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Chapter 12: Compound Interest: 
Special Applications of Annuities
(What Can I Do with This Knowledge of Annuities?)

It has been a hectic day at work. This morning your newly leased computer equipment arrived and your manager reminded you that as soon as it is set up, the debt obligation associated with the computer lease must be recorded in the accounting books. As well, a few of your corporate partners had contributed toward a new scholarship program for your employees and you must determine exactly how much the scholarship can afford to pay out from its interest earnings without touching the principal. If that were not enough, your company's pension plan is under review. Your pension earners' monthly income payments need to be increased based on the rate of inflation. On a related note, some of your employees want to participate in a special component of your RRSP benefits program in which they invest single payments today and receive future benefit payments down the road. You must help them figure out how much money they must deposit today to participate in this program.
	What does this example illustrate? A majority of businesses lease computers and equipment for tax benefit purposes along with the ability to regularly upgrade equipment to meet rapid technological changes. Whether you are the business selling the leased products or acquiring them, you must understand how leases work. Company and government pension plans such as the Canada Pension Plan and Old Age Security regularly increase their payments to match inflation. Many companies, organizations, and even not-for-profit enterprises beyond just the educational sector set up scholarship programs for employees and their families. These scholarships are designed to provide benefits today and endlessly into the future.
	On the personal side, you must arrange for the retirement income that you will eventually withdraw from your RRSP savings to increase regularly to match inflation so that your purchasing power remains the same throughout all stages of retirement. On a similar note, most contributions to RRSPs are regularly increased as annual income rises throughout a career. In addition, as a Canadian you have access to Canada Pension Plan and Old Age Security benefits, which are constantly increasing annuity payments available to you in your retirement years. You also save for a lot of events and big purchases in your lives; many consumers defer the purchase of these items until cash is available.
	In this chapter, you will explore four specific situations relating to annuities: deferred annuities, constant growth annuities, perpetuities, and leases. Then you will practise with some personally relevant applications in the form of procedures for purchasing your vehicle at the lowest cost and for basic RRSP planning.

Outline of Chapter Topics
12.1: Deferred Annuities (Can I Receive Those Payments Later?)
12.2: Constant Growth Annuities (Always Wanting More)
12.3: Perpetuities (Are You Going to Live Forever?)
12.4: Leases (I Will Just Borrow It for a While)
12.5: Application: How to Purchase a Vehicle (Get Your Motor Running)
12.6: Application: Planning Your RRSP (When Can I Retire?)



12.1: Deferred Annuities
(Can I Receive Those Payments Later?)
	
The power of compound interest, as you have already seen, is amazing. Your investment realizes exponential growth, and over long periods of time the results are spectacular.
	Taking advantage of this principle, many parents (and grandparents too) invest large amounts of money when their children are young to have enough money to pay for their college or university education. A simple investment of $10,000 at birth with no further contributions could sustain approximately four years’ worth of $1,200 monthly payments to the child starting at age 18. That is over $55,000 toward the child's education!
	Many students now stay at home longer with their parents while they pursue postsecondary education. Some accumulate sums of wealth at an early age through part-time earnings when they have little or no expenditure. Assume a 21-year old student had accumulated $50,000 and instead of using that money on a new car or backpacking across Europe, she invested it into her RRSP. By age 65 and without contributing another dime, she could have a retirement fund that sustains 20 years of $15,000 monthly income, or approximately $3.6 million!
	 Compare this to someone who makes $300 monthly payments every month from age 21 to age 65, therefore contributing 528 payments totalling $158,400 out-of-pocket over the years. Under equal conditions, this person will receive about $12,000 monthly for 20 years, or approximately $2.9 million. See the difference? This person not only put $108,400 more into the RRSP but receives $0.7 million less in income during retirement.
	Although investing the $50,000 into an RRSP instead of buying a new car is not quite as sexy, can you imagine never having to contribute to your RRSP again and being secure in your retirement before you even start your career? The financial freedom you will experience for the rest of your life would be enviable.
	This section explores the concept of investing single payments today with the goal of using the maturity value to sustain an annuity afterwards. This is more commonly referred to as a deferred annuity.

What Is a Deferred Annuity?
	
A deferred annuity is a financial transaction where annuity payments are delayed until a certain period of time has elapsed. Usually the annuity has two stages, as depicted in this figure.
1. [image: ]Accumulation Stage. A single payment is allowed to earn interest for a specified duration. There are no annuity payments during this period of time, which is commonly referred to as the period of deferral.
2. Payments Stage. The annuity takes the form of any of the four annuity types and starts at the beginning of this stage as per the financial contract. Note that the maturity value of the accumulation stage is the same as the principal for the payments stage.
	The interest rate on deferred annuities can be either variable or fixed. However, since deferred annuities are commonly used to meet a specific need, fixed interest rates are more prevalent since they allow for certainty in the calculations.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

For a deferred annuity, you apply a combination of formulas that you have already used throughout this book. The accumulation stage is not an annuity, so it uses the various single payment compound interest formulas from Chapter 9. The payments stage is an annuity, so it uses the various annuity formulas from Chapter 11. 

[image: cartoon cogs by tonyhewison]How It Works

For deferred annuities, the most common unknown variables are either the present value, the length of the period of deferral, the annuity payment amount, or the number of annuity payments that are sustainable for a fixed income payment. Follow this sequence of steps for each of these variables:


	Solving for the Present Value
	Solving for the Period of Deferral
	Solving for the Annuity Payment Amount
	Solving for the Number of Annuity Payments

	Step 1: Draw a timeline and identify the variables that you know, along with the annuity type.

	Step 2: Starting at the end of your timeline, calculate the present value of the annuity using the steps from Section 11.3 (Formulas 11.4 or 11.5). Round your answer to two decimals.
	Step 2: Starting at the beginning of the timeline, calculate the future value of the single payment using the steps from Section 9.2 (Formula 9.3). Round your answer to two decimals.

	Step 3: Take the principal of the annuity, and using the steps from Section 9.3 (Formula 9.3) calculate the present value for the single amount.
	Step 3: Solve for the number of compounding periods using the applicable steps from Section 9.7 (Formula 9.3). The single payment investment is the present value, and the principal of the annuity is the future value.
	Step 3: Calculate the annuity payment amount using steps from Section 11.4 (Formula 11.4 or 11.5).
	Step 3: Calculate the number of annuity payments using steps from Section 11.5 (Formula 11.4 or 11.5).



[image: file important by Anonymous]Important Notes

Rounding. The maturity value of the single payment or the present value of the annuity is always rounded to two decimals. Since an accumulation fund is different from a payment annuity, logistically the money is transferred between different bank accounts, which means that only two decimals are carried either forwards or backwards through this step of the required calculations.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Avoid these three common sources of error when you work with deferred annuities:
1. Combining the Deferral Period and the Annuity Term. It is an error to treat the period of deferral and the term of the annuity as simultaneous time periods. For example, if a deferred annuity has a three-year period of deferral and a 10-year annuity term, this is sometimes interpreted, mistakenly, as an annuity ending 10 years from today. These time segments are separate and consecutive on the timeline! The correct interpretation is that the annuity term ends 13 years from today, since the 10-year term does not start until the three-year deferral terminates. 
2. Incorrect Timing between Stages. A common mistake is to determine incorrectly when the period of deferral ends and the annuity starts. This error usually results from forgetting that the payments on ordinary annuities start one payment interval after the annuity starts, whereas annuity due payments start immediately. Thus, if the first quarterly payment on an ordinary annuity is to be paid 6¾ years from today, then the period of deferral is 6½ years. If the deferral is for an annuity due, then the period of deferral is 6¾ years. 
3. Confusing N. A deferred annuity requires different calculations of N using either Formula 9.2 or Formula 11.1. In the accumulation stage, recall that N must represent the number of compound periods calculated by Formula 9.2. In the payments stage, the N must represent the number of annuity payments calculated by Formula 11.1.

[image: Lost in thought by hefedute]  Give It Some Thought

1. If a deferred annuity has a four-year period of deferral and a seven-year annuity term, how many years from today will the term of the annuity end?
2. If an ordinary deferred annuity makes its first monthly payment 25 months from now, how long is the period of deferral? What if it were a deferred annuity due?
Solutions:
1. 11 years  		2. 24 months; 25 months





	Example 12.1A: Investing an Inheritance for your Retirement

	Frasier is 33 years old and just received an inheritance from his parents' estate. He wants to invest an amount of money today such that he can receive $5,000 at the end of every month for 15 years when he retires at age 65. If he can earn 9% compounded annually until age 65 and then 5% compounded annually when the fund is paying out, how much money must he invest today?

	Plan
	Calculate the single payment that must be invested today. This is the present value (PV) of the deferred annuity.

	Understand
	What You Already Know
Step 1: The deferred annuity has monthly payments at the end with an annual interest rate. Therefore, this is an ordinary general annuity. The timeline for the deferred annuity appears below.
Ordinary General Annuity: FV = $0, IY = 5%, 
CY = 1, PMT = $5,000, PY = 12, Years = 15
Period of Deferral: FV = PVORD, IY = 9%, CY = 1, Years = 32
	How You Will Get There
Step 2: Calculate the periodic interest rate (i, Formula 9.1), number of annuity payments (N, Formula 11.1), and present value of the ordinary general annuity (PVORD, Formula 11.4).
Step 3: Discount the principal of the annuity back to today. Calculate the periodic interest rate (i, Formula 9.1), number of single payment compound periods (N, Formula 9.2), and present value of a single payment (PV, Formula 9.3 rearranged).

	
	[image: ]

	Perform
	Step 2: i = 5%/1 = 5%; N = 12 × 15 = 180 payments       
Step 3: i = 9%/1 = 9%; N = 1 × 32 = 32 compounds
            $636,925.79 = PV(1 + 0.09)32                         PV = $636,925.79 ÷ (1.09)32 = $40,405.54

	
	Calculator Instructions
[image: ]

	Present
	If Frasier invests $40,405.54 today, he will have enough money to sustain 180 withdrawals of $5,000 in retirement.





	Example 12.1B: Planning the Deferral Period

	Bashir wants an annuity earning 4.3% compounded semi-annually to pay him $2,500 at the beginning of every month for 10 years. To achieve his goal, how far in advance of the start of the annuity does Bashir need to invest $50,000 at 8.25% compounded quarterly? Assume 91 days in a quarter.

	Plan
	Calculate the amount of time between today and the start of the annuity. This is the period of deferral, or N.

	Understand
	What You Already Know
Step 1: The deferred annuity has monthly payments at the beginning with a semi-annual interest rate. Therefore, this is a general annuity due. The timeline for the deferred annuity appears below.
General Annuity Due: FV = $0, IY = 4.3%, CY = 2, PMT = $2,500, PY = 12, Years = 10
Period of Deferral: PV = $50,000, FV = PVDUE, 
IY = 8.25%, CY = 4
	How You Will Get There
Step 2: Calculate the periodic interest rate (i, Formula 9.1), number of annuity payments (N, Formula 11.1), and present value of the ordinary general annuity (PVORD, Formula 11.4).
Step 3: Determine the number of compounds during the accumulation stage. Calculate the periodic interest rate (i, Formula 9.1) followed by the number of single payment compound periods (N, Formula 9.3 rearranged).

	
	[image: ]

	Perform
	Step 2: i = 4.3%/2 = 2.15%; N = 12 × 10 = 120 payments

Step 3: i = 8.25%/4 = 2.0625%
            $244,780.93 = $50,000(1 + 0.020625)N
                  4.895618 = 1.020625N
            ln(4.895618) = N × ln(1.020625)
                              
             Years = 77 ÷ 4 = 19.25 = 19 years, 3 months
             0.801923 × 91 days = 72.975105 = 73 days

	
	Calculator Instructions
[image: ]

	Present
	To achieve his goal, Bashir needs to invest the $50,000 19 years, 3 months and 73 days before the annuity starts.



	Example 12.1C: How Much Income Will It Provide?

	On the day of their granddaughter's birth, Henri and Frances deposited $3,000 into a trust fund for her future education. The fund earns 6% compounded monthly. When she turns 18, they then want it to make payments at the end of every quarter for five years. If the income annuity can earn 4.5% compounded quarterly, what is the amount of each annuity payment to the granddaughter?

	Plan
	Calculate the amount of the annuity payment (PMT) during the income payments stage of the deferred annuity.

	Understand
	What You Already Know
Step 1: The deferred annuity has quarterly payments at the end with a quarterly interest rate. Therefore, this is an ordinary simple annuity. The timeline for the deferred annuity appears below.
Period of Deferral: PV = $3,000, IY = 6%, 
CY = 12, Years = 18
Ordinary Simple Annuity: PVORD = FV after deferral, FV = $0, IY = 4.5%, CY = 4, PY = 4, Years = 5
	How You Will Get There
Step 2: Calculate the future value of the single payment investment. Calculate the periodic interest rate (i, Formula 9.1), number of single payment compound periods (N, Formula 9.2), and future value of a single payment amount (FV, Formula 9.3).
Step 3: Work with the ordinary simple annuity. First, calculate the periodic interest rate (i, Formula 9.1), number of annuity payments (N, Formula 11.1), and finally the annuity payment amount (PMT, Formula 11.4).
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	Perform
	Step 2: i = 6%/12 = 0.5%; N = 12 × 18 = 216 compounds
            FV = $3,000(1 + 0.005)216 = $8,810.30
Step 3: i = 4.5%/4 = 1.125%; N = 4 × 5 = 20 payments
             

	
	Calculator Instructions
[image: ]

	Present
	The granddaughter will receive $494.39 at the end of every quarter for five years starting when she turns 18. Since the payment is rounded, the very last payment is a slightly different amount, which could be determined exactly using techniques discussed in Chapter 13.



	Example 12.1D: How Long Can the Annuity Be Sustained?

	Emile received a $25,000 one-time bonus from his employer today, and he immediately invested it at 8% compounded annually. Fourteen years from now, he plans to withdraw $2,300 at the beginning of every month to use as his retirement income. If the income annuity can earn 3.25% compounded semi-annually, what is the term of the annuity before it is depleted (including the smaller final payment)?

	Plan
	Figure out how long the income annuity is able to sustain the income payments. This requires you to calculate the number of annuity payments, or N.

