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Chapter 11: Compound Interest: Annuities
(There Are Payments?)

Payments show up everywhere. You make payments on retail purchases; bank loans require payments; you even make payments to yourself into your RRSP! Payments fall into a few categories subject to important characteristics. Let’s explore these categories with a few everyday examples.
· Last week you completed the purchase of your $150,000 starter home and finished all of the paperwork on your mortgage with the bank. You snagged a great mortgage rate of 5% compounded semi-annually, locking it in for a five-year term with monthly payments of $872.41 (for the next 25 years) starting one month after you move in.
· You excitedly cruise to the Honda dealership to pick up your new $22,475 Honda Civic Sport, on which you have a four-year lease. Pulling out your iPhone (for which you pay $60 monthly), you ensure that you have enough funds in your chequing account to make the $2,000 down payment today along with the first of your $242.16 monthly lease payments at 2.9% compounded monthly.
· Driving away in your Civic, you stop in at Sleep Country Canada and purchase a queen size mattress for your new bedroom. You recall a TV ad promoting an $895 Sealy mattress plus 12% taxes with no money down and 12 easy, interest-free monthly payments of $83.53. It will be nice to have a comfortable bed to sleep in!
	Did you notice some of the characteristics of these various types of payments?
· The mattress was low priced and was paid off in a short, one-year time frame, while the house was high priced and required a long, 25-year time frame to extinguish the debt.
· The lease on your new car required a payment up front before you could drive it home, while your mortgage and mattress had payments that would start later.
· Your monthly iPhone payment recurs endlessly until you terminate the contract.
	These examples also illustrate how businesses participate in consumer payments. Companies must understand financing for their consumers for a variety of reasons:
· Banks create mortgages for their clients so that consumers can make large purchases through affordable payments. These payment plans are structured to allow the bank to earn profits through the interest charged.
· Car dealerships use similar payment plans that earn interest on the payments in addition to the profits built into the products themselves. It is like double-dipping!
· Sleep Country Canada sells more mattresses by allowing consumers to spread their payments over the course of a year instead of requiring them to hand over one big lump sum, which many people may not be able to do.
And do not forget that regular payments are needed in business-to-business deals too, including mortgages, leases, insurance, utilities, and even product acquisitions.
	This chapter explores the concept of making regular payments toward savings goals or debt extinguishment. First it introduces key payment concepts and reviews different types of payment plans. You will then calculate the future and present value of a stream of payments. You extend the application of the concepts further to solve for other variables such as the payment amount, the term, and the nominal interest rate. Chapter 12 discusses commonplace annuity applications such as planning your RRSP and buying a car.

Outline of Chapter Topics
11.1: Fundamentals of Annuities (What Do I Need to Know?)
11.2: Future Value of Annuities (Will I Have Enough?)
11.3: Present Value of Annuities (How Much Do I Need Now?)
11.4: Annuity Payment Amounts (What Commitment Am I Making?)
11.5: Number of Annuity Payments (Exactly How Long Are We Talking About?)
11.6: Annuity Interest Rates (How Does the Money Grow?)

11.1: Fundamentals of Annuities
(What Do I Need To Know?)
	
It is impossible to calculate payments accurately until you recognize a few of the key characteristics illustrated in the chapter introduction: 
· All of the examples required a payment in the same amount on a regular basis, such as the $872.41 every month for your mortgage.
· The timing of the payments varied. The car lease required the first payment up front (at the beginning of the month), while the mortgage and mattress purchase had the first payment due a month after the purchase (at the end of the month).
· The frequency of the payments and the frequency of the interest rate varied. The mortgage had monthly payments with interest being charged semi-annually, while the car lease had monthly payments and monthly interest.
	Unlike single payments (covered in Chapter 9) for which there is only one formula, you solve series of payments by choosing the appropriate formula from four possibilities defined by the financial characteristics of the payments. This section defines the characteristics of four different types of payment series and then contrasts them to the Chapter 9 and 10 single-payment calculations. This section also develops a new, simplified structure for timelines to help you visualize a series of payments.

What Are Annuities?
	
[bookmark: Editing][image: ]An annuity is a continuous stream of equal periodic payments from one party to another for a specified period of time to fulfill a financial obligation. An annuity payment is the dollar amount of the equal periodic payment in an annuity environment. The figure below illustrates a six-month annuity with monthly payments. Notice that the payments are continuous, equal, periodic, and occur over a fixed time frame. If any one of these four characteristics is not satisfied, then the financial transaction fails to meet the definition of a singular annuity and requires other techniques and formulas to solve. 
The examples below illustrate four timelines that look similar to the one above, but with one of the characteristics of an annuity violated. This means that none of the following in their entirety are considered an annuity:
1. [image: ]Continuous. Annuity payments are without interruption or breaks from the beginning through to the end of the annuity's term. In the figure above there are no breaks in the annuity since every month has an annuity payment. This next figure is not an annuity because the absence of a payment in the third month makes the series of payments discontinuous. 
2. Equal. The annuity payments must be in the same amount every time from the beginning through to the end of the annuity's term. In the original figure, every monthly annuity is $500. Notice that in this next figure the payment amount varies and includes values of both $500 and $600.
3. [image: ][image: ]Periodic. The amount of time between each continuous and equal annuity payment is known as the payment interval. Hence, a monthly payment interval means payments have one month between them, whereas a semi-annual payment interval means payments have six months between them. Annuity payments must always have the same payment interval from the beginning through to the end of the annuity's term. In the original figure there is exactly one month between each equal and repeated payment in the annuity. Notice that in this next figure the payments, although equal and continuous, do not occur with the same amount of time between each one. In fact, the first three payments are made monthly while the last three payments are made quarterly. (You may notice that if the first three payments are treated separately from the last three payments, then each separate grouping represents an annuity and therefore there are two separate annuities. However, as a whole this is not an annuity.)
4. [image: ]Specified Period of Time. The annuity payments must occur within an identifiable time frame that has a specified beginning and a specified end. The annuity's time frame can be (1) known with a defined starting date and defined ending date, such as the annuity illustrated in the original figure, which endures for six periods; (2) known but nonterminating, such as beginning today and continuing forever into the future (hence an infinite period of time); or (3) unknown but having a clear termination point, for example, monthly pension payments that begin when you retire and end when you die—a date that is obviously not known beforehand. In the next figure, the annuity has no defined ending date, does not continue into the future, and no clear termination point is identifiable.
	In summary, the first figure is an annuity that adheres to all four characteristics and can be addressed via an annuity formula. The next four figures are not annuities and need other financial techniques or formulas to perform any necessary calculations.

Types of Annuities
	
There are four types of annuities, which are based on the combination of two key characteristics: timing of payments and frequency. Let’s explore these characteristics first, after which we will discuss the different annuity types.
1. Timing of Payments. An example best illustrates this characteristic. Assume that you take out a loan today with monthly payments. If you were to make your first annuity payment on the day you take out the loan, the amount of principal owing would be immediately reduced and you would accumulate a smaller amount of interest during your first month. This is called making your annuity payment at the beginning of a payment interval, and this payment is known as a due. However, if a month passes before you make your first monthly payment on the loan, your original principal accumulates more interest than if the principal had already been reduced. This is called making your payment at the end of the payment interval, and this payment is known as an ordinary because it is the most common form of annuity payment. Depending on when you make your payment, different principal and interest amounts occur.
2. Frequency. The frequency of an annuity refers to a comparison between the payment frequency and the compounding frequency. A payment frequency is the number of annuity payments that would occur in a complete year. Recall from Chapter 9 that the compounding frequency is the number of compounds per complete year. If the payment frequency is the same as the compounding frequency, this is called a simple annuity. When interest is charged to the account monthly and payments are also made monthly, you determine principal and interest using simplified formulas. However, if the payment frequency and the compounding frequency are different, this is called a general annuity. If, for example, you make payments monthly while interest is compounded semi-annually, you have to use more complex formulas to determine principal and interest since the paying of principal and charging of interest do not occur simultaneously.
[image: ]	Putting these two characteristics together in their four combinations creates the four types of annuities. Each timeline in these figures assumes a transaction involving six semi-annual payments over a three-year time period.
Ordinary Simple Annuity An ordinary simple annuity has the following characteristics: 
· Payments are made at the end of the payment intervals, and the payment and compounding frequencies are equal.
· The first payment occurs one interval after the beginning of the annuity.
· The last payment occurs on the same date as the end of the annuity.
[image: ]For example, most car loans are ordinary simple annuities where payments are made monthly and interest rates are compounded monthly. As well, car loans do not require the first monthly payment until the end of the first month.

Ordinary General Annuity An ordinary general annuity has the following characteristics:
· Payments are made at the end of the payment intervals, and the payment and compounding frequencies are unequal.
· The first payment occurs one interval after the beginning of the annuity.
· The last payment occurs on the same date as the end of the annuity.
For example, most mortgages are ordinary general annuities, where payments are made monthly and interest rates are compounded semi-annually. As with car loans, your first monthly payment is not required until one month elapses.
[image: ]
Simple Annuity Due A simple annuity due has the following characteristics:
· Payments are made at the beginning of the payment intervals, and the payment and compounding frequencies are equal.
· The first payment occurs on the same date as the beginning of the annuity.
· The last payment occurs one payment interval before the end of the annuity.
[image: ]For example, most car leases are simple annuities due, where payments are made monthly and interest rates are compounded monthly. However, the day you sign the lease is when you must make your first monthly payment.
General Annuity Due. A general annuity due has the following characteristics:
· Payments are made at the beginning of the payment intervals, and the payment and compounding frequencies are unequal.
· The first payment occurs on the same date as the beginning of the annuity.
· The last payment occurs one payment interval before the end of the annuity.
For example, many investments, like your RRSP, are general annuities due where payments (contributions) are typically made monthly but the interest compounds in another manner, such as annually. As well, when most people start an RRSP they pay into it on the day they set it up, meaning that their RRSP commences with the first deposited payment.
	The table below summarizes the four types of annuities and their characteristics for easy reference.
[image: ]


[image: Top Secret by Mogwai] Paths To Success

[image: ]One of the most challenging aspects of annuities is recognizing whether the annuity you are working with is ordinary or due. This distinction plays a critical role in formula selection later in this chapter. To help you recognize the difference, the table below summarizes some key words along with common applications in which the annuity may appear.
Annuities versus Single Payments
	
To go from single payments in Chapter 9 to annuities in this chapter, you need to make several adaptations:
1. Annuity Payment Amount (PMT). This variable was not used in any of the formulas introduced in Chapters 9 or 10, though it was briefly introduced when Section 9.2 when demonstrating the calculator functions. Notice that in the previous two chapters this variable was set to zero for every question, since every payment was not part of an annuity. Annuity calculations require you to tie a value to this variable in the formulas and when you use technology such as the BAII+ calculator.
2. Payment Frequency or Payments per Year (PY). For single payments, this variable did not show up in any of the formulas from the previous two chapters. It too was introduced in Section 9.2 as a calculator button with the requirement that it automatically be set as a null variable matching the compounding frequency (CY). When you work with annuities, an actual value for PY is determined by the payment frequency. For simple annuities PY remains the same as CY, whereas the variables are different for general annuities.
3. Cash Flow Sign Convention on the Calculator. It now becomes critical to ensure the proper application of the cash flow sign convention on the calculator—failure to do so will result in an incorrect answer. For example, if you borrow money and then make annuity payments on it, you enter the present value (PV) as a positive (you received the money) while you enter the annuity payments as negatives (you paid the money to the bank). This results in future balances getting smaller and you owing less money. If you inadvertently enter the annuity payment as a positive number, this would mean you are borrowing more money from the bank so your future balance would increase and you would owe more money. These two answers are very different!
4. Definition and Computation of N. When you worked with single payments, N was defined as the total number of compounds throughout the term of the financial transaction. When you work with annuities, N is defined as the total number of payments throughout the term of the annuity. You calculate it using Formula 11.1.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Years is Term of the Annuity: The length of the annuity from start to end, expressed as the number of years.
N is Total Number of Annuity Payments: The total number of payments from the start of the annuity to the end of the annuity, inclusive.



Formula 11.1 – Number of Annuity Payments:   N = PY × YearsPY is Payments per Year or Payment Frequency: The number of annuity payments per complete year.




[image: cartoon cogs by tonyhewison]How It Works

On a two-year loan with monthly payments and semi-annual compounding, the payment frequency is monthly, or 12 times per year. With a term of two years, that makes N = 2 × 12 = 24 payments. Note that the calculation of N for an annuity does not involve the compounding frequency.

Adapting Timelines to Incorporate Annuities
	
Annuity questions can involve many payments. For example, in a typical 25-year mortgage with monthly payments, that would be 25 × 12 = 300 payments in total. How would you draw a timeline for these? Clearly, it would be impractical to draw 300 payments.
	A good annuity timeline should illustrate the present value (PV), future value (FV), number of annuity payments (N), nominal interest rate (IY), compounding frequency (CY), annuity payment (PMT), and the payment frequency (PY). One of these variables will be the unknown.
[image: ]	As well, a good timeline requires a clear distinction between ordinary annuities and annuities due. END is used to represent ordinary annuities, since payments occur at the end of the payment interval. Similarly, BGN is used to represent annuities due, since payments occur at the beginning of the payment interval. The figure below illustrates the adapted annuity timeline format. 
Sometimes a variable will change partway through the period of an annuity, in which case the timeline must be broken up into two or more segments. When you use this structure, in any time segment the annuity payment PMT is interpreted to have the same amount at the same payment interval continuously throughout the entire segment. The number of annuity payments N does not directly appear on the timeline since it is the result of a formula. However, its two components (Years and PY) are drawn on the timeline.

[image: cartoon cogs by tonyhewison]How It Works

A mortgage is used to illustrate this new format. For now, focus strictly on the variables and how to illustrate them in a timeline. Do not focus on any mortgage calculations yet.
· As per the chapter introduction, you purchased a $150,000 home (PV) with a 25-year mortgage (Years). The mortgage rate is 5% (IY) compounded semi-annually (CY = 2), and the monthly payments (PY = 12) are $872.41 (PMT).
· After 25 years you will own your house and therefore have no balance remaining. This sets the future value to $0 (FV).
· Mortgages are ordinary in nature, meaning that payments occur at the end of the payment intervals (END).
[image: ]	The figure below places all of these mortgage elements into the new timeline format. Once you have drawn the timeline, you can determine the following:
· The number of payments (N), which you calculate using Formula 11.1. Since both PY and Years are known, you have     N = 25 × 12 = 300.
· Whether the annuity is simple or general, which depends on the PY below the timeline and CY above the timeline. If they match, the annuity is simple; if they differ, as in this example, it is general.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

The word "payment" often confuses people because it has two interpretations. It could mean either "single payment," such as in Chapter 9, or "annuity payment," which is meant in this chapter. To correctly interpret this word, recall the characteristics of an annuity payment and determine if the situation at hand matches the criteria. Let’s review two examples illustrating this point:
1. Suppose John owes Mary three payments of $200 due two months, five months, and eleven months from now. In this case, the word "payment" means "single payment" because the payments are equal (all $200) and the time periods are known, but they are neither periodic (payment intervals are unequal) nor continuous (since no periods exist, there is no continuity). Working with these payments requires you to apply the formulas and techniques from Chapter 9.
2. Suppose John owes Julia three payments of $200 due three months, six months, and nine months from now. In this case, the word "payment" means "annuity payment" because the payments are equal (all $200), periodic (every quarter), and continuous (occurring every quarter without interruption), and they have a specified time frame (over nine months). Working with these payments allows you to apply the formulas and techniques from this chapter.
	Ultimately, when in doubt you can solve any question involving time value of money using the formulas and techniques from Chapter 9. The annuity formulas introduced in the next section just allow you to arrive at the same answer with a lot less calculation.

[image: Paper and Pencil 2 by isaiah658]Section 11.1 Exercises


Mechanics
For questions 1–4, use the information provided to determine whether an annuity exists.
1. A debt of four payments of $500 due in 6 months, 12 months, 18 months, and 24 months.
2. A debt of four quarterly payments in the amounts of $100, $200, $300, and $400.
3. Contributions to an RRSP of $200 every month for the first year followed by $200 every quarter for the second year.
4. Regular monthly deposits of $250 to an RRSP for five years, skipping one payment in the third year.
For questions 5–8, determine the annuity type.
	
	Compounding Frequency
	Payment Frequency
	Payment Timing 

	5.
	Quarterly
	Semi-annually
	Beginning

	6.
	Annually
	Annually
	End

	7.
	Semi-annually
	Semi-annually
	Beginning

	8.
	Monthly
	Quarterly
	End


For questions 9–10, draw an annuity timeline and determine the annuity type.
9. A $2,000 loan at 7% compounded quarterly is taken out today. Four quarterly payments of $522.07 are required. The first payment will be three months after the start of the loan.
10. A new RRSP is set up with monthly contributions of $300 for five years earning 9% compounded semi-annually. The RRSP will have $22,695.85 when complete. The first payment is today.

