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Chapter 13: Understanding Amortization and Its Applications
(Is That Where My Money Went?)

It would be nice to pay cash for everything that you acquire; however, goods such as housing, automobiles, furniture, and electronics require more money than most Canadians have lying around. If you tried saving up and paying cash for these large purchases, it would take a long time to accumulate enough funds. Take the example of a new home. If you saved $300 per month at 5% compounded annually, it would take approximately 30 years to save up $250,000 in cash, and in the meantime, of course, you would still need to pay for somewhere to live. 
	So it is not necessarily bad to borrow money at some point. However, to borrow wisely you had better understand where your money is going. Would it shock you to learn that in a typical mortgage arrangement most homeowners pay approximately double for their homes? That is, $250,000 for the home and $250,000 in interest!
	Businesses borrow money for many of the same reasons as consumers. Loans and mortgages are commonplace. Certain business activities need to be financed upfront. For example, new products must be researched and developed before a single unit can be sold. This requires investments that will not be reimbursed until the products turn a profit. All company debts must be accurately recorded onto balance sheets to reflect the balances owing. Income statements must appropriately track interest expenses or earnings. Because businesses can deduct their interest expenses against corporate taxable income and lower their taxes, it is important to see what proportion of their loan payments is going to interest.
	When you take out a mortgage for yourself or your business, where does your money go? You need a chart of your loan payments showing how much interest the bank charges and how much is applied against your principal.
	This chapter takes you through calculating the principal and interest components of any single payment or series of payments for both loans and investment annuities. Recall from Chapter 11 that you estimated the final payment on a loan; you will now see how to calculate that payment precisely. Finally, you will be guided through the largest transactions you personally are likely to make: basic mortgages and renewals.

Outline of Chapter Topics
13.1: Calculating Interest and Principal Components (Where Did My Money Go?) 
13.2: Calculating the Final Payment (The Bank Wants Every Penny)
13.3: Amortization Schedules (How Much Is Mine, How Much Is Theirs?)
13.4: Special Application: Mortgages (Your Biggest Purchase)







13.1: Calculating Interest and Principal Components
(Where Did My Money Go?)
	
How much of the principal do you pay off when you make a loan payment? One year ago you purchased your $250,000 dream home on a 25-year mortgage at a fixed 5% compounded semi-annually interest rate. With monthly contributions of $1,454.01, or $17,448.12 in total for the past year, you figure you must have put a serious dent in the balance owing.
	You get a rude shock when you inspect your mortgage statement, as you realize the balance owing is not what you expected. Your remaining balance is $244,806.89, reflecting a principal reduction of only $5,193.11! The other 70% of your hard-earned money, amounting to $12,255.01, went solely toward the bank's interest charges.
	Many people do not fully understand how their loan payments are portioned out. Over the full course of the 25-year mortgage you will pay $186,204.46 in interest charges at 5% compounded semi-annually, or approximately 74.5% of the home's price tag. That is a total of $436,204.46 paid on a $250,000 home. What if interest rates rise? At a more typical 7% semi-annual rate, you would owe $275,311.51 in total interest, or 110% of the value of your home.
	Knowing these numbers, what can you do about them? Term, interest rates, payment amounts, and payment frequency all affect the amount of interest you pay. What if you made one extra mortgage payment per year? Did you know that it would only take approximately 21 years instead of 25 years to own your home? Instead of paying $186,204.46 in interest you would pay only $156,789.33, a savings of almost $30,000!
	These calculations should make it clear that both businesses and consumers need to understand the interest and principal components of annuity payments. This section shows you how to calculate principal and interest components both for single payments and for a series of payments.

What Is Amortization?
	
Amortization is a process by which the principal of a loan is extinguished over the course of an agreed-upon time period through a series of regular payments that go toward both the accruing interest and principal reduction. Two components make up the agreed-upon time component:
1. Amortization Term. The amortization term is the length of time for which the interest rate and payment agreement between the borrower and the lender will remain unchanged. Thus, if the agreement is for monthly payments at a 5% fixed rate over five years, it is binding for the entire five years. Or if the agreement is for quarterly payments at a variable rate of prime plus 2% for three years, then interest is calculated on this basis throughout the three years.
2. Amortization Period. The amortization period is the length of time it will take for the principal to be reduced to zero. For example, if you agree to pay back your car loan over six years, then after six years you reduce your principal to zero and your amortization period is six years.
[image: ]	In most relatively small purchases, the amortization term and amortization period are identical. For example, a vehicle loan has an agreed-upon interest rate and payments for a fixed term. At the end of the term, the loan is fully repaid. However, larger purchases such as real estate transactions typically involve too much money to be repaid under short time frames. Financial institutions hesitate to agree to amortization terms of much more than five to seven years because of the volatility and fluctuations of interest rates. As a result, a term of five years may be established with an amortization period of 25 years. When the five years elapse, a new term is established as agreed upon between the borrower and lender. The conditions of the new term reflect prevailing interest rates and a payment plan that continues to extinguish the debt within the original amortization period. The figure shows the timeline for a 25-year mortgage in which the borrower establishes five sequential five-year terms throughout the 25-year amortization period to extinguish the debt.	
With regard to amortization, all loans take the structure of either simple ordinary annuities or general ordinary annuities unless otherwise stated. Therefore, this textbook will primarily focus on ordinary annuities.

Calculating Interest and Principal Components for a Single Payment
	
At any point during amortization you can precisely calculate how much any single payment contributes toward principal and interest. Businesses must separate the principal and interest components for two reasons:
1. Interest Expense. Any interest paid on a debt is an accounting expense that must be reported in financial statements. In addition, interest expenses have tax deduction implications for a business.
2. Interest Income. Any interest that a company receives is a source of income. This must be reported as revenue in its financial statements and is subject to taxation rules.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

To calculate the interest and principal components of any annuity payment, follow this sequence of two formulas.
1. Calculate the interest portion of the payment (Formula 13.1).
2. Calculate the principal portion of the payment (Formula 13.2).

INT is Interest Portion: In calculating the interest portion of any annuity payment, this formula accommodates both simple and general ordinary annuities.
CY is Compound Frequency: The number of compounding periods in a single year.



Formula 13.1 - Interest Portion of an Ordinary Single Payment:   PY is Payment Frequency: The number of payment intervals in a single year.
BAL is Previous Balance Owing: This is the principal balance owing immediately prior to the current annuity payment.
i is Periodic Interest Rate: This is the rate of interest that is used in converting the interest to principal resulting from Formula 9.1. Note the continued usage of the exponent to ensure that the payment and compounding intervals match.









PRN is Principal Portion: The amount of the annuity payment that is deducted from the principal. Once the interest portion is known from Formula 13.1, the amount left over must be the principal portion of the payment.


Formula 13.2 - Principal Portion of a Single Payment:   PRN = PMT − INTINT is Interest Portion: The interest portion of the single payment calculated in Formula 13.1.
PMT is Annuity Payment Amount: The annuity payment amount.







[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate the interest and principal components for a single annuity payment: 
Step 1: Draw a timeline (seen below). Identify the known time value of money variables, including IY, CY, PY, Years, and one of PVORD or FVORD. The annuity payment amount may or may not be known.
Step 2: If the annuity payment amount is known, proceed to step 3. If it is unknown, solve for it using Formulas 9.1 (Periodic Interest Rate) and 11.1 (Number of Annuity Payments) and by rearranging Formula 11.4 (Ordinary Annuity Present Value). Round the payment to two decimals.
[image: ]Step 3: Calculate the future value of the original principal immediately prior to the payment being made. Use Formulas 9.1 (Periodic Interest Rate), 9.2 (Number of Compounding Periods for Single Payments), and 9.3 (Compound Interest for Single Payments). For example, when you calculate the interest and principal portions for the 22nd payment, you need to know the balance immediately after the 21st payment. 
Step 4: Calculate the future value of all annuity payments already made. Use Formulas 11.1 (Number of Annuity Payments) and 11.2 (Ordinary Annuity Future Value). For example, if you need to calculate the interest and principal portions for the 22nd payment, you need to know the future value of the first 21 payments.
Step 5: Calculate the balance (BAL) prior to the payment by subtracting step 4 (the future value of the payments) from step 3 (the future value of the original principal). The fundamental concept of time value of money allows you to combine these two numbers on the same focal date.
Step 6: Calculate the interest portion of the current annuity payment using Formula 13.1.
Step 7: Calculate the principal portion of the current annuity payment using Formula 13.2.

[image: file important by Anonymous]Important Notes

Investment Annuities. The formulas and techniques being discussed in this section also apply to any type of investment annuity from which annuity payments are received. For example, most people receive annuity payments from their accumulated RRSP savings when in retirement. In these cases, view the investment as a loan to the financial institution at an agreed-upon interest rate. The financial institution then makes annuity payments to the retiree to extinguish its debt at some future point; these payments consist of the principal and interest being earned.
[image: ]Your BAII Plus Calculator. The function that calculates the interest and principal components of any single payment on your BAII Plus calculator is called AMORT. It is located on the 2nd shelf above the PV button.
The Amortization window has five variables (use ↓ or ↑ to scroll through them). The first two, P1 and P2, are data entry variables. The last three, BAL, PRN, and INT, are output variables.
· P1 is the starting payment number. The calculator works with a single payment or a series of payments.
· P2 is the ending payment number. This number is the same as P1 when you work with a single payment. When you work with a series of payments later in this section, you set it to a number higher than P1.
· BAL is the principal balance remaining after the P2 payment number. The cash flow sign is correct as indicated on the calculator display.
· PRN is the principal portion of the payments from P1 to P2 inclusive. Ignore the cash flow sign.
· INT is the interest portion of the payments from P1 to P2 inclusive. Ignore the cash flow sign.
	To use the Amortization function, the commands are as follows:
1. You must enter all seven time value of money variables accurately (N, I/Y, PV, PMT, FV, P/Y, and C/Y). If PMT was computed, you must re-enter it with only two decimals and the correct cash flow sign.
2. Press 2nd AMORT.
3. Enter a value for P1 and press Enter followed by ↓.
4. Enter a value for P2 and press Enter followed by ↓. Note that the higher the numbers entered in P1 or P2, the longer it takes the calculator to compute the outputs. It is possible that your calculator will go blank for a few moments before displaying the outputs.
5. Using the ↓ and ↑, scroll through BAL, PRN, and INT to read the output.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

A common misunderstanding when using the AMORT function on the calculator occurs when inputting the values for P1 and P2. Many people think that when they solve for a single payment they need to set these values one apart. For example, if they are looking for the 22nd payment they imagine that P1 = 21 and P2 = 22. This is incorrect, as the calculator would then compute the total values for both payments 21 and 22.
	If you are interested in a single payment, you must set P1 and P2 to the exact same value. In the example, if you want the 22nd payment then both P1 = 22 and P2 = 22.

[image: Lost in thought by hefedute]  Give It Some Thought

1. For any loan, if you calculated the interest portions of the second payment and the tenth payment, which payment has a smaller interest portion?
2. For any loan, if you calculated the principal portions of the fifth payment and the twelfth payment, which payment has a smaller principal portion?
3. Holding all other variables constant, if Loan A had an interest rate of 4% while Loan B had an interest rate of 6%, which loan has the higher interest portion on any payment?
Solutions:
1. The tenth payment, since the principal is much smaller by then so less interest is charged.
2. The fifth payment, since the balance is higher so more interest is charged.
3. Loan B, since the interest rate is higher.






	Example 13.1A: Interest and Principal of a Loan Payment

	The accountant at the accounting firm of Nichols and Burnt needs to separate the interest and principal on the tenth loan payment. The company borrowed $10,000 at 8% compounded quarterly with month-end payments for two years. 

	Plan
	Note that this is an ordinary general annuity. Calculate the principal portion (PRN) and the interest portion (INT) of the tenth payment on the two-year loan. 

	Understand
	What You Already Know
Step 1: The information about the accounting firm's loan are in the timeline.
PVORD = $10,000, 
IY = 8%, CY = 4, 
PY = 12, Years = 2, 
FV = $0
	How You Will Get There
Step 2: PMT is unknown. Apply Formulas 9.1, 11.1, and 11.4.
Step 3: Calculate the future value of the loan principal using Formulas 9.2 and 9.3.
Step 4: Calculate the future value of the first nine payments using Formulas 11.1 and 11.2.
Step 5: Calculate the principal balance after nine payments through BAL = FV − FVORD.
Step 6: Calculate the interest portion by using Formula 13.1.
Step 7: Calculate the principal portion by using Formula 13.2.

	
	[image: ]

	Perform
	Step 2: i = 8%/4 = 2%; N = 12 × 2 = 24 payments

Step 3: N = 4 ×  = 3 compounds; FV = $10,000(1 + 0.02)3 = $10,612.08
Step 4: N = 12 ×  = 9 payments                       3934
Step 5: BAL = $10,612.08 − $4,177.723934 = $6,434.356066
Step 6: 
Step 7: PRN = $452.03 − $42.612871 = $409.42

	
	Calculator Instructions
[image: ]

	Present
	The accountant for Nichols and Burnt records a principal reduction of $409.42 and an interest expense of $42.61 for the tenth payment.





	Example 13.1B: Interest and Principal of an Investment Annuity Payment

	Baxter has $50,000 invested into a five-year annuity that earns 5% compounded quarterly and makes regular end-of-quarter payments to him. For his fifth payment, he needs to know how much of his payment came from his principal and how much interest was earned on the investment. 

	Plan
	Note that this is an ordinary simple annuity. Calculate the principal portion (PRN) and the interest portion (INT) of the fifth payment on the five-year investment annuity. 

	Understand
	What You Already Know
Step 1: You know the following about the investment annuity, as illustrated in the timeline.
PVORD = $50,000, 
IY = 5%, CY = 4, 
PY = 4, Years = 5, FV = $0
	How You Will Get There
Step 2: PMT is unknown. Apply Formulas 9.1, 11.1, and 11.4.
Step 3: Calculate the future value of the loan principal using Formulas 9.2 and 9.3.
Step 4: Calculate the future value of the first four payments using Formulas 11.1 and 11.2.
Step 5: Calculate the principal balance after four payments through BAL = FV − FVORD.
Step 6: Calculate the interest portion by using Formula 13.1.
Step 7: Calculate the principal portion by using Formula 13.2.