	Understand
	What You Already Know
Step 1: The deferred annuity has monthly payments at the beginning with a semi-annual interest rate. Therefore, this is a general annuity due. The timeline for the deferred annuity appears below.
Period of Deferral: PV = $25,000, IY = 8%, CY = 1, Years = 14
General Annuity Due: PVDUE = FV after deferral, 
FV = $0, IY = 3.25%, CY = 2, PMT = $2,300, 
PY = 12
	How You Will Get There
Step 2: Calculate the future value of the single deposit. Calculate the periodic interest rate (i, Formula 9.1), number of single payment compound periods (N, Formula 9.2), and future value of a single payment amount (FV, Formula 9.3).
Step 3: Work with the general annuity due. Calculate the periodic interest rate (i, Formula 9.1) and the number of annuity payments (N, Formula 11.5 rearranged for N). Finally substitute into the annuity payments Formula 11.1 to solve for Years.
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	Perform
	Step 2: i = 8%/1 = 8%; N = 1 × 14 = 14 compounds
            FV = $25,000(1 + 0.08)14 = $73,429.84
Step 3: i = 3.25%/2 = 1.625%





34 = 12 × Years                            Years = 2.8 = 2 years, 10 months

	
	Calculator Instructions
[image: ]

	Present
	The annuity will last 2 years and 10 months before being depleted. 





[image: Paper and Pencil 2 by isaiah658]Section 12.1 Exercises


Mechanics
In each of the following questions, solve for the unknown variable (identified with a ?).
	
	Accumulation Stage
	Payments Stage

	
	Present Value
	Nominal Interest Rate
	Period of Deferral
	Annuity Payments
	Annuity Payment Timing
	Annuity Term
	Nominal Interest Rate

	1.
	?
	7.7% semi-annually
	15½ years
	$4,200 quarterly 
	End
	12 years
	5.9% semi-annually

	2.
	$40,000
	6.1% quarterly
	?
	$908.56 monthly
	Beginning
	10 years
	4.2% monthly

	3.
	$100,000
	8.5% annually
	20 years
	$20,000 semi-annually
	Beginning
	?
	3.9% quarterly

	4.
	$17,500
	7.5% monthly
	14 years, 
8 months
	? annually
	End
	5 years
	5% annually

	5.
	$28,900
	8.2% quarterly
	?
	$17,018.98 semi-annually
	End
	7 years, 6 months
	2.8% annually

	6.
	$55,000
	10.8% monthly
	13 years, 10 months
	$9,850.80 quarterly
	End
	?
	6.6% quarterly

	7.
	?
	8.9% annually
	11 years
	$1,500 monthly
	Beginning
	20 years
	3% monthly

	8.
	$15,000
	5.5% semi-annually
	18 years
	? monthly
	Beginning
	4 years
	4.1% semi-annually



Applications
9. What is the present value of a deferred annuity with a deferral period of 17 years at 6.7% compounded semi-annually followed by a 10-year annuity due paying $1,250 every month at 4.78% compounded semi-annually?
10. Your objective is an annuity due paying $5,000 semi-annually for 5½ years at 4% compounded quarterly. How far in advance of this would you need to invest $20,000 at 6.82% compounded monthly? Assume 30 days in a month.
11. If $38,000 is invested for 15 years at 9.4% compounded quarterly and then pays out $10,000 at the beginning of each year while earning 2.4% compounded annually, how far from today would the last payment occur?
12. Jeff and Sarah want an ordinary annuity to pay their daughter $1,000 monthly for three years and nine months for the duration of her educational studies starting August 1, 2024. What lump-sum amount do they need to invest on August 1, 2014, if the deferred annuity can earn 6.6% compounded monthly during the accumulation stage and 4% compounded quarterly during the income payments stage?
13. On July 13, 2011, Harriet invested $24,500 at 8.35% compounded semi-annually. Ten years later, she plans on withdrawing $5,000 at the end of every three months. If the income annuity can earn 4.5% compounded monthly, on what date will Harriet receive her last payment?
14. At the age of 44, Parker just finished all the arrangements on his parents' estate. He is going to invest his $80,000 inheritance at 5.5% compounded quarterly until he retires at age 55, and then wants to receive month-end payments for the next 25 years. The income annuity is expected to earn 3.85% compounded annually. What are his monthly annuity payments during his retirement?
15. Helga invested $34,000 on September 24, 2010, at 7.75% compounded monthly. She plans on using the money to fund an annuity due starting January 24, 2028, with the last payment being made on December 24, 2045. If the annuity due is expected to earn 5.8% compounded monthly, how much will she receive each month?



Challenge, Critical Thinking, & Other Applications
16. ING Direct just purchased a loan contract on its date of sale from a small retailer for $3,350.64 at a negotiated rate of 18% compounded monthly. If the contract calls for 24 month-end payments of $200 after a period of no payments, how long is the deferral period?
17. Consider the following two investors saving into their RRSP earning 9% compounded annually throughout:
· Scully invests $275 at the end of every month from age 18 to age 35, then stops contributing until age 65 retirement.
· Mulder starts his RRSP later and invests $275 at the end of every month from age 35 to age 65.
a. How much more money does the person with the higher balance have at age 65?
b. How much money did each investor nominally put into the RRSP?
c. What time value of money concept is being illustrated?
18. Once Jason graduated college at age 22, he invested $350 into his RRSP at the beginning of every month until age 40. He then stopped his contributions and let the amount earn interest until today, when at age 62 he decided to retire. He wants his retirement money to last until age 85. If his account can earn 10.4% compounded quarterly before age 62 and 4.8% compounded annually after that, how much money can he expect to receive at the end of every quarter?
19. Amber would like her RRSP earning 5.1% compounded semi-annually to pay her $2,500 at the end of every month for 20 years once she retires at age 65. What lump-sum amount at age 25 would Amber need to invest? Suppose she can get rates of 11.2% compounded annually for the first 35 years followed by 5.9% compounded annually until she needs the money at retirement.
20. Compute the following scenarios using different interest rates of 6%, 8%, and 10% compounded annually throughout.
a. What is the present value of a deferred annuity with a 10-year deferral period followed by a 10-year ordinary annuity with annual $10,000 payments?
b. What is the annual annuity payment if a lump sum of $50,000 is invested for 10 years followed by a 10-year ordinary annuity?
c. What is the term of the annuity if a lump sum of $50,000 is invested for 10 years followed by an ordinary annuity paying $20,000 annually?
d. Discuss your observations from all of the above scenarios.













12.2: Constant Growth Annuities
(Always Wanting More)
	
Many experts recommend that you should save around 10% of your annual income toward your RRSP contributions. Like most people, when you graduate college or university, your employer will offer you a starting salary that is usually at the lower end of their pay scale. In most companies, you are then eligible to receive annual raises in accordance with a predetermined pay structure or through performance reviews. This represents an annual income that always rises. As a result, your RRSP contributions should always rise annually too.
	All annuity calculations so far have permitted fixed contributions only. More realistically, in many financial situations, such as your RRSP, the annuity payments should constantly increase on a regular basis. For this situation you need to study constant growth annuities.

The Concept of Constant Growth
	
[image: ]A constant growth annuity is an annuity in which each annuity payment is increased by a fixed percentage. The figure here illustrates a $1,000 initial payment growing by 5% with each subsequent payment.
	 In addition to your RRSP contributions, annuity payments are regularly increased in many situations:
· When you draw from your retirement savings, you must increase your payments each year to keep up with the cost of living. This increasing demand on your retirement fund must be factored into a proper RRSP savings plan.
· Payments by the Canada Pension Plan and Old Age Security, along with most private company pension plans, increase annually to match the rate of inflation.
	The change in each payment is a fixed percentage and therefore represents a percent change in the annuity payment. This can be represented by the percent change symbol, ∆%, used in Section 3.1. This variable represents the periodic percent change, where the period is consistent with the payment interval. Thus, if the payments are monthly then the percent change variable needs to be expressed as the percent change per month.

The Impact of Constant Growth on the Annuity Payment

To understand how constant growth affects the annuity payment variable, take a look at how the first four payments in any constant growth annuity are represented. Recall in annuities that N represents the number of payments, therefore:
N = 1: First payment = PMT = PMT(1 + ∆%)N – 1 (since N = 1, this produces a zero exponent on the percent change)
N = 2: Second payment = PMT (1 + ∆%) = PMT(1 + ∆%)N – 1
N = 3: Third payment = PMT (1 + ∆%)(1 + ∆%) = PMT (1 + ∆%)2 = PMT(1 + ∆%)N – 1
N = 4: Fourth payment = PMT (1 + ∆%)(1 + ∆%)(1 + ∆%) = PMT (1 + ∆%)3 = PMT(1 + ∆%)N – 1
	Notice that every annuity payment ultimately is represented by PMT(1 + ∆%)N – 1 regardless of the number of annuity payments made.
The Impact of Constant Growth on the Annuity Interest Rate

You must adjust the annuity periodic interest rate to isolate the growth in the annuity from interest, since the growth in the annuity payments is already reflected in the PMT(1 + ∆%)N – 1 above. Over the course of any single period, interest compounds at a rate calculated as 1 + i. On the other hand, contributions over the same time period grow by 1 + ∆%. Therefore, the interest in the account grows more than the growth in the contributions by a rate that is calculated by:

For illustrative purposes, assume an annuity with a periodic interest rate of 10% and a periodic growth rate of 5%. Apply the above calculation:

Therefore, each period the net growth attributable solely to interest represents a periodic compounding of 4.7619% and not 10%. This interest rate, sometimes called the net rate, must replace the periodic interest rate you use in all annuity formulas.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

The four formulas for the future value and present value of both ordinary and annuity dues are shown below, incorporating the concept of constant growth. Notice in every formula that the periodic interest rate is changed to net rate. The percent change formula in the denominator does not require the  exponent since the variable is already expressed in the same periodic terms as the payments. 
1. Future Value Formulas. The annuity payment is modified to incorporate the growth in the payments from PMT to PMT(1 + ∆%)N – 1 as previously illustrated. The first payment has zero growth, which results in an exponent having one period of growth less than the number of payments made.
2. Present Value Formulas. When bringing the annuity back to its beginning, this represents the 0th payment since a first payment has not occurred yet. Applying the PMT(1 + ∆%)N – 1 formula results in 
PMT(1 + ∆%)0 − 1 = PMT(1 + ∆%)−1 = , which then substitutes for PMT in the formula.
	
Formula 12.1: Future Value of a Constant Growth Ordinary Annuity
	
Formula 12.3: Present Value of a Constant Growth Ordinary Annuity

	
Formula 12.2: Future Value of a Constant Growth Annuity Due
	
Formula 12.4: Present Value of a Constant Growth Annuity Due


	

Make the following notes about the variables:
1. PMT. Every payment is constantly increasing in a constant growth annuity. Therefore, the first payment is the clearly identifiable value. To ascertain the value of any other payment, use the formula PMT(1 + ∆%)N – 1, as illustrated previously. For example, if a $1,000 payment is growing at 5% and the value of the 10th payment needs to be known, it is calculated as $1,000(1 + 0.05)10 – 1 = $1,551.33.
2. i. The rate of interest resulting from Formula 9.1, converted to match the payment interval if necessary. The periodic interest rate is adjusted to reflect the net rate by dividing it by 1 + ∆%.
3. ∆%.  The periodic percent change matching the payment interval between each successive payment in the annuity. If payments are made quarterly, then the percent change per quarter is required. The value of ∆% in these formulas is restricted to a value less than the equivalent periodic interest rate i (where i is expressed as the interest rate per payment interval). Situations where ∆% ≥  are beyond the scope of this textbook. If ∆% is assigned a value of 0% then these formulas revert back to Formulas 11.2 to 11.5, respectively. Hence, the formulas from Chapter 11 are sometimes referred to as zero growth annuity formulas and represent simplified versions of these complete annuity formulas.

[image: cartoon cogs by tonyhewison]How It Works

[image: ]Follow the same steps discussed for future value in Section 11.2 and the steps for present value in Section 11.3. The only notable difference is that you must identify the periodic growth rate for the annuity payment and, of course, use the new Formulas 12.1 to 12.4. Figure 12.12 illustrates a typical timeline when constant growth is involved. Note the ∆% after the annuity type and that only one of FVORD, FVDUE, PVORD, or PVDUE ever appears on the timeline.
	The most common applications involving constant growth annuities require you to calculate the future value, present value, or the first annuity payment. In the first two cases, you use Formulas 12.1 to 12.4 to solve for FV and PV. If the first annuity payment is the unknown variable, you can rearrange any of Formulas 12.1 to 12.4 algebraically to isolate PMT as needed.

[image: file important by Anonymous]Important Notes

Most financial calculators, including the Texas Instruments BAII Plus, are not pre-programmed with constant growth annuities. They are designed to handle fixed payment annuities only.
	That said, on the web or in your readings you may come across methods that show you how to adapt your calculator input to "trick" the calculator. It is important to note that these methods are generally complex, requiring you to memorize a lot of adaptations and conditional modifications. Outputs are not necessarily correct unless further adapted. Ultimately, these tricks are not recommended. This textbook solves constant growth annuities only using formulas and through the Excel template.

[image: Top Secret by Mogwai] Paths To Success

Although all of the discussion has been about growth, you can also use these formulas in situations involving constant reduction since the requirement of ∆% <  remains true. Use a negative value for the growth rate in all calculations.
	Additionally, if you wish to know the total value of the annuity payments in a constant growth annuity, you can use Formula 11.2 with a few adaptations:
· Treat the first payment as the annuity payment amount or PMT.
· Substitute the periodic growth rate for the equivalent periodic interest rate while setting CY and PY both to 1. This eliminates the  exponent.
· Retain using N as the number of payments.
Thus, substituting and simplifying produces the following calculation:


[image: Lost in thought by hefedute]  Give It Some Thought

If an annuity payment is increased by $5 each time from $100 to $105 to $110 to $115, does this represent a situation of constant growth?
Solution:
No. A constant growth is represented by a fixed percentage growth, not a fixed dollar amount growth.




	Example 12.2A: Constant Growth RRSP Contributions

	Bradford is 27 years old and starts investing $3,000 per year into his RRSP earning 9% compounded annually. He decides that each year he will increase his contributions by 2.5%. Calculate the maturity value at age 65 for both an ordinary annuity and an annuity due.

	Plan
	If every payment is increasing by a fixed percentage, then this is a constant growth annuity. Calculate two maturity values, one for the ordinary annuity, or FVORD, and one for the annuity due, or FVDUE.

	Understand
	What You Already Know
Step 1: There are annual contributions with an annual compound interest rate. The beginning payment creates a simple constant growth annuity due, while the end payments create an ordinary simple constant growth annuity. The timeline is below.
Step 2: Both annuities: PV = $0, IY = 9%, CY = 1, PMT = $3,000, PY = 1, Years = 38, ∆% = 2.5%
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: With PV = $0, skip this step.
Step 5: Apply Formula 11.1 and Formulas 12.1 and 12.2.