Applications
For questions 11–15, draw an annuity timeline and determine the annuity type. Calculate the value of N.
11. Marie has decided to start saving for a down payment on her home. If she puts $1,000 every quarter for five years into a GIC earning 6% compounded monthly she will have $20,979.12. She will make her first deposit three months from now.
12. Laroquette Holdings needs a new $10 million warehouse. Starting today the company will put aside $139,239.72 every month for five years into an annuity earning 7% compounded semi-annually.
13. Brenda will lease a $25,000 car at 3.9% compounded monthly with monthly payments of $473.15 starting immediately. After three years she will still owe $10,000 on the vehicle.
14. Steve takes out a two-year gym membership worth $500. The first of his monthly $22.41 payments is due at signing and includes interest at 8% compounded annually.
15. Each year, Buhler Industries saves up $1 million to distribute in Christmas bonuses to its employees. To do so, at the end of every month the company invests $81,253.45 into an account earning 5.5% compounded monthly.
For questions 16–20, assign the information in the timeline to the correct variables and determine the annuity type. Calculate the value of N.
16. [image: ]
17. [image: ]
18. [image: ]

19. [image: ]
20. [image: ]




11.2: Future Value of Annuities
(Will I Have Enough?)
	
Though your retirement is probably still a long way off, the earlier you start investing the more you can take advantage of the power of compounding interest to generate your savings.
	Did it startle you to learn in Section 10.5 that your annual gross retirement income might need to be $160,000 when you turn 65 years old? How long will you live? The average Canadian life expectancy is around 80 years old; if you live to be that age, you will need 15 years of retirement income. Using a conservative interest rate of 5% compounded annually along with 3% annual inflation, this works out to saving up approximately $2 million for when you retire. A daunting goal, isn’t it? You might well wonder, "If I start saving $300 per month today, will I have enough?"
	Clearly it is important to know how much your annuities are worth in the future. This matters not only for investments but also for debts, since most businesses and individuals pay off their debts through annuity structures. After you have made several annuity payments, can you tell at any time how much you or your company still owes on an outstanding debt?
	In the previous section you learned to recognize the fundamental characteristics of annuities, so now you can start to solve any annuity for any unknown variable. There are four annuity formulas. This section covers the first two, which calculate future values for both ordinary annuities and annuities due. These formulas accommodate both simple and general annuities.

Ordinary Annuities
	
[image: ]The future value of any annuity equals the sum of all the future values for all of the annuity payments when they are moved to the end of the last payment interval. For example, assume you will make $1,000 contributions at the end of every year for the next three years to an investment earning 10% compounded annually. This is an ordinary simple annuity since payments are at the end of the intervals, and the compounding and payment frequencies are the same. If you wanted to know how much money you have in your investment after the three years, the figure below illustrates how you would apply the fundamental concept of the time value of money to move each payment amount to the future date (the focal date) and sum the values to arrive at the future value.
	While you could use this technique to solve all annuity situations, the computations become increasingly cumbersome as the number of payments increases. In the above example, what if the person instead made quarterly contributions of $250? That is 12 payments over three years, resulting in 11 separate future value calculations. Or if they made monthly payments, the 36 payments over three years would result in 35 separate future value calculations! Clearly, solving this would be tedious and time consuming—not to mention prone to error. There must be a better way!

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

The formula for the future value of an ordinary annuity is indeed easier and faster than performing a series of future value calculations for each of the payments. At first glance, though, the formula is pretty complex, so the various parts of the formula are first explored in some detail before we put them all together.
	The annuity formula is a more complex version of the rate, portion, and base formula introduced in Chapter 2. Relating Formula 2.2 and the first payment from the figure above gives the following:
	Portion = Base × Rate
$1,210 = $1,000 × (1 + 0.1)2
The portion equals the future value and the base equals the annuity payment amount. The rate is expressed as a formula and written as (1 + 0.1)2. However, notice that each payment in the figure has a different exponent to reflect the compounding required. This requires a mathematical adaptation of (1 + i)N, which permits the determination of an equivalent rate representing all payments in a single calculation.
	This equivalent rate turns out to be a pretty complex expression, which is examined in three parts: the percent change overall, the percent change with each payment, and their quotient. 
1. Numerator: The Percent Change Overall:   This part of the formula determines the percent change from the start of the annuity to the end of the annuity. It has three critical elements:
a. Interest Rate Conversion . The rate of interest that occurs with each payment must be known. All annuity calculations require the compounding period to equal the payment interval. If this is not already the case, then you must convert the expressed interest rate into an equivalent interest rate.
· For simple annuities, no conversion is necessary since the frequencies are the same: CY = PY. The exponent of  always equals 1 and has no effect.
· For general annuities, recall Formula 9.4 for calculating equivalent interest rates. Here the old compounding frequency forms the numerator (CYOld) and the new compounding frequency (which matches the payment frequency) forms the denominator (CYNew) = PY. Thus  becomes .
b. The Compounding N. The exponent N compounds the periodic interest rate (which matches the payment interval) in accordance with the number of annuity payments made. For example, assume there are two end-of-year payments at 10% compounded semi-annually. If the interest rate is left semi-annually, there are four compounds over the two years, which does not match the payments. The interest rate is converted within the brackets from 10% compounded semi-annually to its equivalent 10.25% compounded annually rate. The end result is that interest will now compound twice over the two years, matching the number of payments. 
c. Removing the Starting Point (−1). Since you added 1 to perform the compounding, mathematically you now need to remove the 1. The end result is that you now know (in decimal format) how much larger the future value is relative to its starting value.
2. Denominator: The Percent Change with Each Payment: .  The denominator in the formula shows the percent change in the account with each payment made. It too ensures that the denominator has a periodic rate matching the payment interval. 
3. The Quotient By taking the numerator and dividing by the denominator, the percent change overall is divided by the percent change with each payment. This establishes a ratio between what is happening overall in the annuity versus what is happening with each transaction. Thus, this computation determines how much bigger the final value is relative to what happens with each payment. This ratio (the rate) is then multiplied against the annuity payment (the base) to get the final balance (the portion).
	You are now in a position to see the whole formula by which you calculate the future value of any ordinary annuity. This single formula applies regardless of the number of payments that are made. Formula 11.2 summarizes the variables and calculations required.



N is Number of Annuity Payments: The total number of payments made during the time segment of the annuity. It results from Formula 11.1.
CY is Compounds Per Year or Compounding Frequency: The number of compounding periods per complete year.
FVORD is Future Value of an Ordinary Annuity: This is the amount of money in the account including all of the payments and all interest at some future point in time. If the future point is at the end of the annuity, the future value is the maturity value.




Formula 11.2 – Ordinary Annuity Future Value: PMT is Annuity Payment Amount: The amount of money that is invested or paid after each payment interval.

i is Periodic Interest Rate: This is the rate of interest that is used in converting the interest to principal. It results from Formula 9.1, 𝑖 = . As mentioned in the discussion preceding this formula, the compounding of the periodic interest rate used in the formula must always be based on the payment interval. The exponent  ensures that this is always the case regardless of the annuity taking a simple or general structure. 
PY is Payments Per Year or Payment Frequency: The number of payment intervals per complete year.












[image: cartoon cogs by tonyhewison]How It Works

There is a five-step process for calculating the future value of any ordinary annuity: 
Step 1: Identify the annuity type. Draw a timeline to visualize the question.
Step 2: Identify the known variables, including PV, IY, CY, PMT, PY, and Years.
Step 3: Use Formula 9.1 to calculate i.
Step 4: If PV = $0, proceed to step 5. If there is a nonzero value for PV, treat it like a single payment. Apply Formula 9.2 to determine N since this is not an annuity calculation. Move the present value to the end of the time segment using Formula 9.3.
Step 5: Use Formula 11.1 to calculate N for the annuity. Apply Formula 11.2 to calculate the future value. If you calculated a future value in step 4, combine the future values from steps 4 and 5 to arrive at the total future value.
	Revisiting the RRSP scenario from the beginning of this section, assume you are 20 years old and invest $300 at the end of every month for the next 45 years. You have not started an RRSP previously and have no opening balance. A fixed interest rate of 9% compounded monthly on the RRSP is possible.
[image: ]Step 1: This is a simple ordinary annuity since the frequencies match and payments are at the end of the payment interval. 
Step 2: The known variables are PV = $0, IY = 9%, CY = 12, PMT = $300, PY = 12, and Years = 45.
Step 3: The periodic interest rate is i = 9% ÷ 12 = 0.75%.
Step 4: Since PV = $0, skip this step.
Step 5: The number of payments is N = 12 × 45 = 540. Applying Formula 11.2 gives the following: 

Hence, 540 payments of $300 at 9% compounded monthly results in a total saving of $2,221,463.54 by the age of retirement.

[image: file important by Anonymous]Important Notes

Calculating the Interest Amount. For investment annuities, if you are interested in knowing how much of the future value is principal and how much is interest, you can adapt Formula 8.3, where I = S – P = FV – PV.
· The FV is the solution to Formula 11.2.
· The PV is the principal (total contributions) calculated by taking N × PMT + PV. In the figure above, N × PMT + PV = 540 payments × $300 + $0 = $162,000 in principal. Therefore, I =$2,221,463.54 − $162,000 = $2,059,463.54, which is the interest earned.
Your BAII+ Calculator. Adapting your calculator skills to suit annuities requires three important changes:
1. You now have a value for PMT. Be sure to enter it with the correct cash flow sign convention. When you invest, the payment has the same sign as the PV. When you borrow, the sign of the payment is opposite that of PV.
2. The P/Y is no longer automatically set to the same value as C/Y. Enter your values for P/Y and C/Y separately. If the values are the same, as in the case of simple annuities, then taking advantage of the “Copy” feature on your calculator let’s you avoid having to key the value in twice.
3. If a present value (PV) is involved, by formula you need to do two calculations using Formulas 9.3 and 11.2. If you input values for both PV and PMT, the calculator does these calculations simultaneously, requiring only one sequence to solve.
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In many annuity situations there might appear to be more than one unknown variable. Usually the extra unknown variables are "unstated" variables that can reasonably be assumed. For example, in the RRSP illustration above, the statement "you have not started an RRSP previously and have no opening balance" could be omitted. If something were saved already, the number would need to be stated. As another example, it is normal to finish a loan with a zero balance. Therefore, in a loan situation you can safely assume that the future value is zero unless otherwise stated.

[image: Top Secret by Mogwai] Paths To Success

The ability to recognize a simple annuity can allow you to simplify Formula 11.2. Since CY = PY, these two variables form a quotient of 1 for the exponent. For a simple annuity, you can simplify any appearances of the following algebraic expressions in any annuity formula (not just Formula 11.2) as follows:

and

Thus, for simple annuities only, you simplify Formula 11.2 as


[image: Lost in thought by hefedute]  Give It Some Thought

Assume you had planned to make 10 annuity payments to an investment. However, before you started paying in to the investment, you changed your mind, doubling your original payment amount while still making 10 payments. What happens to the maturity value of your new investment compared to that of your original plan? Will your new balance be exactly double, more than double, or less than double? Explain and justify your answer.
Solution:
Your new balance will be exactly double. Mathematically, you have taken PMT in Formula 11.2 and multiplied it by 2. That is the only difference between your original plan and your new plan. Therefore, the future value will double as well.






	Example 11.2A: Future Value of an Investment Account

	A financial adviser is reviewing one of her client's accounts. The client has been investing $1,000 at the end of every quarter for the past 11 years in a fund that has averaged 7.3% compounded quarterly. How much money does the client have today in his account?

	Plan
	Step 1: The payments are at the end of the payment intervals, and both the compounding period and the payment intervals are the same. This is an ordinary simple annuity. Calculate its value at the end, which is its future value, or FVORD.

	Understand
	What You Already Know
Step 1 (continued): The timeline shows the client's account.
Step 2: PV = $0, IY = 7.3%, CY = 4, PMT = $1,000, PY = 4, Years = 11
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Skip this step since PV = $0.
Step 5: Apply Formula 11.1 and Formula 11.2.

	
	[image: ]

	Perform
	Step 3: i = 7.3% ÷ 4 = 1.825%
Step 5: N = 4 × 11 = 44 payments


	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. After 11 years of $1,000 quarterly contributions, the client has $66,637.03 in the account.
	[image: ]



	Example 11.2B: Future Value of a Savings Annuity

	A savings annuity already contains $10,000. If an additional $250 is invested at the end of every month at 9% compounded semi-annually for a term of 20 years, what will be the maturity value of the investment?

	Plan
	Step 1: The payments are at the end of the payment intervals, and the compounding period and payment intervals are different. This is an ordinary general annuity. Calculate its value at the end, which is its future value, or FVORD.

	Understand
	What You Already Know
Step 1 (continued): The timeline appears below.
Step 2: PV = $10,000, IY = 9%, CY = 2, 
PMT = $250, PY = 12, Years = 20
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Apply Formula 9.2 and Formula 9.3.
Step 5: Apply Formula 11.1 and Formula 11.2.
The final future value is the sum of the answers to step 4 (FV) and step 5 (FVORD).

	
	[image: ]

	Perform
	Step 3: i = 9% ÷ 2 = 4.5%
Step 4: N = 2 × 20 = 40 compounds 
FV = $10,000(1 + 0.045)40 = $58,163.64538
Step 5: N = 12 × 20 = 240 payments

Total FV = $58,163.64538 + $163,529.9492 = $221,693.59
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. The savings annuity will have a balance of $221,693.59 after the 20 years.
	[image: ]



[image: file important by Anonymous]Important Notes

If any of the variables, including IY, CY, PMT, or PY, change between the start and end point of the annuity, or if any additional single payment deposit or withdrawal is made, a new time segment is created and must be treated separately. There will then be multiple time segments that require you to work left to right by repeating steps 3 through 5 in the procedure. The future value at the end of one time segment becomes the present value in the next time segment. Example 11.2C illustrates this concept.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Pay extra attention when the variable that changes between time segments is the payment frequency (PY). When inputted into a BAII+ calculator, the PY automatically copies across to the compounding frequency (CY). Unless your CY also changed to the same frequency, this means that you must scroll down to the CY window and re-enter the correct value for this variable, even if it didn't change.

[image: Top Secret by Mogwai] Paths To Success

When working with multiple time segments, it is important that you always start your computations on the side opposite the unknown variable. For future value calculations, this means you start on the left-hand side of your timeline; for present value calculations, start on the right-hand side.
	Example 11.2C: Saving Up for a Vacation

	Genevieve has decided to start saving up for a vacation in two years, when she graduates from university. She already has $1,000 saved today. For the first year, she plans on making end-of-month contributions of $300 and then switching to end-of-quarter contributions of $1,000 in the second year. If the account can earn 5% compounded semi-annually in the first year and 6% compounded quarterly in the second year, how much money will she have saved when she graduates?

	Plan
	Step 1: There is a change of variables after one year. As a result, you need a Year 1 time segment and a Year 2 time segment. In both segments, payments are at the end of the period. In Year 1, the compounding period and payment intervals are different. In Year 2, the compounding period and payment intervals are the same. This is an ordinary general annuity followed by an ordinary simple annuity. You aim to calculate the future value, or FVORD.

	Understand
	What You Already Know
Step 1 (continued): The timeline for her vacation savings appears below.
Step 2: Time segment 1: PV = $1,000, IY = 5%, CY = 2, PMT = $300, PY = 12, Years = 1
Time segment 2: PV = FV1 of time segment 1, IY = 6%, CY = 4, PMT = $1,000, PY = 4, Years = 1
	How You Will Get There
For each time segment repeat the following steps:
Step 3: Apply Formula 9.1.
Step 4: Apply Formula 9.2 and Formula 9.3.
Step 5: Apply Formula 11.1 and Formula 11.2.
The total future value in any time segment is the sum of the answers to step 4 (FV) and step 5 (FVORD).