	
	[image: ]

	Perform
	Step 2: i = 5%/4 = 1.25%; N = 4 × 5 = 20 payments

Step 3: N = 4 × 1 = 4 compounds; FV = $50,000(1 + 0.0125)4 = $52,547.26685
Step 4: N = 4 × 1 = 4 payments

Step 5: BAL = $52,547.26685 − $11,578.93769 = $40,968.32916
Step 6: 
Step 7: PRN = $2,841.02 − $512.104114 = $2,328.92

	
	Calculator Instructions
[image: ]

	Present
	On Baxter's fifth payment of $2,841.02, he has $2,328.92 deducted from his principal and the remaining $512.10 comes from the interest earned on his investment.



Calculating Interest and Principal Components for a Series of Payments
	
Many times in business, you need to know the principal and interest portions for a series of annuity payments. For example, when completing tax forms a company needs the total loan interest paid annually. If the loan payments are monthly, using Formulas 13.1 and 13.2 requires you to perform the calculations 12 times (once for each payment) to arrive at the total interest paid. Clearly, that is time consuming and tedious. In this section, you learn new formulas and a process for calculating the principal and interest portions involving a series of payments.
[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Formulas 13.3 and 13.4 are used to determine the interest and principal components for a series of annuity payments.

PRN is Principal Portion: By taking the starting principal less the ending principal, you obtain the difference, which must be the total principal portion of the series of payments made.


 Formula 13.3 - Principal Portion for a Series of Payments:   PRN = BALP1 − BALP2BALP2 is Principal Balance Immediately After Last Payment: This is the principal balance owing after the last payment in the series. It is found by calculating the future value of the annuity just after the last payment is made.
BALP1 is Principal Balance Immediately Prior to First Payment: This is the principal balance owing immediately prior to the first payment in the series. It is found by calculating the future value of the annuity one payment earlier than the starting payment.










N is Number of Payments: The number of payments involved in the time segment inclusive. For example, if you are calculating interest on payments four through seven, there are four payments.
INT is Interest Portion: The interest portion of the series of payments.



 Formula 13.4 - Interest Portion for a Series of Payments:   INT = N × PMT – PRNPRN is Principal Portion: This is the total principal portion of all the annuity payments calculated by Formula 13.3.
PMT is Annuity Payment Amount: The amount of each annuity payment.






[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate the interest and principal components for a series of annuity payments: 
[image: ]Step 1: Draw a timeline. Identify the known time value of money variables, including IY, CY, PY, Years, and one of PVORD or FVORD. The annuity payment amount may or may not be known.
Step 2: If the annuity payment amount is known, proceed to step 3. If it is unknown, solve for it using Formulas 9.1 (Periodic Interest Rate) and 11.1 (Number of Annuity Payments) and by rearranging Formula 11.4 (Ordinary Annuity Present Value). Round the payment to two decimals.
Step 3: Calculate the future value of the original principal immediately prior to the series of payments being made. Use Formulas 9.1 (Periodic Interest Rate), 9.2 (Number of Compounding Periods for Single Payments), and 9.3 (Compound Interest for Single Payments). For example, when calculating the interest and principal portions for the 22nd through 25th payments, you need the balance immediately after the 21st payment.
Step 4: Calculate the future value of all annuity payments already made prior to the first payment in the series. Use Formulas 11.1 (Number of Annuity Payments) and 11.2 (Ordinary Annuity Future Value). For example, when calculating the interest and principal portions for the 22nd through 25th payments, you need the future value of the first 21 payments.
Step 5: Calculate the balance (BAL) prior to the series of payments by subtracting step 4 (the future value of the payments) from step 3 (the future value of the original principal). The fundamental concept of time value of money allows you to combine these two numbers on the same focal date. Do not round this number.
Steps 6 to 8: Repeat steps 3 to 5 to calculate the future value of the original principal immediately after the last payment in the series is made. For example, when calculating the interest and principal portions for the 22nd through 25th payments, you need the balance immediately after the 25th payment.
Step 9: Calculate the principal portion of the series of payments using Formula 13.3.
Step 10: Calculate the interest portion of the series of payments using Formula 13.4.

[image: file important by Anonymous]Important Notes

Working with a series of payments on the BAII Plus calculator requires you to enter the first payment number into the P1 and the last payment number into the P2. Thus, if you are looking to calculate the interest and principal portions of payments four through seven, set P1 = 4 and P2 = 7. In the outputs, the BAL window displays the balance remaining after the last payment entered (P2 = 7), and the PRN and INT windows display the total principal interest portions for the series of payments.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

A common mistake occurs in translating years into payment numbers. For example, assume payments are monthly and you want to know the total interest paid in the fourth year. In error, you might calculate that the fourth year begins with payment 36 and ends with payment 48, thus looking for payments 36 to 48. The mistake is to fail to realize that the 36th payment is actually the last payment of the third year. The starting payment in the fourth year is the 37th payment. Hence, if you are concerned only with the fourth year, then you must look for the 37th to 48th payments.
	There are two methods to calculate the correct payment numbers:
1. Calculate the payment at the end of the year in question, then subtract the payment frequency less one (PY − 1) to arrive at the first payment of the year. In the example, the last payment of the fourth year is 48. With monthly payments, or    PY = 12, then 48 − (12 − 1) = 37, which is the first payment of the fourth year. 
2. You could determine the last payment of the year prior to the year of interest and add one payment to it. Thus, the end of the third year is payment #36, so the first payment of the fourth year is 36 + 1 = 37.  The last payment of the fourth year remains at payment 48.

	Example 13.1C: Interest and Principal of a Series of Loan Payments

	Revisit Example 13.1A. The accountant at the accounting firm of Nichols and Burnt is completing the tax returns for the company and needs to know the total interest expense paid during the tax year that encompassed payments 7 through 18 inclusively. Remember, the company borrowed $10,000 at 8% compounded quarterly with month-end payments for two years.

	Plan
	Note that this is an ordinary general annuity. Calculate the total principal portion (PRN) and the total interest portion (INT) of the 7th to the 18th payments on the two-year loan. 

	Understand
	What You Already Know
Step 1: The following information about the accounting firm's loan is known, as illustrated in the timeline.
PVORD = $10,000, 
IY = 8%, CY = 4, 
PMT = $452.03, 
PY = 12, Years = 2, 
FV = $0
	How You Will Get There
Step 2: PMT is known. Skip this step.
Step 3: Calculate the future value of the loan principal prior to the first payment in the series using Formulas 9.2 and 9.3.
Step 4: Calculate the future value of the first six payments using Formulas 11.1 and 11.2.
Step 5: Calculate the principal balance prior to the 7th payment through BALP1 = FV − FVORD.
Steps 6 to 8: Repeat steps 3 to 5 for the 18 payment to calculate BALP2.
Step 9: Calculate the principal portion by using Formula 13.3.
Step 10: Calculate the interest portion by using Formula 13.4.

	
	[image: ]

	Perform
	Step 3: Recall i = 2%; N = 4 ×  = 2 compounds; FV = $10,000(1 + 0.02)2 = $10,404.00
Step 4: N = 12 ×  = 6 payments                   
Step 5: BALP1 = $10,404.00 − $2,757.483449 = $7,646.516551
Step 6: N = 4 ×  = 6 compounds; FV = $10,000(1 + 0.02)6 = $11,261.62419
Step 7: N = 12 ×  = 18 payments             
Step 8: BALP2 = $11,261.62419 − $8,611.157995 = $2,650.466195
Step 9: PRN = $7,646.516551 − $2,650.466195 = $4,996.05
Step 10: N = 7th through 18th payment inclusive = 12 payments;
INT = 12 × $452.03 − $4,996.06 = $5,424.36 − $5,064.96 = $428.30

	
	Calculator Instructions
[image: ]

	Present
	For the tax year covering payments 7 through 18, total payments of $5,424.36 are made, of which $4,996.05 was deducted from principal while $428.31 went to the interest charged.





	Example 13.1D: Interest and Principal of a Series of Investment Annuity Payments

	Revisit Example 13.1B, in which Baxter has $50,000 invested into a five-year annuity that earns 5% compounded quarterly and makes regular end-of-quarter payments to him. For his third year, he needs to know how much of his payments came from his principal and how much was interest earned on the investment.

	Plan
	Note that this is an ordinary simple annuity. Calculate the principal portion (PRN) and the interest portion (INT) of the third-year payments for the five-year investment annuity. This is the 9th through the 12th payments inclusive. 

	Understand
	What You Already Know
Step 1: The following information about the investment annuity is known, as illustrated in the timeline.
PVORD = $50,000, 
IY = 5%, CY = 4, 
PMT = $2,841.02, 
PY = 4, Years = 5, 
FV = $0
	How You Will Get There
Step 2: PMT is known. Skip this step.
Step 3: Calculate the future value of the loan principal prior to the first payment in the series using Formulas 9.2 and 9.3.
Step 4: Calculate the future value of the first eight payments using Formulas 11.1 and 11.2.
Step 5: Calculate the principal balance prior to the ninth payment through BALP1 = FV − FVORD.
Steps 6 to 8: Repeat steps 3 to 5 for the 12th payment to calculate BALP2.
Step 9: Calculate the principal portion by using Formula 13.3.
Step 10: Calculate the interest portion by using Formula 13.4.
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	Perform
	Step 3: Recall i = 1.25%; N = 4 × 2 = 8 compounds; FV = $50,000(1 + 0.0125)8 = $55,224.30506
Step 4: N = 4 × 2 = 8 payments                     
Step 5: BALP1 = $55,224.30506 − $23,747.76825 = $31,476.53681
Step 6: N = 4 × 3 = 12 compounds; FV = $50,000(1 + 0.0125)12 = $58,037.72589
Step 7: N = 4 × 3 = 12 payments                      
Step 8: BALP2 = $58,037.72589 − $36,536.544 = $21,501.18189
Step 9: PRN = $31,476.53681 − $21,501.18189 = $9,975.35
Step 10: N = 9th through 12th payment inclusive = 4 payments;
INT = 4 × $2,841.02 − $9,975.35 = $11,364.08 − $9,975.35 = $1,388.73

	
	Calculator Instructions
[image: ]

	Present
	In the third year, Baxter receives a total of $11,364.08 in payments, of which $9,975.35 is deducted from the principal and $1,388.73 represents the interest earned on the investment.


[image: Paper and Pencil 2 by isaiah658]Section 13.1 Exercises


Mechanics
For each of the following ordinary annuities, calculate the interest and principal portion of the payment indicated.
	
	Principal
	Interest
	Payment Frequency 
	Loan Term
	Payment Number to Find

	1.
	$5,000
	8% compounded quarterly
	monthly
	3 years
	16

	2.
	$45,000
	7.65% compounded monthly
	Monthly
	5 years
	23

	3.
	$68,000
	6.5% compounded semi-annually
	Quarterly
	7 years
	19

	4.
	$250,000
	4.9% compounded annually
	Semi-annually
	10 years
	17



For each of the following ordinary annuities, calculate the total interest and principal portions for the series of payments indicated.
	
	Principal 
	Interest
	Payment Frequency 
	Loan Term 
	Payment Series to Find (inclusive)

	5.
	$20,000
	5% compounded quarterly
	Quarterly
	4 years
	Year 1

	6.
	$15,000
	9% compounded monthly
	Monthly
	4 years
	Year 2

	7.
	$39,000
	6% compounded semi-annually
	Quarterly
	5 years
	Year 3

	8.
	$50,000
	7.5% compounded annually
	Biweekly
	6 years
	Year 4

	9.
	$750,000
	4% compounded monthly
	Monthly
	10 years
	67 to 78

	10.
	$500,000
	6.25% compounded annually
	Semi-annually
	8 years
	7 to 11



Applications
11. A $14,000 loan at 6% compounded monthly is repaid by monthly payments over four years.
a. What is the size of the monthly payment?
b. Calculate the principal portion of the 25th payment.
c. Calculate the interest portion of the 33rd payment.
d. Calculate the total interest paid in the second year.
e. Calculate the principal portion of the payments in the third year.
12. Quarterly payments are to be made against a $47,500 loan at 5.95% compounded annually with a six-year amortization.
a. What is the size of the quarterly payment?
b. Calculate the principal portion of the sixth payment.
c. Calculate the interest portion of the 17th payment.
d. Calculate how much the principal will be reduced in the fourth year.
e. Calculate the total interest paid in the first year.
13. A lump sum of $100,000 is placed into an investment annuity to make end-of-month payments for 20 years at 4% compounded semi-annually.
a. What is the size of the monthly payment?
b. Calculate the principal portion of the 203rd payment.
c. Calculate the interest portion of the 76th payment.
d. Calculate the total interest received in the fifth year.
e. Calculate the principal portion of the payments made in the seventh year.
14. For his son’s college education, Pat deposited $25,000 into an annuity earning 4.2% compounded quarterly. His son is to receive payments at the end of every quarter for five years.
a. How much will his son receive each quarter?
b. How much of the third payment is interest?
c. How much of the payments made in the third year will come from the account’s principal?
d. If his son finishes his education in four years instead of five and closes the account upon graduation, what total interest will he have received?
15. Cathy and Bill just acquired a new Honda Odyssey Touring Edition minivan for $60,531.56 under the dealership’s purchase financing of 5.65% compounded annually for eight years.
a. What are their monthly car payments?
b. In the first year, what total amount of interest will they pay?
c. In the fourth year, by how much will the principal be reduced?

Challenge, Critical Thinking, & Other Applications
16. Yangjing deposits $30,000 into an investment annuity for her daughter, who is currently living far away. The annuity is to earn 6.3% compounded semi-annually and make monthly payments starting today for the next five years. Calculate the interest portion of the payments made in the second year.
17. At the age of 54, Hillary just finished all the arrangements on her parents' estate. She is going to invest her $75,000 inheritance at 6.25% compounded annually until she retires at age 65, and then she wants to receive month-end payments for the following 20 years. The income annuity is expected to earn 3.85% compounded annually.
a. What are the principal and interest portions for the first payment of the income annuity?
b. What is the portion of interest earned on the payments made in the second year of the income annuity?
c. By what amount is the principal of the income annuity reduced in the fifth year?
18. Art Industries just financed a $10,000 purchase at 5.9% compounded annually. It fixes the loan payment at $300 per month.
a. How long will it take to pay the loan off?
b. What are the interest and principal components of the 16th payment?
c. For tax purposes, Art Industries needs to know the total interest paid for payments 7 through 18. Calculate the amount.

