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Chapter 10: Compound Interest: 
Applications Involving Single Payments
(In the Real World, Where Do I Put This Knowledge to Work?)

Everywhere you look, financial advertisements appeal for a share of your hard-earned money. It is hard to go a day without seeing at least one of the following:
· Television ads about GICs that earn you the maximum money
· Bank billboards and signage indicating maximum interest rates
· Magazine ads for high-interest bonds
· Internet banner ads and unsolicited emails promising safe investments and high interest rates
	Headlines on news websites blare that costs are rising from inflation and how your purchasing power is dropping. Revealing articles tell how underfunding of the Canada Pension Plan (CPP) and Old Age Security (OAS) will leave you without sufficient retirement income in your golden years. The CPP in 2012 offered a maximum benefit of $986.67 per month to a limited few, with the average CPP collector earning only $529.09 per month. OAS pays a maximum $544.98 per month, with the average pensioner receiving $514.74. If you retired today your monthly income for life (to be indexed for inflation) is $1,043.83 with a $1,531.65 maximum. Very few people receive the maximum. To make matters worse, OAS and CPP income is taxable by the government! If you don't start investing your money into your tax-sheltered RRSP or TFSA (Tax-Free Savings Account) soon and provide your own source of retirement funds, you will be cash poor in retirement. It is no wonder that many mid-size to large companies help their loyal workers save for retirement by offering employee benefit plans from company-sponsored GIC plans to high-interest savings.
	In retail, endless sources of credit and no-payment plans are available on a wide range of merchandise. These highly successful plans allow consumers to buy merchandise they probably couldn't otherwise get. The Brick offers no payments for at least 15 months, while Leon's hosts the "Don't pay a cent" event. Canadian consumers increasingly purchase merchandise through such plans. Meanwhile, behind the scenes, retailers are buying and selling these plans to finance companies to liquidate their outstanding accounts receivables.
	This whole chapter uses compound interest involving single payments to deal with real-life applications. For all of them your knowledge of future values, present values, interest rates, and terms is vital. This chapter introduces a range of investment options such as long-term GICs, Canada Savings Bonds, and strip bonds. You will see how businesses buy and sell promissory notes. You will also learn how to extend time value of money concepts to applications involving rates of inflation, purchasing power, and rates of change.
	Your knowledge of compound interest concepts is about to become very practical. So buckle up your seatbelt as this chapter takes you on an exciting ride!

Outline of Chapter Topics
10.1: Application: Long-Term GICs (Keeping Your Money Safe When Investing)
10.2: Application: Long-Term Promissory Notes (IOUs)
10.3: Application: Savings Bonds (You Can Personally Finance Canada's Debt!
10.4: Application: Strip Bonds (Buy Low, Sell High)
10.5: Application: Inflation, Purchasing Power, and Rates of Change (Your Grandparents Used to Go to a Movie for a Quarter)




10.1: Application: Long-Term GICs
(Keeping Your Money Safe When Investing)
	
Recall that Guaranteed Investment Certificates (GICs) are investments offering a guaranteed rate of interest over a predetermined time period. Whereas short-term GICs in Section 8.3 involved terms less than one year, most long-term GICs range from one to five years. Though terms longer than this are available, they are not very common.
Also recall that Section 8.3 discussed the factors that determine interest rates for short-term GICs. The same factors apply to long-term GICs: To receive the highest interest rate on a GIC, you should still invest a large principal in a nonredeemable GIC for the longest term possible.
	The key difference between short- and long-term GICs lies in the compounding of interest. Long-term GICs do not wait until the end of the term for interest on them to appear and be paid out. Rather, in line with the definition of compound interest, a long-term GIC periodically converts the accrued interest into principal throughout the transaction. Although GICs come in many varieties (remember, financial institutions try to market these products attractively to investors), three structures are commonly available: 
1. Interest Payout GICs. An interest payout GIC uses interest rates that by all appearances you might assume to be compounded periodically since they are listed side-by-side with compound interest rates. In practice, though (and by reading the fine print), you will find that the periodically calculated interest is never added to the principal of the GIC, and in essence the concepts of simple interest are used. Instead, the interest is paid out to the investor (perhaps into a chequing account) and does not actually compound unless the investor takes the interest payment received and invests it in another compounding investment. Interest payout GIC interest rates can take either a fixed or variable format. For example, in an online browsing of long-term GICs you may find a posted rate on a three-year GIC at 2% semi-annually. The fine print and footnotes may show that the interest is paid out on a simple interest basis at the end of each six months.
2. Compound Interest GICs. A compound interest GIC uses compound interest rates for which interest is periodically calculated and converted to the principal of the GIC for further compounding. Interest rates can be either fixed or variable.
3. Escalator Interest GICs. An escalator interest GIC uses compound interest rates that usually remain constant during each of a series of time intervals, always rising stepwise throughout the term of the investment with any accrued interest being converted to principal.
	When you invest in a GIC, you are in essence lending the bank your money in return for earning an interest rate. Financial institutions commonly use the money raised from GICs to fund mortgages. As a result, the posted interest rates on GICs hover at 1% to 2% lower than the interest rates on mortgages. Thus, the bank earns the interest from its mortgagors, paying only a portion of it to its GIC investors. The rest of this section discusses each of the three types of GICs separately.

Interest Payout GIC
	
The interest payout GIC is mathematically the least interesting of the three types of GICs since the interest, while periodically calculated based on compound interest rates, does not get converted to principal. Instead, the interest payment is paid out to an account specified by the investor. Therefore, usually the only variable of concern on an interest payout GIC is the amount of the interest payment.
	As a source of confusion, in the marketplace many financial institutions refer to interest payout GICs as simple interest GICs, because the interest never converts to principal. Examining bank websites such as CIBC (www.cibc.com/ca/gic/index.html), TD Canada Trust (www.tdcanadatrust.com/GICs/index.jsp), or HSBC (www.hsbc.ca/1/2/en/personal/investing-retiring/gics) reveals a variety of long-term GICs referred to as using simple interest. Why do these GICs then appear in this chapter and not previously in Chapter 8? The answer is threefold:
1. Periodic Interest Payments. In interest payout GICs, interest is periodically paid out throughout the term of the GIC. This differs from the GICs discussed in Chapter 8 in that simple interest required interest to be calculated and added to the principal only at the end of the transaction's time period.
2. Rates Used in Calculating the Interest Amount. In interest payout GICs, the posted rates appear intermixed with the posted compound interest rates. For example, a rate of 2% semi-annually may be posted (the word compounded is usually omitted to reduce confusion with compound interest GICs), which means that 1% interest is paid out every six months.
3. Length of Time. The terms involved with interest payout GICs are longer than one year, meeting the definition of "long-term" GICs.
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Calculating the interest payment requires a simplification of Formula 9.3 involving compound interest for single payments. As with compound interest GICs, you use the periodic interest rate calculated through Formula 9.1. However, in an interest payout GIC you never add the interest to the principal, so you do not need the 1+ term in the formula. There is also no future value to calculate, just an interest amount. This changes Formula 9.3 from FV = PV × (1 + i)N to I = PV × iN.  Simplifying further, you calculate the interest one compound period at a time, where N = 1. This eliminates the need for the N exponent and establishes Formula 10.1.

PV is Principal: The sum of money in the account upon which interest is earned. In an interest payout GIC, it is the amount of money originally deposited into the account.
I is Interest Payment Amount: You determine the dollar amount of any interest payment by multiplying the principal in the account by the periodic rate of interest. Note that this formula is another version of the Rate, Portion, Base formula from Section 2.3, where the base is PV, the rate is i, and the interest payment is I.




Formula 10.1 – Periodic Interest Amount:   I = PV × ii is Periodic Interest Rate: A result of Formula 9.1,  , this is the rate of interest that is used in calculating the interest payment amount. In an interest payout GIC, the periodic rate might be based on a posted rate of 2% semi-annually, interpreted as 1Y = 2% and CY = 2
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Follow these steps to calculate the interest payment for an interest payout GIC: 
Step 1: Identify the amount of principal invested. This is the PV. Also determine the nominal interest rate (IY) and interest payout frequency (CY).
Step 2: Using Formula 9.1, calculate the periodic interest rate (i).
Step 3: Apply Formula 10.1 to calculate the interest amount.
	Assume $5,000 is invested for a term of three years at 5% quarterly in an interest payout GIC. Calculate the amount of the quarterly interest payment.
Step 1: The principal invested is $5,000, or PV = $5,000. The nominal interest rate is IY = 5%. The frequency is CY = 4 for quarterly.
Step 2: Applying Formula 9.1 results in i = 5%/4 = 1.25%.
Step 3: Applying Formula 10.1, I = $5,000 × 0.0125 = $62.50.
	The investor receives an interest payment of $62.50 every quarter throughout the term of the investment. A term of three years then means that there are N = 4 × 3 = 12 payments totalling $62.50 × 12 = $750 of interest. At the end of the three years, the GIC matures and the investor is paid out the principal of $5,000. 
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If the interest rate is variable, you must apply Formula 10.1 to each of the variable interest rates in turn to calculate the interest payment amount in the corresponding time segment. For example, if a $1,000 GIC earns 2% quarterly for the first year and 2.4% monthly for the second year, then in the first year I = $1,000 ×  = $5, and in the second year
 I = $1,000 ×  = $2.
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In an interest payout GIC, is the maturity value of the investment higher than, lower than, or the same as the principal invested in the GIC?
Solutions:
The maturity value and the principal are the same since the interest is never converted to principal.





	Example 10.1A: An Interest Payout GIC

	Jackson placed $10,000 into a four-year interest payout GIC earning 5.5% semi-annual interest. Calculate the amount of each interest payment and the total interest earned throughout the term.

	Plan
	Calculate the periodic interest payment amount (I). Then calculate the total interest paid for the term based on N.

	Understand
	What You Already Know
Step 1: PV = $10,000	
 IY = 5.5%	CY = 2
	How You Will Get There
Step 2: Apply Formula 9.1.
Step 3: Apply Formula 10.1.
Step 4: To calculate the total interest, determine N using Formula 9.2 and multiply the payment by N.

	Perform
	Step 2: 
Step 3: I = $10,000 × 0.0275 = $275
Step 4: N = 2 × 4 = 8; total interest = $275 × 8 = $2,200

	Present
	Every six months, Jackson receives an interest payment of $275. Over the course of four years, these interest payments total $2,200.



Compound Interest GIC
	
Throughout the term of a compound interest GIC, interest is periodically converted to principal. A starting amount, called the principal, remains in the account for the entire term and compounds interest. Therefore, you treat a compound interest GIC exactly like a future value compound interest calculation on a single payment amount.
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Compound interest GICs do not require any new formulas or techniques. Most commonly, the variables of concern are either the maturity value of the investment or the compound interest rate.
1. Maturity Value. If the compound interest rate is fixed, then you find the maturity value by applying Formula 9.3 once, where FV = PV(1 + i)N. These 4 steps were introduced in Chapter 9.2.
If the compound interest rate is variable, then to find the maturity value you must apply Formula 9.3 once for each segment of the timeline. These 7 steps were also introduced in Chapter 9.2. Note that in step 5, no principal adjustment needs to be made since only the interest rate variable changes.
2. Compound Interest Rate. In the event that the unknown variable is the interest rate, recall the 6 steps were introduced in Chapter 9.5. 
	Assume an investment of $5,000 is made into a three-year compound interest GIC earning 5% compounded quarterly. Solve for the maturity value.
[image: ]Step 1: The timeline below illustrates this investment. This is a fixed rate compound interest GIC with a term of three years and PV = $5,000. The nominal interest rate is IY = 5%. The compounding frequency is CY = 4.
Step 2: The periodic interest rate is i = 5%/4 = 1.25%.
Step 3: The number of compound periods is N = 4 × 3 = 12.
Step 4: Applying Formula 9.3, FV = $5,000(1 + 0.0125)12 = $5,803.77. Hence, at maturity the GIC contains $5,803.77, consisting of $5,000 of principal and $803.77 of compound interest. 
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Supposing that each investment is held until maturity, which earns more interest, an interest payout GIC or a compound interest GIC?
Solution:
The compound interest GIC earns more interest since the interest is converted to principal and therefore earns even more interest. The interest payout GIC does not compound.





	Example 10.1B: How Much Do You Have at Maturity?

	Andrej invested $23,500 into a three-year variable compound interest GIC. The quarterly compounded interest rate was 3.8% for the first 15 months, 3.7% for the next 12 months, and 3.65% after that. What is the maturity value of Andrej’s GIC?

	Plan
	Calculate the maturity value (FV) of Andrej’s variable rate compound interest GIC.

	Understand
	What You Already Know
Step 1: The principal, terms, and interest rates are known, as shown in the timeline.
PV = $23,500
First time segment: IY = 3.8%
CY = quarterly = 4 Term = 1¼ years
Second time segment: IY = 3.7%
CY = quarterly = 4    Term = 1 year
Third time segment: IY = 3.65%
CY = quarterly = 4   Term = ¾ year
	How You Will Get There
Step 2: For each time segment, calculate the periodic interest rate by applying Formula 9.1.
Step 3: For each time segment, calculate the number of compound periods by applying Formula 9.2.
Step 4: Calculate the future value (FV1) of the first time segment using Formula 9.3.
Step 5: Let FV1 = PV2.
Step 6: Calculate the future value (FV2) of the second time segment using Formula 9.3.
Repeat Step 5: Let FV2 = PV3.
Repeat Step 6: Calculate the future value (FV3) of the third time segment using Formula 9.3.
Step 7: FV3 is the final future value amount.

	
	[image: ]

	Perform
		Step
	First Time Segment
	Second Time Segment
	Third Time Segment

	2.
	
	
	

	3.
	N = 4 × 1¼ = 5
	N = 4 × 1 = 4
	N = 4 × ¾ = 3

	4.
	

	5–6.
	                                 

	Repeat 5–6.
	                                                              




	
	Calculator Instructions
[image: ]

	Present
	At the end of the three-year compound interest GIC, Andrej has $26,268.15, consisting of the $23,500 principal plus $2,768.15 in interest.



	Example 10.1C: Equivalent Interest Rate on the GIC

	Using Example 10.1B, what equivalent fixed quarterly compounded interest rate did Andrej earn on his GIC?

	Plan
	Calculate the fixed quarterly compounded interest rate (IY) that is equivalent to the three variable interest rates.