	
	[image: ]

	Perform
	For the first time segment:
Step 3: i = 5% ÷ 2 = 2.5%
Step 4: N = 2 × 1 = 2 compounds, FV1 = $1,000(1 + 0.025)2 = $1,050.625
Step 5: N = 12 × 1 = 12 payments

Total FV1 = $1,050.625 + $3,682.786451 = $4,733.411451

For the second time segment:
Step 3: i = 6% ÷ 4 = 1.5%
Step 4: N = 4 × 1 = 4 compounds, FV2 = $4,733.411451(1 + 0.015)4 = $5,023.870384
Step 5: N = 4 × 1 = 4 payments

Total FV2 = $5,023.870384 + $4,090.903375 = $9,114.77

	
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. When Genevieve graduates she will have saved $9,114.77 toward her vacation.
	[image: ]



Annuities Due
	
[image: ]An annuity due occurs when payments are made at the beginning of the payment interval. To understand the difference this makes to the future value, let's recalculate the RRSP example from earlier in this section, but treat it as an annuity due. You want to know the future value of making $1,000 annual contributions at the beginning of every payment interval for the next three years to an investment earning 10% compounded annually. This forms a simple annuity due. The figure below illustrates how you apply the fundamental concept of the time value of money to move each payment amount to the future date (the focal date) and sum the values to arrive at the future value.
[image: ]	Note that you do not end up with the same balance of $3,310 achieved under the ordinary annuity. Instead, you have a larger balance of $3,641. Why is this? Placing the two types of annuities next to each other in the next figure demonstrates the key difference between the two examples.
	Both annuities have an identical sequence of three $1,000 payments. However, in the ordinary annuity no interest is earned during the first payment interval since the principal is zero and the payment does not occur until the end of the interval. On the other hand, in the annuity due an extra compound of interest is earned in the last payment interval because of the existing principal at the end of the second year. If you take the ordinary annuity's final balance of $3,310 and give it one extra compound you have FV = $3,310(1 + 0.1) = $3,641. In summary, the key difference between the two types of annuities is that an annuity due always receives one extra compound of interest.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Adapting the ordinary annuity future value formula to suit the extra compound creates Formula 11.3. Note that all the variables in the formula remain the same; however, the subscript on the FV symbol is changed to recognize the difference in the calculation required.
N is Number of Annuity Payments: The total number of payments made during the time segment of the annuity. It results from Formula 11.1.
CY is Compounds Per Year or Compounding Frequency: The number of compounding periods per complete year.

FVDUE is Future Value of an Annuity Due: The payments and interest together at a future point in time.



Annuity Due Future Value: PMT is Annuity Payment Amount: The amount of money that is invested or paid at the beginning of each payment interval.
PY is Payments Per Year or Payment Frequency: The number of payment intervals per complete year.




i is Periodic Interest Rate: The rate of interest used in converting the interest to principal according to Formula 9.1. The interest rate compounding period must always match the payment interval, which is ensured by the  exponent.











[image: cartoon cogs by tonyhewison]How It Works

The steps required to solve for the future value of an annuity due are almost identical to those you use for the ordinary annuity. The only difference lies in step 5, where you use Formula 11.3 instead of Formula 11.2. Examples 11.2D and 11.2E illustrate the adaptation.

[image: file important by Anonymous]Important Notes

To adapt your calculator to an annuity due, you must toggle the payment timing setting from END to BGN. The calculator default is END, which is the ordinary annuity. The payment timing setting is found on the second shelf above the PMT key (because it is related to the PMT!). To toggle the setting, complete the following sequence:
1. 2nd BGN (the current payment timing of END or BGN is displayed)
2. [image: ]2nd SET (it toggles to the other setting)
3. 2nd Quit (to get out of the window)
	When the calculator is in annuity due mode, a tiny BGN appears in the upper right-hand corner of your calculator. To return the calculator to ordinary mode, repeat the above sequence.

[image: Lost in thought by hefedute]  Give It Some Thought

Under equal conditions,
1. For any investment, which will always have the higher future value: an ordinary annuity or an annuity due? Explain.
2. For any debt, which will always have a higher future value: an ordinary annuity or an annuity due? Explain.
Solutions:
1. The annuity due will have the higher future value, since it always has one extra compound compared to an ordinary annuity.
2. The ordinary annuity will have the higher future value, since the principal in the first payment interval is higher and therefore more interest accrues than in the annuity due.








	Example 11.2D: Lottery Winnings

	The Set for Life instant scratch n' win ticket offers players a chance to win $1,000 per week for the next 25 years starting immediately upon validation. If a winner was to invest all of his money into an account earning 5% compounded annually, how much money would he have at the end of his 25-year term? Assume each year has exactly 52 weeks.

	Plan
	Step 1: The payments start immediately, and the compounding period and payment intervals are different. Therefore, this a general annuity due. Calculate its value at the end, which is its future value, or FVDUE.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the lottery savings is below.
Step 2: PV = $0, IY = 5%, CY = 1, PMT = $1,000, PY = 52, Years = 25
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Skip this step since there is no PV.
Step 5: Apply Formula 11.1 and Formula 11.3.

	
	[image: ]

	Perform
	Step 3: i = 5% ÷ 1 = 5%
Step 5: N = 52 × 25 = 1,300 payments


	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. If the winner was to invest all of his lottery prize money, he would have $2,544,543.22 after 25 years.
	[image: ]



	Example 11.2E: Saving into a Trust Fund with a Variable Change

	When Roberto's son was born, Roberto started making payments of $1,000 at the beginning of every six months to a trust fund earning 5.75% compounded monthly. After five years, he changed his contributions and started depositing $500 at the beginning of every quarter. How much money will be in his son's trust fund when his son turns 18?

	Plan
	Step 1: There is a change of variables after five years. As a result, you need two time segments. In both segments, payments are at the beginning of the period and the compounding periods and payment intervals are different. Therefore, Roberto has two consecutive general annuities due. Combined, calculate the future value, or FVDUE.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the trust fund is below.
Step 2: Time segment 1: PV = $0, IY = 5.75%, CY = 12, PMT = $1,000, PY = 2, Years = 5
Time segment 2: PV = FV1 of time segment 1, IY = 5.75%, CY = 12, PMT = $500, PY = 4, Years = 13
	How You Will Get There
For each time segment, repeat the following steps:
Step 3: Apply Formula 9.1.
Step 4: If there is a PV, apply Formula 9.2 and Formula 9.3.
Step 5: Apply Formula 11.1 and Formula 11.3.
The total future value in any time segment is the sum of the answers to step 4 (FV) and step 5 (FVORD).

	
	[image: ]

	Perform
	Step 3: i = 5.75% ÷ 12 = 0.4719%
Step 4: No PV, so skip this step.
Step 5: N = 2 × 5 = 10 payments

For the second time segment:
Step 3: i remains unchanged = 0.4719%
Step 4: N = 12 × 13 = 156 compounds, FV2 = $11,748.47466(1 + 0.004719)156 = $24,765.17
Step 5: N = 4 × 13 = 52 payments

Total FV2 = $24,765.17 + $38,907.21529 = $63,672.39

	
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. When Roberto’s son turns 18, the trust fund will have a balance of $63,672.39.
	[image: ]


[image: Paper and Pencil 2 by isaiah658]Section 11.2 Exercises


Mechanics
For questions 1–4, calculate the future value.
	
	Present Value
	Interest Rate
	Payments
	Timing of Payment
	Years

	1.
	$0
	7% quarterly
	$2,000 quarterly
	Beginning
	10

	2.
	$0
	9% monthly
	$375 monthly
	End
	20

	3.
	$15,000
	5.6% quarterly
	$3,000 annually
	End
	30

	4.
	$38,000
	8% semi-annually
	$1,500 monthly
	Beginning
	8



For questions 5–8, calculate the future value.
	
	Present Value
	Interest Rate
	Payments
	Timing of Payment

	5.
	$0
	6% annually for four years; then 7% semi-annually for six years
	$1,000 quarterly
	End

	6.
	$0
	12% quarterly for six-and-a-half years; then 11% semi-annually for three-and-a-half years
	$100 monthly
	Beginning

	7.
	$27,150
	11% quarterly
	$750 quarterly for five years; then $1,000 quarterly for 10 years
	End 

	8.
	$50,025
	8% annually for three years; then 10% annually for seven years
	$5,000 annually for three years; then $4,000 annually for seven years
	Beginning



Applications
9. Nikola is currently 47 years old and planning to retire at age 60. She has already saved $220,000 in her RRSP. If she continues to contribute $200 at the beginning of every month, how much money will be in her RRSP at retirement if it can earn 8.1% compounded monthly? No deposit is made the day she turns 60.
10. You are a financial adviser. Your client is thinking of investing $600 at the end of every six months for the next six years with the invested funds earning 6.4% compounded semi-annually. Your client wants to know how much money she will have after six years. What do you tell your client?
11. The Saskatchewan Roughriders started a rainy day savings fund three-and-a-half years ago to help pay for stadium improvements. At the beginning of every quarter the team has deposited $20,000 into the fund, which has been earning 4.85% compounded semi-annually. How much money is in the fund today?
12. McDonald's major distribution partner, The Martin-Brower Company, needs at least $1 million to build a new warehouse in Medicine Hat two years from today. To date, it has invested $500,000. If it continues to invest $50,000 at the end of every quarter into a fund earning 6% quarterly, will it have enough money to build the warehouse two years from now? Show calculations to support your answer.
13. The human resource department helps employees save by taking preauthorized RRSP deductions from employee paycheques and putting them into an investment. For the first five years, Margaret has had $50 deducted at the beginning of every biweekly pay period. Then for the next five years, she increased the deduction to $75. The company has been able to average 8.85% compounded monthly for the first seven years, and then 7.35% compounded monthly for the last three years. What amount has Margaret accumulated in her RRSP after 10 years? Assume there are 26 biweekly periods in a year.
14. Joshua is opening up a Builder GIC that allows him to make regular contributions to his GIC throughout the term. He will initially deposit $10,000, then at the end of every month for the next five years he will make $100 contributions to his GIC. The annually compounded interest rates on the GIC in each year are 0.75%, 1.5%, 2.5%, 4.5%, and 7.25%. What is the maturity value of his GIC?
15. How much more money would an individual who makes $300 contributions to her RRSP at the beginning of the month have compared to another individual who makes $300 contributions to his RRSP at the end of the month? Assume a term of 30 years and that both RRSPs earn 9% annually.

Challenge, Critical Thinking, & Other Applications
16. When Shayla turned five years old, her mother opened up a Registered Education Savings Plan (RESP) and started making $600 end-of-quarter contributions. The RESP earned 7.46% semi-annually. At the end of each year, Human Resources and Skills Development Canada (HRSDC) made an additional deposit under the Canada Education Savings Grant (CESG) of 20% of her annual contributions into her RESP. Calculate the total maturity value available for Shayla's education when she turns 18.
17. Assume a 10-year ordinary annuity earning 10% compounded annually.
a. If $5,000 is deposited annually, what is the maturity value?
b. What is the maturity value if the deposits are doubled to $10,000? Compared to (a), what is the relationship between the size of the deposit and the maturity value, all other conditions being held equal?
c. What is the maturity value if the $5,000 deposits are made semi-annually? Compared to (b), what is the relationship between the frequency of payments and the maturity value, all other conditions being held equal?
18. Carlyle plans to make month-end contributions of $400 to his RRSP from age 20 to age 40. From age 40 to age 65, he plans to make no further contributions to his RRSP. The RRSP can earn 9% compounded annually from age 20 to age 60, and then 5% compounded annually from age 60 to age 65. Under this plan, what is the maturity value of his RRSP when he turns 65?

19. To demonstrate the power of compound interest on an annuity, examine the principal and interest components of the maturity value in your RRSP after a certain time period. Suppose $200 is invested at the end of every month into an RRSP earning 8% compounded quarterly.
a. Determine the maturity value, principal portion, and interest portion at 10, 20, 30, and 40 years. What do you observe?
b. Change the interest rate to 9% quarterly and repeat (a). Comparing your answers to (a), what do you observe?
20. Compare the following maturity values on these annuities due earning 9% compounded semi-annually:
a. Payments of $1,000 quarterly for 40 years.
b. Payments of $1,600 quarterly for 25 years.
c. Payments of $4,000 quarterly for 10 years.
Note in all three of these annuities that the same amount of principal is contributed. What can you learn about compound interest from these calculations?




11.3: Present Value of Annuities
(How Much Do I Need Now?)
	
Have you ever noticed that the prices of expensive products are generally not advertised? Instead, companies that market these high-ticket products promote the payment amounts of the annuity, not the actual sticker price. In fact, locating the actual price for these products in the advertisements usually requires a magnifying glass. For example, a Mitsubishi Outlander was recently advertised for only $193 biweekly. That does not sound so bad, and perhaps you might be tempted to head on down to the car dealership to buy one of those vehicles. However, the fine print indicates that you need to make 182 payments, which then total almost $32,000. Why is the vehicle advertised this way? Numerically, $193 sounds a lot better than $32,000!
	In business, whether you are setting up consumers with payment plans or buying and selling loan contracts, you need to calculate present values. As a consumer, you encounter present value calculations in many ways:
· How to take advertised payment amounts and convert them to the actual price that you must pay.
· Meeting financial goals by planning your RRSP, which requires knowing how much money you need at the start.
	This section develops present value formulas for both ordinary annuities and annuities due. Like future value calculations, these formulas accommodate both simple and general annuities as needed. From investments, we will then extend annuity calculations to loans as well.

Ordinary Annuities and Annuities Due
	
[image: ]The present value of any annuity is equal to the sum of all of the present values of all of the annuity payments when they are moved to the beginning of the first payment interval. For example, assume you will receive $1,000 annual payments at the end of every payment interval for the next three years from an investment earning 10% compounded annually. How much money needs to be in the annuity at the start to make this happen? In this case, you have an ordinary simple annuity. The figure below illustrates the fundamental concept of the time value of money and shows the calculations in moving all of the payments to the focal date at the start of the timeline.
[image: ]	Observe that all three payments are present valued to your focal date, requiring an investment of $2,486.85 today. In contrast, what happens to your timeline and calculations if those payments are made at the beginning of every payment interval? In this case, you have a simple annuity due. The next figure illustrates your timeline and calculations.
Observe that only two of the three payments need to be present valued to your focal date since the first payment is already on the focal date. The total investment for an annuity due is higher at $2,735.54 because the first payment is withdrawn immediately, so a smaller principal earns less interest than does the ordinary annuity.
[image: ]	The next figure below contrasts the two annuity types. Working from right to left on the timeline, the key difference is that the annuity due has one less compound of interest to remove. Its first time segment (from the right) contains a zero balance, while the ordinary annuity does contain a balance that needs to have interest discounted. Note that if you take the annuity due and remove one extra compound of interest, you arrive at $2,735.54 ÷ (1 + 0.1) = $2,486.85, which is the present value of the corresponding ordinary annuity.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

As with future value calculations, calculating present values by manually moving each payment to its present value is extremely time consuming when there are more than a few payments. Similarly, annuity formulas allow you to move all payments simultaneously in a single calculation. The formulas for ordinary annuities and annuities due are presented together.
N is Number of Annuity Payments: The total number of payments in the annuity time segment via Formula 11.1.
PVORD and PVDUE are Present Value of an Ordinary and Due Annuity respectively: This is the amount of money in the account including all of the payments less the interest at an earlier point in time. If the earlier point is the start of the annuity, then the present value is the principal.




	Formula 11.4 - Ordinary Annuity Present Value:
	Formula 11.5 - Annuity Due Present Value:CY and PY are Compound /Payment Frequency respectively: The number of compounding periods and payments respectively per complete year.


	
	


i is Periodic Interest Rate: The interest rate used in converting the interest to principal via Formula 9.1. The interest rate compounding period must always match the payment interval, which is ensured by the  exponent.
PMT is Annuity Payment Amount: The amount of money that is invested or paid at each payment interval.








	The following observations are made about these two formulas:
1. The formulas adapt to both simple and general annuities. In the case of simple annuities, the compounding frequency already matches the payment frequency, so it requires no conversion; numerically, the exponent of  produces a quotient of 1 and removes itself from the formula. In the case of general annuities, the exponent converts the compounding frequency of the interest rate to match the payment frequency.
2. Identical in structure to the future value formulas, these two formulas for present value are also complex equations involving rate, portion, and base. Here the present value (PVORD or PVDUE) = portion, PMT = base, and everything else = rate. The numerator, produces the overall percent decrease in the annuity; the denominator, produces the percent change with each payment; the division of these two percent changes creates a ratio by which present value relates to the annuity payment itself. To illustrate, assume that i = 5%, N = 2, and CY = PY = 1. Substituting these numbers into the formula gives the following: 

From these numbers, it is evident that the present value amount represents a decrease of 9.2970% (the numerator) overall. With each payment, the decrease is 5% (the denominator). Therefore, the ratio of the present value overall to each payment (the PMT) is 1.859410. If the annuity payment amount is PMT = $1,000, then the value of the            PVORD = $1,000(1.859410) = $1,859.41.
3. The only difference from an ordinary annuity is the multiplication of the extra term .  The multiplication results in the removal of one fewer compounds of interest than the ordinary annuity.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to calculate the present value of any ordinary annuity or annuity due:
Step 1: Identify the annuity type. Draw a timeline to visualize the question.
Step 2: Identify the variables that you know, including FV, IY, CY, PMT, PY, and Years.
Step 3: Use Formula 9.1 to calculate i.
Step 4: If FV = $0, proceed to step 5. If there is a nonzero value for FV, treat it like a single payment. Apply Formula 9.2 to determine N since this is not an annuity calculation. Move the future value to the beginning of the time segment using Formula 9.3, rearranging for PV.
Step 5: Use Formula 11.1 to calculate N. Apply either Formula 11.4 or Formula 11.5 based on the annuity type. If you calculated a present value in step 4, combine the present values from steps 4 and 5 to arrive at the total present value.