	
	[image: ]

	Perform
	Step 3: i = 9%/1 = 9%
Step 5: N = 1 × 38 = 38 payments



	Present
	The 38 contributions amount to a total principal contribution of $186,681.89. The maturity value of the ordinary annuity is $1,102,199.91 and the annuity due is one compound higher at $1,201,397.90.
 





	Example 12.2B: Investment Necessary to Support a Constant Growth Annuity

	How much money is required today to fund a 10-year annuity earning 5.6% compounded quarterly where the first monthly payment will be $2,000 and each payment will grow by 0.2%? Calculate as both an ordinary annuity and annuity due.

	Plan
	If every payment is increasing by a fixed percentage, then this is a constant growth annuity. Calculate two principal amounts, one for the ordinary annuity, or PVORD, and one for the annuity due, or PVDUE.

	Understand
	What You Already Know
Step 1: There are monthly payments with a quarterly compound interest rate. The beginning payments create a general constant growth annuity due, while the end payments create an ordinary general constant growth annuity. The timeline appears below.
Step 2: Both annuities: FV = $0, IY = 5.6%, CY = 4, PMT = $2,000, PY = 12, Years = 10, ∆% = 0.2%
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: With FV = $0, skip this step.
Step 5: Apply Formula 11.1 and Formulas 12.3 and 12.4.

	
	[image: ]

	Perform
	Step 3: i = 5.6%/4 = 1.4%
Step 5: N = 12 × 10 = 120 payments



	Present
	The 120 payments each increased by 0.2% amounts to a total payout of $270,944.49. To fund these payouts, an ordinary constant growth annuity requires $205,061.74 today, whereas a constant growth annuity due requires a little more, equalling $206,014.26 because the first payment is withdrawn immediately.
 



	Example 12.2C: Where to Start?

	After a discussion with her financial adviser on February 28, 2012, Jennifer has determined that she needs $2 million in her RRSP when she retires on February 28, 2051. She has decided to start making annual contributions to her RRSP starting February 28, 2013, and grow those contributions by 3% every year. If her RRSP can earn 8.5% compounded annually, in what amount should she make her first contribution?

	Plan
	If every payment is increasing by a fixed percentage, then this is a constant growth annuity. Calculate the amount of her first annuity payment (PMT).

	Understand
	What You Already Know
Step 1: There are annual contributions at the end of the interval with an annual compound interest rate. Therefore, this is an ordinary simple constant growth annuity. The timeline appears below.
Step 2: PV = $0, FVORD = $2,000,000, IY = 8.5%, CY = 1, 
PY = 1, Years = 39, ∆% = 3%
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: With PV = $0, skip this step.
Step 5: Apply Formula 11.1 and Formula 12.1. Once you have substituted and simplified this formula, rearrange it for PMT.


	
	[image: ]

	Perform
	Step 3: i = 8.5%/1 = 8.5%
Step 5: N = 1 × 39 = 39 payments
                 
 
$5,258.45 = PMT

	Present
	Jennifer's first payment is $5,258.45 and then increased by 3% each year for her 39 payments to provide enough principal to achieve her $2,000,000 financial goal. Note that because of the rounding of the first annuity payment, she in fact ends up marginally short of her goal in the amount of $0.97.
	[image: ]



[image: Paper and Pencil 2 by isaiah658]Section 12.2 Exercises


Mechanics
Solve each of the following constant growth annuities for 
a. The future value
b. The present value
	
	Rate of Growth
	Interest Rate
	First Annuity Payment
	Payment Timing
	Term

	1.
	0.75%
	6% quarterly
	$3,000 quarterly
	End
	10 years

	2.
	1.5%
	8% monthly
	$5,000 semi-annually
	End
	15 

	3.
	0.25%
	10% annually
	$150 monthly
	Beginning
	25 years, 11 months

	4.
	4%
	8.5% annually
	$7,500 annually
	Beginning
	18 years

	5.
	3%
	9.2% semi-annually
	$4,000 annually
	End
	40 years



Solve each of the following constant growth annuities for
a. The first annuity payment
b. The amount of the annuity payment corresponding to the payment number specified
	
	Rate of Growth
	Value
	Interest Rate 
	Payment Frequency
	Payment Timing
	Term
	Payment Number 

	6.
	0.15%
	PVDUE = $100,000
	5.4% annually
	monthly
	Beginning
	10 years
	49

	7.
	3%
	PVORD = $350,000
	4.75% quarterly
	annually
	End
	15 years
	6

	8.
	0.8%
	FVDUE = $500,000
	7.75% monthly
	quarterly
	Beginning
	25 years
	90

	9.
	1.75%
	FVORD = $1,500,000
	8.1% semi-annually
	semi-annually
	End
	45 years
	last



Applications
10. Yarianny wants to withdraw $25,000 annually starting today for the next 20 years and will increase the withdrawals by 3.5% each year. If the annuity can earn 6% compounded semi-annually, how much money needs to be invested in the fund today?
11. Nikolay wants to make annual contributions to his RRSP for the next 25 years. He will increase each annual payment by 4.5%, and the RRSP can earn 9.3% compounded annually. If he wants to accumulate $250,000, what is the amount of his first payment today?
12. A large municipality is saving up to build a new state-of-the-art publicly funded hockey arena to attract a National Hockey League (NHL) franchise. The municipality plans to invest $20 million at the end of the budget year and will increase contributions by 4% each year as its operating budget is expected to rise in future years. If the investment can earn 6.6% compounded annually, how much money rounded to the nearest dollar will the municipality have in 10 years?
13. A five-year union contract calls for a company to provide $1 million in annual bonuses starting at the beginning of the first year and declining by 10% per year due to tough expected market conditions in the future. If the company wants to meet this commitment by putting a lump sum today into an investment earning 4.9% compounded quarterly, how much should it invest?
14. Matthew bought a $200,000 annuity earning 5.75% compounded monthly. It will pay him at the end of every month for the next 20 years. The annuity is designed to make a large payment initially and then decrease by 0.4% per payment.
a. What is the amount of his first annuity payment?
b. Halfway through the annuity, what will his payment be?
c. What is the amount of his last annuity payment?
15. Cisco Systems plans a dividend of $1.50 per share at the end of the year and is expected to increase the dividend by 7% each year for the next 35 years. If an investor requires an interest rate of 12% compounded semi-annually on her investments, what is the value of a Cisco Systems share for that investor today based on the 35-year time horizon?
16. An employee's pension fund is projected to have a value of $900,000 when he retires. An actuary determines that the employee has a life expectancy of 17 years after retirement. The pension fund can earn 4.3% annually, and the month-end payments will constantly increase by 0.25%.
a. What is the amount of the first payment?
b. What is the amount of the last payment?
c. What is the total amount of the annuity payments over the entire term?

Challenge, Critical Thinking, & Other Applications
17. Harlen is 24 years old. His financial plan is to contribute $4,000 at the end of every year to his RRSP until age 60, growing each annual payment by 4.25%. At that point, he plans on retiring and using the money to fund 25 years of retirement. His month-end withdrawals will increase by 0.25% each month. The investment can earn 8.5% compounded annually and then 4.5% compounded annually in retirement.
a. What is his total contribution to his RRSP?
b. What is the amount of his first retirement payment?
c. What are the total withdrawals he will make during retirement?
18. The company accountant needs to record the current value of a pension liability for one of the company's employees. The employee just retired at age 67 and will receive $40,000 at the beginning of every year, increasing by 4% each year. Corporate actuaries have pegged the employee's expected life span at an estimated 23 years past retirement. The pension fund can earn 6.2% compounded semi-annually.
a. What liability amount should the accountant record?
b. Rounded to two decimals, what percentage of that amount is a result of the growth in the employee's payments?
19. Recalculate the value of the Cisco Systems share in question 15 if the forecasted dividends are expected to continue into the infinite future. (Hint: use a very large value for N.) Comment on the difference obtained between your answer to question 15 and your answer to this question.
20. Examine the impact of different growth rates on your RRSP.
a. Start with your contributions to save up for retirement. In all cases, assume a starting contribution of $3,000 at the end of every year for a term of 40 years earning 9% compounded annually. Determine the future value of your RRSP with annual growth rates of 1%, 2%, 3%, 4%, and 5%. Also calculate the total payments made to the RRSP along with the interest earned. Comment on the results.
b. Now examine your withdrawals after you have retired. In all cases, assume a starting withdrawal of $50,000 at the end of every year for a term of 16 years earning 4.8% compounded annually. Determine the present value required to fund your RRSP with annual growth rates of 1%, 2%, 3%, 4%, and 5%. Comment on the results.
12.3: Perpetuities
(Are You Going to Live Forever?)
	
Some of the scholarships offered to students at your college were created decades ago, yet these scholarships continue to pay out money to students each and every year. Where does all of the money come from? Did somebody bestow a tremendously large endowment fund all those many years ago to sustain the scholarship over decades? Or does an individual or supporting organization simply pay it out of pocket each year? How is it possible for these scholarships to pay out through all the past years and all of the foreseeable years?
	What would you do if you win a large lottery prize such as Lotto 6/49 or Lotto Max? Today’s headlines continually showcase lottery winners who win "the big one," becoming overnight millionaires. With their new-found earnings, they rush out to buy million dollar homes and luxury vehicles and indulge in the pleasures of life. Sometime shortly thereafter, stories are told about how these millionaires file for bankruptcy. What if someone had told these people that instead of spending the money all at once, they could invest it and use the interest to live on forever; whole generations of their family could benefit from the winnings. Just imagine: if you invest $5 million at 5% interest, you would earn $250,000 of interest each and every year that you could withdraw endlessly.
	These scenarios highlight the importance of perpetuities, which are annuities that have an infinite term. At your individual level, any sum of money you invest as a perpetuity can be used to generate income forever. At the professional level, many companies and not-for-profit organizations such as sports clubs establish scholarship programs and bursaries for their employees, members, or clients. In some contracts, payments such as royalties continue forever. Some divided stocks have their price determined by indefinite future dividend amounts.
	This section explores the concept of perpetuities. You will calculate the investment required to sustain a perpetuity along with the payment amount.

What Are Perpetuities?
	
A perpetuity is a special type of annuity that has fixed, regular payments continuing indefinitely. If the principal of the investment is never withdrawn, then the interest earned each period can be withdrawn without affecting the future interest earnings of the investment. Therefore, the annuity continues to earn the same amount of interest each and every future interval and can pay out interest forever.
[image: ]	How can a single deposit of principal sustain an infinite amount of payments? Mathematically, money that occurs in a far distant future becomes worthless when it is brought back to today, where it has no value. 
	To illustrate the point of money being worthless today, the figure here calculates some present values of $10,000 payments that occur far into the future. Through the various calculations, notice that when the payments occur farther into the future the present value diminishes to practically nothing. In fact, after about 160 years the $10,000 becomes worth almost $0 today. Any payments made after this point in time result in such minuscule additions to the present value that in essence they really have no further impact. Under this premise, it is then possible to determine a value today that is equivalent to the infinite future annuity payment stream.



Ordinary Perpetuities and Perpetuities Due
	
A perpetuity is a special type of annuity. It comes in both ordinary and annuity due types. As well, the payment frequency and compounding frequency create either a simple or general annuity structure. Perpetuities can even occur after a deferral period, and hence deferred perpetuities are possible.
[image: ]A typical timeline for a perpetuity appears here. It is identical to any other annuity timeline except for two distinguishing characteristics:
1. Future Time Period. Instead of a specific time period being indicated on the right-hand side of the timelines, the word “Forever” appears, to represent the infinite nature of the perpetuity.
2. Equivalency of FV and PV. The future value of the perpetuity is the same as the present value since only the interest is ever paid out and the principal is never touched.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Like the annuity formulas, the perpetuity formulas are designed to accommodate both simple and general annuities through the  exponent, which ensures that the compounding interval matches the payment interval. These new formulas represent simplified versions of Formulas 11.4 and 11.5. To illustrate, recall Formula 11.4:

Looking at the numerator, as N becomes increasingly larger theapproaches a value of zero, which effectively removes it from the equation. This leaves a numerator of 1 over the denominator.
PMT is Perpetuity Payment Amount: The perpetuity payment is the money that is available for withdrawal each payment interval. It is equal to the exact amount of interest that the principal earns during a single payment interval.
+1 is Perpetuity Due Adjustment: The perpetuity due is larger than the ordinary perpetuity by one perpetuity payment since that payment is immediately taken from the principal, reducing the balance to an amount equal to the ordinary perpetuity.




	
	

	Formula 12.5: Ordinary Perpetuity Present Value
	Formula 12.6: Perpetuity Due Present Value


i is Periodic Interest Rate: This is the rate of interest that is used in converting the interest to principal. It results from Formula 9.1. Continuing with the same requirement as any annuity, the interest rate period must always match the payment interval.





[image: cartoon cogs by tonyhewison]How It Works

The steps required to solve for the present value of a perpetuity remain essentially unchanged from solving for the present value of any annuity. These steps, introduced in Section 11.3, are reviewed for the case of perpetuities:
Step 1: Identify the perpetuity type. Draw a timeline to visualize the question.
Step 2: Identify the variables that may be known, including IY, CY, PMT, PY, and either PVORD or PVDUE. If a PVORD or PVDUE is known, then set the FV to the same amount. If no present value is known, then set FV to $0, since money in the distant future is worthless. Unlike in regular annuities, you do not need to identify Years because of the absence of N from all perpetuity calculations.
Step 3: Use Formula 9.1 to calculate i.
Step 4: You never require this step since the FV is located so far into the future that you can automatically ascertain that its present value is equal to zero.
Step 5: To calculate the present value, apply either Formula 12.5 or Formula 12.6, depending on the type of perpetuity.
	As with regular annuities, if you are dealing with a deferred perpetuity then you must modify these procedures as you would to calculate deferred annuities (refer to Section 12.1). Most perpetuity applications require you to calculate either the investment needed (PVORD or PVDUE) or the payment (PMT). Use algebraic substitution and rearrangement when other variables are required.

[image: file important by Anonymous]Important Notes

[bookmark: _GoBack]The BAII Plus calculator is set up for fixed term annuities only. Therefore, it has no specific built-in function or manner in which to enter a perpetuity. However, since a perpetuity is a specialized version of a regular annuity, a few minor adaptations to the annuity inputs allow you to calculate perpetuities. Input all variables as usual except for the changes shown in the table below.
	Variable
	Solving for PVORD or PVDUE
	Solving for PMT

	FV
	Assign FV = 0 since money in the distant future is worthless today.
	Assign FV equal to either PVORD or PVDUE, whichever is known. Recall that the principal is never touched.