19. Explore the impact of the term on the interest component of a loan. For a $200,000 loan at 5% compounded semi-annually with monthly payments, calculate the following:
a. Interest component for the entire loan for each term of 10, 15, 20, and 25 years.
b. Between each increment of term in part (a), by what amount and what percentage did the annuity payment decrease?
c. Between each increment of term in part (a), by what amount and percentage did the interest portion increase?
d. Comment on your findings.
20. Explore the impact of the interest rate on the interest component of a loan. For a $200,000 loan for 25 years with monthly payments, calculate the following:
a. Interest component for the entire loan for each semi-annually compounded interest rate of 4%, 5%, 6%, 7%, and 8%.
b. Between each increment of rate in part (a), by what amount and what percentage did the annuity payment decrease?
c. Between each increment of rate in part (a), by what amount and what percentage did the interest portion increase?
d. Comment on your findings.



13.2: Calculating the Final Payment
(The Bank Wants Every Penny)
	
If you have ever paid off a loan you may have noticed that your last payment was a slightly different amount than your other payments. Whether you are making monthly insurance premium payments, paying municipal property tax instalments, financing your vehicle, paying your mortgage, receiving monies from an investment annuity, or dealing with any other situation where an annuity is extinguished through equal payments, the last payment typically differs from the rest, by as little as one penny or up to a few dollars. This difference can be much larger if you arbitrarily chose an annuity payment as opposed to determining an accurate payment through time value of money calculations.
Why is it important for this final payment to differ from all of the previous payments? From a consumer perspective, you do not want to pay a cent more toward a debt than you have to. In 2011, the average Canadian is more than $100,000 in debt across various financial tools such as car loans, consumer debt, and mortgages. Imagine if you overpaid every one of those debts by a dollar. Over the course of your lifetime those overpayments would add up to hundreds or even thousands of dollars.
On the business side, particularly where companies are collecting debts from customers, two main issues are legality and profitability:
1. Legality. A business can legally collect only the exact amount of money its consumers owe and not a penny more. If a business collects more money than it is owed, it is legally obliged to reimburse the consumer or it will face legal repercussions.
2. Profitability. RBC has over $200 billion in outstanding loans. What if it told every customer who borrowed money last year that they did not have to worry about paying off that final nickel on their loan? This decision would forego millions in revenue. Shareholders would be very unhappy. Giving up even the tiniest amounts of revenue can aggregate into meaningful losses.
	Section 11.5 discussed an approximation technique for the final annuity. It is now time to be precise in this calculation. In the current section, you will see why the final payment differs and how to calculate its exact amount. You will also calculate the principal and interest components for a series of payments involving the final payment.

Why Is the Final Payment Different?
	
Section 11.4 introduced the calculations to determine the annuity payment. Observe that you always needed to round a nonterminating annuity payment to two decimals. It is rare for a calculated annuity payment not to require rounding. The rounding up or down of the annuity payment forms the basis for adjusting the final payment. Observe the implication of each rounding procedure as summarized in this table.
	How the Payment Was Rounded
	Principal Implications
	Interest Implications
	Final Payment Implications

	Upward
	Overpayment
	Slight decrease
	Needs to be reduced in an amount equal to the overpayment and savings on the interest.

	Downward
	Underpayment
	Slight increase
	Needs to be increased in an amount equal to the underpayment and extra charges on the interest.


1. Annuity Payment Rounded Up. If the calculated annuity payment is exactly PMT = $999.995, this payment is rounded to two decimals and payments of $1,000 are made. With each annuity payment you are then overpaying the debt by $1,000  $999.995 = $0.005. Nominally, this means that every two payments made result in an overpayment of $0.01 toward the debt. If you make 20 such payments, then you nominally overpay the debt by 20 × $0.005 = $0.10. Therefore, when it comes to the final payment you need to compensate for all of the overpayments made, reducing the final payment by $0.10. And since the principal is slightly smaller at all times as a result of the overpayment, an additional adjustment may be needed because of less interest being calculated.
2. Annuity Payment Rounded Down. The same principles apply when the annuity payment is rounded down. If you calculated PMT = $1,000.0025, your payments of $1,000 are underpaying the debt by $1,000.0025  $1,000 = $0.0025. Over the course of 20 payments you nominally underpay by 20 × $0.0025 = $0.05, for which you must increase the final payment by this amount. As well, since the principal is slightly larger at all times as a result of the underpayment, an additional adjustment may be needed because of more interest being calculated.
	For example, take a $200,000 loan for 25 years at 6% compounded semi-annually with monthly payments. The calculated PMT = $1,279.613247 becomes a rounded down payment of PMT = $1,279.61. Each payment is $0.003247 underpaid. As a result, the final 300th payment is $2.23 more, representing $0.003247 × 300 = $0.97 of original principal underpayment plus $1.26 of extra interest on the outstanding principal.

[image: cartoon cogs by tonyhewison]How It Works

The following six steps are needed to calculate the final payment.  These steps are designed to integrate with the next section, where the principal and interest components on a series of payments involving the final payment are calculated.
[image: ]Step 1: Draw a timeline to represent the annuity. A typical timeline format appears in Figure 13.15. Identify all seven time value of money variables. If all are known, proceed to step 2. Most commonly, PMT is unknown. Solve for it using Formulas 9.1 (Periodic Interest Rate), 11.1 (Number of Annuity Payments), and 11.4 (Ordinary Annuity Present Value), rearranging for PMT. Round the PMT to two decimals. 
Step 2: Calculate the future value of the original principal at N  1 payments. Obtain the periodic interest rate using Formula 9.1 (Periodic Interest Rate) if you have not already calculated it in step 1. Then use Formulas 9.2 (Number of Compound Periods for Single Payments) and 9.3 (Compound Interest for Single Payments). For example, if your final payment is the 24th payment, you need the balance remaining after the 23rd payment.
Step 3: To calculate the future value of all annuity payments (N  1) already made, apply Formulas 11.1 (Number of Annuity Payments) and 11.2 (Ordinary Annuity Future Value). Remember that if the final payment is the 24th payment, then only 23 payments have already occurred.
Step 4: Subtract the future value of the payments from the future value of the original principal (step 2  step 3) to arrive at the principal balance remaining immediately prior to the last payment. This is the principal owing on the account and therefore is the principal portion (PRN) for the final payment. The final payment must reduce the annuity balance to zero!
Step 5: Calculate the interest portion (INT) of the last payment using Formula 13.1 on the remaining principal.
Step 6: Add the principal portion from step 4 to the interest portion from step 5. The sum is the amount of the final payment.

[image: file important by Anonymous]Important Notes

The calculator determines the final payment amount using the AMORT function described in Section 13.1. To calculate the final payment:
1. You must accurately enter all seven time value of money variables (N, I/Y, PV, PMT, FV, P/Y, and C/Y). If PMT was calculated, you must re-enter it with only two decimals while retaining the correct cash flow sign convention.
2. Press 2nd AMORT. 
3. Enter the payment number for the final payment into P1 and press Enter followed by ↓.
4. Enter the same payment number for P2 and press Enter followed by ↓.
5. In the BAL window, note the balance remaining in the account after the last payment is made. Watch the cash flow sign to properly interpret what to do with it! The sign matches the sign of your PV. The next table summarizes how to handle this balance.

	Type of Transaction
	Positive BAL
	Negative BAL

	Loan
	Increase final payment
	Decrease final payment

	Investment Annuity
	Decrease final payment
	Increase final payment


· Loans. For a loan for which PV is entered as a positive cash flow and hence PMT is a negative cash flow, a positive balance means you are borrowing it. Thus, you need to increase the final payment by this amount to pay off the loan. A negative balance means you overpaid and the bank owes you. Thus, you need to decrease the final payment by this amount.
· Investment Annuities. For an investment annuity where PV is entered as a negative cash flow and hence PMT is a positive cash flow, a negative balance means you still have money invested, so you should add it to your final payment to get it back. A positive balance means you have been paid too much, so you need to decrease your final payment by this amount.
A helpful key sequence shortcut to arrive at the final payment is to have BAL on your display and then press
 RCL PMT =
This sequence automatically adjusts the payment accordingly for both loans and investment annuities. Manually round the answer to two decimals when the calculation is complete.
6. If you are interested in the PRN or INT portions of the final payment, the INT output is correct. However, the PRN output is incorrect since the calculator has not adjusted the final payment. You must adjust the PRN output in the same manner and amount as the final payment (by adding or subtracting the BAL remaining).

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

In Section 11.5 you calculated the N, and if it turned out to be a decimal number you then approximated the final payment by taking solely the decimal and multiplying it by the annuity payment. Remember that this was only an approximation and not actually the correct answer. For example, revisiting Example 11.5A, it was determined that Samia could sustain 293.660180 payments of $3,000. The estimated final payment was 0.660180 × $3,000 = $1,980.54. In applying this chapter's technique, you will find that the precise and correct amount of the final payment is exactly $1,982.00.
You do not achieve the same answer through the approximation technique, because N does not represent a portion of the payment amount. N represents the portion of the next payment period before the account runs out of money. Recall that in all of the time value formulas N is an exponent, meaning that you must determine the final payment exponentially and not through multiplication.
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An alternative method to adjust the final payment is to calculate the future value of the rounding error on the payment. Recall the $200,000 loan for 25 years at 6% compounded semi-annually with monthly payments. The calculated PMT = $1,279.613247 was rounded down to PMT = $1,279.61. Each payment is $0.003247 underpaid. If you move the $0.003247 underpayment to the 300th final payment this produces a future value of

The underpayment is $2.23, which then means the final payment is increased to $1,279.61 + $2.23 = $1,281.84. Note the one disadvantage of this technique is that you are unable to determine the interest and principal components of that final payment. Calculating these components requires you to apply the six-step procedure discussed above.

[image: Lost in thought by hefedute]  Give It Some Thought

Consider the following five statements and then answer the two questions that follow.
a. The final payment is exactly the same as any other annuity payment.
b. The final payment is smaller, reflecting an overpayment of principal of $0.04 plus any lower interest charges saved.
c. The final payment is smaller, reflecting an underpayment of principal of $0.04 plus any higher interest charges earned.
d. The final payment is larger, reflecting an overpayment of principal of $0.04 plus any lower interest charges saved.
e. The final payment is larger, reflecting an underpayment of principal of $0.04 plus any higher interest charges earned.
1. If the annuity payment is rounded up by $0.004 per payment and involves 10 payments, which statement is correct?
2. If the annuity payment is rounded down by $0.004 per payment and involves 10 payments, which statement is correct?
Solutions:
1. b. When rounding up, principal is reduced faster (overpayment) and more interest is saved.
2. e. When rounding down, principal is reduced more slowly (underpayment) and more interest is earned.






	Example 13.2A: Final Payment on a Loan

	Recall Example 13.1A, in which Nichols and Burnt borrowed $10,000 at 8% compounded quarterly with month-end payments of $452.03 for two years. The accountant now needs to record the final payment on the loan with correct portions assigned to principal and interest.

	Plan
	Calculate the principal portion (PRN) and the interest portion (INT) of the final payment on the two-year loan, along with the amount of the final payment itself (PMT).

	Understand
	What You Already Know
Step 1: The following information about the accounting firm's loan is known, as illustrated in the timeline. 
PVORD = $10,000, IY = 8%, 
CY = 4, PMT = $452.03, 
PY = 12, Years = 2, 
N = 12 × 2 = 24, FV = $0
	How You Will Get There
Step 2: Calculate the future value of the loan principal at the time of the 23rd payment using Formulas 9.1, 9.2, and 9.3.
Step 3: Calculate the future value of the first 23 payments using Formulas 11.1 and 11.2.
Step 4: Calculate the principal balance remaining after 23 payments through BAL = FV − FVORD. Note that BAL = PRN portion of the final payment.
Step 5: Calculate the interest portion by using Formula 13.1.
Step 6: Calculate the final payment by totalling steps 4 and 5 above.

	
	[image: ]

	Perform
	Step 2: i = 8%/4 = 2%; N = 4 ×  = 7. compounds; FV = $10,000 = $11,639.50872
Step 3: N = 12 ×  = 23 payments                           
Step 4: BAL = $11,639.50872 − $11,190.39151 = $449.117209
Step 5: 
Step 6: Final PMT = $449.117209 + $2.974372 = $452.09

	
	Calculator Instructions
[image: ]

	Present
	The accountant for Nichols and Burnt should record a final payment of $452.09, which consists of a principal portion of $449.12 and an interest portion of $2.97.

	Example 13.2B: Final Payment on an Investment Annuity

	Recall Example 13.1B, in which Baxter has $50,000 invested into a five-year annuity that earns 5% compounded quarterly and makes regular end-of-quarter payments of $2,841.02 to him. He needs to know the amount of his final payment, along with the principal and interest components. 

	Plan
	Calculate the principal portion (PRN) and the interest portion (INT) of the final payment on the five-year investment annuity, along with the amount of the final payment itself (PMT).

	Understand
	What You Already Know
Step 1: You know the following about the investment annuity, as illustrated in the timeline.
PVORD = $50,000, IY = 5%, 
CY = 4, PMT = $2,841.02, 
PY = 4, Years = 5, 
N = 4 × 5 = 20, FV = $0
	How You Will Get There
Step 2: Calculate the future value of the investment at the time of the 19th payment using Formulas 9.1, 9.2 and 9.3.
Step 3: Calculate the future value of the first 19 payments using Formulas 11.1 and 11.2.
Step 4: Calculate the principal balance remaining after 19 payments through BAL = FV − FVORD. Note that this is the PRN portion of the final payment.
Step 5: Calculate the interest portion by using Formula 13.1.
Step 6: Calculate the final payment by totalling steps 4 and 5 above.
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	Perform
	Step 2: i = 5%/4 = 1.25%; N = 4 × 4¾ = 19 compounds; FV = $50,000(1 + 0.0125)19 = $63,310.48058
Step 3: N = 4 × 4¾ = 19 payments                          
Step 4: BAL = $63,310.48058 − $60,504.54645 = $2,805.934127
Step 5: 
Step 6: Final PMT = $2,805.934127 + $35.074176 = $2,841.01

	
	Calculator Instructions
[image: ]

	Present
	Baxter will receive a final payment of $2,841.01 consisting of $2,805.93 in principal plus $35.08 in interest.