[image: file important by Anonymous]Important Notes

Calculating the Interest Amount. If you are interested in knowing how much interest was removed in the calculation of the present value, adapt Formula 8.3, where I = S – P = FV − PV. The present value (PV) is the solution to either Formula 11.4 or Formula 11.5. The FV in Formula 8.3 is expanded to include the sum of all future monies, so it is replaced by N × PMT + FV. Therefore, you rewrite Formula 8.3 as I = (N × PMT + FV) − PV.

Your BAII+ Calculator. If a single payment future value (FV) is involved in a present value calculation, then you require two formula calculations using Formula 9.3 and either Formula 11.4 or 11.5. The calculator performs both of these calculations simultaneously if you input values obeying the cash flow sign convention for both FV and PMT.

[image: Lost in thought by hefedute]  Give It Some Thought

For two equal investment annuities, will the present value of an ordinary annuity and annuity due be the same or different? Explain.Solution:
They will be different. The annuity due always has the larger present value since it removes one fewer compound of interest than the ordinary annuity.






	Example 11.3A: Amount Needed at Time of Retirement

	Rodriguez is planning on having an annual gross income of $50,000 at the end of every year when he retires at age 65. He is planning for the account to be emptied by age 78, which is the average life expectancy for a Canadian man. If the account earns 5.1% compounded annually, what amount of funds needs to be in the account when he retires?

	Plan
	Step 1: The payments are at the end of the payment intervals, and the compounding period and payment intervals are the same. This is, therefore, an ordinary simple annuity. Calculate its value at the start, which is its present value, or PVORD.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the client's account appears below.
Step 2: FV = $0, IY = 5.1%, CY = 1, PMT = $50,000, PY = 1, 
Years = 13
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Since FV = $0, skip this step.
Step 5: Apply Formula 11.1 and Formula 11.4.

	
	[image: ]

	Perform
	Step 3: i = 5.1% ÷ 1 = 5.1%
Step 5: N = 1 × 13 = 13 payments

	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. Rodriguez will need to have $466,863.69 in his account when he turns 65 if he wants to receive 13 years of $50,000 payments.
	[image: ]






	Example 11.3B: Leaving an Inheritance

	Recalculate Example 11.3A applying three changes:
1. Rodriguez wants to leave a $100,000 inheritance for his children (assuming he dies at age 78).
2. Payments are at the beginning of the year.
3. His interest rate is 5.1% compounded semi-annually.
Calculate the present value and the amount of interest.

	Plan
	Step 1: The payments are made at the beginning of the payment intervals, and the compounding period (semi-annually) and payment intervals (annually) are different. This is now a general annuity due. Calculate its value at the start, which is its present value, or PVDUE.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the client's account appears below.
Step 2: FV = $100,000, IY = 5.1%, CY = 2, PMT = $50,000, PY = 1, Years = 13
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Since there is a future value, apply Formula 9.2 and Formula 9.3.
Step 5: Apply Formula 11.1 and Formula 11.5.
Step 6: To calculate the interest, apply and adapt Formula 8.3, where 
FV = N × PMT + FV and I = FV − PV
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	Perform
	Step 3: i = 5.1% ÷ 2 = 2.55%
Step 4: N = 2 × 13 = 26 compounds
$100,000 = PV(1 + 0.0255)26
PV = $100,000 ÷ 1.025526 = $51,960.42776
Step 5: N = 1 × 13 = 13 payments


PV = $51,960.42776 + $489,066.6372 = $541,027.07
Step 6: I = (13 × $50,000 + $100,000) − $541,027.07 
I = $750,000 − $541,027.07 = $208,972.93
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments.Rodriguez will require more money, needing to have $541,027.07 in his account when he turns 65 if he wants to receive 13 years of $50,000 payments while leaving a $100,000 inheritance for his children. His account will earn $208,972.93 over the time frame.
	[image: ]



[image: file important by Anonymous]Important Notes

If any of the variables, including IY, CY, PMT, or PY, change between the start and end point of the annuity, or if any additional single payment deposit or withdrawal is made, this creates a new time segment that you must treat separately. There will then be multiple time segments that require you to work from right to left by repeating steps 3 through 5 in the procedure. Remember that the present value at the beginning of one time segment becomes the future value at the end of the next time segment. Example 11.3C illustrates this concept.

	Example 11.3C: Adjusting for Inflation

	Continuing with the previous two examples, Rodriguez realizes that during his retirement he needs to make some type of adjustment to his annual gross income to account for the rising cost of living. Consequently, he will take $50,000 at the beginning of each year for six years, then increase it to $60,000 for the balance. Assume his interest rate is still 5.1% semi-annually and that he still wants to leave a $100,000 inheritance for his children. How much money needs to be in his retirement fund at age 65?

	Plan
	Step 1: There is a change of variables after six years. As a result, you need two time segments. In both segments, payments are made at the beginning of the period, and the compounding periods and payment intervals are different. These are two consecutive general annuities due. You need to calculate the resulting present value, or PVDUE.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the client's account appears below.
Step 2: Time segment 1 (starting from the right side): FV = $100,000, IY = 5.1%, CY = 2, PMT = $60,000, PY = 1, Years = 7
Time segment 2: FV = PV1 of time segment 1, IY = 5.1%, CY = 2, PMT = $50 000, PY = 1, Years = 6
	How You Will Get There
For each time segment repeat the following steps:
Step 3: Apply Formula 9.1.
Step 4: Apply Formula 9.2 and Formula 9.3.
Step 5: Apply Formula 11.1 and Formula 11.5.
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	Perform
	For the first time segment (starting at the right side):
Step 3: i = 5.1% ÷ 2 = 2.55%
Step 4: N = 2 × 7 = 14 compounds, $100,000 = PV(1+0.0255)14     PV1 = $100,000 ÷ 1.025514 = $70,291.15736
Step 5: N = 1 × 7 = 7 payments
               
Total PV1 = $70,291.15736 + $362,940.8778 = $433,232.0352
For the second time segment:
Step 3: i remains the same = 2.55%
Step 4: N = 2 × 6 = 12 compounds, $433,232.0352 = PV(1 + 0.0255)12
             PV2 = $433,232.0352 ÷ 1.025512 = $320,252.5426
Step 5: N = 1 × 6 = 6 payments
               
Total PV2 = $320,252.5426 + $265,489.8749 = $585,742.42

	
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. To have his retirement income increased by $10,000 after six years, Rodriguez needs to have $585,742.42 invested in his retirement fund at age 65.
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Working with Loans
	
At the start of this chapter, you purchased your first home and started your $150,000 mortgage at 5% compounded semi-annually. Assume your mortgage has a five-year term. Before that term expires, you have to start shopping around at different financial institutions to find the best rate for your next mortgage term. These other financial institutions will have one burning question: How much do you still owe on your mortgage and, thus, how much do you need to borrow from them?
	Up to this point, this chapter has addressed only the concept of investment annuities. But what about debts? All annuity concepts also apply to the borrowing of money. When you work with loans, both future value and present value calculations may be required, which is why this topic has been delayed to this point.
	As a consumer, you are probably most interested in the balance owing on any of your debts at any given point. Today's technology has made it easy to know your current balance by visiting your online bank account; however, the bank account does not assist you in identifying your future balance at a given point in time. To figure this out, you need annuity calculations.
	Similarly, businesses apply annuity calculations all the time. Ongoing financial reporting has to be accurate. To provide insight into the company's true financial health, balance sheets need to reflect not only monies payable or receivable today, but also all future cash flows such as those arising from annuities. The purchase and sale of business contracts, such as the sale of a consumer payment plan to a financial institution, requires working with future payments and discounting those payments to the contract's date of sale.
	In this section, you will calculate loan balances at any given point in time throughout the loan's term. As well, you will explore how to buy and sell loan contracts.

The Balance Owing on Any Loan Contract

To determine accurately the balance owing on any loan at any point in time, always start with the loan's starting principal and then deduct the payments made. This means a future value calculation using the loan's interest rate.
	Some may ask why they can't figure out the loan balance by starting at the end of the loan (where the future value is zero, since no balance remains) and calculating a present value of the outstanding payments? The answer is because the annuity payment PMT is almost always a rounded number (this characteristic is explored in greater depth in Section 11.4, when you learn how to calculate the annuity payment). Every payment therefore has a slight discrepancy from its true value, which accumulates with each subsequent payment. For example, assume you calculate your payment mathematically as $500.0045. Since you can't pay more than two decimals, your actual payments are $500.00. The $0.0045 is dropped, which means every payment you make is $0.0045 short of what is mathematically required. If you make 100 such payments, the $0.0045 error accumulates to $0.45 plus interest. This means your very last payment must be increased by $0.45 or more to pay off your loan. Thus, the last payment is a different amount than every other payment. 
To complicate matters further, the last payment amount may be unknown and incalculable, particularly if interest rates are variable. You can't calculate a present value from an unknown number nor can you use an annuity formula where a payment is in a different amount. Chapter 13 provides much more detail about these concepts of loan payments, loan balances, and final payment differences. For now, you can conclude that an accurate calculation of a loan balance is achieved through a future value annuity formula.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Loans are most commonly ordinary annuities requiring the application of Formula 11.2 (ordinary annuity future value) to calculate the future balance, FVORD. This is the basic assumption in performing loan calculations unless otherwise specified. In the rare instance of a loan structured as an annuity due, you apply Formula 11.3 (annuity due future value) to calculate the future value, FVDUE.
	Calculating the total amount of interest paid on a loan (in whole or for any time segment) once again requires the adaptation of Formula 8.3 (I = S – P = FV − PV), where:
· The future value (FV) term in the formula represents the total principal and interest combined. In loan annuities, the annuity payment incorporates both of these elements. As well, any future principal remaining at the end of the loan, or a future balance outstanding, must also be factored into the calculation. Hence, the FV at any time interval in the formula is expanded to include both of these elements and replaced by N × PMT + FV.
· The present value (PV) in the formula is what you started with. It is the opening amount of the loan.
	Therefore, the adaptation of Formula 8.3 remains the same as previously discussed and is written as:
I = (N × PMT + FV) − PV.

[image: cartoon cogs by tonyhewison]How It Works

[image: ]Solving for a future loan balance is a future value annuity calculation. Therefore, you use the same steps as discussed in Section 11.2. However, you need to modify your interpretation of these steps for loan balances. The figure below helps you understand these differences.
· The principal of the loan forms the present value, or PV. In step 4, when you move the present value to the future, your answer (FV) represents the total amount owing on the loan with interest as if no payments had been made.
· In step 5, the future value of the annuity (FVORD) represents the total amount paid against the loan with interest. With both the FV and FVORD on the same focal date, the fundamental concept of the time value of money allows you to then take the FV and subtract the FVORD to produce the balance owing on the loan.
Let’s calculate what you still owe on your $150,000 new home after five years of making $872.41 monthly payments at 5% compounded semi-annually:
[image: ]Step 1: The structure of your mortgage is depicted in Figure 11.32. Since payments are at the end of the period, and the payment interval and compounding frequency are different, you have an ordinary general annuity.
Step 2: The known variables are PV = $150,000, IY = 5%, CY = 2, PMT = $872.41, PY = 12, and Years = 5.
Step 3: The periodic interest rate is i = 5% ÷ 2 = 2.5%.
Step 4: N = 2 × 5 = 10 compounds, FV = $150,000(1 + 0.025)10 = $192,012.6816
Step 5: N = 12 × 5 = 60 payments 

	Therefore, if the unpaid loan is worth $192,012.6816 and your payments are worth $59,251.59215, then your balance still owing is $192,012.6816 − $59,251.59215 = $132,761.09. The amount of interest paid is I = (60 × $872.41 + $132,761.09) − $150,000.00 = $35,105.69. With payments totalling $872.41 × 60 = $52,344.60, that means only $17,238.91 actually went towards the principal!

[image: file important by Anonymous]Important Notes

Present Value Method of Arriving at a Balance Owing. In the rare circumstance where the final payment is exactly equal to all other annuity payments, you can arrive at the balance owing through a present value annuity calculation. However, this strict condition must be met. In this instance, since you are starting at the end of the loan, the future value is always zero, so to bring all payments back to the focal date you only need Formula 11.4.

Important Notes: Your BAII+ Calculator. Proper application of the cash flow sign convention for the present value and annuity payment will automatically result in a future value that nets out the loan principal and the payments. Assuming you are the borrower, you enter the present value (PV) as a positive number since you are receiving the money. You enter the annuity payment (PMT) as a negative number since you are paying the money. When you calculate the future value (FV), it displays a negative number, indicating that it is a balance owing.

[image: Lost in thought by hefedute]  Give It Some Thought

On any interest-bearing loan at any point in time, will the principal be reduced by an amount equal to the payments made, more than the payments made, or less than the payments made?
Solution:
The principal will be reduced by an amount less than the payments. A portion of the payments always goes toward the interest that is being charged on the loan.





	Example 11.3D: Balance Owing on a New Truck

	Two years ago, Jillian purchased a new Ford F-250 for $71,482.08 with a $5,000 down payment and the remainder financed through her Ford dealership at 5.9% compounded monthly. She has been making monthly payments of $1,282.20. What is her balance owing today? How much interest has she paid to date?

	Plan
	Step 1: The payments are made at the end of the payment intervals, and the compounding period and payment intervals are the same. Therefore, this is a simple ordinary annuity. Calculate its value two years after its start, which is its future value, or FVORD. Once you know the FVORD, you can determine the amount of interest, or I.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the savings annuity appears below.
Step 2: PV = $71,482.08 − $5,000 = $66,482.08, IY = 5.9%, CY = 12, PMT = $1,282.20, PY = 12, Years = 2
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Apply Formula 9.2 and Formula 9.3.
Step 5: Apply Formula 11.1 and Formula 11.2. The final future value is the difference between the answers to step 4 and step 5.
Step 6: To calculate the interest, apply the adapted Formula 8.3, where I = (N × PMT + FV) − PV.

	
	[image: ]

	Perform
	Step 3: i = 5.9% ÷ 12 = 0.491%
Step 4: N = 12 × 2 = 24 compounds
FV = $66,482.08(1 + 0.00491)24 = $74,786.94231
Step 5: N = 12 × 2 = 24 payments

FV = $74,786.94231 − $32,577.13179 = $42,209.81
Step 6: I = (24 × $1,282.20 + $42,209.81) − $66,482.08 
              = $72,982.61 − $66,482.08 = $6,500.53
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. After two years of making monthly payments, Jillian has a balance owing on the Ford F-250 of $42,209.81. Altogether, she has made $30,772.80 in payments, of which $6,500.53 went toward the interest on her loan.
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Selling a Loan Contract

It is common for loan contracts to be sold from retailers to financial institutions. For example, when a consumer makes a purchase from Sleep Country Canada on its payment plan, the financing is actually performed through its partner CitiFinancial. In most retail situations, this would then mean that Sleep Country Canada receives the money right away by selling the contract to CitiFinancial, whereas CitiFinancial assumes the financial responsibility of collecting the payments.
	When a finance company purchases a loan contract from another organization, it is essentially investing in the future payments of the loan contract. The two companies commonly agree on a profitable interest rate for the finance company and use it to determine the amount, known as the sale price, paid by the finance company to the other organization to purchase the contract. This textbook covers only fixed interest rate calculations with known final payment amounts.
	Previously, it was discussed how the last payment in a loan almost always differs from every other payment in the annuity because of the rounding discrepancy in the annuity payment amount. Thus, the selling of a loan contract needs to calculate the present value of all remaining annuity payments (except for the last one) plus the present value of the adjusted single final payment as shown in this figure.

[image: ]
[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

As evident in the figure, two calculations are required. The first involves a present value annuity calculation using Formula 11.4. Note that the annuity stops one payment short of the end of the loan contract, so you need to use N − 1 rather than N. The second calculation involves a present-value single payment calculation at a fixed rate using Formula 9.3 rearranged for PV. Thus, no new formulas are required to complete this calculation.

[image: cartoon cogs by tonyhewison]How It Works

The steps involved in selling any loan contract are almost identical to any present value annuity calculation with only minor differences as noted below.
Step 1: No changes.
Step 2: Identify the known variables, including PMT, PY, and Years, along with the newly negotiated IY and CY. Also identify the amount of the last payment, which is the FV.
Step 3: Use Formula 9.1 to calculate i.
Step 4: The last payment is the FV, which you treat like a single payment. Apply Formula 9.2 to determine N since this step is not an annuity calculation. Move the future value to the beginning of the time segment using Formula 9.3, rearranging for PV.
Step 5: Use Formula 11.1 to calculate N and subtract 1 to remove the final payment (since it is accounted for in step 4). Apply Formula 11.4 (or Formula 11.5 if it is an annuity due) to calculate the present value. Add both of the present values from steps 4 and 5 together to arrive at the total present value, which is known as the total proceeds of the sale.

