3.55%.
Step 4: The first payment needs to come back a ½ year, or N = 2 × ½ = 1. The second payment needs to come back 1 year, or N = 2 × 1 = 2.
Step 5: Applying Formula 9.3, for the first payment $1,000 = PV(1 + 0.0355)1 or PV = $965.717044. For the second payment, $1,000 = PV(1 + 0.0355)2 or PV = $932.609410.
Step 6: The amount borrowed is the sum of the two present values, or $965.717044 + $932.609410 = $1,898.33. At 7.1% semi-annually, two payments of $1,000 semi-annually pay off a loan of $1,898.33.

[image: Top Secret by Mogwai] Paths To Success

You can still use the time value of money buttons on your calculator to perform calculations involving unknown variables. Recall from the algebra discussion in Section 2.4 that any algebraic term consists of both a numerical and a literal coefficient. To move an unknown variable through time, enter the numerical coefficient of the variable into the calculator and compute its new value at the focal date. This new value on its focal date must then have the literal coefficient written after it before you proceed with further operations.
For example, if you want to perform a present value calculation on a future value of 2y, enter the numerical coefficient “2” as your FV and compute the PV. Suppose the PV is 1.634. The literal coefficient has not disappeared. You just could not enter the letter on the calculator. Therefore, copying the literal coefficient to the present value yourself, you see that PV = 1.634y. Example 9.4C applies this concept.

[image: Lost in thought by hefedute]  Give It Some Thought

1. If four payments of $2,000 each are needed to pay back a loan, what statement could you make about the principal of the loan?
2. The principal on a loan is $10,000 and two payments are required. If the first payment is $5,000, what statement could you make about the second payment?
3. Consider two loans. The first requires four $2,500 quarterly payments. The second loan requires four $2,500 monthly payments. Assuming equal interest rates, what statement could you make about the principals of these two loans?
Solutions:
1. The principal is less than $8,000 since all four payments must have the interest removed.
2. The second payment is more than $5,000 since it must pay back the interest as well as the remaining principal.
3. The principal on the second loan is larger since the payments are made for only four months afterwards, so they involve relatively little interest. The first loan’s payments extend for one year, so it requires the removal of larger sums of interest to arrive at the principal.









	Example 9.4C: Determining Two Unknown Payments in a Loan

	A $24,000 loan at 7% compounded semi-annually requires three payments at 1½ years, 3 years, and 4 years. The first payment is $3,000 and the second payment is three times as large as the final payment. Calculate the values of the second and third payments on the loan.

	Plan
	Find the amount of the second and third payments. Since the second payment is three times the size of the third payment, solve for the third payment, or x, and then calculate the second payment afterwards.

	Understand
	What You Already Know
Step 1: The principal, payment amounts, interest rate, and dates are known, as indicated on the timeline.
IY = 7%		CY = 2
Note: If the final payment is x and the second payment is three times as large, then it equals 3x.

	How You Will Get There
Step 2: The focal date is the start of the loan.
Step 3: Calculate the periodic interest rate by applying Formula 9.1.
Step 4: For each payment, calculate the number of compound periods by applying Formula 9.2.
Step 5: For each payment apply Formula 9.3.
Step 6: Using the present value principle for loans, equate the payments and the principal, then solve for the unknown variable x.
Principal = PV1 + PV2 + PV3
Once you know x, calculate the size of the second payment = 3x.

	
	[image: ]

	Perform
	Step 3: 
Steps 4 and 5: Using the circled number references in the timeline:
① N = 2 × 1½ = 3; $3,000=PV1(1 + 0.035)3; = $2,705.828117
② N= 2 × 3 = 6; 3x =PV2(1 + 0.035)6; = 2.440501x
③ N = 2 × 4 = 8; x =PV3(1 + 0.035)8; = 0.759411x
Step 6: $24,000 = $2,705.828117 + 2.440501x + 0.759411x
            $24,000 = $2,705.828117 + 3.199913x
 $21,294.17188 = 3.199913x
          $6,654.61 = x
Solving for the 3x payment: 3($6,654.61) = $19,963.83

	
	Calculator Instructions
[image: ]

	Present
	The second payment, located three years from the start of the loan, is $19,963.83, which is three times the size of the final payment of $6,654.61 one year later.





[image: Paper and Pencil 2 by isaiah658]Section 9.4 Exercises


Mechanics
For questions 1–6, solve for the equivalent values (X) at the time period specified based on the information provided.
	
	 Original Agreement
	Proposed Equivalent Agreement
	Prevailing Interest Rate

	1.
	$5,000 due today;
$5,000 due in 3 years
	$X due in 27 months
	6% compounded monthly

	2.
	$4,385 due 1 year ago;
$6,000 due in 4 years
	$X due in 2 years
	8.5% compounded quarterly

	3.
	$16,000 due today;
$8,000 due in 10 months;
$19,000 due in 33 months
	$X due in 16 months
	6.65% compounded monthly

	4.
	$2,500 due in 3, 6, 9, and 12 months
	$X due in 7 months
	8.88% compounded monthly

	5.
	$38,000 due 1½ years ago;
$17,000 due ½ year ago;
$45,000 due in 1 year
	$X today
	9.5% compounded semi-annually

	6.
	$3,750 due 2½ years ago;
$2,400 due in 3¼ years;
$1,950 due in 5 years
	$X due in 2 years
	10.75% compounded quarterly



For questions 7–9, solve for the missing payment(s) on the loan based on the information provided.
	
	 Loan Amount
	Scheduled Payments
	Loan Interest Rate

	7.
	$35,000
	$15,000 due in 6 months;
$X due in 2 years
	5.95% compounded semi-annually

	8.
	$51,000
	$15,000 due in 3 months;
$10,000 due in 1 year;
$X due in 1½ years 
	6.32% compounded quarterly

	9.
	$44,000
	$X due in 6 months;
$2X due in 15 months
	5.55% compounded monthly



Applications
10. A winning lottery ticket offers the following two options:
a. A single payment of $1,000,000 today or
b. $250,000 today followed by annual payments of $300,000 for the next three years.
If money can earn 9% compounded annually, which option should the winner select? How much better is that option in current dollars?
11. Darwin is a young entrepreneur trying to keep his business afloat. He has missed two payments to a creditor. The first was for $3,485 seven months ago and the second was for $5,320 last month. Darwin has had discussions with his creditor, who is willing to accept $4,000 one month from now and a second payment in full six months from now. If the agreed upon interest rate is 7.35% compounded monthly, what is the amount of the second payment?
12. James is a debt collector. One of his clients has asked him to collect an outstanding debt from one of its customers. The customer has failed to pay three amounts: $1,600 18 months ago, $2,300 nine months ago, and $5,100 three months ago. In discussions with the customer, James finds she desires to clear up this situation and proposes a payment of $1,000 today, $4,000 nine months from now, and a final payment two years from now. The client normally charges 16.5% compounded quarterly on all outstanding debts. What is the amount of the third payment?
13. Working in the accounting department, Ariel has noticed that a customer is having trouble paying its bills. The customer has missed a payment of $2,980 two years ago, $5,150 14 months ago, and $4,140 four months ago. The customer proposes making two payments instead. The first payment would be in six months and the second payment, one-quarter the size of the first payment, would be in 18 months. If the agreed-upon interest rate is 6.89% compounded monthly, what are the amounts of each payment?
14. Seth works in the finance department of a large corporation. His company has the following debts to the same creditor: $98,000 due in 2 years; $203,000 due in 4¼ years, and $157,000 due in 6½ years. Seth wants to align these payments with the maturity dates of his company’s investments. He proposes to the creditor three payments due 1¾ years, 4½ years, and 5½ years from today. The second payment is to be twice the size of the first payment and the third payment is to be three-quarters the size of the second payment. If the creditor agrees to an interest rate of 7.25% compounded quarterly, calculate the amounts of each payment.
15. A $30,000 loan at 4.9% compounded semi-annually is to be repaid with four equal semi-annual payments. The first payment is one year after the loan. Calculate the amount of each payment.

Challenge, Critical Thinking, & Other Applications
16. The Ontario Labour Relations Board is reviewing a human resource complaint. At the time of filing, a construction worker indicated that her employer failed to pay her monthly wages of $3,400, $3,200, $3,600, and $3,475 starting four months prior. It has taken the Ontario Labour Relations Board nine months since the time of filing to gather the needed information and make a judgment in favour of the complainant. If the standard interest rate used in its judgment is 9% compounded monthly, what amount is awarded to the construction worker?
17. Larry is a financial adviser helping a client save up $100,000 in five years’ time. The client has the financial means to pursue either of the following two alternatives:
a. Make three equal deposits due today, in 2 years, and 4 years.
b. Make four equal deposits due today, in 1 year, in 3 years, and 4½ years.
If Larry can invest the funds at 9% compounded semi-annually, which option is in the best interests of the client? In current dollars, how much better for the client is that recommended option?
18. Four years ago Aminata borrowed $5,000 from Randal with interest at 8% compounded quarterly to be repaid one year from today. Two years ago Aminata borrowed another $2,500 from Randal at 6% compounded monthly to be repaid two years from today. Aminata would like to restructure the payments so that she can pay 15 months from today and 2½ years from today. The first payment is to be twice the size of the second payment. Randal accepts an interest rate of 6.27% compounded monthly on the proposed agreement. Calculate the amounts of each payment.

19. Yi-Fang is the store owner of a franchise. In flipping through her records, she notices the following debts to the same supplier: $2,389.56 due eight months ago, $3,478.34 due six months ago, $1,694.32 due four months ago, $6,497.98 due two months ago, $4,611.03 due today, $5,784.39 due in two months, and $5,177.44 due in four months. She would like to clear all of these debts with a single payment next month. If the supplier charges 18.1% compounded monthly on overdue balances and provides a credit of 9% compounded monthly on early payments, calculate the amount of the payment.
20. The City of Winnipeg has received two different offers to purchase a parcel of real estate in the southeast quadrant of the city. The Qualico Group has bid $12 million today, along with annual payments of $5 million for the first two years and $6 million in the subsequent two years. The Genstar Development Company has bid $7.5 million today, along with $8 million after one year and three subsequent annual payments of $7 million. If the prevailing interest rates are 8.75% compounded semi-annually, which offer should the City of Winnipeg accept? In current dollars, how much better is the highest bid?


9.5: Determining the Interest Rate
(Is a Lot of Interest Accumulating or Just a Little?)
	