	N
	Use a large value such as 10,000.*
	Use a large value such as 2,500.*


* This will place the FV far into the distant future. A larger value could be used, but this must be done with caution. Depending on the quantities appearing in the perpetuity calculation, the power resulting from the exponent of a very large N may exceed the computational abilities of the technology and produce an error. If you experience an error, try lowering the value of N by a little bit.

[image: Top Secret by Mogwai] Paths To Success

Formulas 12.5 and 12.6 represent simplified versions of Formulas 11.4 and 11.5. If you find these new formulas confusing, or if you just want to remember a single formula for present values, you can solve any perpetuity question with the Chapter 11 formulas. If you use these formulas, you must substitute an extremely large value of N into the formula using the technology substitutions discussed in the table above.

[image: Lost in thought by hefedute]  Give It Some Thought

1. If a single payment is placed today into an ordinary perpetuity, will its future value be higher, lower, or the same?
2. If a lump sum is placed today into a perpetuity due, will its future value be higher, lower, or the same?Solutions:
1. It is the same after every withdrawal of interest and higher between withdrawals.
2. It is the same immediately before any withdrawal of interest and always lower between withdrawals. Recall that the first payment is withdrawn immediately, resulting in a principal that remains smaller than the original amount.







	Example 12.3A: Implementing a New Employee Benefit Program

	Kendra is the human resources director and wants to offer a new employee perk through a corporate scholarship program. Each year, 10 $1,000 scholarships are to be made available to the children of the company's employees. If the first scholarships are to be offered annually starting one year from now, what amount must be invested today at 7.5% compounded annually to fund the scholarship program in perpetuity?

	Plan
	Step 1: Calculate an amount today that must be invested such that it can pay out the needed funds at the end of every year in perpetuity. Payment and compounding intervals are the same, therefore this is an ordinary simple perpetuity. Determine the present value (PVORD).

	Understand
	What You Already Know
Step 1 (continued): The timeline for the perpetuity appears below.
Step 2: IY = 7.5%, CY = 1, PMT = 10 × $1,000 = $10,000, PY = 1
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Not needed for perpetuities.
Step 5: Apply Formula 12.5.

	
	[image: ]

	Perform
	Step 3: i = 7.5%/1 = 7.5%
Step 5: 

	Calculator Instructions
[image: ]

	Present
	If Kendra has her company place $133,333.33 into the perpetuity account, it will earn $10,000 interest at 7.5% compounded annually each year, which will fund the scholarship program in perpetuity.



	Example 12.3B: How Much Can Be Paid Out?

	In memory of his late father, who was a highly successful marketing manager, Brian would like to set up a marketing scholarship program with his university's school of business. He is able to donate $100,000 from his father's estate to set up the fund. If the perpetuity fund can earn 6.3% compounded semi-annually and the first scholarship is to be provided immediately, what annual scholarship amount can the fund offer?

	Plan
	Step 1: Calculate the amount of the perpetuity payment that the contribution can sustain. Payments and compounding intervals are different, while payments start immediately. Therefore, this is a general perpetuity due. Determine the perpetuity payment amount (PMT).

	Understand
	What You Already Know
Step 1 (continued): The timeline for the scholarship appears below.
Step 2: IY = 6.3%, CY = 2, PVDUE = $100,000, PY = 1
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Not needed in perpetuities.
Step 5: Substitute into Formula 12.6, rearranging for PMT.

	
	[image: ]

	Perform
	Step 3: i = 6.3%/2 = 3.15%
Step 5: 

$100,000 = PMT(16.626892)
$6,014.35 = PMT
	Calculator Instructions
[image: ]

	Present
	Brian's donation will allow an immediate scholarship amount of $6,014.35, which will leave $100,000 − $6,014.35 = $93,985.65 principal in the account. This principal amount will be able to earn $6,014.35 in perpetuity each year.



	Example 12.3C: Valuation of Common Shares

	One of the methods for valuing common shares is to determine the present value of its future dividends. If IBM Corporation is forecast to have year-end dividends of $1.50 per share for the next three years followed by $1.80 per share in perpetuity, how much should an investor be willing to pay if he requires a 12% compounded quarterly rate of return?

	Plan
	Step 1: There are different compounding and payments, and payments are made at the end of the interval. Therefore, this is a combination of an ordinary general annuity for the first three years followed by an ordinary general perpetuity. Calculate the present value of the common shares (PVORD).

	Understand
	What You Already Know
Step 1 (continued): The timeline for the common shares appears below.
Step 2: Ordinary General Perpetuity: IY = 12%, CY = 4, PMT = $1.80, PY = 1
	How You Will Get There
Starting from the right side of the timeline, calculate the present value of the perpetuity first.
Step 3: Apply Formula 9.1.
Step 4: Not needed in perpetuities.
Step 5: Apply Formula 12.5.
Then calculate the present value of the three-year annuity.
Step 6: Apply Formulas 9.2 and 9.5 (rearranging for PV) to find the future value single payment (which is the PVORD of the perpetuity).
Step 7: Apply Formulas 11.1 and 11.4 to the annuity.
Step 8: Add the results of step 6 and step 7 to get the share value today.

	
	[image: ]

	Perform
	Step 3: i = 12%/4 = 3%
Step 5: 
Step 6: N = 4 × 3 = 12 compounds
$14.341622=PV(1 + 0.03)12
PV = $14.341622 ÷ (1 + 0.03)12 = $10.058925
Step 7: N = 1 × 3 = 3 payments

Step 8: $10.058925 + = $13.63
	Calculator Instructions
[image: ]

	Present
	If an investor desires a 12% rate of return on his investment, he would be willing to pay $13.63 per share to receive the dividends in perpetuity.



[image: Paper and Pencil 2 by isaiah658]Section 12.3 Exercises


Mechanics
Solve each of the following perpetuities for the missing value (identified with a ?).
	
	Present Value
	Interest Rate and Compounding Frequency
	Payment Amount and Payment Frequency
	Payment Timing

	1.
	?
	4.85% annually
	$25,000 annually
	End

	2.
	?
	8.4% semi-annually
	$20,000 semi-annually
	Beginning

	3.
	$1,000,000
	3.95% annually
	? annually
	Beginning

	4.
	$2,400,000
	4.4% quarterly
	? quarterly
	End

	5.
	?
	5.35% quarterly
	$10,000 semi-annually
	End

	6.
	$500,000
	5.5% annually
	? semi-annually
	Beginning

	7.
	$750,000
	5% monthly
	? annually
	End

	8.
	?
	6.1% semi-annually
	$7,500 quarterly
	Beginning



Applications
9. How much money is required today to fund a perpetuity earning 5.65% annually that needs to pay out $17,000 at the end of each year?
10. If $2,500,000 was invested at 4.8% compounded semi-annually, what payment at the end of every six months could be sustained in perpetuity?
11. The dean of the School of Business and Applied Arts at Red River College in Winnipeg wants to establish a scholarship program for the newly created finance major in its business administration stream. He wants to distribute five $2,000 scholarships annually starting immediately. How much money must he raise from college supporters if the perpetuity can earn 3.6% compounded monthly?
12. Samson just won the grand prize of $50 million in the Lotto Max lottery. If he invests the money into a perpetuity fund earning 5.5% compounded annually, what monthly payment can he expect to receive starting today?
13. An investor states that he would be willing to pay $25 for common shares to achieve his desired rate of return of 15% annually. What are the forecasted annual dividends starting one year from now?
14. In 1910, an Aboriginal group signed a treaty with the British Columbia government in which they agreed to receive $1,542 annually in perpetuity. The government of today would like to pay off this debt. If prevailing interest rates are 3% compounded annually, how much should the Aboriginal group be willing to accept as payment in full for the perpetuity?
15. The Coca-Cola Company is forecasted to have dividends of $0.50 per share quarterly for the next five years, followed by dividends of $0.70 per share quarterly in perpetuity. If an investor desires a 10% compounded annually rate of return, what amount would she be willing to pay per share?

Challenge, Critical Thinking, & Other Applications
16. Indigo's will states that $150,000 is to be set aside into a fund that will make annual payments to her grandson starting when he turns 18 years old. If Indigo dies when her grandson is six years old and the fund can earn 4.9% compounded quarterly, what annual payment will he receive in perpetuity?
17. In 2009, the Canadian federal government committed $1.5 million in annual operating funding for the Canadian Museum for Human Rights in Winnipeg, which is scheduled to open in 2014. If the government had funded the museum by setting up an ordinary perpetuity in 2009 that could earn prevailing interest rates of 3% compounded annually, how much money would have been required?
18. A rare example of perpetual bonds is the Consol bonds first issued by the British government in the 18th century. These perpetual bonds make end-of-quarter payments based on a semi-annual interest rate to the bondholders. If prevailing interest rates are 5%, what is the value of a bond today that pays $29.92 in total per year?

19. Explore the impact of the interest rate on the principal required to fund an ordinary perpetuity. If the annual perpetuity payment is $10,000, calculate the principal required at annual interest rates of 2%, 3%, 4%, 5%, and 6%. Comment on your findings.
20. Explore the impact of the interest rate on the ordinary perpetuity payment for a fixed principal. If the principal is $100,000, calculate the perpetuity payment at annual interest rates of 2%, 3%, 4%, 5%, and 6%. Comment on your findings.



12.4: Leases
(I Will Just Borrow It for a While)
	
Average vehicle costs in North America have risen from $10,668 in 1982 to $25,683 in 2009,[footnoteRef:1] a whopping 141% increase over 27 years. With vehicle purchase prices running well ahead of inflation, leasing now represents an attractive option for many Canadians with many added conveniences. On the upside, lease payments are substantially lower than purchase payments. As a bonus you are able to return your vehicle after a certain number of years and upgrade to the most recent models available. And while you are in possession of the vehicle, it usually remains under the manufacturer warranty, which minimizes your maintenance and repair expenses. On the downside, you never actually own the vehicle and always make car payments, while various research has also calculated that leasing is actually much more expensive than vehicle ownership in the long run. [1:  Statistics Canada, New Motor Vehicle Sales, June 2011 (Catalogue no. 63-007-X, p. 15), http://publications.gc.ca/collections/collection_2011/statcan/63-007-X/63-007-x2011006-eng.pdf (accessed August 18, 2013).] 

	Businesses take advantage of leasing not only for vehicles, but for real estate and office space along with production equipment and office equipment. Businesses constantly need to change to avoid obsolescence, particularly in their fleet of computers. As a business grows, it must expand or even change its office space. Leasing allows organizations to do all of this. Leasing also offers significant tax benefits to most companies as well.
	This section explains the basic principles of a lease and then illustrates leasing calculations such as purchase prices, residual values, lease payments, and leasing interest rates.

How Leases Work
	
A lease is a contract by which the owner of an asset gives another party an exclusive right to possess and use the asset under specified conditions for a specific period of time in return for agreed-upon payments. In other words, you are able to borrow something for a period of time and make payments on it. At the end of the lease, the asset is usually returned to the owner, or it can be purchased outright for a depreciated price. The owner of the asset is known as the lessor, while the borrowing party is known as the lessee.
[image: ]	A typical leasing timeline is illustrated below. Important lease components include the present value, annuity timing, term, interest rate, and future value.
1. Present Value of the Lease. The purchase price of an asset is known by many names, such as its selling price, list price, or even the manufacturer's suggested retail price (MSRP). A down payment, which is a portion of the purchase price required up front, may or may not be required depending on the asset being leased. If it is required, it is deducted from the purchase price to determine the amount of money being financed.
2. Annuity Timing. All leases take the form of annuities due since you must first pay for the item before you are allowed to borrow it. Car dealerships will not let you drive that new car home until you demonstrate the financial capability to pay for it!
3. Lease Term. A lease term is no different from an annuity term. It is the specified period of time for which the lessor leases the asset.
4. Lease Interest Rate. The nominal interest rate and compounding frequency are determined by the owner of the asset. Most vehicle leases default to rates that are compounded monthly; however, advertisements typically present effective rates.
5. Future Value of the Lease. The future value is more commonly known as the residual value, which is the projected value of an asset at the end of its lease term. A residual value does not necessarily occur in every lease calculation, as some assets, like computer equipment, may only have an insubstantial value upon lease expiration. Vehicle leases always have a residual value. Thus, the lessee has a choice to give the car dealership either the keys to the car or a cheque in the amount of the residual value, thereby purchasing the car.
	In accounting, under certain circumstances, when an officer of the company signs a lease for the acquisition of a capital good (i.e., a lease of an asset, not a rental of property like a building), this creates a debt. Most leases are closed and cannot be cancelled without severe financial penalties; therefore, a liability is recorded on the balance sheet. The amount recorded is the present value of the remaining lease payments, and it is calculated using a discount rate equivalent to the interest rate the business would have had to pay if the business had purchased the asset instead. The residual value, if any, is included in the amount of this debt, which is known as a capitalized lease liability.[footnoteRef:2] [2:  For illustrative purposes this textbook makes some simplifying assumptions:
Accounting rules require the asset to be recorded at the present value of the minimum lease obligations or its fair market value, whichever is less. The examples in this book assume that the present value is the lesser number.
Accounting rules require at least one of four specific conditions to be met for a lease to qualify as a capital lease. The examples assume that this criterion is met.
Issues involving capital leases such as depreciation or executory costs are ignored.
] 

	For example, assume a company signed a two-year lease with quarterly payments of $1,000 and no residual value. Alternatively, it could have purchased the asset and financed it through a bank loan for 8% quarterly. Therefore, applying Formula 11.5, the present value of the eight $1,000 payments discounted at 8% quarterly is $7,471.99. This is the amount that appears on the balance sheet.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

A lease is an annuity due involving some special characteristics. To solve a leasing situation you can use any of the Chapter 11 annuity due formulas.

[image: cartoon cogs by tonyhewison]How It Works

The typical unknown variable in a leasing situation is the present value, future value, lease payment amount, or lease interest rate. To solve a lease for those variables you follow the exact same steps as found in Sections 11.2, 11.3, 11.4, and 11.6.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Here are some of the most common mistakes made when working with leases:
1. Cash Flow Violation. This mistake occurs when the cash flow sign convention on the calculator or in Excel is violated. From the perspective of the lessee, the present value of the lease is a positive number since the lessee is receiving the asset. Payments on the lease are therefore negative. The future value or residual value of the lease (if other than zero) is also a negative number, since it represents the amount still owing on the asset if the lessee wishes to purchase it.
2. [bookmark: MyEditingPlace]Confusing the Present Value and the Purchase Price. When calculating the present value of the lease, be careful to answer the question that is asked. If you need to know how much money was financed for the lease, this is your present value, whereas if you need to know the purchase price of the asset, you must add any down payment to the present value to arrive at the right answer.