	Example 11.3E: Ford Sells the Truck Contract

	Continuing with Jillian's Ford F-250 purchase, recall that Jillian's monthly payments are fixed at $1,282.20 for five years. Assume that after two years Ford wants to sell the contract to another finance company, which agrees to a discount rate of 10.8% compounded semi-annually. Jillian's final payment is known at $1,282.49. What are the proceeds of the sale?

	Plan
	Step 1: The payments are made at the end of the payment intervals, and the compounding period (semi-annually) and payment intervals (monthly) are different. Therefore, this is an ordinary general annuity. Calculate its value on the date of sale, which is its present value, or PVDUE, plus the present value of the final payment, or PV.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the sale of the loan contract appears below.
Step 2: FV = $1,282.49, IY = 10.8%, CY = 2, PMT = $1,282.20, PY = 12, Years = 3
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: For the final payment amount, apply Formula 9.2 and Formula 9.3, rearranging for PV.
Step 5: For the annuity, apply Formula 11.1 (taking away the last payment) and Formula 11.4.
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	Perform
	Step 3: i = 10.8% ÷ 2 = 5.4%
Step 4: N = 2 × 3 = 6 compounds, $1,282.49 = PV(1 + 0.054)6         PV = $1,282.49 ÷ 1.0546 = $935.427906
Step 5: N = 12 × 3 − 1 = 35 payments
            PV = $935.427906 + $38,477.10711 = $39,412.54

	
	Calculator Instructions
[image: ]

	Present
	The figure shows the present value and interest amounts in the transaction. The finance company will pay $39,412.54 for the contract. In return, it receives 35 payments of $1,282.20 and one payment of $1,282.49 for a nominal total of $46,159.49.
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Mechanics
For questions 1–3, calculate the amount of money that must be invested today for an individual to receive the future payments indicated and have the remaining balance at the end of the term.
	
	Future Value
	Interest Rate
	Payments
	Timing of Payment
	Years

	1.
	$0
	7% quarterly
	$2,000 quarterly
	Beginning
	10

	2.
	$250,000
	5.6% quarterly
	$3,000 annually
	End
	30

	3.
	$380,000
	8% semi-annually
	$1,500 monthly
	Beginning
	8


For questions 4–6, calculate the amount of money that must be invested today for an individual to receive the future payments indicated and have the remaining balance at the end of the term.
	
	Future Value
	Interest Rate
	Payments
	Payment Timing

	4.
	$0
	7% semi-annually for six years; then 6% annually for four years 
	$1,000 quarterly
	End

	5.
	$327,150
	11% quarterly
	$1,000 quarterly for 10 years; then $750 quarterly for five years
	End 

	6.
	$150,025
	10% annually for seven years; then 8% annually for three years 
	$4,000 annually for seven years; then $5,000 annually for three years
	Beginning


For questions 7–8, calculate the balance owing and total interest paid over the time period indicated (from the start) for the following ordinary loans.
	
	Initial Loan Amount
	Interest Rate
	Payments
	Balance Owing After

	7.
	$35,000
	8% quarterly
	$853.59 monthly
	Two years, six months

	8.
	$48,000
	9% monthly
	$865.23 monthly
	Four years, eight months


For questions 9–10, calculate the proceeds of the sale for the following sales of ordinary loan contracts.
	
	Time Left on Loan on Date of Sale
	Payments
	Final Payment Amount
	New Negotiated Interest Rate

	9.
	Three-and-a-half years
	$1,655.74 semi-annually
	$1,655.69
	14.85% monthly

	10.
	Four-and-a-quarter years
	$1,126.96 monthly
	$1,127.21
	12.9% quarterly



Applications
11. When Sinbad retires, he expects his RRSP to pay him $2,000 at the end of every month for 25 years. If his retirement annuity earns 3.8% compounded quarterly, how much money does he need to have in his RRSP when he retires?
12. Sandy's parents would like to have an annuity pay her $500 at the beginning of every month from September 1, 2012, to April 1, 2017, to help with her university tuition and living expenses. On May 1, 2017, they would like to give her a graduation gift of $5,000. If the annuity can earn 6.15% compounded monthly, how much money must be in the account on September 1, 2012?
13. The Workers’ Compensation Board has determined that an injury in the workplace was your company's responsibility. As a result, your company has been ordered to pay the employee $3,000 at the end of every month for the next four years. Your human resource manager wants to set up an annuity to fund this obligation. If the proposed annuity can earn 5.7% compounded monthly for the first two-and-a-half years and then 6% compounded quarterly for the remaining one-and-a-half years, how much money should your company set aside today to meet its responsibilities?
14. Working in the accounting department, Jaycee needs to accurately record the debts of the company. Nine months ago, the company purchased new production equipment for $88,437.48 and financed it on a 12-month loan at 8.2% compounded quarterly. The payments at the end of every month have been $7,698.95. What amount should Jaycee record as the balance owing today? How much interest has been paid to date?
15. Sleep Country Canada completed a sale of an entire mattress and box spring set to a client for $2,250 to be paid in 12 equal month-end instalments with no interest. If it immediately sells this contract on the date of issue to CitiFinancial at 12% compounded annually, what are the proceeds of the sale?
16. Three years and two months ago, Mr. Magoo purchased a brand new Volkswagen Highline Jetta in Toronto for $32,854.75. He paid $5,000 as a down payment and financed the rest at 0.9% compounded monthly for six years. His payments have been $397.56 at the end of every month.
a. What is the balance still owing on his vehicle today?
b. If the dealership sells the loan contract today to a finance company at 9.9% compounded monthly, what are the proceeds of the sale? The last payment is for $397.85.

Challenge, Critical Thinking, & Other Applications
17. Lynne acquired a Sea Ray Sundancer boat and put $4,000 down. For the past two years, her end-of-month payments have been $1,049.01 including 9.32% compounded monthly. If she still owes $22,888.78 today, what was the purchase price of the boat?
18. Gerald has been granted power of attorney and is now responsible for setting up his aging parents in a seniors’ home. The rent will be $2,490 at the beginning of every month for the first year, then increase by 5% the following year and 4% in the third year. Gerald wants to take money from his parents’ estate and set up an annuity to pay their monthly rent. If he can get an annuity that earns 3.75% semi-annually, how much money from his parents’ estate needs to be invested today to meet the rental payments over the next three years?

19. Compare the amount of money that needs to be invested today to provide the required payments from the investment fund annuities earning 9% compounded semi-annually:
a. Payments of $1,000 quarterly for 40 years.
b. Payments of $1,600 quarterly for 25 years.
c. Payments of $4,000 quarterly for 10 years.
Note that in all three of these annuities the same total payout occurs. Explain your results and comment on your findings.
20. HSBC Finance Canada is going to purchase the following ordinary loan contracts from the same company on the same date. In all cases, HSBC demands an interest rate of 18.9% compounded monthly on its purchases. What are the total proceeds of the sales?
a. $734.56 quarterly payments with four years remaining in the term, and the final payment is $734.64.
b. $1,612.46 semi-annual payments with six-and-a-half years remaining, and the final payment is $1,612.39.
c. $549.98 monthly payments with five years and two months remaining, and the final payment is $550.28.



11.4: Annuity Payment Amounts
(What Commitment Am I Making?)
	
Whether you are acquiring merchandise and property or saving up toward some future goal, you will deal with annuity payments. When you graduate college and land that promising entry-level position with your employer, a lot of demands are going to get placed on your limited income. If you do not already own a place of your own, perhaps you will get one. This means the purchase of a starter home for which you will make monthly mortgage payments. To fill that home, acquiring some furniture and electronics might take you to The Brick, Sleep Country Canada, Best Buy, or The Home Depot. Then you may be staggered by all the home maintenance items you need. If you make a lot of purchases all at once, you will probably take advantage of various payment plans. These place even more demands on your monthly income. Do not forget that you will need some wheels too. You can either lease or purchase a car. Great, another payment to make! Finally, you remember what your math instructor taught you about the importance of getting started early on your RRSP, so you should begin making those monthly contributions soon, too. 
	Will you have enough income to cover all of your payments? Unlike the many consumers who must rely on retailers and banks to figure out their payments, your study of annuity payments will allow you to calculate the amounts yourself.
	Businesses also make annuity payments for a wide variety of purposes. Whether saving up for future corporate goals or acquiring products and property, businesses have regular bills, too. Marketers develop payment plans for their consumers. Financial agents make investments involving periodic payments. Companies issue marketable bonds that require regular interest payments to investors. Human resource personnel look after employee benefits, including RRSP contributions and pension plan payments. Production departments need expensive machinery, so they must keep payment plans within operating budgets. No matter your choice of profession, as a business manager you will encounter annuity payment calculations.

Ordinary Annuities and Annuities Due
	
You need to calculate an annuity payment in many situations:
· Figuring out loan or mortgage payments
· Determining membership or product payment plans
· Calculating lease payments
· Determining the periodic payment necessary to achieve a savings goal
· Determining the maximum payment that an investment annuity can sustain over a period of time
[image: ]	A typical timeline for solving for an annuity payment amount appears in the next figure. All variables except for the payment amount (PMT) are known. While the figure shows all the possible variables and their location on the timeline, the following should be noted at each end of the timeline:
· If the PVDUE or PVORD is known on the left, then FV is the only variable that may appear on the right. FVDUE, FVORD, and PV are variables that will not appear on the timeline.
· If the FVDUE or FVORD is known on the right, then PV is the only variable that may appear on the left. PVDUE, PVORD, and FV are variables that will not appear on the timeline.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Recall that the annuity payment amount, PMT, is one of the variables in Formulas 11.2, 11.3, 11.4, and 11.5. Calculating this amount then requires you to substitute the known variables and rearrange the formula for PMT. The most difficult part of this process is figuring out which of the four formulas to use. Your selection depends on the two factors summarized in this table and discussed afterwards.

	Formula To Use
	Annuity Payment Timing
	Annuity Value Known

	11.2
	End
	FVORD

	11.4
	End
	PVORD

	11.3
	Beginning
	FVDUE

	11.5
	Beginning
	PVDUE


1. Are the annuity payments to be made at the beginning or at the end of the payment interval? In other words, do you have an annuity due or an ordinary annuity?
2. Do you know the amount that the annuity starts or ends with? In other words, do you know the present value or future value of the annuity?

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to solve for any annuity payment amount: 
Step 1: Identify the annuity type. Draw a timeline to visualize the question.
Step 2: Identify the variables that you know, including IY, CY, PY, and Years. You must also identify a value for one of PVORD, PVDUE, FVORD, or FVDUE. You may or may not have a value for FV or PV.
Step 3: Use Formula 9.1 to calculate i.
Step 4: If a single payment PV or FV is known, move it to the other end of the time segment using Formula 9.3. To determine N, apply Formula 9.2 since this is for a single payment, not an annuity. When you move the amount to the same focal date as the present or future value of the annuity, either add this number to the annuity value or subtract it as the situation demands. Example 11.4C later in this section will illustrate this practice.
Step 5: Use Formula 11.1 to calculate N. Apply the correct annuity payment formula that matches your annuity type and known present or future value. Select from Formulas 11.2, 11.3, 11.4, or 11.5 then rearrange for the annuity payment amount, PMT. If you performed step 4 above, be sure to use the adjusted future or present value of your annuity in the formula.

[image: file important by Anonymous]Important Notes

When calculating loan payments, recall that the last payment is slightly different from all other payments. Chapter 13 explores how to calculate the last payment precisely. For the purposes of this section, treat the last payment like any other payment and assume it is equal to all the other payments when you make any statement about loan payment amounts or totals.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Should you grow or shrink a balance? Give some thought to the relationships between the present value, annuity payments, and future value.
1. If somebody is contributing to an investment, the future value of the annuity should be larger than the total of all annuity payments.
2. If somebody is receiving from an investment or making debt payments, the total of all annuity payments should exceed the present value.

[image: Lost in thought by hefedute]  Give It Some Thought

1. An investor has been making $1,000 annual contributions to his account for five years. In this problem, should the future value be more than, less than, or equal to $5,000?
2. A debtor needs to make $1,000 annual payments on her loan for five years to extinguish her debt. In this problem, should the present value be more than, less than, or equal to $5,000?
3. A retirement fund can make five annual payments of $1,000 before being extinguished. In this problem, should the present value be more than, less than, or equal to $5,000?
Solutions:
1. The future value will be more than $5,000. The payments earn interest.
2. The present value will be less than $5,000. The payments represent the principal and interest together.
3. The present value will be less than $5,000. The principal earns interest while paying out.







	Example 11.4A: Payments on a Loan

	Morgan wants to consolidate a lot of smaller debts into a single three-year loan for $25,000. If the loan is charged interest at 7.8% compounded monthly, what is her payment amount at the end of every month?

	Plan
	Step 1: The payments are made at the end of the payment intervals, and the compounding period and payment intervals are the same. Therefore, this is an ordinary simple annuity. Calculate the monthly amount of her loan payment, or PMT.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the loan appears below.
Step 2: PVORD = $25,000, IY = 7.8%, CY = 12, PY = 12, Years = 3, FV = $0
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Since FV = $0, skip this step.
Step 5: Apply Formula 11.1 and Formula 11.4, rearranging for PMT.

	
	[image: ]

	Perform
	Step 3: i = 7.8% ÷ 12 = 0.65%
Step 5: N = 12 × 3 = 36 payments


	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. To pay off her consolidated loan, Morgan's month-end payments for the next three years will be $781.10.
	[image: ]



	Example 11.4B: Funding a Backpack Trip across Europe

	Franco has placed $10,000 into an investment fund with the goal of receiving equal amounts at the beginning of every month for the next year while he backpacks across Europe. If the investment fund can earn 5.25% compounded quarterly, how much money can Franco expect to receive each month?

	Plan
	Step 1: The payments are at the beginning of the payment intervals, and the compounding period and payment intervals are different. Therefore, this is a general annuity due. Calculate the monthly amount he can receive, or PMT.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the vacation money appears below.
Step 2: PVDUE = $10,000, IY= 5.25%, CY= 4, PY= 12, Years=1, 
FV = $0
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Since FV = $0, skip this step.
Step 5: Apply Formula 11.1 and Formula 11.3, rearranging for PMT.
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	Perform
	Step 3: i = 5.25% ÷ 4 = 1.3125%
Step 5: N = 12 × 1 = 12 payments


	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. While backpacking across Europe, Franco will have his annuity pay him $853.40 at the beginning of every month.
	[image: ]



	Example 11.4C: Planning RRSP Contributions

	Kingsley's financial adviser has determined that when he reaches age 65, he will need $1.7 million in his RRSP to fund his retirement. Kingsley is currently 22 years old and has saved up $10,000 already. His adviser thinks that his RRSP will average 9% compounded annually throughout the years. To meet his RRSP goal, how much does Kingsley need to invest every month starting today?

	Plan
	Step 1: The payments are made at the beginning of the payment intervals, and the compounding period and payment intervals are different. Therefore, this is a general annuity due. Calculate the monthly amount Kingsley needs to contribute, or PMT.

	Understand
	What You Already Know
Step 1 (continued): The timeline for Kingsley’s RRSP contributions appears below.
Step 2: PV = $10,000, FVDUE = $1,700,000, IY = 9%, CY = 1, PY = 12, Years = 43
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: You need to move the present value to Kingsley’s age 65, the same date as FVDUE. Apply Formula 9.2 and Formula 9.3. The FV is money the annuity does not have to save, so you subtract it from FVDUE to arrive at the amount the annuity must generate.
Step 5: Apply Formula 11.1 and Formula 11.3, rearranging for PMT, using the adjusted FVDUE.
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	Perform
	Step 3: i = 9% ÷ 1 = 9%
Step 4: N = 1 × 43 = 43 compounds, 
            FV = $10,000(1 + 0.09)43 = $406,761.0984
            New FVDUE = $1,700,000 − $406,761.0984 = $1,293,238.902
Step 5: N = 12 × 43 = 516 payments


	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. To meet his retirement goals, Kingsley needs to invest $233.24 at the beginning of every month for the next 43 years. In doing so, he will achieve a $1.7 million balance in his account at age 65. (Note: Similar to loan payments, the last payment in actuality is required to be a slightly higher amount since the annuity payment was rounded downwards. However, the last payment is treated equally at this time for purposes of all calculations.)
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	Example 11.4D: Purchasing New Production Line Machinery

	The production department just informed the finance department that in five years’ time the robotic systems on the production line will need to be replaced. The estimated cost of the replacement is $10 million. To prepare for this purchase, the finance department immediately deposits $1,000,000 into a savings annuity earning 6.15% compounded semi-annually, and it plans to make semi-annual contributions starting in six months. How large do those contributions need to be?