Whether you are borrowing or investing, it is extremely important to know what compound interest rate you are being charged or earning. Unfortunately, most consumers live for today, paying attention just to the “don’t pay for one year” clause in the deals they are offered. They do not stop to consider they might be paying too much for credit.
For example, assume you are just about to sign the purchase papers for a new 55” LED HD 3D television. The retail sales clerk turns to you, saying, “Well, I’ve run the numbers and they show you could pay $4,000 today or if you take advantage of our ‘don’t pay for one year’ offer, you will owe us $4,925.76 one year from now.” You urgently want to get your new TV home, but you had better think twice about a financial decision this important. What interest rate did the sales clerk use in determining your $4,925.76 payment? Is this interest rate fair? Could you finance the TV for less elsewhere?
This section shows how to calculate the nominal interest rate on single payments when you know both the future value and the present value.

The Nominal Interest Rate
	
You need to calculate the nominal interest rate under many circumstances including (but not limited to) the following:
· Determining the interest rate on a single payment loan
· Understanding what interest rate is needed to achieve a future savings goal
· Calculating the interest rate that generated a specific amount of interest
· Finding a fixed interest rate that is equivalent to a variable interest rate

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Calculating the nominal interest rate requires you to use Formula 9.3 once again. The only difference is that the unknown variable has changed from FV to IY. Note that IY is not directly part of Formula 9.3, but you are able to calculate its value after determining the periodic interest rate, or i.

PV is Present Value or Principal: The starting value for the calculation.
FV is Future Value or Maturity Value: The ending value for the calculation.


Formula 9.3 – Compound Interest For Single Payments:   FV = PV(1 + i)Ni is Periodic Interest Rate: The unknown variable is the periodic interest rate. Calculating the nominal interest rate requires substitution and then algebraic manipulation to solve for this variable. Once you know the periodic interest rate, recall that it is also a variable in Formula 9.1:

To calculate the nominal interest rate, substitute and algebraically rearrange Formula 9.1 to solve for IY.
N is Number of Compound Periods: The total number of compound periods involved in the transaction. Calculate it by applying Formula 9.2.















[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to solve for the nominal interest rate on a single payment: 
Step 1: Draw a timeline to help you visualize the question. Of utmost importance is identifying the values of PV and FV, the number of years involved, and the compounding for the interest rate.
Step 2: Calculate the number of compounds, N, using Formula 9.2.
Step 3: Substitute known variables into Formula 9.3, rearrange and solve for the periodic interest rate, i.
Step 4: Substitute the periodic interest rate and the compounding frequency into Formula 9.1, rearrange, and solve for the nominal interest rate, IY. Ensure that the solution is expressed with the appropriate compounding words.
Revisiting the section opener, your $4,000 TV cost $4,925.76 one year later. What monthly compounded interest rate was being used?
[image: ]Step 1: The timeline below illustrates the scenario and identifies the values.
The compounding is monthly, making CY= 12.
Step 2: The term is one year, so N = 1 × 12 = 12.
Step 3: Substituting into Formula 9.3, . Rearranging and solving for i results in i = 0.0175.
Step 4: Substituting into Formula 9.1, . Rearranging and solving for IY calculates IY = 0.21, or 21%. Thus, the sales clerk used an interest rate of 21% compounded monthly.

[image: file important by Anonymous]Important Notes

Handling Decimals in Interest Rate Calculations.  When you calculate interest rates, the solution rarely works out to a terminating decimal number. Since most advertised or posted interest rates commonly involve no more than a few decimals, why is this the case? Recall that when an interest dollar amount is calculated, in most circumstances this amount must be rounded off to two decimals. In single payments, a future value is always the present value plus the rounded interest amount. This results in a future value that is an imprecise number that may be up to a half penny away from its true value. When this imprecise number is used for calculating any interest rate, the result is that nonterminating decimals show up in the solutions. To express the final solution for these nonterminating decimals, you need to apply two rounding rules:
· Rule 1: A Clear Marginal Effect. Use this rule when it is fairly obvious how to round the interest rate. The dollar amounts used in calculating the interest rate are rounded by no more than a half penny. Therefore, the calculated interest rate should be extremely close to its true value. For example, if you calculate an IY of 7.999884%, notice this value would have a marginal difference of only 0.000116% from a rounded value of 8%. Most likely the correct rate is 8% and not 7.9999%. However, if you calculate an IY of 7.920094%, rounding to 8% would produce a difference of 0.070006%, which is quite substantial. Applying marginal rounding, the most likely correct rate is 7.92% and not 7.9201%, since the marginal impact of the rounding is only 0.000094%.
· Rule 2: An Unclear Marginal Effect. Use this rule when it is not fairly obvious how to round the interest rate. For example, if the calculated IY = 7.924863%, there is no clear choice of how to round the rate. In these cases or when in doubt, apply the standard rule established for this book of rounding to four decimals. Hence, IY = 7.9249% in this example.
	It is important to stress that the above recommendations for rounding apply to final solutions. If the calculated interest rate is to be used in further calculations, then you should carry forward the unrounded interest rate.

Your BAII Plus Calculator. Solving for the nominal interest rate requires the computation of I/Y on the BAII Plus calculator. This requires you to enter all six of the other variables, including N, PV, PMT (which is zero), FV, and both values in the P/Y window (P/Y and C/Y) following the procedures established in Section 9.2. Ensure proper application of the cash flow sign convention to PV and FV, according to which one number must be negative while the other is positive.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Pay careful attention to what the situation requires you to calculate—the nominal interest rate or the periodic interest rate. The most common mistake when calculating the interest rate is to confuse these two rates. If you need the periodic interest rate, then you must rearrange and solve Formula 9.3 for i, and no further calculations are required after step 3. If you need the nominal interest rate, first calculate the periodic interest rate (i) but then substitute it into Formula 9.1 and rearrange to solve for IY, thus completing step 4 of the process.

[image: Lost in thought by hefedute]  Give It Some Thought

Round off the following calculated values of IY to the appropriate decimals.
a. 4.5679998%	b. 12.000138%	c. 6.8499984%	d. 8.0200121%	e. 7.1224998%Solutions:
a. 4.568%	b. 12%		c. 6.85%	d. 8.02%	e. 7.1225%





	Example 9.5A: Straightforward Interest Rate Calculation—FV and PV Known

	When Sandra borrowed $7,100 from Sanchez, she agreed to reimburse him $8,615.19 three years from now including interest compounded quarterly. What interest rate is being charged?

	Plan
	Find the nominal quarterly compounded rate of interest (IY).

	Understand
	What You Already Know
Step 1: The present value, future value, term, and compounding are known, as illustrated in the timeline.
CY = quarterly = 4	Term = 3 years
	How You Will Get There
Step 2: Calculate N using Formula 9.2.
Step 3: Substitute into Formula 9.3 and rearrange for i.
Step 4: Substitute into Formula 9.1 and rearrange for IY.

	
	[image: ]

	Perform
	Step 2: N = 4 × 3 = 12
Step 3: $8,615.10 = $7,100(1 + i)12
              1.213394 = (1 + i)12
        
              1.016249 = 1 + i
              0.016249 = i
Step 4: 
                            IY = 0.064996 = 0.065 or 6.5%
	Calculator Instructions
[image: ]

	Present
	Sanchez is charging an interest rate of 6.5% compounded quarterly on the loan to Sandra.






[image: Top Secret by Mogwai] Paths To Success

When a series of calculations involving the nominal interest rate must be performed, many people find it helpful first to rearrange Formula 9.3 algebraically for i, thus bypassing a long series of manipulations. The rearranged formula appears as follows:

This rearrangement calculates the periodic interest rate. If the nominal interest rate is required, you can combine Formulas 9.3 and 9.1 together:


	Example 9.5B: Known Interest Amount

	Five years ago, Taryn placed $15,000 into an RRSP that earned $6,799.42 of interest compounded monthly. What was the nominal interest rate for the investment?

	Plan
	Find the nominal monthly compounded rate of interest (IY).

	Understand
	What You Already Know
Step 1: The present value, interest earned, term, and compounding are known, as illustrated in the timeline. Use Formula 8.3 to arrive at the FV in the figure.
CY = monthly = 12	Term = 5 years
	How You Will Get There
Step 2: Calculate N using Formula 9.2.
Step 3: Substitute into Formula 9.3 and rearrange for i.
Step 4: Substitute into Formula 9.1 and rearrange for IY.

	
	[image: ]

	Perform
	Step 2: N = 12 × 5 = 60
Step 3: $21,799.42 = $15,000(1 + i)60
                1.453294 = (1 + i)60
          
                  1.00625 = 1 + i
                  0.00625 = i
Step 4: 
                          IY = 0.075 or 7.5%
	Calculator Instructions
[image: ]

	Present
	Taryn’s investment in his RRSP earned 7.5% compounded monthly over the five years.



Converting Variable Interest Rates to a Fixed Interest Rate
	
When you deal with a series of variable interest rates it is extremely difficult to determine their overall effect. This also makes it hard to choose wisely between different series. For example, assume that you could place your money into an investment earning interest rates of 2%, 2.5%, 3%, 3.5%, and 4.5% over the course of five years, or alternatively you could invest in a plan earning 1%, 1.5%, 1.75%, 3.5%, and 7% (all rates compounded semi-annually). Which plan is better? The decision is unclear. But you can make it clear by converting the variable rates on each investment option into an equivalent fixed interest rate.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to convert variable interest rates to their equivalent fixed interest rates: 
Step 1: Draw a timeline for the variable interest rate. Identify key elements including any known PV or FV, interest rates, compounding, and terms.
Step 2: For each time segment, calculate i and N using Formulas 9.1 and 9.2, respectively.
Step 3: One of three situations will occur, depending on what variables are known:
1. PV Is Known. Calculate the future value at the end of the transaction using Formula 9.3 and solving for FV in each time segment, working left to right across the timeline.
2. FV Is Known. Calculate the present value at the beginning of the transaction using Formula 9.3 and rearranging to solve for PV in each time segment, working right to left across the timeline.
3. Neither PV nor FV Is Known. Pick an arbitrary number for PV ($10,000 is recommended) and use Formula 9.3 in each time segment to solve for the future value at the end of the transaction, working left to right across the timeline.
Step 4: Determine the compounding required on the fixed interest rate (CY) and use Formula 9.2 to calculate a new value for N to reflect the entire term of the transaction.
Step 5: Rearrange and solve Formula 9.3 for i using the N from step 4 along with the starting PV and ending FV for the entire timeline.
Step 6: Rearrange and solve Formula 9.1 for IY.
	Example 9.5C: Interest Rate under Variable Rate Conditions

	Continue working with the two investment options mentioned previously. The choices are to place your money into a five-year investment earning semi-annually compounded interest rates of either:
a. 2%, 2.5%, 3%, 3.5%, and 4.5%
b. 1%, 1.5%, 1.75%, 3.5%, and 7%
Calculate the equivalent semi-annual fixed interest rate for each plan and recommend an investment.