	Understand
	What You Already Know
Step 1: From Example 10.1B, the principal, maturity value, compounding frequency, and term are known, as illustrated in the timeline.
CY = 4	Term = 3 years
	How You Will Get There
Step 2: Calculate N using Formula 9.2.
Step 3: Substitute into Formula 9.3 and rearrange for i.
Step 4: Substitute into Formula 9.1 and rearrange for IY.
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	Perform
	Step 2: N = 4 × 3 = 12
Step 3: $26,268.15 = $23,500(1 + i)12
                1.117793 = (1 + i)12
          
                1.009322 = 1 + i
                0.009322 = i
Step 4: 
        IY = 0.037292 = 3.7292% compounded quarterly
	Calculator Instructions
[image: ]

	Present
	A fixed rate of 3.7292% compounded quarterly is equivalent to the three variable interest rates that Andrej realized.



Escalator Interest GIC
	
An escalator interest GIC is a compound interest rate GIC with four distinguishing characteristics:
1. The interest rate is variable throughout the term.
2. The nominal interest rate always increases with each change so that higher returns on longer terms will encourage the investor to keep the sum of money invested in this GIC.
3. The interest rates are known in advance and fixed for the duration of each time segment of the investment.
4. Each time segment is most commonly one year in length.
	Various financial institutions call escalator interest GICs by many names to differentiate their products from others on the market. Some of the names include Rate Riser, Stepper, Multi-Rater, Stepmaker, and RateAdvantage. Regardless of the actual name used, if the GIC fits the above characteristics it is an escalator interest GIC.
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The escalator interest GIC is a special form of the compound interest GIC, so the exact same formulas and procedures used for compound interest GICs remain applicable. The most common applications with escalator GICs involve finding one of the following:
1. The maturity value of the GIC.
2. The equivalent fixed rate of interest on the GIC so that the investor can either compare it to that of other options or just better understand the interest being earned. Recall from Chapter 9 the 6 steps you need to calculate equivalent fixed rates.

	Example 10.1D: Understanding Your Escalator Rate GIC

	Antoine is thinking of investing $8,000 into a five-year CIBC Escalating Rate GIC with annually compounded rates of 0.5%, 1.5%, 2%, 3.5%, and 6.5% in each subsequent year. Determine the maturity value of Antoine's investment along with the equivalent fixed annually compounded rate.

	Plan
	First, calculate the maturity value of Antoine's investment (FV) at the end of the five-year term. Then calculate the equivalent fixed nominal interest rate (IY).

	Understand
	What You Already Know
Step 1: The present value, term, and escalating nominal interest rates are known, as shown in the timeline.
	How You Will Get There
Step 2: For each time segment, calculate the i and N in the timeline using Formulas 9.1 and 9.2. Note that since all rates are compounded annually (CY = 1), Formula 9.1 results in i = IY for all time segments. As well, in Formula 9.2 the N always equals 1 since both CY = 1 and Years = 1 for every time segment.
Step 3: Solve for FV using Formula 9.3. Since only the interest rate changes, expand the formula:

Step 4: To reflect the entire five-year term compounded annually, calculate a new value of N using Formula 9.2.
Step 5: Substitute into Formula 9.3 and rearrange for i.
Step 6: With CY = 1, then IY = i.
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	Perform
	Step 2: Figure 10.14 shows the successive calculated values of i and N.
Step 3: FV1 = $8,000(1 + 0.005)1 (1 + 0.015)1 (1 + 0.02)1 (1 + 0.035)1 (1 + 0.065)1 = $9,175.13
Step 4: N = 1 × 5 = 5
Step 5: $9,175.13 = $8,000(1 + i)5
              1.146891 = (1 + i)5
         
             1.027790 = 1 + i
             0.027790 = i
Step 6: IY = i = 0.027790 or 2.779% compounded annually

	
	Calculator Instructions
[image: ]

	Present
	If Antoine invests in the CIBC Escalating Rate GIC, the maturity value after five years is $9,175.13. He realizes 2.779% compounded annually on his investment.



[image: Paper and Pencil 2 by isaiah658]Section 10.1 Exercises


Mechanics
Calculate the amount of each interest payment as well as the total interest paid over the entire term for each of the following interest payout GICs.
	
	Principal (PV)
	Nominal Interest Rate (IY)
	Term

	1.
	$43,000
	6% quarterly
	4 years

	2.
	$38,100
	6.6% monthly
	2 years





Calculate the missing pieces of the puzzle (as indicated by ?) for the following compound interest GICs. Cells with N/A are not required.
	
	Principal 
	Nominal Interest Rate and Term
	Compounding Frequency
	Maturity Value
	Interest Amount Earned
	Equivalent Fixed Interest Rate

	3.
	$17,400
	4.3% for 4 years
	semi-annually
	?
	?
	N/A

	4.
	$25,000
	2.9% for first year; 
3.9% for second year
	quarterly
	?
	?
	?% quarterly

	5.
	$51,000
	3.9% for 5 years
	monthly
	?
	?
	N/A

	6.
	$72,375
	1.85% for 6 months; then 2.1% for 18 months; then 2.35% for 2 years
	Semi-annually
	?
	?
	?% annually


Calculate the missing pieces of the puzzle (as indicated by ?) for the following escalator rate GICs. Each interest rate listed is for a one-year term.
	
	Principal 
	Nominal Interest Rates
	Compounding Frequency
	Maturity Value
	Interest Amount Earned
	Equivalent Fixed Interest Rate

	7.
	$2,680
	0.75%; 1.25%; 1.85%
	Annually
	?
	?
	?% annually

	8.
	$134,000
	1.15%; 1.95%; 2.5%; 4%; 7%
	Semi-annually
	?
	?
	?% semi-annually

	9.
	$84,630
	0.15%; 1.1%; 3.9%; 6.8%
	Monthly
	?
	?
	?% annually

	10.
	$15,985
	0.25%; 0.75%; 1.9%; 2.75%; 7.1% 
	Quarterly
	?
	?
	?% annually



Applications
11. Sanchez placed $11,930 into a five-year interest payout GIC at 4.2% compounded monthly. Calculate the interest payout amount every month.
12. RBC is offering you a four-year fixed rate compound interest GIC at 3.8% compounded quarterly. TD Canada Trust is offering you a variable rate compound interest GIC at 3.4% for the first two years, followed by 4.25% for the remaining two years. If you have $10,000 to invest, which GIC should you select? How much more interest will you earn from the selected GIC than from the alternative?
13. Your five-year variable rate GIC is due to mature. Your monthly compounded interest rate was 1.5% for 22 months, 1.75% for 9 months, 1.6% for 13 months, and 1.95% for the remainder. If you originally invested $7,165, what is the maturity value? What equivalent monthly compounded fixed rate of interest did the GIC earn?
14. For three different five-year compound interest GICs, you can choose between fixed rates of 4.8% compounded monthly, 4.83% compounded quarterly, or 4.845% compounded semi-annually. On a $25,000 investment, how much more interest will the best option earn compared to the worst option?
15. The RBC RateAdvantage escalator GIC offers annually compounded interest rates on a five-year nonredeemable GIC of 0.75%, 2.25%, 2.5%, 3%, and 5%. Calculate the maturity value of a $40,000 investment. Determine the annually compounded equivalent fixed rate earned on the investment.
16. TD Canada Trust is offering its five-year Stepper GIC at annually escalating rates of 1.15%, 2%, 2.75%, 3.5%, and 4.5%. All rates are compounded semi-annually. Alternatively, it is offering a five-year fixed rate GIC at 2.7% compounded monthly. What total interest amount does an $18,000 investment earn under each option?
17. Your escalator rate GIC has annually compounded interest rates of 1.15%, 1.95%, 3.2%, 4.7%, and 6.6% in subsequent years. On a $15,140 investment, calculate the following:
a. The amount of interest earned in each year.
b. The annually compounded equivalent fixed rate.



Challenge, Critical Thinking, & Other Applications
18. You have invested $6,365 into a three-year interest payout GIC earning 3.75% compounded annually. If you invest each of your interest payout amounts into a Builder GIC (which allows you to contribute regularly to the GIC) earning 2.4% compounded monthly, how much interest in total do you earn over the three-year term?
19. Three years ago you placed $50,000 into an RBC five-year fixed rate, nonredeemable, compound interest GIC earning 3.9% compounded quarterly. Interest rates have risen since that initial investment, and banks today are advertising rates of 4.5% compounded semi-annually on two-year compound interest GICs. Your RBC GIC allows you to redeem your investment early, but you would incur a 0.75% penalty per year on the maturity value of the account. Should you keep your current RBC GIC, or should you take the early withdrawal penalty and invest in a new two-year GIC? Show calculations to support your recommendation.

20. Calculate the interest earned on each of the following five-year GICs. Rank the GICs from best to worst based on the amount of interest earned on a $15,000 investment.
a. An interest payout GIC earning 4.5% compounded quarterly.
b. A fixed rate compound interest GIC earning 4.2% compounded monthly.
c. A variable rate quarterly compound interest GIC earning consecutively 3.9% for 1.5 years, 4.25% for 1.75 years, 4.15% for 0.75 years, and 4.7% for 1 year.
d. An escalator rate GIC earning semi-annually compounded rates of 1.25%, 2%, 3.5%, 5.1%, and 7.75% in successive years.


10.2: Application: Long-Term Promissory Notes
(IOUs)
	
[bookmark: _GoBack]How do all of those "don't pay until . . ." plans work? The retail industry overflows with financing plans specifically designed to attract customers to purchase merchandise on credit. Most of these offers include terms such as "no money down" and "no payments for x months." You can find these plans at most furniture retailers such as The Brick and Leon's, electronic retailers such as Best Buy, along with many other establishments including jewellery stores and sleep centres.
	But have you ever considered how this works on the business side? If every customer purchased merchandise under these no-money-required plans, how would the retailer stay in business? For example, perhaps The Brick’s customers purchase furniture in January 2014 that they do not have to pay for until January 2016. During these two years, The Brick does not get paid for the products sold; however, it has paid its suppliers for the merchandise. How can a retailer stay in business while it waits for all those postponed payments?
	Consumers generally do not read the fine print on their contracts with these retailers. Few consumers realize that the retailers often sell these contracts (sometimes immediately) to finance companies they have partnered with. While the consumer sees no noticeable difference, behind the scenes the retailer receives cash today in exchange for the right to collect payment in the future when the contract becomes due. That way the finance company becomes responsible for collecting on the loan to the consumer.
	This section introduces the mathematics behind the sale of promissory notes between companies. Recall from Section 8.4 that a promissory note, more commonly called a note, is a written debt instrument that details a promise made by a buyer to pay a specified amount to a seller at a predetermined and specified time. If the debt allows for interest to accumulate, then it is called an interest-bearing promissory note. If there is no allowance for interest, then it is called a noninterest-bearing promissory note. Interest-bearing notes are covered in this section and noninterest notes are discussed in the next section. When promissory notes extend more than one year, they involve compound interest instead of simple interest.

Interest-Bearing Promissory Notes
	
When you participate in "don't pay until . . ." promotions, you create a promissory note in which you promise to pay for your goods within the time interval stated. These promotions commonly carry 0% interest if paid before the stated deadline, so the notes are noninterest-bearing promissory notes. However, failure to pay the note before the deadline transforms the note into an interest-bearing note for which interest is retroactive to the date of sale, usually at a very high rate of interest such as 21%.
	The mathematics of interest-bearing promissory notes deal primarily with the sale of long-term promissory notes between organizations. When the note is sold, the company buying it (usually a finance company) purchases the maturity value of the note and not the principal of the note. To the finance company, the transaction is an investment from which it intends to earn a profit through the difference between maturity value and purchase price. Thus, the finance company discounts the maturity value of the note using a discount rate that permits it to invest a smaller sum of money today to receive a larger sum of money in the future. The company selling the note is willing to take the smaller sum of money to cash in its accounts receivables and eliminate the risk of default on the debt.
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Recall that in simple interest the sale of short-term promissory notes involved three steps. You use the same three-step sequence for long-term compound interest promissory notes. On long-term promissory notes, a three-day grace period is not required, so the due date of the note is the same as the legal due date of the note. 
Step 1: Draw a timeline, similar to the one on the next page, detailing the original promissory note and the sale of the note.
[image: ]
Step 2: Take the initial principal on the date of issue and determine the note's future value at the stated deadline using the stated rate of interest attached to the note. As most long-term promissory notes have a fixed rate of interest, this involves a future value calculation using Formula 9.3.
a. Calculate the periodic interest rate using Formula 9.1, .
b. Calculate the number of compounding periods between the issue date and due date using Formula 9.2, N = CY × Years.
c. Solve for the future value using Formula 9.3, FV = PV(1 + i)N.
Step 3: Using the date of sale, discount the maturity value of the note using a new negotiated discount rate of interest to determine the proceeds of the sale. Most commonly the negotiated discount rate is a fixed rate and involves a present value calculation using Formula 9.3.
a. Calculate the new periodic interest rate using Formula 9.1, .
b. Calculate the number of compounding periods between the date of sale of the note and the due date using Formula 9.2, N = CY × Years. Remember to use the CY for the discount rate, not the CY for the original interest rate.
c. Solve for the present value using Formula 9.3, FV = PV(1 + i)N, rearranging for PV.
	Assume that a three-year $5,000 promissory note with 9% compounded monthly interest is sold to a finance company 18 months before the due date at a discount rate of 16% compounded quarterly.
[image: ]Step 1: The timeline to the right illustrates the situation.
Step 2a: The periodic interest rate on the note is i = 9%/12 = 0.75%.
Step 2b: The term is three years with monthly compounding, resulting in 
N = 12 × 3 = 36.
Step 2c: The maturity value of the note is FV = $5,000(1 + 0.0075)36 = $6,543.23.
Step 3a: Now sell the note. The periodic discount rate is i = 16%/4 = 4%.
Step 3b: The time before the due date is 1½ years at quarterly compounding. The number of compounding periods is 
N = 4 × 1½ = 6.
Step 3c: The proceeds of the sale of the note is $6,543.23 = PV(1 + 0.04)6, where PV= $5,171.21. The finance company purchases the note (invests in the note) for $5,171.21. Eighteen months later, when the note is paid, it receives $6,543.23.