	Plan
	Step 1: The payments are made at the end of the payment intervals, and the compounding period and payment intervals are the same. Therefore, this is an ordinary simple annuity. Calculate the monthly amount the finance department needs to contribute, or PMT.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the machinery fund appears below.
Step 2: PV = $1,000,000, 
FVORD = $10,000,000, IY= 6.15%, CY= 2, PY= 2, Years= 5
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: The present value must be moved to the five-year date, the same date as FVORD. Apply Formula 9.2 and Formula 9.3.This FV is money the annuity does not have to save, so it is subtracted from FVORD to arrive at the amount the annuity must generate.
Step 5: Apply Formula 11.1 and Formula 11.2, rearranging for PMT, using the adjusted FVORD.
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	Perform
	Step 3: i = 6.15% ÷ 2 = 3.075%
Step 4: N = 2 × 5 = 10 compounds, 
            FV = $1,000,000(1+0.03075)10 = $1,353,734.306
            New FVORD = $10,000,000 − $1,353,734.306 = $8,646,265.694
Step 5: N = 2 × 5 = 10 payments


	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. To have adequate funding for the production line machinery replacement five years from now, the finance department needs to deposit $751,616.87 into the fund every six months. (Note: Similar to loan payments, the last payment in actuality is required to be a slightly lower amount since the annuity payment was rounded upwards. However, the last payment is treated equally at this time for purposes of all calculations.)
	[image: ]



[image: Paper and Pencil 2 by isaiah658]Section 11.4 Exercises


Mechanics
For questions 1–8, calculate the annuity payment amount.
	
	Annuity Value
	Single Payment Amount
	Term of Annuity
	Payment Frequency
	Nominal Interest Rate
	Compounding Frequency

	1.
	FVDUE = $25,000
	$0
	5 years
	Monthly
	8.25%
	Monthly

	2.
	PVORD = $500,000
	$0
	15 years
	Quarterly
	5.9%
	Semi-annually

	3.
	PVDUE = $1,000,000
	$0
	25 years
	Monthly
	4.75%
	Semi-annually

	4.
	FVORD =$1,500,000
	$0
	35 years
	Annually
	9%
	Annually

	5.
	PVORD = $50,000
	FV = $5,000
	6½ years
	Semi-annually
	3.65%
	Quarterly

	6.
	FVORD =$5,000,000
	PV = $450,000
	4 years
	Annually
	4.35%
	Monthly

	7.
	FVDUE = $1,000,000
	PV = $5,000
	40 years
	Monthly
	7.92%
	Quarterly

	8.
	PVDUE =$50,000
	FV =$10,000
	5 years
	Monthly
	5.5%
	Annually



Applications
9. To save approximately $30,000 for a down payment on a home four years from today, what amount needs to be invested at the end of every month at 4.5% compounded monthly?
10. At age 60, Tiger has managed to save $850,000 and decides to retire. He wants to receive equal payments at the beginning of each month for the next 25 years. The annuity can earn 5.4% compounded quarterly.
a. If he plans on depleting the annuity, how much are his monthly payments?
b. If he wants to have $50,000 left over at the end of the annuity, how much are his monthly payments?
11. To purchase his new car, Scooby-Doo has obtained a six-year loan for $40,000 at 8.8% compounded semi-annually.
a. Determine the monthly payments required on the loan.
b. Calculate the balance owing and the total interest paid after three years of making payments toward the loan.
c. Instead of (b), Scooby-Doo is considering reducing the balance owing to $15,000 after three years and paying off the loan in full at that time. What monthly payments are required?
12. Gold's Gym wants to offer its clients a monthly payment option on its annual membership dues of $490. If the gym charges 7.75% compounded quarterly on its membership fee, what beginning-of-month payments should it advertise?
13. A 20-year marketable bond can be purchased today for $13,402.90. It will make interest payments to the investor at the end of every six months, along with a $10,000 lump-sum payment to the investor at the end of the term. If prevailing interest rates are 6.85% compounded semi-annually, how much is each interest payment?
14. Carling Industries needs to acquire some real estate to expand its operations. In negotiations with the Province of Nova Scotia, it will be allowed to purchase the $15 million parcel of land today and start making payments at the end of every six months for the next 10 years. If interest will be charged at 7.6% compounded semi-annually, what will be the required payments? (Round to the nearest dollar.)
15. Sinclair does not believe in debt and will only pay cash for all purchases. He has already saved up $140,000 toward the purchase of a new home with an estimated cost of $300,000. Suppose his investments earn 7.5% compounded monthly. How much does he need to contribute at the beginning of each quarter if he wants to purchase his home in five years?
16. A-One Courier Services needs to lease five vehicles for the next three years. Each vehicle retails for $23,750, and the interest rate on the lease is 5.85% compounded monthly. Under the lease terms, the company will make quarterly payments starting today such that the balance owing on each vehicle will be $10,300 at the end of the lease. Calculate the required lease payments.

Challenge, Critical Thinking, & Other Applications
17. A sales representative tells a production manager that if she purchases a new piece of machinery with a two-year life expectancy for $40,000 she will see a substantial reduction in operating costs. To purchase the machine, the production manager will need to obtain a two-year loan at 8% compounded quarterly. What is the least amount by which the monthly operating costs would need to be reduced for this purchase to make economic sense? Assume that operating costs are reduced at the beginning of each month.
18. The Kowalskis’ only child is eight years old. They want to start saving into an RESP such that their son will be able to receive $5,000 at the end of every quarter for four years once he turns 18 and starts attending postsecondary school. When the annuity is paying out, it is forecast to earn 4% compounded monthly. While they make contributions at the end of every month to the RESP, it will earn 8% compounded semi-annually. Additionally, at the end of every year of contributions the government places a $500 grant into the RESP. What is the monthly contribution payment by the Kowalskis?
19. Santana wants his retirement money to pay him $3,000 at the beginning of every month for 20 years. He expects the annuity to earn 6.15% compounded monthly during this time. If his RRSP can earn 10.25% compounded annually and he contributes for the next 30 years, how much money does he need to invest into his RRSP at the end of every month? He has already saved $15,000 to date.

20. A lot of people fail to understand how interest rate changes affect their mortgages. Many think that if the interest rate on their mortgage rises from 5% to 6% their payments will rise by 1%. Assume a $100,000 mortgage with end-of-month payments for 25 years. Calculate the monthly mortgage payment at different semi-annually compounded interest rates of 4%, 5%, 6%, 7%, and 8%. What happens as the interest rate rises by 1% each time?




11.5: Number of Annuity Payments
(Exactly How Long Are We Talking About?)
	
How long do you require to fulfill the goal of your annuity? It all depends on your annuity payment, interest rate, and the amount of money involved.
	When saving up for future goals, many people and businesses simply determine how much they can afford to invest each time period and then try to be patient until they meet their savings goal. What they do not know is how long it will take them. If you can put $75 per month into your vacation fund, how long will it take to save up the $1,000 needed for a spring break vacation in Puerto Vallarta?
	Credit cards require a small minimum payment each month. A lot of Canadians view this minimum payment as a benefit and pay it without understanding what their decision implies. But interest rates on credit cards are around 21% compounded daily! So you can hardly afford to delay in paying off your credit card debt. Yet if you always make only the minimum monthly payment, extinguishing a $5,000 balance will take approximately 50 years!
	Evidently the number of annuity payments is critical to financial transactions. In this section, you calculate the term of annuities by figuring out the number of annuity payments required.

Ordinary Annuities and Annuities Due
	
You must calculate the number of annuity payments in a variety of scenarios:
· Savings planning
· Debt extinguishment
· Sustaining withdrawals from an investment
[image: ]	A typical timeline used in calculating the term of an annuity appears below. Recall that N is not illustrated in the timeline but is calculated through Formula 11.1 using Years and PY, which do appear on the timeline. The payment frequency, PY, is a choice determined by the parties involved in the transaction and therefore is always known. That leaves Years, or the term of the annuity, as the unknown variable on the timeline. If you calculate N then you can also calculate Years using a rearrangement of Formula 11.1.
	At either end of the timeline, only one of PVDUE, PVORD, FVDUE, or FVORD will be known.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Recall that the number of annuity payments, N, is one of the variables in Formulas 11.2, 11.3, 11.4, and 11.5. Calculating this amount then requires you to substitute the known variables and rearrange the formula to solve for N. Since N is located in the exponent, the rearrangement and isolation demands the usage of natural logarithms (see Section 2.6).
The most difficult part is figuring out which formula you need to use. Choose the formula using the same decision criteria explained in Section 11.4 (under “The Formula”).

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps, to solve for the number of annuity payments or the annuity term: 

Step 1: Identify the annuity type. Draw a timeline to visualize the question.
Step 2: Identify the variables that always appear, including PMT, IY, CY, and PY. You must also identify one of the known values of PVORD, PVDUE, FVORD, or FVDUE.
Step 3: Use Formula 9.1 to calculate i.
Step 4: Substitute into the correct annuity payment formula that matches your annuity type and known present or future value. Select from Formulas 11.2, 11.3, 11.4, or 11.5. Rearrange and solve for N.
Step 5: To convert N back to a more commonly expressed format, such as years and months, take Formula 11.1 and rearrange it for Years. If Years is a decimal number, recall the steps required for converting to common language from "Integer Compounding Periods" on page xx in Section 9.7.

[image: file important by Anonymous]Important Notes

Dealing with Decimals in N. At the end of step 4, the calculated value of N may have decimals. Start by applying the same rounding rules involving the computation of N for single payments, mentally rounding the decimal off to the third decimal place.
1. If the three decimals are zeroes, then the decimals are most likely a result of a rounded FV, PV, or PMT, so treat the N like an integer (ignoring the decimals).
2. If the three decimals are not all zeroes, then N must always be rounded up to the next integer regardless of the decimal value. You must never round it down, because the calculated value of N represents the minimum payments required. The interpretation and implications of this rounding are as follows:
· Payments on a Debt. Assume your loan payments are $100 and you calculate N = 9.4, which rounds up to 10 payments. The payments must exactly reduce the loan to a balance of zero. The first nine payments are all $100. The last payment is not a complete payment, hence the 0.4 in the calculation. The precise calculation of this last payment amount is explained in Chapter 13; however, at this point it is sufficient to treat the decimal as an approximate percentage of what the final payment might be. The 0.4 is approximately 40% of $100, or $40. As a result, there are nine $100 payments, and one final payment approximating $40. Keep in mind that this approximation is rough at best and should only be used to get a feel for what the final payment amount could be. The important point here is that it requires 10 payments to pay off the loan completely, regardless of the amount of the payment.
· Payments toward an Investment. Keeping the numbers the same as above, your investment payments are $100 with N = 9.4. Again, this is 10 payments. If you only make nine full payments of $100, your investment will be short of your intended future value. However, if you let it grow and make the tenth full payment, you will have more than your investment goal. What the N = 9.4 is telling you is that a final tenth payment is needed roughly 40% of the way through the next payment interval that is approximately 0.4 of the regular payment amount. However, most investors don't care about having too much money saved and exceeding their savings goal, so usually a full tenth payment is made.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Two mistakes are common in calculations of the number of annuity payments:
1. Misinterpreting N. Confusing the compounding frequency (CY) and payment frequency (PY) results in the misinterpretation of N and the incorrect calculation of the term. Since N represents the number of annuity payments, to assign its meaning you need to look at the PY, not the CY. Then use the value of PY in Formula 11.1 when expressing N in more common terms. For example, if N = 8, PY = 4, and CY =2, a common mistake is to say that there are eight semi-annual payments (using the CY); ensure you look instead at the PY, identifying the eight quarterly payments, which means the term is two years. 
2. Confusing the Term and the Last Payment on Annuities Due. One of the characteristics of an annuity due is that the last payment occurs one payment interval before the end of the term of the annuity. When you calculate N, you have calculated the term of the annuity. The last payment occurs N − 1 intervals from the start of the annuity. For example, assume payments are monthly and you calculate N = 12 months. This means the term of the annuity is 12 months. The last payment on the annuity due is 12 – 1 = 11 months from the start. In your “Plan” for any problem, be sure to recognize whether you are looking for the end of the term or when the last payment is made. This problem does not occur for ordinary annuities since the last payment and the end of the term are on the same date.

[image: Lost in thought by hefedute]  Give It Some Thought

Holding all other variables constant, what happens mathematically to the number of payments (the precise calculated value of N produced by rearranging any of the annuity formulas) if the following occur:
1. The variable interest rate increases (and the payment itself remains unchanged)?
2. The annuity payments are doubled?Solutions:
1. The number of payments increases if the variable interest rate increases since more interest is charged but the payment has not increased to cover the higher interest charges.
2. The number of payments is normally cut at least by half if the annuity payments are doubled since with each payment the principal becomes smaller at an accelerated rate and less interest is charged.









	Example 11.5A: How Long Until Retirement Savings Are Depleted?

	Samia has $500,000 accumulated in her retirement savings when she decides to retire at age 60. If she wants to receive beginning-of-month payments of $3,000 and her retirement annuity can earn 5.2% compounded monthly, how old is Samia when the fund is depleted?

	Plan
	Step 1: The payments are at the beginning of the payment intervals, and the compounding period and payment intervals are the same. Therefore, this is a simple annuity due. In looking for how old Samia will be when the fund is depleted, calculate the number of annuity payments, or N, that her retirement annuity can sustain.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the retirement annuity appears below.
Step 2: PVDUE = $500,000, IY = 5.2%, CY = 12, PMT = $3,000, PY = 12, FV = 0
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Substitute into Formula 11.5, rearranging for N.
Step 5: Substitute into Formula 11.1 and solve for Years. Add this term to Samia’s current age to figure out how old she is when the annuity is depleted.
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	Perform
	Step 3: i = 5.2% ÷ 12 = 0.4%
Step 4:  
                          
           
N = 293.660180, rounding up to 294 monthly payments consisting of 293 regular payments plus one additional smaller payment.
Step 5: 294 = 12 × Years                  = 24 years, 6 months
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. If Samia is currently 60 years old and the annuity endures for 24 years and six months, then she will be 84.5 years old when the annuity is depleted. Note that Samia will receive 293 payments of $3,000 along with a smaller final payment that is approximated by taking 66.018% × $3,000 = $1,980.54.
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	Example 11.5B: How Long to Pay Off Your Car?

	Brendan is purchasing a brand new Mazda MX-5 GT. Including all options, accessories, and fees, the total amount he needs to finance is $47,604.41 at the dealer's special interest financing of 2.4% compounded monthly. If he makes payments of $1,000 at the end of every month, how long will it take to pay off his car loan?

	Plan
	Step 1: The payments are at the end of the payment intervals with a monthly compounding period and monthly payment intervals. Therefore, this is an ordinary simple annuity. Calculate the number of monthly payments, or N, to figure out the length of time required to pay off the loan.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the car payments appears below.
Step 2: PVORD = $47,604.41, IY = 2.4%, CY = 4, 
PMT = $1,000, PY = 12, FV = 0
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Substitute into Formula 11.4, rearranging for N.
Step 5: Substitute into Formula 11.1 and solve for Years.
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	Perform
	Step 3: i = 2.4% ÷ 12 = 0.2%
Step 4:   

            

Step 5: 51 = 12 × Years             = 4 years, 3 months
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. To own his vehicle, Brendan will make payments for four-and-a-quarter years. This consists of 50 payments of $1,000 and a smaller final payment that is approximated by taking 7.556% × $1,000 = $75.56.
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	Example 11.5C: The Importance of the Annuity Type

	Trevor wants to save up $1,000,000. He will contribute $5,000 annually to an investment earning 10% compounded monthly. What is the time difference between his last payments (not the end of the annuities) if he makes his contributions at the end of the year instead of at the beginning of the year?

	Plan
	Step 1: In this question you are being asked to compare two annuities that differ in their payment intervals and their compounding periods. One annuity makes contributions at the beginning of the interval, while the other makes contributions at the end. Therefore, you must contrast one general annuity due with one ordinary general annuity. To determine the time difference, calculate N for each annuity and compare when the last payment is made.

	Understand
	What You Already Know
Step 1 (continued): A combined timeline for the two annuities appears below.
Step 2: Ordinary general annuity: FVORD = $1,000,000, IY = 10%, CY = 12, PMT = $5,000, PY = 1
General annuity due: FVDUE = $1,000,000, IY = 10%, CY = 12, PMT = $5,000, PY = 1
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Apply Formulas 11.2 and 11.3, rearranging for N.
Step 5: If payments are annual, then N = Years. However, for the general annuity due the last payment is made N − 1 years from today. The difference between the two payments can then be calculated.
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	Perform
	Step 3: i = 10% ÷ 12 = 0.8%
Step 4: 
	Ordinary General Annuity
	General Annuity Due

	




N = 31.012812, or 32 years
	




N = 30.060618, or 31 years


Step 5: The ordinary general annuity last payment is 32 years from today. The general annuity due has a term of 31 years, but the last payment is 31 − 1 = 30 years from today. The difference between the last payments is 32 − 30 = 2 years sooner. (See the figure below and count the dots!)