[image: Lost in thought by hefedute]  Give It Some Thought

Assume two cars are financed at the same amount at the same interest rate for the same period of time, but one is leased and the other is purchased. Are the lease payments larger than, smaller than, or equal to the purchase payments?
Solution:
Smaller. The lease has a residual value at the end, meaning the lease payments do not have to pay as much principal as would be the case under the purchase payments.




	Example 12.4A: What Will the Lease Payments Be?

	Mazda is advertising a new Mazda3 Sport with an MSRP inclusive of all taxes, deliveries, and fees for $39,091.41. It offers a 48-month lease with a lease rate of 3.9% effectively. The residual value of the vehicle is $13,354.00. Determine the monthly lease payments if a $2,500 down payment is made.

	Plan
	Step 1: This is a leasing question, so payments are made at the beginning of each period. Monthly payments with annual compounding create a general annuity due. Calculate the annuity payment amount (PMT).

	Understand
	What You Already Know
Step 1 (continued): The timeline for the vehicle lease appears below.
Step 2: 
PVDUE =$39,091.41−$2,500.00 = $36,591.41, IY = 3.9%, CY = 1, PY = 12, Years = 4, 
FV = $13,354.00
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: The future value needs to be moved to the start, the same date as PVDUE. Apply Formulas 9.2 and 9.3 (rearranged for PV). The calculated PV is money the lease is not required to pay off, so it is subtracted from PVDUE to arrive at the amount required by the annuity.
Step 5: Apply Formulas 11.1 and 11.5 (rearranged for PMT) using the calculated step 4 PVDUE amount.

	
	[image: ]

	Perform
	Step 3: i = 3.9%/1 = 3.9%
Step 4: N = 1 × 4 = 4 compounds, $13,354 = PV(1 + 0.039)4
PV = $13,354 ÷ (1 + 0.039)4 = $11,459.06497
 new PVDUE = $36,591.41 − $11,459.06497 = $25,132.34503
Step 5: N = 12 × 4 = 48 payments



	Calculator Instructions
[image: ]

	Present
	With $2,500 down on this vehicle, a four-year lease has beginning-of-month payments of $563.78. 



	Example 12.4B: Recording the Lease Liability

	Bradford Enterprises just updated its computer mainframe systems and leased its new equipment under a two-year contract requiring fixed quarterly payments of $17,300. Alternatively, it could have borrowed the money through a financial institution at 6.5% compounded semi-annually. What liability amount (the capitalized lease liability) should be recorded on the company's balance sheet
a. on the day the contract was signed?
b. after five payments have been made?

	Plan
	Step 1: This is a leasing question, so payments are made at the beginning of the period. Quarterly payments with semi-annual compounding create a general annuity due. Calculate the present value (PVDUE) at two time points—today and after five payments.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the computer equipment lease appears below.
Step 2: FV = $0, IY = 6.5%, CY =2, PMT = $17,300, PY = 4, Years = 2
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: Since FV = $0, skip this step.
Step 5: Apply Formulas 11.1 and 11.5 twice (for both today and after five payments).

	
	[image: ]

	Perform
	Step 3: i = 6.5%/2 = 3.25%
Step 5: a. For today, N = 4 × 2 = 8 payments

b. After five payments, N = 4 × ¾ = 3 payments left


	
	Calculator Instructions
[image: ]


	Present
	On the day that the computer equipment is leased, the accountants will record a capital lease liability of $130,954.37. This amount will reduce with each payment, such that after five payments the liability would be $51,080.99.



	Example 12.4C: What Is It Worth at the End?

	A Nissan 370Z Roadster A7 advertised in the local paper offers monthly payments of $728.70 for 48 months at 3.83% compounded monthly. The lease requires a $5,000 down payment, and the vehicle has an MSRP (including all fees and taxes) of $53,614.83. What residual value is used in the calculation?

	Plan
	Step 1: This is a leasing question, so payments are made at the beginning of each period. Monthly payments with monthly compounding create a simple annuity due. Calculate its residual value, which is the same thing as the future value (FVDUE).

	Understand
	What You Already Know
Step 1 (continued): The timeline for the vehicle lease appears below.
Step 2: 
PV = $53,614.83  $5,000 = $48,614.83, IY = 3.83%, CY =12, PMT = $728.70, 
PY = 12, Years = 4
	How You Will Get There
Step 3: Apply Formula 9.1.
Step 4: For the PV, apply Formulas 9.2 and 9.3.
Step 5: Apply Formulas 11.1 and 11.2. The residual value is the difference between the answers to step 4 (what the lessee owes) and step 5 (what the lessee paid).

	
	[image: ]

	Perform
	Step 3: i = 3.83%/12 = 0.3191%
Step 4: N = 12 × 4 = 48 compounds; FV = $48,614.83(1 + 0.003191)48 = $56,649.58522
Step 5: N = 12 × 4 = 48 payments

Residual Value = $56,649.58522  $37,854.63721 = $18,794.95
	Calculator Instructions
[image: ]

	Present
	In determining the lease payments, Nissan expects its Roadster to have a residual value of $18,794.95 after the four-year lease term expires. The owner will either have to pay this amount or give the keys back.



	Example 12.4D: What Rate Are They Using?

	An advertisement during The Bachelorette tells you that you can lease a Dodge Challenger SE for $161.00 biweekly for five years. The MSRP of the vehicle is $26,480, and a $1,500 down payment is required. If the residual value of the vehicle is $8,146.16, what annually compounded interest rate does the calculation use?

	Plan
	Step 1: This is a leasing question, so payments are made at the beginning of each period. Monthly payments with monthly compounding create a simple annuity due. Calculate the annually compounded interest rate (IY) with 
CY = 1.

	Understand
	What You Already Know
Step 1 (continued): The timeline for the vehicle lease appears below.
Step 2: PVDUE = $26,480  $1,500 = $24,980, CY = 1, PMT = $161, PY = 26, Years = 5, FV = $8,146.16
	How You Will Get There
Step 3: Apply Formulas 11.1 and 11.5. Enter this information into the calculator to solve for IY (which automatically applies Formula 9.1 to convert the i to an IY).
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	Perform
	Step 3: N = 26 × 5 = 130 payments

See calculator instructions for the solution.
IY = 4.99%
	Calculator Instructions
[image: ]

	Present
	To arrive at payments of $161 biweekly on a Dodge Challenger with $1,500 down and a residual value of $8,146.16, Dodge is using a 4.99% compounded annually interest rate.





[image: Paper and Pencil 2 by isaiah658]Section 12.4 Exercises


Mechanics
For each of the following leases, determine the unknown variable (identified with a ?).
	
	Purchase Price
	Down Payment
	Lease Term (Years)
	Nominal Interest Rate and Compounding Frequency
	Lease Payment and Payment Frequency
	Residual Value

	1.
	?
	$5,000.00
	3
	5% monthly
	$450.00 monthly
	$11,500.00

	2.
	$39,544.35
	$3,000.00
	3
	3.75% annually
	$680.37 monthly
	?

	3.
	$45,885.00
	$4,500.00
	4
	5.9% monthly
	? quarterly
	$9,750.00

	4.
	$40,000.00
	$0.00
	5
	? annually
	$851.95 monthly
	$0.00

	5.
	$85,000
	$15,000
	1
	9.99% monthly
	$5,609.67 monthly
	?

	6.
	?
	$0.00
	4
	2.5% monthly
	$26,500.00 quarterly
	$0.00

	7.
	$44,518.95
	$7,200.00
	7
	? quarterly
	$2,627.17 semi-annually
	$14,230

	8.
	$175,000
	$10,000
	6
	13% semi-annually
	? quarterly
	$5,000



Applications
9. A Ford F150 is on a 60-month lease at 5.99% compounded annually. Monthly payments are $397.95, and a $5,000 down payment was made. The residual value is $5,525.00. What was the purchase price of the truck?
10. Pitney Bowes leases office equipment to other businesses. A client wants to lease $75,000 worth of equipment for 4½ years, at which point the equipment will have a residual value of $7,850. If Pitney Bowes requires a 15% compounded annually rate of return on its lease investments, what quarterly payment does it need to charge the client?
11. Franklin is the office manager for Cargill Limited. He just signed a six-year leasing contract on some new production equipment. The terms of the lease require monthly payments of $32,385. If the alternative source of financing would have an interest rate of 7.3% compounded semi-annually, what capitalized lease liability should be recorded on the Cargill Limited balance sheet today?
12. Harold is the production manager at Old Dutch Foods. He is considering leasing a new potato chip–making machine that will improve productivity. The terms of the 10-year lease require quarterly payments of $35,125 including interest at 6.99% compounded monthly. If the equipment is valued at $1,315,557.95 today, what is the estimated residual value of the equipment when the lease expires?
13. Simi is considering leasing some computer equipment and peripherals on a two-year lease. The purchase price of the equipment is $40,674.35 with monthly payments of $1,668.86 including interest. The residual value is estimated to be 7.5% of its original value. What quarterly compounded interest rate, rounded to two decimals in percent format, is Simi being charged?
14. Xerox’s outstanding sales agent, Sebastien, proudly boasts that he just completed a leasing arrangement on some new copier equipment for a three-year term at 17% compounded annually. It requires the client to make monthly payments of $2,375, and the equipment has a residual value of $2,500. What was the leasing price of the copier equipment?
15. Unger Accounting Services leases its office and computer equipment. One year ago, it signed a three-year lease requiring quarterly payments of $1,600. Financing the equipment would have required a bank loan at 8.8% compounded monthly. How much has the capital leasing liability been reduced since the inception of the lease?
16. Jerilyn operates a large farm in Alberta. She wants to lease a new harvester for her fields, one that has a purchase price of $120,000 and an estimated residual value of $50,000 after five years. The farm equipment dealer offers her a lease with a 6% annually compounded interest rate. What will her annual payments be?



Challenge, Critical Thinking, & Other Applications
17. A rent-to-own transaction is similar to a lease, where payments are required up front and the residual value equals zero.
1. What effective rate of interest (rounded to two decimals) is being charged for a two-year rent-to-own contract on a Panasonic camcorder with a purchase price of $379 requiring monthly payments of $79.88? What total amount of interest is paid?
2. If the individual borrowed money on a high-interest credit card instead with a rate of 29.99% compounded daily, what would be the monthly payments? What total amount of interest is paid?
18. Fehrway Tours needs three extra touring vehicles for the next operating year because of a temporary increase in demand for its tour routes. Fehrway can buy the vehicles from Greyhound Canada for $175,000 each, or it can lease them for one year requiring monthly payments of $7,350 each based on a residual value of $110,000 each. If Fehrway purchases the vehicles, it requires financing at 6.6% compounded monthly and projects it could sell the vehicles for net revenue of $95,000 each after one year. Which option would you recommend that Fehrway pursue? How much better is the option in current dollars?

19. Da-Young needs to record the total capital lease liability of her company. Based on the following outstanding capital leases, what amount should appear on her balance sheet?
· A five-year lease signed 2½ years ago requiring quarterly payments of $3,400 at 3.95% compounded annually and a residual value of $5,000.
· A seven-year lease signed 3¼ years ago requiring monthly payments of $895 at 6.8% compounded quarterly.
· A lease signed today for two years requiring semi-annual payments of $2,300 at 8.85% compounded annually with a residual value of $7,200.
· Some equipment leased with a purchase price of $200,000 three years ago on a six-year lease requiring semi-annual payments of $18,686.62 at 4.35% compounded semi-annually with a residual value of $21,000.
20. Elena is shopping around for a one-year-old used Chevrolet Cobalt. The offers from three different used car dealerships are listed below. Which offer is financially best for Elena in current dollars? Calculate the present value and rank the three offers for Elena.
· Dealer #1: If she places $3,500 down, her four-year monthly lease payments will be $217.48 at 4.85% compounded monthly, and she will need to pay $3,629 at the end to buy her car outright.
· Dealer #2: If she places $3,000 down, her four-year monthly lease payments will be $237.53 at 4.65% compounded monthly and she will need to pay $3,400 at the end to buy her car outright.
· Dealer #3: If she places $2,000 down, her three-year monthly lease payments will be $259.50 at 4.5% compounded monthly and she will need to pay $6,000 at the end to buy her car outright.



12.5: Application: How to Purchase a Vehicle
(Get Your Motor Running)
	
What is the cheapest way to acquire a vehicle? With 20 million cars on the road for 12 million Canadian households, that is an average of 1.7 cars per household in Canada. In fact, on average Canadians purchase about 10 to 12 cars in their lifetime. With average prices in the $25,000 to $30,000 range per vehicle, and factoring in rising inflation over your lifetime, you will spend approximately $550,000 on acquiring vehicles! Yet despite this huge amount of money being spent, shockingly few consumers take the time to analyze their financing options critically. Would you spend $550,000 without doing some research? I thought not.
This section guides you through the practical task of finding the cheapest of the alternatives for obtaining a vehicle. It lays out the four primary means of vehicle ownership and develops a procedure through which you can make a smart purchase decision.

What Are the Choices?
	
A few matters need to be cleared up from the outset. This section sticks to examining vehicle leases aimed at eventual ownership. Studies of vehicle leases have revealed that leasing a vehicle without intent to own is much more costly than ownership, even after factoring in maintenance and repairs. Give it some thought: Leasing a vehicle with no intent ever to own it means that you will be making monthly car payments for the rest of your driving life. That is called the "forever-in-debt” club. That does not sound like much fun, does it?
	Smart vehicle ownership means exploring the various financial paths to vehicle ownership and ultimately choosing the lowest cost option that results both in 100% ownership of the vehicle for as long as you decide to retain the vehicle and in eventual termination of your car payments. That definitely sounds much more financially appealing.
[image: ]	One of the ways to purchase the vehicle is to pay cash for it. While this is technically possible, very few Canadians have $30,000 lying around that they can just write a cheque against. Therefore, this option is not pursued as a normal alternative. If you cannot pay cash, then you must finance the purchase by borrowing the money from an organization.
The figure to the right illustrates the four paths available for a typical vehicle acquisition. The two basic options are to lease the vehicle or purchase it. You can borrow the money from either the dealership or a financial institution of your choice (from here on just called a bank for simplicity), such as RBC or a credit union. Note that if you lease the vehicle, you intend to pay the residual value upon the termination of the lease term.
Through the Internet and publications such as newspapers and flyers, you can usually obtain a lot of information about each of these four options without having to visit the dealership or a financial institution. Sometimes you may have to look in the fine print. The goal is to explore your monthly payment under equal conditions for each of the four options and then select the lowest payment.



[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Borrowing funds for a car requires either a loan or a lease. Both options represent annuities and have previously been discussed in this textbook. Therefore, to figure out your lowest cost alternative to vehicle ownership you do not need any new formulas, just a new process.