	Plan
	For each plan, solve for a fixed semi-annually compounded interest rate (IY). Since this is an investment rather than a loan, recommend the plan with the highest IY.

	Understand
	What You Already Know
Step 1: Draw a timeline for each investment option, as illustrated below.

	How You Will Get There
Step 2: For each time segment, calculate the i and N using Formulas 9.1 and 9.2. All interest rates are semi-annually compounded with CY = 2.
Step 3: There is no value for PV or FV. Choose an arbitrary value of PV = $10,000 and solve for FV using Formula 9.3. Since only the interest rate fluctuates, solve in one calculation:

Step 4: For each investment, calculate a new value of N to reflect the entire five-year term using Formula 9.2.
Step 5: For each investment, substitute into Formula 9.3 and rearrange for i:
Step 6: For each investment, substitute into Formula 9.1 and rearrange for IY.
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	Perform
	Step 2: All periodic interest rate (i) and N calculations are found in Figure 9.51.
	Step 
	First Investment
	Second Investment

	3.
	FV5 = $10,000(1 + 0.01)2 (1 + 0.0125)2 (1 + 0.015)2 (1 + 0.0175)2 (1 + 0.0225)2 = $11,661.65972
	FV5 = $10,000(1 + 0.005)2 (1 + 0.0075)2 (1 + 0.00875)2 (1 + 0.0175)2 (1 + 0.035)2 = $11,570.14666

	4.
	N = 2 × 5 = 10
	N = 2 × 5 = 10

	5.
	$11,661.65972 = $10,000(1 + i)10
1.166165 = (1 + i)10

1.001549 = 1 + i
0.001549 = i
	$11,570.14666 = $10,000(1 + i)10
1.157014 = (1 + i)10

1.014691 = 1 + i
0.014691 = i

	6.
	
IY = 0.030982 or 3.0982% 
	 
IY = 0.029382 or 2.9382% 




	
	Calculator Instructions
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	Present
	The variable interest rates on the first investment option are equivalent to a fixed interest rate of 3.0982% compounded semi-annually. For the second option, the rates are equivalent to 2.9382% compounded semi-annually. Therefore, recommend the first investment since its rate is higher by 3.0982% − 2.9382% = 0.16% compounded semi-annually.



[image: Paper and Pencil 2 by isaiah658]Section 9.5 Exercises


Mechanics
For questions 1–5, solve for the nominal interest rate compounded based on the information provided.
	
	Present Value (PV)
	Future Value (FV)
	Term
	IY Compounding

	1.
	$101,000.00
	$191,981.42
	10 years
	monthly

	2.
	$78,500.00
	$144,935.53
	7½ years
	quarterly

	3.
	$59,860.48
	$78,500.00
	5.5 years
	semi-annually

	4.
	$31,837.58
	$1,000,000
	40 years
	annually

	5.
	$5,000.00
	$20,777.73
	5 years
	daily


For questions 6–8, solve for the equal fixed nominal interest rate based on the information provided. Unless otherwise specified, assume each variable interest rate is for a one-year period.
	
	Variable Interest Rates
	Fixed IY Compounding

	6.
	6% compounded semi-annually for 3 years;
then 6.5% compounded quarterly for 2 years
	annually

	7.
	3%, 3.5%, 4.25%, 5%, 6% all compounded quarterly
	quarterly

	8.
	2.4%, 3.6%, 4.2% all compounded monthly;
then 6.25% and 8% compounded semi-annually
	monthly



Applications
9. Your company paid an invoice five months late. If the original invoice was for $6,450 and the amount paid was $6,948.48, what monthly compounded interest rate is your supplier charging on late payments?
10. In a civil lawsuit, a plaintiff was awarded damages of $15,000 plus $4,621.61 in interest for a period of 3¼ years. What quarterly compounded rate of interest was used in the settlement?
11. Muriel just received $4,620.01 including $840.01 of interest as payment in full for a sum of money that was loaned 2 years and 11 months ago. What monthly compounded rate of interest was charged on the loan?
12. Three years ago, Beverly made an investment that paid 4.95%, 5.55%, and 6.15% in each subsequent year. All interest rates are compounded monthly. What annually compounded fixed rate of return did she earn?
13. Indiana just received a maturity value of $30,320.12 from a semi-annually compounded investment that paid 4%, 4.1%, 4.35%, 4.75%, and 5.5% in consecutive years. What amount of money did Indiana invest? What fixed quarterly compounded nominal interest rate is equivalent to the variable rate his investment earned?
14. The five-year RRSP rate escalator program at TD Canada Trust offers semi-annually compounded interest rates of 1%, 2%, 3%, 4%, and 5%. A similar program at the Bank of Montreal posted rates of 1.1%, 1.55%, 2.75%, 3.25%, and 6.75%. Calculate the fixed semi-annual rates of return for each program and recommend where to invest in your RRSP. How much better is your recommended equivalent fixed rate?

Challenge, Critical Thinking, & Other Applications
15. At what monthly compounded interest rate does it take five years for an investment to double?
16. In 2003, a home in Winnipeg was purchased for $214,000. In 2011, the same home was appraised at $450,000. What annually compounded rate of growth does this reflect?
17. On October 1, 1975, the minimum wage in Manitoba was $2.60 per hour. It rose to $10 per hour by October 1, 2011. What is the annually compounded growth rate for minimum wage in Manitoba during this period?
18. Jean-Luc's first month's gross salary in June 1994 was $800. By June 2012 his monthly gross salary was $1,969.23 higher. What monthly compounded rate did his salary increase by over the period?
19. Listed below are the historical populations (census metropolitan areas) of seven Canadian cities. Calculate and rank the annual growth rates from highest to lowest.
	City
	1996
	2010

	Vancouver
	1,602,590
	2,391,252

	Calgary
	754,033
	1,242,624

	Regina
	191,692
	215,138

	Winnipeg
	660,450
	753,555

	Toronto
	3,898,833
	5,741,419

	Montreal
	3,208,970
	3,859,318

	Halifax
	332,518
	403,188


20. Listed below are several options for five-year investments posted on the same day. All rates are compounded quarterly. For each, calculate the equivalent fixed annually compounded rate of return and rank these rates from highest to lowest.
	Company
	Year 1
	Year 2
	Year 3
	Year 4
	Year 5

	Affinity Credit Union
	1%
	1.45%
	2.75%
	3.5%
	6%

	MGI Financial
	1.85%
	2.6%
	3.3%
	3.41%
	3.75%

	GIC Max
	2.1%
	2.75%
	3.4%
	3.75%
	3.8%

	CIBC
	0.5%
	1.5%
	2%
	3.5%
	6.5%

	Laurentian
	1.1%
	1.75%
	2.5%
	3.4%
	7%





9.6: Equivalent and Effective Interest Rates
(How Do I Compare Different Rates?)
	
How can you compare interest rates posted with different compounding? For example, let’s say you are considering the purchase of a new home, so for the past few weeks you have been shopping around for financing. You have spoken with many banks as well as onsite mortgage brokers in the show homes. With semi-annual compounding, the lowest rate you have come across is 6.6%. In visiting another show home, you encounter a mortgage broker offering a mortgage for 6.57%. In the fine print, it indicates the rate is compounded quarterly. You remember from your business math class that the compounding is an important component of an interest rate and wonder which one you should choose—6.6% compounded semi-annually or 6.57% compounded quarterly.
	When considering interest rates on loans, you clearly want the best rate. If all of your possible loans are compounded in the same manner, selecting the best interest rate is a matter of picking the lowest number. However, when interest rates are compounded differently the lowest number may in fact not be your best choice. For investments, on the other hand, you want to earn the most interest. However, the highest nominal rate may not be as good as it appears depending on the compounding.
	To compare interest rates fairly and select the best, they all have to be expressed with equal compounding. This section explains the concept of an effective interest rate, and you will learn to convert interest rates from one compounding frequency to a different frequency.

Effective Interest Rates
	
If you place $1,000 into an investment earning 10% compounded semi-annually, how much will you have in your account after one year? Less than $1,100, exactly $1,100, or more than $1,100? If you say more than $1,100, you are absolutely correct. In other words, the 10% nominal rate does not fully reflect the true amount of interest that the investment earns annually, which depends on how often the principal increases. This raises two questions:
1. What exact amount of interest is earned annually?
2. What annual interest rate is truly being earned?
	The effective interest rate is the true annually compounded interest rate that is equivalent to an interest rate compounded at some other (non-annual) frequency. In other words, the amount of interest accrued at the effective interest rate once in an entire year exactly equals the amount of interest accrued at the periodic interest rate successively compounded the stated number of times in a year. To calculate the effective interest rate, you must convert the compounding on the nominal interest rate into an annual compound.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

To see how the formula develops, take a $1,000 investment at 10% compounded semi-annually through a full year.
	Start with PV = $1,000, IY = 10%, and CY = 2 (semi-annually). Therefore, i = 10%/2 = 5%. Using Formula 9.3, after the first six-month compounding period (N = 1) the investment is worth
FV = $1,000(1 + 0.05)1 = $1,050
With this new principal of PV = $1,050, after the next six-month compounding period the investment becomes
FV = $1,050(1 + 0.05)1 = $1,102.50
	Therefore, after one year the investment has earned $102.50 of interest. Notice that this answer involves compounding the periodic interest twice, according to the compounding frequency of the interest rate. What annually compounded interest rate would produce the same result? Try 10.25% compounded annually. With PV = $1,000, IY = 10.25%, and CY = 1, then i = 10.25%/1 = 10.25%. Thus, after a year
FV = $1,000(1 + 0.1025)1 = $1,102.50
This alternative yields the same amount of interest, $102.50. In other words, 10.25% compounded annually produces the same result as 10% compounded semi-annually. Hence, the effective interest rate on the investment is 10.25%, and this is what the investment truly earns annually.
	Generalizing from the example, you calculate the future value and interest amount for the rate of 10% compounded semi-annually using the formulas
FV = PV(1 + i)(1 + i) 	and	I = FV − PV
Notice that the periodic interest is compounded by a factor of (1 + i) a number of times equalling the compounding frequency (CY = 2). You then rewrite the future value formula:
FV = PV(1 + i)CY
Substituting this into the interest amount formula, I = FV – PV, results in
I = PV(1 + i)CY − PV
Factor and rearrange this formula:
I = PV((1 + i)CY − 1)
= (1 + i)CY − 1
On the left-hand side, the interest amount divided by the present value results in the interest rate:
rate = (1 + i)CY − 1
Formula 9.4 expresses this equation in terms of the variables for time value of money. It further adapts to any conversion between different compounding frequencies.