Calculating Principal and Interest Portions for a Series Involving the Final Payment	
Now that you know how to calculate the last payment along with its interest and principal components, it is time to extend this knowledge to calculating the principal and interest portions for a series of payments that involve the final payment.
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For a series of payments, you follow essentially the same steps as in Section 13.1; however, you need a few minor modifications and interpretations:
[image: ]Step 1: Draw a timeline. Identify the known time value of money variables, including IY, CY, PY, Years, and one of PVORD or FVORD. The annuity payment amount may or may not be known. 
Step 2: If the annuity payment amount is known, proceed to step 3. If it is unknown, then solve for the annuity payment using Formulas 9.1 (Periodic Interest Rate) and 11.1 (Number of Annuity Payments) and by rearranging Formula 11.4 (Ordinary Annuity Present Value). Round this payment to two decimals. 
Step 3: Calculate the future value of the original principal immediately prior to the series of payments being made. Use Formulas 9.1 (Periodic Interest Rate), 9.2 (Number of Compounding Periods for a Single Payment), and 9.3 (Compound Interest for Single Payments).
Step 4: Calculate the future value of all annuity payments already made prior to the first payment in the series. Apply Formulas 11.1 (Number of Annuity Payments) and 11.2 (Ordinary Annuity Future Value). 
Step 5: Calculate the balance (BAL) prior to the series of payments by subtracting step 4 (the future value of the payments) from step 3 (the future value of the original principal). The result of this step determines the amount of principal remaining in the account. This is the PRN for the series of payments, since the remaining payments must reduce the principal to zero.
Step 6: Calculate the future value of the original principal immediately at the end of the timeline. Use Formulas 9.1 (Periodic Interest Rate), 9.2 (Number of Compounding Periods for Single Payments), and 9.3 (Compound Interest for Single Payments).
Step 7: Calculate the future value of all annuity payments, including the unadjusted final payment. Apply Formulas 11.1 (Number of Annuity Payments) and 11.2 (Ordinary Annuity Future Value).
Step 8: Calculate the balance (BAL) after the series of payments by subtracting step 7 (the future value of the payments) from Step 6 (the future value of the original principal). The fundamental concept of time value of money allows you to combine these two numbers on the same focal date. Do not round this number. The result of this step determines the amount of overpayment or underpayment, which you must then adjust in the next step.
Step 9: Calculate the interest portion using Formula 13.4, but modify the final amount by the result from step 8. Hence, Formula 13.4 looks like
INT = N × PMT − PRN + (balance from step 8)

	Example 13.2C: Principal and Interest for a Series Involving the Final Payment

	Revisit Example 13.1A. The accountant at the accounting firm of Nichols and Burnt is completing the tax returns for the company and needs to know the total principal portion and interest expense paid during the tax year encompassing payments 13 through 24 inclusively. Recall that the company borrowed $10,000 at 8% compounded quarterly, with month-end payments of $452.03 for two years. 

	Plan
	Calculate the total principal portion (PRN) and the total interest portion (INT) of the 13th to 24th payments on the two-year loan. This involves the final payment since the 24th payment is the last payment, requiring usage of the adapted steps discussed in this section.

	Understand
	What You Already Know
Step 1: The following information about the accounting firm's loan is known, as illustrated in the timeline.
PVORD = $10,000, 
IY = 8%, CY = 4, 
PMT = $452.03, 
PY = 12, Years = 2, 
N = 2 × 12 = 24, 
FV = $0
	How You Will Get There
Step 2: Skip this step, since PMT is known.
Step 3: Calculate the future value of the loan principal after the 12th payment using Formulas 9.1, 9.2, and 9.3.
Step 4: Calculate the future value of the first 12 payments using Formulas 11.1 and 11.2.
Step 5: Calculate the balance remaining after 12 payments through BALP1 = FV − FVORD. Note that for payments 13 through 24, PRN = BALP1.
Step 6: Calculate the future value of the loan principal after the 24th payment using Formulas 9.2 and 9.3.
Step 7: Calculate the future value of all 24 payments using Formulas 11.1 and 11.2.
Step 8: Calculate the balance on the loan after all payments through 
BALP2 = FV − FVORD. Note that this amount is used to adjust step 9.
Step 9: Calculate the interest portion by using the adjusted Formula 13.4.
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	Perform
	Step 3: i = 8%/4 = 2%; N = 4 × 1 = 4 compounds; FV = $10,000(1 + 0.02)4 = $10,824.3216
Step 4: N = 12 × 1 = 12 payments                        
Step 5: BALP1 = $10,824.3216 − $5,626.36923 = $5,197.95237; PRN = $5,197.95
Step 6: N = 4 × 2 = 8 compounds; FV = $10,000(1 + 0.02)8 = $11,716.59381
Step 7: N = 12 × 2 = 24 payments                          
Step 8: BALP2 = $11,716.59381 − $11,716.53223 = $0.061582
Step 9: N = 13th through 24th payment inclusive = 12 payments;
INT = 12 × $452.03 − $5,197.95237 + $0.061582 = $5,424.36 − $5,197.89 = $226.47

	
	Calculator Instructions
[image: ]

	Present
	For the tax year covering payments 13 through 24, total payments of $5,424.42 are made, of which $5,197.95 goes toward principal while $226.47 is the interest charged.
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Amortization by definition involves the repayment of loans, which are almost always ordinary in nature. What are the implications if you have an investment annuity due, or the rare occurrence of a loan due?
1. Step-by-Step Procedures. Whether you are dealing with ordinary annuities or annuities due, all of the processes and procedures remain unchanged.
2. Formulas. Make the appropriate substitutions from FVORD to FVDUE.
3. Excel. The annuity type needs to change from 'Ordinary' to 'Due' (in cell C15 of the data entry screen in the template).
4. Time Value of Money Button Calculator Settings. When the calculator is loaded with the time value of money variables, ensure that BGN mode has been set and that if the PMT has been computed you have re-entered it with two decimals.
5. AMORT Function on the BAII Plus Calculator. A special adaptation is required but is not introduced at this time. This special adaptation will be discussed in Section 13.3 on amortization schedules due.

[image: Paper and Pencil 2 by isaiah658]Section 13.2 Exercises


Mechanics
For each of the following ordinary annuities, calculate the final payment amount.
	
	Principal 
	Interest 
	Payment Frequency 
	Loan Term

	1.
	$15,000
	10% compounded quarterly
	Quarterly
	3 years

	2.
	$85,000
	6.75% compounded monthly
	Monthly
	7 years

	3.
	$32,000
	8.25% compounded annually
	Annually
	10 years

	4.
	$250,000
	5.9% compounded semi-annually
	Monthly
	20 years


For each of the following ordinary annuities, calculate the final payment amount along with the total interest and principal portions for the series of payments indicated.
	
	Principal
	Interest
	Payment Frequency
	Loan Term
	Payment Series to Find (inclusive)

	5.
	$21,000
	8% compounded quarterly
	Quarterly
	4 years
	Year 4

	6.
	$115,000
	7% compounded semi-annually
	Monthly
	10 years
	Years 9 and 10

	7.
	$13,750
	9.5% compounded monthly
	Semi-annually
	6 years
	Years 5 and 6

	8.
	$500,000
	7.25% compounded semi-annually
	Biweekly
	25 years
	Year 25

	9.
	$71,000
	3.85% compounded quarterly
	Annually
	15 years
	Years 13 to 15

	10.
	$47,500
	10.25% compounded annually
	Quarterly
	9 years
	Year 9



Applications
11. A $28,250 loan at 9% compounded quarterly is repaid by monthly payments over five years.
a. What is the amount of the final payment?
b. Calculate the principal and interest portions of the payments in the final year.
12. Semi-annual payments are to be made against a $97,500 loan at 7.5% compounded semi-annually with a 10-year amortization.
a. What is the amount of the final payment?
b. Calculate the principal and interest portions of the payments in the final two years.
13. A $250,000 lump sum placed into an investment annuity is to make end-of-month payments for 17 years at 5% compounded annually.
a. Calculate the principal and interest portions of the payments in the first five years.
b. What is the amount of the final payment?
c. Calculate the principal and interest portions of the payments in the last five years.
14. A $65,000 trust fund is set up to make end-of-year payments for 15 years while earning 3.5% compounded quarterly.
a. What is the amount of the final payment?
b. Calculate the principal and interest portion of the payments in the final three years.
15. Stuart and Shelley just purchased a new $65,871.88 Nissan Titan Crew Cab SL at 8.99% compounded monthly for a seven-year term.
a. Calculate the principal and interest portions of the monthly payments in the first two years.
b. What is the amount of the final monthly payment?
c. Calculate the principal and interest portions of the payments in the last two years.

Challenge, Critical Thinking, & Other Applications
16. Mirabel Wholesale has a retail client that is struggling and wants to make instalments against its most recent invoice for $133,465.32. Mirabel works out a plan at 12.5% compounded monthly with beginning-of-month payments for two years.
a. What will be the amount of the final payment?
b. Calculate the principal and interest portions of the payments for the entire agreement.
17. A new hotel built in Banff cost $36 million to build. The owner's financing arrangements allow for quarterly payments at 6% compounded semi-annually over the next 30 years. The first payment is to be made today.
a. What is the amount of the final payment?
b. Calculate the principal and interest portions of the payments in the final five years.
18. Through a government arrangement, a new $110 million state-of-the-art baseball stadium will be constructed. Under terms of this arrangement, the owner of the baseball team will be charged 8.8% compounded annually and will be allowed to defer the payments for five years before making beginning-of-year payments for 40 years.
a. What is the amount of the final payment?
b. Calculate the principal and interest portion of the payments in the final five years.
19. Wile E. Coyote owes the ACME Corporation $75,000 for various purchased goods. Wile agrees to make $1,000 payments at the end of every month at 10% compounded quarterly until the debt is repaid in full.
a. What is the amount of the final payment?
b. Calculate the principal and interest portion of the final six payments.

20. Explore how the term affects the adjustment that needs to be made to a final payment. Consider a $450,000 loan at 7.5% compounded semi-annually with month-end payments.
a. Calculate the final payment for each term of 10, 15, 20, 25, 30, and 35 years.
b. Comment on the adjustments you made to the final payment based on your results.


13.3: Amortization Schedules
(How Much Is Mine, How Much Is Theirs?)
	
In the previous two sections, you have been working on parts of an entire puzzle. You have calculated the interest and principal portions for either a single payment or a series of payments. Additionally, you calculated the final payment amount along with its principal and interest components. The next task is to put these concepts together into a complete understanding of amortization. This involves developing a complete amortization schedule for an annuity (loan or investment annuity). Additionally, you will create partial amortization schedules that depict specific ranges of payments for a particular annuity.
	These concepts primarily apply to accounting. Accountants must record debts properly on balance sheets, make proper journal entries into the accounting books, and track interest expenses clearly. Depreciation of fixed assets uses similar amortization processes and schedules. Bond premiums and discounts (discussed in Chapter 14) also use amortization.
	On the personal side, these schedules help you understand any of your loans, mortgages, or investment annuities. Sometimes seeing the true amount of interest you are paying may motivate you to pay the debt off faster. Courts also use these schedules to settle legal matters such as alimony payments.

The Complete Amortization Schedule
	
An amortization schedule shows the payment amount, principal component, interest component, and remaining balance for every payment in the annuity. As the title suggests, it provides a complete understanding of where the money goes.
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	Payment Number
	Payment Amount ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining ($) (PRN)

	0–Start
	N/A
	N/A
	N/A
	(3)

	1
	(4)
	(5)
	(6)
	(7)

	etc.
	
	
	
	

	Last payment 
	(11)
	(10)
	(9)
	$0.00

	Total
	*if needed
	(13)
	*equals original loan balance
	N/A


Follow these steps to develop a complete amortization schedule:
Step 1: Identify all of the time value of money variables (N, IY, PVORD, PMT, FV, PY, CY). If either N or PMT is unknown, solve for it using an appropriate formula. Remember to round PMT to two decimals.
Step 2: Set up an amortization schedule template as per the table above. Cells of the table are marked with the step numbers that follow. The number of payment rows in the table equals the number of payments in the annuity.Note that in the instance of a general annuity, the table does not distinguish between earned interest and accrued interest. The schedule reflects only the total of earned interest and interest accrued at the time of a payment.
Step 3: On the first row, fill in the original principal of the annuity, or PVORD.
Step 4: Fill in the rounded annuity payment (PMT) all the way down the column except for the final payment row.
Step 5: Calculate the interest portion of the current annuity payment using Formula 13.1. Round the number to two decimals for the table but retain the decimals for future calculations.
Step 6: Calculate the principal portion of the current annuity payment using Formula 13.2. The interest component is the unrounded interest number from step 5. Round the result to two decimals for the table but retain the decimals for future calculations.
Step 7: Calculate the new principal balance remaining by taking the previous unrounded balance on the line above and subtracting the unrounded principal portion (PRN) of the current payment. This is Formula 13.3 rearranged such that BALP2 = BALP1 − PRN. Round the result to two decimals for the table but retain the decimals for future calculations.
Step 8: Repeat steps 5 through 7 for each annuity payment until you reach the final payment.
Step 9: For the final payment, the principal portion is exactly equal to the previous balance remaining on the line above. Round the result to two decimals for the table but retain the decimals for future calculations. Enter "$0.00" in the Principal Balance Remaining.
Step 10: Calculate the interest portion of the final annuity payment using Formula 13.1. Round the result to two decimals for the table but retain the decimals for future calculations.
Step 11: Calculate the final payment by adding the unrounded principal and interest portions of the final payment together. Round this number to two decimals.
Step 12: Since all numbers are rounded to two decimals throughout the table, check the table for the "missing penny," as discussed below. Always ensure that for each row the previous balance minus current principal equals the new balance. Then check that the principal portion plus interest portion equals the annuity payment amount. Make any penny adjustments as needed.
Step 13: Sum the interest portion column in the schedule. Note that no total is necessary for the principal portion since it equals the original principal of the annuity!

[image: file important by Anonymous]Important Notes

The "Missing Penny". In the creation of the amortization schedule, you always round the numbers off to two decimals since you are dealing with currency. However, as per the rules of rounding, you do not round any numbers in your calculations until you reach the end of the amortization schedule and the annuity has been reduced to zero.
	As a result, you have a triple rounding situation involving the balance along with the principal and interest components on every line of the table. What sometimes happens is that a "missing penny" occurs and the schedule needs to be corrected as per step 12 of the process above. In other words, calculations will sometimes appear to be off by a penny. You can identify the "missing penny" when one of the two standard calculations using the rounded numbers from the schedule becomes off by a penny:
1. Previous BAL − PRN = current BAL (step 7)
or
2. PMT − INT = PRN (step 6)
	It is important to remember, though, that in actuality there is no "missing penny" in these calculations. It shows up only because you are rounding off numbers. If you were not rounding numbers, this "missing penny" would never occur.
	In these instances of the "missing penny", you adjust the schedule as needed to ensure that the math works properly at all times. The golden rule, though, is that the balance in the account (BAL) is always correct and should NEVER be adjusted. Follow this order in making any adjustments:
1. Adjust the PRN if necessary such that the previous BAL − PRN = current BAL.
2. Then adjust INT if necessary such that PMT − PRN = INT.
	Usually these adjustments come in pairs, meaning that if you need to adjust the PRN up by a penny, somewhere later in the schedule you will need to adjust the PRN down by a penny. Ultimately, these changes in most circumstances have no impact on the total interest (INT) or total principal (PRN) components, since the "missing penny" is nothing more than a rounding error within the schedule.