[image: cartoon cogs by tonyhewison]How It Works

The secret to choosing well is that most vehicles actually have two prices at the dealership. One is the financing price and the other is a cash price, which results from a cash rebate that lowers the price. To be eligible to receive this cash rebate, the dealership must receive payment in full for the vehicle on the date of purchase. If you elect to have a bank be your source of funds, then the bank will provide a cheque to the dealership for the vehicle on your behalf, and therefore you will have paid cash! Thus, you need to borrow less money from the bank to acquire the vehicle since the cash price is lower. If you elect for the dealership to be your source of funds, then the dealership is not paid in full right away, and you are not eligible for the cash rebate. Thus, you pay the financing price, which is higher.
	Of course, the dealerships want you to borrow from them since you pay the higher price and they receive an additional revenue stream from the interest they charge you. Dealerships put very tempting offers in front of consumers. Because most consumers do not understand the time value of money, they fail to compare these offers with other alternatives. Do you pay more for the car but at a lower interest rate from the dealership, or do you pay less for the car but at a higher interest rate from the bank? Only a time value of money calculation can determine that. The consumer’s best decision is based on which alternative has the lowest payment under equal conditions. 
	The steps for figuring out the lowest cost automotive option are illustrated the figure to the right. To understand the process illustrated, it is much easier to obtain information on vehicles from dealership advertisements or websites. Most commonly, the price of the vehicle is the same regardless of which dealership you might visit. Therefore, acquiring the vehicle from a dealership commonly represents a singular path with known information. On the other hand, approximately 75 banks and 485 credit unions are available to consumers in Canada. This represents up to 560 different choices, from which it would be extremely time consuming to gather all required information. The process establishes a threshold against which the banks are compared. You need contact only those financial institutions that pass the initial screening. 
Step 1: Understand your leasing terms from the dealership. You must identify your leasing variables, including the lease interest rate, lease term, leasing payment structure, any down payment required, the purchase price, and the residual value. If any of these variables is unknown, identify its value by applying the appropriate annuity due formula.
Step 2: Determine the equivalent leasing interest rate from your bank. Banks advertise interest rates, not payments. Thus, you calculate the interest rate a bank must charge to be equivalent to the dealership using the identical leasing structure using the same lease term, lease payments, compounding, and residual value. The present value used in this calculation is the dealer's purchase price from step 1 less the cash rebate. Solve for the bank's equivalent nominal interest rate (IY).
Step 3: Make your leasing decision. After conducting some research, if you find a bank with a lower interest rate than the calculated IY from step 2, then choose the bank lease (you should contact the bank to confirm the rate). Recalculate the leasing payments at the bank's interest rate. If you cannot find a lower interest rate from a bank, then select the dealership lease payments from step 1.
Step 4: A lease requires you to save up for the residual value. In choosing a leasing option, you also must save enough funds to pay off the residual value at the lease end. Set up an annuity due savings account using the same term and payment frequency. Use an appropriate interest rate from your savings institution. Calculate the annuity payment required to meet your residual value savings goal.
Step 5: Total the lease payment. Your lease payment from step 3 plus the residual value annuity payment from step 4 is the total out-of-pocket commitment required per payment interval to own the vehicle through leasing.
	That completes the analysis of the leasing alternative. The remainder of the steps now involve examining your financing options.
Step 6: Figure out the loan payment from the dealership. Using the same term and payment frequency as the lease, calculate the payments to purchase the vehicle. Remember that a vehicle loan is an ordinary annuity. Use the financing price of the vehicle and the financing interest rate (not the lease rate) offered by the dealership.
Step 7: Figure out the equivalent loan interest rate from your bank. Using the same process as in step 2, aim to determine the equivalent interest rate from a bank loan that matches the payments with the dealership. With an identical structure and using the cash price, calculate the bank's equivalent nominal interest rate (IY).
Step 8: Make the loan decision. If a bank offers an interest rate lower than the calculated IY from step 7, then select the bank loan (and you should probably contact the bank to confirm the rate). Recalculate the loan payments at the bank's interest rate. If you are unable to find a bank with a lower interest rate, then select the dealership loan payments from step 6.
Step 9: The final decision. In step 5, you calculated the total lease payment. From step 8, you have the lowest loan payment. The obvious choice is the lowest payment.

[image: file important by Anonymous]Important Notes

1. At any given point in time, numerous vehicle rebates that adjust the purchase price of the vehicle are available (subject to various conditions). If such rebates apply to your purchase situation, modify the vehicle's purchase price accordingly in your calculations.
2. While leases are generally non-negotiable, the purchase price of a vehicle may be negotiable depending on the dealership and automotive manufacturer's policies. If haggling is allowed, estimate the amount by which you could reduce the purchase price and use the reduced amount for the calculations in steps 6 and 7.
3. If you have a trade-in for your vehicle acquisition, the value of the trade-in is treated in the same manner as a down payment toward the vehicle. It reduces the purchase price, so you modify your calculations accordingly.
4. [bookmark: Editing]The fundamental concept of time value of money says that to decide between the different leasing and financing timelines, all money must be moved to the same focal date. Note that in the process explained above you are making the final decision by comparing the payment amounts on the annuity due against the payment amounts on the ordinary annuity. A clear discrepancy in the timing of the payments is evident. In technically correct financial theory, to obey the fundamental concept of time value of money these payment amounts should then be present valued to the start of the transaction (the focal date) and the lower present value should be chosen. However, the reality is that most consumers base their purchase decision on the payment amount and what they can afford rather than on the total amount. Therefore, it is more logical to base the car acquisition decision strictly on the physical out-of-pocket annuity payment amounts.

	Example 12.5A: How Should You Acquire This Vehicle?

	Haber Suzuki advertises a Suzuki SX4 Hatchback for sale. The following information is known:
· Leasing information: Seven-year term, 0.9% compounded annually lease rate, $90.75 biweekly payments, $8,250 residual value, no down payment required.
· Purchase information: Cash rebate of $3,500 available, purchase financing at 2.99% compounded annually.
· Bank options: The lowest vehicle lease rate from a bank is 4.4% compounded annually, while the lowest loan rate is 8.25% compounded annually.
· Savings accounts: The best rate available is 2% compounded annually.
What is the lowest cost method to purchase this vehicle?

	Plan
	Examine the four paths to vehicle ownership and choose the path with the lowest biweekly payment.

	Understand
	What You Already Know
There are five timelines, one for each of the options (two leases, one savings account, two purchases):
Dealership Lease: IY = 0.9%, 
CY = 1, PMT = $90.75, PY = 26, FV = $8,250, Years = 7
Bank Lease: 
PVDUE = Purchase Price − $3,500, CY = 1, PMT = $90.75, PY = 26, FV = $8,250, Years = 7
Residual Savings Plan: PV = $0, 
IY = 2%, CY = 1, PY = 26, 
FV = $8,250, Years = 7
Dealership Loan: 
PVORD = Purchase Price, 
IY = 2.99%, CY = 1, PY = 26,
FV = $0, Years = 7
Bank Loan: 
PVORD = Purchase Price − $3,500, CY = 1, 
PMT = Dealer loan payment, 
PY = 26, FV = $0, Years = 
	How You Will Get There
Step 1: In the dealership lease, the purchase price of the vehicle for the lease is missing. Find the present value of the residual value by applying Formulas 9.1, 9.2, and 9.3 (rearranged for PV). Then apply Formulas 11.1 and 11.5 to find the present value of the lease payments. Add the PV and PVDUE to arrive at the purchase price.
Step 2: In the bank lease, calculate the equivalent bank leasing interest rate. Adjust the purchase price to reflect the cash price and use your calculator to solve Formula 11.5 for IY.
Step 3: If the bank rate is higher, choose the payment from step 1. If the bank rate is lower, then recalculate the lease payment using Formulas 9.1, 9.2, and 9.3 (rearranged for PV) to adjust the PVDUE and apply Formula 11.5 (rearranged for PMT).
Step 4: In the residual savings plan, save to pay off the residual value using the savings account interest rate. Apply Formulas 9.1 and 11.3 (rearranged for PMT).
Step 5: Add the payments from steps 3 and 4. This is the total lease payment.
Step 6: In the dealership loan, calculate the loan payments from the dealership by applying Formulas 9.1 and 11.4 (rearranged for PMT).
Step 7: In the bank loan, calculate the equivalent bank loan interest rate. Adjust the purchase price and use your calculator to solve Formula 11.4 for IY.
Step 8: If the bank rate is higher, choose the payment from step 6. If the bank rate is lower, recalculate the loan payment, first using Formulas 9.1 and 9.3 (rearranged for PV) to adjust the PVORD and then using Formula 11.4 (rearranged for PMT).
Step 9: Choose the lowest payment from step 5 or step 8.

	
	Dealership Lease:[image: ]
Bank Lease:[image: ]
Residual Savings: [image: ]
Dealership Loan:[image: ]
Bank Loan:[image: ]

	Perform
	Step 1: Residual Value: i = 0.9%/1 = 0.9%; N = 1 × 7 = 7 compounds;
            $8,250 = PV(1 + 0.009)7
                   PV = $8,250 ÷ (1 + 0.009)7 = $7,748.466949
            Lease Payments: N = 26 × 7 = 182 payments

Total PV = $7,748.466949 + $16,011.97657 = $23,760.44 = purchase price of the vehicle
Step 2: Cash price of vehicle = $23,760.44 − $3,500.00 = $20,260.44. Solve Formula 11.5 (adjusting for residual value):

From calculator, IY = 4.5331% compounded annually.
Step 3: The bank lease rate of 4.4% is lower than the equivalent lease rate of 4.5331%. Choose the lease from the bank and recalculate the payment.
       i = 4.4%/1 = 4.4%; N = 1 × 7 = 7 compounds;
      $8,250 = PV(1 + 0.044)7
      PV = $8,250 ÷ (1 + 0.044)7 = $6,103.099605
      new PVDUE = $20,260.44 − $6,103.099605 = $14,157.34039
      N = 182 payments (same as step 1)



	
	
Step 4: i = 2%/1 = 2%; N = 182 payments (same as step 1)



Step 5: The total lease payment is $90.02 + $42.24 = $132.26 biweekly.
Step 6: Purchase price = $23,760.44 (from step 1); i = 2.99%/1 = 2.99%; N = 182 payments (same as in step 1)



Step 7: Cash price of vehicle = $20,260.44 (from step 2).

From calculator, IY = 8.0841% compounded annually.
Step 8: Since the bank loan rate of 8.25% is higher than the equivalent loan rate of 8.0841%, remain with the dealership loan and make payments of $144.56.
Step 9: The lowest payment is from step 5, which is $132.26.

	
	Calculator Instructions
[image: ]

	Present
	The best option to acquire this vehicle is to lease it from the bank. This requires biweekly lease payments of $90.02 and residual savings payments of $42.24 for a total of $132.26 per period for seven years. At the end of the lease, the accumulated savings is used to pay the $8,250 residual value.
	[image: ]
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Because of the process required to make the vehicle purchase decision, this section offers only five exercises. You can solve these questions by the process presented using either formulas or the spreadsheet templates that accompany this text. For each of these questions, select the best method to acquire the vehicle based on the information provided. Identify the value of the payment under this best choice. Here are the options:
1. Lease from the Dealership
2. Lease from the Bank
3. Loan from the Dealership
4. Loan from the Bank

Mechanics 
Note that all interest rates in the table are compounded annually.  Note for the Banking Information that after calculating the dealer rates, you would go online and see if you can find something lower; the banking information below represents the results of your search.
	
	Vehicle
	Dealer Leasing Information
	Dealer Purchase Information
	Banking Information 

	1.
	Chevrolet Silverado 
	3-year term
5.3%
$295.00/month
$17,810 residual value
	$2,000 cash rebate
5.79% 
	Lease Rate = 7.15%
Loan Rate = 8.8%
Savings Rate = 3% 

	2.
	Honda Civic
	4-year term
2.4%
$236.46/month
$8,520 residual value
	$2,500 cash rebate
7.9% 
	Lease Rate = 8%
Loan Rate = 10.9%
Savings Rate = 2.25% 

	3.
	Acura ZDX
	4-year term
2.4%
$699.00/month
$22,955.90 residual value
	$5,000 cash rebate
2.95% 
	Lease Rate = 6.6%
Loan Rate = 8.3%
Savings Rate = 3.15% 

	4.
	Dodge Grand Caravan
	5-year term
4.99%
$141.00 biweekly
$13,005 residual value
	$6,500 cash rebate
0% 
	Lease Rate = 6.9%
Loan Rate = 9.5%
Savings Rate = 4.8% 

	5.
	Toyota Matrix 
	4-year term
0.9%
$401.90/month
$10,917.90 residual value
	$3,000 cash rebate
0.9% 
	Lease Rate = 5.9%
Loan Rate = 5.95%
Savings Rate = 2.95% 





12.6: Application: Planning Your RRSP
(When Can I Retire?)
	
How and when should you start planning your RRSP? When you are in your late teens or early twenties, you are probably not thinking much about your retirement income. You are at a stage in life when, besides paying for education or paying off student loans, you move out on your own and need to acquire many possessions ranging from appliances to furniture to transportation. Your income is probably at its lowest point in your career. You find yourself on a limited budget with high demands.
	Ironically, though, this is the best time to start your RRSP. Throughout the last few chapters you have already witnessed the incredible power of compound interest. Through discussion, examples, and even some of the exercises, it should be clear that the earlier you invest your money, the less you have to pay out of your pocket to reach your retirement income goals.
	But why should you go to the trouble and expense of contributing to an RRSP? For those counting on the government to provide retirement income, it was pointed out that the typical Canadian in retirement earns $529.09 per month from the Canada Pension Plan (CPP) and $514.74 from Old Age Security (OAS). Both of these amounts are pre-tax, which means your net income from these sources will be even less. This is not much to live off of.
	Are companies not supposed to provide pension plans for their employees? While some companies do offer pension plans, these public and private-sector companies are few and far between. The Pension Investment Association of Canada (PIAC) manages approximately 130 pension funds representing approximately 80% of Canada's pension industry by asset size. In a 2007 study conducted by the PIAC, it found that approximately 20.5% of Canadian membership companies are either closing or considering closing their defined benefit pension funds. In Ontario, the percentage is much higher at 36.2%. These closures are in the private sector. Additionally approximately 20% of Canadian organizations are reducing future benefits.[footnoteRef:3] [3:  Pension Investment Association of Canada, Pension Plan Funding Challenges: 2007 PIAC Survey, December 2007, www.piacweb.org/files/Pension%20Plan%20Funding%20Challenges%202007%20PIAC%20Survey%20Dec%2007.pdf (accessed September 26, 2010).] 