CYOld is Original Compounding Frequency: This is how many times in a single year the original nominal interest rate is compounded.
inew is Converted Periodic Interest Rate: The new periodic interest rate expressed in a compounding frequency equal to CYNew. As noted below, if CYNew equals 1, then the new periodic interest rate is also the effective rate of interest (IY); that is, the rate compounded on an annual basis.




Formula 9.4 – Interest Rate Conversion:   iOld is Original Periodic Interest Rate: This is the unrounded periodic rate for the original interest rate that is to be converted to its new compounding. This periodic rate results from Formula 9.1, where the original nominal interest rate is your IY and the original compounding frequency is your CY.

CYNew is Converted Compounding Frequency: This is how many times in a single year the newly converted interest rate compounds. If this variable is set to 1, then the result of the formula is the effective rate of interest.










[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate effective interest rates: 
Step 1: Identify the known variables including the original nominal interest rate (IY) and original compounding frequency (CYOld). Set the CYNew = 1.
Step 2: Apply Formula 9.1 to calculate the periodic interest rate (iOld) for the original interest rate.
Step 3: Apply Formula 9.4 to convert to the effective interest rate. With a compounding frequency of 1, this makes iNew = IY compounded annually.
	Revisiting the opening scenario, comparing the interest rates of 6.6% compounded semi-annually and 6.57% compounded quarterly requires you to express both rates in the same units. Therefore, you could convert both nominal interest rates to effective rates.


	
	6.6% compounded semi-annually
	6.57% compounded quarterly

	Step 1
	IY = 6.6%; CYOld = 2; CYNew = 1
	IY = 6.57%; CYOld = 4; CYNew = 1

	Step 2
	iOld = 6.6%/2 = 3.3%
	iOld =6.57%/4 = 1.6425%

	Step 3
	iNew = (1 + 0.033)2/1 − 1 = 6.7089%
	iNew = (1 + 0.016425)4/1 − 1 = 6.7336%


	The rate of 6.6% compounded semi-annually is effectively charging 6.7089%, while the rate of 6.57% compounded quarterly is effectively charging 6.7336%. The better mortgage rate is 6.6% compounded semi-annually, as it results in annually lower interest charges.

[image: file important by Anonymous]Important Notes

The Texas Instruments BAII Plus calculator has a built-in effective interest rate converter called ICONV located on the second shelf above the number 2 key. To access it, press 2nd ICONV. You access three input variables using your ↑ or ↓scroll buttons. Use this function to solve for any of the three variables, not just the effective rate.
	Variable
	Description
	Algebraic Symbol

	NOM
	Nominal Interest Rate 
	IY

	EFF
	Effective Interest Rate
	iNew (annually compounded)

	C/Y
	Compound Frequency
	CY


	To use this function, enter two of the three variables by keying in each piece of data and pressing ENTER to store it. When you are ready to solve for the unknown variable, scroll to bring it up on your display and press CPT. For example, use this sequence to find the effective rate equivalent to the nominal rate of 6.6% compounded semi-annually:
2nd ICONV, 6.6 Enter ↑, 2 Enter ↑, CPT
Answer: 6.7089

[image: Top Secret by Mogwai] Paths To Success

Annually compounded interest rates can be used to quickly answer a common question: "How long does it take for my money to double?" The Rule of 72 is a rule of thumb stating that 72% divided by the annually compounded rate of return closely approximates the number of years required for money to double. Written algebraically this is

For example, money invested at 9% compounded annually takes approximately 72 ÷ 9% = 8 years to double (the actual time is 8 years and 15 days). Alternatively, money invested at 3% compounded annually takes approximately 72 ÷ 3% = 24 years to double (the actual time is 23 years and 164 days). Note how close the approximations are to the actual times.

[image: Lost in thought by hefedute]  Give It Some Thought

1. If the nominal rate is 10%, what can you say about the effective rate?
2. If you had effective rates of 8% and 9%, which would you select if you were
a. investing?
b. borrowing?
3. If one investment takes 36 years to double while another takes 18 years to double, which has the higher effective rate?Solutions:
1. The effective rate is equal to or higher than the nominal rate.
2a. 9%. since more interest is earned
2b. 8%, since less interest is paid
3. Eighteen years, since a higher rate takes less time to double.










	Example 9.6A: Understanding Your Investment

	If your investment earns 5.5% compounded monthly, what is the effective rate of interest? According to the Rule of 72, approximately how long will it take your investment to double at this effective rate?

	Plan
	Calculate the effective rate of interest (iNew). Once known, apply the Rule of 72 to approximate the doubling time.

	Understand
	What You Already Know
Step 1: The original nominal interest rate and compounding along with the new compounding are known:
IY = 5.5%	CYOld = monthly = 12	CYNew = 1
	How You Will Get There
Step 2: Apply Formula 9.1 to the original interest rate.
Step 3: Apply Formula 9.4, where iNew = IY annually.
Step 4: To answer approximately how long it will take for the money to double, apply the Rule of 72.

	Perform
	Step 2: 
Step 3: 
Step 4: 
	Calculator Instructions
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	Present
	You are effectively earning 5.6408% interest per year. At this rate of interest, it takes approximately 12¾ years, or 12 years and 9 months, for the principal to double.



	Example 9.6B: Your Car Loan

	As you search for a car loan, all banks have quoted you monthly compounded rates (which are typical for car loans), with the lowest being 8.4%. At your last stop, the credit union agent says that by taking out a car loan with them, you would effectively be charged 8.65%. Should you go with the bank loan or the credit union loan?

	Plan
	Since it is normal for a car loan to be compounded monthly, convert the effective rate to a monthly rate (IY) so that it matches all the other quotes.

	Understand
	What You Already Know
Step 1: The effective rate and the compounding are as follows:
iNew = 8.65%	
CYOld = monthly = 12	
CYNew = 1
	How You Will Get There
(Note: In this case, the iNew is known, so the process is reversed to arrive at the IY. Thus, steps 2 and 3 are performed in the opposite order.)
Step 2: Substitute into Formula 9.4, rearrange, and solve for iOld.
Step 3: Substitute into Formula 9.1, rearrange, and solve for IY.

	Perform
	Step 2: 0.0865 = (1 +)12 ÷ 1 − 1
             1.0865 = (1 + )12
        1.08651/12 = 1 + 
         1.006937 = 1 + 
         0.006937 = 
Step 3: 0.006937
                        IY = 0.083249 or 8.3249%
	Calculator Instructions
[image: ]

	Present
	The offer of 8.65% effectively from the credit union is equivalent to 8.3249% compounded monthly. If the lowest rate from the banks is 8.4% compounded monthly, the credit union offer is the better choice.





Equivalent Interest Rates
	
At times you must convert a nominal interest rate to another nominal interest rate that is not an effective rate. For example, in the opening scenario of this section your mortgage rates were all quoted semi-annually except for one monthly rate. One way to compare these rates was to make them all effective rates. An alternative is to take the "oddball" rate and convert it to match the compounding of all the other rates. This brings up the concept of equivalent interest rates, which are interest rates with different compounding that produce the same effective rate and therefore are equal to each other. After one year, two equivalent rates have the same future value.

[image: cartoon cogs by tonyhewison]How It Works

To convert nominal interest rates you need no new formula. Instead, you make minor changes to the effective interest rate procedure and add an extra step. Follow these steps to calculate any equivalent interest rate: 
Step 1: For the nominal interest rate that you are converting, identify the nominal interest rate (IY) and compounding frequency (CYOld). Also identify the new compounding frequency (CYNew).
Step 2: Apply Formula 9.1 to calculate the original periodic interest rate (iOld).
Step 3: Apply Formula 9.4 to calculate the new periodic interest rate (iNew).
Step 4: Apply Formula 9.1 using iNew and CYNew, rearrange, and solve for the new converted nominal interest rate (IY).
	Once again revisiting the mortgage rates from the section opener, compare the 6.6% compounded semi-annually rate to the 6.57% compounded quarterly rate by converting one compounding to another. It is arbitrary which interest rate you convert. In this case, choose to convert the 6.57% compounded quarterly rate to the equivalent nominal rate compounded semi-annually.
Step 1: The original nominal interest rate IY = 6.57% and the CYOld = quarterly = 4. Convert to CYNew = semi-annually = 2.
Step 2: Applying Formula 9.1, iOld = 6.57%/4 = 1.6425%.
Step 3: Applying Formula 9.4, iNew = (1 + 0.016425)4 ÷ 2 − 1 = 0.033119
Step 6: Applying Formula 9.1, 0.033119 =  or IY = 0.06624.
	Thus, 6.57% compounded quarterly is equivalent to 6.624% compounded semi-annually. Pick the mortgage rate of 6.6% compounded semi-annually since it is the lowest rate available. Of course, this is the same decision you reached earlier.

[image: file important by Anonymous]Important Notes

Converting nominal rates on the BAII Plus calculator takes two steps:
Step 1: Convert the original nominal rate and compounding to an effective rate. Input NOM and C/Y, then compute the EFF.
Step 2: Input the new C/Y and compute the NOM.
For the mortgage rate example above, use this sequence:
2nd ICONV, 6.57 Enter ↑, 4 Enter ↑, CPT ↓, 2 Enter ↓, CPT
Answer: 6.623956
	A good way to memorize this technique is to remember to "go up then down the ladder." To convert a nominal rate to an effective rate, you press "↑" twice. To convert an effective rate back to a nominal rate, you press "↓" twice. Hence, you go up and down the ladder!

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

When converting interest rates, the most common source of error lies in confusing the two values of the compounding frequency, or CY. When working through the steps, clearly distinguish between the old compounding (CYOld) that you want to convert from and the new compounding (CYNew) that you want to convert to. A little extra time spent on double-checking these values helps avoid mistakes.