Your BAII Plus Calculator. The calculator speeds up the repetitive calculations required in the amortization schedule. To create the schedule using the calculator, adapt the steps as follows:
Step 1: Load the calculator with all seven time value of money variables, solving for any unknowns. Ensure that PMT is keyed in with two decimals, and obey the cash flow sign convention.
Steps 2–4: Unchanged.
Steps 5–7: Open the AMORT function. Set the P1 = 1 and P2 = 1. In the appropriate column, record the BAL, PRN, and INT rounded to two decimals.
Step 8: Repeat steps 5–7 by increasing the payment number (P1 and P2) by one each time. Ensure P1 = P2 at all times.
Step 9: Unchanged.
Step 10: Set the P1 and P2 to the final payment number. Record the INT amount.
Steps 11–12: Unchanged.
Step 13: Set the P1 = 1 and P2 = final payment number. Record the INT amount.

	Example 13.3A: Payment Plan on a Dishwasher

	Tamara purchased a new dishwasher from The Bay for $895.94. By placing it on her Bay credit card, she can pay off the dishwasher through a special six-month payment plan promotion that charges her 5.9% compounded monthly. Construct the complete amortization schedule for Tamara and total her interest charges.

	Plan
	Construct a complete amortization schedule for the dishwasher payments along with the total interest paid.

	Understand
	What You Already Know
Step 1: The timeline for Tamara's purchase appears in the timeline.
PVORD = $895.94, 
IY = 5.9%, CY = 12, 
PY = 12, Years = 0.5, FV = $0
	How You Will Get There
Step 1 (continued): Solve for the payment (PMT) using Formulas 9.1, 11.1, and 11.4.
Step 2: Set up the amortization table.
Steps 3 and 4: Fill in the original principal and payment column.
Steps 5 to 8: For each line use Formulas 13.1 and 13.2 and the rearranged Formula 13.3.
Steps 9 to 11: Fill in the principal and balance remaining, calculate the interest using Formula 13.1, and determine the final payment by adding the interest and principal components together.
Step 12: Check for the "missing penny."
Step 13: Sum the interest portion.

	
	[image: ]

	Perform
	Step 1 (continued): i = 5.9%/12 = %; N = 12 × ½ = 6 payments

Steps 2 to 11 (with some calculations) are detailed in the table below:
	Payment Number
	Payment Amount ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining ($) (PRN)

	0–Start
	
	
	
	$895.94

	1
	$151.90
	(1) $4.41
	(2) $147.49
	(3) $748.45

	2
	$151.90
	$3.68
	$148.22
	$600.22

	3
	$151.90
	$2.95
	$148.95
	$451.28

	4
	$151.90
	$2.22
	$149.68
	$301.59

	5
	$151.90
	$1.48
	$150.42
	$151.18

	6 
	(4) $151.92
	$0.74
	$151.18
	$0.00

	Total
	
	
	
	


(1) 
(2) PRN = $151.90 − $4.405038 = $147.494961
(3) BALP2 = $895.94 − $147.494961 = $748.445038
(4) Final Payment = $151.177613 + $0.742386 = $151.92


	
	Steps 12 to 13: Adjust for the "missing pennies" (noted in red) and total the interest.
	Payment Number
	Payment Amount ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining ($) (PRN)

	0–Start
	
	
	
	$895.94

	1
	$151.90
	 $4.41
	 $147.49
	 $748.45

	2
	$151.90
	$3.67
	$148.23
	$600.22

	3
	$151.90
	$2.96
	$148.94
	$451.28

	4
	$151.90
	$2.21
	$149.69
	$301.59

	5
	$151.90
	$1.49
	$150.41
	$151.18

	6 
	 $151.92
	$0.74
	$151.18
	$0.00

	Total
	$911.42
	$15.48
	$895.94
	




	
	Calculator Instructions
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	Present
	The complete amortization schedule is shown in the table above. The total interest Tamara is to pay on her dishwasher is $15.48.



Amortization Schedule Due
	
In the instance of an annuity due, you require a small modification to the amortization schedule, as illustrated in the next table. Notice that the headers of the second and fifth columns have been modified to clarify the timing of the payment and point in time when the balance is achieved. Each line of the table still represents one payment interval.
	
Payment Number
	Payment Amount  at Beginning of Interval  ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining at End of Interval ($) (PRN)

	0–Start
	N/A
	N/A
	N/A
	(3)

	1
	(4)
	(5)
	(6)
	(7)

	etc.
	
	
	
	

	Last payment 
	(11)
	$0.00 (10)
	(9)
	$0.00

	Total
	*if needed
	(13)
	*equals original loan balance
	N/A



[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Be sure to determine any calculated amounts such as PMT through the appropriate annuity due formulas and not the ordinary annuity formulas. Recall that in an annuity the annuity payment is made at the beginning of the interval, which immediately reduces the balance eligible for interest. Calculating interest requires Formula 13.1 to be adapted and reintroduced as Formula 13.5.

INTDUE is Interest Portion: The interest portion of a payment on any simple or general annuity due.
BAL is Previous Balance Owing: The principal balance owing immediately prior to the current annuity due payment.
CY is Compound Frequency: The number of compounding periods in a single year.



 
Formula 13.5 - Interest Portion of a Due Single Payment:   
PY is Payment Frequency: The number of payment intervals in a single year.
i is Periodic Interest Rate: This is the rate of interest that is used in converting the interest to principal. It results from Formula 9.1.
PMT is Annuity Payment Amount: The amount of the annuity due payment (which is made at the beginning of the interval and therefore immediately reduces the balance for the period in question).








[image: cartoon cogs by tonyhewison]How It Works

When you work with the amortization of annuities due, you must make the following modifications to the 13-step process:
Step 1: Ensure that you use appropriate annuity due formulas when solving for any unknown variable.
Step 5: Recall that the payment is made at the beginning of the interval, which immediately reduces the balance eligible for interest. Calculating interest requires Formula 13.5, not Formula 13.1.
Step 10: The last annuity due payment reduces the balance to zero. Therefore, no interest is accrued for the last payment interval.

[image: file important by Anonymous]Important Notes

The BAII Plus Calculator. On the calculator, the AMORT function is designed only for ordinary amortization; however, a little adaptation allows you to generate amortization due outputs quickly:
· P1 and P2. In an annuity due, since the first payment occurs today (time period 0), the second payment is at time period 1, and so on, the payment number of an annuity due is always one higher than the payment number of an ordinary annuity. To adapt on your calculator, always add 1 to the payment number being calculated. For example, if you are interested in payment seven only, set both P1 and P2 to 8. Or, if you are interested in the payment range 14 through 24, set P1 = 15 and P2 = 25.
· BAL: To generate the output, the payment numbers are one too high. This results in the balance being decreased by one extra payment. To adapt the procedure, manually increase the balance by adding one payment (or with BAL on your display, use a shortcut key sequence of − RCL PMT =).
· INT and PRN: Both of these numbers are correct except for the final payment. If working with the final payment, you need to adjust the PRN by the BAL remaining.


	Example 13.3B: An Investment Annuity Due

	Maisy just moved to Toronto to attend the University of Toronto. Shortly after she settled into her new apartment, her parents sent her an email on September 1 confirming that they had set up an investment annuity for $25,000 at 4.75% compounded semi-annually to assist her with tuition fees and buying textbooks. The annuity will deposit the funds to her bank account annually starting today for four years. Construct a complete amortization schedule and calculate the total interest earned.

	Plan
	Construct a complete amortization schedule for the investment fund along with the total interest earned. Note that this situation presents an investment annuity due.

	Understand
	What You Already Know
Step 1: The timeline for the education fund appears in the timeline. 
PVDUE  = $25,000, 
IY = 4.75%, CY = 2, 
PY = 1, Years = 4, 
FV = $0
	How You Will Get There
Step 1 (continued): Solve for the payment (PMT) using Formulas 9.1, 11.1, and 11.5.
Step 2: Set up the amortization table for an annuity due.
Steps 3 and 4: Fill in the original principal and payment column. Put the first payment on the first line and deduct it immediately with no interest from the principal.
Steps 5 to 8: For each line use Formulas 13.5 and 13.2 and the rearranged Formula 13.3.
Steps 9 to 11: Fill in the principal and balance remaining, set the interest portion to zero, and determine the final payment by adding the interest and principal component together.
Step 12: Check for the "missing penny."
Step 13: Total up the interest portion.
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	Perform
	Step 1 (continued): i = 4.75%/2 = 2.375%; N = 1 × 4 = 4 payments

Steps 2 to 11 (with some calculations) are detailed in the table below):
	Payment Number
	Payment Amount at Beginning of Interval ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining at End of Interval ($) (PRN)

	0–Start
	
	
	
	$25,000.00

	1
	$6,696.74
	(1)$879.73
	(2)$5,817.01
	(3)$19,182.99

	2
	$6,696.74
	$600.14
	$6,096.60
	$13,086.39

	3
	$6,696.74
	$307.11
	$6,389.63
	$6,696.76

	4
	$6,696.76
	$0.00
	$6,696.76
	$0.00

	Total
	$26,786.98
	$1,786.98
	$25,000.00
	


(1) 
(2) PRN = $6,696.74 − $879.729032 = $5,817.010967
(3) BALP2 = $25,000 − $5,817.010967 = $19,182.99
Step 12: There are no "missing pennies."
Step 13: Interest is totalled in the table above.

	
	Calculator Instructions
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	Present
	The complete amortization schedule is shown in the table. The total interest earned on the education fund is $1,786.98.



The Partial Amortization Schedule
	
Sometimes, businesses are interested only in creating partial amortization schedules, which are amortization schedules that show only a specified range of payments and not the entire annuity. This may occur for a variety of reasons. For instance, the complete amortization schedule may be too long (imagine weekly payments on a 25-year loan), or maybe you are solely interested in the principal and interest portions during a specific period of time for accounting and tax purposes.

[image: cartoon cogs by tonyhewison]How It Works

The procedure for partial amortization schedules remains almost the same as a complete schedule with the following notable differences:
Step 2: Set up a partial amortization schedule template as per this next table. The corresponding step numbers are identified in the table.
	Payment Number
	Payment Amount ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining ($) (PRN)

	Preceding Payment #
	N/A
	N/A
	N/A
	(3)

	First Payment Number of Partial Schedule
	(4)
	(5)
	(6)
	(7)

	etc.
	
	
	
	

	Last Payment Number of Partial Schedule
	(11)*
	(10)*
	(9)*
	$0.00

	Totals
	*if needed
	(13)
	(13)
	N/A


*Perform these steps only if the final payment in the annuity is involved in the schedule
Step 3: Calculate the balance remaining in the account immediately before the first payment of the partial schedule. Recall that this requires you to calculate the future value of the principal less the future value of all payments made.
Steps 9 to 11: These steps are required only if the final payment is involved in the partial schedule.
Step 13: Sum the principal portion as well as the interest portion. 



	Example 13.3C: A Partial Loan Amortization Schedule on a Loan

	Molson Coors Brewing Company just acquired $1.2 million worth of new brewing equipment for its Canadian operations. The terms of the loan require end-of-quarter payments for eight years at 8.3% compounded quarterly. For accounting purposes, the company is interested in knowing the principal and interest portions of each payment for the fourth year and also wants to know the total interest and principal paid during the year. Construct the partial amortization schedule.

	Plan
	Construct a partial amortization schedule for the fourth year of the loan along with the total interest and principal paid during the year.

	Understand
	What You Already Know
Step 1: The timeline for the equipment loan appears in the timeline.
PVORD = $1,200,000, 
IY = 8.3%, CY = 4, 
PY = 4, Years = 8, 
FV = $0
	How You Will Get There
Step 1 (continued): Solve for the payment (PMT) using Formulas 9.1, 11.1, and 11.4.
Step 2: Set up the partial amortization table for the ordinary annuity.
Step 3: Calculate the future value of loan principal for the end of the third year (the 12th payment) using Formulas 9.2 and 9.3.
Then calculate the future value of the first 12 payments using Formulas 11.1 and 11.2.
Calculate the principal balance after 12 payments through BAL = FV − FVORD.
Step 4: Fill in the payment column for the four payments made in the fourth year.
Steps 5 to 8: For each line of the table, use Formulas 13.1 and 13.2 and the rearranged Formula 13.3.
Steps 9 to 11: Not needed, since the final payment is not involved.
Step 12: Check for the "missing penny."
Step 13: Sum the interest and principal portions.
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	Perform
	Step 1 (continued): i = 8.3%/4 = 2.075%; N = 4 × 8 = 32 payments

Steps 2 to 11 (with some calculations, including Step 3) are detailed in the table below:
	Payment Number
	Payment Amount ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining ($) (PRN)

	12
	
	
	
	(1) $839,147.91 

	13
	$51,691.71
	(2) $17,412.32
	(3) $34,279.39
	 (4) $804,868.52

	14
	$51,691.71
	$16,701.02
	$34,990.69
	$769,877.83

	15
	$51,691.71
	$15,974.96
	$35,716.75
	$734,161.08

	16
	$51,691.71
	$15,233.84
	$36,457.87
	$697,703.22

	Totals
	
	
	
	


(1) Step 3: Principal: N = 4 × 3 = 12 compounds; FV = $1,200,000(1 + 0.02075)12 = $1,535,373.036
Payments: N = 4 × 3 = 12 payments;
 
Balance: $1,535,373.036 − $696,225.1283 = $839,147.9072
(2) 
(3) PRN = $51,691.71 − $17,412.31908 = $34,279.39092
(4) BALP2 = $839,147.9072 − $34,279.39092 = $804,868.5163


	
	Steps 12 to 13: Adjust for the "missing pennies" (noted in red) and total the interest.
	Payment Number
	Payment Amount ($) (PMT)
	Interest Portion ($) (INT)
	Principal Portion ($) (PRN)
	Principal Balance Remaining ($) (PRN)

	12
	
	
	
	(1) $839,147.91 

	13
	$51,691.71
	(2) $17,412.32
	(3) $34,279.39
	 (4) $804,868.52

	14
	$51,691.71
	$16,701.02
	$34,990.69
	$769,877.83

	15
	$51,691.71
	$15,974.96
	$35,716.75
	$734,161.08

	16
	$51,691.71
	$15,233.85
	$36,457.86
	$697,703.22

	Totals
	$206,766.84
	$65,322.15
	$141,444.69
	




	
	Calculator Instructions
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	Present
	The partial amortization schedule for the fourth year is shown in the table above. The total interest paid in the year is $65,322.15, and the principal portion is $141,444.69



[image: Paper and Pencil 2 by isaiah658]Section 13.3 Exercises


Mechanics
For each of the following ordinary annuities, create the complete amortization table and calculate the total interest.
	