[image: file important by Anonymous]Important Notes

The assumption behind the three-step procedure for selling a long-term promissory note is that the process starts with the issuance of the note and ends with the proceeds of the sale. However, mathematically you may deal with any part of the transaction as an unknown. For example, perhaps the details of the original note are known, the finance company's offer on the date of sale is known, but the quarterly discounted rate used by the finance company needs to be calculated.
	The best strategy in any of these scenarios is always to execute step 1 and create a timeline.  Identify the known variables to visualize the process, then recognize any variable(s) remaining unknown. Keeping in mind how the selling of a promissory note works, you can adapt the three-step promissory note procedure using any of the techniques discussed in Chapter 9. Some examples of these adaptations include the following:
1. The discounted rate is unknown. Execute steps 1 and 2 normally. In step 3, solve for i (then IY) instead of PV.
2. The original principal of the note is unknown. Execute step 1 normally. Work with step 3, but solve for FV instead of PV. Then work with step 2 and solve for PV instead of FV.
3. The length of time by which the date of sale precedes the maturity date is unknown. Execute steps 1 and 2 normally. In step 3, solve for N instead of PV.
	As you can see, the three steps always stay intact. However, you may need to reverse steps 2 and 3 or calculate a different unknown variable.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

In working with compound interest long-term promissory notes, the most common mistakes relate to the maturity value and the two interest rates.
1. Maturity Value. Remember that the company purchasing the note is purchasing the maturity value of the note, not its principal on the issue date. Any promissory note situation always involves the maturity value of the promissory note on its due date.
2. Two Interest Rates. The sale involves two interest rates: an interest rate tied to the note itself and an interest rate (the discount rate) used by the purchasing company to acquire the note. Do not confuse these two rates.

	Example 10.2A: Proceeds on an Interest-Bearing Note

	Jake's Fine Jewellers sold a diamond engagement ring to a customer for $4,479.95 and established a promissory note under one of its promotions on January 1, 2014. The note requires 6% compounded semi-annually interest and is due on January 1, 2017. On October 1, 2015, Jake's Fine Jewellers needed the money and sold the note to a finance company at a discount rate of 11% compounded quarterly. What are the proceeds of the sale?

	Plan
	Find the proceeds of the sale for Jake's Fine Jewellers on October 1, 2013. This is the present value of the note (PV) based on the maturity value and the discount rate.

	Understand
	What You Already Know
Step 1: The issue date, maturity date, principal, interest rate on the note, date of sale, and the discount rate are known, as illustrated in the timeline.
	How You Will Get There
Step 2a: Working with the promissory note itself, calculate the periodic interest rate by applying Formula 9.1.
Step 2b: Calculate the number of compound periods using Formula 9.2.
Step 2c: Calculate the maturity value of the note using Formula 9.3.
Step 3a: Working with the sale of the note, calculate the discount periodic interest rate by applying Formula 9.1.
Step 3b: Calculate the number of compound periods elapsing between the sale and maturity. Use Formula 9.2.

	
	[image: ]

	Perform
	Step 2a: IY = 6%, CY = 2, i = 6%/2 = 3%
Step 2b: Years = January 1, 2017 − January 1, 2014 
                        = 3 Years, N = 2 × 3 = 6
Step 2c: PV = $4,479.95, 
              FV = $4,479.95(1 + 0.03)6 = $5,349.29
Step 3a: IY = 11%, CY = 4, i = 11%/4 = 2.75%
Step 3b: Years = January 1, 2017 − October 1, 2015
                        = 1¼ Years, N = 4 × 1¼ = 5
Step 3c: $5,349.29 = PV(1 + 0.0275)5
                          PV =  = $4,670.75
	Calculator Instructions
[image: ]

	Present
	Jake's Fine Jewellers made the sale for $4,479.95 on January 1, 2014. On October 1, 2015, it receives $4,670.75 in proceeds of the sale to the finance company. The finance company holds the note until maturity and receives $5,349.29 from the customer.



	Example 10.2B: Finding an Unknown Discount Rate

	A $6,825 two-year promissory note bearing interest of 12% compounded monthly is sold six months before maturity to a finance company for proceeds of $7,950.40. What semi-annually compounded discount rate was used by the finance company?

	Plan
	Calculate the semi-annually compounded negotiated discount rate (IY) used by the finance company when it purchased the note.

	Understand
	What You Already Know
Step 1: The term, principal, promissory note interest rate, date of sale, and proceeds amount are known, as shown in the timeline.
	How You Will Get There
Step 2a: Working with the promissory note itself, calculate the periodic interest rate by applying Formula 9.1.
Step 2b: Calculate the number of compound periods using Formula 9.2.
Step 2c: Calculate the maturity value of the note using Formula 9.3.
Step 3a: Note the CY on the discount rate.
Step 3b: Calculate the number of compound periods elapsing between the sale and before maturity. Use Formula 9.2.
Step 3c: Calculate the periodic discount rate used by the finance company by applying Formula 9.3 and rearranging for i. Then substitute into Formula 9.1 and rearrange for IY.

	
	[image: ]

	Perform
	Step 2a: IY = 12%, CY = 12, i = 12%/12 = 1%
Step 2b: Years = 2, N = 12 × 2 = 24
Step 2c: PV = $6,825.00, FV = $6,825.00(1 + 0.01)24 = $8,665.94
Step 3a: CY = 2
Step 3b: Years = 6 months = ½ Year, N = 2 × ½ = 1
Step 3c: Solve for i:
              $8,665.94 = $7,950.40(1 + i)1
               1.090000 = 1+ i
                              i = 0.090000
               Solve for IY: 0.090000 = IY ÷ 2
IY = 0.180001 or 18.0001% compounded semi-annually (most likely 18%; the difference is due to a rounding error)

	
	Calculator Instructions
[image: ]

	Present
	The sale of the promissory note is based on a maturity value of $8,665.94. The finance company used a discount rate of 18% compounded semi-annually to arrive at proceeds of $7,950.40.



Noninterest-Bearing Promissory Notes
	
A noninterest-bearing promissory note involves either truly having 0% interest or else already including a flat fee or rate within the note’s face value. Therefore, the principal amount and maturity amount of the promissory note are the same.

[image: cartoon cogs by tonyhewison]How It Works

A noninterest-bearing note simplifies the calculations involved with promissory notes. Instead of performing a future value calculation on the principal in step 2, your new step 2 involves equating the present value and maturity value to the same amount (PV = FV). You then proceed with step 3.
Assume a three-year $5,000 noninterest-bearing promissory note is sold to a finance company 18 months before the due date at a discount rate of 16% compounded quarterly.
Step 1: The timeline is illustrated here. 
[image: ]Step 2: The maturity value of the note three years from now is the same as the principal, or FV = $5,000.
Step 3a: Now sell the note. The periodic discount rate is i = 16%/4 = 4%.
Step 3b: The time before the due date is 1½ years at quarterly compounding. The number of compounding periods is N = 4 × 1½ = 6.
Step 3c: The proceeds of the sale of the note is $5,000 = PV(1 + 0.04)6, or PV = $3,951.57. The finance company purchases the note (invests in the note) for $3,951.57. Eighteen months later, when the note is paid, it receives $5,000.
[image: Lost in thought by hefedute]  Give It Some Thought

If a noninterest-bearing note is sold to another company at a discount rate, are the proceeds of the sale more than, equal to, or less than the note?
Solutions:
Less than the note. The maturity value is discounted to the date of sale.




	Example 10.2C: Selling a Noninterest-Bearing Long-Term Promissory Note

	A five-year, noninterest-bearing promissory note for $8,000 was issued on June 23, 2011. The plan is to sell the note at a discounted rate of 4.5% compounded semi-annually on December 23, 2015. Calculate the expected proceeds on the note.

	Plan
	Calculate the proceeds on the note (PV) based on the note's maturity value and the date of the sale.

	Understand
	What You Already Know
Step 1: The principal, noninterest on the note, issue date, due date, discount rate, and date of sale are known, as illustrated in the timeline.
	How You Will Get There
Step 2: Equate the FV of the note with the principal of the note.
Step 3a: Working with the sale of the note, calculate the discount periodic interest rate by applying Formula 9.1.
Step 3b: Calculate the number of compound periods elapsing between the sale and maturity. Use Formula 9.2.
Step 3c: Calculate the proceeds of the sale by using Formula 9.3, rearranging for PV.

	
	[image: ]

	Perform
	Step 2: FV = PV = $8,000
Step 3a: IY = 4.5%, CY = 2, i = 4.5%/2 = 2.25%
Step 3b: Years = June 23, 2017 − December 23, 2015 
                        = 1½ Years, N = 2 × 1½ = 3
Step 3c: $8,000 = PV(1 + 0.0225)3
                     PV =  = $7,483.42
	Calculator Instructions
[image: ]

	Present
	The expected proceeds are $7,483.42 on December 23, 2015, with a maturity value of $8,000.00 on June 23, 2017.



[image: Paper and Pencil 2 by isaiah658]Section 10.2 Exercises


Mechanics
Calculate the unknown variable (indicated with a ?) for the following noninterest-bearing promissory notes.
	
	Principal
	Issue Date
	Due Date
	Sale Date
	Discount Rate
	Sale Proceeds

	1.
	$10,000
	August 14, 2010
	November 14, 2015
	February 14, 2012
	5.95% compounded quarterly
	$?

	2.
	$19,000
	May 29, 2010
	May 29, 2015
	September 29, 2012
	8.7% compounded monthly
	$?

	3.
	$?
	September 30, 2009
	September 30, 2014
	March 30, 2012
	6.8% compounded semi-annually
	$21,574.34

	4.
	$31,300
	June 3, 2009
	June 3, 2015
	November 3, 2012
	?% compounded monthly
	$27,268.08





Calculate the unknown variable(s) (indicated with a ?) for the following interest-bearing promissory notes.
	
	Issue Amount
	Term of Note
	Interest Rate on Note
	Date of Sale (before maturity)
	Discount Rate
	Sale Proceeds

	5.
	$51,000
	6 years
	7.75% compounded quarterly
	2½ years
	12% compounded semi-annually
	$?

	6.
	$18,200
	4½ years
	9.45% compounded monthly
	1 year, 6 months
	15% compounded quarterly
	$?

	7.
	$5,350
	3¼ years
	6.95% compounded monthly
	1½ years
	?% compounded semi-annually
	$5,587.02

	8.
	$2,900
	4 years
	8.8% compounded semi-annually
	9 months
	?% compounded monthly
	$3,570.13

	9.
	$?
	5 years
	7.5% compounded quarterly
	2 years, 6 months
	13.25% compounded semi-annually
	$11,705.14

	10.
	$26,945.75
	6 years
	10.3% compounded annually
	? years, ? months
	19.3% compounded monthly
	$32,046.52



Applications
11. Determine the proceeds of the sale on a seven-year noninterest-bearing promissory note for $1,600, discounted 45 months before its due date at a discount rate of 8.2% compounded quarterly.
12. If a noninterest-bearing four-year promissory note is discounted 1½ years before maturity at a discount rate of 6.6% compounded semi-annually to have proceeds of $14,333.63, what is the principal amount of the note?
13. Determine the proceeds of the sale on a six-year interest-bearing promissory note for $5,750 at 6.9% compounded monthly, discounted two years and three months before its due date at a discount rate of 9.9% compounded quarterly.
14. A three-year interest-bearing promissory note for $8,900 at 3.8% compounded annually is sold one year and two months before its due date at a discount rate of 7.1% compounded monthly. What is the amount of the discount on the sale?
15. Two years and 10 months before its due date, an eight-year interest-bearing promissory note for $3,875 at 2.9% compounded semi-annually is discounted to have sale proceeds of $4,182.10. What monthly compounded discount rate was used?
16. On May 1, 2012, a six-year interest-bearing note for $8,800 at 4.99% compounded monthly dated August 1, 2009, is discounted at 8% compounded semi-annually. Determine the proceeds on the note.
17. A seven-year interest-bearing note for $19,950 at 8.1% compounded quarterly is issued on January 19, 2006. Four years and 11 months later, the note is discounted at 14.55% compounded monthly. Determine the proceeds on the note and how much interest the original owner of the note realized.

Challenge, Critical Thinking, & Other Applications
18. A $36,555 interest-bearing note at 5% compounded monthly is issued on October 15, 2011, for a term of 87 months. Fifty-seven months later, the note is sold to yield a discount amount of $11,733.41. What quarterly compounded discount rate is being used?
19. On December 12, 2012, an eight-year promissory note at 6.2% compounded semi-annually with three years and three months remaining until its due date is sold. The discount rate is 10.9% compounded monthly, resulting in a discount of $49,349.87. Calculate the original principal of the note.

20. A 10-year, $100,000 note at 7.5% compounded quarterly is to be sold. The prevailing discount rate for promissory notes of this type today, six years before maturity, is 9% compounded annually. Prevailing discount rates are forecast to rise by 2% every year. The seller of the note will sell the note today, one year from today, or two years from today, depending on which sale date produces the highest nominal proceeds. Rank the various alternatives and recommend a sale date.


10.3: Application: Savings Bonds
(You Can Personally Finance Canada's Debt!)
	
How does Canada finance its long-term debt? One way is through savings bonds, or SBs for short, which are long-term financial instruments with 10-year maturities issued only by the federal Canadian government. Approximately $8.8 billion of savings bonds were outstanding in August 2012, representing approximately 1.4% of the gross national debt. Compare this with the 27% of Canada’s national debt financed through treasury bills, the short-term instrument you studied in Section 8.6. For up-to-date information on CSBs, visit http://csb.gc.ca/home.

Key Characteristics of Savings Bonds
	
Similar to T-bills, SBs are purchased by financial institutions who, in turn, sell the SBs to investors like you and me. Savings bonds have six key characteristics:
1. Denomination. SBs are issued only in denominations of $100, $300, $500, $1,000, $5,000, and $10,000.
2. Term. SBs are issued with 10-year maturity dates and can be purchased only on their issue date.
3. Issuance. From 1998 to 2010, SBs have been issued on the first of every month from November through April inclusive (six times per year). Starting in 2011, SBs are issued only in November and December.
4. Calculation of Interest. Interest on SBs is always calculated using one of two methods:
1. Regular interest SBs, called R-bonds, pay the interest annually to the owner of the bond and do not convert the interest to principal. This is identical to an interest payout GIC. The lowest denomination available for these bonds is $300.[footnoteRef:1] [1:  Like interest payout GICs, these R-bonds essentially apply the concepts of simple interest. However, because of the long-term nature of savings bonds, this concept is discussed here instead of with simple interest in Chapters 7 and 8.] 