[image: Lost in thought by hefedute]  Give It Some Thought

1. If you convert a monthly compounded rate into a semi-annually compounded rate, is the converted nominal rate higher or lower?
2. If you convert a quarterly rate into a monthly rate, is the converted nominal rate higher or lower?
Solutions:
1. Higher. The interest is placed into the account less frequently, so more interest needs to go in each time.
2. Lower. The interest is placed into the account more frequently, so less interest is needed each time.





	Example 9.6C: Which Investment to Choose?

	You are looking at three different investments bearing interest rates of 7.75% compounded semi-annually, 7.7% compounded quarterly, and 7.76% compounded semi-annually. Which investment offers the highest interest rate?

	Plan
	Notice that two of the three interest rates are compounded semi-annually while only one is compounded quarterly. Although you could convert all three to effective rates (requiring three calculations), it is easier to convert the quarterly compounded rate to a semi-annually compounded rate. Then all rates are compounded semi-annually and are therefore comparable.

	Understand
	What You Already Know
Step 1: The original interest rate and compounding are known:
IY = 7.7%     
CYOld = quarterly = 4
CYNew = semi-annually = 2
	How You Will Get There
Step 2: Apply Formula 9.1 to the original interest rate.
Step 3: Convert the original interest rate to its new periodic rate using Formula 9.4.
Step 4: Substitute into Formula 9.1 and rearrange for IY.

	Perform
	Step 2: 
Step 3: iNew = (1 + 0.01925)4 ÷ 2 − 1 = 0.038870
Step 4: 0.038870 
                        IY = 0.077741 or 7.7741%
	Calculator Instructions
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	Present
	The quarterly compounded rate of 7.7% is equivalent to 7.7741% compounded semi-annually. In comparison to the semi-annually compounded rates of 7.75% and 7.76%, the 7.7% quarterly rate is the highest interest rate for the investment.



[image: Paper and Pencil 2 by isaiah658]Section 9.6 Exercises


Mechanics
Convert the following nominal interest rates to their effective rates.
	
	Nominal Interest Rate 

	1.
	4.75% compounded quarterly

	2.
	7.2% compounded monthly

	3.
	3.95% compounded semi-annually



Convert the following effective rates to their nominal rates.
	
	Effective Interest Rate 
	Nominal Interest Rate

	4.
	10%
	Semi-annually

	5.
	12%
	Monthly

	6.
	8%
	Quarterly





Convert the following nominal interest rates to their equivalent rates.
	
	Nominal Interest Rate 
	Equivalent Rate

	7.
	6% compounded monthly
	Semi-annually

	8.
	4.5% compounded quarterly
	Monthly

	9.
	8% compounded semi-annually
	Quarterly

	10.
	7.05% compounded monthly
	Semi-annually



Applications
11. The HBC credit card has a nominal interest rate of 26.44669% compounded monthly. What effective rate is being charged?
12. Your company's union just negotiated a salary increase of 0.5% every three months. What effective increase in your salary was negotiated?
13. What is the effective rate on a credit card that charges interest of 0.049315% per day?
14. RBC offers two different investment options to its clients. The first option is compounded monthly while the latter option is compounded quarterly. If RBC wants both options to have an effective rate of 3.9%, what nominal rates should it set for each option?
15. Your competitor reported to its shareholders that growth in profits in the previous year averaged 0.1% per week (assume 52 weeks in a year). Your financial department shows your company’s profits have grown 0.45% per month. Compare your monthly profit growth to your competitor’s monthly profit growth. How much better is the higher growth?
16. Louisa is shopping around for a loan. TD Canada Trust has offered her 8.3% compounded monthly, Conexus Credit Union has offered 8.34% compounded quarterly, and ING Direct has offered 8.45% compounded semi-annually. Rank the three offers and show calculations to support your answer.

Challenge, Critical Thinking, & Other Applications
17. Your three-year monthly compounded investment just matured and you received $9,712.72, of which $2,212.72 was interest. What effective rate of interest did you earn?
18. GenX Holdings received an invoice from its supplier that indicates the penalty on overdue invoices will be charged at a rate of 3.4% per month. What effective rate of interest is being charged on overdue invoices?
19. The TD Emerald Visa card wants to increase its effective rate by 1%. If its current interest rate is 19.067014% compounded daily, what new daily compounded rate should it advertise?

20. Five investors reported the following results. Rank the effective rates of return realized by each investor from highest to lowest and show outputs to support your work.
	Investor
	Results

	1
	$4,000 principal earned $1,459.10 of interest compounded monthly over four years

	2
	$9,929.85 maturity value including $1,429.85 of interest compounded quarterly for two years

	3
	$14,750 principal maturing at $19,370.83 after 3½ years of semi-annually compounded interest

	4
	$3,194.32 of interest earned on a $6,750 principal after five years of daily compounding

	5
	$5,321.65 maturity value including $1,421.65 of interest compounded annually over four years





9.7: Determining the Number of Compounds
(How Far Away Is That?)
	
How long will it take to reach a financial goal? At a casual get-together at your house, a close friend discusses saving for a 14-day vacation to the Blue Bay Grand Esmeralda Resort in the Mayan Riviera of Mexico upon graduation. The estimated cost from Travelocity.ca is $1,998.94 including fares and taxes. He has already saved $1,775 into a fund earning 8% compounded quarterly. Assuming the costs remain the same and he makes no further contributions, can you tell him how soon he will be basking in the sun on the beaches of Mexico?
	This section shows you how to calculate the time frame for single payment compound interest transactions. You can apply this knowledge to any personal financial goal. Or in your career, if you work at a mid-size to large company, you might need to invest monies with the objective of using the funds upon maturity to pursue capital projects or even product development opportunities. So knowing the time frame for the investment to grow large enough will allow you to schedule the targeted projects.
	Introductory scenarios examine situations where the number of compounding periods works out to be an integer. Then you will tackle more challenging scenarios involving time frame computations with noninteger compounding periods.

Integer Compounding Periods
	
Some applications of solving for the number of compounding periods include the following:
· Determining the time frame to meet a financial goal
· Calculating the time period elapsing between a present and future value
· Evaluating the performance of financial investments

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

To solve for the number of compounds you need Formula 9.3 one more time. The only difference from your previous uses of this formula is that the unknown variable changes from FV to N, which requires you to substitute and rearrange the formula algebraically.
PV is Present Value or Principal: The starting value for the calculation.
FV is Future Value or Maturity Value: The ending value for the calculation.


Formula 9.3 – Compound Interest For Single Payments:   FV = PV(1 + i)NN is Number of Compound Periods: The unknown variable N represents the total number of compounds required for the present value to grow to the future value. Recall from Formula 9.2 that N = CY × Years. Once you calculate N, you must express it in more common terms (when was the last time you asked a bank to give you “an eight compound period loan"?). Rearranging Formula 9.2 for Years, you then calculate years as . Therefore, a quarterly compounded loan, CY = 4, with an N = 8 is a loan extending 2 years.
i is Periodic Interest Rate: This is the periodic rate of interest used in converting the interest to principal. It results from Formula 9.1.











[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to compute the number of compounding periods (and ultimately the time frame):
Step 1: Draw a timeline to visualize the question. Most important at this step is to identify PV, FV, and the nominal interest rate (both IY and CY). 
Step 2: Solve for the periodic interest rate (i) using Formula 9.1.
Step 3: Substitute into Formula 9.3, rearrange, and solve for N. Note that the value of N represents the number of compounding periods. For example, if the compounding is quarterly, a value of N = 9 is nine quarters.
Step 4: Take the value of N and convert it back to a more commonly expressed format such as years and months. When the number of compounding periods calculated in step 3 works out to an integer, handling step 4 involves applying the rearranged Formula 9.2 and solving for Years =.
1. If the Years is an integer, you are done.
2. If the Years is a noninteger, the whole number portion (the part in front of the decimal) represents the number of years. As needed, take the decimal number portion (the part after the decimal point) and multiply it by 12 to convert it to months. For example, if you have Years = 8.25 then you have 8 years plus 0.25 × 12 = 3 months, or 8 years and 3 months. 
	Revisiting the opening scenario, your friend has saved $1,775 and needs it to become $1,998.94 at 8% compounded quarterly. How long will it take?
[image: ]Step 1: The timeline illustrates this scenario. Note that IY = 8% and CY = quarterly = 4.
Step 2: The periodic interest rate is i = 8%/4 = 2%.
Step 3: Applying Formula 9.3, you have $1,998.94 = $1,775(1 + 0.02)N or N = 6 (details of the algebra can be found in subsequent examples).
Step 4: Applying the rearranged Formula 9.2, Years =  = 1.5. Your friend will be headed to the Mayan Riviera in 1½ years. If you prefer to express this in months, it is 1 year plus 0.5 × 12 = 6 months, or 1 year and 6 months. 

[image: file important by Anonymous]Important Notes

You can use your financial calculator in the exact same manner as in Section 9.2 except that your unknown variable will be N instead of FV. As always, you must load the other six variables and obey the cash flow sign convention. Once you compute N, you will have to complete step 4 manually to express the solution in its more common format of years and months.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

N rarely works out to an integer, and that causes a lot of grief. When the values of both the PV and FV are known, usually one of these numbers is rounded. Because of this rounding, the calculation of N almost always produces decimals, even if those decimals are very small. For example, in calculating N = 6 it is possible to come up with a value of 5.999963 or 6.000018. How can you tell if those decimals result from a rounded value (meaning that N is really an integer) or if those decimals are significant and need to be dealt with as they stand (as you will see discussed below when we consider noninteger compounding periods)?
	You determine which way to go by mentally rounding your calculated N to the third decimal place. If this results in an integer, then the decimals are due to the rounding of FV and from then on you can treat the N as an integer. If a noninteger is still present, then the decimals are meaningful and you will have to address a noninteger compounding period (as discussed later in this section). For example, 5.999963 when mentally rounded to three decimals is 6.000. Therefore, you consider the N to be 6 and not 5.999963. In contrast, 5.985996 when mentally rounded to three decimals is 5.986, which is a noninteger. This means the decimals are significant, so you will not be able to round off to the closest integer.

[image: Top Secret by Mogwai] Paths To Success

In Section 9.6, the Rule of 72 allowed you to estimate the time it takes in years for money to double when you know the effective rate. When you work with any time frame that involves the doubling of money, this rule can allow you to quickly check whether your calculated value of N is reasonable.