	Principal
	Interest
	Payment Frequency 
	Loan Term 

	1.
	$27,500
	6.8% compounded quarterly
	Quarterly
	2 years

	2.
	$192,000
	4.75% compounded semi-annually
	Semi-annually
	4 years

	3.
	$1,854.25
	8.99% compounded annually
	Monthly
	6 months

	4.
	$425,000
	5.9% compounded monthly
	Annually
	7 years


For each of the following ordinary annuities, calculate the partial amortization schedule for the payment series indicated along with the total interest and principal portions.
	
	Principal 
	Interest 
	Payment Frequency
	Loan Term
	Partial Schedule Payments (inclusive)

	5.
	$221,000
	7.14% compounded quarterly
	Quarterly
	15 years
	Year 11

	6.
	$109,900
	3.8% compounded monthly
	Monthly
	5 years
	Payments 38 to 43

	7.
	$450,000
	7.5% compounded semi-annually
	Monthly
	25 years
	Payments 26 to 29

	8.
	$500,000
	9.5% compounded annually
	Semi-annually
	12 years
	Years 11 and 12



Applications
For questions 9 through 11, construct a complete amortization schedule and calculate the total interest.
9. A farmer purchased a John Deere combine for $369,930. The equipment dealership sets up a financing plan to allow for end-of-quarter payments for the next two years at 7.8% compounded monthly.
10. Jennifer purchased an Aqua Shield Sunroom for $19,097. Terms of purchase require her to put $2,000 down, with the balance financed through six equal end-of-month payments at 11.2% compounded semi-annually.
11. Jerry's Concrete installed a $13,544 concrete driveway for a client with no money down and four equal end-of-month instalments at 4.9% compounded monthly.
For questions 12 through 14, construct the partial amortization schedule indicated and calculate the total principal and interest portions represented by the partial schedule.
12. Some real estate is purchased for $850,000 with a 30-year amortization at 6.8% compounded semi-annually. Create a schedule for the end-of-month payments in the first half of the 14th year.
13. Marcel had a new cedar fence installed around his oversized house lot for $22,900. The fence company allows him to finance the purchase with end-of-month instalments for one year at 7.39% compounded annually. Construct a schedule for the first two payments and the last four payments.
14. Ron and Natasha had Oasis Leisure and Spa install an in-ground swimming pool for $51,000. The financing plan through the company allows for end-of-month payments for two years at 6.9% compounded quarterly. Ron and Natasha instruct Oasis to round their monthly payment upward to the next dollar amount evenly divisible by $500. Create a schedule for the first three payments, payments seven through nine, and the last three payments.

Challenge, Critical Thinking, & Other Applications
15. David leased an Acura CSX for $30,185 with no down payment on a 48-month lease at 2.9% compounded annually. The residual value is $11,516. Set up a partial amortization schedule for monthly payments 7 through 13. What is the total interest paid?
16. Merryweather's $40,000 trust fund is set to mature and will make its first semi-annual payment to her today. The fund can earn 4.4% compounded annually during its five-year term. Construct a complete amortization schedule including the total interest earned.
17. Construct a new complete amortization schedule for the farmer in question 9 if he has a prosperous third quarter and is able to put $35,000 toward his debt in addition to his regular third-quarter payment. How much interest in total would he save?
18. Hillary acquired an antique bedroom set recovered from a European castle for $118,000. She will finance the purchase at 7.95% compounded annually through a plan allowing for payments of $18,000 at the end of every quarter.
a. Create a complete amortization schedule and indicate her total interest paid.
b. Recreate the complete amortization schedule if Hillary pays two additional top-up payments consisting of 10% of the principal remaining after her third payment as well as her fifth payment. What amount of interest does she save?

19. Sinbad is an agent for RE/MAX. He purchased a Cadillac STS for his realty business so that he could drive clients to various homes. Through the bank, he financed the $85,595 vehicle at 5.95% compounded annually on a 24-month term. To file his taxes, he needs a complete amortization schedule with the total interest paid for the first 12 months and then for the next 12 months.
20. Astrid just had a $450,000 custom home built by Hallmark Homes. She took out a 25-year amortization on her mortgage at 6.4% compounded semi-annually and locked the rate in for the first three years. Construct a partial amortization schedule for the first three years and calculate the total interest and principal portions.




13.4: Special Application: Mortgages
(Your Biggest Purchase)
	
If you buy a home in Canada, you will almost certainly need to take out a mortgage. After all, the expense is huge: on average a house costs $784,567 in Vancouver, $432,576 in Calgary, $261,666 in Winnipeg, $503,094 in Toronto, $272,069 in Halifax, and $318,363 in the Northwest Territories![footnoteRef:1] As mentioned earlier in this book, the average Canadian home costs approximately $378,369.[footnoteRef:2] Compare that with Canadian median family gross income of $69,860,[footnoteRef:3] and once you consider the income left after all deductions and expenses it becomes obvious that you will have to pay for your home gradually over many years. That means you must make use of a financial institution’s money over time, all the while paying for this privilege in the form of interest.  [1:  Canadian Real Estate Association (CREA), “Housing Market Stats”,  https://www.crea.ca/housing-market-stats/
 (accessed July 9, 2011).]  [2:  Living In Canada, “Canadian House Prices,” www.livingin-canada.com/house-prices-canada.html (accessed July 9, 2011).]  [3:  Statistics Canada, “Median Total Income, by Family Type, by Province and Territory, CANSIM table 111-0009, http://www40.statcan.ca/l01/cst01/famil108a-eng.htm (accessed October 19, 2010).] 

	Your home mortgage may well be the biggest personal financial transaction you will ever make, so understanding the factors that determine your mortgage payments can save you a lot of money. This section explains mortgage fundamentals and shows you how to amortize and calculate payments on various mortgages.

Mortgages Explained
	
This figure illustrates the various concepts related to mortgages. Each of these concepts is discussed below.
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Terminology

A mortgage is a special type of loan that is collaterally secured by real estate. In essence, the loan has a lien against the property, that is, the right to seize the property for the debt to be satisfied. An individual or business taking out a mortgage is obliged to pay back the amount of the loan with interest based on a predetermined contract. The financial institution, though, has a claim on the real estate property in the event that the mortgage goes into default, meaning that it is not paid as per the agreement. In these instances, financial institutions will pursue foreclosure of the property, which allows for the tenants to be evicted and the property to be sold. The proceeds of the sale are then used to pay off the mortgage.
A mortgage always involves two parties. The individual or business that borrows the money is referred to as the mortgagor, and the financial institution that lends the money is referred to as the mortgagee.

How Many Mortgages

A real estate property can have more than one mortgage. The main mortgage based on the amount of money borrowed to purchase the home is called the first mortgage. But property owners can choose to have other mortgages as well. For example, most home equity lines of credit (HELOCs) are secured by a second mortgage against the property. Sometimes homeowners borrow money to make home improvements or renovations and have these amounts placed as an additional mortgage against the property. Any number of mortgages against a property is possible, though it is uncommon to have more than three. The order of the mortgages is important. If the mortgage goes into default and foreclosure occurs, the mortgagee with the first mortgage gets access to the proceeds first. If any money is left over after the first mortgage is paid off, the mortgagee of the second mortgage gets the remainder. If anything is left, the third mortgagee gets the balance and so on until all proceeds have been expended. Ultimately, any money left over after all mortgages and costs have been paid belongs to the mortgagor.

Interest Rate

In the mortgage contract, the two parties can agree to either a fixed interest rate or a variable interest rate. Either way, the mortgage always forms an ordinary annuity since interest is not payable in advance.
· Under a fixed interest rate, the principal is repaid through a number of equal payments that cover both the interest and principal components of the loan. The interest portion is highest at the beginning and gradually declines over the amortization period of the mortgage. In Canada, fixed interest rates are either annually or semi-annually compounded; the latter is the prevailing choice.
· In a variable interest rate mortgage, the principal is repaid through an agreed-upon number of unequal payments that fluctuate with changes in borrowing rates. The principal and interest portions of the payment vary as interest rates fluctuate, meaning that the interest portion can rise at any point with any increase in rates. When rates change, a common practice in many financial institutions is to change the variable interest rate as of the first day of the next month. If the rate change does not coincide with a mortgage payment date, then the interest portion is calculated in a way similar to the procedure for a demand loan (see Section 8.5), where the exact number of days at the different rates must be determined. In Canada, variable interest rates are usually compounded monthly.

Types of Mortgages

The mortgage agreement can be open or closed. An open mortgage has very few rules and it allows the mortgagor to pay off the debt in full or make additional prepayments at any given point in any amount without penalty. A closed mortgage has many rules that determine how the mortgage is to be paid. It does not allow the mortgager to pay off the debt in full until the loan matures. As a marketing tool, most closed mortgages have “top-up” options that allow the mortgagor to make additional payments (such as an additional 20% per year) against the mortgage without penalty. Any payments exceeding the maximums or early payment of the mortgage are penalized heavily, with a three-month minimum interest charge that could be increased up to a measure called the interest rate differential, which effectively assesses the bank's loss and charges the mortgagor this full amount.

Qualification

Purchasing a home and obtaining a mortgage requires a down payment. You can get a mortgage with a 25% down payment or more; this is known as a loan-to-value ratio of 75% or less. The loan-to-value ratio divides the principal borrowed by the value of the house. If you do not have enough down payment to meet this criterion, you can make the real estate purchase with as little as 5% down (a 95% loan-to-value ratio); however, your mortgage must then be insured by the Canada Mortgage and Housing Corporation (CMHC). The premium charged for the insurance can range from 0.5% to 3.3% of the principal borrowed, depending on the mortgage particulars.
	To qualify for a mortgage, you must also meet two affordability rules:
1. The first affordability rule states that your principal, interest, taxes, and heating expenses, or PITH, must not exceed 32% of your gross monthly household income. If the real estate involves a condominium, then 50% of the condo fees are also included in the PITH. This is known as the gross debt service (GDS) ratio.
2. The second affordability rule states that the PITH plus all other debt requirements must not exceed 40% of gross monthly household income. Other debt can include any other debt payments such as car loans, credit cards, or student loans. This is known as the total debt service (TDS) ratio.
	It is important to note that these ratios have some degree of flexibility depending on the financial institution issuing the mortgage. Each of the percentages for the ratios commonly varies by up to ±3% depending on the particular institution’s policies.

Time

[image: ]Finally, due to the large amount of principal borrowed in a real estate purchase, the mortgage may be amortized over an extended time period. The most common amortization is 25 years with a maximum of 30 years. That is a long time frame for any contract. Consequently, mortgages are taken out in shorter terms, usually up to no more than five years, although some institutions do offer seven- or ten-year terms. This allows the financial institution regular opportunities to update the interest rate to reflect current mortgage rates. What this means to the mortgagor is that the mortgage becomes due in full at the end of each term. Most people then renew their mortgage for another term, though the amortization period becomes shorter in accordance with the number of years elapsed since the initial principal was borrowed. The figure below illustrates the typical mortgage amortization process, where the amortization is initially established at 25 years and the mortgagor uses five consecutive five-year terms to pay off the debt.

How Mortgage Interest Rates Are Determined
	
The actual interest rate you can obtain on a mortgage is determined by five factors in combination:
1. The Bank of Canada Rate. This rate sets the basis from which all variable rates are determined. The prime rate (the Bank of Canada rate +2%) is usually the lowest obtainable interest rate. Some banks, however, discount this rate slightly by a margin between 0.1% and 0.4%.
2. Bond Market Rates. Bond market rates set the basis for which all fixed interest rates are determined. Fluctuations in the prime rate do not necessarily affect bond market rates.
3. The Mortgage Type. Open mortgages have substantially higher rates than equivalent closed mortgages because of the uncertainty of when the mortgage will be paid off. Banks protect their interests and minimize the risks of open mortgages through the higher rate.
4. The Term. As the length of the term increases, the interest rate increases as well. This is due to the uncertainty of future interest rates. The financial institution must protect itself against rising rates in the future.
5. The Type of Rate. Variable rates are lower than fixed rates since the financial institution can adjust the rate at any time to match prevailing conditions. Fixed rates do not share this benefit of adjustability and therefore are higher to protect the financial institution.
The table on the next page illustrates some actual posted semi-annually compounded interest rates at the time of writing.
	Term
	Closed Mortgage
	Open Mortgage

	
	Variable Rate
	Fixed Rate
	Variable Rate
	Fixed Rate

	1 year
	2.10%
	3.09%
	3.14%
	6.30%

	5 year
	3.00%
	5.34%
	4.00%
	8.25%



Calculating the Mortgage Payment
	
The following mortgage variables are always known:
· Mortgage interest rates are posted by every financial institution. The posted rate is almost always negotiable, and a smart mortgagor may be able to negotiate up to a 1% deduction from the posted rate.
· The mortgagor chooses the amortization period, the term, and the payment frequency and also negotiates these variables with the financial institution.
· The principal is determined by the value of the home purchased less any down payment plus any fees or premiums.
· All mortgages are ordinary annuities.
What is left? The unknown variable is the mortgage payment amount that matches the time value of money variables. When calculating this amount, the most important variable is the amortization period, which determines the length of time over which the loan is repaid. It forms the basis for calculating the payment. Note that the term has no effect on the payment calculation. It dictates only the time frame during which the current mortgage arrangement (interest rate, payment frequency, type, and so on) remains in effect.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate a mortgage payment: 
Step 1: Visualize the mortgage by drawing a timeline as illustrated below. Identify all other time value of money variables, including PVORD, IY, CY, PY, and Years. The future value, FV, is always zero (the mortgage is repaid).
Step 2: Calculate the periodic interest rate (i) using Formula 9.1.
[image: ]Step 3: Calculate the number of annuity payments (N) using Formula 11.1. Remember to use the amortization period and not the term for the Years variable in this calculation. 
Step 4: Calculate the ordinary annuity payment amount using Formula 11.4 and rearranging for PMT. You must round this calculated amount to two decimals since it represents a physical payment amount.