2. [image: ]Compound interest SBs, called C-bonds, annually convert the interest earned from the bond to principal. This is identical to a compound interest GIC. These bonds are available in any denomination.
5. Types of Bonds. SBs are issued in two versions distinguished by when they can be redeemed. The figure to the right illustrates the combination of versions and interest calculations available.
a. Canada Savings Bonds (CSBs) are redeemable at any time. If they are redeemed during an anniversary month (that is, a multiple of 12 months from the issuance date), they receive interest for the full year, according to the R-bond or C-bond rules as appropriate. If they are redeemed during a non-anniversary month, they receive the annual interest plus interest for the partial year using simple interest calculations on the basis of the number of full months. For example, if a CSB with an anniversary date of November 1 is redeemed on January 23, simple interest for the partial year is paid only for the two full months from November 1 to January 1. CSBs pay a lower interest rate because of the privilege of redemption. When they are issued, the interest rate is generally known for the first year only, though sometimes multiyear rates are posted. Usually, each subsequent year will have its new interest rate announced in a timely fashion.
b. Canada Premium Bonds (CPBs) have all the same characteristics of CSBs except that they are redeemable only during the anniversary month based on the month of issue. The actual day of the month does not matter. These bonds pay a higher interest rate premium, historically 0.6% to 2.65% higher, for not being redeemable at any time. When CPBs are issued, the interest rate is known for the first three years, and thereafter announced for periods of one to three years at a time.
6. Identification. All SBs when issued are assigned a series letter and number.
a. CSBs start with the letter "S" and as of November 2012 were on issue number "130." This is referred to as "Series S130."
b. CPBs start with the letter "P" and as of December 2012 were on issue "81." This is referred to as "Series P81."

Interest Rates on Savings Bonds
	
The posted interest rates on savings bonds are based on current market conditions either at the time of issue or upon each anniversary. The rates are related to the Bank of Canada interest rate. Generally, for CSBs the interest rate set is slightly above the Bank of Canada rate by approximately 0.15% to 0.25%, though this margin is not fixed. Similarly for CPBs, the rate is commonly 0.5% to 1% higher than the Bank of Canada rate, though again the margin is not fixed.
	The historic interest rates since 2004 for CSBs are listed in the table below. Since 2004, all series of CSBs (starting with S86 up to S130) have received the same annual interest rate based on their month of issue. Series prior to 2004 (S85 and earlier) may have individually different interest rates; you should not use this table for those bonds.
	Issue/Anniversary Date*
	2004
	2005
	2006
	2007
	2008
	2009
	2010
	2011
	2012
	2013

	January 1
	1.65%
	1.65%
	2.62%
	2.90%
	3.10%
	1.65%
	0.40%
	0.65%
	0.65%
	0.5%

	February 1
	1.55%
	1.55%
	2.68%
	2.80%
	2.85%
	1.25%
	0.40%
	0.65%
	0.65%
	0.5%

	March 1
	1.30%
	1.55%
	2.75%
	3.10%
	2.50%
	1.00%
	0.40%
	0.65%
	0.65%
	0.5%

	April 1
	1.25%
	1.65%
	2.75%
	3.10%
	2.45%
	0.75%
	0.40%
	0.65%
	0.65%
	0.5%

	November 1
	1.50%
	2.50%
	3.00%
	3.25%
	2.00%
	0.40%
	0.65%
	0.5%
	0.5%
	N/A**

	December 1
	1.50%
	2.56%
	3.00%
	3.25%
	1.85%
	0.40%
	0.65%
	0.5%†

	0.5%
	N/A**

	Series Issued (in monthly order)
	S86 to S91
	S92 to S97
	S98 to S103
	S104 to S109
	S110 to S115
	S116 to S121
	S122 to S127
	S128 to S129†
	S130‡
	No series issued**


All interest rates are annual.
*This table is only valid for all CSBs with issue dates of January 1, 2004, and later, starting with S86 up to S130.
†In 2011, the Canadian Government ceased issuing CSBs in January through April.  The series numbers represent November and December series.
‡No CSBs were issued in December 2012.  Thus, the series number is for November 2012.
**At time of writing, these rates were not available yet.

	From 1998 to 2010, six series were issued annually, with the posted interest rate lasting for only one year. For example, Series S105 was issued on February 1, 2007, at an interest rate of 2.80%, with annual changes on February 1 to 2.85% in 2008, 1.25% in 2009, 0.40% in 2010, and 0.65% in both 2011 and 2012. As another example, Series S113 was issued on April 1, 2008, at an interest rate of 2.45%, with annual changes on April 1 to 0.75% in 2009, 0.40% in 2010, and 0.65% in both 2011 and 2012.
	The historic interest rates for a sample of CPBs since 2004 are listed in the next table. Unlike their CSB counterparts, each CPB has its own individual interest rate. To see more information on historic CPB rates or rates on older CSBs, visit http://csb.gc.ca/about/rates.



	Series
	Issue Date
	2004
	2005
	2006
	2007
	2008
	2009
	2010
	2011
	2012
	2013

	P36
	Jan 1, 2004
	2.35%
	2.75%
	3.00%
	4.00%
	5.50%
	2.35%
	2.50%
	2.65%
	1.00%
	1.20%

	P38
	Mar 1, 2004
	2.25%
	2.50%
	3.00%
	3.50%
	4.00%
	1.75%
	1.90%
	2.05%
	1.00%
	1.20%

	P40
	Nov 1, 2004
	1.85%
	2.45%
	3.40%
	3.30%
	3.40%
	3.50%
	1.10%
	1.40%
	1.70%
	N/A*

	P43
	Feb 1, 2005
	
	2.00%
	2.30%
	2.60%
	2.95%
	3.00%
	3.05%
	1.10%
	1.40%
	1.70%

	P45
	Apr 1, 2005
	
	2.00%
	2.30%
	2.60%
	2.75%
	2.90%
	3.05%
	1.10%
	1.40%
	1.70%

	P47
	Dec 1, 2005
	
	2.50%
	3.00%
	3.55%
	2.35%
	2.50%
	2.65%
	1.00%
	1.20%
	1.40%

	P48
	Jan 1, 2006
	
	
	2.50%
	3.25%
	4.00%
	2.35%
	2.50%
	2.65%
	1.00%
	1.20%

	P50
	Mar 1, 2006
	
	
	3.00%
	3.25%
	4.00%
	1.75%
	1.90%
	2.05%
	1.00%
	1.20%

	P52
	Nov 1, 2006
	
	
	3.15%
	3.25%
	3.35%
	1.00%
	1.40%
	1.80%
	1.00%
	1.20%

	P55
	Feb 1, 2007
	
	
	
	2.95%
	3.00%
	3.05%
	1.00%
	1.40%
	1.80%
	1.00%

	P57
	Apr 1, 2007
	
	
	
	3.15%
	3.25%
	3.35%
	1.00%
	1.40%
	1.80%
	1.00%

	P59
	Dec 1, 2007
	
	
	
	3.30%
	3.40%
	3.50%
	1.10%
	1.40%
	1.70%
	N/A*

	P60
	Jan 1, 2008
	
	
	
	
	3.15%
	3.20%
	3.25%
	1.10%
	1.40%
	1.70%

	P62
	Mar 1, 2008
	
	
	
	
	2.85%
	3.00%
	3.15%
	1.10%
	1.40%
	1.70%

	P64
	Nov 1, 2008
	
	
	
	
	2.35%
	2.50%
	2.65%
	1.00%
	1.20%
	1.40%

	P67
	Feb 1, 2009
	
	
	
	
	
	1.75%
	1.90%
	2.05%
	1.00%
	1.20%

	P69
	Apr 1, 2009
	
	
	
	
	
	1.40%
	1.55%
	1.70%
	1.00%
	1.20%

	P71
	Dec 1, 2009
	
	
	
	
	
	1.00%
	1.40%
	1.80%
	1.00%
	1.20%

	P72
	Jan 1, 2010
	
	
	
	
	
	
	1.00%
	1.40%
	1.80%
	1.00%

	P74
	Mar 1, 2010
	
	
	
	
	
	
	1.00%
	1.40%
	1.80%
	1.00%


All interest rates are annual.
*At time of writing, these rates were not available yet.

Calculating Interest Amounts and Maturity Values on Savings Bonds
	
The mathematics of savings bonds focuses on the two things most important to investors:
1. What amount of interest is earned?
2. What is the maturity value?

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

Savings bonds require a combination of seven previously introduced formulas:
1. Formula 8.1 Simple Interest: I = PVrt
2. Formula 8.2 Simple Interest for Single Payments: FV = PV(1 + rt)
3. Formula 8.3 Interest Amount for Single Payments: I = FV − PV
4. Formula 9.1 Periodic Interest Rate: 
5. Formula 9.2 Number of Compound Periods for Single Payments: N = CY × Years
6. Formula 9.3 Compound Interest for Single Payments: FV = PV(1 + i)N
7. Formula 10.1 Periodic Interest Amount: I = PV × i
	Savings bonds are always compounded annually, or CY = 1. Therefore, it is possible to simplify a few variables and calculations in these formulas:
· In Formula 9.1, the periodic interest rate (i) is always the same as the nominal interest rate (IY), or i = IY.
· When you calculate the future value using Formulas 9.2 and 9.3, each time segment is one year in duration, or Years = 1. Therefore, Formula 9.2 always produces N = 1. Additionally, you can then simplify Formula 9.3 to read FV = PV(1 + i).



[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to work with regular interest savings bonds: 
Step 1: Determine the principal (PV) invested in the bond on the issue date.
Step 2: Locate the historic interest rates for the applicable CSB or CPB. Once for each complete year that the bond is held, apply Formula 10.1 to calculate the annual interest amount paid out to the investor that year as of the most recent anniversary month. Round all amounts to two decimals.
Step 3: Sum the annual interest amounts that you calculated in step 2 to arrive at the total interest (I). Note that the maturity value (FV) is the same as the principal (PV). If the bond is being redeemed in an anniversary month, this is the last step. For CSBs being redeemed in a non-anniversary month, proceed with step 4.
Step 4: Calculate the number of complete months (t) that the CSB is held after the most recent anniversary date. Using the interest rate (r) for the partial year, apply Formula 8.1 to calculate the interest payment amount for the partial year. Add this amount to the previously totalled interest amount in step 3 to arrive at a final total interest earned (I). The maturity value (FV) remains the same as the principal (PV).

	Follow these steps to work with compound interest savings bonds: 
Step 1: Determine the principal (PV) invested in the bond on the issue date.
Step 2: Locate the historic interest rates for the applicable CSB or CPB. Once for each complete year that the bond is held, apply Formula 9.3 to calculate the maturity amount as of the most recent anniversary month. Recall in each repetition that the FV of a prior calculation becomes the new PV in the subsequent calculation.
Step 3: The maturity value (FV) is the final result of step 2. If the interest amount (I) earned to date is required, apply Formula 8.3. If the bond is being redeemed in an anniversary month, this is the last step. For CSBs being redeemed in a non-anniversary month, proceed with step 4.
Step 4: Take the unrounded maturity value from step 3 and make it the new present value (PV). Calculate the number of complete months (t) that the CSB is held after the most recent anniversary date. Using the interest rate (r) for the partial year, apply Formula 8.2 to arrive at the final maturity value (FV) for the CSB. To calculate the total interest on the bond from purchase to redemption, take this final maturity value (FV) and subtract the principal (PV) that you identified in step 1.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

When working with the simple interest formulas (8.1 and 8.2), recall that the interest rate (r) and the time (t) need to be in the same units. With annual interest rates on savings bonds, you must convert the monthly time to an annual format by taking the number of months and dividing by 12 (t = months / 12).

[image: Top Secret by Mogwai] Paths To Success

Two methods can be used to speed up the calculations required for compound interest savings bonds.
1. Step 2 Formula Adaptation: Recall that when calculating the future value of a single payment for which only the interest rate fluctuates, you can calculate the maturity amount by formula in a single multiplication:

where n represents the total complete years that the savings bond is held. With annual compounding where N = 1 and IY = i, you can simplify this further: 
FV = PV × (1 + IY1) × (1 + IY2) × ... × (1 + IYn)
2. Step 4 Simple Interest BAII Plus Calculator Adaptation. If you have used the calculator for compound interest calculations, you can continue to use it to compute the FV for the final partial year at simple interest. Just input r × t into the I/Y button while leaving N, P/Y, and C/Y all equalling one.

[image: Lost in thought by hefedute]  Give It Some Thought

1. What is the maturity value of a $10,000 Series S91 CSB R-bond redeemed on December 1, 2009?
2. Look at Table 10.1. As an example, note that S86 received a new interest rate of 0.40% on January 1, 2010. Also note that S122 was issued on January 1, 2010, at the same rate of 0.40%. Why do older CSBs such as S86 receive the same interest rate as newer CSBs such as S122?
3. Which of the following investment amounts are not possible for R-bonds?
         a. $300	b. $400	c. $500	d. $600	e. $700	f. $800Solutions:
1. $10,000. An R-bond does not convert interest to principal, resulting in PV = FV.
2. Since CSBs can be redeemed at any time, if a newer CSB is given a more favourable interest rate than an older CSB, all investors would cash in their old CSBs and purchase the new CSB, effectively cancelling the old CSB.
3. $400 and $700. The smallest denominations of R-bonds are $300 and $500.









	Example 10.3A: CSB R-Bond Redemptions

	Elisabeth invested in five $10,000 denomination Series S106 R-bond CSBs. How much interest will she earn in total if she redeems the bond on the following dates:
a. March 1, 2011                      b. June 23, 2011

	Plan
	Calculate the total interest (I) that Elisabeth earned while in possession of the bond for each date.

	Understand
	What You Already Know
Step 1: She has five bonds at $10,000 each, or PV = $50,000.
	How You Will Get There
Step 2: From the savings bond table, S106 was issued on March 1, 2007. The annual interest rates (i) from that point are 3.1% in 2007, 2.5% in 2008, 1.00% in 2009, 0.40% in 2010, and 0.65% in 2011. Remembering that i = IY, for each of 2007, 2008, 2009, and 2010 apply Formula 10.1.
This calculates all of the annual interest amounts paid each year up to March 1, 2011.
Step 3: Total all of the interest from the previous step. This answers part (a).
Step 4: For the second question, calculate t, which is the number of complete months after March 1, 2010. Then taking the new interest rate (r), apply Formula 8.1. Add this to the interest from Step 3 to arrive at the total interest for part (b).