[image: Lost in thought by hefedute]  Give It Some Thought

1. Listed are some values of N. Determine if you should treat the N like an integer or a noninteger.
a. 9.000345	b. 5.993129	c. 6.010102	d. 11.999643	e. 10.000987	f. 3.999999
2. Of $1,000 growing to $2,000 or $2,000 growing to $3,000, which will take longer at the same interest rate?
Solutions:
1. a. 9.000 integer	b. 5.993 noninteger	c. 6.010 noninteger
d. 12.000 integer	e. 10.001 noninteger	f. 4.000 integer
2. $1,000 growing to $2,000 will take longer since it involves a doubling of money, while $2,000 growing to $3,000 increases the amount by less than a doubling.








	Example 9.7A: Integer Compounding Period Investment

	Jenning Holdings invested $43,000 at 6.65% compounded quarterly. A report from the finance department shows the investment is currently valued at $67,113.46. How long has the money been invested?

	Plan
	Determine the amount of time that the principal has been invested. This requires calculating the number of compounding periods (N).

	Understand
	What You Already Know
Step 1: The principal, future value, and interest rate are known, as illustrated in the timeline.
IY = 6.65%	CY =4
	How You Will Get There
Step 2: Apply Formula 9.1.
Step 3: Substitute into Formula 9.3, rearrange, and solve for N.
Recall from Section 2.6 that to solve an equation for an unknown exponent you take the logarithm of both sides. You will also need to apply the general rule for logarithm of a power .
Step 4: Apply Formula 9.2, rearrange, and solve for Years.

	
	[image: ]

	Perform
	Step 2: 
Step 3: $67,113.46 = $43,000(1 + 0.016625)N
                1.560778 = 1.016625N
          ln(1.560778) = ln(1.016625N) = N × ln(1.016625)
                0.445184 = N × 0.016488
                            N = 26.999996 or 27 quarterly compounds
Step 4: 27 = 4 × Years
        Years =  which is 6 years plus 0.75 × 12 = 9 months
	Calculator Instructions
[image: ]

	Present
	Jenning Holdings has had the money invested for six years and nine months.





Noninteger Compounding Periods
	
When the number of compounding periods does not work out to an integer, the method of calculating N does not change. However, what changes is the method by which you convert N and express it in more common terms (step 4 of the process). Typically, the noninteger involves a number of years, months, and days.
	As summarized in the table below, to convert the compounding period into the correct number of days you can make the following assumptions:
	Compounding Period
	# of Days in the Period

	Annual
	365

	Semi-annual
	182*

	Quarter
	91*

	Month
	30*

	Week
	7

	Daily
	1



[image: cartoon cogs by tonyhewison]How It Works

You still use the same four steps to solve for the number of compounding periods when N works out to a noninteger as you did for integers. However, in step 4 you have to alter how you convert the N to a common expression. Here is how to convert the value:
1. Separate the integer from the decimal for your value of N.
2. With the integer portion, apply the same technique used with an integer N to calculate the number of years and months.
3. [image: ]With the decimal portion, multiply by the number of days in the period to determine the number of days and round off the answer to the nearest day (treating any decimals as a result of a rounded interest amount included in the future value).
The figure to the right illustrates this process for an N = 11.63 with quarterly compounding, or CY = 4. Thus, an N = 11.63 quarterly compounds converts to a time frame of 2 years, 9 months, and 57 days. Note that without further information, it is impossible to simplify the 57 days into months and days since it is unclear whether the months involved have 28, 29, 30, or 31 days. 
	Example 9.7B: Saving for Postsecondary Education

	Tabitha estimates that she will need $20,000 for her daughter's postsecondary education when she turns 18. If Tabitha is able to save up $8,500, how far in advance of her daughter's 18th birthday would she need to invest the money at 7.75% compounded semi-annually?

	Plan
	Determine the amount of time in advance of the daughter's 18th birthday that the money needs to be invested. The number of compounding periods (N) must be calculated.

	Understand
	What You Already Know
Step 1: The principal, future value, and interest rate are known, as illustrated in the timeline.
IY = 7.75%	CY =2
	How You Will Get There
Step 2: Apply Formula 9.1.
Step 3: Substitute into Formula 9.3, rearrange, and use the rule for logarithm of a power to solve for N.
Step 4: Apply Formula 9.2, rearrange, and solve for Years.

	
	[image: ]

	Perform
	Step 2: 
Step 3: $20,000 = $8,500(1 + 0.03875)N
          2.352941 = 1.03875N
    ln(2.352941) = N × ln(1.03875)
          0.855666 = N × 0.038018
                       N = 22.506828 semi-annual compounds
Step 4: Take the integer: 22 = 2 × Years
                                     Years = 11
             Take the decimal: semi-annual compounding according
              is 182 days, so 0.506828 × 182 days = 92 days
	Calculator Instructions
[image: ]

	Present
	If Tabitha invests the $8,500 11 years and 92 days before her daughter's 18th birthday, it will grow to $20,000.



[image: Paper and Pencil 2 by isaiah658]Section 9.7 Exercises


Mechanics
Solve for the number of compounds involved in each transaction based on the information provided. Express your answer in a more common format.
	
	Present Value
	Future Value
	Nominal Interest Rate

	1.
	$68,000.00
	$89,032.97
	4.91% compounded monthly

	2.
	$41,786.68
	$120,000.00
	8.36% compounded quarterly

	3.
	$10,000.00
	$314,094.20
	9% compounded annually

	4.
	$111,243.48
	$1,000,000.00
	8.8% compounded semi-annually

	5.
	$25,000.00
	$125,000.00
	5.85% compounded monthly

	6.
	$8,000.00
	$10,000.00
	18% compounded daily

	7.
	$110,000.00
	$250,000.00
	6.39% compounded weekly

	8.
	$500,000.00
	$2,225,500.00
	7.1% compounded quarterly



Applications
9. You just took over another financial adviser's account. The client invested $15,500 at 6.92% compounded monthly and now has $24,980.58. How long has this client had the money invested?
10. A debt of $7,500 is owed. Suppose prevailing interest rates are 4.9% compounded quarterly. How far in advance was the debt paid if the creditor accepted a payment of $6,721.58?
11. Wayne was late in making a $3,500 payment to Dora. If Dora accepted a payment of $3,801.75 and charged 5.59% compounded semi-annually, how late was the payment?
12. How long will it take $5,750 to become $10,000 at 6.25% compounded weekly?
13. A friend of yours just won the 6/7 category on the Lotto Max (matching six out of seven numbers), and her share of the prize was $275,000. She wants to pay cash for a new home that sells for $360,000. If she can invest the money at 7.45% compounded semi-annually, how long will she have to wait to purchase the home assuming its sale price remains the same?
14. Lakewood Properties anticipates that the City of Edmonton in the future will release some land for a development that costs $30 million. If Lakewood can invest $17.5 million today at 9.5% compounded monthly, how long will it take before it will have enough money to purchase the land?
15. As marketing manager, you want to pursue a new product development for which you require $1 million for research. However, budgetary constraints mean you can only receive $850,000. If you take your budget and invest it at 8.7% compounded monthly, how long will it be before you can pursue the necessary research for the project?

Challenge, Critical Thinking, & Other Applications
16. How long will it take money to double if it earns 8.2% compounded quarterly? First use the Rule of 72 to estimate the time, then compute the actual time. What is the difference between the two numbers (assume 182 days in a half year)?
17. Your organization has a debt of $30,000 due in 13 months and $40,000 due in 27 months. If a single payment of $67,993.20 was made instead using an interest rate of 5.95% compounded monthly, when was the payment made?
18. A $9,500 loan requires a payment of $5,000 after 1½ years and a final payment of $6,000. If the interest rate on the loan is 6.25% compounded monthly, when should the final payment be made?

19. Your finance department has a policy of maturing its investments from longest held first to shortest when it needs the money for other purposes. Rank the following investments in the order that they should be matured as needed.
	Investment
	Amount Invested
	Current Valuation
	Nominal Interest Rate

	A
	$50,000
	$75,549.62
	7.94% compounded quarterly

	B
	$75,000
	$104,830.46
	6.83% compounded monthly

	C
	$35,000
	$51,231.69
	7.25% compounded semi-annually

	D
	$110,000
	$161,643.96
	8.1% compounded quarterly


20. A loan requires five payments of $1,000 today, $1,500 due in 9 months, $3,000 due in 15 months, $2,500 due in 21 months, and $4,000 due in 33 months. Using an interest rate of 4.4% compounded monthly, a single payment of $11,950 was made to clear all debts. When was the single payment made?



Chapter 9 Summary

Key Concepts Summary

Section 9.1: Compound Interest Fundamentals (What Can a Dollar Buy?) 
· How compounding works 
· How to calculate the periodic interest rate 
Section 9.2: Determining the Future Value (I Want to Pay Later) 
· The basics of taking a single payment and moving it to a future date 
· Moving single payments to the future when variables change 
Section 9.3: Determining the Present Value (I Want to Pay Earlier) 
· The basics of taking a single payment and moving it to an earlier date 
· Moving single payments to the past when variables change 
Section 9.4: Equivalent Payments (Let’s Change the Deal) 
· The concept of equivalent payments 
· The fundamental concept of time value of money 
· The fundamental concept of equivalency 
· Applying single payment concepts to loans and payments 
Section 9.5: Determining the Interest Rate (Is a Lot of Interest Accumulating or Just a Little?) 
1. Solving for the nominal interest rate 
2. How to convert a variable interest rate into its equivalent fixed interest rate 
Section 9.6: Equivalent and Effective Interest Rates (How Do I Compare Different Rates?) 
· The concept of effective rates 
· Taking any nominal interest rate and finding its equivalent nominal interest rate 
Section 9.7: Determining the Number of Compounds (How Far Away Is That?) 
· Figuring out the term when N is an integer 
· Figuring out the term when N is a noninteger 

The Language of Business Mathematics
compound interest  A system for calculating interest that primarily applies to long-term financial transactions with a time frame of one year or more; interest is periodically converted to principal throughout a transaction, with the result that the interest itself also accumulates interest.
compounding frequency  The number of compounding periods in a complete year.
compounding period  The amount of time that elapses between the dates of successive conversions of interest to principal.
discount rate  An interest rate used to remove interest from a future value.
effective interest rate  The true annually compounded interest rate that is equivalent to an interest rate compounded at some other (non-annual) frequency.
equivalent payment streams  Equating two or more alternative financial streams such that neither party receives financial gain or harm by choosing either stream.
equivalent interest rates  Interest rates with different compounding that produce the same effective rate and therefore are equal to each other.
focal date  A point in time to which all monies involved in all payment streams will be moved using time value of money calculations.
fundamental concept of equivalency  Two or more payment streams are equal to each other if they have the same economic value on the same focal date.
fundamental concept of time value of money  All monies must be brought to the same focal date before any mathematical operations, decisions, or equivalencies can be determined.
nominal interest rate  A nominal number for the annual interest rate, which is commonly followed by words that state the compounding frequency.
periodic interest rate  The percentage of interest earned or charged at the end of each compounding period.
present value principle for loans  The present value of all payments on a loan is equal to the principal that was borrowed.
Rule of 72  A rule of thumb stating that 72 divided by the annually compounded rate of return closely approximates the number of years required for money to double.