	The bottom line is that you should not count on somebody else to create your retirement income for you. Also, do not bank on being lucky enough to work for a company that has a good pension plan. You need to take care of yourself.
	This section introduces a simplified model of RRSP planning that reasonably approximates the financial commitment that will provide a satisfactory retirement income. Ultimately, you should always consult a financial adviser as you plan your RRSP.

Income Planning

Income planning requires you to project future earnings, determine income needs in retirement, and then develop a savings plan toward that goal. Look at these details:
1. Projected Retirement Income. The first step is to determine your annual retirement income at the age of retirement. The general consensus is that a retiree needs approximately 70% of pre-retirement gross income to live comfortably and maintain the same lifestyle. It is difficult to know what that amount will be 30 or 40 years from now. However, today's typical retirement income is known. The average Canadian needs about $40,000 of gross income. You can adjust this number higher if necessary. You can then project today's amount forward to the age of retirement using an estimated rate of inflation based on historical data.
2. Principal Required at Age of Retirement. The second step requires you to determine the principal needed to fund the annual income requirement at the age of retirement. You must estimate the number of years for which withdrawals are to be made from the RRSP balance. In essence, how long are you going to live? While no one knows the answer, the average Canadian male lives to age 78 while the average Canadian female lives to age 82. These are good starting points. It would not make sense to lower these numbers since you do not want to be caught short, but you could raise these numbers if necessary. A look at your parents, grandparents, and other ancestors combined with your own lifestyle choices might indicate the typical life span you may expect. While you are not guaranteed to live that long, at least you can base a reasonable financial decision upon it. You must also factor in inflation during the retirement years. Each year, your income must rise to keep up with the cost of living. Finally, you should use a conservative, low-risk interest rate in these calculations because you certainly cannot afford to lose your savings to another "Black Monday" (which refers to October 19, 1987, when stock markets around the world crashed).
3. Annuity Savings Payments. The final step is to determine the payments necessary to reach the principal required for retirement. You should consider that your income generally rises over your lifetime, which means as you get older you could afford to contribute a larger amount to your RRSP. Thus, contributions start small when you are young and increase as you grow older. The interest rate you use must reflect the market and your risk tolerance. Since 1980, the Toronto Stock Exchange (TSX) has averaged approximately 6% annual growth, which is a good starting point for determining what interest rate to use in your calculations.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

RRSP planning does not involve any new formulas. Instead, you must combine previously studied single payment concepts from Chapter 9 and annuity concepts from both Chapters 11 and 12.

[image: cartoon cogs by tonyhewison]How It Works

Your end goal is to calculate the regular contributions to your RRSP necessary to achieve a balance in your RRSP from which you can regularly withdraw in retirement to form your income. The calculations presented ignore other sources of retirement income such as the CPP or OAS, as if you were solely responsible for your own financial well-being. You can then treat any other income as bonus income. Follow the steps :
Step 1: Calculate the annual retirement income you will need. Choose a value of annual income in today's dollars along with an annual rate of inflation to use. Then, by applying Formulas 9.1 (Periodic Interest Rate), 9.2 (Number of Compound Periods for Single Payments), and 9.3 (Compound Interest for Single Payments) you can move that income to your required age of retirement.
Step 2: Calculate the present value of the retirement income. Most people receive their retirement income monthly, so you divide the result from step 1 by 12. Retirement income usually starts one month after retirement, thus forming an ordinary annuity. Using a reasonable annual rate of inflation, you also divide the inflation rate by 12 to approximate the growth rate to be used in calculating a constant growth annuity required during retirement. Estimate the number of years the retirement fund must sustain and select a low-risk conservative interest rate. Then apply Formulas 9.1 (Periodic Interest Rate), 11.1 (Number of Annuity Payments), and 12.3 (Present Value of a Constant Growth Ordinary Annuity) to arrive at the principal required at the age of retirement.
Step 3: Calculate the annuity payment required to achieve your goal. If a single payment is already invested today, deduct its future value at the age of retirement (using Formulas 9.1, 9.2, and 9.3) from the amount of money determined in step two. The principal at the age of retirement (from step 2) now becomes the future value for the ordinary constant growth annuity. Use an interest rate that reflects market rates and your risk level, along with an appropriate growth rate you select for the annuity payments you will make. This growth rate may or may not match the growth rate determined in step 2. Thus, arriving at the annuity payment amount requires Formulas 9.1 (Periodic Interest Rate), 11.1 (Number of Annuity Payments), and Formula 12.1 (Future Value of a Constant Growth Ordinary Annuity) rearranged for PMT.

[image: file important by Anonymous]Important Notes

This procedure approximates the required regular RRSP contribution. However, recognize that the procedure is somewhat simplified and certainly does not factor in all variables that may apply in an individual situation. It is always best to consult a certified financial planner to ensure that your RRSP plan works under current market conditions and under any applicable restrictions.
	Also, the steps listed above also assume an ordinary annuity structure. In the event of an annuity due, substitute the appropriate annuity due formula as required.

[image: Top Secret by Mogwai] Paths To Success

One of the hardest tasks in planning an RRSP is to guess interest rates and rates of inflation. If you are unsure of what numbers to use, some safe values are as follows:
1. A rate of inflation or growth rate of 3% compounded annually, equalling 0.25% per month
2. During retirement, an interest rate of 4% compounded annually
3. While you contribute toward your RRSP, an interest rate of 6% compounded annually, based on the approximate historical average over the past 31 years (1980–2011) for the TSX.

[image: Lost in thought by hefedute]  Give It Some Thought

Assume that two people—Person A and Person B—are saving for the same retirement amount under equal conditions except as noted. In each of the following cases, determine whose RRSP contributions are higher:
a. Person A starts contributing at age 18 while Person B starts contributing at age 25.
b. Person A earns 7% compounded annually while Person B earns 6% compounded annually.
c. Person A contributes monthly while Person B contributes semi-monthly.
d. Person A contributes through an ordinary annuity while Person B uses an annuity due.
e. Person A earns 4.5% interest during retirement while Person B earns 4% interest during retirement.
f. Person A has quarterly compounded earnings while Person B has monthly compounded earnings.Solutions:
a. Person B, because he has a shorter period to accumulate the same amount as Person A.
b. Person B, because a lower interest rate requires more principal, hence larger contributions.
c. Person A, because the principal does not increase as often as Person B’s does.
d. Person A, because there is one fewer compounds than for Person B.
e. Person B earns less interest, so a larger principal is required at retirement than Person A requires.
f. Person A, because the interest is not converted to principal as often as it is for Person B.










	Example 12.6A: An 18-Year Old with No Savings Planning for Retirement

	Jesse just turned 18 and plans on retiring when he turns 65. In today's funds, he wants to earn $40,000 annually in retirement. Based on the past 50 years, he estimates inflation at 4.2% compounded annually. He would like to receive 20 years of monthly payments from his retirement money, which is forecasted to earn 4.5% compounded annually. He believes his RRSP can earn 6.25% compounded annually during his contributions, he has no money saved to date, and he would like to increase each payment by 0.5%. One month from now, what is the amount of his first monthly RRSP contribution?

	Plan
	Jesse wants to make regularly increasing contributions to his RRSP at the end of the monthly payment interval with annual compounding. Therefore, this is a constant growth general ordinary annuity. Calculate his first payment (PMT).

	Understand
	What You Already Know
Jesse's RRSP plan appears in the timeline.
Step 1: PV = $40,000, IY = 4.2%, CY = 1, 
Years = 47
Step 2: FV = $0, IY = 4.5%, CY = 1, PY = 12, 
Years = 20, Δ% = 4.2%/12 = 0.35% per payment
Step 3: PV = $0, FVORD = Step 2 answer, IY = 6.25%, CY = 1, PY = 12, Years = 47, Δ% = 0.5%
	How You Will Get There
Step 1: Move Jesse’s desired annual income from today to the age of retirement by applying Formulas 9.1, 9.2, and 9.3.
Step 2: Calculate the amount of money needed at the age of retirement by applying Formulas 9.1, 11.1, and 12.3.
Step 3: Calculate Jesse’s regular monthly payment by applying Formulas 9.1, 11.1, and 12.1.
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	Perform
	Step 1: i = 4.2%/1 = 4.2%; N = 1 × 47 = 47 compounds; FV = $40,000(1 + 0.042)47 = $276,594.02
Step 2: i = 4.5%/1 = 4.5%; N = 12 × 20 = 240 payments
Note that the monthly payment is $276,594.02 ÷ 12 = $23,049.50

Step 3: i = 6.25%/1 = 6.25%; N = 12 × 47 = 564 payments


$5,398,479.88 = PMT(9,520.997774)
$567.01 = PMT

	
	Calculator Instructions
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	Present
	On the basis that the rate of inflation is relatively accurate, Jesse’s first RRSP contribution one month from now is $567.01. Each subsequent payment increases by 0.5% resulting in a balance of $5,398,479.88 at retirement, from which he can make his first withdrawal of $23,049.50 increasing at 0.35% per month for 20 years.





	Example 12.6B: A 30-Year Old with Savings Planning for Retirement

	Marilyn just turned 30 and plans on retiring when she turns 60. In today's funds, she wants to earn $45,000 in retirement. Based on the past 30 years, she estimates inflation at 3.3% compounded annually. She would like to receive 22 years of month-end payments from her retirement fund, which is forecasted to earn 4.8% interest compounded monthly. Based on the results to date, she believes her RRSP can earn 7.75% compounded semi-annually during her contributions. She has already saved $48,000, and she will increase each contribution by 0.4%. One month from now, what is the amount of her first monthly RRSP contribution?

	Plan
	She will make regularly increasing contributions to her RRSP at the end of the monthly payment interval with semi-annual compounding. Therefore, this is a constant growth general ordinary annuity. Calculate her first payment (PMT).

	Understand
	What You Already Know
Marilyn’s RRSP plan appears in the timeline.
Step 1: PV = $45,000, IY = 3.3%, CY = 1, Years = 30
Step 2: FV = $0, IY = 4.8%, CY = 12, 
PY = 12, Years = 22, 
Δ% = 3.3%/12 = 0.275% per payment
Step 3: PV = $48,000, FVORD = Step 2 answer, IY = 7.75%, CY = 2, PY = 12, Years = 30, Δ% = 0.4%
	How You Will Get There
Step 1: Move her desired annual income from today to the age of retirement by applying Formulas 9.1, 9.2, and 9.3.
Step 2: Calculate the amount of money needed at the age of retirement by applying Formulas 9.1, 11.1, and 12.3.
Step 3: Deduct her current savings from her required future contributions by calculating the future value of her present savings and deducting it from the step 2 answer by applying Formulas 9.1, 9.2, and 9.3. Calculate her regular monthly payment by applying Formulas 9.1, 11.1, and 12.1:
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	Perform
	Step 1: i = 3.3%/1 = 3.3%; N = 1 × 30 = 30 compounds; FV = $45,000(1 + 0.033)30 = $119,185.15
Step 2: i = 4.8%/12 = 0.4%; N = 12 × 22 = 264 payments
Note that the monthly payment is $119,185.15/12 = $9,932.10

Step 3: Current Savings:
i = 7.75%/2 = 3.875%; N = 2 × 30 = 60 compounds; FV = $48,000(1 + 0.03875)60 = $469,789.65
new FVORD = $2,226,998.08  $469,789.65 = $1,757,208.43
RRSP Payments:
i = 7.75%/2 = 3.875%; N = 12 × 30 = 360 payments


$1,757,208.43 = PMT(2,367.403054)
$742.25 = PMT

	
	Calculator Instructions
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	Present
	On the basis that the rate of inflation is relatively accurate, Marilyn’s first RRSP contribution one month from now is $742.25. Each subsequent payment increases by 0.4% resulting in a balance of $2,226,998.08 (including her current savings) at retirement, from which she makes her first withdrawal of $9,932.10 increasing at 0.275% per month for 22 years.



[image: Paper and Pencil 2 by isaiah658]Section 12.6 Exercises

Due to the nature of these questions, five Application questions, two Challenge questions, and one Spreadsheet question are offered. 
Applications
1. When Criss turns 55, 35 years from now, he wants his RRSP savings to pay him the equivalent of $35,000 annually today with 2.4% annual inflation. He thinks his annual contributions can earn 9% compounded annually increasing by 4% per payment. Upon retirement, he wants to receive end-of-month payments for 30 years and estimates his account can earn 5.35% compounded annually. What is his first RRSP contribution payment at the end of the year?
2. After graduating college at age 22, Kandahar immediately gained employment in the accounting field. He thinks that his career path will follow the “standard” path and he will retire at age 65. He feels he could live comfortably off of $30,000 in today’s dollars, with expected inflation of 2.1% annually. In retirement, he plans on receiving month-end payments for 13 years with 3.75% compounded monthly interest. Suppose his investment earns 8% compounded quarterly and he will increase his contributions by 0.9% per payment. What is his first quarterly RRSP contribution three months from now?
3. Aisha and Richard are getting married, 33 years before they hit age 65. Neither has any RRSP savings to date. They figure that together in retirement they would like to earn the equivalent of $60,000 today plus 3% annual inflation. After retiring, they want to receive payments at the end of every three months for 15 years while the account earns an estimated 4.35% compounded semi-annually. If their RRSP can earn 8.25% compounded monthly and they plan on increasing contributions by 1.5% per interval, what first semi-annual payment is made today by each of them to achieve their joint goal?
4. When Vanessa retires in 24 years, she wants her retirement fund to pay her the equivalent of $50,000 annually in today’s funds for 19 years while earning interest at a forecasted 5.15% compounded semi-annually. Her monthly payments start immediately upon the date of retirement. Current savings in her RRSP total $100,000, and historically she has been earning 7.35% compounded annually on the investment. She will make end-of-quarter contributions to her RRSP growing at 0.75% per payment. If the rate of inflation is 3% annually, what is the amount of the first contribution?
5. Emma will make her first of 32 annual RRSP contributions today. Her financial adviser has indicated that she might earn approximately 6.5% compounded annually on her investment, and that she needs to increase each payment by 4%. After retiring at the beginning of the 33rd year from now, she wants month-end payments for 21 years that are the equivalent of $37,500 annually today while factoring in 2.55% annual inflation. Her retirement fund is expected to earn 4.05% compounded annually. She has current savings in her RRSP of $17,800. What is the amount of her first contribution?