	
	Calculator Instructions
[image: ]

	Present
	In order for Trevor to reach his goal, if he were to make his $5,000 contributions at the beginning of the year (that is, under the annuity due) instead of the end of the year (under the ordinary annuity), his last payment would be two years sooner. Do not confuse this with the terms of the two annuities, which end only one year apart (31 years from now and 32 years from now).
	[image: ]





[image: Paper and Pencil 2 by isaiah658]Section 11.5 Exercises


Mechanics
For questions 1–8, calculate the number of annuity payments required and express in a common date format.
	
	Present Value
	Future Value
	Interest Rate 
	Annuity Payments 
	Payment Timing

	1.
	$0
	$100,000
	6.35% Quarterly
	$3,000 Quarterly
	End

	2.
	$0
	$500,000
	4.8% Monthly
	$1,000 Monthly
	Beginning

	3.
	$0
	$250,000
	5.6% Semi-annually
	$7,500 Annually
	End

	4.
	$0
	$175,000
	7% Annually
	$2,500 Semi-annually
	Beginning

	5.
	$300,000
	$0
	4.55% Semi-annually
	$18,000 Semi-annually
	End

	6.
	$100,000
	$0
	6.5% Annually
	$10,000 Annually
	Beginning

	7.
	$50,000
	$0
	7.2% Quarterly
	$500 Monthly
	End

	8.
	$1,000,000
	$0
	9% Monthly
	$40,000 Quarterly
	Beginning



Applications
9. An investment of $100,000 today will make advance quarterly payments of $4,000. If the annuity can earn 7.3% compounded semi-annually, how long will it take for the annuity to be depleted?
10. Amarjit wants to save up for a down payments on his first home. A typical starter home in his area sells for $250,000 and the bank requires a 10% down payment. If he starts making $300 month-end contributions to an investment earning 4.75% compounded monthly, how long will it take for Amarjit to have the necessary down payment?
11. The neighbourhood grocery store owned by Raoul needs $22,500 to upgrade its fixtures and coolers. If Raoul contributes $3,000 at the start of every quarter into a fund earning 5.4% compounded quarterly, how long will it take him to save up the needed funds for his store’s upgrades?
12. Hi-Tec Electronics is selling a 52" LG HDTV during a special "no sales tax" event for $1,995 with monthly payments of $100 including interest at 15% compounded semi-annually. How long will it take a consumer to pay off her new television?
13. Andre has stopped smoking. If he takes the $80 he saves each month and invests it into a fund earning 6% compounded monthly, how long will it take for him to save $10,000?
14. How much longer will a $500,000 investment fund earning 4.9% compounded annually last if beginning-of-month payments are $3,500 instead of $4,000?
15. Consider a $150,000 loan with month-end payments of $1,000. How much longer does it take to pay off the loan if the interest rate is 6% compounded monthly instead of 5% compounded monthly?
16. In 1998, the Gillette Company launched the Mach 3 razor, having spent $750 million in research and development along with an additional $200 million in launching the product worldwide. Suppose the cost of borrowing was 10% compounded annually. If the forecast was to earn $80 million in profits at the end of every quarter, how long did Gillette forecast it would take to pay back its investment in the Mach 3?

Challenge, Critical Thinking, & Other Applications
17. You make $250 month-end contributions to your RRSP, which earns 9% compounded annually.
a. How much less time will it take to reach $100,000 if you increase your payments by 10%?
b. Which alternative requires less principal and by how much? (Assume all payments are equal.)
18. Most financial institutions tout the benefits of "topping up" your mortgage payments—that is, increasing from the required amount to any higher amount. Assume a 25-year mortgage for $200,000 at a fixed rate of 5% compounded semi-annually.
a. How many fewer payments does it take to pay off your mortgage if you increased your monthly payments by 10%?
b. How much money is saved by "topping up" the payments? Assume that all payments are equal amounts in your calculations.

19. For an ordinary $250,000 loan with monthly payments of $2,000, do the following calculations:
a. How many payments are needed if the interest rate is 6% compounded annually? Semi-annually? Quarterly? Monthly?
b. What is the total of the payments required under each alternative interest rate? The final payment amounts for each alternative are $193.19, $1,965.71, $1,950.13, and $1,312.84, respectively.
c. What can you conclude from your various calculations in parts (a) and (b)?
20. For an ordinary $250,000 loan at 6% compounded monthly, do the following calculations:
a. How many payments are needed if the payments are $1,500 monthly? $4,500 quarterly? $9,000 semi-annually? $18,000 annually? (Notice that all of these options nominally pay the same amount per year.)
b. What is the total of the payments required under each alternative payment plan? The final payment amounts for each alternative are $371.24, $2,006.02, $420.61, and $8,300.30, respectively.
c. What can you conclude from your various calculations in parts (a) and (b)?



11.6: Annuity Interest Rates
(How Does The Money Grow?)
	
Canada One RV advertises that you can purchase a Residence 40' Park Model trailer, valued at $32,999, for $181.84 biweekly over the next 10 years. Toronto Hyundai offers a "Smokin' Hot Deal" for a $9,900 Hyundai with $69 biweekly payments for seven years. Going online, you visit the 407 Express Toll Route (407 ETR) website to look at paying your tolls on this Toronto highway and see that you can pay $21.50 annually or $3.25 per month. Checking your vehicle registration, you see on the insurance website that you can pay your motorcycle insurance in a single payment of $2,667 or five beginning-of-month payments of $538. The question in all of these situations is, should you pay all at once or in instalments?
	Notice in all of these cases that the total of the payments is higher than the purchase price of the item. For example, the 407 ETR is billing $3.25 per month, totalling $39.00 per year! From a strictly financial perspective, the difference from the $21.50 can be treated like an amount of interest charged for not paying the full annual amount up front. But what interest rate are you paying?
	In investing, you should choose the highest effective rate that carries a level of risk you can accept. If you make fixed contributions to an investment, what interest rate must you obtain to meet your future goal? On debts, do you know what you are being charged? That is your hard-earned money you are spending, so perhaps you can find a better offer at a lower rate from someone else? In business, debt interest is an expense that affects the pricing of products and is deductible from income tax. To calculate the interest, the business needs to know the interest rate it is being charged.
	You have many reasons to calculate an annuity's interest rate. In this last section on annuities, you will make this calculation for both ordinary annuities and annuities due.

Ordinary Annuities and Annuities Due
	
You must calculate the interest rate on an annuity in a variety of situations:
· To determine the interest rate being charged on any debt
· To determine the interest rate that an investment is earning
· To calculate the required interest rate for savings to reach a goal within a certain time period
· To calculate the required interest rate needed for a series of payments to be sustained over a certain time period
[image: ]	A typical timeline for the unknown interest rate on an annuity appears in the figure below. All variables must be known except for the nominal interest rate, IY. At either end of the timeline:
· If you know PVDUE or PVORD, there might be an FV on the other side as well. FVDUE, FVORD, and PV will not appear.
· If you know FVDUE or FVORD, there might be a PV on the other side. PVDUE, PVORD, and FV will not appear.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

A most interesting circumstance arises when you attempt to solve any of the future value or present value annuity formulas, both ordinary and due, for the interest rate. Formula 11.2 is reprinted below for illustration; however, the same point holds for Formulas 11.3 to 11.5.
Formula 11.2: 
	In this formula, the FVORD, PMT, or N each appears only once. This allows you to easily manipulate the formula to solve for these variables, as we have done in previous sections. However, the periodic interest rate, i, appears in the formula twice. This normally is not a problem because you can apply basic rules of algebra to isolate and combine like terms, but not so in this instance.
	To illustrate the difficulty, assign PMT = $1 and make CY = PY. That makes the equation look like this:

If you rearrange the formula you have

The i on the left-hand side is free to be isolated, but the i on the right-hand side is part of the base for an exponent. To cancel the N exponent, you need to raise both sides of the equation to the exponent of 1/N, arriving at the following:

Note the result: Now the left-hand side has i being part of a base for an exponent, while the i on the right-hand side is free to be isolated. Not much of an improvement, is it? To fix this, you will need to take both sides of the equation to the exponent of N, which puts you back in your original dilemma. It is an endless loop with no solution.
	The bottom line is that there is no algebraic way to isolate the i in this equation. Thus, no rearrangement of Formulas 11.2 to 11.5 to isolate this variable is possible. So how do you solve for it? There are two ways:
1. Trial and Error. In this manual method, you simply keep plugging in various values for i and attempt to home in on the actual value for the variable. Perhaps you start with i = 1% and find out that your FVORD is too low. Then you try i = 2% and find out that your FVORD is too high. Now you know that i is between 1% and 2%, so perhaps you try 1.5%. You repeat this process until you end up with a precise enough number. As you can imagine, this process is extremely time consuming, tedious, and prone to errors, so no one performs this process by hand any more.
2. Use Technology. Whether you use calculators or spreadsheets, these tools are pre-programmed with the trial-and-error technique and can perform millions of iterations in less than a second to find the solution. All problems in this section, therefore, assume you have access to technology, so no algebraic solutions appear in the formula calculations.

[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to solve for any nominal interest rate: 
Step 1: Identify the annuity type. Draw a timeline to visualize the question.
Step 2: Identify the variables that you know, including CY, PMT, PY, and Years. You must also identify a value for one of PVORD, PVDUE, FVORD, or FVDUE. You may or may not have a value for FV or PV.
Step 3: Use Formula 11.1 to calculate N. Input all six of the known variables into your technology and solve for the interest rate.

[image: file important by Anonymous]Important Notes

Solving for the nominal interest rate on your BAII+ requires you to enter all six of the other variables excluding the I/Y. Then press CPT I/Y to solve the problem. Because of the trial-and-error technique, it may take your calculator a few seconds to compute the answer. If your screen goes blank and your calculator hesitates, this is normal! The values you enter in the present value (PV), future value (FV), and annuity payment (PMT) must adhere to the cash flow sign convention. Remember that on the BAII+, the I/Y represents the nominal interest rate, which is compounded according to the value you entered into the C/Y variable.



[image: Cartoon No Idea by j4p4n]Things To Watch Out For

When solving for the interest rate, pay careful attention to which form of interest rate is being sought:
1. Periodic (i): What is the interest rate per month?
2. Nominal (IY with CY ≠ 1): What is the interest rate compounded monthly?
3. Effective (IY with CY = 1): What is the annually compounded or effective rate of interest?

[image: Top Secret by Mogwai] Paths To Success

If you want to know both the nominal and effective interest rate in any situation, there are two methods to produce the answers. The first step in both methods is to solve the problem for the nominal interest rate using the appropriate value for the compounding frequency (CY). Then to calculate the effective rate you can do one of the following:
1. Change the CY to a value of one (CY = 1) and recalculate the IY. This book prefers this method as it is the easier and less error-prone method.
2. Take your calculated nominal interest rate and convert it to an effective interest rate by using Formula 9.4 (interest rate conversion), calculator (I Conv function), or the Chapter 9 Excel template (which uses the EFFECT function of Excel). This technique produces the same basic solution; however, it has a higher chance of error and may lack precision if not enough decimals are used.

[image: Lost in thought by hefedute]  Give It Some Thought

Is it possible in financial situations for the calculated value of the nominal interest rate, IY, to be negative?Solution:
Yes, it is possible. Many investments such as stocks fluctuate based on market conditions. It is possible for an investment to lose its value after it is purchased, which produces a negative rate of return.







	Example 11.6A: Rent to Own

	Smartchoice, a rent-to-own store, offers a Dell 10" Mini Inspiron Netbook for a cash n' carry price of $399. Alternatively, under its rent-to-own plan you could make $59.88 monthly payments in advance and own the laptop after one year. What interest rate is effectively being charged on the rent-to-own plan?

	Plan
	Step 1: The payments are made at the beginning of the payment intervals, and the compounding period and payment intervals are different. Therefore, this is a general annuity due. Solve for the effective interest rate, which is the nominal interest rate, IY, that has a compounding frequency of one.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the retirement annuity appears below.
Step 2: PVDUE = $399, CY = 1, PMT = $59.88, PY = 12, Years = 1
	How You Will Get There
Step 3: Apply Formula 11.1 and Formula 11.5. Enter the information into the calculator to solve for IY (which automatically applies Formula 9.1 to convert i to IY).

	
	[image: ]

	Perform
	Step 3: N = 12 × 1 = 12 payments

See calculator instructions for the solution.
	Calculator Instructions
[image: ]

	Present
	The figure shows the effective interest and the laptop’s value that make up the payments. The effective interest rate being charged under the rent-to-own payment plan is 337.9759%.
	[image: ]



	Example 11.6B: Interest Rate Required to Allow for Capital Project Savings

	Cubonic Industries deposits $30,000 at the end of every quarter to save up $550,000 for a capital project in four years. To achieve its goal, what nominal interest rate compounded quarterly does Cubonic Industries require on its investment? What is the effective rate?

	Plan
	Step 1: There are two questions here. The first question about the nominal interest rate involves an ordinary simple annuity. Solve this for IY when CY = 4. The second question about the effective rate involves an ordinary general annuity. Solve this for IY when CY = 1.

	Understand
	What You Already Know
Step 1 (continued): The timeline for both questions appears below.
Step 2: Ordinary simple annuity: FVORD = $550,000, CY = 4, PMT = $30,000, PY = 4, Years = 4
Ordinary general annuity: All the same except CY = 1
	How You Will Get There
Step 3: Apply Formula 11.1 and Formula 11.2.
Ordinary simple annuity: Enter the information into the calculator and solve for IY. Ordinary general annuity: Change the CY to 1 (for the effective rate) and recalculate IY. Note that for both annuities the calculator automatically applies Formula 9.1 to convert i to IY.

	
	[image: ]

	Perform
	Step 3: N = 4 × 4 = 16 payments
	Ordinary Simple Annuity
	Ordinary General Annuity

	
	


See the calculator instructions below for the solution to each question.

	
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. For Cubonic Industries to achieve its savings goal, the savings annuity must earn 7.1459% compounded quarterly, or 7.3397% effectively.
	[image: ]



	Example 11.6C: Interest Rate Required to Achieve RRSP Goal

	Amadeus has already saved $5,000 in his RRSP today. Suppose he continues to make $250 contributions at the beginning of each month for the next 14 years. For him to achieve his goal of having $100,000, what monthly nominal rate of return must his investment earn?

	Plan
	Step 1: The payments are made at the beginning of the payment intervals, and the compounding period and payment intervals are the same. Therefore, this is a simple annuity due. Solve for the monthly nominal interest rate, IY.

	Understand
	What You Already Know
Step 1 (continued): The timeline for RRSP contributions appears below.
Step 2: FVDUE = $100,000, PV = $5,000, CY =12, PMT = $250, PY = 12, Years = 14
	How You Will Get There
Step 3: Apply Formula 11.1 and the calculator simultaneously solves Formulas 9.3 and 11.3.  The annuity is simple, so N is the same number for both the number of payments and compounds. Enter the information into the calculator and solve for IY.

	
	[image: ]

	Perform
	Step 3: N = 12 × 14 = 168 payments

See the calculator instructions for the solution.
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the final balance. The nominal rate of interest that Amadeus must earn on his investment is 8.8088% compounded monthly.
	[image: ]



	Example 11.6D: Ordinary General Annuity with Present Value and a Balance Owing in Future

	Gemma is looking to purchase a new Nissan Pathfinder for $54,904.64 including all fees and sales taxes. She can afford to pay no more than $1,500 at the end of every month, and she wants to have the balance owing reduced to $30,000 after two years, when she can pay off the vehicle with her trust fund. What is the maximum effective rate of interest she could be charged on the car loan to meet her goals?

	Plan
	Step 1: The payments are made at the end of the payment intervals, and the compounding period and payment intervals are different. Therefore, this is an ordinary general annuity. Solve for the effective interest rate, IY.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the car loan appears below.
Step 2: PVORD = $54,904.64, 
FV = $30,000, CY =1, 
PMT = $1,500, PY = 12, 
Years = 2
	How You Will Get There
Step 3: Apply Formula 11.1, and the calculator simultaneously solves Formulas 9.3 and 11.4.  *Note that since the annuity is general, the N compounds and N payments are different numbers. Putting these two elements into the same equation requires that N take on a single value equalling the number of payments (the annuity requirement). In this regard, the periodic interest rate used in Formula 9.3 must be converted to match the payment frequency. You accomplish this using the same  exponent from the annuities formulas. Enter the information into the calculator and solve for IY.