The Formulas You Need to Know
	
Symbols Used
CY or C/Y= Compounds per year, or compounding frequency
CYNew = the new compounding frequency an interest rate is converted to
CYOld = the old compounding frequency an interest rate is converted from 
FV = Future value, or maturity value
i = Periodic interest rate
iNew = the new periodic interest rate after a conversion
iOld = the old periodic interest rate before a conversion
IY or I/Y = Nominal interest rate per year
ln = natural logarithm
N = number of compound periods
PV = Present value, or principal

Formulas Introduced
Formula 9.1 Periodic Interest Rate:  (Section 9.1)
[image: ]Formula 9.2 Number of Compound Periods for Single Payments: N = CY × Years (Section 9.2)
Formula 9.3 Compound Interest for Single Payments: FV = PV(1 + i)N (Section 9.2)
Formula 9.4 Interest Rate Conversion:  (Section 9.6)

Technology
	
Calculator
Time Value of Money Buttons
1. The time value of money buttons are the five buttons located on the third row of your calculator.
	Calculator Symbol
	Formula Symbol
	Characteristic
	Data Entry Requirements

	N
	N
	The number of compounding periods (from Formula 9.2)
	An integer or decimal number; no negatives

	I/Y
	IY
	The nominal interest rate per year
	Percent format without the % sign (i.e., 7% is just 7)

	PV
	PV
	Present value or principal
	An integer or decimal number

	PMT
	PMT
	Used for annuity payment amounts (covered in Chapter 11) and is not applicable to lump-sum amounts; it needs to be set to zero for lump-sum calculations
	An integer or decimal number

	FV
	FV
	Future value or maturity value
	An integer or decimal number


To enter any information into any one of these buttons or variables, called loading the calculator, key in the information first and then press the appropriate button.
2. The frequency function is logically placed above the I/Y button and is labelled P/Y. This function addresses compound interest frequencies, such as the compounding frequency. Access the function by pressing 2nd P/Y to find the following entry fields, through which you can scroll using your  and  arrow buttons.
	Calculator Symbol
	Formula Symbol
	Characteristic
	Data Entry Requirements

	P/Y
	PY
	Annuity payments per year (payment frequency is introduced in Chapter 11); when working with lump-sum payments and not annuities, the calculator requires this variable to be set to match the C/Y
	A positive, nonzero number only

	C/Y
	CY
	Compounds per year (compounding frequency)
	A positive, nonzero number only


· To enter any information into one of these fields, scroll to the field on your screen, key in the data, and press Enter.
· When you enter a value into the P/Y field, the calculator will automatically copy the value into the C/Y field for you. If in fact the C/Y is different, you can change the number manually.
· To exit the P/Y window, press 2nd Quit.
Keying in a Question
· You must load the calculator with six of the seven variables.
· To solve for the missing variable, press CPT followed by the variable.
Cash Flow Sign Convention
· The cash flow sign convention is used for the PV, PMT, and FV buttons.
· [bookmark: _GoBack]If money leaves you, you must enter it as a negative.
· If money comes at you, you must enter it as a positive.
Clearing the Memory
· Once you enter data into any of the time value buttons, it is permanently stored until one of the following happens:
· You override it by entering another piece of data and pressing the button.
· You clear the memory of the time value buttons by pressing 2nd CLR TVM (a step that is recommended before you proceed with a separate question).
· You press the reset button on the back of the calculator.

[image: Paper and Pencil 2 by isaiah658]Chapter 9 Review Exercises


Mechanics
1. If you invest $10,000 at 7.74% compounded quarterly for 10 years, what is the maturity value?
2. Ford Motor Company is considering an early retirement buyout package for some employees. The package involves paying out today's fair value of the employee's final year of salary. Shelby is due to retire in one year. Her salary is at the company maximum of $72,000. If prevailing interest rates are 6.75% compounded monthly, what buyout amount should Ford offer to Shelby today?
3. Polo Park Bowling Lanes owes the same supplier $3,000 today and $2,500 one year from now. The owner proposed to pay both bills with a single payment four months from now. If interest rates are 8.1% compounded monthly, what amount should the supplier be willing to accept?
4. What is the effective rate of interest on your credit card if you are being charged 24.5% compounded daily?
5. Your 2½-year investment of $5,750 just matured for $6,364.09. What weekly compounded rate of interest did you earn?
6. Vienna just paid $9,567.31 for an investment earning 5.26% compounded semi-annually that will mature for $25,000. What is the term of the investment?

Applications
7. Merryweather's union just negotiated a new four-year contract with her employer. The terms of the contract provide for an immediate wage increase of 3.3%, followed by annual increases of 3.5%, 4.25%, and 2.75%. If she currently earns $61,500, what will her salary be in the final year of the contract?
8. Bronco's four-year investment just matured at $26,178.21. If the investment earned semi-annually compounded interest rates of 4.5% and 4.75% in the first two years, followed by monthly compounded interest rates of 5% and 5.1% in the last two years, how much money did Bronco initially invest?
9. Jay's Pharmacy owes the same creditor two debts of $6,000 due one year ago and $7,500 due in two years. Jay has proposed making two alternative payments of $10,000 due in three months and a final payment in 2½ years. If the creditor is agreeable to this proposal and wants an interest rate of 9% compounded quarterly, what is the amount of the final payment?
10. Over a 10-year period, the Growth Fund of America had annual returns of 0.02%, 29.8%, 14.84%, 26.86%, 31.78%, 45.7%, 7.49%, −12.2%, −22.02%, and 32.9%. What fixed annually compounded rate of return did the fund realize over the 10 years?
11. A sum of $84,100 was invested for 2½ years and matured at $101,268 using quarterly compounding. What quarterly compounded interest rate was realized? What is this effectively?
12. A $10,000 loan at 8.15% compounded quarterly is to be repaid by two payments. The first payment is due in 9 months and the second payment, 1⅕ times the size of the first payment, is due in 33 months. Determine the amount of each payment.
13. Exactly how long will it take for your money to quadruple at 6.54% compounded monthly?
14. Jack is considering alternative three-year investment proposals from different banks for his $20,000 principal. RBC says that if he invests his money with them, he will have $23,841.78 using quarterly compounding. CIBC indicates that he would have $23,607.15 using monthly compounding. What nominal and effective rates are being offered by each bank?

Challenge, Critical Thinking, & Other Applications
15. For the past four years, Darren has been saving up for a college fund for his oldest daughter. He deposited $5,000 initially, followed by annual deposits of $5,000, $4,000, $3,600, and $5,000. The money was initially invested at 5.75% compounded semi-annually for the first two years before increasing to 6% compounded quarterly for the balance of the investment. How much money is in the college fund today?
16. Six months ago Old Dutch Foods purchased some new machinery for a new product line that they just developed. The supplier agreed to three payments on the machinery of $40,000 due today, $85,000 due in six months, and $75,000 due in 15 months. The new product line has not been as successful as initially planned, so Old Dutch Foods has proposed an alternative agreement involving three payments, each due at 3 months, 9 months, and 21 months. The second payment is to be double the first payment, and the last payment is to be double the second payment. If the supplier is agreeable to this and wants an interest rate of 8.55% compounded monthly, determine the payments required in the proposed agreement.
17. Louisa owns a furniture store and decided to help a friend out by allowing him to purchase $5,000 of furniture using her credit at 6.25% compounded semi-annually. The furniture loan is to be repaid in four years. However, after 2½ years Louisa can no longer have the loan outstanding and needs the money. Avco Financial has agreed to purchase the maturity amount of this loan from Louisa using a discount rate of 17.1% compounded monthly. If Louisa proceeds with selling the loan contract to Avco Financial, what sum of money can she expect to receive?
18. Franklin owes the following amounts to the same person: $16,000 due today, $11,500 due in 1¼ years, $17,000 due in 2¾ years, and $15,000 due in 4¼ years. He wants to make a single payment of $56,500 instead. Using an interest rate of 8% compounded quarterly, when should this payment be made?



19. For each of the following investments, calculate the nominal rate of interest and convert to its effective rate of interest. Rank the investments from best to worst based on their effective rates.
	Investment
	Present Value
	Future Value
	Compounded
	Term

	A
	$31,000.00
	$39,190.09
	Weekly
	4 years, 8 weeks

	B
	$45,000.00
	$59,738.80
	Annually
	5 years

	C
	$37,310.00
	$43,534.31
	Quarterly
	2 years, 9 months

	D
	$16,175.00
	$19,701.35
	Semi-annually
	3 years, 6 months

	E
	$3,688.00
	$4,088.69
	Monthly
	1 year, 10 months


20. Three payments of $4,000 each are overdue to the same creditor by 1.5 years, 1 year, and 0.5 years. Three future payments of $4,000 each are due in 0.5 years, 1 year, and 1.5 years. Using an interest rate of 5.35% compounded quarterly, the debtor wants to make a single payment of $25,750. When should this payment be made?



Chapter 9 Case Study 
Exploring Different Sources of Compound Financing

The Situation
Quentin is the human resources manager for Lightning Wholesale. Recently, he was approached by Katherine, who is one of the employees in the sporting goods department. She enquired about the possibility of getting an advance on her next paycheque. Quentin informed her that Lightning Wholesale's payroll policy is not to provide advances on paycheques. Katherine indicated that she was having some financial problems, did not have a very good credit rating, and would be forced on her way home to stop in at a payday loan company to take out an advance.
	Concerned for his employee, Quentin visited Katherine later in the day and sat down with her to show her the true costs of using a payday loan company. He also wanted to show her a better alternative to get some short-term financing.