[image: Lost in thought by hefedute]  Give It Some Thought

In each of the following situations determine which mortgage results in a higher mortgage payment. Assume all other time value of money variables remain constant.
1. Open or closed
2. Fixed or variable
3. Two-year fixed rate or five-year fixed rate
4. Ten-year amortization or 20-year amortization
Solutions:
1. Open (open mortgages always have a higher interest rate than closed mortgages).
2. Fixed rates are always higher to account for future uncertainties.
3. Five-year fixed rate (the longer the term, the higher the rate).
4. Ten-year amortization (there is less time to pay off the debt, meaning higher payments are required).






	Example 13.4A: What Are the Payments?

	The Olivers are looking to purchase a new home from Pacesetter Homes in a northeastern Calgary suburb. An Appaloosa 3 model show home can be purchased for $408,726.15. They are planning on putting $50,000 as a down payment with a 25-year amortization and weekly payments. If current mortgage rates are fixed at 5.29% compounded semi-annually for a five-year closed term, determine the mortgage payment required.

	Plan
	Calculate the mortgage payment amount required (PMT).

	Understand
	What You Already Know
Step 1: The mortgage timeline appears below.
PVORD = $408,726.15 − $50,000 = $358,726.15, 
IY = 5.29%, CY = 2, PY = 52, Years = 25, FV = $0
	How You Will Get There
Step 2: Apply Formula 9.1.
Step 3: Apply Formula 11.1.
Step 4: Calculate the mortgage payment using Formula 11.4, rearranging for PMT.

	
	[image: ]

	Perform
	Step 2: i = 5.29%/2 = 2.645%
Step 3: N = 52 × 25 = 1,300 payments
Step 4:


	Calculator Instructions
[image: ]

	Present
	If the Olivers purchase this home as planned, they are mortgaging $358,726.15 for 25 years. During the first five-year term of their mortgage, they make weekly payments of $494.40. After the five years, they must renew their mortgage.



Renewing the Mortgage
	
When the term of a mortgage expires, the balance remaining becomes due in full. Typically the balance owing is still quite substantial, so the mortgage must be renewed. As discussed earlier, this means that the mortgagor assumes another mortgage, not necessarily with the same financial institution, and the amortization term is typically reduced by the length of the first term. The length of the second term of the mortgage then depends on the choice of the mortgagor. Other variables such as payment frequency and the interest rate may or may not change.
	For example, assume a mortgage is initially taken out with a 25-year amortization and a five-year term. After five years, the mortgage becomes due in full. Unable to pay it, the mortgagor renews the mortgage for the remaining 20-year amortization, and also opts for a three-year term in assuming the new mortgage. When those three years are over, the mortgagor renews the mortgage for the remaining 17-year amortization and again makes another term decision. This process repeats until the debt is ultimately paid off.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to renew a mortgage: 
Steps 1 to 4: The steps for calculating the mortgage payment amount remain unchanged.
Step 5: Determine the balance remaining at the end of the mortgage term. This involves the following:
1. Calculate the future value of the mortgage principal (FV) at the end of the term using Formulas 9.2 (Number of Compounding Periods for Single Payments) and 9.3 (Compound Interest for Single Payments).
2. Calculate the future value of the mortgage payments (FVORD) made throughout the term using Formulas 11.1 (Number of Annuity Payments) and 11.2 (Future Value of an Ordinary Annuity).
3. Calculate the remaining balance by taking FV − FVORD = BAL.
Step 6: Depending on the information being sought, repeat the above steps as needed for each mortgage renewal using the new amortization remaining, the new interest rate, any changes in payment frequency, and the new term. For example, if you are looking for the mortgage payment in the second term, repeat just steps 2 through 4. If looking for the balance remaining at the end of the second term, repeat step 5 as well.

[image: file important by Anonymous]Important Notes

Most commonly, mortgagors progress along the original path of amortization with each mortgage term renewal. The mortgaging process does not require this, though. With any renewal, the mortgagor may choose either to shorten or to lengthen the amortization period. If shortening the amortization period causes no TDS or GDS ratio concerns, the mortgagor can pay off the mortgage faster. If the mortgagor wishes to lengthen the amortization period, the financial institution may look at the overall time to pay the debt and put an upper cap on how long the amortization period may be increased.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

The most common mistake with mortgages is to confuse the term and the amortization period. Remember:
· When you determine the mortgage payment amount, you use the amortization period to determine the N.
· When you calculate the balance remaining at the end of a mortgage period, you use the term to determine the N.

[image: Top Secret by Mogwai] Paths To Success

When you use your BAII Plus calculator to calculate the remaining balance at the end of the term, you can arrive at this number in one of two ways. Once you have computed the mortgage payment amount and re-entered it into the calculator with only two decimals, you determine the last payment number for the mortgage term and then either
1. Input this value into the N and solve for FV, or
2. Open up the AMORT function and input the last payment number into both P1 and P2. Scroll down to BAL for the solution.

[image: Lost in thought by hefedute]  Give It Some Thought

A mortgage was taken out in its first term with a semi-annually compounded interest rate of 6%. If the mortgage remains on the same amortization schedule, what happens to the mortgage payment if the new semi-annually compounded interest rate upon renewal is
1. 6.5%
2. 5.5%
3. 6%Solutions:
1. PMT rises, since more interest is charged to the mortgage.
2. PMT falls, since less interest is charged to the mortgage.
3. PMT remains the same, since there is no change in the interest charged to the mortgage.








	Example 13.4B: A Mortgage Renewal

	The Chans purchased their home three years ago for $389,000 less a $38,900 down payment at a fixed semi-annually compounded rate of 4.9% with monthly payments. They amortized the mortgage over 20 years. The Chans will renew the mortgage on the same amortization schedule at a new rate of 5.85% compounded semi-annually. How much will their monthly payments increase in the second term?

	Plan
	Calculate the original mortgage payment in the first term, or PMT1. Then renew the mortgage and recalculate the mortgage payment in the second term, or PMT2. The amount by which PMT2 is higher is their monthly payment increase.

	Understand
	What You Already Know
Step 1: The Chans’s mortgage timeline appears below.
First Term: 
PVORD = $389,000 − $38,900 = $350,100, IY = 4.9%, CY = 2, PY = 12, Years = 20, FV = $0
Second Term: 
PVORD = BAL after first term, IY = 5.85%, CY = 2, PY = 12, Years = 17, FV = $0
	How You Will Get There
Step 2: For the first term, apply Formula 9.1.
Step 3: For the first term, apply Formula 11.1.
Step 4: For the first term, calculate the mortgage payment using Formula 11.4, rearranging for PMT.
Step 5: Calculate the future value of the principal at the end of the first term using Formulas 9.2 and 9.3 for the principal and Formulas 11.1 and 11.2 for the mortgage payments. Determine the remaining balance through BAL = FV − FVORD.
Step 6: Calculate the new mortgage payment through Formulas 9.1, 11.1, and 11.4, rearranging for PMT.
Step 7: Calculate the increase from the first to the second payment.

	
	[image: ]

	Perform
	Step 2: i = 4.9%/2 = 2.45%
Step 3: N = 12 × 20 = 240 payments
Step 4:    
Step 5: Principal: N = 2 × 3 = 6 compounds; FV = $350,100(1 + 0.0245)6 = $404,821.7959
Payments: N = 12 × 3 = 36 payments;      
Balance: $404,821.7959 − $88,228.30609 = $316,593.49
Step 6: i = 5.85%/2 = 2.925%; N = 12 × 17 = 204 payments
                          
Step 7: $2,440.73 − $2,281.73 = $159.00

	
	Calculator Instructions
[image: ]

	Present
	The initial mortgage payment for the three-year term was $2,281.73. Upon renewal at the higher interest rate, the monthly payment increased by $159.00 to $2,440.73.



[image: Paper and Pencil 2 by isaiah658]Section 13.4 Exercises


Mechanics
Determine the mortgage payment amount for each of the following mortgages. Assume all interest rates are fixed and compounded semi-annually.
	
	Principal 
	Interest Rate 
	Payment Frequency
	Amortization Period 
	Mortgage Term (Years)

	1.
	$693,482
	5.49% 
	Monthly
	30
	5

	2.
	$405,551
	6.5% 
	Biweekly
	25
	3

	3.
	$227,167
	2.85% 
	Weekly
	20
	4


Determine the mortgage payment amount upon renewal in the second term for each of the following mortgages. In all cases, assume the amortization period is reduced appropriately upon renewal and that all interest rates are fixed and compounded semi-annually.
	
	Original Principal
	Amortization Period (Years)
	First-Term Information
	Second-Term Information

	4.
	$434,693
	30
	4.5%;
Monthly payments;
3-year term
	5.25%; 
Monthly payments;
2-year term

	5.
	$287,420
	15
	3.29%;
Weekly payments;
1-year term
	6.15%;
Monthly payments;
5-year term

	6.
	$318,222
	25
	3%;
Biweekly payments
2-year term
	6.8%;
Biweekly payments;
4-year term



Applications
7. Jean-Claude wants to take out a mortgage in Montreal for $287,420 with a 20-year amortization. Prevailing interest rates are 6.2% compounded semi-annually. Calculate his monthly payment amount.
8. Luc has noticed that mortgage interest rates are low and that he can take out a mortgage for 3.7% compounded semi-annually. If he mortgages a home in Halifax for $255,818 amortized over 25 years, determine his biweekly payment amount.
9. Five years ago, Asia purchased her $322,000 home in Edmonton with a 25-year amortization. In her first five-year term, she made monthly payments and was charged 4.89% compounded semi-annually. She will renew the mortgage on the same amortization timeline for another five-year term at 5.49% compounded semi-annually with monthly payments. Calculate the balance remaining after the first term and the new mortgage payment amount for the second term.


For exercises 10 to 12, calculate the following:
a. Balance remaining after the first term
b. Interest and principal portions in the first term
c. New mortgage payment amount in the second term
d. Balance remaining after the second term
10. Three years ago, Phalatda took out a mortgage on her new home in Kelowna for $628,200 less a $100,000 down payment at 6.49% compounded semi-annually. She is making monthly payments over her three-year term based on a 30-year amortization. At renewal, she is able to obtain a new mortgage on a four-year term at 6.19% compounded semi-annually while continuing with monthly payments and the original amortization timeline.
11. Dagny signed a 30-year amortization mortgage seven years ago on her home, which she purchased for $984,000 less a $150,000 down payment at 6.9% compounded monthly with monthly payments. She renews her mortgage on the same amortization schedule for another seven-year term at 7.15% compounded semi-annually with weekly payments.
12. Two years ago, Eleonora started a $380,000 mortgage with a 25-year amortization at 4.15% compounded semi-annually with bimonthly payments. Upon renewal, she has decided to shorten the amortization period by five years and takes out a five-year term at 4.98% compounded annually with weekly payments.
For exercises 13 and 14, calculate the following:
a. Balance remaining after all three terms
b. Total interest and total principal portion across all three terms
13. Ten years ago, Travis purchased his starter home with a mortgage principal of $180,700. He amortized the mortgage over 25 years and through his first five-year term he made monthly payments at 3.85% compounded semi-annually. Upon renewal, he took out another five-year term at 4.65% compounded semi-annually with monthly payments. Today, he renews his mortgage for another five-year term at 5.39% compounded semi-annually with monthly payments.
14. Seven years ago, Aisha’s initial principal on her mortgage was $295,900. She set up a 20-year amortization and in her first four-year term of monthly payments her mortgage rate was 5.7% compounded semi-annually. Upon renewal, she took a further three-year term with monthly payments at a mortgage rate of 4.35% compounded semi-annually. Today, she renews the mortgage but decreases the amortization period by three years. She takes a five-year closed fixed rate mortgage of 6.39% compounded semi-annually with bimonthly payments.

Challenge, Critical Thinking, & Other Applications
15. Consider the following information about Jim and Carol, who are considering the purchase of a new home:
	Gross monthly total income
	$7,000

	Estimated property taxes per month
	$400.00

	Home heating costs per month
	$100.00

	Monthly car payment
	$735.50

	Monthly credit card debt payments
	$250.00

	Monthly student debt payments
	$175.00

	Planned Down Payment
	$15,000.00


Based on the affordability rules and a 25-year amortization, what is the highest price they could pay for their new home if interest rates are 5.19% compounded semi-annually?
16. The Muswagons have signed a five-year closed variable rate $265,000 mortgage with a 25-year amortization and monthly payments. The initial interest rate was set at 4.5% compounded monthly. It increased by 0.75% after 14 months. Five months before the term expired, it then decreased by 0.25%. Calculate the balance remaining after the five-year term along with the total interest and principal portions paid.
17. The Verhaeghes have signed a three-year closed fixed rate mortgage with a 20-year amortization and monthly payments. They negotiated an interest rate of 4.84% compounded semi-annually. The terms of the mortgage allow for the Verhaeghes to make a single top-up payment at any one point throughout the term. The mortgage principal was $323,000 and 18 months into the term they made one top-up payment of $20,000.
1. What is the balance remaining at the end of the term?
2. By what amount was the interest portion reduced by making the top-up payment?
18. Assume a 15-year amortization on a $200,000 mortgage paid off through three consecutive five-year terms with monthly payments. Also assume that the same interest rate of 5.5% compounded semi-annually is maintained throughout the entire amortization. Construct a table showing the remaining balance, the principal portion, and the interest portion at the end of every term. (Hint: Don’t forget in the final term to make the appropriate final payment adjustment.)

19. Fifteen years ago Clarissa’s initial principal on her mortgage was $408,650. She set up a 30-year amortization, and in her first 10-year term of monthly payments her mortgage rate was 7.7% compounded semi-annually. Upon renewal, she took a further five-year term with monthly payments at a mortgage rate of 5.69% compounded semi-annually. Today, she renews the mortgage but shortens the amortization period by five years when she sets up a three-year closed fixed rate mortgage of 3.45% compounded semi-annually with monthly payments. What principal will she borrow in her third term and what is the remaining balance at the end of the term? What total interest portion and principal portion will she have paid across all 18 years?
20. Many people fail to understand how a mortgage rate increase would affect their mortgage renewal. The first decade of the new millennium has seen unprecedented low mortgage rates. As a result, many people purchased homes at the maximum mortgage that they could afford. At some point rates are going to rise again. When they do, many people may find themselves no longer able to afford their current homes since they were already maximized at the lower rate.
a. Take a $350,000 mortgage with a five-year term and 25-year amortization using monthly payments. In the initial term, a rate of 3% compounded semi-annually was obtained. Upon renewal five years later on the same amortization schedule, explore the percent change in the monthly payment required if the semi-annually compounded interest rates had risen to each of 4%, 5%, and 6%. Comment on your findings.
b. Assume that when the mortgage was started the homeowners had monthly taxes of $400 and home heating costs of $100 per month. If the mortgage was the maximum they could afford, according to the GDS ratio what was their annual gross income? Now assume that upon renewal the taxes and heating had increased to $450 and $120, respectively. At each of the new interest rates from part (a), by what percentage would the homeowners’ gross income need to rise over the same time frame for them to be able to continue to afford the mortgage? Comment on your findings.