	Perform
	Step 2: PMT(2007) = $50,000 × 0.031 = $1,550
           PMT(2008) = $50,000 × 0.025 = $1,250
           PMT(2009) = $50,000 × 0.01 = $500
          PMT (2010) = $50,000 × 0.004 = $200
Step 3: I = $1,550 + $1,250 + $500 + $200 = $3,500 (if redeemed on March 1, 2011)
Step 4: June 23 − March 1 = 3 complete months = t; r = 0.65%
            I = $50,000(0.0065)( = $81.25
            Total I = $3,500 + $81.25 = $3,581.25 (if redeemed on June 23, 2010)

	Present
	If Elisabeth redeems her five $10,000 S106 R-bond CSBs on March 1, 2011, she will have earned $3,500 in total interest. By holding onto it until June 23, 2011, she acquires an additional $81.25 of interest for a total of $3,581.25.





	Example 10.3B: CPB C-Bond Redemption

	Dusty invested into two $10,000, three $1,000, and one $500 denomination Series P60 C-bond CPBs. She redeemed the bond in 2012.
a. What was the maturity value?
b. How much interest did she earn?

	Plan
	Calculate the maturity value of the bond (FV). Then determine the total interest (I).

	Understand
	What You Already Know
Step 1: Her total investment was:
PV = 2 × $10,000 + 
3 × $1,000 + 
1 × $500 = $23,500.

	How You Will Get There
Step 2: From the premium bond table, P60 was issued on January 1, 2008. The annual interest rates (i) from that point were 3.15% in 2008, 3.2% in 2009, 3.25% in 2010, and 1.10% in 2011. Since this is a CPB bond, the redemption in 2012 must be in January 2012 (the only month it can be redeemed). Remembering that N = 1 and i = IY, adapt Formula 9.3 to calculate the maturity value of the bond:

Step 3: To calculate the interest, apply Formula 8.3.

	Perform
	Step 2: FV = $23,500 × (1 + 0.0315) × (1 + 0.032) × (1 + 1.0325) × (1 + 1.011) = $26,113.07
Step 3: I = $26,113.07 − $23,500.00 = $2,613.07

	
	Calculator Instructions
[image: ]

	Present
	On her investment of $23,500, Dusty will have a maturity value of $26,113.07 in January of 2012. She earned $2,613.07 of interest.



	Example 10.3C: CSB C-Bond Redemptions

	What is the maturity value and amount of interest earned on a $10,000 denomination Series S95 C-bond CSB if it is redeemed on the following dates:
a. April 1, 2011
b. December 28, 2011

	Plan
	Calculate the maturity value (FV) and the total interest (I) on each of the noted dates.

	Understand
	What You Already Know
Step 1: PV = $10,000.
	How You Will Get There
Step 2: From the savings bond table, S95 was issued on April 1, 2005. The annual interest rates (i) from that point on were 1.65% in 2005, 2.75% in 2006, 3.1% in 2007, 2.45% in 2008, 0.75% in 2009, 0.40% in 2010, and 0.65% in 2011. Remembering that N = 1 and i = IY, adapt Formula 9.3 to calculate the maturity value of the bond:

Step 3: To calculate the interest as of April 1, 2011, apply Formula 8.3.
Step 4: For the second question, calculate t, which is the number of complete months after April 1, 2010. The FV from step 2 becomes the new PV. Then take the new interest rate (r) and apply Formula 8.2. Reapply Formula 8.3 to calculate the interest at this point.

	Perform
	Step 2: FV = $10,000 × (1 + 0.0.0165) × (1 + 0.0275) × (1 + 1.031) × (1 + 1.0245) × (1 + 1.0075) 
                      × (1 + 1.004)= $11,159.34255
Step 3: I = $11,159.34 − $10,000.00 = $1,159.34 (on April 1, 2011)
Step 4: December 28, 2011 − April 1, 2011 = 8 complete months = t; r = 0.65%
             FV = $11,159.34255(1 + 0.0065)( = $11,207.70
             I = $11,207.70 − $10,000.00 = $1,207.70 (on December 28, 2011)

	
	Calculator Instructions
[image: ]

	Present
	If the bond is redeemed on April 1, 2011, it matures at $11,159.34, earning $1,159.34 in interest. 
If the bond is redeemed on December 28, 2011, it matures at $11,207.70, earning $1,207.70 in interest.



[image: Paper and Pencil 2 by isaiah658]Section 10.3 Exercises

For all questions in this section, refer to the two tables for savings and premium bonds for series numbers and interest rates on various bonds.

Mechanics
For each of the following R-bonds, calculate the total interest earned as of the date of redemption.
	
	Series
	Principal
	Redemption Date

	1.
	P64
	$33,000
	November 1, 2011

	2.
	S111
	$17,800
	February 1, 2012

	3.
	P72
	$52,300
	January 30, 2013

	4.
	S104
	$18,600
	January 2, 2012


For each of the following C-bonds, calculate the maturity value and the total interest earned as of the date of redemption.
	
	Series
	Principal
	Redemption Date

	5.
	P47
	$18,900
	December 15, 2011

	6.
	S87
	$76,400
	September 18, 2011

	7.
	S103
	$29,900
	November 12, 2011

	8.
	P55
	$2,500
	February 15, 2013

	9.
	P50
	$6,200
	March 21, 2012

	10.
	S110
	$45,700
	October 15, 2011



Applications
11. A $24,900 Series S91 R-bond CSB is redeemed on December 1, 2011. Calculate the total interest earned.
12. A $65,500 Series P57 C-bond CPB is redeemed on April 1, 2013. Calculate the maturity value and the total interest earned.
13. A $103,100 Series S117 C-bond CSB is redeemed on September 3, 2011. Calculate the maturity value and the total interest earned.
14. Calculate the total interest earned on a $57,600 Series P59 R-bond CPB if it is redeemed in 2013.
15. Calculate the total interest earned on a $38,200 Series S98 R-bond CSB if it is redeemed on August 15, 2011.
16. What amount would the owner of a $22,200 Series S93 C-bond CSB receive if the bond is redeemed on January 31, 2012? How much of that amount is interest?
17. How much more would the owner of a Series P43 C-bond CPB have than the owner of a Series P45 C-bond CPB if both invested $10,000 and both were redeemed in 2014?
18. How much more total interest would the owner of a Series P36 R-bond CPB have earned than the owner of a Series P38 R-bond CPB if both invested $100,000 and both were redeemed in 2012?

Challenge, Critical Thinking, & Other Applications
19. Investing is always a bit of a guessing game as to when to invest. Looking at 2005 Series S92 to S97 C-bond CSBs, rank the 2005 series from best to worst if an equal amount of money had been invested into each and all were matured on their anniversary dates in 2011. Show calculations to support your rankings.

20. Most people do not have one single investment at any one time. Rather, they have multiple investments started at different points as money becomes available to them to invest. Let's say an investor is able to invest $3,000 each November 1 and April 1 starting with November 1, 2004, and he purchases C-bond CSBs with the money each time. Calculate the total maturity value of his investments on November 1, 2011 (not including the $3,000 he would invest on that day).



10.4: Application: Strip Bonds
(Buy Low, Sell High)
	
A strip bond is a marketable bond that has been stripped of all interest payments and is one of the many financial tools through which you may earn nontaxable income inside your Registered Retirement Savings Plan (RRSP). A marketable bond is a long-term debt of a corporation or government and represents a means by which large sums of money are "borrowed" from investors. In a marketable bond, interest is regularly paid out to investors. For example, since 1989 Manitoba Hydro has issued over $5.3 billion in bonds. A more detailed discussion on marketable bonds is found in Chapter 14.

Characteristics of Strip Bonds
	
Mathematically, a strip bond essentially is a long-term version of the treasury bill. Whereas T-bills are found with terms of less than one year, strip bonds have longer terms because of the large sums of money that governments or large corporations require. These large sums take a long time to pay back (think of how long it takes most Canadians to pay off a mortgage, for example). In fact, Canada holds the record of the longest strip bond, with a 99-year term!
	Much like T-bills, strip bonds have the following characteristics:
1. Strip bonds do not earn interest. They are sold at a discount and redeemed at full value. This follows the line of "buy low, sell high." The compound percentage by which the value of the strip bond grows from sale to redemption is called the yield or rate of return. From a mathematical perspective, you calculate the yield in the exact same manner as an interest rate. Yields are normally specified in nominal form, that is, as a numerical rate followed by words stating the compounding frequency, which is semi-annual unless otherwise specified. Yields remain fixed for the entire term. 
2. The face value of a strip bond is the maturity value payable at the end of the term. It includes both the principal and yield together.
3. Strip bonds are traded between investors at any point in secondary financial markets according to prevailing strip bond rates at the time of sale. Historical strip bond yields can be found at www.bankofcanada.ca/en/rates/yield_curve.html (note that the Bank of Canada refers to strip bonds as zero-coupon bonds). Current yields on strip bonds are found on any online financial source and are usually published daily in the financial sections of newspapers such as the Globe and Mail.
4. No minimum investment is required for strip bonds, which are available in any increment of $1.

Purchase Price of a Strip Bond
	
Strip bonds are financial investment tools that have a known payout (face value) upon maturity. The most common mathematical application involving strip bonds is to calculate the price that must be paid today, or the purchase price, to acquire the strip bond.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

When you work with strip bonds, you may need up to four formulas that have been previously introduced:
1. Formula 8.3 Interest Amount for Single Payments: I = FV − PV
2. Formula 9.1 Periodic Interest Rate: 
3. Formula 9.2 Number of Compound Periods for Single Payments: N = CY × Years
4. Formula 9.3 Compound Interest for Single Payments: FV = PV(1 + i)N

[image: cartoon cogs by tonyhewison]How It Works

The future value of a strip bond is always known since it is the face value. You calculate the present value or purchase price by applying the following steps:
[image: ]Step 1: Determine the face value (FV) of the strip bond, the years between the date of the sale and the maturity date (Years), the yield (IY) on the date of the sale, and the compounding frequency (CY). If needed, draw a timeline similar to the one below, which illustrates a typical strip bond timeline.
Step 2: Calculate the periodic interest rate (i) and the number of compounding periods (N) using Formulas 9.1 and 9.2, respectively.
Step 3: Calculate the present value of the strip bond using Formula 9.3, rearranging for PV.
Step 4: If you are interested in the actual dollar amount that the investor gains by holding onto the strip bond until maturity, apply Formula 8.3.
	Assume that when prevailing market rates are 4.1153% you want to invest in a $5,000 face value strip bond with 13½ years until maturity. How much money is required to purchase the strip bond today?
[image: ]Step 1: The known variables are FV = $5,000, Years = 13½, IY = 4.1153%, and CY = 2. The timeline illustrates the strip bond.
Step 2: The periodic interest rate is 
i = 4.1153%/2 = 2.05765%. The number of compounding periods remaining on the strip bond is N = 2 × 13½ = 27.
Step 3: The present value or purchase price of the strip bond is calculated as $5,000 = PV(1 + 0.0205765)27 or 
PV = $2,884.96. Thus, you can purchase the strip bond for $2,884.96
Step 4: If you hold onto the strip bond for the remaining 13½ years, you will receive $5,000 upon maturity. This represents a gain of I = $5,000.00 − $2,884.96 = $2,115.04 over the term of the investment.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Don't forget that the compounding on strip bonds is assumed to be semi-annual unless stated otherwise. Thus, CY = 2 in most scenarios.

[image: Lost in thought by hefedute]  Give It Some Thought

1. If the yield remains constant, what is the relationship between the purchase price of a strip bond and the time to maturity?
2. What happens to the purchase price of a strip bond if the yield increases while the time to maturity remains constant?Solutions:
1. The longer the strip bond needs to be discounted, the lower the purchase price becomes; the shorter the time to maturity, the greater the purchase price.
2. The purchase price becomes lower since the future value is discounted using a higher yield.








	Example 10.4A: Purchase Price of a Strip Bond

	Johansen is considering purchasing a $50,000 face value Government of Canada strip bond with 23½ years until maturity. The current market yield for these bonds is posted at 4.2031%. What is the price of the strip bond today, and how much money is gained if the bond is held until maturity?

	Plan
	Calculate the purchase price (PV) of the strip bond today along with the total interest (I).

	Understand
	What You Already Know
Step 1: The face value, years to maturity, and nominal interest rate are known:
FV = $50,000	Years = 23.5	IY = 4.2031%	
CY = default = semi-annual = 2
	How You Will Get There
Step 2: Apply Formulas 9.1 and 9.2.
Step 3: Apply Formula 9.3 and rearrange for PV.
Step 4: To calculate the total gain, apply Formula 8.3.

	
	[image: ]

	Perform
	Step 2: , N = 2 × 23.5 = 47
Step 3: PV = $50,000 (1 + 0.0210155)−47 = $18,812.66
Step 4: I = $50,000 − $18,812.66 = $31,187.34
	Calculator Instructions
[image: ]

	Present
	The strip bond has a purchase price of $18,812.66 today. If you hold onto the strip bond until maturity, you will receive a payment of $50,000 23½ years from today. This represents a $31,187.34 gain.