Challenge, Critical Thinking, & Other Applications
6. Caitlin and Tu have three children to whom they will leave an inheritance of $100,000 each from the remaining balance in their retirement money. With 31 years until retirement, they have already managed to save $150,000 earning 6.9% compounded quarterly. They want to make month-end contributions increasing at 0.3% per contribution such that in retirement for 20 years they can receive on a month-end basis an annual income equivalent to $70,000 today. Inflation is expected to hover around 2.75% annually. The retirement fund is expected to earn 4.25% compounded annually. What is the first contribution required to achieve their desired goals?
7. Wenli and Arjinder just celebrated the birth of their twins and are planning ahead for their education. In researching universities, they noted that the average tuition for an undergraduate student today is $5,138 and it is forecasted to rise by 4% annually into the foreseeable future. They plan that their education fund will make beginning-of-year payments for four years to each of their children when they turn 18 years old such that their education will be fully funded. Wenli and Arjinder will make semi-annual contributions rising by 2.5% each time. The education fund is expected to earn 7% compounded semi-annually, and when their kids turn 18 it will decrease to 5% compounded annually. What payment six months from now is required?

8. Two key factors play an important role in RRSP calculations. These are the rate of inflation and the growth rate of the RRSP contributions. Use the information found in question 2 to answer the following:
a. Using annual inflation rates of 2%, 3%, 4%, and 5%, calculate the RRSP contributions required under each scenario. What do you observe?
b. Leave the inflation at 2.1% annually and recalculate the RRSP contributions required using growth rates of 0.5%, 0.7%, 0.9%, and 1.1%. What do you observe?



Chapter 12 Summary

Key Concepts Summary

Section 12.1: Deferred Annuities (Can I Receive Those Payments Later?) 
· The stages of deferred annuities 
· The four common unknown variables and how to solve for them 
Section 12.2: Constant Growth Annuities (Always Wanting More) 
· The concept of constant growth and the modifications required to annuity formulas 
· The four new annuity formulas 
· How to solve constant growth scenarios 
Section 12.3: Perpetuities (Are You Going to Live Forever?) 
· An explanation of perpetuities 
· Ordinary and due types of perpetuities 
· The two perpetuity formulas 
· How to solve perpetuity scenarios 
Section 12.4: Leases (I Will Just Borrow It for a While) 
· An explanation of lease characteristics and how leases operate 
· Capitalized lease liabilities explained 
· How to solve leasing scenarios 
Section 12.5: Application: How to Purchase a Vehicle (Get Your Motor Running) 
· Four financial choices available to make payments on a vehicle 
· The basis and procedure upon which the selection of the vehicle ownership choice is made 
· Key considerations to keep in mind when purchasing a vehicle 
Section 12.6: Application: Planning Your RRSP (When Can I Retire?) 
· The three components of retirement income planning 
· The procedure for retirement income planning 

The Language of Business Mathematics
capitalized lease liability  The present value of the remaining lease payments and residual value on a capital good using a discount rate equivalent to the interest rate the business would have had to pay if it had purchased the asset instead.
constant growth annuity  An annuity in which each annuity payment is increased by a fixed percentage.
deferred annuity  A financial transaction where annuity payments are delayed until a certain period of time has elapsed.
down payment  A portion of the purchase price required up front.
lease  A contract by which the owner of an asset gives another party an exclusive right to possess and use the asset under specified conditions for a specific period of time in return for agreed-upon payments.
lessee  The borrower of a leased asset.
lessor  The owner of a leased asset.
net rate  The growth in a constant growth annuity that is attributable solely to the interest rate and not to the growth in the annuity payment.
period of deferral  The time segment of a deferred annuity where the single payment earns interest and no contributions are made to the investment.
perpetuity  A special type of annuity that has fixed, regular payments continuing indefinitely.
residual value  The projected value of an asset at the end of its lease term.
zero growth annuity formula  Any annuity formula where the growth rate is 0%. All formulas presented in Chapter 11 incorporate zero growth.

The Formulas You Need to Know
	
Symbols Used
∆% = the constant growth rate per payment interval (percent change)
CY = compounding frequency
FVDUE = future value of an annuity due
FVORD = future value of an ordinary annuity
i = periodic interest rate
N = number of annuity payments
PMT = annuity payment amount
PVDUE = present value of an annuity due
PVORD = present value of an ordinary annuity
PY = payment frequency

Formulas Introduced
Formula 12.1 Future Value of a Constant Growth Ordinary Annuity: 
 (Section 12.2)
Formula 12.2 Future Value of a Constant Growth Annuity Due: 
 (Section 12.2)
Formula 12.3 Present Value of a Constant Growth Ordinary Annuity: 
 (Section 12.2)
Formula 12.4 Present Value of a Constant Growth Annuity Due: 
 (Section 12.2)
Formula 12.5 Ordinary Perpetuity Present Value:  (Section 12.3)
Formula 12.6 Perpetuity Due Present Value:  (Section 12.3)
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Mechanics
1. Four years from now, an annuity needs to pay out $1,000 at the end of every quarter for three years. Using an interest rate of 5% quarterly throughout, what amount of money must be invested today to fund the investment?
2. Marnie wants to save up $250,000 to pay cash for a home purchase 15 years from now. If her investment can earn 6.1% compounded monthly and she intends to grow each payment by 0.25%, what will be her first monthly payment one month from now?
3. Red Deer College wants to set up a scholarship for students in its business programs such that at the end of every year it could distribute a total of $50,000. If the perpetuity fund can earn 4.85% compounded semi-annually, how much money will need to be raised to fund the scholarship?
4. Carradine Industries needs to set a two-year quarterly lease price on some new equipment it is offering to its clients. If the company requires a 17% rate of return, what price should it charge on equipment valued at $44,750 with no expected residual value?
5. Under a 48-month contract, Contact Marketing Inc. has been leasing $47,000 worth of servers and computer equipment for $1,292 per month for the past 23 months. What capitalized lease liability should be recorded on the balance sheet today if alternative financing could have been arranged for 9.4% compounded monthly?

Applications
6. Procter and Gamble shares are valued at $61.00 with perpetual year-end dividends of 3.1639%. What dividend payment would a holder of 750 shares receive in perpetuity assuming the share price and dividend rate remain unchanged?
7. A Toyota RAV4 Limited 4WD V6 is advertised with low monthly lease payments of $488.86 for 48 months. The terms of the lease specify that the MSRP of the vehicle is $38,900 with a residual value of $17,502.80. A $6,250 down payment is required. What monthly compounded lease rate is Toyota charging?
8. Jean-Rene wants to make a lump-sum deposit today such that at the end of every three months for the next five years he can receive a payment starting at $2,500 and increasing by 1% each time thereafter. At the end of the term, an additional lump-sum payment of $10,000 is required. If the annuity can earn 8.75% compounded semi-annually, what lump sum should he deposit today?
9. A lump sum of $20,000 is invested at 6.25% compounded monthly for 18 years. It then pays out $2,500 at the end of every month while earning 5.05% compounded monthly. How many payments can the annuity sustain?
10. The marketing manager for Infiniti places an advertisement for the new Infiniti QX56. Suppose the MSRP of the vehicle is $75,050 with a residual value after 48 months of $29,602. What monthly lease payment should she advertise if a $5,000 down payment is required and Infiniti Financial Services requires 5.9% compounded annually on all leases?
11. Kraft Foods is planning for the replacement of some major production equipment. It will invest $1.475 million today at 5.95% compounded annually. The equipment purchase will be financed such that Kraft makes payments of $250,000 at the end of every quarter for two years at 6.65% compounded monthly. To the nearest day, how long does Kraft Foods need to wait to make the equipment purchase?
12. The common shares of The Coca-Cola Company are forecast to pay $1.55 per share at the end of the next four years, and then $2.05 annually in perpetuity. If the market rate of return on such shares is 2.89%, what price should an investor be willing to pay today?
13. A Hyundai dealership advertises a Hyundai Genesis for a low 60-month lease payment of $407.38 monthly at 0% interest with no down payment required. The residual value of the car is $16,316. A cash rebate of $4,000 is available. The lowest lease bank rate is 5.95% compounded monthly and savings accounts are paying 2.5% compounded annually. From the dealership, purchase financing is available for 1.9% compounded annually. Alternatively the consumer can place the car on their home equity line of credit at a rate of 3.5% compounded monthly. What is the lowest cost method to purchase this vehicle (lease or finance from either the dealer or the bank)?
14. Klara is 25 years old and is planning for her retirement. She wants to consider both options of retiring at age 60 or at age 65, and has no savings into her RRSP yet. She figures she would like to earn in retirement the equivalent of $25,000 annually today. In retirement, she estimates the account would earn 4.35% compounded annually until age 82 before being depleted, all the while receiving end-of-month payments. She believes her RRSP can earn 8.4% compounded quarterly and she wants to grow her end-of-month contributions by 0.4% each. Supposing that annual inflation is expected to average 3%, what percentage larger will her first contribution be if she wants to retire at age 60 instead of age 65?

Challenge, Critical Thinking, & Other Applications
15. Sanchez is eligible to receive retirement benefits of $901.01 at age 65, but decides to start receiving them when he turns 60 instead. This incurs a 36% penalty on his benefits. By taking his retirement benefits at age 60, he will realize a monthly saving of $184.80 in retirement fund contributions. Both the benefits and contributions savings are expected to rise monthly by 0.15%. He will contribute the sum of these two amounts into his RRSP, which earns 7.35% compounded monthly until age 65, when he retires. In retirement, he will use the accumulated savings, which are expected to earn 4.5% compounded quarterly, to top up his retirement benefit payments to his pre-penalty amount. The monthly benefits are expected to rise monthly by 0.15%.
a. Calculate the total of the monthly benefits and savings at age 60.
b. Calculate the future value of the monthly savings and benefits at age 65.
c. Calculate the amount of the initial penalty taken at age 60 and grow the penalty by 1.8% per year from age 60 to age 65.
d. Take the amount of money in the fund at age 65 (from part (b)) along with the payments required to top up his retirement benefits to their regular level (from part (c)) to calculate the amount of money remaining in the fund at age 70.
16. A Canadian college plans to implement a new business major in five years. To support the new program, it wants to offer 15 annual $2,500 scholarships at the beginning of each school year in perpetuity. If the scholarship fund can earn 4.65% compounded annually, what amount of money does the college need to raise today to fund the program?
17. Luxmi wants to celebrate the birth of her first grandson by investing money for his future education. She estimates the annual cost of postsecondary education today to be $6,000 per year, and that the typical degree takes four years. She wants to invest a lump sum today that could sustain these payments with inflation starting 18 years from today. If annual inflation is 3.7%, and her investment can earn 6.6% compounded monthly, what amount does she need to invest today?
18. AVCO Financial is under contract with a national retail chain to purchase its loan contracts on its date of sale. Under a special promotion, the retail chain allows a customer to defer her payments. If AVCO purchases the contract for $5,276.83 at its contractual rate of 21% compounded monthly and the consumer is required to make 30 month-end payments of $425, in how many months will AVCO receive its first payment?

19. The Kenna Connect Marketing Group relies heavily on advanced technology to drive its business. A request for proposals on the next two-year computer equipment lease has resulted in four companies submitting bids:
Company #1: Quarterly lease payments of $125,000 at 8.5% compounded quarterly with a residual value of $25,000.
Company #2: Quarterly lease payments of $115,000 at 7.95% compounded quarterly with a residual value of $40,000 and a down payment of $80,000 required.
Company #3: Monthly lease payments of $40,000 at 8.25% compounded monthly with a residual value of $35,000 and a down payment of $50,000 required.
Company #4: Biweekly lease payments of $19,400 at 7.3% compounded monthly with a residual value of $42,000.
Based on these bids, which company should Kenna Connect pursue the lease with and what is its cost in today's dollars?
20. Jacques Cousteau just won the $10 million Powerball lottery. He has been offered the following choices on how to collect his winnings:
Option 1: A one-time lump-sum payment of $4,289,771.59 today
Option 2: A five-year deferred annuity followed by year-end payments of $400,000 for 25 years at 5% compounded annually throughout
Option 3: A 35-year constant growth annuity with annual payments of $165,392.92 starting today and growing at 3% per year, earning interest at 5% compounded annually
Option 4: Annual payments of $207,150 in perpetuity starting today earning 5% compounded annually
Which option is the best financial choice? How much better in today's dollars is this option than the worst option?


Chapter 12 Case Study 
Should You Go on Strike?

The Situation
It is time to negotiate a new contract with some of Lightning Wholesale's unionized employees. The company believes in dealing fairly with its employees. Based on the current economic environment, cost of living increases, and the financial health of the organization, management feels that the best it can offer is a 3% wage increase. From its own analysis, the union believes that the company is holding out and that a 5.5% wage increase is more than possible. Unfortunately, negotiations have broken down, and the union has turned to its employee group seeking strike action. The union is certain of achieving its wage increase through the strike action, though it advises the employees that they may need to go on strike for three months to achieve the goal. The employees are trying to figure out their best course of action—should they vote to go on strike or not?

The Data
· The typical employee in the unionized group currently earns $48,000 per year, which is paid out at the end of every month equally.
· Six employees have five years until retirement.
· Eight employees have 10 years until retirement.
· Nine employees have 15 years until retirement.
· Seven employees have 20 years until retirement.

Important Information
· During the three months that employees would be on on strike, employees receive no wages from Lightning Wholesale.
· The time value of money is unknown, but employees have four annually compounded estimates of 6%, 5%, 4%, and 3%.
· Assume employees make their strike vote according to their best financial outcome.
· The decision to go on strike is determined by the majority vote.
· No future wage increases are important when making this decision to strike or not.

Your Tasks
The employees are uncertain of the time value of money, so they need to run a few scenarios. Perform steps 1 through 3 below using EACH of the time value of money estimates as a different scenario. Determine the outcome of the strike vote (go on strike or not go on strike).
1. Calculate the present value of the company offer for each of the employee groups.
2. Calculate the present value of the union increase for each of the employee groups.
3. Cast the votes according to your results and determine the strike vote outcome under each time value of money possibility.
4. Management is trying to figure out the most likely outcome of the strike vote so that they can adjust their bargaining strategy if necessary. Based on the completed scenario analysis, what outcome should management plan on?
5. From your scenario analysis, what are some key decision-making variables that the employees need to consider before casting a vote to go on strike?


Start


Understand Your Leasing Options


From Dealership


From Bank


Step 1: Identify all dealership lease variables and solve for any unknowns.


Step 2: Determine the bank’s equivalent leasing interest rate.


Understand Your Financing Options


Step 3: Choose the lowest lease payment from either the dealership or the bank.


Step 4: Determine the residual value savings payments.


Step 5: Total up the lease payments and residual value payments.


From Dealership


From Bank


Step 6: Determine the payments on the loan


Step 7: Determine the bank’s equivalent loan interest rate.


Step 8: Choose the lowest loan payment from either the dealership or the bank.


Step 9: Choose the lowest payment!
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