Chapter 13 Summary

Key Concepts Summary

Section 13.1: Calculating Interest and Principal Components (Where Did My Money Go?) 
· The concept of amortization 
· How to calculate interest and principal components for a single payment 
· How to calculate interest and principal components for a series of payments 
Section 13.2: Calculating the Final Payment (The Bank Wants Every Penny) 
· Understanding why the final payment is different than all other payments 
· How to calculate the exact amount of the final payment including both interest and principal components 
· How to calculate interest and principal components involving the final payment 
Section 13.3: Amortization Schedules (How Much Is Mine, How Much Is Theirs?) 
· The development of a complete amortization schedule 
· The development of a complete amortization schedule due 
· The development of a partial amortization schedule 
Section 13.4: Special Application: Mortgages (Your Biggest Purchase) 
· The language and concepts involved in mortgages 
· What determines the mortgage interest rate 
· How to calculate the mortgage payment 
· The procedure involved in renewing a mortgage 

The Language of Business Mathematics
amortization  A process by which the principal of a loan is extinguished over the course of an agreed-upon time period through a series of regular payments that go toward both the accruing interest and principal reduction.
amortization period  The length of time it will take for the principal of a loan to be reduced to zero.
amortization schedule  A table that shows the payment amount, principal component, interest component, and remaining balance for every payment in the annuity.
amortization term  The length of time for which the interest rate and payment agreement between the borrower and the lender will remain unchanged.
closed mortgage  A type of mortgage that has many strict rules and does not allow the mortgager to pay off the debt in full until the loan matures. Early payment incurs substantial penalties.
first mortgage  A mortgage with first claim to the proceeds of a foreclosure process on a real estate property.
foreclosure  A process that allows a financial institution to evict tenants from a mortgaged property and put the property up for sale. The proceeds of the sale are then used to pay off the mortgage.
gross debt service (GDS) ratio  On a mortgage, your principal, interest, taxes, and heating expenses (PITH), plus 50% of condo fees if applicable, must not exceed 32% of your gross monthly household income.
mortgage  A special type of loan that is collaterally secured by real estate property.
mortgagee  The financial institution that lends the money for a mortgage.
mortgagor  The individual or business that borrows the money for a mortgage.
open mortgage  A type of mortgage that has very few rules and allows the mortgagor to pay off the debt in full or with additional prepayments at any given point without penalty.
partial amortization schedule  Amortization schedules that show only a specified range of payments and not the entire annuity.
second mortgage  A mortgage with second claim to the proceeds of a foreclosure process on a real estate property. Only the remaining funds after the first mortgage has been paid off are available for the second mortgage to be paid off.
total debt service (TDS) ratio  On a mortgage, your principal, interest, taxes, and heating expenses (PITH) plus all other debt requirements must not exceed 40% of your gross monthly household income.
The Formulas You Need to Know
	
Symbols Used
BAL = principal balance immediately after an annuity payment
BALP1 = principal balance immediately prior to the first payment in a series of annuity payments
BALP2 = principal balance immediately after the last payment in a series of annuity payments
CY = compounding frequency
i = periodic interest rate
INT = interest portion of an ordinary single annuity payment or a series of annuity payments
INTDUE = interest portion of a due single annuity payment
N = number of annuity payments (for annuities) or number of compounding periods (for lump sums)
PMT = annuity payment amount
PRN = principal portion of a single annuity payment or a series of annuity payments
PY = payment frequency

Formulas Introduced
Formula 13.1 Interest Portion of an Ordinary Single Payment:  (Section 13.1)
Formula 13.2 Principal Portion of a Single Payment: PRN = PMT − INT (Section 13.1)
Formula 13.3 Principal Portion for a Series of Payments: PRN = BALP1 − BALP2 (Section 13.1)
Formula 13.4 Interest Portion for a Series of Payments: INT = N × PMT − PRN (Section 13.1)
Formula 13.5: Interest Portion of a Due Single Payment:  (Section 13.3)

[image: ]Technology
	
Calculator
Amortization (AMORT) Function
1. AMORT is located on the 2nd shelf above the PV button, as illustrated in the photo. 
2. There are five variables (use ↓ or ↑ to scroll).
· P1 is the starting payment number. The calculator can work with a single payment or a series of payments.
· P2 is the ending payment number. This number is the same as P1 when you are concerned with just a single payment. When working with a series of payments, you can set it to a higher number.
· BAL is the principal balance remaining after the payment number entered into the P2 variable. The cash flow sign is correct as indicated on the calculator display.
· PRN is the principal portion of the payments from P1 to P2 inclusive. Ignore the cash flow sign.
· INT is the interest portion of the payments from P1 to P2 inclusive. Ignore the cash flow sign.
3. To use the Amortization function, the commands are as follows:
a. Enter all seven of the time value of money variables accurately (N, I/Y, PV, PMT, FV, P/Y, and C/Y). If PMT was computed, you must re-enter it with only two decimals while retaining the correct cash flow sign convention.
b. Press 2nd AMORT.
c. Enter a value for P1 and press Enter followed by ↓.
d. Enter a value for P2 and press Enter followed by ↓. Note that the higher the numbers entered in P1 or P2, the longer it will take the calculator to compute the outputs. It is possible that the calculator will go blank and take a few moments before displaying the outputs.
e. Using ↓ and ↑, scroll through BAL, PRN, and INT to read the output.

[image: Paper and Pencil 2 by isaiah658]Chapter 13 Review Exercises


Mechanics
1. Quinn placed $33,000 into a five-year ordinary investment annuity earning 7.75% compounded quarterly. He will be receiving quarterly payments. Calculate the principal and interest components of the sixth payment.
2. Annanya took out a $42,500 ordinary loan at 6.6% compounded monthly with monthly payments over the six-year amortization period. Calculate the total principal and interest portions for the third year.
3. Two years ago, Sumandeep invested $20,000 at 9.45% compounded monthly. She has been receiving end-of-month payments since, and the last payment will be today. Calculate the amount of the final payment.
4. Hogwild Industries borrowed $75,000 to purchase some new equipment. The terms of the ordinary loan require quarterly payments for three years with an interest rate of 7.1% compounded semi-annually. Calculate the total interest and principal portions for the third year.
5. Dr. Strong of Island Lakes Dental Centre acquired a new Panoramic X-ray machine for his practice. The $7,400 for the machine, borrowed at 8.8% compounded annually, is to be repaid in four end-of-quarter instalments. Develop a complete amortization schedule and total the interest paid.
6. Dr. Miller acquired a new centrifuge machine from Liaoyang Longda Pharmaceutical Machinery Company (LLPMC) for his medical practice. He is to pay off the $60,341 through 20 month-end payments. LLPMC has set the interest rate on the loan at 9.5% compounded quarterly. Develop a partial amortization schedule for the third to sixth payments.
7. Kerry, who is a pharmacist, just became a new franchisee for Shoppers Drug Mart. As part of her franchising agreement, her operation is to assume a $1.2 million mortgage to be financed over the next 15 years. She is to make payments after every six months. Head office will charge her a rate of 14.25% compounded annually. Determine the amount of her mortgage payment.
8. Alibaba took out a 25-year amortization $273,875 mortgage five years ago at 4.85% compounded semi-annually and has been making monthly payments. He will renew the mortgage for a three-year term today at an interest rate of 6.1% compounded semi-annually on the same amortization schedule. What are his new monthly mortgage payments?

Applications
9. Monthly payments are to be made against an $850,000 loan at 7.15% compounded annually with a 15-year amortization.
a. What is the size of the monthly payment?
b. Calculate the principal portion of the 100th payment.
c. Calculate the interest portion of the 50th payment.
d. Calculate how much the principal will be reduced in the second year.
e. Calculate the total interest paid in the fifth year.
10. An investment annuity of $100,000 earning 4.5% compounded quarterly is to make payments at the end of every three months with a 10-year amortization.
a. What is the size of the quarterly payment?
b. Calculate the principal portion of the 20th payment.
c. Calculate the interest portion of the 33rd payment.
d. Calculate how much the principal will be reduced in the second year.
e. Calculate the total interest paid in the seventh year.
11. Presto Pizza just purchased a new $18,810 Chevrolet Aveo (including all taxes) as a delivery vehicle. The loan rate is 5.4% compounded annually for a seven-year amortization.
a. What is the amount of the final monthly payment?
b. Calculate the principal and interest portions of the payments in the first two years.
c. Calculate the principal and interest portions of the payments in the last two years.
12. A retail credit card allows its users to make purchases and pay off the debts through month-end payments equally spread over four months. The interest rate is 28.8% compounded annually on such purchases. A customer just placed $1,000 on the card and intends to use this plan.
a. What is the amount of the final payment?
b. Calculate the total interest incurred by using the payment plan.
13. The marketing department at Allsports Industries has been assigned a lump sum of $5 million to use toward various research projects. The marketing research manager wants to invest the money at 6.4% compounded semi-annually and will withdraw $1 million at the end of every six months to fund ongoing research. Construct a complete amortization schedule and determine the total interest received.
14. Horizon Insurance just leased $21,200 worth of new computer equipment for the next four years with no residual value expected. The lease rate is 7.9% compounded quarterly, and the company will make payments quarterly. Construct a partial amortization schedule and total the interest for the second year.
15. Shelley Shearer Dance School took out a mortgage in Winnipeg for $500,000 on a five-year term with a 20-year amortization. The mortgage rate is 4.89% compounded semi-annually. Calculate the weekly mortgage payment amount.
16. Four years ago, Katrina became a landlord and opened her new four-unit apartment housing unit with an initial mortgage at 6.83% compounded semi-annually in the amount of $971,000 less a $100,000 down payment. She amortized over 30 years and opted for monthly payments. Upon renewing her mortgage today, she is taking a two-year term at 5.1% compounded semi-annually while continuing with monthly payments and the original amortization timeline. 
a. Calculate the interest and principal portions in her first term.
b. What is the balance remaining after the first term?
c. What is the new mortgage payment amount in the second term?
d. What is the balance remaining after the second term?

Challenge, Critical Thinking, & Other Applications
17. Five years ago, the Staples signed a closed fixed rate mortgage with a 25-year amortization and monthly payments. They negotiated an interest rate of 4.49% compounded semi-annually. The terms of the mortgage allow for the Staples to make a single top-up payment at any one point throughout the term. The mortgage principal was $179,000 and they made one top-up payment of $10,000 three years into the term. They are renewing the mortgage today for another five-year term but have reduced the amortization period by five years.
a. What is the balance remaining at the end of the first term?
b. By what amount was the interest portion of the first term reduced by making the top-up payment?
c. Calculate the mortgage payment amount for the second term if the interest rate remains unchanged.
18. The human resources department just received a $1 million gift from a former employee. The employee’s instructions are that the funds are to be invested with an amortization of 10 years and the employees of the company are to receive annual end-of-year Christmas bonuses from the fund. The company employs four managers, eight supervisors, and 20 workers. The annual bonuses are to be distributed such that a supervisor would receive twice as much as a worker, and a manager would receive twice as much as a supervisor.
a. The fund is invested at 6.2% compounded semi-annually. Construct a complete amortization schedule for the investment.
b. Except for the last year, how much can each worker, supervisor, and manager expect to receive as the annual Christmas bonus?

19. Speedy Courier purchased a new Toyota Prius for $27,800 to add to its fleet of courier vehicles. It is being financed at 7.39% compounded monthly with monthly payments for six years. For each year of the vehicle loan, calculate the total interest and principal portions paid.
20. B.O.S. Designer Candles Inc. has acquired some manufacturing space for $750,000 in an industrial section of the city. The owners intend to mortgage the property over a 15-year amortization period through successive five-year terms with monthly payments. The semi-annually compounded interest rate for the first term is 5%, and the owners foresee rates of 6% and 6.75% for the future terms. For each term, determine the mortgage payment amount, the total payments made, the total interest paid, and the total principal reduction.



Chapter 13 Case Study 
Cash or Credit?

The Situation
Pay cash or take out a loan? That is the question the purchasing manager for Lightning Wholesale faces today. Lightning Wholesale needs to replace its fleet of 10 forklifts for its warehouse operations. After shopping around and putting out a request for quotes, it has chosen Combilift as its supplier. The purchasing manager for Lightning Wholesale has been informed that the company does have the cash available to pay off the debt immediately. Alternatively, Lightning Wholesale could take out a loan and finance the purchase. The purchasing manager wonders what recommendation she should make—pay cash or take the loan? She knows she will need to support this decision with facts to her superiors.

The Data
· The quote from Combilift for the fleet of forklifts was for $225,000 inclusive of all taxes, delivery, and other costs.
· The purchase could be alternatively financed by taking out a loan with month-end payments over three years at 4.79% compounded monthly.
· Prevailing interest rates on three-year investments are sitting at 5.95% compounded annually.

Important Information
· Businesses have other considerations in making these decisions, such as interest expense deductions on loans or interest taxes payable on investments. For purposes of this analysis, though, focus solely on the financial decision being made, and do not factor these other components into the decision.

Your Tasks
1. Many people would not even consider taking the loan since they do not want to be paying interest on purchases. From a financial perspective, explain why this decision is not as simple as choosing not to pay interest. (Hint: Think about the interest rate.)
2. Calculate the loan payment amount if Lightning Wholesale pursued the loan alternative. What would be the amount of the final loan payment?
3. If Lightning Wholesale wanted to invest a single amount of money today to make the payments on the loan, what amount today must be invested? (Hint: Calculate the present value of the loan payments using the investment rate of return.)
4. Based on your calculations, what should the purchasing manager recommend? How much better is the chosen alternative in today's dollars?
5. Can you develop a general rule (exclusive of other considerations) to help decide more easily between paying cash or financing? (Hint: Try the above calculations using a loan rate of 6.79% instead of 4.79% and see what decision is made.)
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