Nominal Yields on Strip Bonds
	
In two instances it is common to calculate the nominal yield on strip bonds: 
1. At times, various newspapers or online sites may list a purchase price per $100 of face value but not actually publish the yield on the strip bond. A smart investment decision always requires you to know the interest rate being earned.
2. [bookmark: MyEditingPlace]Strip bonds are actively traded on a market. Many investors sell strip bonds to other investors prior to maturity. In these cases, the investor selling the bond needs to calculate the actual yield realized on the investment.
	To calculate nominal yields you need the same four formulas as for the strip bond's purchase price.
[image: cartoon cogs by tonyhewison]
How It Works

Follow these steps to calculate the nominal yield of a strip bond: 
Step 1: How much was paid for the strip bond? Determine the present value or purchase price of the strip bond (PV). This may already be known, or you may have to calculate this amount using the previously introduced steps for calculating the present value.
Step 2: How much did the strip bond sell for? This is the future value (FV) of the strip bond. If it is the maturity of the strip bond, then the future value is the face value of the bond. If the investor is selling the strip bond prior to maturity, then this number is based on a present value calculation using the yield at the time of sale and time remaining until maturity.
Step 3: Determine the years (Years) between the purchase and the sale of the strip bond. Using CY = 2 (unless otherwise stated), apply Formula 9.2 and calculate the number of compounding periods between the dates (N).
Step 4: Calculate the periodic interest rate (i) using Formula 9.3, rearranging for i.
Step 5: Convert the periodic interest rate to its nominal interest rate by applying Formula 9.1 and rearranging for IY.
Step 6: If you are interested in the actual dollar amount that the investor gained while holding the strip bond, apply Formula 8.3.
	Assume that when market yields were 4.254% an investor purchased a $25,000 strip bond 20 years before maturity. The purchase price was $10,772.52. The investor then sold the bond five years later, when current yields dropped to 3.195%. The selling price was $15,539.94. The investor wants to know the gain and the actual yield realized on her investment.
Step 1: The PV is known at $10,772.52. This is the purchase price paid for the strip bond.
Step 2: The FV is known at $15,539.94. This is the selling price received for the strip bond.
Step 3: Between the purchase and sale, the Years = 5. With CY = 2, the strip bond was held for N = 2 × 5 = 10 compounding periods.
Step 4: Applying Formula 9.3, $15,539.94 = $10,772.52(1 + i)10 or i = 0.037321.
Step 5: Converting to the nominal rate, 0.037321 = IY ÷ 2 or IY = 7.4642%.
Step 6: The actual gain is I = $15,539.94 − $10,772.52 = $4,767.42. 
	The investor gained $4,767.42 on the investment, representing an actual yield of 7.4642% compounded semi-annually.


[image: file important by Anonymous]Important Notes

The relationship between the yield at which you purchased the strip bond versus the current yield in the market at the time of sale is illustrated in the figure below. Each relationship illustrated in the figure is discussed below: 
[bookmark: Editing][image: ]Current Yield > Purchase Yield. If the current yield is higher at the time of sale than the yield at time of purchase, then the strip bond price at the time of sale is pushed downward from the original path to maturity. Consider two situations to illustrate this point, demonstrated in the figure on the next page. If $1,000 is present valued over five years at a 3% semi-annual yield, the price is $861.67. At a 5% semi-annual yield, the same strip bond would have a lower price of $781.20. In both of these cases, though, as the time of sale advances toward the maturity date over the next five years, the prices will gradually increase toward $1,000. However, the price of the 5% yield strip bond will always be lower than that of the 3% strip bond. Thus, if you purchase a 3% strip bond and sell when yields are 5%, the original sale price is lowered from the blue line to the red line. Thus, if the sale occurs with 2.5 years remaining until maturity, the price drops from $928.26 to $883.85.  Since the future value drops, the actual investor's yield will become lower than the original purchase yield (as reflected by the dashed green arrow).
[image: ]
Current Yield < Purchase Yield. If the current yield is lower at the time of sale than the yield at the time of purchase, then correspondingly the strip bond price at the time of sale is pushed upward from the original path to maturity. Using the same example from above, recall that the price on the 3% yield strip bond is always higher than the 5% yield strip bond. Thus, if you had purchased the strip bond when yields were 5%, selling the strip bond when yields are 3% means that the future value jumps upward from the red line to the blue line. Thus, if the sale occurs with 2.5 years remaining until maturity, the price increases from $883.85 to $928.26. Therefore, the actual investor's yield will become higher than the original purchase yield (as reflected by the dashed orange line). This concept is exemplified by the investor above. She originally purchased when discount rates were 4.254% and sold when rates had dropped to 3.195%. This increased the sale price of her strip bond and translated into the investor actually realizing 7.4642% instead of the original yield of 4.254%!

[image: Lost in thought by hefedute]  Give It Some Thought

In each of the following situations, determine whether the investor achieves a yield higher than, lower than, or equal to the yield at the time of purchase.
1. Yield at time of purchase = 5.438%; Yield at time of sale = 6.489%
2. Yield at time of purchase = 2.888%; Yield at time of sale = 2.549%
3. Yield at time of purchase = 4.137%; Yield at time of sale = 4.137%Solutions:
1. Lower than; current yield > purchase yield.
2. Higher than; current yield < purchase yield.
3. Equal to; both yields are the same.








	Example 10.4B: The Investor's Actual Yield

	Cameron invested in a $97,450 face value Government of British Columbia strip bond with 25 years until maturity. Market yields at that time were 9.1162%. Ten and half years later Cameron needed the money, so he sold the bond when current yields were 10.0758%. Calculate the actual yield and gain that Cameron realized on his investment.

	Plan
	Calculate the nominal interest rate (IY) that Cameron realized while in possession of the strip bond. Also calculate the total gain (I).

	Understand
	What You Already Know
The following information is known about the bond at the time of purchase:
FV = $97,450	Years = 25	
IY = 9.1162%	CY = 2
The following information is known about the bond at the time of sale:
Years strip bond held = 10.5
FV = $97,450	CY = 2
Years = 25 − 10.5 = 14.5 
IY = 10.0758%	
	How You Will Get There
Step 1: To figure out the purchase price, apply Formulas 9.1, 9.2, and 9.3 based on the purchase date.
Step 2: To figure out the selling price, apply Formulas 9.1, 9.2, and 9.3 based on the selling date. Note that once the PV is calculated, it becomes the FV for subsequent calculations.
Step 3: Taking the years the strip bond was held, apply Formula 9.2 to determine the number of compounding periods.
Step 4: Calculate the periodic interest rate by applying Formula 9.3, rearranging for i.
Step 5: Calculate the nominal interest rate by applying Formula 9.1, rearranging for IY.
Step 6: Calculate the total gain by applying Formula 8.3.

	
	[image: ]

	Perform
	Step 1: i = 9.1162%/2 = 4.5581%; N = 2 × 25 = 50
           $97,450 = PV(1 + 0.045581)50
                    PV = $97,450 ÷ 1.04558150 = $10,492.95
Step 2: i = 10.0758%/2 = 5.0379%; N = 2 × 14.5 = 29
            $97,450 = PV(1 + 0.050379)29
                    PV = $97,450 ÷ 1.05037929 = $23,428.63
Step 3: CY = 2; N = 2 × 10.5 = 21
Step 4: PV = $10,492.95; FV = $23,428.63
             $23,428.63 = $10,492.95(1 + i)21
                              
Step 5: 0.038991 = IY ÷ 2 or IY = 0.038991 × 2 = 7.7982%
Step 6: I = $23,428.63 − $10,492.95 = $12,935.68

	
	Calculator Instructions
[image: ]

	Present
	Cameron sold the strip bond when prevailing market rates were higher than the rate at the time of purchase. He has realized a lower yield of 7.7982% compounded semi-annually, which is a gain of $12,935.68.



[image: Paper and Pencil 2 by isaiah658]Section 10.4 Exercises


Mechanics
For each of the following, calculate the purchase price of the strip bond and the gain realized over the term.
	
	Face Value
	Years Remaining Until Maturity
	Yield

	1.
	$157,500
	15
	4.1965%

	2.
	$250,000
	9.5
	3.6926%

	3.
	$12,050
	30
	4.0432%

	4.
	$81,735
	17.5
	4.2561%


For each of the following, calculate the semi-annual yield on the strip bond and the gain realized over the term.
	
	Purchase Price
	Years Remaining Until Maturity
	Face Value

	5.
	$9,087.13
	26
	$100,000

	6.
	$17,537.39
	12
	$50,000

	7.
	$24,947.97
	21.5
	$75,000


For each of the following, determine the actual yield realized by the investor and the gain realized over the time the strip bond was held.
	
	Purchase 
	Sale
	Face Value

	8.
	22 years before maturity;
Market yield 6.3815%
	14.5 years before maturity;
Market yield 7.8643%
	$80,000

	9.
	14 years before maturity;
Market yield 10.1831%
	5 years before maturity;
Market yield 9.1777%
	$5,000

	10.
	28 years before maturity;
Market yield 6.8205%
	11.5 years before maturity;
Market yield 7.2173%
	$500,000



Applications
11. A $15,000 face value Government of Manitoba strip bond has 19.5 years left until maturity. If the current market rate is posted at 6.7322%, what is the purchase price for the bond?
12. A $300,000 face value Government of Canada strip bond will mature on June 1, 2041. If the yield on such strip bonds is 4.6849%, what was the purchase price on December 1, 2012?
13. An $87,000 face value strip bond from the Government of Alberta matures on February 14, 2033. If an investor paid $23,644.78 on February 14, 2011, what was the semi-annually compounded yield on the strip bond?
14. A $150,000 face value bond was issued on August 8, 2008, with a 30-year maturity. If an investor paid $40,865.24 on February 8, 2013, what was the market rate of return on the strip bond at the time of the purchase?
15. An investor purchased a $7,500 face value strip bond for $2,686.01 on May 29, 2006. The strip bond had been issued on May 29, 2002, with a 25 -year maturity. The investor sold the strip bond on November 29, 2012, for $3,925.28.
a. What was the market yield when the investor purchased the strip bond?
b. What was the market yield when the investor sold the strip bond?
c. What actual yield did the investor realize on the strip bond?
16. A $70,000 face value strip bond was issued on October 6, 1998, with 30 years remaining until maturity. An investor purchased the bond on April 6, 2005, when market yields were 4.9529%. The investor sold the bond on October 6, 2012, when market yields were 5.2185%. 
a. What was the purchase price of the strip bond?
b. What was the sale price of the strip bond?
c. What was the actual yield the investor realized on the strip bond?
d. What was the total gain realized by the investor?

Challenge, Critical Thinking, & Other Applications
17. On August 1, 2005, a $100,000 Government of Canada strip bond was issued with a 25-year maturity. An investor paid $30,597.14 for the strip bond. On February 1, 2012, the investor sold the bond for $44,604.78. What was the difference in yields in the market between the issue date and the selling date?
18. Sebastien is the finance manager for a large corporation that needs to raise $100 million for a project today. Rounded to the nearest million, what face value of strip bonds would need to be issued if they are to mature in five years and the current market yield on five-year strip bonds is posted at 5.7391%?
19. Antoine just inherited $50,000 from his grandfather's estate. If he is considering investing in 20-year maturity strip bonds posted at 5.8663%, how many $1,000 denomination strip bonds could he purchase with his inheritance?
20. Consider the following three situations. For each, use a $100,000 strip bond issued with eight years until maturity for your calculations.
· Assume the market yield is a constant 4.5%. Calculate the purchase price each year until maturity. Plot the eight purchase prices onto a line chart.
· Assume the market yield initially is set at 3% when issued and rises by 0.375% each year until maturity. Plot the eight purchase prices onto the same line chart.
· Assume the market yield initially is set at 6% when issued and decreases by 0.375% each year until maturity. Plot the eight purchase prices onto the same line chart.
Looking at the line charts for all three situations, what do you see? Explain the results.



10.5: Application: Inflation, Purchasing Power, and Rates of Change
(Your Grandparents Used to Go to a Movie for a Quarter)
	
How much does inflation cut into people’s incomes and wealth? In 1955, the average Canadian worker earned an annual gross salary of about $2,963.[footnoteRef:2] By 2010, the average Canadian worker brought home annual gross earnings approximating $44,366.[footnoteRef:3] Does this mean that Canadians today are 15 times richer than our grandparents? From earlier discussions in Section 4.3 on inflation, real income, and purchasing power, you already can tell we are not. The actual increase is by something less than 15 times. But how much less is it? [2:  Statistics Canada, “Average Annual, Weekly and Hourly Earnings, Male and Female Wage-Earners, Manufacturing Industries, Canada, 1934 to 1969,” adapted from Series E60–68, www.statcan.gc.ca/pub/11-516-x/sectione/E60_68-eng.csv, accessed July 28, 2010.]  [3:  Statistics Canada, “Earnings, Average Weekly, by Province and Territory,” adapted from CANSIM table 281-0027 and Catalogue no. 72-002-X, http://www40.statcan.gc.ca/l01/cst01/labr79-eng.htm, accessed August 11, 2011.] 

	To answer the question, you have to express both incomes with reference to the same year. Either convert the 1955 income to its 2010 equivalent or vice versa. To help, what if you are told the rate of inflation from 1955 to 2010 averaged 3.91%[footnoteRef:4] per year? To convert, you might use either the percent change method or the real income method. Each of these poses problems, though: [4:  Statistics Canada, “Consumer Price Indexes for Canada, Monthly, 1914–2012 (V41690973 Series)”; all values based in May of each year; www.bankofcanada.ca/rates/related/inflation-calculator/?page_moved=1, accessed November 26, 2012.] 

· To use the percent change formula from Section 3.1, you would have to apply it 55 consecutive times! Clearly, this is impractical.
· To use the real income formula from Section 4.3, you would need the consumer price index numbers for both years. Locating CPI values can be time consuming, especially for years in the distant past. Another complication is that if you want to project future values (such as the equivalent income in, say, 2020 instead of 2010), CPI values do not exist for future years.
	There has to be an easier way! In this section, you will see how to adapt the compound interest concepts and formulas to suit such applications as inflation, purchasing power, and even percent change.

Inflation
	
[image: ]Inflation is the overall upward price movement of products in an economy. It is measured by positive change in the consumer price index. Historical inflation rates in Canada are illustrated in the figure to the right. Note that historically prices have always risen over the long term. In the short term, though, there have been periods during which prices moved downward. This is known as deflation, which is measured by negative change in the consumer price index. Such periods of deflation usually do not last very long; the longest period recorded was during the Great Depression. Most recently, deflation occurred for a few months in 2009. 
Inflation is most commonly expressed as an annual rate; therefore, you treat it mathematically as an annually compounded interest rate. This is the nominal interest rate (IY) with a compounding frequency of one, or CY = 1. Note that if deflation has occurred during the time period in question, the interest rate is a negative number. If you have a series of inflation rates, you treat this as a variable interest rate. If you are finding an average inflation rate for some time period, you treat this like finding the equivalent fixed interest rate. 
	In using the compound interest formulas, assign the present value to any beginning value in the problem at hand, while the future value is any ending value. The number of compounding periods (N) still reflects the number of compounds between the two values.

[image: cartoon cogs by tonyhewison]How It Works

You can use any of the formulas and techniques from Chapter 9 to work with inflation. The opening example of incomes in 1955 and 2010 will illustrate the processes.