The Data
Canadian payday loan companies generally operate under one of three structures:
1. The Traditional Model. These companies incur all operating costs, provide their own capital for any loan, and collect interest and charges or fees for their services. These companies assume all of the risk.
2. The Broker Model. These companies incur all operating costs but do not provide the capital for the loan. A third-party partner provides the capital and the payday loan company charges a brokerage fee for its services. The third-party partner collects all interest and assumes all risk.
3. The Insurance Model. These companies incur all operating costs and recover these costs through fees and insurance premiums on the loan. An insurance company (usually owned by the payday loan company) provides all capital and assumes all risk.
	The table below summarizes a sample of charges that could be imposed under each model.
	
	Traditional Model
	Broker Model

	Insurance Model

	Effective Rate of Interest
	59%
	21%
	48%

	Per Transaction Fee
	$9.99
	$10.00
	N/A

	Cheque Cashing Fee
	7.99% of principal and interest combined
	$8.00
	N/A

	Insurance Fee
	N/A
	N/A
	19% of principal and interest combined

	Brokerage Fee
	N/A
	29.5% of principal and interest combined
	N/A


· Observe that under Section 347 of the Criminal Code, any charges related to the borrowing of money are considered interest. This includes any types of fees and charges, although in name they may not be called interest.
· As an alternative to using a payday loan company, Katherine could use a finance company that targets people with poor credit ratings or those in quick need of money. These companies typically charge 28% compounded monthly on loans.
· A second alternative is to take a cash advance on her credit card. Most credit card companies charge around 18% compounded daily.

Important Information
· Like most people who borrow money from payday loan companies, Katherine needs to borrow a small sum of money for a short period of time. Her requirements are to borrow $300 for a period of seven days, or one week.
· Assume exactly 52 weeks in a year.



Your Tasks
1. Show Katherine the true effective rate of interest she is being charged if she borrows the money from any of these payday loan companies. For each model:
a. Convert the effective rate into a nominal weekly compounded rate.
b. Calculate the future value of the loan after one week using the weekly periodic rate.
c. Calculate any cheque cashing, brokerage, or insurance fees on the future value.
d. Take the interest on the loan and add all fees charged, including any flat fees. This is the total interest amount on the loan.
e. Convert the interest amount into a percentage of principal. This is the periodic interest rate per week.
f. Take the periodic interest rate per week and convert it into a nominal weekly compounded rate.
g. Convert the nominal weekly compounded rate into an effective rate.
2. Now make Katherine aware of what the alternative sources of financing will cost.
a. Convert both the finance company's interest rate and the credit card's interest rate into effective rates and weekly compounded nominal rates.
b. For each option, calculate the future value of her loan and determine the amount of interest charged.
3. Examine the effective rates for all of the options. Rank them from the best alternative to the worst alternative.
4. Look at the amount of interest paid under the best alternative compared to the worst alternative. Express the worst alternative as a percentage of the best alternative.
5. Summarize your findings for Katherine.




Simple Interest





Expressed in units of time (such as days, months, or years)


Characteristics


Principal


Time


Compound Interest





Expressed as the number of times that interest is calculated


Interest Rate


When Interest Is Placed into Account


Per unit of time (such as days, months, or years)


At the end of the transaction's time frame


Per calculation of interest


With every calculation of interest























	Creative Commons License (CC BY-NC-SA)                                                                                J. OLIVIER
	9-397



image1.png
$12,000

510,000

8,000

56,000

54,000

52,000

s0

Year

mpound
Interest (interest
on Interest)
($7,334.72)

simple Interest
(52,500)
Principal ($1,000)




image2.png
$36,00000
$32,00000
$28,00000
$24,00000
$20,00000
$16,00000
$12,00000
$8,000.00
$4,000.00
5000

The Impact of Different Interest Rates

$32,91855
517,008
562508
29187
$1,000.00
05
o s 10 15 20 25

(Allinterest rates are compounded annually)
3% % 0% e 12% e 15%




image3.png
$40,000.00

$30,000.00

$20,000.00

$10,000.00

5000

The Importance of How Often Interest Is Compounded

1,000

15

20

25

4154412
5970183
57,18975,

53291895

gz,m 34

——15% Compounded Daily

——15% Compounded Monthly

——15% Compounded Quarterly

——15% Compounded semi-

Annually

——15% Compounded Annually




image4.png
TOP
SECRET




image5.png




image6.png




image7.png
Interest Rate Breakdown

First 6 months Second 6 Entire year
months




image8.png




image9.png




image10.png




image11.png




image12.png




image13.png
Start 1Y% cY Term (inYears)
-—
PresentValue (PV) v

5





image14.png
Start 12% semi-annually 2¥ears

——,
PV = 54,000





image15.png
Frequency
Functions

Time Value of
Money Buttons





image16.png
‘Money That Money That
bty ‘ -
AtYou You




image17.png
Start 9% Quarterly 10Years
—-—————_——
$5.,000.00 FV=s?




image18.png
e

PV

PMT [ FV

PIY[CIY

—5,000

0| Amswer: SIL175.9%





image19.png
Start 12% Semi-annually 1 Year 12% Quarterly 2 Years
T i=12%/2=6% T i=12%/4=3% T
P ——— ———————————————————,,

> PV, > PV, > Y,





image20.png
5 years ago 3.5 years ago 1 year ago Today

- 6% quarterly o 7% semi-annually = 7.5% monthly
—— e

$48,000.00° SEV, > PV; >EV, > PV; SFv, =57




image21.png
2 years ago Today 3 Years

6% monthly 6% monthly

$1,500 Deposit
PV, = $2,000 FV,--> PV,





image22.png
Start (4 years ago) 9 months 2years 3.25 years Today
= 8.75% quarterly = 875%quately T  925%quartely T  0.75%quaterly =

——

42,000 payment 42,000 payment





image23.png
7.25% Monthly 3 Years





image24.png
FV,=PVE
—FV, =PV, < h





image25.png
Today 1year 1.5 years 2 years 3.5 years
- 8% quarterly - 8.25% semi-annually ~ 8.25% semi-annually — 8.25% semi-annually —

e e e )

$5,500 510,250

FV,= PV,

FV,=PV, o

- V=PV, « |





image26.png
Payment Stream 1

Today 1 Year 2 Years (Focal Date) 3years

Payment Payment

i P

Payment Stream 2
Today 6 Months 2 Years (Focal Date) 2v2 Years

Payment. Payment Payment.





image27.png
Today 6 Montbs (Focal Date) 1 Year

6% semi-annually % semi-annually

$1,000 Payment Proposed Alternate Single $1,000 Payment
Payment





image28.png
8.5% Monthly

>FV,

EV=FV, +FV,




image29.png
Original Payment Stream
9.84% monthly

Today 2 Years (Focal Date) 2% Years 3 years 11 months
$3,000 $2,500

@





image30.png
Proposed Payment Stream

9.84% monthly
Today 9 Months 2 Years (Focal Date)

e e e ——)

$3,500




image31.png
The Equal Payment Streams at the Focal Date

© Original Payment 1 ==> $3,649.57
m Original Payment 2 ==> $2,439.49
 Original Payment 3 ==> $3,522.21

==EQUAI
M Proposed Payment

s3,955.11

m Proposed Payment 2 ==> $5,655.16





image32.png
Loan Interest Rate

Date of Commencement
for Loan

A —————————————————————————)

principal Borrowed Loan Payment Loan Payment

Time Time





image33.png
7.1% semi-annually

Start 6 Months 1 Year

principal Borrowed $1,000 $1,000





image34.png
7% semi-annually





image35.png
Caleulation | N[ /Y [ PV, FPMT[FV__ [P/Y [C/Y
© T[T [ Feeer sL05SBIT [0 -0 (2 [ 2
@ Q Answer: 2490301 =3

3 s Answer: 0759411 =T





image36.png
6 Monthly 1Year

$4,000.00 $4,925.76




image37.png
sy 3 Years
—— e
=38,615.19





image38.png
Y FV_[PMT[FV [

T2 | Amewer: 6499709 | 7100 [ 0| 8615.10





image39.png
5 Years Ago % Monthly Todsy.
— e

PV = $15,000.00 515,000 + 36,799.42

21,799.42 = FV





image40.png
N [T PV PMT | FV F/Y[C/Y

0 | Amswer: 7.500003 | 13000 | 0 [ 277992 12 [ 12





image41.png
First Investment Option

Todsy Sy 2yers 3yers Ay Syears
= 2% sembamnaaly — 2.5% semiannualy — 3% semiannualy — 3.5% semamualy — 4.5% semiannusly —

PV,

Second Investment Option

Todsy Sy 2yers 3years Ay Syears
= 15 sembamnaaly — 15% semiannually — 1.75% semisnnually — 3.5% semamaly — 7% semamaly —





image42.png
Investment #1

Tme Segment | N [ I/Y PNT]FV PIY[CY
T T2 0 [ Amswer: 10,00 Tz

7 75 Amswer: 1045761891

3 3 Ansvwer: 10,773.7006%

T 35 Amswer: 11,15.079%

B £ —TTT5%.079% Answer: 116616597

Y T0 | Answer: 0.030982 | —10000 TI661.66

Tovestment 72

Time Segment | N [I¥ a4 PNT]FV PIY[CY
T T 10000 0 [ Amwer 10,005 [2 |2

7 5 —10100.25 Amswer: 10,252.32189

3 T —10552.32189 Amswer: 1083050007

i 75 10325207 Answer: 10,8008

B 7 —10300.8557 Ansvwer: 11,570.19666

Y T0 | Answer: 0.029382 | —10000 57015





image43.png
20d ICONV

NOM | C/Y [ EFF

55 17 | Awswer 5650786





image44.png
2nd ICONV

NOM C/Y [ EFF

Amewer 8326896 [ 12| 5.65





image45.png
2nd ICONV

Sieps | NOM Y

3

%





image46.png
8% compounded

Today quarterly Time =7
-—_— .

FV = $1,998.94





image47.png
6.65% compounded

Today

PV = §43,000.00 EV=367,113.46




image48.png
N TY [PV, PMT [ FV PIY Y

Amewer: 26.999996 | 665 | 43000 [0 | 6734 (£ [ %





image49.png
Years= & = @ 0.63x91 days in a quarter

0.75x 12 =

2 Years 9 Months 57 days





image50.png
7.75% compounded
semi-annually 18¢h Birthday

— - e

$8.500.00 FV = $20,000.00





image51.png
~

Al

PMT [ FV

Ansveer: 22,506

—8500

0 [ 20000