	
	[image: ]

	Perform
	Step 3: N = 12 × 2 = 24 payments

See the calculator instructions for the solution.
	Calculator Instructions
[image: ]

	Present
	The figure shows how much principal and interest make up the payments. Gemma will be able to purchase the car if she can obtain a car loan that has an effective interest rate lower than 13.527%.
	[image: ]



[image: Paper and Pencil 2 by isaiah658]Section 11.6 Exercises


Mechanics
For questions 1–8, solve for both the nominal interest rate indicated as well as the effective interest rate.
	
	Present Value
	Future Value
	Compounding Frequency
	Annuity Payment 
	Term

	Payment Timing

	1.
	$0
	$150,000
	Monthly
	$12,000 Annually
	7 years
	End

	2.
	$500,000
	$0
	Quarterly
	$8,000 Quarterly
	21 years, 6 months
	End

	3.
	$0
	$750,000
	Semi-annually
	$300 Monthly
	33 years, 6 months
	Beginning

	4.
	$100,000
	$0
	Monthly
	$1,200 Monthly
	10 years
	Beginning

	5.
	$25,000
	$200,000
	Semi-annually
	$6,250 Semi-annually
	8 years
	End 

	6.
	$50,000
	$25,000
	Annually
	$1,175 Monthly
	2 years
	End

	7.
	$5,000
	$35,000
	Monthly
	$2,650 Semi-annually
	4 years, 6 months
	Beginning

	8.
	$300,000
	$150,000
	Quarterly
	$4,975 Quarterly
	13 years, 3 months
	Beginning





Applications
9. Following his financial adviser's recommendations, Sanchez starts monthly contributions of $375 today to his RRSP. The plan is to have $240,000 in his RRSP after 20 years of monthly compounding. What nominal interest rate does the financial adviser think Sanchez's RRSP will be able to realize?
10. Helen's husband recently passed away. The life insurance company is offering her a lump-sum payout of $250,000 today, or month-end payments of $1,585 for 20 years.
a. What monthly compounded and effective rate is the life insurance company using in its calculations?
b. Helen thinks she can take the lump sum and invest it herself at 4.75% effectively. How much will her monthly payment increase?
11. Francisco just changed occupations. Unfortunately, he is not able to transfer his company pension with him to his new company. The administrators of the pension plan offer him the choice of a lump-sum payout of $103,075 today or beginning-of-month payments of $535 for the next 25 years. What semi-annually compounded rate of return are the pension administrators using in their calculations?
12. Under a wrongful dismissal suit, a court awarded a former employee $100,835.25 for end-of-month wages of $4,500 for the past 21 months. What effective interest rate is the court using in the judgment?
13. A life insurance company recommends that its younger clients convert their term life insurance to permanent life insurance. One of the agents tells a client that if he invests $10,000 today along with $1,435 at the beginning of every quarter for the next 10 years, he will own $100,000 of permanent life insurance. What semi-annually compounded rate of interest is being used?
14. Jake's Electronics wants to match a competitor's advertised payment plan on an identical stereo system. If the system retails for $1,011.35 including all sales taxes and Jake wants to advertise six equal end-of-month payments of $174, what effective rate of interest does he need to charge?
15. The marketing manager for Gold's Gym offers members a two-year membership for $650 in advance or beginning-of-month payments of $29. What monthly compounded interest is the marketing manager using in his pricing?
16. An investment today requires $1,125.51 to purchase. In return, the investment pays out $30 after every six months for the next 20 years, along with an additional final lump-sum payout of $1,000. What semi-annually compounded interest rate is being earned on the investment?

Challenge, Critical Thinking, & Other Applications
17. A retail store wants to offer its clients different two-year ordinary payment plans on their product purchases. The marketing manager understands the importance of odd-number pricing in these plans, where $499 is better than stating $500. On a typical $5,000 purchase, the marketing manager wants to offer payments of $229 monthly, $699 quarterly, or $1,399 semi-annually. The Competition Act of Canada requires full disclosure of the annual interest rate being charged on any plan. What interest rate must be published for each plan?
18. When you buy a car, a cash rebate is usually available if you finance the vehicle through your bank instead of the dealership; if you finance the vehicle through the dealership, you are not eligible for the cash rebate. Assume you can purchase a vehicle for $24,960 and finance it for four years with month-end payments at 0% through the dealership. Alternatively, you could get a loan from a bank and pay cash for your vehicle, which would entitle you to receive a $3,500 cash rebate. What monthly compounded interest rate would the bank have to charge to arrive at the same monthly payment as the dealership alternative? What decision rule can you create from this calculation?

19. On a $3,500 purchase, a company is thinking of offering a year-long month-end payment plan that requires payments of $299, $319, $334, or $349.
a. If the goal of the plan is to offer a competitive interest rate comparable to a bank credit card that averages 18% effectively, which payment plan should be chosen?
b. If the goal of the plan is to offer a competitive interest rate comparable to a department store credit card that averages 28% effectively, which payment plan should be chosen?
20. Margarite's goal is to save up $100,000 after 10 years of monthly contributions into an investment annuity starting today. Depending on the level of risk she chooses, her adviser tells her that under low-risk conditions she would need to contribute $645.19, under medium-risk conditions her contribution needs to be $523.32, and if she puts her money into high-risk investments she would need $401.14 per month. Based on the adviser's calculations, what are the effective interest rates on the low-, medium-, and high-risk investments?


Chapter 11 Summary

Key Concepts Summary

Section 11.1: Fundamentals of Annuities: What Do I Need to Know? 
· Understanding what an annuity is 
· The four different types of annuities 
· The difference between annuities and single payments 
· The annuity timeline format 
Section 11.2: Future Value of Annuities: Will I Have Enough? 
· The future value of ordinary annuities 
· Variable changes in future value annuity calculations 
· The future value of annuities due 
Section 11.3: Present Value of Annuities: How Much Do I Need Now? 
· The present value of both ordinary annuities and annuities due 
· Variable changes in present value annuity calculations 
· Applying both future value and present value calculations to loans 
· Determining loan balances 
· Selling loan contracts between companies 
Section 11.4: Annuity Payment Amounts: What Commitment Am I Making? 
· Calculating the annuity payment amount for both ordinary annuities and annuities due 
Section 11.5: Number of Annuity Payments: Exactly How Long Are We Talking About? 
· Calculating the number of annuity payments (term) for both ordinary annuities and annuities due 
· What to do when N has decimals 
Section 11.6: Annuity Interest Rates: How Does the Money Grow? 
· Calculating the interest rate for both ordinary annuities and annuities due 

The Language of Business Mathematics
annuity  A continuous stream of equal periodic payments from one party to another for a specified period of time to fulfill a financial obligation.
annuity payment  The dollar amount of the equal periodic payment in an annuity environment. 
due  Annuity payments that are each made at the beginning of a payment interval.
future value of any annuity  The sum of all the future values for all of the annuity payments when they are moved to the end of the last payment interval.
general annuity  An annuity in which the payment frequency and compounding frequency are unequal.
general annuity due  An annuity where payments are made at the beginning of the payment intervals and the payment and compounding frequencies are unequal. The first payment occurs on the same date as the beginning of the annuity, while the end of the annuity is one payment interval after the last payment.
ordinary  Annuity payments that are each made at the end of a payment interval; this is the most common form of an annuity payment.
ordinary general annuity  An annuity where payments are made at the end of the payment intervals and the payment and compounding frequencies are unequal. The first payment occurs one interval after the beginning of the annuity, while the last payment is on the same date as the end of the annuity.
ordinary simple annuity  An annuity where payments are made at the end of the payment intervals and the payment and compounding frequencies are equal. The first payment occurs one interval after the beginning of the annuity while the last payment is on the same date as the end of the annuity.
payment frequency  The number of annuity payments in a complete year.
payment interval  The amount of time between each continuous and equal annuity payment.
present value of any annuity  The sum of all the present values for all of the annuity payments when they are moved to the beginning of the first payment interval.
simple annuity  An annuity in which the payment frequency and compounding frequency are equal.
simple annuity due  An annuity where payments are made at the beginning of the payment intervals and the payment and compounding frequencies are equal. The first payment occurs on the same date as the beginning of the annuity, while the end of the annuity is one payment interval after the last payment.

The Formulas You Need to Know
	
Symbols Used
CY = compounding per year or compounding frequency
FVDUE = future value of annuity due
FVORD = future value of an ordinary annuity
IY = nominal interest rate
i = periodic interest rate
N = number of annuity payments
PY = payments per year or payment frequency
PMT = annuity payment amount
PVDUE = present value of annuity due
PVORD = present value of ordinary annuity
Years = the term of the annuity

Formulas Introduced
Formula 11.1 Number of Annuity Payments: N = PY × Years (Section 11.1)
Formula 11.2 Ordinary Annuity Future Value: (Section 11.2)
Formula 11.3 Annuity Due Future Value:  (Section 11.2)
Formula 11.4 Ordinary Annuity Present Value:  (Section 11.3)
Formula 11.5 Annuity Due Present Value:  (Section 11.3)



[image: ]Technology
	
Calculator
[bookmark: _GoBack]Annuity Type Settings
· The calculator default is for END mode, which is the ordinary annuity.
· The annuity type (payment timing) setting can be found on the second shelf above the PMT key. This function works as a toggle.
· To toggle the setting, complete the following sequence:
1. 2nd BGN (the current payment timing of END or BGN is displayed)
2. 2nd SET (it toggles to the other setting)
3. 2nd Quit (to get out of the window)
· When the calculator is in annuity due mode, a tiny BGN is displayed in the upper right of your calculator.

[image: Paper and Pencil 2 by isaiah658]Chapter 11 Review Exercises


Mechanics
1. Sangarwe will deposit $300 every quarter into an investment annuity earning 4.5% compounded quarterly for seven years. What is the difference in the amount of money that she will have after seven years if payments are made at the beginning of the quarter instead of at the end?
2. Canseco wants to have enough money so that he could receive payments of $1,500 every month for the next nine-and-a-half years. If the annuity can earn 6.1% compounded semi-annually, how much less money does he need if he takes his payments at the end of the month instead of at the beginning?
3. Kevin wants to save up $30,000 in an annuity earning 4.75% compounded annually so that he can pay cash for a new car that he will buy in three years' time. What is the difference in his monthly contributions if he starts today instead of one month from now?
4. Brianne has a $21,000 loan being charged 8.4% compounded monthly. What are the month-end payments on her loan if the debt will be extinguished in five years?
5. Consider an investment of $225,000 earning 5% annually. How long could it sustain annual withdrawals of $20,000 (including the smaller final payment) starting immediately?
6. The advertised month-end financing payments on a $28,757.72 car are $699 for a four-year term. What semi-annual and effective interest rate is being used in the calculation?

Applications
7. Kubb Bakery estimates it will need $198,000 at a future point to expand its production plant. At the end of each month, the profits of Kubb Bakery average $20,000, of which the owner will commit 70% toward the expansion. If the savings annuity can earn 7.3% compounded quarterly, how long will it take to raise the necessary funds?
8. An investment fund has $7,500 in it today and is receiving contributions of $795 at the beginning of every quarter. If the fund can earn 3.8% compounded semi-annually for the first one-and-a-half years, followed by 4.35% compounded monthly for another one-and-three-quarter years, what will be the maturity value of the fund?
9. A $17,475 Toyota Matrix is advertised with month-end payments of $264.73 for six years. What monthly compounded rate of return (rounded to one decimal) is being charged on the vehicle financing?
10. A variable rate loan has a balance remaining of $17,000 after two years of fixed end-of-month payments of $655. If the monthly compounded interest rate on the loan was 5.8% for the first 10 months followed by 6.05% for 14 months, what was the initial amount of the loan?
11. Hank has already saved $68,000 in his RRSP. Suppose he needs to have $220,000 saved by the end of 10 years. What are his monthly payments starting today if the RRSP can earn 8.1% compounded annually?
12. Many companies keep a “slush fund” available to cover unexpected expenses. Suppose that a $15,000 fund earning 6.4% compounded semi-annually continues to receive month-end contributions of $1,000 for the next five years, and that a withdrawal of $12,000 is made two-and-a-half years from today along with a second withdrawal of $23,000 four years from today. What is the maturity value of the fund?
13. Many consumers carry a balance each month on their credit cards and make minimal payments toward their debt. If a consumer owes $5,000 on a credit card being charged 18.3% compounded daily interest, how long will it take him to pay off his debt with month-end payments of $100?
14. You have a loan for $20,000 on which you are charged 6% compounded quarterly. What payment amount at the end of every six months would reduce the loan to $15,000 after two years? What is the interest portion of the total payments made?

Challenge, Critical Thinking, & Other Applications
15. Stan and Kendra's children are currently four and two years old. When their older child turns 18, they want to have saved up enough money so that at the beginning of each year they can withdraw $20,000 for the first two years, $40,000 for the next two years, and $20,000 for a final two years to subsidize their children's cost of postsecondary education. The annuity earns 4.75% compounded semi-annually when paying out and 6.5% compounded monthly when they are contributing toward it. Starting today, what beginning-of-quarter payments must they deposit until their oldest reaches 18 years of age in order to accumulate the needed funds?
16. Karen is saving $1,500 at the end of every six months into an investment that earns 9.4% compounded monthly for the next 20 years. The maturity value will then be rolled into an investment earning 5.85% compounded annually, from which she plans on withdrawing $23,800 at the beginning of each year. How long will the annuity sustain the withdrawals (including the smaller final payment)?
17. In an effort to clear out last year's vehicle inventory, Northside Ford advertises a vehicle at $46,500 with 0% financing for five years of end-of-month payments. Alternatively, consumers can pay cash and receive a $6,000 rebate. What is the maximum monthly compounded interest rate that a bank could charge that would result in equal or lower monthly payments?
18. Delaney is 18 years old and wants to sustain an annual income of $30,000 in today's dollars for 17 years at the end of every year when she retires at age 65 (the amount will remain fixed once set at age 65). If the annually compounded annuity can earn 4.65% in retirement and 9.5% during contributions, how much does she need to invest at the end of every month? Assume the annual rate of inflation is 2.7%.

19. A mortgage can take up to 25 years to pay off. Taking a $250,000 home, calculate the month-end payment for 15-, 20-, and 25-year periods using semi-annually compounded interest rates of 4%, 5.5%, and 7% for each period. What do you observe from your calculations?
20. Being able to start an RRSP with a lump-sum investment can reduce your end-of-month contributions. For any 35-year term RRSP earning 8.7% compounded annually, calculate the monthly contribution necessary to have a maturity value of $1,000,000 if the starting lump sums are $5,000, $10,000, $15,000, and $20,000. What do you observe from your calculations?



Chapter 11 Case Study 
Developing Product Payment Plans

The Situation
Lightning Wholesale works very closely with some of its smaller retailers, many of which are owned and operated by sole proprietors. These owners generally need assistance with their pricing and call on the staff at Lightning Wholesale to help develop promotional pricing plans and the amounts of the payments that can be advertised. Lightning Wholesale freely offers the help, since it means more sales and increased profits for the company.
	Many of the requests are identical in nature, so the staff at Lightning Wholesale want to develop a payment plan chart for their ski product line. This chart is to illustrate both the three-month and six-month payment plan amounts that can be advertised at various interest rates.

The Data
· Lightning Wholesale has opted to only carry two ski brands in 2014: Ogasaka and Nordica.
· The list prices for Ogasaka and Nordica are $829.95 and $799.95, respectively.
· The typical monthly compounded interest rates charged by its retailers are 8%, 12%, 18%, and 28%.
· Lightning Wholesale recommends a 10% down payment on all finance plans for all of its retailers.

Important Information
· All retailers sell the skis at the list price.
· All ordinary payment plans are either three month or six month.
· Lightning Wholesale ignores sales taxes in its chart since every province has varying rates. The retailer can increase the payments in the payment chart by the appropriate sales tax.

Your Tasks
1. For both product lines and for each interest rate, develop both a three-month and a six-month payment plan amount chart that the retailers can advertise that incorporates the required down payment. For these advertised amounts, assume the final payment remains the same as all other payments (in application, though, the retailers will need to be cautioned that the final payment may be different and adjusted as needed, to which Lightning Wholesale can provide the necessary information as required).
2. Retailers ask you how to adjust the advertised payment plan chart amounts if they decide to sell the skis for some price other than the list price. What would you recommend? Provide calculations to support your answer.
3. Some retailers charge different interest rates and want to know if it is possible to just proportionally adjust the payment plan chart. For example, if a retailer charges 25.5% interest, this approach would then be to increase the 18% payment by 75% of the difference between the 18% and 28% level. Can retailers adjust your payment plan table in this way? Provide calculations using the provided numbers to support your answer.
4. Some retailers offer up to 12-month payment plans and ask if it is possible to just take the three-month payment numbers and divide by 4, or take the six-month payment numbers and divide by 2 to arrive at the 12-month payment plan numbers. Can retailers adjust your payment plan table in this way? Provide calculations to support your answer.
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