Solving for Future Value. If the unknown variable is an ending value, apply Formula 9.3, solving for the future value. If only one inflation rate (a fixed rate) applies, this requires only one application of the formula. If the inflation rate changes over time, you apply the formula multiple times or use the quick method of calculation:

In the example, you could move the 1955 income to 2010. In this case, the PV = $2,963, IY = 3.91%, CY = 1, and 
N = 55. With a fixed interest rate, apply Formula 9.3 and calculate FV = $2,963(1 + 0.0391)55 = $24,427.87. Therefore, the 2010 equivalent income of 1955 is approximately $24,427. Note the actual 2010 income is about 81% higher, which would imply that Canadians have indeed become wealthier.

Solving for Present Value. If the unknown variable is a beginning value, apply Formula 9.3, rearranging for present value. Depending on whether the inflation rate is fixed or variable, solve using the same technique as for future value. In the example, you could move the 2010 income to 1955. In this case, the FV = $44,366, IY = 3.91%, CY = 1, and N = 55. With a fixed interest rate, apply Formula 9.3, rearranging for PV, and calculate PV = $44,366 ÷ (1 + 0.0391)55 = $5,381.41. Therefore, the 1955 equivalent income of 2010 is approximately $5,381. Note this income is the same percentage (81%) higher than the actual 1955 income, as you found by the first method.

Solving for the Rate. If the average inflation rate is the unknown variable, then the beginning and ending values must be known. In the example, assume the average inflation rate is unknown, but the equivalent incomes of PV =$2,963 in 1955 and FV = $24,427.87 in 2010 are known. The CY = 1 and N = 55 years. Applying Formula 9.3 results in $24,427.87 = $2,963(1 + i)55. Solving for i you get 3.91%. This is the average inflation rate (since CY = 1, then i = IY).

Solving for the Term. If the unknown variable is the amount of time between the beginning and ending values, once again apply Formula 9.3 and rearrange for N. In the example, assume the beginning and ending values of PV = $2,963 in 1955 and FV = $24,427.87 are known, but the year for the future value is unknown. The IY = 3.91% and CY = 1. Applying Formula 9.3 gives you $24,427.87 = $2,963(1 + 0.0391)N. Solving for N gives 55 years. The starting year of 1955 + 55 years is the ending year of 2010, in which the equivalent income of $24,427.87 applies.

[image: file important by Anonymous]Important Notes

Your BAII Plus Calculator. The time value of money buttons are designed for financial calculations and require you to follow the cash flow sign convention at all times. Remember that this convention requires money leaving you to be entered as a negative number, and money being received by you to be entered as a positive number.
	When you adapt this function to economic calculations such as inflation, no money is being invested or received—numbers are being moved across time. To obey the calculator requirement of the cash flow sign convention, ensure that the signs attached to the present (PV) and future values (FV) are opposites. The choice as to which is positive and which is negative is arbitrary and does not affect the outcome of the calculation. Ignore the cash flow sign displayed on any solutions.

	Example 10.5A: Your Retirement Income

	Many experts today claim that the average Canadian retiree in 2012 needs approximately $40,000 in gross annual income to retire comfortably. Assume that you are 20 years old in 2012. Historically in Canada, the inflation rate has averaged 3.16%. If the average inflation rate continues in the future, what gross income will you require when you retire at age 65?

	Plan
	Calculate the ending value (FV) for your annual gross income when you retire at age 65.

	Understand
	What You Already Know
Step 1: The present value, fixed inflation rate, and time frame are known, as illustrated in the timeline.
Years = 45
	How You Will Get There
Step 2: With a CY = 1, the i = IY.
Step 3: Apply Formula 9.2 to calculate the number of compounding periods:
Step 4: Calculate the future value by applying Formula 9.3.

	
	[image: ]

	Perform
	Step 2: i = 3.16%
Step 3: N = 1 × 45 = 45
Step 4: FV = $40,000(1 + 0.0316)45 = $162,207.15
	Calculator Instructions
[image: ]

	Present
	When you retire in 2057, if inflation continues to average 3.16% annually, according to the experts your annual gross income must be $162,207.15 for you to live comfortably.
	[image: ]

	Excel Instructions
	Open the Excel template entitled “Chapter 9: Single Payments and Compound Interest Template.”

	Input
[image: ]
	Output
[image: ]



Purchasing Power
	
Recall from Section 4.3 that the purchasing power of a dollar is the amount of goods and services that can be exchanged for a dollar. Purchasing power has an inverse relationship to inflation. When inflation occurs and prices increase, your purchasing power decreases.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

In the formula introduced in Section 4.3, the denominator used the CPI to represent the change in product prices. In compound interest applications, you instead use the inflation rate, as shown in Formula 10.2.



 100 is Percent Conversion: The purchasing power of a dollar is expressed in percent format.
PPD is Purchasing Power of A Dollar: A measure of the ability of your money to purchase products over time.



Formula 10.2 - Purchasing Power of a Dollar (Compound Interest Method):N is Number of Compounding Periods: Most commonly, the compounding frequency (CY) equals 1 when you deal with inflation. Therefore, the total number of compounding periods usually equals the total years involved. If this is not true, then use Formula 9.2 to calculate N.
i is Inflation Rate: The fixed periodic (usually annual) inflation rate for the time period. If the rate is variable, substitute  as needed into the denominator. If the inflation rate is annual, then i = IY.










[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to solve a purchasing power question using compound interest: 
Step 1: Identify the inflation rate (IY), the compounding on the inflation rate (CY), and the term (Years). Normally, i = IY and N = Years; however, apply Formulas 9.1 and 9.2 if you need to calculate i or N.
Step 2: Apply Formula 10.2, solving for the purchasing power of a dollar.
	Using the income example, determine how an individual's purchasing power has changed from 1955 to 2010. Recall that the average inflation during the period was 3.91% per year.
Step 1: The IY = 3.91%, CY = 1, and Years = 55. The annual rate lets i = 3.91% and N = 54.
Step 2: From Formula 10.2, the . As a rough interpretation, this means that if someone could purchase 100 items with $100 in 1955, that same $100 would only purchase about 12 of the same items in 2010. 

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

Determine exactly what the question is asking you to calculate with respect to the purchasing power of a dollar.
· If the question asks, "What is the purchasing power of a dollar?" then your answer is the result of Formula 10.2.
· If the questions asks, "How has your purchasing power decreased?" then your answer is 100% minus the result of Formula 10.2.
	It is critical to Plan when solving these questions so that your solution addresses the question asked.

[image: Lost in thought by hefedute]  Give It Some Thought

What is the purchasing power of your dollar if the prices on products:
1. Double?
2. Triple?
3. Quadruple?Solutions:
1. 1/2 = 50%			2. 1/3 = 33.%			3. 1/4 = 25%



	Example 10.5B: Purchasing Power

	The historical inflation rates in Canada were 3.13% from June 2007 to June 2008, −0.26% from June 2008 to June 2009, and 0.96% from June 2009 to June 2010. Comparing June 2007 to June 2010, what is the purchasing power of a 2007 dollar in 2010?

	Plan
	Calculate the purchasing power of a 2007 dollar (PPD) in 2010.

	Understand
	What You Already Know
Step 1: The inflation rates and terms are known, as illustrated in the timeline.
CY (for each time segment) = 1, 
Term (for each time segment) = 1 Year
	How You Will Get There
Step 1 (continued): Identify the periodic interest rate (i) and the number of compounds (N) for each time segment. With CY = 1, then i = IY and N = Years.
Step 2: Apply Formula 10.2, substituting the variable interest rate version in the denominator.

	
	[image: ]

	Perform
	Step 1 (continued): i1 = 3.13%, i2 = −0.26%, 
                                i3 = 0.96%; N1, N2, N3 = 1
Step 2: 
                       
	Calculator Instructions
[image: ]

	Present
	The purchasing power of a June 2007 dollar in June 2010 is 96.2933%. If $100 in June 2007 could purchase 100 items, in June 2010 $100 could only purchase about 96 items.



Rates of Change
	
Recall from Section 3.1 that you could calculate a percent change between Old and New numbers. While this formula works well when you are interested in just a single percent change, it becomes time consuming and tedious when you work with a series of percent changes.
	For example, assume the TSX has a value of 12,000. The TSX then drops by 4% each month for five months, and then rises by 4% each month for five months. What is the “New” value for the TSX? It is not 12,000! If you use the formula for percent change, you need a series of 10 calculations solving for “New” each time—one calculation for each month! Not much fun. Mathematically, in a series of percent changes, each change compounds on the previous one. Therefore, you can use compound interest formulas to work with any series of percent changes.

[image: Teacher silhouette black and white with desk and blackboard by palomaironique]The Formula

You can solve any series of percent changes by applying an adapted version of Formula 9.3 for variable interest rates:



N is Number of Times In A Row: This is the total number of times in a row that the particular percent change occurs. Similar to the i, this variable may have multiple values for each percent change as denoted by the subscripts from 1 through n.
FV is Future Value or Maturity Value: The “New” value at the end of the series of percent changes.
PV is Present Value or Principal: The “Old” value before the series of percent changes.






Formula 9.3 for Variable Rates with Interpretations Adapted to Percent Change:i is Percent Change: The percent change in decimal format. If there are different values for percent changes (such as with a variable interest rate), this variable takes on multiple values as denoted by the subscripts from 1 through n. If the percent change is a decrease, the variable takes on a negative value.


n is Number of Different Percent Change Values: The variables i and N take on as many values as there are different percent changes involved in the problem.









[image: cartoon cogs by tonyhewison]How It Works

Follow these steps to adapt Formula 9.3 for percent change applications: 
Step 1: Assign either the “Old” value to PV or the “New” value to FV (depending on which you know).
Step 2: Identify your series of percent changes (i1 through in) and how many times in a row each percent change value occurs (N1 through Nn). Remember that decreases are negative values.
Step 3: Apply the adapted version of Formula 9.3, solving for either FV or PV.
[image: ]	As an example, find out the new value for the TSX based on a starting value of 12,000 with decreases of 4% for five months followed by increases of 4% for five months. 
Step 1: The “Old” value is PV=12,000.
Step 2: The first change is a decrease of 4%, or 
i1 = −4%. It occurs for five months in a row, thus N1 = 5. Next, an increase of 4%, or 
i2 = 4%, also occurs five months in a row, thus N2 = 5.
Step 3: Use Formula 9.3 to calculate 
FV = 12,000 × (1 − 0.04)5 × (1 + 0.04)5 = 11,904.31. The “New” value of the TSX after the 10 months of change is 11,904.31.



[image: file important by Anonymous]Important Notes

You can use your financial calculator for these nonfinancial calculations just as you did for inflation. You must follow the cash flow sign convention by ensuring that PV and FV have opposite signs. However, once again the signs do not have any meaning in these calculations.

[image: Cartoon No Idea by j4p4n]Things To Watch Out For

When you work with variable inflation rates, purchasing power of a dollar, or rates of change, you can simplify the variable rates into a single fixed rate using a geometric average before applying the compound interest formula. For example, using the TSX example above, the geometric average of the 10 months of change is

Using this calculated value as the periodic interest rate and substituting into Formula 9.3 produces
FV = 12,000 × (1 − 0.00080032)10 = 11,904.31
	Similarly, you could solve Example 10.5B with this approach. Some students have found this technique easier than working with the variable rates. Either way, whether you use variable rates or the geometric average as the fixed rate, both techniques produce the same solution.

[image: Lost in thought by hefedute]  Give It Some Thought

If a quantity decreases by x% and then increases by the same percent, why do you not arrive at the original quantity as your “New” value?
Solution:
The initial decrease will make the base number smaller. If the new base number is then increased by the same percentage, that percentage is determined from a smaller base. It will not produce the same value as the decrease.





	Example 10.5C: Changing Employment in Vancouver

	The City of Vancouver tracks employment in its Metro Core area. In 1971, approximately 45,000 employees in the Metro Core area were classified as "professional and commercial service" workers. From 1971 to 1981, the number of workers grew by about 4.5% per year. From 1981 to 1991, the growth rate was about 3.1% per year, and from 1991 to 2001 the growth rate was about 1.5% per year.[footnoteRef:5] Rounded to the nearest thousand, how many people were employed in the "professional and commercial services" field in the Metro Core area of Vancouver in 2001? [5:  City of Vancouver, “Employment Change in the Metro Core,” November 22, 2005, http://s3.amazonaws.com/zanran_storage/vancouver.ca/ContentPages/7116122.pdf, accessed August 20, 2013.] 


	Plan
	You are looking for the “New” value (FV) of the number of employees after the 30 years of percent changes.

	Understand
	What You Already Know
Step 1: The beginning value and structure of the sequence of percent changes are known, as shown in the timeline.
	How You Will Get There
Step 2: Capture the values of in and Nn for each consecutive percent change value. Note that the timeline has three time segments, so each variable has three values.
Step 3: Apply Formula 9.3.

	
	[image: ]

	Perform
	Step 2: i1 = 4.5%, N1 = 10, i2 = 3.1%, N2 = 10, i3 = 1.5%, N3 = 10
Step 3: 
            
            

	
	Calculator Instructions
[image: ]

	Present
	From 1971 to 2001, the number of employees in the "professional and commercial services" field in the Metro Core area of Vancouver grew from 45,000 to 110,000.



[image: Paper and Pencil 2 by isaiah658]Section 10.5 Exercises


Mechanics
Solve the following inflation questions for the unknown variable (indicated with a ?). Note that the inflation values in each question represent an average for an actual time period in Canadian history.
	
	Beginning Value
	Ending Value
	Annual Inflation and Term

	1.
	$30,000.00
	?
	2.68% for 20 years

	2.
	$50,288.00
	?
	2.58% for 3 years;
then 0.35% for 2 years

	3.
	?
	$40,000.00
	5.77% for 25 years

	4.
	$15,000.00
	$48,905.33
	?% for 17 years

	5.
	$21,000.00
	$78,969.53
	7.22% for ? years


For questions 6 and 7, use the information provided to calculate the purchasing power of a dollar from the base year to the end of the specified term. Note that the inflation values in each question are the actual averages for the specified time period in Canadian history.
	
	Base Year
	Annual Inflation and Term

	6.
	1978
	9.68% for 5 years

	7.
	1989
	5.33% for 2 years; then 0.91% for 3 years


Solve the following rates of change questions for the unknown variable (indicated with a ?). Round all answers to two decimals.
	
	Beginning Value
	Ending Value
	Percent Change and # Times in a Row

	8.
	98,000
	?
	3.5% for 10 periods

	9.
	235,000
	? 
	2.3% for 4 periods, then −1.6% for 2 periods

	10.
	?
	47,500
	−5% for 5 periods



Applications
11. In 1982, the average price of a new car sold in Canada was $10,668. By 2009, the average price of a new car had increased to $25,683. What average annual rate of change in car prices has been experienced during this time frame?
12. From September 8, 2007, to November 7, 2007, the Canadian dollar experienced one of its fastest periods of appreciation against the US dollar. It started at $0.9482 and rose 0.2514% per day on average. What was the final value of the Canadian dollar rounded to four decimals on November 7, 2007?
13. The average price of a detached home in Calgary in 2005 was $246,308. Prices rose by 10.4834% on average per year for four years, and then changed by −2.7248%. What is the new price of a home in Calgary in 2010 rounded to the nearest thousand dollar?
14. Example 10.5A used the average inflation rate of Canada for the past 97 years as an indicator of future inflation. Some critics argue that using “outdated” inflation rates is not a good representation of the future. Recall that you are 20 years old in 2012 and the comfortable retirement income is $40,000. The historical inflation rate over the past 40 years for Canada has averaged 4.5% from 1971 to 2011.
a. Recalculate your required retirement income at age 65.
b. What will be the purchasing power of a 2012 dollar in 45 years?
15. In the late 1970s and early 1980s, Canada went through a period of high inflation. How did the purchasing power of a 1975 dollar decrease if the average inflation rate from May 1975 to May 1985 was 8.2% per year?
16. The world population in 2011 was approximately 6.9 billion people. At the current annual population growth rate of 1.1%, how long will it take the world's population to double (round to the nearest year)?

Challenge, Critical Thinking, & Other Applications
17. Cadbury Canada is thinking about launching a new chocolate bar. In the first year, sales are forecast to hit 750,000 units. The marketing department has then forecast sales increases of 50% in each of the next five years, followed by annual increases of 15% in the years following. Cadbury will launch a new chocolate bar only if it forecasts annual sales of 22 million units by the end of the first 15 years. Should Cadbury Canada launch the new chocolate bar?
18. How much money would have been required 20 years ago to have the same purchasing power of $10,000 today if the average rate of inflation per year for the period has been 2%?
19. Measures of life expectancy account for various factors, including smoking and body mass index. Since 1975, when 33.3% of the population smoked, smoking has been declining at a rate of 1.71% per year on average. In the same time frame, the average body mass index (BMI) started at 25.2 and increased by 0.42% per year on average. While reduced smoking prolongs life, the increasing BMI shortens life. The average life expectancy of a Canadian is 80.7 years old. It is forecasted, though, to decrease by 0.0756% per year on average based on the trends in smoking and BMI. Assume these trends continue and calculating the following (rounded to the nearest year):
a. In what year will half of the population be considered obese (a BMI average of 30)?
b. In what year will less than 10% of the population be smokers?
c. In what year will life expectancy fall below 75 years of age?

20. Future inflation rates can only be speculated about. Using the recommended $40,000 of retirement income in 2012 when you are 20 years old, create a range of possible retirement incomes needed when you retire at age 65. The average Canadian lives to 80.7 years old, so your retirement income needs to be regularly updated after your retirement to reflect the increased costs of living.
a. Start with a low inflation rate of 2%. Forecast the needed retirement income at age 65, 70, and 75 years.
b. Repeat the process using inflation rates of 3%, 4%, and 5%.
c. Graph the results on a line chart. For all three retirement ages, specify the range of income required. Calculate the average income needed at each age of retirement.
d. Why do you think it is important to do these types of calculations?



Chapter 10 Summary

Key Concepts Summary

Section 10.1: Application: Long-Term GICs (Keeping Your Money Safe When Investing) 
· The characteristics and calculations involved with an interest payout GIC 
· The characteristics and calculations involved with compound interest GICs 
· The characteristics and calculations involved with escalator GICs 
Section 10.2: Application: Long-Term Promissory Notes (IOUs) 
· The sale of interest-bearing promissory notes 
· The sale of noninterest-bearing promissory notes 
Section 10.3: Application: Savings Bonds (You Can Personally Finance Canada’s Debt!) 
· Key characteristics of savings bonds 
· The interest rates for savings bonds 
· Calculating interest amounts and maturity values for savings bonds 
Section 10.4: Application: Strip Bonds (Buy Low, Sell High) 
· Characteristics of strip bonds 
· Calculating the present value or purchase price of a strip bond 
· Calculating the nominal yield on a strip bond 
Section 10.5: Application: Inflation, Purchasing Power, and Rates of Change (Your Grandparents Used to Go to a Movie for a Quarter) 
· Applying the concepts of compound interest to rates of inflation 
· Applying the concepts of compound interest to purchasing power 
· Applying the concepts of compound interest to rates of change 

The Language of Business Mathematics
Canada Premium Bond (CPB)  A savings bond that is redeemable only during its anniversary month.
Canada Savings Bond (CSB)  A savings bond that is redeemable at any time.
compound interest GIC  A GIC that uses compound interest rates for which interest is periodically calculated and converted to the principal of the GIC for further compounding.
compound interest savings bonds  Called C-bonds, these bonds annually convert the interest on the savings bond to principal.
deflation  The overall downward price movement of products in an economy, which is measured by negative change in the consumer price index.
escalator interest GIC  A GIC that uses compound interest rates that usually remain constant during each of a series of time intervals, always rising stepwise throughout the term of the investment with any accrued interest being converted to principal.
inflation  The overall upward price movement of products in an economy, which is measured by positive change in the consumer price index.
interest payout GIC  A GIC where the interest is periodically paid out to the investor, but it is never added to the principal of the GIC. Because the interest does not actually compound, in essence the concepts of simple interest are used.
regular interest savings bonds  Called R-bonds, these bonds annually pay the interest to the owner of the bond and do not convert the interest to principal.
savings bonds (SBs)  Long-term financial instruments with 10-year maturities issued only by the Canadian federal government to finance the long-term national debt.
strip bond  A marketable bond that has been stripped of all interest payments.


The Formulas You Need to Know
	
Symbols Used
I = Interest payment amount
i = Periodic interest rate
n = number of pieces of data or variables
N = Number of compounding periods
PPD = Purchasing power of a dollar
PV = Principal or present value

Formulas Introduced
Formula 10.1 Periodic Interest Amount: I = PV × i (Section 10.1)
Formula 10.2 Purchasing Power of a Dollar (Compound Interest Method):  (Section 10.5)
Technology
	
Calculator
No new calculator functions were introduced in this chapter.

[image: Paper and Pencil 2 by isaiah658]Chapter 10 Review Exercises

For all questions that involve Canada Savings Bonds, refer to the two tables on savings and premium bonds as needed.

Mechanics
1. Guido placed $28,300 into a five-year regular interest GIC with interest of 6.3% compounded semi-annually. Determine the total interest Guido will earn over the term.
2. An eight-year, $35,000 noninterest-bearing promissory note is discounted 6% compounded quarterly and sold to a finance company three years and nine months after issue. What are the proceeds of the sale?
3. A $9,800 Series S100 R-bond CSB was redeemed on March 1, 2012. Calculate the total interest earned on the investment.
4. On April 27, 1990, Graham purchased a $100,000 face value 25-year Government of Quebec strip bond. The market yield on such bonds was 13.3177%. What was the purchase price for the strip bond?
5. In retirement, Bill determined that he could safely invest $50,000 into a nonredeemable five-year GIC with a posted rate of 5.35% compounded semi-annually. Calculate the maturity value and the amount of interest earned on the investment.
6. In 2012, a $10,000 Series P52 C-bond CPB was redeemed. Calculate the total interest earned on the bond.
7. In 1979, Shania earned $10 per hour at her place of employment. From 1979 to 1982, the average annual inflation in Canada was 11.36%. Determine what Shania's hourly wage needed to be in 1982 to keep up with inflation.
8. In September 2004, Google employed 2,688 workers. Over the next two years, the number of employees grew at an average of 86.7843% per year. How many employees did Google have in September 2006?

Applications
9. Entegra Credit Union offers a five-year escalator GIC with annual rates of 1.65%, 2.4%, 2.65%, 2.95%, and 3.3%. Determine the maturity value and total interest earned on an investment of $6,000 along with the equivalent five-year fixed rate.
10. A 21-month $6,779.99 promissory note bearing interest of 7.5% compounded monthly was sold on its date of issue to a finance company at a discount rate of 9.9% compounded monthly. Determine the proceeds of the sale.
11. A $20,500 Series S104 C-bond CSB was redeemed on its maturity date in 2011. Calculate the maturity value and the total interest earned on the bond.
12. On January 19, 2012, a Series P36 C-bond CPB was redeemed for $19,549.90. How much interest is included in the maturity value?
13. On September 30, 2011, a $34,000 Series S93 C-bond CSB was redeemed.
a. Calculate the maturity value and total interest earned on the bond.
b. How much more interest could have been earned if the bond was not redeemed until October 1, 2011?
14. On February 7, 1990, a $100,000 face value 25-year Government of Saskatchewan strip bond was purchased for $9,365.85. On February 7, 2005, the investor sold the strip bond for $65,900.
a. What was the posted yield on strip bonds on the date of issue?
b. What was the posted yield on strip bonds when it was sold?
c. What actual semi-annual rate of return did the original investor realize on the strip bond investment?
15. General Motors has watched its market share decline over the past several decades. In 1980, GM held a 46% share of the market. From 1980 to 2003, it declined on average by 2.09% annually. From 2003 to 2007, it declined on average by 9.36% annually. Calculate GM's 2007 market share rounded to one decimal in percentage format.

Challenge, Critical Thinking, & Other Applications
16. Canada suffered a prolonged period of deflation in the early 1930s. From 1930 to 1933, the rate of deflation averaged 8.27% per year. Calculate the purchasing power of a 1930 dollar in 1933.
17. On October 10, 1995, a $100,000 Government of Canada 30-year strip bond was purchased at a posted yield of 8.1258%. The investor sold the strip bond on October 10, 2005, and realized an actual yield of 15.9017% on the investment. What was the prevailing yield on strip bonds when the strip bond was sold on October 10, 2005?
18. From 2004 to 2008, the average family after-tax annual earnings increased from $68,200 by 2.2677% per year. The inflation rate during that time period was 1.71%, 2.43%, 2.19%, and 3.13% in successive years, respectively. Determine the amount that Canadian family after-tax annual earnings have increased or decreased in 2008. Show calculations to support your answers.
19. The research and development department forecasts that it will require $100 million in funding for a project scheduled for implementation four years from today. If the company wants to place $80 million into a $500 million 25-year strip bond, what is the minimum by which the yield in the market needs to change for the department to have sufficient funds when the project is started?

20. On November 1, 2004, Andy invested $50,000 into a Series P40 R-bond CPB. On the 2005, 2007, and 2009 anniversary dates, he took his regular interest payment and acquired a CSB Series C-bond on the same date. On the 2006 and 2008 anniversary dates, he took his regular interest payment and acquired a CPB Series C-bond on the same date. On November 1, 2010, calculate the maturity value of all of his investments. Determine the total interest earned from November 1, 2004, to November 1, 2010.




Chapter 10 Case Study 
How Much Interest Is Really Earned?

The Situation
Sharon works for Lightning Wholesale, which strongly encourages its employees to save up for retirement. After learning on June 1, 2006, that the company matches dollar for dollar any employee investments into their RRSPs, she has been pursuing her RRSP actively. 
	Sharon soon figured out one important and often misunderstood fact about RRSPs. Though many people think of an RRSP as a financial tool, like a savings account, into which money is invested, she realized that an RRSP is actually a tax-sheltered environment. Within the RRSP you can invest your money into various financial tools to save your retirement income, and any interest or capital gains that are earned on these investments are not taxable. This is in contrast to investments held outside an RRSP environment; for the latter, all earnings are subject to annual income taxes. The financial tools available to an RRSP could include GICs, mutual funds, bonds, securities, trusts, gold bullion, and stocks, just to name a few. Sharon’s portfolio happens to include CSBs, GICs, and strip bonds.
	She is interested in learning how much money she has saved up by June 1, 2010, and how much of that money is actually real, inflation-adjusted growth in her savings. In other words, she wants to account for inflation and get an understanding of how much real interest beyond cost of living adjustments she has earned in her RRSP.

The Data
· Lightning Wholesale matches any employee investment in CSBs, CPBs, and GICs dollar for dollar. For example, if Sharon's out-of-pocket investment consists of $2,000 into a savings bond, she in fact invests $4,000 into the savings bond—$2,000 from her own pocket and $2,000 from Lightning Wholesale.
· Lightning Wholesale matches any employee investment in strip bonds by providing enough money to purchase a second identical strip bond.
· Sharon's out-of-pocket investment history is as follows:
· Each March 1 and December 1 since June 1 of 2006 she has had $1,000 to invest in C-bond CSBs.
· She has invested $1,000 into each of Series P55, P59, P67, and P71 C-bond CPBs.
· She placed $5,000 into a five-year escalator GIC on September 1, 2006, paying quarterly compounded rates each year of 2%, 2.4%, 3%, 4.5%, and 7%.
· She purchased three strip bonds:
· On December 1, 2006, she purchased a 20-year $20,000 face value strip bond with a market yield of 7.053%.
· On June 1, 2007, she purchased a 25-year $25,000 face value strip bond with a market yield of 6.5425%.
· On December 1, 2008, she purchased a 25-year $15,000 face value strip bond with a market yield of 5.9067%.
· On June 1, 2010, the market yield of strip bonds with 16½-year maturities was 6.5425%, 22-year maturities was 4.9855%, and 23½-year maturities was 4.8821%.
· Annual June to June inflation rates starting with June 2006 to June 2007 have been 2.19%, 3.13%, −0.26%, and 0.96%.

Important Information
· Although CPBs can only be cashed during the anniversary month, calculate the accrued interest to June 1, 2010, for all CPBs using simple interest for any partial years.
· Assume that inflation rates are constant throughout any given year.
· Information about CSBs and CPBs is found in the savings and premium bond tables earlier in the chapter.

Your Tasks
1. If Sharon wanted and was able to cash in all of her investments, calculate the maturity value of all of her investments on June 1, 2010. Calculate the total interest earned across all investments.
2. Using the inflation rates, calculate the equivalent value of all her money placed into investments on June 1, 2010.
3. Calculate the difference between her actual maturity value and her inflation-adjusted principal. This is the real amount of interest that she has gained over the years.
	Creative Commons License (CC BY-NC-SA)                                                                                J. OLIVIER
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